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ABSTRACT

Plasma wall interaction is an important phenomenon in all applications, where plasma
comes into contact with a material wall. The understanding of plasma sheath, a thin
layer that is formed between the core plasma and the wall, is crucial in understanding as
well as controlling the particle and energy fluxes reaching the surface. Because of sharp
gradients in the sheath region the fluid approach, which is usually used to explain the
core plasma and presheath region, does not yield accurate results in the sheath region.
In order to understand the characteristics of the sheath formed in a magnetized plasma
the method of kinetic trajectory simulation (KTS) has been used and also the coupling of
presheath-sheath has been extended. Assuming that, at the sheath entrance distribution
functions of ion and electron to be cut-off Maxwellian the final self consistent states
are obtained by solving the governing kinetic equations, iteratively. In order to satisfy
the Bohm-Chodura condition, initial velocity of ions entering the sheath region is taken
equal to the ion acoustic velocity. As the plasma sheath region is small compared to the
collision mean free path and also the particle densities are less compared to the presheath
region, the sheath region is assumed to be collisionsless.

It has been observed that the presheath electron temperature affects the Child-sheath
thickness and the space charge density reaching the wall. Furthermore, improved dis-
tribution of electrons, i.e., consideration of cut-off by the negative wall yields our
simulation result to deviate from earlier works without cut-off by about 3%. The cou-
pling scheme, developed, provides a basis for smooth transition of plasma parameters in
presheath-sheath interface. Ion velocity at presheathsheath boundary is also affected by
obliqueness of the field. Velocity of ion increases towards the wall as the obliqueness of
the field increases.

In the presence of oblique magnetic field in the plasma sheath, the damping of ion
velocity with time has been observed. It is shown that the velocity waves are damped in
plasma without collisions in the time scale of the order of seconds. As the obliqueness
of the field changes the separation of the mean values as well as the maximum amplitude
of all the three components of the velocity also change. Mean value of G−component
of velocity is nearly equal to zero for all angles at magnetic field 2.5 mT, but the mean
value of H and I−components of velocity varies with nearly equal amplitudes. When the
field is greater than zero, the mean value of G−component is almost equal to zero, but
the mean values of H and I−components of velocities are both nearly equal to 103 m/s at
zero field. But for the greater value of magnetic field, the two components of velocities
are split with different mean values. The frequency of oscillations of three component
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of velocity of ions changes as the magnetic field changes. The maximum amplitude of
G−component of velocity is almost independent of the magnetic field but the maximum
amplitudes of H and I−components of velocity change and show oscillating nature as
the magnetic field changes also.

As the obliqueness of the field changes the mean values, beat frequency as well as the
maximum amplitude of the three components of the velocity also change but frequency
of oscillation almost remains same at magnetic field 2 mT. Modulation frequency of
ions in a magnetized plasma sheath has been observed for different angles at constant
magnetic field 6 mT. Also, by varying angle average values, maximum amplitude,
damping factor as well as frequency of oscillation of the velocities are studied. For H
and I−components of velocity maximum amplitudes change but for G−component the
maximum amplitude remains constant. However, there is a quite change observed in
the values of damping factor and modulation frequency for all component of velocity.
Frequency of oscillation of all velocity components of ions remains same. At 30◦ and
60◦, shoulder is not seen but at 75◦, shoulder in the velocity profile is obtained around
0.05 second for each component of velocity. The amplitude of the oscillating velocity
decreases with time and the mean values of different component of velocity changes as
well. The computed and fitted values of the vector sum of oscillatory part of all three
components of velocities match. At angle 30◦, damping rate of vector sum of oscillatory
part of total velocity increases with the magnetic field increases from 1 mT to 5 mT.
On the other hand vector sum of oscillating part of initial velocity is almost equal for
magnetic field 1 mT, 3 mT and 5 mT at the same angle 30◦. But for different obliqueness
of the magnetic field, the initial velocity of the vector sum of oscillating part at 90◦ is
greater than that at 30◦ and 60◦.

