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ABSTRACT

Sequence space and difference sequence spaces play an important role in many areas of
analysis, such as the Schauder basis, summability theory, fixed point theory, non-linear
analysis, and structural theory of topological vector space. Fuzzy logic is the study of
uncertainty and vagueness. It is a flexible, uncertainty-based reasoning method for ratio-
nal decision-making that addresses vague or incomplete information and solves specific
problems. The fuzzy set theory has been successfully applied in a wide range of math-
ematical fields. Fuzzy sequence analysis offers a robust framework for handling uncer-
tainty and imprecision in sequence-based data, enhancing practicality and effectiveness.
This dissertation deals with the fundamental topological properties of sequence spaces
and the difference sequence spaces of fuzzy real numbers. To study the basic topologi-
cal properties of the classes £(X, A, p) and £r(X, \, p, L) we use the Orlicz and paranorm
function. Moreover, linearity, completeness, solidity, and some inclusion properties of a
class S(X, M, «, P) of difference sequences and classes F, (p, M,p, A), F (p, M ,p, A)

and F, (p, M,p, A) of generalized difference sequences are also studied. We also study
some topological properties of classes Z¥' (M, \, €) where Zt" = (£ CF C¥ of double se-
quences of fuzzy real numbers. Additionally, this thesis also includes the generalized form
of the p-bounded variation prF of fuzzy real numbers. Besides, this thesis further explores
the practical implementation of fuzzy real numbers in various real-world scenarios. Specif-
ically, it examines how fuzzy sets and fuzzy logic are employed in decision-making pro-
cesses, particularly in selecting the best option using the Bellmen-Zadeh max-min method.
Furthermore, this thesis delves into the field of healthcare and addresses Sanchez’s medi-
cal condition, utilizing a case study to illustrate the application of fuzzy arithmetic-based
methods in identifying and assessing medical issues with a case study. Moreover, the thesis
extends its exploration to the domain of insurance fraud detection. It presents a fuzzy model
designed to assist internal auditors in identifying potentially fraudulent claims during the

claim-settlement process.
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Chapter 1

Introduction

1.1 Introduction

In real life, there may be instances, where we are unable to determine whether a statement
is true or false. In real life, we also come across many situations, where the boundaries
of the sets are vague or uncertain. To model such a set with ambiguous, imprecise, or
vague concepts, mathematicians, logicians, and computer scientists are working together.
Fuzzy set theory is a mathematical framework for dealing with uncertainty and vagueness
in various fields including engineering, economics, medicine, and decision-making [[116].
Fuzzy mathematical tools are effective at addressing the inherent ambiguity and uncertainty
present in the parameters and variables in the model. Fuzzy logic can be considered a gen-
eralization of Boolean logic [[116]. The fuzzy logic technique is based on the Fuzzy set
theory, which was first introduced by the American mathematician Lotfi A. Zadeh [117] in
1965. According to the traditional view, science should strive for certainty in all its mani-
festations, and uncertainty is regarded as unscientific [116]. But fuzzy logic deals with such
problems which have no clear answer with vague and unfocused information. Thus fuzzy
logic is the method of reasoning that resembles human reasoning and approach of com-
puting based degree of truth than true or false. The fuzzy set extends the traditional crisp
set by allowing a degree of membership between 0 and 1, instead of binary membership 0
and 1 in the classical set[118]]. The fuzzy set provides a flexible and powerful approach to
the model and represents uncertain or imprecise information which is often encountered in
real-life applications. Especially, fuzzy logic may be viewed as an attempt at the formation
of two remarkable capabilities [[116]]. First, the capability to converse the reason and make
a rational decision in an environment of vagueness, uncertainty, incompleteness of infor-

mation, conflicting information, the partiality of truth, and partiality of possibility[116].



Second, the capability to perform a wide variety of physical and mental tasks without any

measurement and any computation [[116].

In the past 50+ years, there has been growing interest in studying the properties and ap-
plications of fuzzy numbers, which are defined as fuzzy sets defined on the real number
line. Fuzzy numbers provide a powerful tool for representing and manipulating uncertain
or vague quantities in real-life problems, where precise numerical value may not be avail-
able or meaningful [103]. In this dissertation, we use fuzzy logic and fuzzy set theory in
studying various types of sequence spaces with their topological properties and applying

them to solve some real-life decision-making problems.

The study of sequence space is in fact a special case of the more general study of function
space if the domain is restricted to the set of natural numbers[71]. Let w be the set of all
functions from the set of natural numbers N to the set of real or complex numbers. Then w
can be turned into a vector space and the subspace of X of w is called a sequence space [[71].
So that the sequence space is a vector space whose elements are infinite scalars of real or
complex numbers and is closed under coordinate-wise addition and scalar multiplication.
Numerous mathematical disciplines have used the fuzzy set concept with great success.
The fuzzy set and fuzzy real numbers have been extensively studied in various types of se-
quence spaces by large numbers of researchers. In 1986, Motloka [[66] analyzed bounded
and convergent sequences of fuzzy numbers and proved that every convergent sequence of
fuzzy is bounded. Additionally, Nanda[69]] defined a new metric to demonstrate the com-
pleteness of a convergent and bounded sequence of fuzzy real numbers. An attractive area
of research in mathematics and its application is the study of fuzzy sequence space. So nu-
merous researchers made a significant contribution, and several new concepts and findings
have been developed in this field. Savas[92] proposed certain classes of sequences of fuzzy
numbers, investigated them, and analyzed some of their properties including completeness,
solidity, symmetry, and convergence free, and also looked at various inclusion relations that
were relevant to these classes.

In the dissertation, we shall analyze the fundamental topological features of the class
(r(X, ), p) defined as

| Ak X ||

ﬁf(X,X,ﬁ):{X:(Xk):Xkew(F),k21andZM< p
k=1

)<oo, forsomep>0};

where, p = (px) be a sequence of strictly positive real numbers

A = (\) and T = (1) be non-zero sequences of real numbers, and t;, = % s k> 1.



Further, if infy p, =1 > 0, we show the class { ( X, \ P, L) defined by

[N X | [P
p

ﬁf(X,/\,ﬁ,L) = {X:(Xk) Xy Ew(F), k> 1&2]\/[( ) <oo,f0rsomep>0}

forms a paranormed space with respect to the function defined as

: S e X
g(X)=infq p>0: ZM —— | <1, , where L = supy, px.
p

k=1

will be covered in this dissertation.
Moreover, linearity, completeness, solidity, and some inclusion properties of a class S(X, M, «, P)
of difference sequences and classes F, (p, M ,p, A) , F (p, M.,p, A) and F, (p, M ,p, A) of

generalized difference sequences are also studied, which are respectively defined as
> AX . ||P*
S(X,M,«a, P)= {X: (X) € Wh - ZM (M> < 00, forsomep>0}
P
k=1

where, P = (px) and QQ = (gx) be any two sequences of strictly positive real numbers and

(c) be a sequence of non-zero real numbers.

_ EZ ak A Xk) 0) o
Foo (Mp,A) =R X = (Xg) : X € w(F):sup, | M < 00, for some p > 0

F(M,ﬁ,A):{X:(Xk):Xkew(F) limy, [M( (a (ApXk)X)>]pk:0,forsomep>0}

F, (M,p,A) = {X = (X3) : Xy € w (F) : limy, [M (w“’“(A”;X’“)’ X")ﬂpk =0, for some p > 0}

And the classes of double sequences Z¥ ( M, A, &) for Z¥ = (£ | CF, OF are defined
by

gfo (Mv )\,f) = {(Xnk) € WF L SUPn k M ()\(X;k,())) <00 ; SUPn,k M (M) <OO} )

C" (M, A, €) = {(Xnk) €W limy, M (W) —0; limn, M (“Lp’“”) =0 } ,



Cf(Ma )‘ag): {(Xnk) Eszlimn,k M (W) =0; limn,k’ M (W) :0},

forsome p > 0,L € R(I).

Before we discuss the various topological properties of the classes mentioned above, we will first
discuss the relevant works done previously. Kizmaz [51]] pioneered the concept of difference se-
quence space for the first time in 1981, £ (A), C(A), Co(A) as follow:

KOO(A):{X:(Xk)Gw : (AX]C)GKOO}

CA)={X=(Xy)ew: (AXy) eC}
Co(A) = { X = (X)) €w : (AX)) € Co}.

where, /,, C, C, are the sequence spaces of bounded, convergent, and null sequences respectively
with AX} = X, — Xj11 and showed that these classes form a Banach Space with respect to the
norm [ X[y = [Xi] + [[AX]|.

This concept of difference sequence spaces is generalized in the forms /o (A™), C (A™), Co(A™)
by Et and Cloka [32] in 1995 and defined as follows:

b (A™) = { X = (X3) €w : (A™X}) € log)
CA™M={X=(X;)€Ew : (Aka)EC}

Co(A™) = { X = (X)) €w : (A™Xy) € O, ).

and, showed that these classes are Banach Spaces with respect to the norm

m
IXNa =D 1 Xl |A™ Xkl

where, meN, A°X = X, , AX, = X — XkJrl and A™ X, = Am‘lX‘k — Am_IXkJrl.

A generalization of the idea of difference sequence of real numbers is the notion of difference
sequence of fuzzy real numbers. Baurch and Tripathy [[10] introduced the sequence spaces /£ (A,,)
, CF(A,,) and CF'(A,,) of fuzzy real numbers in 2009 defined as follow:

Z(An) ={X=(X) €t : (A, Xp) €7}

for Z = CF, CF, ¢F where A, X, = Xp — Xjym for all k € N and studied various topological



properties of the spaces with the help of metric defined as

m
p(X,Y)=> d(Xe, Yi)+ supr d(DpmXy, AnYr)
i=1
Using the concept of difference sequence space, Tripathy and Das [108] introduced the class of p—
bounded variation of difference sequence space of fuzzy real numbers denoted by prF , 1 <p<

oo as follows :

% :{X:(Xk)ewF: [OO {d(AXk,O)}p] <oo}

k=1

where, AX, = X — X4 for all £ € N, and have proved that the class of sequences bV;)F ,
1 < p < oo forms a complete metric space with the metric defined by

1/p

p(X,Y)=d(X1,Y Z {d(AX, AY)Y | forX = (Xi),Y = (i) € bV .

k=1

Moreover, Paudel and et al. [[77] generalized the class of p — bounded variation denoted by prF (An)
and defined by

BVE (Am) = {X = (Xi) € w( Z{dA X, 00} < o0

with A, X = X — Xker.

They defined a new metric to characterize the topological structure of generalized class of p-

bounded variation of difference sequence space bV;)F (A,,) for 1 < p < oo, as follow:

AX,Y) = D {d DX, DY) Y7
k=1

Various researchers used the Orlilcz function to study the different topological properties of the
various classes of sequence spaces of fuzzy real numbers. In 2008, Tripathy and Sarma [[111]] used

the Orlicz function M to define the following classes:
d( Xy, 0
(loo)p (M) = {X: (Xg) € w(F) : supy M <(Z’)> <oo, for somep >0 }

d( Xy, L
(;’)> =0 ,forsomep>0andL€R}

d( X
(;’)> = O,forsomep>0}.

Cr (M) = {X=(x) € w(F) s time 01

(Co)p (M )= {X:(Xk) € w(F) :limyg M<



and studied various topological properties by introducing a new metric defined as

f (X, Y):inf{p>0 : supkM<d(ka’Yk)> gl}.

To study the various properties of difference sequence spaces using the difference operator A™,
where m is a fixed positive integer and Orlicz function M, Subramanian and et al.[99] 2012 in-
troduced a class of sequence spaces. Similarly, Paudel and Pahari [79] used the Orlicz function to
introduce the generalized the classes of difference sequences of fuzzy real numbers as follows:

F (E,M,p, A) = {X = (X3) € W : supy [M (W)]pk < 00, for some p > O}

E(ak(Aka)7X0)

F(d,Mp,A) = {X = (Xp) € Wl : limy, [M ( P

Pk
>} =0, for some p > 0,X, € ]R}

= AN 7Pk
F, (E,M,p, A) = {X = (Xy) € Wi limy, [M (d(ak(A’;Xk)’ 0)>] =0, for some p > O}

where p = (p,.), a sequence of strictly positive real number A = (a, ), a sequence of real numbers

and A, X, = Xy — Xg+m and studied some topological properties of the classes.

Additionally, Paudel et al [80] used the Orlicz function to define the following classes of double

sequences of fuzzy real numbers as follows:

Efo (M, \&) = {(Xnk) ewl : supy p M (W) <00 ;5 supp i M (W) <0 } .

CF(M,\ €)= {(Xnk) c Wl limpu M <A(XZ“L)) =0; limp, M <’5<X"p’“L)> =0,L¢ R(I)} .

CE (M, N €)= {(Xnk) € w limp M (A(sz’o)> =0;limy M (g(ank’O)> =0,as n,k—)oo}.

for some p > 0, and studied various properties like linearity, completeness, solidity etc.

Also, in 2023, Paudel et al [82] studied the classes of fuzzy sequence and introduced a Paranorm to

study some of the properties of the classes.

An outstanding contribution and plenty of works have been done in real-life applications with the
help of fuzzy set theory. In the fields of economics, medicine, engineering, agriculture, decision-
making, numerous researchers worked using fuzzy set theory. Stojic [98] presented a model for

evaluating the level of economic development of countries in a particular regions using fuzzy logic.



Moreover, Kumar et al [57]] have presented a model based on a fuzzy expert system that will help

insurance companies to evaluate the risk cancellation policies in the presence of diabetes.

In our daily lives, we may face numerous encounters in selecting the best one for actual outcomes.
Paudel et al [78]] addressed the difficulties encountered when deciding on the best candidate from a

group of people in the same group environment using the fuzzy maximum-minimum composition.

In our daily lives, decision-making problems may have a membership and non-membership degrees
with the possibility of hesitation. Using these concepts, Atanassav [7]] introduced the concept of
intuitionistic and fuzzy set theory, which is capable of capturing information that includes mem-
bership and non-membership values with some possible degree of hesitation. The intuitionistic
fuzzy set has been applied in various fields of research in making a decision and medical diagnosis.
Ejewa and Onasanya [30] showed how an intuitionistic fuzzy set could be used to solve real-world
decision-making issues, like medical diagnostics and bioinformatics. Similarly, in 2020, Ejewa and
Onyek [31] tested a new method’s applicability by conducting hypothetical medical diagnoses and
a few patients and determined their respective diagnoses based on the correlation coefficient values
between each patient and each disease. Fuzzy soft theory is gaining importance for finding a coher-
ent and logical solution to various real-life problems. The concept of fuzzy soft set and intuitionistic
fuzzy soft set was used by Hooda et al [42] to study medical diagnosis using Sanchez’s methodol-
ogy. Moreover, Paudel et al [84] explored how Sanchez’s medical theory could be used in medical
diagnosis and provide a fuzzy-arithmetic—based algorithm for identifying medical conditions. A
description of fuzzy pattern reorganization techniques to be used in the cluster analysis of risk and
classification of claims was developed by Derrig et al [27] , while Deshmukh et al [28] suggested
a fuzzy reasoning approach based on rules to quantify the threat of management fraud. Paudel et
al [ to be appear] demonstrate how a fuzzy set can be intuitively used to calculate red-flag on a
propositional or duration scale, how ambiguous law could be used to combine several red-flags, and

how a particular measure of the threat of administrative fraud can be created.

1.2 Rationale

Fuzzy describes things that are ambiguous or unclear. Everyone encounters the situations in real life
where they are unsure of whether a statement is true or false. When such a situation arises, fuzzy
logic offers useful flexibility for reasoning by taking the situation’s uncertainties into account. Es-
pecially, fuzzy logic may be viewed as an attempt at the formation of two remarkable capabilities:
rational decision-making in vagueness and uncertainty, and performing various tasks without mea-
surement or computation in a wide range of situations. After carefully analyzing all the variable’s
information and making the best decision, fuzzy logic assists in solving specific problems. The
fuzzy logic approach simulates human decision-making by taking into account all the potential

outcomes between true and false as a digital value. Fuzzy logic and fuzzy set theory provide a



framework to deal with situations where the boundaries between categories are not well defined and

the information is vague or incomplete.

The fuzzy set theory has been successfully applied in a wide range of mathematical fields. Nu-
merous researchers have studied the fuzzy set and fuzzy real numbers in depth in various types of
sequence spaces. Fuzzy set and fuzzy logic provide a way to generalize the idea of convergence,
continuity, and other basic properties connected with conversational sequence space in the context
of sequence space. The concept of a sequence is expanded to include sequences with fuzzy ele-
ments in fuzzy sequence spaces, where each element is represented by a membership degree that
indicates how much it belongs to the set. In comparison to conventional sequence space, fuzzy
sequence space offers a more reliable and adaptable representation. They are able to capture varia-
tions and fluctuations in data that crisp sequences might not be able to adequately represent. Also,
the approximation function and data are the topics covered in approximation theory, which has con-
nections with fuzzy sequence spaces. A fuzzy approximation of uncertain or imprecise data can be
produced using fuzzy sequences, which can also be used to approximate fuzzy functions. More-
over, the development of the mathematical foundation for fuzzy set theory is aided by the study of
fuzzy sequence spaces. It facilitates the development of formal frameworks and properties of fuzzy

sequence spaces, opening up new theoretical and conceptual avenues in mathematics.

A lot of works can be done in the fields of sequence space through fuzzy set theory. So for the new
researcher in the field of sequence space, fuzzy set theory is a good platform. Generally, studying
fuzzy logic and fuzzy set theory provide a helpful framework for handling uncertainty, simulat-
ing human reasoning, processing linguistic variables, designing control systems, aiding decision-
making, and solving complex problems in various domains. Overall, studying fuzzy space provides
a useful mathematical tool for dealing with ambiguity and vagueness. It makes possible to de-
velop a trustworthy model, algorithm, and framework for making a decision, all of which are better
equipped to handle the challenging real-world problems brought on by ambiguous or incomplete

data.

1.3 Objective of the Study

This thesis is based on our research work. The objectives are as follows:

1. To expand the notion of sequence space of real and complex numbers by employing various

operators in fuzzy real numbers.

2. Fuzzifying the spaces £57(X, A\, p) and £3;(X, A, p, L) studied by Pahari and Srivastava [72]

and its conversion in difference sequence spaces of fuzzy real numbers.

3. To study the p -bounded variation of sequence space of fuzzy real numbers in generalized



form.
4. To study the double sequence space of fuzzy real numbers using the Orlicz function.

5. To address the challenge seen in making-decision to select the best one using Bellmen- Zadeh

method

6. To study the real-life applications of fuzzy logic and fuzzy set theory with the case study.

1.4 Organization of the Study

Uncertainty and ambiguity are the subjects of fuzzy logic. It is a versatile approach to uncertainty-
based reasoning for making rational decisions that deal with ambiguous or insufficient data and
offer solutions to particular issues. In a variety of mathematical disciplines, the fuzzy set theory
has been effectively employed. Pure and application of fuzzy set theory are the two main divisions
of this thesis. The sequence spaces for fuzzy real numbers are studied in the thesis’s first section.
On the other hand, fuzzy sets have been employed in several real-world applications in the applied
section. With the use of the membership function specified on the fuzzy set, this thesis addresses
the issues with decision-making in picking the best one. There are five primary chapters that make
up this thesis.

Fuzzy logic, fuzzy sets, and fuzzy difference sequence spaces of fuzzy real numbers are all intro-
duced in Chapter 1. In this chapter, basic definitions, fuzzy set theory, and fuzzy logic ideas have all
been covered. Besides of these, chapter one also contains some introductions to sequence spaces of
fuzzy real numbers. In the same chapter, it will also emphasize why fuzzy logic should be studied.
Second chapter contains the fundamental concepts of fuzzy set theory, which are essential to our
study.

Some well-known fuzzy number sequence spaces will be studied in chapter three. With the aid of
the Orlicz function and Paranorm function, the fundamental topological characteristics of classes
¢r(X, A\, p) and £p(X, N\, p, L) of fuzzy real numbers will be examined in this chapter. The lin-
earity, completeness, and solidity characteristics of the classes of double sequences £Z. (M, ), €),
CL (M, ) €),and CI (M, ), €) will be covered in detailed in the same chapter together with dou-
ble sequence spaces of fuzzy real numbers. Chapter four covers the basic topological characteristics
of the generalized difference sequence spaces of fuzzy real numbers. This chapter further investi-
gates the generalized completeness feature of the class bV;)F of p -bounded variation. In addition,
various classes inclusion connections will be studied and investigated.

Fuzzy sets will be employed in real-world applications in Chapter 5. The membership function
constructed on the fuzzy set using the Bellmen-Zadeh approach will be used in this chapter to solve
the issues with decision-making when picking the best. A case study is offered to validate our work,

and Sanchez’s medical theory will also be utilized to offer a fuzzy arithmetic-based strategy for



locating medical concerns. The issue of fraud in the claims-settlement procedure is becoming quite
problematic for insurance companies. The fuzzy model we create in this chapter will help internal
auditors spot claims that could be the result of fraudulent activity. A case study will be provided to

demonstrate the effectiveness of the method.
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Chapter 2

Fundamental Concepts and

Preliminaries

2.1 Introduction

Before the introduction of Fuzzy Logic, mathematics was limited only to two conclusions that were
true and false (1 and 0) only. Lotfi Zadeh [117] developed the concept of fuzzy set theory as an
extension of classical set theory the 1965. It allows for the formal representation and manipulation
of information’s uncertainty and ambiguity. Fuzzy logic is a strong tool for control systems, expert
systems, and other applications that deal with ambiguous or incomplete information because it en-
ables the modeling of human-like decision-making processes through the use of linguistic variables
and membership functions [4]. Fuzzy sets are defined by a membership function that character-
izes the degree of membership for each element of the universal set. The membership degrees
provides greater flexibility and expressiveness in representing and reasoning with uncertain or im-
precise information, making fuzzy set theory a powerful tool for dealing with real-world problems
characterized by ambiguity and fuzziness. So the core concept of fuzzy set theory is degree of
membership. Instead of using a binary value of 0 or 1 to indicate membership or non-membership,
fuzzy sets assign a degree of membership between 0 and 1. This degree of membership represents

the extent to which an element belongs to a fuzzy set.

2.2 Preliminaries

Definition 1. (Fuzzy set and membership function)[3|]: Let U be the universe of discourse and
X CU. Afuzzy set X in U is defined as the collection of order pair ( x, px (x)) where pux : U —[0,
1]andx € U . Here px(x) is called the degree of membership of x and px is called the membership

11



function.

A membership function maps the element of the universe of discourse to a value between 0 and
1, indicating the degree to which the element belongs to the fuzzy set. This value represents the
“fuzziness” or uncertainty associated with the membership of an element in the set. It can take
various shapes depending on the specific application and the linguistic variables being considered.
Common shapes include triangular, trapezoidal, Gaussian, and sigmoidal, among others. These
shapes are chosen based on the characteristics of the problem domain and the requirements of the

fuzzy logic system.

Membership functions are used in the fuzzification and defuzzification steps of a fuzzy logic system
to map the non-fuzzy input values to fuzzy linguistic terms and vice versa. A membership function

is also used to quantify a linguistic term.

Definition 2. (Fuzzification)[41|]: Fuzzification is the process of assigning the numerical input of a
system to fuzzy sets with some degree of membership. This degree of membership may be anywhere
within the interval [0,1]. If it is O then the value does not belong to the given fuzzy set, and if it is
1 then the value completely belongs within the fuzzy set. Any value between 0 and 1 represents the
degree of uncertainty that the value belongs in the set. Because it enables the depiction of the ambi-
guity and uncertainty found in many real-world situations, the degree of membership function is a
key idea in fuzzy logic. By assigning degrees of membership rather than strict binary classifications,
fuzzy logic provides a more flexible and expressive framework for reasoning and decision-making

in situations where precise boundaries are not applicable or are difficult to define.

Definition 3. (Defuzzification)[41]: Defuzzification is the process of producing a quantifiable result
in Crisp logic for given fuzzy sets and corresponding membership degrees. To represent and handle
imprecise or uncertain data, fuzzy logic systems make use of fuzzy sets and linguistic variables. To
produce a single numerical result, defuzzification is required after fuzzy inference, which entails
applying fuzzy logic rules to the fuzzy input values to generate fuzzy output values. There are
several methods for defuzzification and the choice of defuzzification method depends on the specific

application and the desired behavior of the fuzzy logic system.

The defuzzification process, which yields a single crisp value with regard to the fuzzy set, is depicted

in the following figure.
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Rules

Crisp Crisp
Fuzzifier Defuzzifier
inputs x inputs
~
Fuzzy Fuzzy
| Inference
Outputs sets Outputs sets

Figure 2.1: Fuzzy inference system [41]

Definition 4. (Support of fuzzy set)[6l]: The support of a fuzzy set X on U is the collection of all

those elements of U having a membership value greater than 0.
i.e. support(X)={z €U : px(z) > 0}.

Definition 5. ( a-level Set)[l6l]: Let o be a number in [0, 1],then a-cut is defined as the set of all
those elements of the fuzzy set X whose membership values are not less than a.
Symbolically;

X={z :px () > a,a €0, 1]}.

In particular, if U ={1,2,3,4,56,7, 8,9, 10} be a universal set and let
X={(1,02)1(205)(308) (4 1), (5 0.7), (6, 0.3 )}.

Then o — cut of the set X is a crisp setand is X* = { 1, 2, 3, 4, 5, 6}.

We note that the elements 7, 8, 9, and 10 are not part of the support of X.

The maximum value of the membership degree is known as the height of the fuzzy set. The fuzzy set

having height one is called the Normalized fuzzy set.
Definition 6. (Convexity)[5|]: A fuzzy set X on U is convex if and only if for all x1, xo € X and all,
A€L0, 1], px(Ax1 + (1 — N)z2) > Minimum[ux (x1), px (x2)].

Definition 7. (Subset and proper subset)[|1106|]: The fuzzy set A is called a subset of a fuzzy set or
included in the fuzzy set B denoted by ACB if for each x € U, pa(z) < pp(z).

A fuzzy set A is called a proper subset of the fuzzy set B denoted by ACB if for each x € U,
pa(z) < pp(zw).
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Definition 8. (Core of fuzzy set)[116]: The core of a fuzzy set X is denoted by core(X) and is the
set of all points x € U such that ux (z) = 1. So,

core(X)={zeU: pux (z) =1}

The figure below clearly depicts the core set of fuzzy sets.

L 2
»

— Core —m

Figure 2.2: Core of fuzzy set

Definition 9. (Fuzzy number)[9] Fuzzy numbers are subsets of real lines with additional properties
and thus generalize the classical real numbers. Fuzzy numbers are essential for fuzzy analysis,

differential equations, and various applications of fuzzy sets and fuzzy logic.

A fuzzy number is a fuzzy set X in the real line R satisfying

1. X is normal, i.e. there exists a real number x such that ux (z) = 1

2. X is fuzzy convex i.e. for any pair of x,y in support of (X)) such that
pix (0 + (1= 0)y) > min {jux (2) , pux (9)} for all 9<[0, 1]
3. X is upper semi-continuous i.e. for o€ [0, 1] the a-level set X = {x € R:ux(z) > a} is

closed.

In other words, we have
A fuzzy real number X is a fuzzy set, or a mapping between each real number R and its membership

value pix (x), where jix : R — I = [0, 1] such that the fuzzy number X is

1. normal if there exists x € R such that px(x) = 1

2. convexifforz,y e Rand0<0 <1, ux(0x+ (1 —0y)>min{ux(z),pux(y)}
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3. upper semi-continuous if for ¢ > 0, X Y([0, a +¢€)), for all a € I, is open in the usual
topology of R.

Definition 10. (Triangular fuzzy number)[19] Let a, b, and c be three real numbers with a < b <
c. Then a fuzzy number of the form X = (a, b, c) is a triangular fuzzy number with the membership
function defined by

=2 ifxcla, b
7, ifxelb

p
0, otherwise

o

px (z) =

We note that, ux (b) = 1 means b need not be a mid-point of a and c.

Graphically, the triangular fuzzy number has the triangualr shape with three vertices a, b, and c is

shown below:

1
N

a b C

Figure 2.3: Triangular fuzzy number([|14]]

Definition 11. (Trapezoidal fuzzy number)[98] Let a,b, c and d be real numbers with a < b <

¢ < d. Then a fuzzy number of the form A = (a, b, ¢, d ) is a trapezoidal fuzzy number with the
membership function defined by

0, forxz <a
ﬁ, fora<ax<b
(z) 1, for b<z<c
pa(z) =
T, fore<az<d
0, forx>d

Graphically, the trapezoidal fuzzy number has a trapezoidal shape with four vertices

(a, b, ¢ ,d), as depicted in figure.
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a b C d

Figure 2.4: Trapezoidal fuzzy number [[14]]

Definition 12. [9] Let D be the set of all bounded intervals A = [a, b] on the real line R. For any
A,B € D with A = la1,b1] and B = [a2,bs], A < B ifag < a; and by < by. Define a relation d
on D by

d(A,B) = max{| a1 —az |,| b1 — ba |}

Then clearly , d defines a metric on D and obviously (D, d) is a complete metric space. Suppose
R(I) denotes the set of all fuzzy numbers which are upper semi-continuous and have compact sup-

port. In other words , if X € R(I) then for any o € [0, 1]

t: X(t)>a forae(0,1

o [tiXWza fracou o
t:X(t)>a fora=0

The addition and scalar multiplication on R(I) are defined as

(X +Y]*=X*+Y%and (aX)* = a(X)® forall « € [0, 1].

Consider a mapping d : R(I) x R(I) — R by the relation

d(X,Y) =supd(X*,Y?*) for0 <a <1

Clearly d defines a metric on R(I) and (R(I),d) forms a complete metric space. Also , for any
X, Y € R(I),X <Y ifand only if [X*] < [Y?] for o € [0,1] and X*= [z¢,25] and Y=
[ve, y5]-

2.3 Operations on Fuzzy Sets

Let U be the universal set, and A and B are two fuzzy sets in U. Let pa(x) and pp(x) be the

membership values of the element = € U in the fuzzy sets A and B respectively. Then
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1. The union of A and B is denoted by AU B and its membership value is defined by

pau B (z) = max{pa (v), pp(v) },

and we write pau B = ua V uB.
Similarly, the intersection of A and B is denoted by AN B and its membership value is denoted

byuan B (z) and defined as

pan B () = min{pa (), pp () },

and we write uan B = A A U B.

In particular, let A = {(a,0.1), (b,0.2), (¢,0.6)},
and B = {(a,0.5), (b,0.1), (¢,0.3), (d,0.9)}. Then
AU B ={(a, 0.5), (b, 0.2), (c, 0.6), (d, 0.9) }, and
AN B={(a, 0.1), (b, 0.1), (¢, 0.3), (d, 0.0)}.

2. The complement of A is denoted by A€ and is a fuzzy set. The membership function of A€

is denoted by p1ac and is defined by
pace () =1 — pa (z) forallz e U.

Thus, if A = {(a, 0.1), (b, 0.2), (c, 0.6)} then, A® = { (a, 0.9), (b, 0.8), (c, 0.4)}.
3. The difference of A and B is a fuzzy set denoted by A/B or A — B. The membership
function of A/ B is denoted by 14 /g and is defined by

pa/B (r) = panpe (v) = min{pa (x), ppe(r)} forallz € U.

In the above example, B¢ = { (a, 0.5), (b, 0.9), (¢, 0.7), (d, 0.1)}.
Then,
pap=tanse = {(a, 0.1), (b, 0.2), (¢, 0.6), (d, 0.0)}.

4. The algebraic product A (x) and B(x) for all x € U, is denoted by A (x). B (x) and defined

as follows
A(2).B(x) = {(z, pa(a).up()) : x € U},

5. The algebraic sum A(z) and B(x) for all z € U, is denoted by A(z) +B(z) and defined as

follows

A(x) + B(z)={(x, pa+p(x),x € U } ,where

pa+B(x) = pa(z) + pp(@) — pa(z).ps(@).
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In particular, if A(z) = {(z1,0.1), (22,0.2), (z3,0.3), (24, 0.4)}
B() = {(21,0.5), (22,0.7), (x3,0.8), (24, 0.9)}.
Then, A(z).B(z) = {(21,0.05), (z2,0.14), (23,0.24), (24,0.36)}, and
A(z) + B(y) = {(21,0.55), (x2,0.76), (3, 0.86), (x4,0.94)}.

2.4 Cartesian Product of Two Fuzzy Sets

Let A and B be two fuzzy sets of the universal set X and Y respectively. Then the Cartesian product
of A and B is denoted by A x B and is defined by

A x B={(2,y,p4 x B(7,y)) 1z € X, y € Y} where,
A x B (#,y) = min{pa (z), pa(y)} -
If A = {(x1, 0.2), (x2, 0.3), (x3, 0.5), (x4, 0.6)} and B = {(y1, 0.8), (y2, 0.6), (x3, 0.3). Then,
min {pa (1), g5 (y1) } = min{0.2, 0.8} = 0.2

min {14 (1), pp (y2) } = min {0.2, 0.6} = 0.2
min {pa (1), pp (ys) } = min {0.2, 0.3} = 0.2
min {14 (z2), pp (1) } = min {0.3, 0.8} = 0.3
min {14 (z2) , pp (y2) } = min {0.3, 0.6} = 0.3
min {14 (z2), pp (y3) } = min {0.3, 0.3} = 0.3
min {14 (z3), pp (1) } = min {0.5, 0.8} = 0.5
min {14 (z3), pp (y2) } = min {0.5, 0.6} = 0.5
min {14 (z3), pp (y3) } = min {0.5, 0.3} = 0.3
min {14 (z4) , pp (1) } = min {0.6, 0.8} = 0.6
min {14 (z4) , pp (y2) } = min {0.6, 0.6} = 0.6

min {pa (z4), pp(y3) } = min{0.6, 0.3} =0.3.

0.2 0.2 0.2
0.3 0.3 0.3
0.5 05 0.3
0.6 0.6 0.3

Then, A x B =
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2.5 Operations on Fuzzy Matrices

1. Let A = (a;;) and B = (b;;) be two fuzzy matrices, then the sum of A and B is a fuzzy

matrix defined as
C = A+ B =(c¢ij)= (max{aij;, bij})

0.2 0.3
0.5 0.8

0.6 0.7
0.5 0.3

As an illustration, if A = and B =

0.5 0.8

],thenC:A+B:

0.6 0.7 ]

2. The product of A and B is denoted by AB or A.B and is defined by C =AB, whose ele-
ments are given by

C = (Cij): max[min {ax, by;} |

0.2 0.50 0.0 1.0 0.1 0.0
In particular, if A= 04 1.0 0.1 |andB=] 0.0 0.0 0.5
0.0 1.0 0.0 0.0 1.0 0.1

Then, for C =AB
c11=max[min {(0.2,1.0)}, min{ (0.5, 0.0)}, min{ (0.0, 0.0)}} ] =max{0.2, 0.0, 0.0} = 0.2

c12= max[min {(0.2,0.1)}, min{ (0.5, 0.0)}, min{ (0.0, 0.5)}} ] =max{0.1, 0.0, 0.0} = 0.1
c13=max[min {(0.2,0.0)}, min{ (0.5, 0.5)}, min{ (0.0, 0.1)}} ] =max{0.0, 0.5, 0.0} = 0.5
Similarly, Co1= 0.4 Coo= 0.1 Co3— 0.5 C31— 0.0 C39— 0.0 C33=— 0.4

0.2 0.1 0.5
Then, C = AB=| 04 0.1 05
0.0 0.0 0.5

3. Let A, B, and C be three fuzzy sets, R C A x Band .S C B x C'. Then the composition
of the relation R followed by S is denoted by SoR is the relation from A to C' and its

membership function is defined by

HSoR (.CC,Z) = max {myln {MR (l’,y), :U’S(yaz)} }

Note SoRC AxC

If the matrices M and Mg represent the relations R and S respectively, then the composite

relation SoR is represented by the matrix Mg, g, which is defined as Mgs,p = Mpr.Mg .

In particular, if A= {1,2,3}, B={a, b, ¢, d} and C = {a, 3,y } are three sets. Let us

19



consider a relation R C A x Band S C B x C such that

R=AxB=

Then

SoR =

0.1 0.2 0.0
0.3 0.3 0.0
0.8 09 1.0

04 0.2 0.3
0.3 0.3 0.3
0.8 0.9 0.8

1.0
0.2
0.4

20
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S=Bx(C=

0.9
0.2
0.8
0.4

0.0
1.0
0.0
0.2

0.3
0.8
0.7
0.3




Chapter 3

Topological Properties of Sequence
Space and Double Sequence Space of

Fuzzy Real Numbers

3.1 Introduction

A sequence space is a vector space that contains infinite sequences of real or complex numbers.
Suppose, N, R, and C denote the set of all natural numbers, real numbers, and complex numbers

respectively. Consider a set w={x = (z) € R or C} with the operations defined as
(xn) + (Yn) = (zn + yn) and a (z,,) = (zy,) for all n€N and scalar a.

Then the set w forms a vector space with respect to the operation. Any vector subspace X of w is

then called a sequence space [71].

3.2 Topological Properties of the Classes £r ( X, A, D)
and £ ( X, A, p, L).

Let F' be the universe of discourse and X C F'. Then X is said to be fuzzy set [20] in F'if X is
the collection of order pair (x, pux) where, ux : F' — [0, 1]. So that the fuzzy set X in F is defined
as the collection X={(z, ux(z)): xz €F and ux : F—[0,1]}, and the function px is called the
membership function and px (x) is called the degree of the element x. A fuzzy real number X
is a fuzzy set, or a mapping between each real number R and its membership value X(¢), where
X:R — I =0, 1] such that

21



The fuzzy number X is
i. normal if there exists ¢ € R such that X(t) = 1
ii. convex iffort ,s e Rand0 <60 <1,X @ t+(1-0)s)>min { X(t), X(s) }

iii. X is upper semi-continuous if for ¢ > 0, X~1([0, a +¢)), for all @ € I, is open in the usual

topology of R.
The a- level set on X is denoted by X“ and defined by X* ={teR: X (t) > a }.

The collection of all fuzzy numbers with membership values greater than zero is referred to as

support of fuzzy a number.

Let R (I) be the collection of all upper semi-continuous fuzzy real numbers with compact support.
A sequence X = (X}) of fuzzy real numbers is a function from the set of natural numbers to the
set R (I). The fuzzy number X, is the k' value of the function and is known as the k* term of the

sequence.

Let (z,,) be any sequence. Define
M, = SITle {Zn, Tnt1, T2y Tnts, - - -}
M,1q = sgp{ Tntls Tnt2y Tnt3, - - - F
Then, clearly, M,, > M,y and so (M,) is decreasing sequence. If (M,,) is convergent then it

converges to its infimum. Whatever the limit of (M,,) is the lim sup (z,,) and we write [im,,—s00 T,

Similarly, we define

mnp = H}Lf {xn’ Tn+1, Tn+2; Ln+3, - - }
Mpt1 = iInlf{ Tptl, Tna2s Tntds - - -}

Then, clearly, m,, < my4+1 and so (m,) is increasing sequence. If (m,,) is convergent then it

converges to its supremum. Whatever the limit of (m,,) is the lim inf (z,,) and we write lim

n—>ooxn

Definition 13. (Limit supremum and limit infimum)[101]: Let X = (X}) be a bounded sequence
of fuzzy numbers. The limit infimum and limit supremum of the sequence are defined as
liminfX, = lim inf X, ;
n—oo k>n

lim sup Xy = nh—>Holo iup X
>n

We note that the limit infimum or limit supremum of the bounded sequence of fuzzy numbers may

not exist.

Let (X)) = (1)) ={-1, 1, -1, 1, . . . L
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Here, Mn = 1, Mn+l = 1, Mn+2 = ], Mn+3=1’ e

Then, mn_)oo Xn = inf {Mn, Mn+1, Mn+2’ Mn+3, . }

—imf{1, 1, 1, 1...}
=1
And, lim, , X, =sup{mp, Mpi1, Mpy2, Mpy3, . . .}
= sup{-1, -1, -1, = 1. . .}
= -1

The idea of the Orlicz space was first put forth by Wladyslaw in 1932. The concept of Orlicz

function was then used by Lindenstrauss and Tzafriri [S9]] to construct the sequence space as follows

oo
by={z cw: ZM<M><OO, for some p > 0}.
p
k=1

The space ¢, with the norm ||z|| defined by
- 2]
IEd] :inf{ p>0: ZM <><1}
k=1 p

becomes a Banach Space and is called Orlicz sequence space.

Definition 14. (Orlicz function) [59]: A function M : [0,00) — [0,00), which is continuous,

non-decreasing, and convex with the properties that

M(0)=0, M(t)>0and M (t) - 0ast — oo

Based on the Orlicz function and fuzzy numbers we now introduce a class of sequence of fuzzy

sequences as follows:

Letp = (px,) be a sequence of strictly positive real numbers and A = (\) and i = (1) be non-zero

sequences of real numbers and if ¢, = , k> 1. Let

Ak
HEk

, N _ - [[ A X ||
]:(X,)\,p)— X—(Xk).Xkew(F),kzlandZM — < o0, for somep>0,.
k=1

Theorem 3.2.1. [82]The relation {r (X,\,D) C {r (X, 1, D) holds if and only if lim infj, ¢;> 0.