The input physical parameters taken are consistent with earlier previous works and
comparison reveal that our results agree well. The present magnetized plasma wall
transition study provides a basis for proper understanding of the plasma sheath, which
has useful applications in fusion devices as well as in many industrial applications of
plasma.
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CHAPTER 1

1. INTRODUCTION

1.1 Introduction to plasma

Our universe consists of different types of matter, and the ones we encounter most
are solid, liquid, and gas. On increasing the temperature of the substance which is
initially in the solid state, it changes phase from solid to liquid and then to gas. On
further increasing the temperature of a gas beyond a definite limit, it does not stay in the
gaseous state; it enters a regime in which the thermal energy of its constituent particle
overcomes the electrostatic interaction which ordinarily binds electrons to the atomic
nuclei. Instead of hot gas composed of electrically neutral atoms, plasmas have a mixed
population of charged and neutral particles. The number of ionized particle increases
as the temperature is increased and different behavior is shows by the ionized gas rather
than gaseous state. As the ionized particles have sufficiently high fraction, the ionized
gas starts exhibiting collective behavior and the state of matter is plasma and it is neither
solid nor liquid nor gas. Thus, a quasineutral gas of charged and neutral particles which
shows collective behavior is plasma (Chen, 2016). The quasineutral property of plasma
refers that the ion and electron densities are nearly equal i.e., =i ' =e ' =; where = is the
plasma density. The collective behavior of plasma inferred that the motion of particles
depend not only on the local conditions but also on the condition of the plasma far
away from the point of interest. The term “plasma” originates from Greek, and denotes
something molded or fabricated. Crookes (1879) discovered the existence of “the fourth
state of matter”, although the word plasma was coined by Langmuir (1928) to explain the
state of matter in the positive column of glow discharge tube. Plasma is thus an ionized
gas, satisfying definite criteria; however any ionized gas cannot be called plasma.

The main property of plasma is its capability to shield out any external electric field
applied to it. In plasma, the given external field is shielded within a very small distance
called Debye length and such phenomenon is called the Debye shielding. The repre-
sentative relation of electron Debye length with the temperature of electron )e and the
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plasma density = is given as:

_eD =

√
n0:B)e

42=
. (1.1)

where n0 and :B are the permittivity of free space and Boltzmann constant respectively.
Debye shielding, which is shown in Figure 1 is statistically valid if there are large number
of particles in the Debye sphere. Obviously, if there are only few particles in the sheath
region, Debye shielding cannot be a statistically reasonable conception.

Plasma

Electrodes

Figure 1: Physical concept of Debye shielding. (Source: Chen, 2016)

If the electrons in the plasma are displaced from a steady framework of ions, electric
field will be set up in such a way as to restore the quasineutrality of the plasma by pulling
the electrons back to their previous position. Due to their inertia, the electrons will
overshoot and oscillate around their equilibrium position with a characteristic frequency
termed as the plasma frequency. As previously stated, all the plasma are ionized gases,
but not all ionized gases are plasma. The conditions that must be followed by an ionized
gas to be called plasma are:

(a) The electron Debye length should be much smaller than the dimension of the system,
i.e. _eD << !.

(b) The number of particles in a Debye sphere should be very large, i.e. #D >> 1.

(c) If l be the frequency of plasma oscillation and g is the mean time between the
collision with neutral atoms, then lg > 1.

In the universe, it is estimated that nearly 99 % of the visible material is in the plasma
state. The stellar interiors and atmospheres, gaseous nebula, interstellar hydrogen, solar
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winds and many more are plasmas. In the earth lightning is the high temperature plasma
which occurs naturally. Plasma can also be created artificially by using high voltage
sources to ionize the gases. As we go outside from the surface of the earth, e.g., the
ionosphere, most of the space is totally dominated by plasma. Even though on the earth,
plasma state is very few, but it is noticed that our solar system is dominated by plasma,
as the sun is totally in plasma state.

It is often believed, due to misconception, that plasma is always formed only at very high
temperature but it exists in various ranges of temperature as well as density as shown
in Figure 2. Low temperature plasma which is applicable in surface modification as
well as organic cleaning, are ionized gases created at pressures between 0.1 Torr and
2 Torr. Due to its diverse nature plasma has applications in different fields such as
controlled thermonuclear fusion, surface treatment, bio-medical applications, lighting,
medicine, electronics, transportation and space propulsion, display technology, space
physics, solid state plasma, gas lasers, etc.