Proof. Suppose that lim infj, ¢, >0 holds and let X = (X},) € (X C A, ﬁ). Then there exists
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p > such that

o0 A X ||Pe
ZM(HkkH)@Q

k=1 P

Here, lim infy, ;> 0, so there exists m and a positive integer K such that m|ug|"* < |\ |P* for

k > K. Let us choose p; > 0 such that p < m p;. Then

iM (||Nk Xkak) _

v (sz|pk||Xk|pk>

o0
el £1 1 P1
<iM@mww>
T m py
- $ar (el
el mp1

o0 Pk
< Sar(ReXd)

- [ Xe||” - _
and therefore, g M|/ )<= X=(Xp)elr(X,np).
P1
k=1

Hence (r (X, A\, p) CUr (X, P).
Conversely, suppose that £ ( X, A, p') C £r (X, &, p). Then we show that, lim inf}, t;,>0. But
we assume that lim inf¢;= 0, then we can find a sequence (k(n)) of integers such that k& (n + 1) >

k(n) > 1, n > 1for which n?[ Xy P50 < |puglPRe0.
Let Z € X with [|Z] = 1 and define X = (X}) by the relation

X, — /\;(ln) n=2Prey 7 fork==k(n), n>1
0, otherwise

Let p > 0. Then using the convexity of M, we have

Pk(n)

0 . 00 *2/pk(n) 7
e I
S (") 5

k=1 P k=1 P

o0 Z||Pr)
:ZMCW2>

n?p



[ Ar X5l

g ZM<> <oo = X€ lr(X, X D).
k=1 P

But on the other hand, we have

=1 =2/pi(n) Pl(m)
iM lpaw Xl _ iM [ Aoy Z
P P
k=1 n=1
o ‘#km) Pk(n)
)‘k(n)
- Z M n2
n=1 P
> 1
()
2

- e XalPF L _
Therefore, g M diverges andso X ¢ {r ( X, T, P) .
p

k=1

This contradicts that £~ ( X, A, ]T) C lr (X, I, p). So we must have lim inf}, £;>0. O

Theorem 3.2.2. [82] (r (X, 1, p)CLlr (X, X D) ifandonly if lim supy, tj, < co.

Proof. Suppose that lim suptx<oo holds and let X = (Xj) € £x ( X , 1, p). Then there exists

p > Osuch that Y .2, M (M) < o
Here, lim sup,t;>0, so there exists NV > 0 and a positive integer K such that
N |pxlP* > | A [PE for k > K.

Let us choose p2 > 0 such that N p < po. Then, we have

iM <||>\k Xkak) _ iM <|>\k |pk||Xk||pk>

k=1 P2 n=1 P2

> Pk Pk
< Y <N|Mk 7% || X | >
P2

n=1

IN

o
X Pk
ZM(W el ><OO

n=1

> X,.||Pk
Therefore, ZM <M> <oo=X=(Xp)€lr(X,\ D).
el P2
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Hence, (r (X, i, p) ClF (X, A, ﬁ) .

Conversely, suppose that £ ( X, i, p) C {r ( X, A, ﬁ). We show that lim supt;<oo. Assume
that lim sup,t; = co. Then we can find a sequence (k(n)) of integers such that k (n + 1) > k (n) >

o Ay [PROD
1, n > 1 for which | -2 > n?

HE(n)

Let Z € X with ||Z|| = 1 and define X = (X}) by the relation

Xi = Hiotn) n P Z fork=k(n), n>1
0, otherwise

Let p > 0. Then using the convexity of M, we have

—2/Pi(n) )
S () 5 |2 2
k=1 P n=1 P
o0
27
=>ou (M5
n=1
o0
1
=) M (2)
n=1 p
1\ = 1
< (5) L <
n=1
o
X Pk
Therefore, ZM(W) <oo =Xelr(X,n,D).

k=1

But on the other hand,

-1 _9 n Pk(n)
H)‘k(n) Py ™ e 7

iMOMMW> S
n=1

k=1 P
Ph(n
0o l)\ik(m k(n)
- Z M k(n)Q
n=1 nep
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- YRR <

Therefore, E M| ————— ] diverges — X ¢ E;(X, A, p).

p
k=1

This contradicts that £ ( X, 1, p) C {r ( ;A To). So we must have lim sup, ¢ <oo. O
Theorem 3.2.3. [[82] If 0 < pr < qx < oo for all but finitely many values of k, then {x (X, A, ﬁ) C

Lr (X,X,q) .

Proof. Let X = (X,) € {7 (X, \,p) then there exists p > 0 such that

0 X .| |Px
ZM(H/\k il > <
k=1

P

This relation shows that there exists an integer K > 1 such that ||A\; X || < 1. So that

AR X k[ < M X [P, VE 2 K

e A X, ||9% x M. X, ||PF
S (D) 5 (Pl

k=1 P k=1 P

This shows that X = (X;) € £ ( X, A\, 7) andhence (7 ( X, A, p) Clr (X, X, q). O

3.3 Some Topological Structures of the Class £r ( X, A, 1_0) :

In this section, we will discuss the linear topological structures of ¢r ( X, A, f)) .

Theorem 3.3.1. [[82|] The class {r ( X, N ]7) forms a linear space.

Proof. Suppose X = (X,)and Y = (Y,) be two elements of £z (X, X,p) . Then there exist
p1 > 0 and p2 > 0 such that

S (P o ki (et .,

el P1
Then for any scalars « and 3, let us choose p3>0 such that
2Dpimax (1, [af) < psand 2Dpymax (1, |8]) < ps

Now, using the inequality | X + Y|’* < D {|X|* + |Y'|’*} where, supxpy = L and D =

max {1,271}, we have

ZM(M k(X + BYy) |pk> iM('aAka +

el P3 1 3

Bk Ykak)
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< iM <DIIaAkaII”’“ + DIBA k X, ™ )
P3

“Sm <D o Ak XallP DB N Y )
1 P3 P3

ZM < AR+ 5 A kywk)

1o [ Ak Xkak 1 o Ak Y|
Z Z M B R
22 ( F oy (e

Therefore Z M

(HA (X}, + 8Y,)[™
k=1

) < oo = aX+8Y € E;(X, A, ﬁ)forX: (X4),
P3

Y= (Y,)elr ( X\ ]T) and for any scalars o and 5. Hence {r ( X, A\ 17) is linear space.
O

Theorem 3.3.2. [82]] If {x ( X, 17) is a linear space then lim sup;ty< oo.

Proof. Suppose {r ( X, 17) is a linear space, but we assume that l¢m sup;ty=0c. Then there

exists a sequence (k(n)) of positive integers such that
k(n+1) > k(n) > 1,n > 1, for which py,y > 0 for each n > 1.

Let us choose Z € X such that ||Z|| = 1 and define a sequence X = (Xy) by the relation

k(n)

Xt onTPeey 7 fork=k(n), n>1
X, =
0, otherwise

Then for k = k (n), n > 1, we have

Pr(n
n=2/Pke) Z||

ZM(’)\kaHpk> iM H p

k=

[y

This shows that X € /r ( X, A, ;T)) .

But for any p > 0 and py,) > n forn > 1 and a = 4, we have
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]
<
VR

>
Q
>
Mg
<

< (] HW’WH
k=1 P n=1
<4pk(n) >

2 M
> i”’@ -
Thus, a Xi ¢ £7 ( X, X, p), which contradicts the linearity of {7 ( X, A, p). So that limn supj,t,<oo.
O
Theorem 3.3.3. (i) {r (X, X\, p) C {r (X, P)ifand only if lim infy, |\; | >0
(ii) L (X,p) C Lr (X, X, D) if and only if lim sup|\g|Px<oo;
(iii) Lr (X, D) =Lr (X ,X P)ifandonlyif 0 <liminfy|A [ < lim sup,|Ag [P<<oo

Definition 15. (Paranormed space)[7]]: Let X be a vector space. A function g: X—R is called a

Paranorm on X if it satisfies the following conditions:

1. g(0)=0

2. g(x) >0, forallz € X.

3. g(—xz)=g(x), forall x € X.

4. g(x+y)<g(x)+g(y) forallz, y € X

5. if (ay) is a sequence of scalars with a,, — a asn — oo and {x,} is a sequence of vectors
such that g (x,—x) —0 as n—oo then g (anx, — ax) — 0 asn — oo (Continuity of scalar

multiplication).

Then the pair (X, g) is called a paranormed space.
Theorem 3.3.4. [82]] If infi pj =1 > 0, then the class {x ( X, X, p, L) defined by
e X pr/L
0r (X, \,p,L) = {X =(Xp): Xpew(F) k>1& > M (”’“’“”) < 00, for some p > 0}
p
k=1

forms a paranormed space with respect to the function defined as

o X /L
g(X)zinf{p>or ZM<M) gl} . where L = supg py.

k=1 P
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Proof. Let us consider a set

_ s g [ X
A(X)—{p>O.ZM< S >§1}.

k=1

We assume that infy, pp, = > 0 and

pr/L
g(X):inf{p>O (H)‘k‘ Xl ) gl}
Then,
A pr/L
1. g(0)= {p>0 ZM A O ) }

(3
e S () )

2. g(—X)=inf {p> 0 :iM (H)‘k (_Xk)Hpk/L> < 1}

k=1 P
0 pr/L

= inf p>O:ZM M <1
k=1 P

= g(X).

3. Let X,Y €lx (X, X\ D, L). Then there exist p; > 0 and ps > 0 such that

0 A\ X pk/L [e’¢) e X pk/L
ZM(’ £ Xkl )<oo and Z M(H kXl < 00

1 P1 =1 P2

Let p3 = p1 + p2, where p1 , po € A(X ). Then,

ZM [[ Ak ( Xk+Yk k3 Z s (i + Vi)
=1 p1+ p2

A X T A Yz| T
< ZM Xl ZM Yl
p1+p2 P1 ,01+P2 P2

k=1

< P1 14 P2
pP1+ p2 P1+ p2

d=1.
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o] Pk

Xx+Y)| T

Therefore E M A (Xic ¥ | <1.
k1 3

This relation shows that p5 = p1 + p2 € A (X ). Thus

g(X +Y) <pg=p;+ps forpi € A(X)andps € A(Y ).
ie,g(X +Y) < p1+p2

e, g (X +Y)<g(X)+g(Y).

Hence the triangle inequality holds.

4. Suppose X" = (XJ') be a sequence in {r (X, \,P, L) such that g (X™) — 0 asn — oo and

(an) be a sequence of scalars such that o, —c. Then

g (@ X™) mf{ p o YoM (IwanXi] ) < 1}
k=1

—inf{ po 3o M (lanl I XET) < 1}

k=1

< inf{ ZM (GL A XE L) < },where G = sup,, |om| .
k=1

Then for § = maz{l, G}, we have

0 Py
A X

g(an X™) <inf< p : E M BIAXEN ™ <1lp.
k=1 P

Taking % = 7 then v > 0 and we have

g (anX <1nf{ ZM(H)\kX ‘L)Sl}

=g(X") =0 as n— oo.

Therefore, g (apn X™) — 0 as n — oo.

Now, let oo, — 0 as n — oo then for 0 < £ < 1, we can find a positive integer N such that |ay,| < &

forallm > N andlet X € E;(X, \ D, L). Since infy pp =1 > 0, so that |ozn|pfk§ (5)% for

alln > N. ) )
iM |anAkauL _Su o A Xl %
p

=1 k=1
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00 A Pk
<Y ( e X7 )

k=1 P
Thus, if p € A(s! X ) then, p € A (0, X) i.e A(e' X ) C A (e, X).

Taking infimum over such p’s, then we get
inf{p:peA(a,X)} Sinf{p : pEA(e%X>}:5%inf{p cpeAX)} .

This shows that, g (o, X) < g(E%X ) foralln > N. Thatis g (e, X) = 0 as n — oc.

Hence, {7 ( X , A, p, L) is paranormed space. O

Theorem 3.3.5. [82|] The paranormed space (f F ( X, \, D, L) , g) is complete.

Proof. Let (X ki) be a Cauchy sequence in {r ( X, \ P, L). Let r > 0 be a fixed positive real
number such that M (r) > 1. Then for every £ > 0, there exists an integer N > 1, such that

g(X,i—Xi) <€ foralli, j > N...(%
By the definition of paranorm, we see that

Pk
L

o aexi-nexd
ZM ; <1 foral i,j >N
=t 9 (X}) —9(X)

‘ PR
[ XM X | -

hat, M — M X
So that, ( o(X)—g(X})

) <1< M(r)foralli, 5 > N and for all k£ > 1.

) . Pk
[ XM X |

dxp)—exh =

Since M non-decreasing , we have

Then from (*), we have
Pk

| exi—exi]|

< €.

This shows that (X") is a Cauchy sequence in R(I). Since R([) is complete, so there exists X} in
R(I) for all k > 1 such that X; — X}, as i —» oc.
To complete the proof of the theorem , we show that X= (X}) € (£ (X .\, D, L).

Let us choose p > 0 such that g (X*—X7) <p < e foralli, j > N

Pr
L

00 i 2k 00 HA Xi—AX]
S X e X | Z - i <1, forall i,j >N
p — g(X})— g(X?)
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Since, M is continuous, taking limit as 7 — oo we see that

[k
P

o

> M < 1, forall i> N.
k=1

Taking infimum of such p's, we get

o (XX
1anM <1
k=1

p

XA
p

oo
:>g(Xi—X):inf p:ZM ‘ <1lpy<p<e forall i > N.
k=1

=>g(Xi—X) < efor alli > N.
This shows that X* — X as i — oo and so,
X' —Xeclr (X,X,ﬁ,L),foralli > N.

Hence, X* and X* — X are the elements of /r ( X, \ P, L).
Sothat, X = X' — (X' - X)€/lr (X, A p, L). Thatis X € {x ( X, X, p, L).

Theorem 3.3.6. [82|] The space {r (X \, D, L) is normal.

_ Pi
Proof. Let X = (Xj) € E;(X, A, D, L). So that Y 72 M (”’\’“);’“”L> < oo for some p > 0.

Let (ax) be a sequence of scalars such that |ay| < 1 forall £ > 1. Since M is non-decreasing, we

have
= (e Xl T S (laad T A Xl
S M [ Ak o Xy -y M
k=1 P k=1 p
> e Xl T
—ZM<” K X ><OO
k=1 P
Thus, (axX}) € E;(X, A, D, L). So ZJ:(X, A, D, L) is normal. O

Definition 16. (A5 - condition)[5] An Orlicz function M is said to satisfy /\o - condition for all
values of t if there exists v > 0 such that M (2t) < vM(t)

Let us introduce a sub-class £r ( X, \ P, L) of {r ( X, \ P, L) as follows :

N p o~ o el
E]:(X,)\,p,L): X:(Xk):XkEw(F%kzl,andZM ——— | <o forallp>0,.
p
k=1

Theorem 3.3.7. If M satisfies Ao — condition, then, {r ( X, MNP, L) =Ir ( X, NP, L).
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_ Pk
Proof. Suppose X = (Xj) € {x (X, X, p,L) then for p > 0, > 22, M <”>“‘Xk”L> < oo. Let

us consider an arbitrary p;>0.
Case I: If p < py, then clearly we have

() Pk o Pk
Xill T Xy || T
ZM(Mk il )SZM<H)\k il ><OO
k=1

=1 P1 p

and hence we get X = (X) € (- (X , X\, P, L).
CaseIl: If p > p; , then by using As — condition , we get

ZM (H)\ka\ L ) ZM o Xl = B

k=1 P

_x? ZM(HAkaHL><OO

P11 P
where, K is the number involved in Ay — condition of M.
Hence (7 (X , X\, p, L) C ¢ (X, X\, P, L), and hence

(F(X, N7, L) = Ir(X . X 7. L). 0

3.4 Double Sequence Space of Fuzzy Real Numbers De-
fined by Orlicz Function and its Topological Proper-

ties

3.4.1 Introduction

The study of double sequences began in the late 19th century with the work of mathematicians
such as Georg Cantor[17], Camille Jordan [47], and Charles Méray[67]. Cantor[17] introduced the
concept of a double infinite sequence in his work on set theory, while Jordan and Méray indepen-
dently studied double sequences in their work on Fourier series and series of functions [47]. In the
early 20th century, the study of double sequences was further developed by mathematicians such as
Hardy, Littlewood , and Mandelbrojt [40], who used double sequences to study the convergence of
a series of functions. In recent years, double sequences have been studied extensively in the context
of operator theory, where the researchers are used to study the convergence of operator sequences.

They also have applications in other areas of mathematics, such as combinatorics, graph theory,
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and dynamical system. [40]] In 1996, Savas [94]] introduced some new double sequence spaces of
fuzzy numbers to study the double statistical convergence of a sequence of fuzzy numbers. Addi-
tionally, in 2012, Das [22]] introduced a certain vector-valued difference double sequences that were
defined by the Orlicz function in order to explore their various properties. In the same way, Savas
and Patterson [96]] in 2007 created some new double sequence spaces and looked into some of their
characteristics . Additionally, double sequence spaces were introduced by Tripathy and Sarma [[110]]
in 2009 and some of their topological and algebraic characteristics were investigated. In order to
explore their various characteristics, Tripathy and Sarma [104]] proposed specific double sequence
spaces of fuzzy real numbers defined by the Orlicz function in 2011. In 1996, Savas [95] used the
Orlicz function to examine whether a sequence of fuzzy numbers is double strongly p-convergent
with respect to an Orlicz function and to develop a novel concept for double lacunary sequence
spaces of fuzzy numbers. In 2014, Klng, and Solak [49]] created new modulus-defined double se-
quence spaces, and they studied the topological and algebraic properties of these spaces. Double
sequence space of fuzzy real numbers is being good platform for new researchers in the field of
pure mathematics of fuzzy real numbers. It has been studied with new concepts, for instances, we
refer a few Altay et al.[6] ,Dabbas et al.[21], Mansoor et al. [65], et al.[88]], Sarma [91], Savas[935]],

Savas[96] , and many more.

This section introduces and studies a new double sequence space after introducing the idea of fuzzy
real numbers. The double sequence space here is concerned with sequences of fuzzy real numbers,
each element of which is a fuzzy real number represented by a membership function. We employ
the Orlicz function, whose integration enables a more subtle and flexible characterization of the

double sequence space.

Definition 17. [100]],[102)] Let D be the set of all bounded intervals A = [a,b] on the real line R.
Forany A, B € D with A = [a1,b1] and B = [a2,bs], A < Bifas < aj and by < be. Define a
relation d on D by

d(A, B) = max{| a1 —ag |,| b1 — b2 |}

Clearly, d defines a metric on D. Then (D, d) is a complete metric space.

Consider a mapping d : R (I) x R(I) — R by the relation

d(X,Y) = supsep,) d(X*, Y?), where

o _ t: X(t)>aforae(0,1]
a t : X({t)>afora=0

The addition and scalar multiplication on R(I) are defined as:
(X +Y]= X+ Y * and (aX)* =a X% Vae|0, 1]
Then d defines a metric on R(I) and ( R(I), d) is a complete metric space.
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Thenforany X, Y € R(I), X <Y ifand only if [X?] < [Y'¥] for ae[ 0, 1] and
X =[x, x5 and Y =[y{, 5 ]

Let A : R (I) x R(I) — R be defined by
A (X7Y) = SUPuelo,1] Ao (on ) Ya) )

where Ay : R xR — R is defined by

Ao (X, YY) =min{ | X7 — Y*|, | X5 — Y5'|}.

Similarly, £ : R(I) x R(I) — R, is defined by

f(X, Y) = SUPue0,1] §a (Xav Ya) )

where £, : R x R — R is defined by

§o (X, Y) =max{ | X' — Y|, [ X5 — Y| }.

A sequence of fuzzy numbers X = ( Xy, ) is a function X : N — R(I), where
N=1{0,1,2, ...,...,...} The number Xy is the k' value of the function at k€ N and is the

k™" term of the sequence.

Definition 18. (Double sequence of fuzzy numbers)[93|] A double sequence of fuzzy numbers X =
(Xok) is a function X : N x N — R(I), the set of fuzzy real numbers. The fuzzy number X, is the
value of the function at the point (n, k) € Nx N and is called (n, k)" term of the double sequence.

The function X: N x N — R(I) defined by X (n,k) = 27 is a double sequence[38)].

The function X: N x N — R(I) defined by X (n, k)= % + % is a double sequence [38]].