Figure 2: Existence of plasma in diverse ranges of temperature and density. (Source: https://www.lasers
.llnl.gov/science/understanding-theuniverse/plasma-physics)

Nuclear fusion as the source of energy of the sun and stars is known since a long ago.
Fusion energy is the potential sources of virtually limitless energy for mankind, since it
can potentially supply immense amount of energy. However, it is still one of the most
challenging scientific problems. According to Lawson criterion the three important
parameters of fusion; temperature, confinement time and density must attain certain
critical value whereby the temperature must be in the order of 108 K. This is much
higher than the temperature at the core of the sun and hence it is not easy confining the
fusion fuels. This is in fact the major issue in thermonuclear fusion experiments which is
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not yet fully resolved, and hence the fusion power could not be produced for commercial
application, so far. On the other hand, the problem of heating and containing such plasma
is accountable for the fast growth of plasma physics, since 1950s. The nuclear fusion
reaction between deuterium (D) and tritium (T) is shown in Figure 3. The D-T fusion
is most conveniently attainable because the collision cross-section of the D-T fusion
reactions is the highest, and occurs at the lowest temperature (Kaw & Bandyopadhyay,
2012).
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Here of course we have assumed that most of the radiated energy is in 
the form of bremsstrahlung radiation (true for fusion plasmas at ~10–20 keV) 
and thus ,minPUDG %UP ; otherwise there are terms like 2 /cy H H& % 7 n�  also for 
cyclotron radiation in the denominator in Eqs (1.6) and (1.10) which we have 
neglected here. 

1.3.3. Fusion reactions

The most convenient, though not necessarily most efficient fusion reaction 
to carry out in present day magnetic fusion devices like tokamaks is that between 
deuterium (D) and tritium (T) (Fig. 1.10), both isotopes of hydrogen, one with 
one neutron and the other with two neutrons in their nucleus respectively (normal 
hydrogen has only one proton and no neutron in its nucleus). The D-T fusion 
is most conveniently achievable because the collision cross-section of the D-T 
fusion reactions is the highest and occurs at the lowest temperature. 
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The reasons for this can be visualized in the following way. In a nucleus, the 
protons and the neutrons are bound together by the nuclear strong force, which 
is of very short range; as a result the binding is primarily between immediately 
neighbouring nucleons. Thus the nucleons which are completely surrounded by 
neighbouring nucleons, for example those in the interior of a nucleus, are more 
strongly bound than those on the surface. Thus the nuclear EinGinJ HnHUJy is the 
energy required to separate the nucleons. Its magnitude is given by the Einstein 
formula 2·( P c'  ' , where P'  is the small mass difference between the 
nucleus and the sum total of constituent nucleon masses and c is the speed of light. 
Since for the smaller nuclei, the ratio of their volume to surface area is small, for 
them the binding energy per nucleon due to the strong force is generally smaller 
than that of the large sized nuclei. This is because for the large sized nuclei, the 
interior nucleons are PoUH coPSOHWHOy surrounded by neighbouring nucleons and 
the binding energy per nucleon approaches a limiting value corresponding to that 

Figure 3: Schematic diagram representing the D-T fusion reaction. (Source: Kaw & Bandyopadhyay,
2012)

Different techniques for the terrestrial realization of fusion energy can be classified as:
Magnetic Confinement Fusion (MCF) and Inertial Confinement Fusion (ICF). In MCF,
plasma is confined by applying magnetic fields where low density plasma is confined
for a longer interval of time. Among different magnetic confinement schemes, the most
successful device so far is ‘tokamak’, a doughnut shaped magnetic chamber initiated
in former Soviet Union in early 50s. The term is obtained from the Russian words for
“toroidal chamber magnetic coil”, toroidalnaya kamera magnitnaya katuska (Wesson,
1997). The progress in MCF research is depicted in Figure 4, which shows that since
the start of tokamak experiments in the 1960s, the triple product has increased by more
than three orders of magnitude. Thus, tokamaks are nowadays the most successful of the
toroidal confinement systems, which makes them the most promising candidate, for the
first generation of fusion reactors. The next generation tokamak named “International
Thermonuclear Experimental Reactor (ITER)”, an international nuclear fusion research
project, is recently under construction at Cadarache in France which is shown in Figure
5. When ITER becomes operational, expected around 2030, it will become the greatest
magnetic confinement plasma physics experiment. The first commercial demonstration
of fusion power plant to bring the fusion energy to the commercial market will follow
after the ITER project.
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Figure 4: Progress in the confinement performence of plasma. (Source: https://www.iter.org/newsline/
53/1589)

Figure 5: Schematic diagram of ITER. (Source: https://www.iter.org/mach)

The approach of ICF is totally different from MCF and aims to initiate nuclear fusion
reactions by heating and compressing a fuel target, typically in the form of a pellet, that
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hold deuterium and tritiummixture (Atzeni et al., 2004). In ICF, laser beams are applied
to compress tiny pellet of plasma fuel to very high densities, for a small period of time
(Atzeni et al., 2004). In this approach, the confinement is not attained by external fields,
but by the inertia of the hot fuel, that keeps it jointly for a finite time (due to this, it is
named as inertial confinement). To compress and heat the fuel, energy is delivered to
the outer surface of the target, using high energy beams of laser light. The heated outer
layer detonates outward, making a reaction force against the remainder of the target,
accelerating it inwards, compressing the target. This process is designed to create shock
waves that move inward through the target. A sufficiently strong set of shock waves
can compress and heat the fuel, at the center so high that fusion reactions arise (Lindl,
1998). Figure 6 shows the different phases of inertial confinement fusion. At first, the
laser beams quickly heat the outer layer of the fusion target and form a plasma corona.
The unperturbed fuel is then compressed by the rocket-like blow-off of the hot surface
matter. The fuel core then attains very high density (around 20 times the density of
solid lead) and hence it ignites. Finally, thermonuclear burn spreads quickly through the
compressed fuel, producing many times the input energy (Lindl, 1998).

Figure 6: Different stages of inertial confinement fusion. (Source: https://en.wikipedia.org/wiki/Inertial
_confinement_fusion)

Our interest is to understand how plasma interacts with a material wall when they come
into contact in the presence of a magnetic field. In this work, the magnetized plasma
sheath that separates the core plasma from the wall has been studies for different strength
as well as obliqueness of the magnetic field using kinetic approach, namely the kinetic
trajectory simulation (KTS) method. Due to the sharp gradient in the sheath region we
have employed the kinetic approach, which is superior compared to fluidmodel as it deals
with the complete distribution of plasma species whereas the fluid approach considers
only the average macroscopic quantities. As this work is continuation of developing the
KTS method the broad title looks similar to earlier works in our Group (Khanal, 2003;
Chalise and Khanal, 2012), however, we have extended the existing 1d1v model to 1d3v
model by including the effect of the magnetic field in presheath-sheath coupling scheme.
In addition, the velocity profile of ions in the presence of different magnetic field strength
as well as its obliqueness has been studied. Likewise, temporal components of velocity
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of ions, beat frequency, modulation frequency and damping constant are also studied
numerically following the Runge-Kutta method.

1.2 Sheath

Whenever plasma faces a material surface, because of the higher thermal mobility of
electrons as compared with that of the ions the wall is charged up negatively with respect
to the plasma. The negative potential which is developed on the wall attracts the ions,
and part of the electrons is repelled thereby forming a positive-space-charge region in
front of the wall. This positive space charge region is the ‘sheath’ which separates the
negatively charged wall from the ‘presheath’ plasma as shown in Figure 7. The sheath
structure is accountable for the flow of particles and energy towards the wall.

Figure 7: Variation of the potential in front of the negative absorbing material wall. (Source: Khanal,
2003)

Due to the shielding effect of plasma, the effect of negative wall potential is confined
within a small distance (a few Debye lengths) away from the wall. Within the sheath
region, the plasma is significantly non-neutral, however becoming practically quasineu-
tral at the sheath edge also called “sheath entrance”. The potential falls off quickly as
we move towards the wall so that the electric field is comparatively strong, and there is
domination of the motion of the plasma particles by electric force rather than magnetic
force.