Definition 19. (Bounded fuzzy sequence) [93]A double sequence space X = (X, ) of fuzzy num-
bers is said to be bounded if there exist fuzzy numbers M and m such that m <X, < M for all
n, k€N

Definition 20. (Cauchy sequence) [93]] A double sequence X =( X ) of fuzzy numbers is said to
be a Cauchy double sequence if

Ve>0,3n, € N:d(X}'lk,Xik) < eformin(i,5) > no

We also say that the double sequence X =( X ) of fuzzy numbers converges to a fuzzy number X,

if Xy tends to X, as both n and k tend to oo independently of one another.
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Let w be the set of all real or complex-valued double sequences which is a vector space with
coordinate-wise addition and scalar multiplication. Then any vector subspace of w is called double

sequence space.

A double sequence space w' of fuzzy numbers is said to be solid [93] if
(Yor) €wr', whenever |Yyi| < | Xk for all n, k €N for some ( X ;) € wt'.

Theorem 3.4.1. [38] A monotonic double sequence of real numbers is convergent if and only if it
is bounded.

Theorem 3.4.2. [[94] Let C; denotes the set of all double convergent sequences of fuzzy real num-

bers. Then Cy is a complete metric space with the metric defined by

p (X, Y) =supmn d(Xmn, Yin), where X = Xy, Y = Yoy,

are double convergent sequences of fuzzy real numbers.

Theorem 3.4.3. [103] The classes of double sequence spaces (2°) (M), (29 (M) and
(20") 7 (M) of fuzzy numbers defined by Orlicz function as

(2EOO)F (M) = { X = (Xnk) : supnp M <d(X7;k’0)> <00, forsomep > 0and (X,,) € ]R(I)} ;
(20°°)F (M) = {X = (Xpk) limp M (d(an’X)) =0, forsomep > 0and Xe R(I)} ;

(QCO)F (M) = {X = (Xuk) :suppp M (W) =0, forsome p > 0} .

form complete metric spaces with respect to the metric defined by

d( Xk, Ya,
f(X,Y) :inf{p> 0 : suppp M <(1;)’k)) < 1} :
Theorem 3.4.4. [103] The class of double sequence spaces (2°) (M), is symmetric but the
classes (2°%) r (M) and (2%) r (M) are not symmetric.

Theorem 3.4.5. [80] The class Z¥ ( M, \, ¢ Ywhere ZF' = (£ CF CT defined by

05 (M) €) = {(Xnk) cwl: supy, M <)‘(X;k’0)> <00 ;5 supy M (g(X;k’O)) <oo} ,

oF (M, )\, €) = {(Xnk> cuwf - limu,e M </\(X”k’L)> = 0; limp, M <§(XnkaL)> :0}7
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CF (M, X€) = {(Xnk) €W limy M (W(W) 0 L M (HXN)) 0

for some p > 0, L € R (1), are linear spaces.

Proof. Let X = (X,,;)andY = (Y ) be two elements of /L (M, X, &), then there exist py, p2 >
0, such that

Xk, 0 Xk, 0
supn k. M (W) <00 ; suppr M (W) <00

and

MY, O Y., O
supp i M <( ;];’ )> <00 ; suppr M (5( Z];’ )> <oo.

Then for any scalars «, (3, and p= max{2ap1, 28p2 }, we have

Y (A(aanﬂYnk, 0)) < cupn M (A(axnk, 0) + A (BY 0))

P P
o B _
—supn |M {03 (X, 0+ 21 (1, 0}

o o (20500 1200

P1 2 po
1 A(Xor 0)) 1 A (Y, 0
< Lgup v (A 0 (10 (A 0)
2 p1 2 P2
< 0.
Ao Xk +BYnr, 0) 1 A(Xnk, 0) ) A(Yok, 0)
Thus, suppe M | =————" | Sgsupns M| =77 |+ gsuppp M | = | <cc.

Similarly , we show that

Xpi+BYnk, 0 Xy 0 Yk, 0
supnr M <€(ak+pﬂk)> < % Supn i M <§(k)> + % supp . M <§(pz)> <o0.

(A (X + BYur, 0)
SUPn k

X, Yor, 0
><ooandsupn7k M(ﬁ(a K+ Yk )><oo
p

p

= aX +BY € ¢E (M, X\ €) and hence ¢ ( M, X, &) is linear space.

Similarly, we show that the classes CI" ( M, A, &) and CL ( M, ), &) form linear spaces. O
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Theorem 3.4.6. [80] The class Z* (M, ), ) forms a metric space with the relation defined by
- A Xk, Yy Xk, Y,
d(X,Y)=1inf {p > 0: supp i M <(nk’nk)> <1; supnpr M (M’nk)> <1, for some p>0} ,
P p
where X = (Xp1.), Y = (Yoi) € Z5 (M, X €) forn, k € N.

Proof. Let X, Y, Z € ZF' (M, &), where X = (X,,), Y =(Y,;), Z = ( Zu). Then,

1.d(X,Y)=0
=inf {p >0: suppr M <7)‘(X"’“/’) Y"”) <1 ; suppr M <7€(X”’“}) Y”’“)) <1} =0
= M (20 Yord ) — g and, p (e Vo)) — g
A ( Xk, Yor) =0 and € (Xpg, Your) =0
= min{|X5; -V, [ X5 -Yi|} =0 (3.1
max {|Xn; — Y| , [ X5 —Yii|} =0 (3.2)

From these two relations, we see that X,,, = Y, — X =Y.
Thusd(X,Y)=0 = X =Y.
Conversely, we assume that X = Y. Then by the definition of A\, , &,, we have

Ao (X9, YY) =0 and, & (X9, ,Y%)=0,Yn, keN,ae(0,1)

n

supnk Ao (Xpp» Yip) =0, and - supp i £ (X5 Y3) =0
=\ (Xnk ) Ynk) =0, and f(Xnka Ynk) =0
By the definition of Orlicz function M, we have

M(M) :Oand,M<§(XLpY”’“)) —0,Yn, ke Nand p>0

AN Xng, Y X, Y
;xinf{p>0:supnkM<( ks "’“)><1 ;supnkM<€( ks ”’“>><1}:0
9 p b p

Therefore, d( X, Y)=0.

2. We have,

d(X,Y)=inf {p >0 : suppp M (M) <1 ;suppr M <§(X%W) <1}.

Here, A (Xpk, Yok) = SuPaco,1) Ao (Xng s Yoor)

= sup [min {|X7; - Y|,
a€e(0,1)

i = Yiil}]

= sup [min{|Y5 - X5| , [V — X5}
a€e(0,1)
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= sup Aa(Yy, X5)
a€e(0,1)

Similarly, we can show that, § (X, Yak)=& Yok, Xnk)-

Now,
- A Xpk, Y Xnk, Y
d(X,Y)=inf {p >0: suppr M <M> <1 ;suppi M (W) §1}
p
AV, X Yok, X
=inf {p >0: suppr M (W) <1 ;suppi M <W> §1}
=d(Y, X).
3. Let p1>0 and py > 0 such that
Su‘pn,k‘ M (A(Xnkpvl an)) S 1 and Suang M (A(anpvg Ynk)) S 1
Let p=p1 + p2,then p > 0. By the definition of A\, we have
A Xk, Ynr) = sup Ao (X, Yir)
a€e(0,1)
= sup [min {|X7; - Vil , [ X5 - Y[} ]

a€e(0,1)

Using the definition of A\, we have
>‘a( gkv nO;c) < )‘Oé(ng’ 7?k)+)‘a( nalc’ no;c)’ foralln, k€ Nanda € (071)

= sup Ao (X5, Vi) < osup - Ao (X5, Z5p) + sup - Ao (Zy, Yik)
ae(0,1) a€e(0,1) ae(0,1)

" )‘(Xnkv Ynk:) S)‘(Xnka an)+>‘(anv Ynk) (33)

Using the continuity of M, we get

AN X, Vo AN Xk, Zok) A (Zogs Yo
supn,kl\/[{ (Xnk, k)} SSUPn,kM{ (Xnk k)+ (Znk k)}

p p1+ p2 p1+ p2

SsuPn,kM{ p1 (A(Xnky an)>+ P2 </\(an, Yok) )}

p1+ p2 P1 p1+ p2 P2
N Xop, Z N Zok, Y
< supns p1 M( (Xnks "k))—i—supn,k P2 M( (Znk nk)>
p1+ p2 p1 p1+ p2 D2

< P1 14 P2 '
p1+ p2 p1+ p2
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A Xk, Yo
Therefore, sup,, , M {w} <1

This relation is true for all p > 0, so that

A Xk, Yo
inf{p>0 : supmkM{(kpk)} gl}.

Then from (3.3)

inf {,0 >0: suppr M (W) < 1} < inf {,01>0 D suppr M (W) < 1}

+ inf {,02>0 D suppr M <W) < 1} .

Similarly, we can show that

X Y X Z
inf {p >0 supp i M <§(nk’nk)> < 1} < inf{p1>0 D suppr M <M’nk)> < 1}
P P1

+ inf {p2>0: supy p M (M) < 1} .

P2 =
Thus, we have,

— A (X Y X Y
d( X, y):mf{p>0  SUPp M<(nk’nk)> <1 suppk M<M) Sl}
P P

A(Xnk, Zn ) A(Znk, Yn
<inf {p1> 0: supp M <(kk)> < 1} + inf {p2> 0: supp M <(kk)> <1
P1 P2
X Z Znky, Y
+inf {p1>0 . suppp M (M’”“)) < 1} +inf {p2>0 L supp M (5(’““’““)) < 1}
p1 P2

=d(X, 2)+ d(Z,Y).

L d(X,Y)<d(X,2)+d(ZY).

Hence,d( X, Y) = inf {p >0 : suppr M <7)‘(X”2’Y”’“)> <1 ; suppr M <7§(X”’Z Y"’“)) <1}

is a matric for X = (X,z), Y = (Yye) € Z° (M, X\, € ) and p > Oforn, k € N.
So ZF' ( M, X, &) is a metric space with the metric d ( X, Y). O

Theorem 3.4.7. [80] The class of sequence spaces Z¥' ( M, \, ) are complete metric space with
the metric defined by

d(X,Y)= inf{p > 0:sup,, M (W) <1 ;sup,, M (g(xnpk,o)) <1}
for X = (Xur), Y = (V) € Z5 (M, X, €) and p > 0 forn, k € N.
Proof. To complete the proof of the theorem, we first show that ¢Z ( M, X, £ ) is complete and the

rest can be similarly done.

For, let (X Z) = (Xflk) be a Cauchy sequence in /£ ( M, X, ¢ ) and let ¢ > 0 be given, then there
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exists 7, € N such that
E( i XI )<5 Vi, j>i,, n, k €N

A (X X3,) ¢ (Xi X0
= infqp>0 :supp M | ——= | <1l;sup, M | ——F | <1 forp >0, <e
p ’ p
(3.4
i J i J
= sup,,;, M (A(X”kl; X"’“)> <1, and sup, ; M (g(X”’“l; X"’“)) <1
Now,
A(Xig o X5
sup,, , M <1 3.9

P

For, € > 0 let us choose p ,n > 0 such that M (“2—7’) > 1.

i J
Then from sup,, ; M <w> <1 <M (&)

Since, M is non- decreasing function, we have

)\(bek ’ erlk)

Sl <\ (Xi L X)) <4

Since, p > 0, so choose p = uin then we have
M(Xip X)) <5< e
Thus, A (X;k ,X,{k) < e Vi, >,

This shows that, (X7, ) is a Cauchy sequence in R (I) and R (I) is complete, so we find X,,, € R (I)
such that lim; Xflk = X, , for n, ke N.
To complete the proof, we show that X,z € ££ ( M, X, €).

i xd
We have, sup,, ;, M (W) <1 for p > 0.
Let us fix i and taking j—o0, then we get

MXE,, Xok)
P

sup,, k M( <1, for p>0and: >i,.

Similarly, we can show that

supp, ;. M <£(X'“,)X)> <1,forp>0and i >i,.

Thus, supy, ;. M <w> <1;sup, M <w> <1, for p>0,and i >1i,.

Taking infimum over such p > 0, and using[3.4], we get

AXE X Xi X
inf{p>0 :SupnkM<("knk)> <1 ;SupnkM<£("knk)> <1 }<5.
’ p ’ p

= d (X!, Xpi) <e, Vi, >i.
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= lim; 00 X, = Xppforn, k €N
By the triangle inequality of the metric d
d (Xpk, 0) < d (X, X2y,) +d (X%, 0) <e+ d (X%, 0) < oo

X 0 X 0
t.e inf {p> 0 :sup,, M <w> <1 ;sup,; M <M> <1 }<oo

p p
= X, € L5 (M, X\, &)andso ¢E (M, A, € ) is complete. This completes the proof. O

Definition 21. (Solidity of double sequence space)[109] A double sequence space EY' of fuzzy real
numbers is said to be solid if Y = (Yy1,) € EX whenever X = (Xp1) € EY and |Yyp| < | X for
alln, k € N.

Theorem 3.4.8. [80] The spaces ¢5,(M, \, &), CF (M, X\, &) and CE( M, ), ¢ ) are solid.

Proof. Suppose X = (X, ,) € 5 ( M, X\, &) andlet Y = (Y, ) be double sequence of fuzzy

numbers such that
A(Yog, 0) <A (Xpg, 0)and € (Yg, 0) <& (Xpk, 0) forn, & € N.

Let p > 0, then we have

o = P p = Iz )

Since M is non-decreasing function, we have
M (A0 < g (a0 ang ar (Las0)) < p (EXue0)) foralln, k€ N.

Since this relation is true for all n, £ € N, so

Sup,, M <7’\(sz’6)) < sup,, i M ()‘(XZ’“’ )>, and

Supnyk M (g(Yn;c’ 6 )) S Suang M (E(anw 6))

Since, X = (X)) € €5, (M, A, £) we have,
MX . ,,0 X 0
sup,, ;, M <("k’)) < 00, and sup,, M <§(nk’)> < 0.
b p , p

AY .k, 0)

Thus, sup,, , M ( i

) < o0, and sup,, ;, M (5(1’”7[,;,6)) < 0o, forp > 0.

=Y = (Y,,) €L (M, X\ &). Thus ¢5 (M, A, €) is solid.

Similarly, the solidness of other spaces can be shown . O

43



Chapter 4

Difference Sequence Spaces of Fuzzy

Real Numbers and its Generalized Form

4.1 Introduction

A large number of research projects have been carried out in mathematical structures built with real
or complex numbers so far. In recent years, many researchers have investigated many results of
replacing these mathematical structures with fuzzy numbers and interval numbers. The study of
fuzzy sequence space is an appealing topic of research in mathematics and its application. As a re-
sult, various scholars made major contributions, and several new concepts and conclusions emerged
in this field. Savas[92] introduced some classes of fuzzy number sequences, studied and assessed
some of their key characteristics such as completeness, solidity, symmetry, and convergence-free,
and also studied different inclusion relations related to these classes. Numerous studies have been
conducted recently using fuzzy numbers and their mathematical structures, looking at a variety of
findings. In 1981, Kizmaz [51] was the first to introduce the idea of difference sequence space
loo (A), C(A), Co(A). Later, the idea of Kizmaz was expanded by Et. and Colka [3] in 1995
as loo (A™), C(A™), C,(A™). Then, Burch and Tripathy[1] applied this concept to the fuzzy
domain. The researchers in their works [[10], [11], [32], [34],[35], [37], [51], [79], [83] and many

more have studied various types of difference sequence spaces.

Definition 22. [5]]] Let (., C, C, are the sequence spaces of bounded, convergent, and null
sequences respectively with AX, = Xy — Xi11, then the difference sequence space corresponding

to the spaces l~, C, C, defined as follows:
loo (A) ={ X = (Xk) €Ew : (AXk) €4}
CA)={X=(Xp) ew : (AXy) eC}

44



Co(A)={ X =(X;) ew : (AXy) € C,}.

Definition 23. [107)] Let w(F’) denote the set of sequences of fuzzy numbers. For AX = Xy
— X1,k € N, the difference sequence spaces (5, (AX), CF(AX), CE(AX) of fuzzy real

numbers are defined as follow:
(5 (AX) = {X = (Xi) ew(F): (AXy) € 6L}
CT(AX) ={X = (X)) ew(F): (AXy) € CT}
Cy (AX) ={X = (X)) ew(F): (AX}) € G5}
where, (5 (AX) = set of all bounded sequences of fuzzy numbers

CF (AX) = set of all convergent sequences of fuzzy numbers , and

CI'(AX) = set of all null sequences of fuzzy numbers.

4.2 Topological Properties of the Class S( X , M, «a, P)

of Difference Sequences of Fuzzy Real Numbers

Lemma 4.2.1. [72)] Let (py,) be a bounded sequence of strictly positive real numbers with 0 < py, <
supg pr = L, H =max {1, 2L_1} then

L | X +YPE<H{XPF+ Y[R}
2. JafP* < maaj{l, [a]L}

Theorem 4.2.1. [83] Let P = (py) and QQ = (qi) be any two sequences of strictly positive real

numbers and («y;) be a sequence of non-zero real numbers. Then the class

- Pk
S(X,M,a, P)= {X:(Xk)EwF : ZM(W) < 00, forsomep>0}
k=1

is linear.

Proof. Suppose X = (X,)andY = (Y,) are two elements of S (X , M, , P) . Then there exist
p1>0 and p2>0 such that

> AX P > AY . ||Px
ZM (Hak il ) < oo and ZM (Hak il > < 00

1 Pl 1 P2
Let us choose p3> 0, then for any scalar a and b we have
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and 2

Sl
IN

1 1
2p1max(1, |al) p3 — 2pamax(l, [b]) *
where, suppy, = L and H = max {1, 2871} .
Then for any scalars ¢ and b, we have

ZM <||ak(aAXk + bAYR)| Pk) iM <|akaAXk + akbAYka’f)
el P3 1 P3

Mg

( (@ akAX ) + (b oy AV, [ >
P3

o0

H H
E <||a apAX|["* + —[|b ozkAYkH”’“>
P3 P3

o0

1 1
<> (namxknpk Ly akmupk) <00
1 2py 2pq

= aX+bY € S(X,M,a, P)for X, Y € §( X, M,«a, P)and hence the class is linear. [

Theorem 4.2.2. [83] Let P = (py) and QQ = (qi) be any two sequences of strictly positive real
numbers. If 0 < pr. < qr < oo for all but finitely many values of k, then

S(X,M,a, P)CS(X,M,a, Q).

Proof. Let X = (X;) € S( X, M,a, P), then there exists p > 0 such that

& Pk
Y m (‘O"“AX’“‘> < oo 4.1

k=1 p

This relation shows that there exists an integer K > 1 such that ||ax, AX || < 1. Since, pr < ¢y, ,

we have
lax AX || < |lax AX||P*, forevery k > K.

Since M is a non-decreasing function, we have

M (llak ApXk”qk> < M(Hak A:(k”pk) for p> 0
— X =(Xp) eS(X,M,a, Q)and hence S ( X, M,o, P) CS(X,M,a, Q). O

Theorem 4.2.3. [83] The sequence space S(X, M, a, P) is solid.

Proof. Let X = (Xx) € S(X, M, a, P), then there exists p > 0 such that

e Dk
ZM (HO%AXH ) < o,
p

k=1
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Let a = (ax) be a sequence of scalars such that |ag| < 1 for all £ > 1. Since M is non-decreasing,

S <rak<amxk>upk) S <|ak|f’k o AXkak>

we have

k=1 P k=1 P
o0
AX Pk
SZM<||ak Kll )<OO
k=1 P

Thus, (axX}) € S( X, M,«, P) for all sequences (ay ) of scalars with |ax| < 1, whenever
X = (X;) € S(X,M,a, P). SoS (X, M,a, P)is solid. 0

Theorem 4.2.4. [83]] Consider the collection A(X) defined by the relation

.A(X):{p>0: iM(HakAXkak>§1}

k=1 P
where, X = (Xi) € S( X, M, «, P), thenthe space S ( X, M, «v, P) is a paranormed space with
respect to the paranorm defined by

g(X):inf{p>0: ZM(W>§1} (4.2)

k=1 P
Proof. 1. Clearly , we can see that g (0) = 0.
2 g(-X)=int{ p>0: X, M (leeCAXAIMY <
= inf{ p>0: iM <Hak AXkak) < 1}
k=1 P
=g (X).