1.3 Presheath

Development of weak gradient region from where the ions accelerate, and enter into
the sheath is the presheath region. In this region, the potential as well as other physical
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variables have weak gradients as compared to that of the sheath. The negative potential
of the wall has strong effect only in the sheath region but a residual electric field pierce
beyond the sheath edge deep into the bulk plasma. This electric field is accountable for
acceleration of the ions and helps to fulfill criteria which is required for the formation of
plasma sheath. Therefore, to exist sheath, the instreaming ions at the sheath edge have
to satisfy “Bohm criterion” and this criterion in kinetic form reads (Riemann, 1991):〈

1
E2

〉
≤ 1
�2
s
, (1.2)

where 〈〉 indicates average and

�s =

√
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is the ion-acoustic velocity at the presheath side of the sheath edge. Here Wi and We are
the ion and electron polytropic constants respectively and ) i

ps and )e
ps are the ion and

electron temperatures at the presheath side of the sheath edge respectively. This criterion
demands that ions enter the sheath region with a high velocity which cannot be achieved
only by the thermal motion of the ions. As a result, the ions must be accelerated by an
electric field piercing the presheath region.

In the presence of oblique magnetic field the presheath consists of two distinct regions:
“collisional presheath” and “magnetic presheath”. The collisional presheath is adjacent
to the bulk plasma where the electron pressure gradient accelerates electrons along
magnetic field lines, there by generating an electric field which accelerates the ions.
The acceleration results in a quasineutral ambipolar flow of electrons and ions along the
magnetic field at sound speed. The “magnetic presheath”is adjacent to the sheath where,
the electric field is powerful to deflect the ions from their motion along the magnetic
field. The dimension of this region depends on the ion gyroradius and the angle of the
magnetic field perpendicular to the wall (Chodura, 1982).

The abovementioned Bohm criterion, Equation (1.2), is valid for cases without magnetic
field or magnetic field perpendicular to the wall. In the case of oblique magnetic field,
the condition is modified as Bohm-Chodura condition (Chodura, 1982).

E ≥ �s cos \ , (1.4)

where \ is the angle made by magnetic field with normal to the wall.
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1.4 Damping of wave

The ions which satisfy Bohm-Chodura criteria show temporal oscillation in velocity at
the sheath entrance. The ions oscillation also undergoes the damping phenomenon as
there is collisions among the ions (Mathur, 2012). The variation of amplitude with time
in damped oscillation is shown in Figure 8.

 

t 

x 

O 

Figure 8: Damped oscillation in which amplitude is decreasing exponentially.

There are three different cases of the damping phenomenon of ions velocity wave:

In the case of over damping, ifl0 is the oscillating particle’s natural frequency, damping
constant : > l0; The displacement after attaining its maximumvalue, exponentially dies
off with time without changing the direction of motion. Hence, there is no oscillation
and then the motion is called overdamped.

In the case of under damping, the damping constant : < l0, and this type of damping
produces two types of effects: damping decreases the frequency or increases the time
period of oscillator and the amplitude of oscillation gradually dies out. In actual practice
specially in the case of musical instruments the damping is small and therefore its effect
on the frequency or time period of the oscillator is negligible.

In the case of critical damping the damping constant : = l0, the oscillator’s motion is
just non-oscillatory, i.e., it ceases to oscillate. It has application in different pointer type
instruments, like galvanometers.
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1.5 Beats of wave

The periodic variation in the intensity of charge particle at a point due to the superposition
of two waves of slightly different frequencies traveling in the same direction is the beat.
Each rise and fall in the intensity of wave is one beat. The time interval in which one beat
occurs is the beat period, while the number of beats per second is the beat frequency.
The number of beats produced per second is found to be equal to the difference in
frequencies of two superposing waves. If 51 and 52 are the frequencies of two, then the
beat frequency is equal to 51 − 52. However, for beats to be audible the beat frequency
should not exceed 10 or beat period should not be less than 1/10 second. If the second
wave comes before 1/10 second of the first wave, then we cannot distinguish between
two sounds due to the persistence of hearing (Mathur, 2012).