3. Let X, Y € S(X,M,a, P). Then there exist p; >0 and p2>0 such that
iM(”ak AXk‘Hpk) < oo and i M<||041c AYis|pk> o
el P1 =1 P2

Let p3 = p1 + p2 where, p1, p2 € A(X ), then p3 > 0, and

o

Z M <”Ozk(AXk—|—AY/€ |pk> i M <||akAXk+akAYk||pk)
P3 =1 pP1+ p2

| A X ||P* ) Py — ( [| cu AYi || P
<N + M| ==
(! >

P1 p1+ p2 P2

k=1

< P1 14 P2 .
P1+ P2 p1+ p2
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and therefore, ZM

k=1

(Hakmxkﬂykw“) .
3

This relation shows that p; + p2 = p3 € A(X). Thus we have
g(X +Y) < py+paforps € A(X)andp2 € A(Y).
ie,g(X +Y)<p1+p2

e, g (X +Y) <g(X)+g(Y).

Hence the triangle inequality holds.

. Suppose X" = (X}') be a sequence in S ( X, M, «, P) such that g (X") = 0asn — oo

and (o) be a sequence of scalars such that a;, —c. Then

w2 <
s S (e [ <)

k=1
Pk
) <1 ,where D = sup,, ||

AnOp AXT
P

Nk

g (A X") = inf{ p

b
Il

OékAXZ

OzkAXZ
P

§inf{p : ZM(DW

k=1

Then for r = max{1, D}, we have

o0 n||Pk

k=1 P

Taking £=s then s > 0, and

_ = | op AX||PH
LX™) < inf B e T
g (A X") <in {rs < . <

k=1
=rg(X") — 0asn — oo.
Therefore, g (A, X™) — 0asn — oo.

Now, let (A, ) be a sequence of scalars such that A, — 0 asn — oo then fore with0 < & < 1,
we can find a positive integer N such that |A,| < € for all n > N and let X= (X}) €
S(X,M,a, P).Then

0 nopAX Pk 0 npk AX . ||PE
ZM(H/\ apAX|| >:ZM<|/\! ok AX k| )

k=1 P =1 P
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e Dk Pk
< ZM (5 |l AX| )
k=1 P

This relation shows that if p € ¥ A(X) then p€ A(\,X) and so e* A(X) C A (A, X).

= inf{p>0:pe AN X)} < inf{p>0: pec A(PrX)}

=ePrinf{p > 0: p e A(X)}
Therefore, g (A, X) < eP* g(X) for all n > N, which implies that

g (ApX) = 0asn — oo.

Thus, g satisfies all the conditions of paranormon S ( X, M, v, P)andhence (S (X, M, «, P), g)

is a paranormed space. 0

Theorem 4.2.5. [83|] The paranormed space (S (X, M,«, P), g) is complete with respect to the
paranorm defined in (4.2)).

Proof. Let X"=(X]') be a Cauchy sequence in (S (X, M,a, P), g). Then there exists § > 0

such that for all m, n> Ne€Z*, we have
g (XP—XM) < 6. 4.3)

By the definition of paranorm, we see that

S (namx;—akuﬁﬂm

<1, forallm, n > N. 4.4
g (Xg) —g(X) )

k=1

Let us choose a fixed real number r > 0 such that M () > 1. Then

AX ] —a AX]™|PF
low B8~ A X)) forallm, n > N and forall k > 1.
9 (X§) —g(X7]
Since M non -decreasing, we have

ok AXT—ay AXT P
g (X)) —g(XT™)

<r,vm,n >N

= [|AX] — AXP | < W g (X{' = X{"), Ym,n >N 4.5)

1
(rd) Pk
lou |

and therefore, =& (say),Vm,n >N

AXT — AXT|| <

This shows that (AX}!) is a Cauchy sequence in R(I). Since R(I) is complete, so the sequence
(AXY}) converges in R(I) say AX} —AXy as n — o0.
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To complete the proof we show that X = (Xy) € (S (X, M, «, P), g).

Let us choose 0 > 0 such that ¢ (X" — X]') <6 < ¢, forallm , n > N.

”aAXQ—akX;nH”’ Hak(AXQ—AX;ﬂ)H”k
M < p = g(X—=X)

) n_ m||Pk 00 n__ m)\ ||Pk
N ZM <HO¢AXk OzkAXk H ) < M <H04k (AXl; A)nik )H ) <1, ¥m,n > N.
— p 1 Q(Xk - Xy )

Taking limit as m — oo, we get

o
AXT— AX||P*
ZM<”O"“ kA X )g 1, Yn > N.
k=1 P

This relation is true for all such p> 0, so taking infimum of such p's, we get

e n__ Pk
inf{p>0 : ZM(!ak(Axkp AX)| >§ 1}

k=1

AXP—-AX)|P*
p

= g (X" - X) :inf{p:iM(Hak(
k=1

— g(X"-X)<e Vn>N.

>§1}§p<5, VYn> N.

This shows that X™ — X. Also, we have

| X" — X|| — 0asn — o0

= Jog| |AX" — AX| — Oasn — o0

o (AX™=AX) ||k

- —>0asn — o0

=

By the continuity of M , we have

M <||ak(AX"pfAX)Hpk ) — M (0) =0asn — oo for every k,

o n __ Pk

. ZM(H%(AX AX)| )Sl

P
k=1

— X"-X € S(X, M, a, P)
Since, S ( X, M, «, P) is linear space, so, X" — (X" — X) € S( X, M, «, P), thatis

XeS(X, M, o, P).
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Hence X" — X in S ( X, M, «, P). So the space (S( X, M, «a, P), g) is complete . O

4.3 Topological Properties of the Class bVI')F (A)

The notion of fuzzy set has been successfully applied in studying the different classes of sequence
spaces. In this section we study the class prF of p- bounded variation of sequence space of fuzzy
real numbers and extended it to p- bounded variation of difference sequence of fuzzy real numbers
in generalized form. Further, we will discuss the topological properties of difference sequence space
of fuzzy real numbers defined by the Orlicz function in its generalized form. In 2008 [100] Talo
and Bassar and in 2018 Das [24] used the notation prF (X) of p - bounded variation of difference
sequence space to study some properties like completeness, solidness, symmetric, and convergence
free. Then, in 2019, Tripathy and Das [[108] modified Eg studied by Nanda in 1989 and introduced

the class of fuzzy real numbers prF (A), for1 < p < oo in generalized form.

Definition 24. [I08] The class of p- bounded variation of difference sequences space of fuzzy real
numbers is denoted by bV]'DF (A), for 1 < p < oo and defined as follow

BVF(A) ={X = (Xp) €w(F): > _{d(AX,0)}P < oo}
k=1

Theorem 4.3.1. [[108|] The class of p- bounded variation of difference sequence space of fuzzy real

numbers prF forl < p < oo isacomplete metric space with respect to the metric

1/p

S {d(AXy,, AY )P
k=1

p(X,Y)=d(X1,V7)+

for X = (X3) and Y = (Yi) € bV, F

Theorem 4.3.2. [[77] The generalized class of p— bounded variation of difference sequence space

b%F (Ap) forl < p < 0o is a complete metric space with respect to the metric defined by

1/p

dp(X,Y) = , 1 <p< o

> {d(AmXp, A Ye) PP
k=1

where,

BV,S (Am) = {X = (X3) € w(F) : Y {d(AmXs,0)}P < oo},
k=1

X = (Xp),Y = (Vi) € bV (An) and A Xy = Xj, — X -

Proof. Let (X") be a Cauchy sequence in bV,/"(A,,) , where
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Xi=(X{) = (X1, X5, X5, X\ ooy ey o)

Then for all € > 0, there exists a positive integer n,, such that

3=

dp(X', X)) = D d(An X, A X)) | < (4.6)
k=1

which implies

D d(Am X}, A X)) < €
k=1

This shows that (A, X}) is a Cauchy sequence in R(I) for all k € N. Since R([) is complete , so
for fixed k, the sequence (A, X}) is convergent in R(I) and suppose that

limi oo AmXE = Ap Xy
ie. limiseo (Xi— Xi) = (X5 — Xpym)

ie. lim;_ oo X,i =X, forallk € N
This implies that lim; oo X* = X, forall k € N, where X = (Xj)
To complete the proof , we need to show that X € prF (Ar,). In view of ﬁ, we have

1/p
dy(X', X7) = [Z{d A X, A Vi) Y| <e
k=1

Now,

e8] 1/p
[ d(Aka,(_))p] <e, for 1<p<oo.
k=1

This implies that X = (X) € bV,)'(A,,) and hence bV,F"(A,,) is a complete metric space. O
Theorem 4.3.3. [[/7] For 1 < p < oo, the relation 65 C prF (Ay,) holds.

Proof. Let X = (X},) € €5, then

id_p (X, 0)" < o0o.

k=1
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To complete the proof we show that

i d(A Xk, < 00.
k=1
For
d(Dy Xy, 0)" = [d(Xy = Xg1m, 0)]”
< [d(X4,0) + d(Xp1m, 0)]”
< 2P ma,x{[ 1( X, 0)] Nd( Xt 0))P}

< 2P{[d(X,0)]" + [d(Xk4m,0)]"} < 0.

Thus d(Am Xy, 0)” < co. Hence X = (Xj) € bV,J'(Ay,) and so £5 C bV,E (Ay). O
Theorem 4.3.4. [[108|] The class of sequences of p-bounded variation bV;JF solid.

Theorem 4.3.5. [77] For 1 < q < p < oo, the relation bV} (Ay,) C bV,F (Ar,) holds.

Proof. Let X = (X) € bVF(Ay,) then [d(A, X, 0)]7 < oo.

Here, A\,, X}, — 0 as k — oo, so we can choose a positive integer n,, such that
d(Am X4, 0) < 1forall k > n,.

Now,
o) n—1
S A X, 0)]" = [d(Am X, 0) Z (DX, 0)
k=1 k=1
Since ,
> [d(Dm X, 0)] <Z d(Am Xk, 0)
k=n

Hence X = (Xj) € bV} (A). Sofor 1 < ¢ < p < oo, the relation
F F
bV, (Am) SOV, (Am)

holds. -

Theorem 4.3.6. [79)] Let p = (p,), a sequence of strictly positive real numbers, M is an Orlicz
function, and A = (a,,), a sequence of real numbers, then the classes Fo, (M, p, A) ,F (M, D, A)
and F, (M, p, A) defined by

Foo (M,p, A) = {X = (Xk) : Xk € w(F) : supy [M <d (ak(AiZ Xk)’0)>] < 00, for some p > 0}

F(M,p,A) = {X = (Xg) : X € w(F) : limyg [M <d(ak(A";Xk)’Xo)>} | =0, for some p > 0}
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Fy(M,p,A) = {X = (Xg): X € w(F) : limy, [M (d(ak(A"/L)Xk)’ XO))} k =0, for some p > 0}

are linear.

Proof. To prove the linearity of the classes, we first show that Fi,, (M , p, A) is linear and then
the proof for other classes follows similarly.
Let X = (Xj)and Y = (Y}) are from Fi, (M , p, A). Then there exist p; > 0, p2 > 0 such that

— _ Pk —_ - Pk
supy, [M (d (ox(A X) , 0 )>] < oo and supy, [M (d (6(2 ¥) . 0 )>] < 00.

p1 p2

Then for any scalars «, § and p = max {2ap;1 26 py} , we have

Supy { M (d(ak<Aman>+ak<AmﬁYk>ﬁo>>]pk < sup, [ M (ad@kmmm 0) , gdlax@n vi) o>))]“

p p

d 0 T = Dk
S Supk- |:M (%d (ak(Ar;lle‘)y 0)) + %d (Gk(Am Yk), 0))>:|

d 0 Pk - =\ 7Pk
S Gsupk |:M (d(ak(Amka)’O)))} +G supy, |:d(ak(AmYVk)’O)):| .

pP1
< 00,

where G:max{l ,2’“1} ;and @ =supg pr -

So that

supy, [M (d(ak (A Xy) ‘;Gk (Amf Yi) ’0)>rk .

Therefore, aX + BY € Fyx (M,p, A) and hence the sequence of class Foo (M ,p, A) is

linear space. O

Theorem 4.3.7. [[79] Suppose p = (pr) and § = (qi) be two strictly increasing sequences of
positive terms such that 0 < pi < qi < oo for all values of k, then the following relations hold:

(i) F(M, p, A) C F(M, g, A).

(”) FO(M, 257 A) g FO(M7 Q7 A)

Proof. Suppose p = (pi) and § = (qx) are two positive strictly increasing sequences such that
0 < pr < qr < oo for all values of k. Let X = (Xj) € F(M, p, A). Then there exists p > 0

such that i A o
iy [or (Ll 20X XY
p

] P
This relation is true only for [M <w>} " <1 for sufficiently large value of k. Since

P < gy for all values of k, we have

[M <d(ak (AW;Xk),Xo)ﬂqk < [M (J(ak (AT,;Xk)7X0)>:|pk
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Taking limit £ — oo,

i, [M <d(ak(An;Xk)aXo)>]qk < lim, [M <J(ak(AW;Xk)aXo)>]pk _ 0

— limy, [M (d(a’“ (B Xi) ’X")ﬂqk —0

p

Similarly, we can show that F,,(M, p, A) C F,(M, q, A).

Theorem 4.3.8. [l/6l] For non-negative integer m, the class

Z(Am) = {(Xk) € w1 (A Xy) € Z} for Z = CF(Ay), CE(AR), 15 (An),
where Ay, Xy, = X — Xgom for all k € N is a complete metric space with respect to the metric
defined by

NE

B
Il

1

Theorem 4.3.9. [[79] The space F (M .d, A) is complete metric space with the metric defined by

e (X,Y) = inf {p";@ : supy [{M( (ak (Am Xy )p, ak (AmYk))>}Pk]% . 1}7

where T' = max{1, pi}.

Proof. Let (X") be a Cauchy sequence in Fi, (M, d, A). Then for € > 0, let us choose u > 0 and

1 > 0 such that

M(@) > 1.
2

Then fore > 0,dn, € N: Vi, 5 > n, we have

- ; ; P T
da (Xi,Xj) = inf p%k : SUpy, ! (ak (Aka )p7 o <AmXI]€>> T <1
_ d(an (An X ) ar (Anx]))\ " -
p
— M on (2n3)  ax (AnxE) )\ 1" <1< (4
p 2
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Since M is non-decreasing function,

A (an (AnX}) s o (AnX)) ) g

p - 2

Since p > 0, let us choose p = uin, so that

d(an (AnXi ), an (AmX])) < 5L <

d(ar(AmX} ), ax(AnX]))

Therefore, <eg, forallVi, j > n,

This shows that (ak (AmX,i)) is a Cauchy sequence in R(7) for all & € N. Since R is complete,

the sequence (ay (A, X})) converges in R and say
limy [ak(AmX,i)] = ap A Xg
= lim; (X;€ — X,i+m) = Xp— Xktm
— lim; Xp = Xp

Let (X%) = X. To complete the proof, we show that X € F,, (M, p, A). We have

Je (X.Y) = inf {pka upy [{M (d(ak (A X}, 2), ak (AmYk))> }Pk] T . 1}

inf{p’%’“ . supy, HM <J(ak (Anszk), 0))}%]

< dg(X, X') +dg(X",0)

Now,

S

} =dg(X, 0)

<& + dg(X',0) < co.

— X € Fy (M, p, A). Hence Fy, (M, p, A) is complete.
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Chapter 5

Applications of Fuzzy Logic and Fuzzy
Set

5.1 Introduction

Over the past 507 years, the fields of fuzzy sets and fuzzy logic have seen significant progressions.
Fuzzy logic, a mathematical concept introduced by Lotfi A. Zadeh[117] in the 1965, provides a way
to handle uncertainty in decision-making process. Unlike traditional binary logic based on strict true
or false values, fuzzy logic allows for degrees of truth between 0 and 1, enabling a more flexible and
nuanced approach to problem-solving. Fuzzy sets and fuzzy logic have been actively explored and
applied to real-world situations by a large number of academics and researchers [103]. As a result,
it has been incorporated into a number of fields, including engineering, medicine, agriculture, and
many more. Fuzzy logic can handle complicated systems where exact, deterministic models might
not accurately reflect the environment due to their flexibility and adaptability. One of the fundamen-
tal applications of fuzzy logic is in decision-making process [12]. Making decisions is an integral
part of problem-solving and involves selecting a course of action from several potential options to
achieve a particular goal. This ability to make informed choices is crucial in numerous fields, such
as business, finance, management, economics, social and political science, engineering, computer
science, biology, and medicine. However, the decision-making process is frequently complicated

by many elements encountered in real-life scenarios. Some of these factors include:

Incomplete and Inaccurate Information: Decision-makers may not have access to all the relevant
information needed to make a well-informed choice. Some data may be missing or unreliable,

making it challenging to arrive at a definitive solution[[113]] .

Subjectivity: Decision-making often needs human judgment, which can be subjective and impacted

by personal biases or preferences. The same scenario may be viewed differently by many people,
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which might result in decisions being made differently [[112].

Language and Linguistic Variables: In many cases, the criteria for making a decision may be
described using linguistic terms rather than precise numerical values. For example, describing a

product’s quality as “’very good” or “average” introduces linguistic uncertainty[119].

The presence of these traits in real-life situations gives rise to a ’fuzzy environment” for decision-
making. Fuzzy logic provides a powerful framework to deal with this uncertainty by allowing
decision-makers to work with imprecise, vague, or uncertain information. Through fuzzy sets and
fuzzy logic, decision-makers can model and process linguistic variables, subjective judgments, and

incomplete data in a way that enables them to make more flexible and robust decisions [[14].

Thus, the development of fuzzy sets and fuzzy logic has significantly impacted various fields by
providing effective tools to handle uncertainty in decision-making. The ability to tackle complex
and vague situations makes fuzzy logic a valuable asset in addressing real-world challenges across
numerous disciplines, ultimately leading to improved problem-solving and more efficient, adaptive

systems.

5.1.1 Application of Fuzzy Logic Through Bellmen-Zadeh Maximin
Method

Making a choice between various options is a problem-solving process that results in a specific
action known as decision-making. The idea of fuzzy decision-making was first put forth by Bell-
man and Zadeh [12] in 1970 and is based on a compromise between goals and constraints that
are represented by fuzzy sets. By using membership functions to represent goals and constraints,
this optimization concept seeks to identify the best possible outcome. Decision-making is the pro-
cess of making an important decision. So, in order to arrive at a solution for a particular problem,
decision-making entails choosing a course of action from two or more feasible alternatives A de-
cision process in a fuzzy environment is one in which the goals and constraints are both fuzzy in
character. Bellman—Zadeh [12] defined decision-making as the intersection of goals and constraints
expressed by fuzzy sets. In a simple decision-making problem if a fuzzy set G denotes the goal and
the fuzzy set C' denotes the constraints with the membership pc(x) and pc(z) respectively. Then
according to Bellman- Zadeh the decision is the fuzzy set denoted by D is definedas D = G N C
and its membership function is up(x)=pc(x) A po(x).

More generally, suppose G1, Ga, , G3, ..., ..., ..., Gp be n goals and C1, Cy, ,Cls, ..., ..., ..., Cpy be m

constraints. Then the result decision is the intersection of given goals and constraints, i. e.

D=G NG NG3N......... NG, NCiNCyNC3N ... ... ... N Cy,.
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decision

Y

Figure 5.1: Fuzzy Decision

And the corresponding membership function is

WD = UGy N UGy NG N oev s AN pa, N ey N oy N pog N e ees e N pe,, -

Thus, the decision is the confluence of goals and constraints.

Suppose a reputed corporation posts a job posting for a vacant position. Candidates x1, 2, ..., ..., ..., Tn,
apply for the available position.They form a discrete set of alternatives, say {z1, z2, T3, ..., ..., T }.
The selection committee looks for certain attributes in candidates, such as experience, youth,competence,
and so on in a specific field, which is referred to as goals, G;,i = 1,2, 3, ..., ..., m. The selection
committee also intended to set some limits, such as low pay, which can be considered constraints,
Cj,j = 1,2,...,...,...,p. At the conclusion of the interviewing process, each candidate’s x, is
graded on a scale of 0 to 1 with the help of a membership function based on their goals and con-
straints. The grade of the candidate xj, for the goals G; are denoted by gi; , and the candidate’s
grades for the constraints C'; are denoted by c;. Then the fuzzy sets corresponding to goals G; and

constraints C are
Gi = {(21,911), (12,92:), (T3, 93i)y oy vy ooy (T, Gri) o0 = 1,2,3, 00y ooy ooy
Cj = {(x1,c15), (T2, €25), (3,€35), ey evey (@)} 5 = 1,2,3,, s ooy oy .
According to Bellman- Zadeh,[12] the decision is fuzzy set

D=GinGanGsnN... ... .NG,NnCiNnCynNCsnN... .. ...ﬂCp
with grade,

UD =BG, N HGay N oo o AN UG, AN, ANpcg N o e AN ey,
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i, i =min {gi1, G2, ooy oy ooy Glms Cl15 €25 ooy ey o Clp t 5 1 <L <

5.1.2 Case Study

Suppose an educational institute has declared to provide scholarship to support higher study. Excel-
lent result in different subjects: S1, So, S3,.S4, and S5 is the major factor in selecting students to get
scholarships. But the term “excellent” creates a fuzzy environment and makes it difficult to select
a student in a crisp environment. So, fuzzy logic is more suitable here. The marks obtained by five

students in different subjects are given below:

Students | S; | Sy | S3 | S4 | S5
90 | 93 | 94 | 87 | 88
92 189 |93 |86 | 96
91 |97 | 88 | 92 | 84
88 197190 |91 190
95192 |86 |90 |92

o 0| Q| H| >

Table 5.1: Marks of Students

The obtained marks are out of 100 and an excellent result is considered when the marks are more
than 80. So the domain of the marks is [80, 100].To select a student for a scholarship, we use the
Bellmen- Zadeh maximin [12] method by converting the crisp set of obtained marks into a fuzzy set.
For this we need corresponding membership values of marks, which are obtained by the following

membership function.