The beat phenomenon is used by musicians in tuning their instruments. If an instrument
is palyed to produce sound against the standard frequency, it is tuned until the beat
disappears. In water beat phenomenon is used by dolphins, to observe the surrounding
activities. When sound signals are sent by dolphin, there is production of beat between
the original and reflected sound, from the surrounding substances. No beat is produced
if there is no relative motion between the dolphin and the objects reflecting the sound, as
both have same frequency. If there is relative motion, echo having different frequency
produce beats with the original sound.

1.6 Modulation of wave

Modulation is the process of changing shape or frequency of a signal according to audio
signal. In the case of radio transmission, this is the process of superimposing the periodic
signal characteristics, on to the carrier wave, so that in the signal, there is transmission
of information by the wave. Analog modulation and digital modulation are the types of
modulation. The process of converting an analog input signal in to a signal which is
suitable for RF transmission is the analog modulation. Amplitude modulation and angle
modulation are the types of analog modulation. In amplitude modulation, carrier signal
strength is varied with modulating signal as shown in Figure 9. Frequency modulation
and phase modulation are the types of angle modulation. In frequency modulation
there is variation of carrier signal with modulating signal, whereas in the case of phase
modulation, the phase of the carrier signal is varied with the signal of modulation. In
digital modulation, there is conversion of analog signal of carrier by the digital data, bit
stream. Pulse code modulation, differential pulse code modulation, delta modulation
and adaptive delta modulation are the types of digital modulation. In communication
system, there is necessity of modulation due to the various reasons: to avoids signal
mixing, to increase the communication range, for wireless communication, to reduce the
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antenna height, to reduce the noise effects and many more.

Figure 9: Diagram of carrier signal, modulating sine wave signal and amplitude modulated signal.
(Source: https://www.pcmag.com/encyclopedia/term/37737/amplitude-modulation)

1.7 Motivation

The problem of sheath formation at the plasma boundary is important for all possible
applications of plasma where the plasma is confined in a finite volume. It is one of the
oldest problems in plasma physics but not yet fully understood. Because of its partic-
ular importance in plasma technology and fusion research, it remains undiminished or
even growing interest (Chodura, 1982; Morales Crespo 2018). The understanding of
plasma wall transition mechanism has great importance not only for tokamaks but also
for electric discharges, Langmuir probes etc. In presence of magnetic field the analysis
of the scrape-off layer is complicated because of the strong inhomogeneities. This is
because of the transition from collision dominated plasma at the centre of a device to a
collision free space charge sheath at the vicinity of the wall (Riemann, 1981). In order
to understand the plasma-wall interactions in tokamaks and other fusion devices, it is
necessary to study the properties of the edge plasma since it controls the heat loading to
limiters or diverter plates, sputtering rate from these surfaces, etc.
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1.8 Objectives

The objectives of the present work are:

• To develop presheath-sheath coupling scheme for magnetized plasma-wall transi-
tion

• To analyze beat frequency and velocity variation of ions in a magnetized plasma
sheath for different obliqueness of the magnetic field

• To obtain the ion velocity profiles in a magnetized plasma sheath for different
obliqueness and strength of the magnetic field.

• To understand the variation ofmean velocity and amplitude of ions in amagnetized
plasma sheath for different obliqueness of the magnetic field

• To study modulation frequency and velocity variation of ions in a magnetized
plasma sheath for different obliqueness of the field

1.9 Outline

This dissertation is organized as follows: Chapter 1 is the Introduction, which gives
an overview of the problem, its background and objectives. The review of relevant
literatures is given in Chapter 2, and Chapter 3 explains the adopted methodology with
the theoretical background. All the results of our work are presented in chapter 4,
and their discussions are presented. Conclusion and recommendations are presented
in Chapter 5, and finally the work is summarized in Chapter 6, which is followed by
the references cited and appendix, where additional information related to the work are
listed.
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CHAPTER 2