0, for0 <z <80
px(z) = ¢ £=80 for 80 < z < 90
1, for 90 < x < 100

Using the membership function defined above, we calculate the grading value of the marks obtained

by the students in different subjects

1a(90) =1,104(93) =1, 1a(94) =1, pa(87) = 0.7, pa(88) =0.8

pp(92) =1, 15(89) = 0.9, u5(93) = 1, 1p(86) = 0.6, up(96) = 1
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1p(88) = 0.8, up(97) = 1, up(90) = 1, up(91) = 1, up(92) = 1

pe(95) =1, up(92) = 1, up(86) = 0.6, up(90) = 1, up(92) =1

Students | Sy | Sy | S | Sy | S5
1 1 {0708
09| 1 |06 1
1 108 1 |04
08| 1 1
1 1 106 1

[y S S

o O Q| w| >

Table 5.2: Grading Marks

The fuzzy set corresponding to the marks obtained in subjects Sy, .51, 53, S4, and S5 respectively

are:

G1={(A,1),(B,1),(C,1),(D,0.8),(FE,1)}
G2 ={(4,1),(B,0.9),(C,1),(D,1),(E,1)}
Gs ={(4,1),(B,1),(C,0.8),(D,1),(E,0.6)}
G4 ={(4,0.7),(B,0.6),(C,1),(D,1),(F,1)}
Gs ={(4,0.8),(B,1),(C,0.4),(D,1),(E,1)}

The selection committee has to give their decision for excellency by using Bellmen-Zadeh[12]

method,

D=GiNGaNG3NG4NGs
= {(4,0.7), (B, 0.6), (C,0.4), (D,0.8), (E,0.6)}

By the Max-min method, we conclude that D has the best preference, with a membership value of
0.8.

5.1.3 Case Study

Suppose a reputed organization has to fill a post, for which five candidates, say A, B, C, D, and E,
are shortlisted. These candidates form a set of alternatives, say{ A, B, C, D, E}. The selection
committee looks for certain attributes in candidates, such as computer skills, experience in years,

academic qualifications, and youthfulness. These qualities can be considered the goal of the prob-
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lem. The domain of experience is [5, 10]. The selection committee has taken an exam for computer
skills and with domains [30, 40]. Also, the organization imposed another condition that the salary
should be moderated from Rs 30,000 to Rs 40,000, and this can be taken as a constraint. The marks
obtained in computer skills, experience, scored percentage at bachelor level, and age in years is

given below:

Candidates | Experience(E) | Computer skill(C) | Qualification(Q) | Youngness(Y)
A 8 37 76 29
B 6 38 79 26
C 9 33 75 33
D 5 38 72 25
E 7 35 75 32

Table 5.3: Results in Different Sectors

The shortlisted candidates who are ready to work for domain [ 30000 40000] of salary and their

response for it is:

A B C D E
37000 | 38000 | 36000 | 35000 | 39000

Table 5.4: Salary in Rs

The corresponding membership value for each component E , C, Q, and Y are respectively calcu-

lated by defining the functions.

0, for 0<x<4
pe(r) = 1”6%%1, for 4<x<10
1, for 10<z ;
0, for 0<2<30
po(x) = § £ for 30 <z <40
1, for = > 40 ;
0, for 0<a2 <70
po(r) =4 21 for 70 <z <80
1, for = > 80 ;
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0, for 0<2x <20

py(z) = ¢ 222 for 20 <z <35

0, for x> 35

The membership values in different sectors are:

Candidates | E C | Q Y
A 0.67 10706 | 04
B 03310809 0.6
C 0.83 103]0.5]0.13
D 0.16 | 0.8 | 0.2 | 0.83
E 05 05105 0.2

Table 5.5: Membership Values

The fuzzy set corresponding to the marks obtained in sector E , C, Q,and Y respectively are:

G1 = {(A4,0.67), (B,0.33), (C,0.83), (D,0.16), (E,0.5)}.

Ga = {(4,0.7), (B,0.8), (C,0.3), (D, 0.8), (E,0.5)}

Gs = {(4,0.6), (B,0.9), (C,0.5), (D,0.2), (E,0.5)}

Gs = {(A,04),(B,0.6),(C,0.13),(D,0.83), (E,0.2)}

Also, to calculate the grading value for the salary, let us define the membership function as :

1, for 0 <z < 30000
s () = § o090 %0s55,  for 30000 < z < 40000

0, for x> 40000

And the fuzzy set corresponding to salary is:
C={(A,03),(B,0.2),(C,04),(D,0.5),(E,0.1)}.

The selection committee has to give their decision for the best candidate. For this we use Bellmen-
Zadeh [12] method.
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Fuzzy decision (D) = G1NGaNGsNGyNC
={(4,0.3),(B,0.2),(D,0.13), (E,0.1)}
Then by the Maximin method A with the largest grade 0.3 is selected for the vacant post.

Making a decision is a problem-solving process that leads to a certain action. It is a choice between
numerous methods for achieving a goal. Here, we have discussed how can we select the best person
from a set of persons of the same environment using the Bellman- Zadeh method of decision-making
using maxi-min method. Also, we examined how best to select the best of the best for a specific

outcome.

5.2 Fuzzy Arithmetic—-Based Algorithm for Identifying Med-

ical Conditions

5.2.1 Introduction

Making the right medical decision is challenging work because, in our daily life, decision-making
problems may have the components of membership and non-membership degrees with the possi-
bility of hesitation. But fuzzy set theory is considered to have only a membership degree. So, this
theory could not be considered for solving such problems. In 1996, Atanassov [7] introduced the
concept of intuitionistic fuzzy sets (IFS), which is capable of capturing information that includes
membership and non-membership values with some possible degree of hesitation. Then intuition-
istic fuzzy set has been applied in various fields of research in making a decision and medical
diagnoses. Molodtsov [[68] first introduced the soft set theory in 1999 to handle objects whose
definitions used a very broad and general set of characteristics. The theory has the potential to
be used to solve real-world problems in economics, engineering, the environment, social science,
medicine, and business management. It is very convenient and easily applicable because there are
no restrictions on the approximate description. The traditional soft set theory was fuzzified by Yang
et al [115], and the fuzzy membership is used to describe parameters-approximate elements of the
fuzzy soft set. In the study of decision models and their applications for simulating ambiguity and
uncertainty, Deli and Cagman [26] presented a method of making decisions that were based on in-
tuitionistic fuzzy parameterized-soft set theory. Intuitionistic fuzzy sets and intuitionistic fuzzy soft
sets are more useful for the application point of view in the field of uncertainty due to vagueness.
Fuzzy soft set theory is gaining importance for finding a coherent and logical solution to various

real-life problems.

In this section, we apply Sanchez’s[89]] idea to medical diagnosis and present a case study to illus-

trate the method.

64



Definition 25. [62)] Suppose X is a universal set and P(X) be the power set of X. Let us denote
E as the set of parameters and A as a subset of E. Then the collection (F, A) is defined as:

(F,A) ={(z,Fs(x)) :x € E, Fg(z) in P(X)}

where F4 is a function from E to P(X). Here, Fz(x) is known as the x-approximate function of A.
We note that Fa(z)= ¢ if v ¢ A.

Definition 26. [l61l] Let X be a universal set, then the collection of pairs
A= {(@,pa(@)) : pal@) : X — 0,1,z € X}

defines a fuzzy set A on X.

Here, 114 is called a membership function defined as

0, ifr € A and there is no ambiguity
pa(z) =191, if € A and there is no ambiguity
(0,1), if there is ambiguity whether x € A or = ¢ A.

The value of 114 (x) represents the degree of element x belonging to the set A.

Definition 27. [42]] Let X be a non-empty set. An intuitionistic fuzzy set A in X is an object having
the form

A={(z,pa(z),va(x)) : x € X},

where, 14 : X — [0,1] andvs : X — [0,1]

are the membership and non-membership function respectively, of the element x € X to the set A.
Here, pua(z) and va(x) are respectively called the degree of membership and degree of non-
membership function of the element x € X to the set A, and for every x € X , we have

0 <pa(x)+rva(z) <1

Furthermore, in the fuzzy set, there is a lack of knowledge of whether x € X belongs to A or not.
This lack of knowledge for x € X to the set A is called hesitation of x in A and is denoted by 7 4(x)
and is defined as:

pa(@) +va(z) +ma(z) =1

where, T4 : X — [0, 1] with 0 < m4(x) < 1.
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5.2.2 Operations on Fuzzy Sets and Intuitionistic Fuzzy Sets [36]

Suppose X is a universe of discourse and let A and B be two intuitionistic fuzzy sets in X, then we

have

1. A= Bifandonlyif pa(x) = pp(x),va(r) = vp(x),ver € X.
2. AC Bifandonly if pa(x) < pup(x),va(z) > vp(x),vx € X.

3. The complement of the intuitionistic fuzzy set A is denoted by A€ and defined by A¢ =
{(va(@), pa(z)) : v € X}.

4. The union A U B is defined as
AU B = {{z,maz(ua(x), ps (@), min(va(z), va(2))) : = € X}
5. The intersection A N B is defined as
AN B = {{z, min(ua(), p5 (@), maz(va(e), vs(2))) : « € X}
6. A+ B ={(z,1a(2) + pp(x) — pa(2)-pp(e),va(@) vp(@) : x € X}
7. AB={(&, pua(@).up(@), vale) + vs(@) - va(e).vp(@) : o € X}

8. The Cartesian product [42] of A and B is defined by:
A x B={({(z,y), pa(x).up(x),va(z).vp(@)) : v € Ay € B}

Let X and Y be two non-empty sets and R be an intuitionistic fuzzy relation from X to Y. Suppose
A is an intuitionistic fuzzy set in X then max-min-max composite relation of R with A being an
intuitionistic fuzzy set, B of Y denoted by B = RoA such that its membership function and non-

membership function are defined as

1B (y) = mazg{min[ua(z), pr(z, y)l},
and
vp(y) = mazz{minlva(z), vr(z,y)|}

forallx € X,y €Y

Definition 28. (Fuzzy soft set)[43]] Let X be the universal set and E be the set of all parameters
and F(X) be the set of all fuzzy sets in X. For A C E, the fuzzy soft set Fa over F(X) is defined
by:

Fa=(F,A) = {(p, Fa(p)) : p € E, and Fa(p) € F(X)},

where F4 is a function, Fy : E — F(X).
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If F(X) is the collection of all intuitionistic fuzzy set over X, then F is an intuitionistic fuzzy soft
set. The value F4(x) is an intuitionistic fuzzy set and is called x- element of F4 for all x € E and
is defined as:

Fy(x) = (z,pa(z),va(z) :x € X)

5.2.3 Methodology and Algorithm

Here we apply Sanche’s [89]] idea for the medical diagnosis and present a case study to illustrate
the method. In order to do this, we use intuitionistic fuzzy soft set theory, and for that we present a
fuzzy—based algorithm for diagnosing a medical condition. Assume that there is a set of m patients
P and a set of n symptoms, E that is caused by a set of k diseases, D). Consider an intuitionis-
tic fuzzy soft set (F, P) over E. This intuitionistic fuzzy set gives a patient-symptom matrix R.
With the help of the intuitionistic fuzzy set (F, E') over D, we construct two matrices R; and Ry
named symptom-disease and non-symptom-disease matrix respectively. The relation matrices M,
and M, are obtained from RoR, and RoRs using max-min-max composition. Then we calculate

the medical diagnosis table DS}, where
DS, = mameDMl (pi, dj) — Sl)]w2 (pi, dj) with dj = Wi — V5T,

From the diagnosis table DS}, we conclude that the patient p; is suffering from the disease d;

5.2.4 Algorithm

[

. The output matrix R is obtained via input intuitionistic fuzzy soft set (F, P)

2. The output matrices R; and Ry are obtained through intuitionistic fuzzy sets (F, E') and
(F, E)*

3. Calculate M} = RoR; and M> = RoR5 using max-min-max rule.
4. The diagnosis matrices SDys, and SD)y, are de-fuzzify of M and M respectively.
5. Calculate, DSy, = max;j{SD;, (pi,dj) — SDu,(pi,d;)} withd; = pj — vjm;

6. Conclude that the patient p; is suffering from the disease d;

5.2.5 Case Study

Let us consider a universal set P = {pi, p2, p3, p4} of patients in a hospital with different symp-
toms : body temperature, headache, dizziness, and body pain. Consider a set S={ey, ea, €3, e4} of

parameters where,
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e1 = body temperature , eo = headache, es= dizziness, es= body pain.
Let D = {dy, dg,d3} be the set of diseases, where d;= typhoid, do= malaria , d3= covid.

Here the temperature is measured with the help of a medical instrument (digital thermometer), while
headache, dizziness and body pain are the rating scale in the interval, which are obtained via the

questions to the patients and we prepared the following table

patient e1 er | e3 | e4
D1 1036 | 6 | 6 | 7
D2 1028 | 7 | 4 | 8
D3 1044 |5 | 8 | 8
D4 102 | 4| 4] 6

Table 5.6: Patient -Symptoms Table

98,106] — [0,1] and 4 :
[0,10] — [0, 1]. Here pp indicates the membership function defined for the body temperature and

To fuzzify the above data, we use the membership functions pur :

the second one indicates for other symptoms. We note that the body temperature 98 means there is
no fever in the body and 106 means the extreme level of body temperature and we have p7(98) = 0
and p7(106) =

x € [98,106], we define the membership function as follow

1. Also p(0) = 0 and p(10) = 1 for the rest of others symptoms. For any

xr — 98 xr — 98

nr(*) = 10608 = 8

and for, z € [0, 10], the membership function is defined as

p(x) = =

Then the corresponding fuzzified data of above table is as:

patient €1 €9 €3 €4
D1 0.7,0.1,0.2 | 0.6,0.2,0.2 | 0.6,0.1,0.3 | 0.7,0.2,0.1
D2 0.6,0.1,0.3 | 0.7,0.1,0.2 | 0.4,0.4,0.2 | 0.8,0.0,0.2
D3 0.8,0.1,0.1 | 0.5,0.3,0.2 | 0.8,0.1,0.1 | 0.8,0.2,0.0
D4 0.5,0.2,03]04,03,03|04,05,0.10.6,0.3,0.1

Table 5.7: Patient -Symptoms Table

Now, we construct a matrix to show the relation between patients and symptoms:
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el ) es e4
p [(0.7,01,0.2) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.2,0.1)]
p_P2|(0:6,01,03) (0.7,01,02) (04,0.4,02) 07,02,0.1)
ps|(0.8,0.1,0.1) (0.5,0.3,0.2) (0.8,0.1,0.1) (0.8,0.0,0.2)
p4|(0.5,0.2,0.3) (0.4,0.3,0.3) (0.4,0.5,0.1) (0.6,0.3,0.1)

This matrix is known as the patient- symptom matrix. Now, we consider a table to show the rela-

tionship between diseases and their corresponding parametric values.

symptoms | d; ds ds
el 100.4 | 103.6 | 102
€2 6 3 3
€3 4 2 4
€4 4 5 7

Table 5.8: Symptoms-Diseases Table

The corresponding fuzzified table is given below:

symptoms dy dsy ds
el (0.3,0.3,0.4) | (0.7,0.2,0.1) | (0.5,0.3,0.2)
) (0.6,0.3,0.1) | (0.3,0.4,0.3) | (0.5,0.2,0.3)
€3 (0.4,0.5,0.2) | (0.2,0.2,0.3) | (0.4,0.4,0.2)
€4 (0.4,0.3,0.3) | (0.5,0.2,0.3) | (0.7,0.2,0.1)

Table 5.9: Symptoms-Diseases Table

Now, we introduce two matrices 21 and Ry named as symptom — disease matrixz and non —

symptom—disease matriz as follow:

d1 ds ds
e1](0.3,0.3,04) (0.7,0.2,0.1) (0.5,0.3,0.2)]

gy _ 2 |(06,08,00) (03,04,03) (05,0203
e3](0.4,0.5,0.1) (0.2,0.5,0.3) (0.4,0.4,0.2)
es](0.4,0.3,0.3) (0.5,0.2,0.3) (0.7,0.2,0.1)
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di da ds

e1](0.3,0.3,04) (0.2,0.7,0.1) (0.3,0.5,0.2)]
gy _©[(03.06,01) 04,03,03) (02,05,03)
e3](0.5,04,0.1) (0.5,0.2,0.3) (0.4,0.4,0.2)
e](0.3,0.4,0.3) (0.2,0.5,0.3) (0.2,0.7,0.1)

To diagnose the diseases of the patients, we construct two new matrices, say M; and My called

patient-disease and patient-non-disease matrix respectively using the max-min-max method:

pny (Pis dj) = V{r(pi, e5) A pr, (e, dr)} and pg, (pis dj)=N{vr(pi, e5) V VR, (e, di)}

So,we have
dq d2 dg
e1 1(0.6,0.3,0.1) (0.7,0.2,0.1) (0.7,0.2,0.1)
0.6,0.3,0.1 0.6,0.2,0.2 0.7,0.2,0.1
Vs — R = %2 ) ) )
es1(0.5,0.3,0.2) (0.7,0.2,0.1) (0.7,0.2,0.1)
e41(0.4,0.3,0.3) (0.5,0.2,0.3) (0.6,0.3,0.1)
Similarly,
dq do ds
e1((0.5,0.3,0.2) (0.5,0.2,0.3) (0.4,0.4,0.2)
0.4,0.3,0.3 0.4,0.3,0.3 0.4,0.4,0.2
Mo — Rl — 7| ) ) )
es(0.5,0.3,0.2) (0.5,0.2,0.3) (0.4,0.4,0.2)
eq1(0.4,0.3,0.3) (0.4,0.3,0.3) (0.4,0.5,0.1)

Now, we calculate the diagnosis score which helps us to conclude that, the patient’s p; is suffering

from the diseases dj., and for this, we use the formula:
DSk = m(mj{SDMl (pi)dj) — SD]W2 (Pu d])} with dj = Wi — V5T;
Here, d; = 0.6 — 0.3 x 0.1 =57 ,dy=0.7—0.2 x 0.1 = 0.68,d3=0.7— 0.2 x 0.1 = 0.68

Similarly, we can calculate the remaining and also for M5 and we have
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P
P2
b3
2

DSy,

b1
DS, = b2
b3

yZh

dy
[0.57
0.57
0.44

0.31

dq
[0.44
0.31
0.44

0.31

do
0.68
0.56
0.68
0.44

da
0.44
0.31
0.44
0.31

0.32
0.32
0.32
0.35

The following diagnosis table is obtained by using the formula DSy, — DS}y, , shows relations of

patients and their corresponding diseases.

patients | disease(d;) | disease(dy) | disease(ds)
D1 0.13 0.24 0.36
D2 0.26 0.25 0.36
D3 0 0.24 0.36
D 0 0 0.22

Table 5.10: Disease-Diagnosis Table

From this disease — diagnosis table, we can conclude that the patient p1, pa, p3, pa&ps all are

suffering from disease ds.