2. LITERATURE REVIEW

Sheath formation issue in the boundary of plasma is significant for almost applications
where plasma is confined to the limited volume. Previous works relating to the plasma
wall transition gives the information about the assess of study of plasma sheath. Review
and discussion of these previous works plays important role to understand the fundamen-
tal terminologies encountered in our existing work. It helps to make new prospective as
well as interest to the issue. At the materials wall, the study of the plasma sheath problem
still is not fully known. However, various experimental as well as theoretical research
have been done till now (Langmuir, 1928; Franklin, 1989; Riemann, 1991; Oksuz &
Hershkowitz, 2002).

Langmuir (1929) was the first study of plasma by the basic features of the plasma sheath
transition . The interaction of electron and positive ion space charges in sheath region
is studied. It was observed that in the plasma the potential distribution determines the
motion of the ions and hence fixes the rate at which the ions reaches at the sheath. In his
research, the essence of Bohm criterion was applied in an implicit form. Bohm (1949)
formulated and explained the sheath formation criterion explicitly.

With collision less plasma the findings on the plasma-sheath transition were concerned.
By the artificial cut-off into the diffusion-controlled theory of collision-dominated
plasma, Boyd (1951) launched the “Bohm Criterion”. (Persson, 1962) was the first to
recognize the universal role of ion inertia in the bounded region called the presheath. Rie-
mann (1981) was given the first self-consistent kinetic analysis of collisional presheath.
The word ’presheath’ is due to Hu & Ziering (1966) was actually marked to the Knudsen
layer of collision-dominated plasma. It was applied by Franklin (1976) with a dissimilar
sense to designate a transition layer needed for a smooth matching of plasma as well as
sheath. As in the case of bounded collisionless plasma, the word ‘presheath’ mention
to the whole plasma. Such types of coincidence may have increased some confusion in
the nomenclature explained by Franklin (1989).

Godyak & Sternberg (1990) solved the dynamic model for radio frequency (rf) sheaths
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in the range of the electron and ion plasma frequencies. In the case of floating dc sheaths
having no rf voltage and for collisionless as well as rf sheaths for highly collisional, the
solution obtained for the sheath dc voltage, and the capacitive sheath width coverage
to the certain limits. The results obtained by them are in good agreement, with the
experiment but, varies from using high voltage approximation. The relations which are
obtained between the characteristics of sheath, show that the rf sheath capacitance as
well as the equivalent sheath resistance are not dependent of the discharge current and
the rf voltage.

Riemann (1991) analyzed that the boundary layer of plasma leads to the two scale
problem i.e., collision free sheath and quasi-neutral presheath. For the sheath formation,
close to the absorbing material wall, Bohm expresses the required condition. The
fundamental feature of plasma-sheath transition was discussed, as well as their relation
to the "Bohm criterion". The sheath condition is fulfilled marginally, and this condition
is related to the field singularity of sheath edge. Finally, previous work have been
reviewed, which was related to the specific problem of plasma sheath transition.

In collisional case Franklin (2000); Riemann (1997) attempted to generalize the Bohm
criterion. Their attempts were based on an arbitrary meaning of presheath and sheath.
The well-known subdivision of the boundary layer of a collision dominated plasma into
a collisionless sheath and quasineutral presheath established by Riemann (1997). This
subdivision is exactly valid only in the case when _D/_ → 0, where _ is the mean
free path of ion and _D is the electron Debye length Riemann (1991). The sheath edge
separating the presheath and sheath is mentioned by Bohm criterion. To report for
collisions and space charges in boundary layer, Riemann used a simple fluid model of
ions to explicit the controversial statements on the validity of plasma sheath idea as well
as on the role of Bohm criterion for limited value of _D/_.

One dimensional self consistent plasma column that includes both the sheath and the
presheath was explained byGoswami&Ramachandran (1999). The analytic solution for
interesting limit where the collision operator is not dependent on the flow of velocities
was derived. To balance electron and ion flux loss, it was claimed that the most
conspicuous characteristic of the boundary potential profile is the plasma sheath which
is normally formed at plasma boundary. At sheaths electric fields are normally more
stronger compared to bulk plasma electric fields. For collisionless as well as feeble
collisional systems, sheath scale lengths depend on Debye length, _� , and are normally
more smaller as compared to the dimension of the plasma region, L.