Since soft theory offers a theoretical framework for dealing with ambiguous, fuzzy, and ill-defined
objects, it is a key for solving multiple attribute decision-making with intuitionistic fuzzy informa-
tion. The best medical decision can be challenging to implement because, in daily life, membership
and non-membership degrees with the potential for hesitation can be included in decision-making
issues. Here, we have looked into how Sanchez’s medical theory can be used for diagnosing patients

using an intuitionistic fuzzy set through a fuzzy arithmetic-based algorithm.
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5.3 Fuzzy Model for the Validation and Authenticity of

Avoid Fraud at the Time of Claim Process

5.3.1 Introduction

Fraud during claim settlement has become a growing concern for insurance firms in recent times.
Deliberately misleading an insurance company or agent for monetary gain is referred to as insurance
fraud. Fraudulent intentions towards an insurance provider are also common types of fraud that may
occur in the course of business. Applicants, policyholders, third-party claimants, or professionals
who help claimants with their needs may all commit fraud at various stages of the process. Inflat-
ing claims, lying on an insurance application, claiming for damage or injuries that never happened,
and staging accidents are all examples of common fraud. Therefore, businesses need dependable
specialist systems that can assist them in verifying or authenticating the processed statements as a
result of this rising development and preventive costs on human knowledge. To address this issue,
fuzzy models have been developed to assist internal auditors in identifying claims that may involve
fraudulent activities. A description of fuzzy pattern recognition techniques to be used in the cluster
analysis of risk and classification of claims was developed by Derrig et al.[27], while Deshmukh et
al.[28]] suggested a fuzzy reasoning approach based on rules to quantify the threat of management
fraud.

A fuzzy-based algorithm has also been developed that enables auditors to identify fraud elements in
insurance claims handled by Pathak et al.[75]. Furthermore, Kumar et al.[57] worked on the risk of
policy cancellation by insurers applying the fuzzy inference method, where they developed a model
that observes the effects of policy cancellation to avoid unwanted risk. Azar et al.[8] have recently
worked to create and validate a measure of the perception of justice using the vague principle in the
context of justice theory and have shown good results in this work. A mathematical model devel-
oped by Kumar and Tiwari [58] uses the idea of the fuzzy expert system to assess the risk of policy
cancellation. Abdallah et al.[1]] sought to present a methodical and in-depth summary of these prob-
lems and difficulties that hinder the effectiveness of fraud prevention systems. Majhi[l61] proposed
hybrid clustering based on a modified whale optimization algorithm (MWOA) and FCM, which is
employed as an under-sampling technique to optimize the cluster centroids for auto insurance fraud
detection.

In 2021, Yan et al.[114] applied the SAGFCM-Apriori algorithm for the identification of auto in-
surance fraud and mined the auto insurance fraud data to obtain fuzzy association rules that could
identify fraud claims, with the aim of improving auto insurance fraud management and exploring
the application of data mining technology in auto insurance fraud identification. In 2022, Panda,
G., et al.’s [[73] developed a mechanism that can be used as a predictive model to ascertain whether
a policy claim is genuine or not. This chapter of the dissertation demonstrates the use of fuzzy sets

to calculate red flags, ambiguous laws to combine several red flags, and a particular measure of
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administration fraud threat.

5.3.2 Key Feathers:

Fuzzy logic seems to be a very helpful method of coping with uncertainty, approximation, inac-
curacy, misunderstanding, inaccuracy, or causes of inaccuracy that are not statistics in the human
reasoning and decision-making process. We may calculate the relevance of a collection of infor-
mation to different criteria of unclear significance by introducing fuzzy logic. If A;; is the variable
0 — 1(A;; = 1, if there is any discrepancy/difference between the information supplied by the
claimant and that obtained by the auditor, otherwise zero) and Wj; is the weighting or impact fac-
tor for the i*" section for the j*" information, then the inaccuracy index for the i section of the

information is provided by Ross|[i87]]

(Zz’lzl Z}'Izl WijAij)
1

X; = 5.1

It must be remembered that the details critical in the decision to solve the argument, as well as all
weightings for a collection of i** data 23‘7:1 Wi;; to the unit added, are given a greater weighting/
effect factor. Likewise, it is possible to determine the values of the other entries. A triangular as-
sociation function is used here for the ““ degree of incompleteness” input variable, while trapezoidal
association functions are used for the “ inaccuracy index”, “ rating level” and “claimant’s credit
report ” input variables. The claim must be verified and validated when handling the claim in order

to reduce the relation time of settlements.

Membership functions of inputs
(a) Vagueness index (x1) (b) Degree of incompleteness (z2)

(c)Level of judgment used by claim settler (x3) (d) Credit report for claimants (x4)

5.3.3 Algorithm

(i) Input: Clear value of settlement claim and other collected data.

(ii)) Compare with the limit: Whether the settlement benefit of the lawsuit, as calculated by the
auditors, is less than a certain predetermined sum(say alpha = Rs. 2,000,00), so the settled

claim can be deemed authentic and proceed to stage 8.

(iii) Incoming rating: Rating the inaccuracy index x1, the level of the incompleteness of the

claims xo, the rating level used by claim settlers x3 and the claimants’ credit report x.

(iv) Crisp input values are fuzzified: Use the membership functions specified to every fuzzy set

for each linguistic variable to decide the degree of participation of each fuzzy set with crisp
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(c)Level of judgment used by claim settler (x3)

MEMBERSHIP VLALIE

(d) Credit report for claimants (x)

Figure 5.2: Input Variables

value. The membership equation for computation is:

IZa jfq<x<b

ifo<zr<c

Z ife<zxz<d

x1—0
0.25
pr (z1) = 1
0.45—x1
0.10
x1—0.35
0.10
pa (1) = 1
0.65—x1
0.10
x1—0.55
LH (-'131) — 0.25
1
T2
L (.’132) _ 0.23

if0<z <0.25
if0.25 <z <0.35
if 0.35 < x; <045

if 0.35 <z <0.45
if 0.45 < x; <0.55
if 0.55 < z; <0.65

if 0.55 < 1 < 0.65
if x1 > 0.65

if zg <0.23

045-22 £ ().23 < 29

0.22
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(5.5)
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222035 jf 00 < (.55
pr () =4 ffo . (5.7)
o902 if0.55 < @y
22055 jf o0 < (.76
umm{fﬂ (5.8)
Y .
0.242 if 0.76 < zo

30 if 0 < 33 < 0.15
pr (r3) = 1 if0.15 < 23 <0.30 (5.9)
o if0.30 < 23 < 0.45
23030 if 0.30 < w3 < 0.45
o (23) = 1 if 0.45 < 23 < 0.60 (5.10)
0I-2s if 0.60 < 23 < 0.75
232060 3£ .60 < 23 < 0.75
pir (ws) =4 015 DEOTETS= (5.11)
1 if  x3>0.75
L if 0 < 24 <0.10
pr (r4) = 1 if 0.10 < 24 < 0.30 (5.12)
0224 §f 0.30 < 24 < 0.40
24=030 §f 0.30 < 24 < 0.40
pa (z4) = 1 if 0.40 < z4 < 0.60 (5.13)
01024 if 0.60 < 24 < 0.70
22=060 3£ (0.60 < x4 < 0.70
pe (wg) =4 o0 DEOTSTS (5.14)
1 if x4 >0.70

Here, (a, b, ¢, d) = vertices of the functions of the trapezoidal membership,
(a,b, ) = vertices of the functions of the triangular membership, and

L, M, H, A, and G represent the fuzzy collection for low, medium, high, average, and good,
respectively.

(v) Trigger the rule bases corresponding to these inputs:
“If-then” rules that are based on fuzzy logic are used by all expert systems. The ”if”” portion
is linked to this as a precedent as well as an assumption, although the then” portion is known
to it as the end result or conclusion.

(vi) Perform the inference engine:

A fuzzy inference method uses aggregation and composition to derive numeric values for

intermediate and output variables. Aggregation calculates the principles of the component
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(vii)

(viii)

and assigns a level of reality based on the membership function of a linguistic variable. The

component’s degree of fact is determined by clipping the truth from all portions.

Defuzzification

In order to defuzzify linguistic descriptions into numerical values, the fuzzy inference tech-
nique has recently developed. The most often used version, center-of-maximum (CoM),
determines the crisp value for both principles and associated degrees of association by first

determining the meaning of each output word and component.

The output of Decisions of the Expert System:

The development forms represent the settlement of lawsuits and charges with defendants or
scammers. Controllers’ characteristics are determined by models and efficiency computa-
tions. Fuzzy logic-dependent expert methods evaluate system relationships by replicating

human reasoning, establishing optimal fuzzy management rules and databases.

0.8

0.6

AS SF

0.4

MEMBERSHIP VALUE

0.2

Figure 5.3: (Membership Function of Output)

5.3.4 Case Study

For instance, we assume that four inputs are used by the insurance provider, namely the vagueness

indicator z; the extent of incomplete claims x5, the amount of judgment used among claim invaders

x3, and the credit report of a claimant x4. Such measures were also indicative of the provenance

of an insurance payout settlement. The degree of vagueness/doubt with data as an indication of an

inaccurate insurance settlement reflects these inputs and the extent of control used by the claimants

to assess the settlement.

(i) Input: Value of the claim = Rs 80,000.00
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(ii) Compare against a threshold: Although the value is higher than the present value (Rs.25000.00).

The system of experts may review the validity of the settled claim.

(iii) Test the validity of claim settlement: The value of the statements’ inputs must be measured,
z1 = 0.38, 29 = 0.70, 23 = 0.65, x4 = 0.62 (say)

(iv) Fuzzification of inputs crisp values: Though using the membership characteristics defined
for language variable for each fuzzy package. The degree of membership in the fuzzy set of

crisp values is defined as follows:

0.45 — I
= = 0.70 5.15
pr (1) 010 (5.15)
1 — 0.35
= = 0. 5.16
i (1) 010 0.30 (5.16)
par (1) = 0 (5.17)
0.45 — x9
= B G 5.18
pr (z2) max{O, 092 } 0 ( )
0.75 — x
pint (22) = max {0, M} =0.25 (5.19)
—0.55
prr (z2) = max 4 0, 2221 — 0,667 (5.20)
0.21
pr (x3) =0 (5.21)
0.75 — I3
= = 0. 5.22
o (23) = —g7p= = 067 (5.22)
25 — 0.60
Y 2
pr (r3) 015 0.33 (5.23)
pr(rs) = (5.24)
0.70 — 24
A Y 2
pinr (4) 010 0.80 (5.25)
24 — 0.60
= =02 5.26
por (24) 010 0.20 (5.26)

(v) Trigger the rule bases corresponding to these inputs : The following rules, based on the
importance of the fuzzy membership function values, refer to the example under considera-

tion.
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<. Rule Editor: G — O =
File Edit WView Options
1_If (X1 is L) and (X2 is M) and (X3 is M) and (X4 is A) then (Y i= A S) (1) ~
2.1 (X1 is Ly and (X2 is M) and (X3 is M) and (X4 is G) then (¥ is A.S) (1)
3.1 (1 is L) and (X2 is M) and (X3 is H) and (X4 is A) then (v is S.F) (1)
4. If (X1 is L) and (X2 is M} and (X3 is H) and (X4 is G) then (Y is A.S) (1)
S. If (X1 is L) and (X2 is H) and (X3 is M) and (X4 is 4A) then (¥ is S.F) (1)
6. If (X1 is L) and (X2 is H) and (X3 is M) and (X4 is G) then (¥ is S.F) (1)
7. If (X1 is L) and (X2 is H) and (X3 is H) and (X4 is A) then (Y is S.F) (1)
8 If (X1 is L) and (X2 is H) and (X3 is H) and (X4 is G) then (¥ is S F) (1)
9. If (X1 is M) and (X2 is M) and (X3 is M) and (X4 is A) then (¥ is A.5) (1)
10. If (X1 is M) and (X2 is M} and (X2 is M) and (X4 is G) then (¥ is A.S) (1) ™
¥ and and and Then
X1 s X2 is X3 is X4 is ¥ is
M ~ L ~ L ~ L -~ ALS -~
H 2] 2] A S.F
L H H {e] none
none none none none
o e ~ ~ ~
~ Connection Weight:
O or
(®) and 1 << | = I
[ Re=e |_cose
Figure 5.4: Fuzzy Rule-Base
< Rule Viewer: G — |- =
File Edit View Options
1 =0.5 X2 = 0.5 X3 = 0.5 X4 =0.5 ¥ =0.123
1 1 1 | g | [ ] [ ] e 1
2 [ ] —T— [ ] [ 1 C—— 1
3 — 1 1 —1—1 [ —| [ ] L——1
4 1T 1 —T— [ — 1 [ —] C—— 1
5 — 1 1 I — [ ] [ ] L——_1
e — 1 1 1T —" [ ] [ —1 C——1
T 1 1 1T _—— [ —] [ ] C——1
e — 1 1 [ —1 [ — 1 [ —] ——1
o —1I—1 C—— [ ] [ ] |
1w _—1T 1 [—T— [ ] [ —1 B —
L P C——1 [ —] [ ] C——1
12 =1~ 1 [ —1 [ —1 1
13 =11 — 1 [ ] [ ] ——1
14 =1~ ——— [ | [ —1 C——1
15 —1T—~_1 I —— [ —] [ 1 C——1
16 [—1~_1 —1 [ —] [ —1 [ — —_1
o 1 o 1 o 1 o 1 [~ ~—
|"‘D'-": [0.5;0.5:0.5;0.5] ||P|°tl'1°l1t& 101 | |l‘m: left | right | dcmml up | |
| Saved FIS "G~ to file I | Help | Close | |

Figure 5.5: Fuzzy Rule Base Output

(vi) Execute the engine of inference: We see the “root sum squares” (RSS) types to combine the

results of all relevant laws and scale the functions to their respective strengths ( range [0,1])

of the output membership function from possible rules (R 1- 81) are :
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A.S =1/(0.25)% + (0.20)2 + (0.20)2 + (0.25)2 + (0.20)2 + (0.20)2
=/0.2850
=0.53

S.F = +/(0.25)2 + (0.67)2 + (0.2)2 + (0.33)2 4 (0.2)2 + (0.25)2 + (0.3)2 4 (0.2)2 + (0.3)2 + (0.2)2
= /1.0187
= 1.0( approx. )

(vii) Defuzzification: By incorporating the outcomes of an evaluation procedure, we just use the
“weighted average approach” to achieve the defuzzification of such information into the crisp
output. By measuring almost every membership function in the outcome by the correspond-
ing maximum membership value, the weighted average technique was created and the result
is called the crisp outcome. 0.48 is the crisp performance. The crisp production belongs more
to the SF collection than to the true settlement set (as obvious with its basis functions). The

judgment in this case, then, is SF.

(viii) Through the expert system assessment: The process means that misconduct has been fixed
in the case of the proceedings under examination. In the above example, it is in between A. S

and S.F. but towards S.F. So we will give only the threshold amount which is Rs. 2500.00

5.3.5 Result and Discussion

The study provides a fuzzy model to assist internal auditors in distinguishing between all resolved
claims including an element of fraud. The model is intended to validate the argument process, and it
offers indicative results for the credibility and validity of the statement in the process. A case study
is also used to support the strategy. The analysis yielded a sharp result of 0.48, which belongs more
to the SF collection than to the genuine settlement set. In this situation, the decision is S. F. The two
outputs of the model are a suspect’s authentic factor A. S. and “cases settled with fraud element S. F.”
The importance of fraud prevention in the insurance sector is highlighted in the paper’s discussion,
along with how the fuzzy model might help auditors spot false claims. The report also addresses

the model’s shortcomings and makes suggestions for future studies to enhance its efficacy.
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Chapter 6

Summary and Conclusion

6.1 Summary

Fuzzy logic and the fuzzy sets are the study of uncertainty and vagueness, which have been applied
in a wide range of mathematical fields. This thesis is based on our three years research work on
fuzzy logic. Our research work is divided into two parts. The first part includes the study of pure
mathematics using fuzzy real numbers and fuzzy set theory with their fundamental concepts. On the
other hand, the second part deals with the application of fuzzy logic in our daily lives. This thesis is

mainly divided into five main chapters, including a summary and conclusion.

Chapter one consists of the introduction of fuzzy logic, fuzzy sets, and difference sequence spaces
of fuzzy real numbers. Fundamental definitions, basic concepts of fuzzy logic, and fuzzy set theory
have been introduced in this chapter. Moreover, some of the introductions to sequence spaces of
fuzzy real numbers have been studied in this chapter . In addition, the rationale for the study of this

topic is also mentioned in the same chapter.

In chapter two, notions and preliminaries of fuzzy logic and fuzzy set theory are studied. Moreover,
operations on fuzzy sets, fuzzy relations, the composition of fuzzy relations, fuzzy matrices, and

max-min-max composition on fuzzy relations have been incorporated as well.

In chapter three and four, some well-known sequence spaces of complex numbers are studied. In
this chapter, basic topological properties of the classes I(X, \,p) and I-(X, A, p, L) of fuzzy real
numbers are studied with the help of Orlicz function and suitable natural paranorm function. Besides
of these, double sequence spaces of fuzzy real numbers are studied and investigated some linearity,
completeness and solidity properties of the classes of double sequences I (M, A, £), CF(M, ), €)
and CI'(M, ), €). Fundamental topological properties of the difference sequence spaces of fuzzy
real numbers and their generalized forms also have been discussed in this chapter. This chapter, also

covers the study of completeness property of the class bV;,F of p -bounded variation in generalized
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form. In addition, some inclusion relations regarding to the class bV;DF have been studied.

In Chapter 5, some real-life applications of fuzzy sets have been studied. By using the membership
functions defined on fuzzy sets, the chapter addressed the challenges seen in making decisions
for selecting the best of the best as studied by the Bellmen-Zadeh method. A fuzzy arithmetic-
based technique for recognizing medical problems is offered in the same chapter using Sanchez’s
medical theory. Fraud throughout the claim-settlement process is becoming a major problem for
insurance companies. A fuzzy model that helps internal auditors spot claims that might be the result
of fraudulent activity has been created to solve this problem. A case study is presented to support

the model’s effectiveness at the end of this chapter.

6.2 Conclusion

Fuzzy logic is the study of uncertainty and vagueness. It is a flexible, uncertainty-based reasoning
method for rational decision-making that addresses vague or incomplete information and solves spe-
cific problems. The fuzzy set theory has been successfully applied in a wide range of mathematical
fields, and this thesis is divided into two parts: pure and applied mathematics. The first part of the
thesis includes the study of the sequence space of fuzzy real numbers. In sequence space of fuzzy
real numbers, the fundamental topological properties of the classes Ix(X, A, p) and Iz(X, \, p, L)
with the help of Orlicz function and paranorm have been established through the fuzzy real numbers.
Similarly, some algebraic structure of the double sequence spaces of fuzzy real numbers have been
developed and studied their linear topological properties. Linearity, completeness, and solidity of
the difference sequence spaces of fuzzy real numbers are also studied. Basic topological properties
of the generalized form of the difference sequence spaces of fuzzy real numbers are proven with
the help of the Orlicz and paranorm functions. On the other hand, in the applied part, fuzzy sets
have been used in certain real-world applications. This thesis addressed the problems of making-
decisions in selecting the best with the help of the membership function defined on the fuzzy set
using the Bellmen-Zadeh method. Moreover, Sanchez’s medical theory is used to provide a fuzzy
arithmetic-based method for identifying medical issues and a case study is presented to support this
work. For insurance firms, fraud in the claim-settlement process is turning into a serious issue. This
issue has been resolved by developing a fuzzy model that aids internal auditors in identifying claims
that might be the outcome of fraudulent conduct. To demonstrate the usefulness of the methodology,

a case study is provided.

81



6.3 Recommendation for the Future Work

Before the introduction of fuzzy logic, mathematics was limited to only two conclusions: true and
false. It is a multivalued logic in which the truth value of variables is any real number between O
and 1, as determined by the membership function. Using fuzzy logic and fuzzy set theory, some of
the sequence spaces are studied and extended into difference sequence spaces and double sequence
spaces of fuzzy real numbers. Fuzzy logic is a strategy for dealing with linguistic variables and de-
cision modifiers, so it is more appropriate in applied mathematics. Fuzzy logic, which incorporates
fuzzy sets and fuzzy rules, is a valuable tool for modeling and analyzing complex systems. This
enables research to address issues with missing or unclear non-linear connections and complicated
decision-making processes. On the basis of our research study related to fuzzy logic and fuzzy set

theory, we would like to make recommendations for possible future research work as follows:

1. to study the difference sequence spaces of double sequence spaces of fuzzy real numbers

with their various topological properties.

2. to study more algebraic and topological properties of sequence spaces and difference se-

quence spaces of fuzzy real numbers.

3. to study and generalize the sequence spaces and difference sequence spaces of fuzzy real

numbers extended it in 2-normed spaces.

4. to apply the fuzzy model to diagnose diseases having similar symptoms.
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Abstract: Loifi 4. Zadeh developed the concept of fuzzy logic in 1963, and it has since been applied
to the study of various class spaces. This research aims to investigate the linearity and some
topological properties of the generalized form of difference sequence spaces F.(p.M.p . 4)

JF(E ML Adand B (3, M.p.A) of fuzzy real numbers defined by the Ovlicz function in ifs
generalized form by defining new mefrics.

Keywords: Fuzzy real numbers, Orlicz fimction, Difference sequence space.

AMS Subject Classification 03B52, 46A45.

1. Introduction

A large number of research projects have been carried out in mathematical stroctures built with real
or complex numbers so far. In recent years. many researchers have investigated many results of
replacing these mathematical structures with fuzzy oumbers and interval oumbers. Prior to the
introduction of fuzzy logic and fuzzy sets, mathematics could only reach two conclusions: true or
false (denoted by 1 and 0). In 1965, Zadeh [26] infroduced the concept of fuzzy logic and fuzzy sefs
based on the notion of the relative degree of membership, which is inspired by the process of human
perception and knowledge. Then, slowly and gradually, the vse of fuzzy logic and fuzzy sets is
increased. Many researchers are motivated towards further investigation and application of it. The
fuzzy set and fuzzy real numbers have been studied by a wide number of academics in many classes
of sequence space with their different properties. Matloka [13] analyzed bounded and convergent
sequences of fuzzy numbers in 1986 and proved that every convergent sequence of furzy mumbers is
bounded. In 2004, Savas and Savas [21] proposed a new idea of /-strong convergence with regard to
an Orlicz function and investigated some of its features. Rifat, and colleagues [18], in 2009

proposed the difference operator A™ and an Orlicz function to analyze several sequence spaces of
fuzzy numbers and smdied some of their properties such as completeness, solidity, symmetry, and so
on and also provided some relationships connected to these spaces. In 2010, Faried and Barkey [7]
proposed the Orlicz-Cesaro difference sequence space with distinet paranormed sequences. Alse, in
2010, Faried and Barkey [2] presented the Musielak-Orlicz difference sequence space, paranormed
the difference, and examined several inclusion relations. Sarma [19] in 2012 proposed some I-

H
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Abstract

In thiz paper, we usze the fuzzy set and fuzzy real numbers to define the classes of fuzzy sequence
gpaces 1MI[ X, i.p_] and 1MI[ XA B L] by using the Orlicz function. Also, we explore some linear
topological structures of the spaces. Further, we introduce a paranom to study some properties of the
gpaces. Finally, we define a class TMI: X, i.ﬁ.L],and using the concept of A, — condition, to show the

relation between 1y, ( X, A, P, L) and TM{ X AP L)
Keywords: Fuzzy Real Number, Paranorm Space, Limit Supremum and Limit Infinwm

1. INTRODUCTION

Before the introduction of Fuzzy Logic, mathematics was limited enly to two conclusions
that are true and false (1 & 0) only. But in 1965, Zadeh [1] was the first fo establish the
concept of fuzzy set and fuzzy set operations. After that several authors have studied
various branches of its theory and applications and an enormous number of authors
have employed the fuzzy set and fuzzy real numbers in varous sequence spaces.
Motloka [2] defined the boundedness and convergence of a fuzzy sequence and
demonstrated that any convergent sequence of fuzzy numbers is bounded. Similarly,
Manda [3] defined a new metric to show that a space of a convergent and bounded
sequence of Fuzzy real numbers is complete. Later on, Et. M. Savas and Altinok H. [4]
proposed certain classes of fuzzy number sequences, examined them, and analyzed
some of their properties such as completeness, solidity, symmetry, convergence free,
and also looked at various inclusion relations that were pertinent to these classes. Kim,
J.M., and et al. [10] established fuzzy norms for the novel idea of a fuzzy normed space
and investigated how to express a dual space of seguences. Furthermore, the
systematic investigation of fuzzy normed linear spaces with various features is
discussed [11, 12]. In 2021, Paul and Pahan [7] used the concept of fuzzy to study a
few topelogical structures in fuzzy metric space. Also, in 2022, Paudel and et al. [E]
studied the topolegical structure of P- bounded variation of difference sequence space
and infroduced the generalized form of the P- bounded variation of fuzzy real numbers.

Feb 2023 | 404
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Abstract: In this research paper, we proved some general theorems on the absolute convergence

transformation of matrix which is expressed in terms gf preserving trangformation under the very
general conditions. This works is motivated by the works of [3].[12] and [14].
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1. Introduction

Mathematical analysis 15 prumanly concerned with the notion of lout of a sequence of real or
complex mumbers which forms the basis for the study of infinite series. One important branch of the
field of infinite series is the study of summability of divergent sequence (series). This study is an
attempt to attach (in some series) a generalized limit to those sequences which do not comverge in the
usual sense, realizing at the same time that when the generalized limit 15 applied to a convergent
sequence then it nmst agree with the limit in the ordinary sense. This procedure of assigning a new
limit in generalized sense to divergent sequences is called a summability method. A sequence space is
a linear space whose elements are sequences chosen from another linear space. The summability
theory deals with the stody of linear transformations on sequence spaces. In the earliest stage, the idea
of summability theory were perhaps contaned in a letter written by Leibnitz to C. Wolf (1713). In
1880, Frobenius introduced the method of semmability by arithmetic means, which was generalized
by Ces aro (1890) (see [9]) as the (C, k)-method of the summability. These types of summability can
also be presented by the use of infinite matnx transformation. So. we now tum to the fact that how
infinite matrix transformation can be used to define generalized limmts. A  wvery important application
of matrices. namely to the theory of summability of divergent sequence and the series was initiate by
Toeplitz [12] in 1911. Although the concept of absolote summability was introduced as early as in
1911, by Fekete [ 4 ] in case of Cesdro [ 9 Imethod, and the same for Feisz [9] and Abel [ 9 ] methods
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Abstract

In thiz paper. we introduce the difference sequence space S(F, M, o P} and
&F, M, « P, G) of furzy real numbers using the Orlicz fanetion. We also discussed some of
the linear topological properties of the space and demonstrated &(F, M, o P, G} is complete
by defining a new paranorm on it.

Introduction

In 1965, L. A. Zadeh [24] developed the fuzzy zet theory to address
ambiguity and uncertainty in mathematics. Since then, both pure and applied
fuzzy mathemartics have been the subject of extensive research. The sequence
space of fuzzy real numberz iz the area where the majority of research has
been conducted. Sequence space refers to a linear subspace of a vector space.

2020 Mathematics Subject Claszification: 03B5Z, 46445
Eeywords: fuzzy real number, paranorm space, limit supremum and limit infirmom.
Received December 16, 2022; Revised January 17, 2025; Accepted January 17, 2023
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Abstract: Fuzy Logic i o multiple valucd logic, from which the truth values of variables might be any mal
numbers between 0 and 1. Ji hos wide application in different ficlds of real life. We might foee different
challenges in our daily life to select the best of the best for the conerete rosult. There are various criteria
in the Litermiure for ronking aliermatives in the realm of decision-making under uneertainiy in o crisp
environment. In this paper, we address the challenges seen in maoking a decision for sclecting the best of
the best as studied by Bellmen-Zadeh mermimin method. [t is wsed to address such challenges wsing fuzzy
real numbers.

Keywords: Fuzey logic, Membership function, Fuzzy number, Decision problem, Alternatives
DOT: [httpa: /fdoi . org/10.3126/ joms. v5il. 47376

1 Introduction

Fizzy logic is a multiple-valued logic form, in which the truth values of varishles might be any real number
between 0 and 1 [[H. It is & strategy for dealing with linguistic variables and deseribing modifiers such
as vary, fairly, and not, among others. It aids common sense ressoning with imprecise and ambigrows
propositions in naturel languare and acts as & foundation for decision analysis and control action.

Lots of the applications of fuezy logic can be found in various sectors of the real world. Fiezy logic has
been studied and investigated with many results in economic fields. Stojic [[@] presented s model for
evaluating the level of economic development of countries and regions using fuzey logie. In 2016, to obtain
optimal solution, Krips and Govindarsjan [I0] proposed wvarious strategies for solving fusey sequencing
problems with trapezoidal fissey oumbers. In 2017, Sahoo [CH proposed a solution procedure to solve the
fuzzy job sequencing problem, in which processing time is represented as s trapezoidal fuzsy number, and
Yaper's Ranking Index method is used to convert the fesy processing time into crisp ones, in which the
optimal job eolution (order) and ideal time for each machine are determined. Leelavathy and Kowsalya [E]
sugrested & new fhwey arthmetie operation and ranking alporithm in 2019 to find an idesl sequence for
fuzzy sequencing problem using trapezoidal fuzsy mumber. Making s decision is a problem-solving process
that leads to & certain action and is & choice between mimerous methods for achieving a gosal [T, In
business, finance, management, economics, social and political science, engineering and computer science,
biology and medical seience, decision-making plays & vital role. Due to clements such as insufficient and
inaccurate information, subjectivity, and language, which tend to be present in reallife cireumstances to
varying degrees, it is a tough procedure. These charseteristics sugrest that a decision-making prosess ocours
in a fuzzy environment. According to Bellman-Zadeh [I], decision making i defined as the intersection
of poals and constraints expressed by fiezy sets. A decision process in a fursy environment is one in
which the goals and constraints are both fuszy characters. This means that the goal and constraints
define classes of alternatives whose boundaries are not clearly defined. John and Sunny [ conducted &
research in 2011 on decision making in & fizzy environment employing preference relations and comparative
uncertainty, in which the probsebilities of natural states are unknown s prior. There are varfous criteria
in the literature for ranking alternatives in the realm of decision-making under uncertainty in a erisp
anvironment. Jianping and et al. [, in 2021 designed a method that is connected to the green supplier
selection(GS5) and conducted some comparative analysis to illustrate the designed method’s superiority.
The best alternative can be chosen based on the final score ealeulated by combining the weights of varions
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Abstract: In this paper, we introduce a new applicafion of positive and decreasing sequences to double

Fourier series associated with [V, pﬁ], ps?]]. Further, by considering some suitable condifions for prem-
ously known results, we have validated the current findings. This work was mofivated by the works of [5]

and [T3].
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1 Introduction

A series 1z built on the concept of sequence. As a result, sequence and series are concepts that are related
and several authors have studied the sequence. Paudel et al. [IZ studied sequence and generalized se-
quence space. Sahani et al. [[F] studied series-to-series transformations and analytical continuations using
matrix methods. In this paper, we have studied about the double Fourier series. The double Fourier series
associated with the function (o, 3) i defined in the following way

&0 =il
ZZ Tgh{Tgh cos g coshE + sgy sinho cos b3 + {9y cos go sin kS + gy singo sin hF ) (1)
g1 h=1]

where (o, F) is & Lebesgue integrable mapping in the rectangle B{—=, =; —7, m) and is f period 2= [G,00]
and

47Y for g=0, h=0
Tgh = 270 for g=0, h=0org=0 h=10
1

for g, h =0
1
Tgh = rr_‘lfj; wla, ) cosge coshd dodd (2)
Sgh = %fj;w[a, A) singe cosh§ dodd (3
ton = Tri?fj;ga[a, A) cosga sinhd dodd (4]
gk — %jj;ﬂa, A) sin ge sin b3 do dF (5]

Also, let

vio @) = xgnleB) =4 Holg+ o b+ B+ vl - b+ B +wlg+a h—B) +wig—o h—5)—dw(e 8} (6)
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Abstract: Classical mathematics deals with only two conclusions: true and false. But fuzzy logic is a mmltiple-valued logic
in which the truth values of variables might be any real number between 0 and 1. L. A, Zadeh developed the ides of fazzy logic
in 1945 to investigate the haziness and lack of concentration in information found in mathematics. The noton of the fozzy set
haz besn successfully spplied in studying the different classes of segquence space:. In recent vears, many researchers have
replaced these mathematical souctures of real or complex mumbers with fuzzy numbers and interval pumbers and have
imvestigated many results. This smdy aims to analyze the sequence space b'-.'F,_;'.‘Cj- for 1=p<= of p- bounded varation of fuzzy
real mnumbers and it is extended 1o the p- bounded vadadon of the differsnce sequence space t:'-."',_-:_‘.,,,l'} of fuzzy real nombers
The proposed smdy will be based on & dry lab review. It will be based on existing theories that are already proven and
astablished. On the promise of the existing theories. we will smdy s:ome naw results with their different propertes. To stdy the

different properties, we will inomoduce 8 new memic on b'-."'l_-:_‘.

with respect o p and g.

). hWoreover, we shall explore some of the inclusion relations

)

KE'}"WDI‘d!: Fuzzy Feal Numbers, Fozzy Set, Fuzzy Sequence, Difference Sequence of Fuzzy Feal Mumbers

1. Introduction

S0 far 3 bulk nwmber of works have been done in the
mathemarical soucmres consomcted with real or complex
numbers, Fecently, many research has been performed by
replacing these mathematical stucnres with fozzy oumbers

and investigating many results. Before the inmoduction of

fizzy legic and fuzzy set, mathematics was limited to only
two conchizsions and those are true and felse (denoted by 1
and ). The oaditonsl view holds that science shonld aim for
cemainfy in all of itz expressions and that wuncertainy is
unscisatific [146]. But fuzzy logic deals with such problems
which have no clear answer ie.. vagne and unfocuzad on the
information. Thus fuzrzy logic is the method of thinking that
looks like bumsn thought Also, it is an appreach to a
computing-based degree of tmith than the e or false (1 or
). The theory of the fuzzy set and its operation on was frstly
presented by American mathemarician Zadeh [17] in 1945,
Since then nmmerons ressarchers have studied varous pams
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of its concept and spplication. The noton of the fuzzy set has
successfully besn applied in smdying different fields of
mathemarics. A large mmnber of ressarchers have nsed the
fnzzy set and fuzzy real nwwbers in differenmt classes of
sequence spaces. Matleks [10] examined boundsdne:ss and
comvergent ssquences of fuzzy mumber: and demonstratsd
that all comvargent saquences of fuzzy pumbers are bounded
Tale. and Baszar F[13] showed that the space & (F) ncludes
the space | (F) and that the spaces I (F) and [ (F) are
momorphic for 1 < p < w_ Also in 2009, The sequence spaces
of fuzzy nwmbers were inroduced and explored by Rifar C
and et al [12] nsing the differsnce operator A™ and an Orlicz
fanction, snd  several of their properdes. such  as
completanass, solidity, and symmemy were stedied. The ides
of the fuzzy ot has been successflly applisd in stadying the
difference sequence space of fSazzy real oumbers by
researchers.

In 2010, Bamsh A and Tripathy B. O [2] proposed
necessary and sufficient criteria for the MNorlund and Fiesz
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Abstract: The theory of fuzzy logic and the fuzzy set has been successfully applied in various fields of
research in social science, management science, and mathematics. In this paper, we use the concept of
fuzzy real numbers to introduce and study the new double sequence spaces E_ (A, A, g), 7 (A4, A, p) and
CF (M, A, p) of fuzzy real numbers defined by the Orlicz function and study some of their properties like
linear space structure, completeness, and solidness.
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1. INTRODUCTION

Mathematics has traditionally been restricted to two conclusions: true and false. Accord-
ing to the traditional viewpoint, science should strive for certainty in all statements, and
uncertainty is seen as unscientific[ll. However, American Mathematician L. A. Zadeh[J],
initially introduced the concept of fuzzy set and fuzzy logic in 1965 to deal with difficulties
seen in mathematics that have no clear answer. Since then, a number of authors have
researched various aspects of its theory and applications. A large number of authors have
used the fuzzy set and fuzzy numbers in different classes of sequence spaces. Motloka [l
has studied the boundedness and convergent sequence of fuzsy numbers and has shown
that every convergent sequence of fuzzy numbers is bounded. The notion of the fuzzy set
has been successfully applied in studying the double sequence of fuzzyv real numbers by
researchers. Hardy [d] developed the concept of regular convergence for double sequences
in the semzo that the double sequence has a limit in the Pringsheim sense and has one-sided
limits. In 2005, Altay and Basar[5] defined the double sequence spaces, looked at some of
their properties, and demonstrated that they are fully paranormed or normed spaces under
certain conditions. In order to study the double statistical convergence of a sequence of
fuzzy numbers, Savas[T] introduced some new double sequence spaces of fuzzy nmumbers in
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Abstract

Since most associations conveying security devices use encryption to protect records and external
network affiliations, Gatecrasher will have an advantage in places where encryption,/protection of data
transmission is missing or particularly irrelevant. Here the data is managed as well as given to trusted in
hosts and affiliations. A plan is a relation of some sections that are spread over a small or wide area over
a short or large distance, so that the interconnected parts can go with each other.
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Introduction

Each of the explicit information from the sensor
system remains desensitized until it is consumed
and separated by the applications present in the
application layer. To achieve this undertaking a
connection has indeed been made and the
message based middleware strategy is motivated
to promote a more censored web middleware
orchestrating. The system manages the
information examination and awesome structure
for the installation of sensors. The plan revolves
around the advancement of web affiliations and
message lines. SOAP show is used between parts
and webservice message passing, being the most
lightweight show to wuse owver web http
connection. Information access and evaluation
integrates several interconnected frameworks
for wvarious purpose applications. The
methodology is seen by parts. Parts can call
different parts using S0AP based approach.
Corresponding client applications that show the
final type of decomposed information and driven
structures can be worked with moving steps,
models and so forth. Middleware is enabled to
oversee deals and efforts and cross-stage and
deliver results to appropriated clients. The
further created Sensor Web middleware will help
build and organize crchestrating designed WSN
applications that collect and manage newver-

ending information from heterogeneous steps.
important and concrete way

Shocking improvement in choosing types of
progress at the end of various years, drawn in fast
and efficient data systems. Closer to the progress
of monitoring progress, correspondence
progress also proceeded on an indistinguishable
track and empowered the improvement of PC
systems. Choosing hand tied for running two
structures connection and dispersive time. Soon
a slew of applications abuse the potential growth
of communicative joins.

Soon an alternative type of data district needs to
be considered to make arrangements with the
working conditions under the class. Pack lots of
information is created continuously in our
situation. Regardless, if it is brought up, corrected
and put to use, it remains as cruel information
worth noting. Hopefully we have an electronic
part to view, store, assess, process and forward
applications that information will benefit various
applications, Up to this point, such information
gathering was done in a standard way, for
example by installing rain survey meters at
various locations, recording readings and
organizing reports subject to the information
gathered, Despite this, the current need is to
refine designs that can continuously collect,
process these information including best-in-class
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On Fundamental Properties in Fuzzy Metric Space

- Gyan Prasad Paudel
- Narayan Prasad Pahari

Abstract: Fuzzv meiric spaces theory is important in mathematics, sIaAsiies, computer science,

and other fields. In this paper fundamental characieristics of the fuzzy mefric space are

examined. The notions of fuzzy convergent sequence, fuzzy Canchy seguence, fuzzy open ball,
are reviewed with theorems associated with these concepts.

Key words : t-norm , Fuzzy logic, Fuzzy metric space, Fuzzy open ball, Fuzzy convergence,

Introduction

Prof. Zadeh introduced fuzey sets and
fuzzy logic in 1965 to deal with the
vagueness and uncertainty in mathematics.
Since then, there has been a lot of research
in the fields of fuzzy logic and fuzzy sets
since then. In comparison to classical set
theory, fuzzy set theory takes a different
approach. Fuzzy logic, in partcular, might
be undersiood as an atiempt to combine two
unigue skills, First, the ability to reéason and
make rational decisions in the face of
ambignity, uncertainty, incompleteness of
knowledge, contradictory information, the
partiality of truth, and the partiality of
possibility. Second, without any
measurement or computation, 15 the ability
to do a wide range of physical and mental
tasks [Zadeh 2008], In the discipline of
topology, fuzzy logic and fuzzy set theory
are commonly used. Fuzzy topology is a
key branch of fuzzy theory with a huge
research area amd a diverse set of
applications. Many writers have actively
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participated in solving difficulties in fuzzy
topology to get a suitable definition of
fuzzy metric, as time has demanded. Many
authors have looked into such issues in
fuzzy topology from warious perspectives.
Karmosil and Michalck [6] created fuzzy
metric space in 1975 as a generalization of
Menger Space, which is a staristical metric
notion. The fuzzy metric was defined by O,
Kaleva and 5. Seikkala [7] as the distance
between two points in a collection
expressed in fuzzy real values. Georage and
Veeramani [2] adapted the fuzzy metric
approach  introduced by Karmosil and
Michalek in 1994, Hausdorff Space was
created for that fuzey metric space. They've
also  demonstrated that  each metric
generates a fuzzy metric. Fuzzy metrics can
be used to solve challenges with uncertain
and imprecise data. In a fuzzy metric space,
A, George Veeramani [10] defined the
Hausdorff topoelogy. Every ordinary metric
space can produce a fuzzy metric space that
is complete whenever the original one does,
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