Plasma sheath magnetization problem is worked by Chodura (1982). The effect on
plasma wall transition region by applying oblique magnetic field was observed. To
simulate the motion of particles of plasma in the magnetic as well as electric field,
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Bohm’s criterion is generalized to exist the monotonic profile of the layer. This profile
of the layer have double structure i.e., the quasineutral magnetic presheath followed by
electrostatic Debye sheath as well as potential drop between plasma and absorbing wall.

Ahedo (1999) studied the plasma-wall interaction structure in the case of oblique mag-
netic field. Chodura (1982) and Riemann (1994) recovered the model as specific cases
like intermediate magnetic field and weak magnetic field respectively and compared
with the powerful magnetic field case. In the case of intermediate magnetic field only
collisional presheath, sheath and Chodura layer exists. Also the significance of the
collisional presheath to characterize the perturbation region was completely explained.
In the case of weak magnetic field, he presented and compared the results for whole
range of incidence angles. Likewise for powerful magnetic field, he analyzed the local
behavior around the sheath entrance point and for the specific range of angle of incidence
to cross with regular solution as well as the internal singular point of the equation of
sheath.

The characteristics of sheath and presheath was studied by Beilis et al. (1997) in the
transition layers of plasmawall which is located in amagnetic field. By the application of
the model of hydrodynamic, their force lines obliquely incident on the wall is calculated.
At the sheath edge, they determined the limited electric field as well as critical velocity
of ion for the presence of positive space charge steady state electrical sheath. The ion
velocity is less as compared to the sound velocity of ion that depends on themagnetization
of presheath plasma parameters. Also, by the use of ion to electron current ratio, Hall
parameter of ion and Debye length to Larmor radius ratio, the dependencies of thickness
and potential distribution of the presheath on the incidence angle of magnetization was
determined. Likewise, it was observed that there is strong increment of the critical
velocity with the Hall parameter, whereas the critical velocity increases monotonically
for the field magnetization parallel to the absorbing wall.

For different current regimes as well as various emission coefficients of secondary
electron on magnetized plasma sheath, Tskhakaya et al. (2002) worked on the action of
active electrons. It was showed that few electrons having much energy may remarkably
affect the energy flux to the wall as well as the potential drop across the sheath. For
parameters of plasma, the fast moving electron, with smaller density across the sheath
which is less then 0.1% can double the potential drop and the flux of energetic electrons
to the wall. There is decrease in the effect of fast moving electrons, as the secondary-
electron emission coefficient increases, as well as there is increase in the current towards
the wall. For the fast moving electrons having low temperature, this effect is strong so
much that, with the increase in density of fast moving electron, there is decrease in the
energy flux towards the wall.
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To study the space charge sheath adjoining to the electron absorbing wall, Khanal (2003)
worked in the progress and understanding of the sheath by developing a kinetic model.
Kinetic sheath problem is coupled by him to a two-fluid presheath one. The Kinetic
Trajectory Simulation (KTS)model was explained and how to get the final self consistent
time-independent state. The model designed is only for 1d1v, time-independent and
collisionless cases and used this model to specific cases of a 1d1v single emitter plasma
diode due to the testing and comparison purposes. To explain the space charge sheath
near the electron absorbingwall, he used the KTSmodel and bordering his work in a two-
fluid model. Also, the solution of presheath-sheath coupling problem was developed.
Briefly how the solution is iterated and how the distribution function of the species of
particle are computed by solving the corresponding kinetic relations in the collisionless
trajectories was explained.

By finding the associated time-independent as well as collisionless kinetic relation along
the particle trajectories, Dhakal (2013) calculated the distribution function of the particle
species. The self consistent ion density, electron and charge density, potential as well
as electric field profile was analyzed. Accordingly, the magnetic field has important
effect on the plasma sheath and there forms three distinct regions; near the entrance of
the sheath by the field magnetization, particles of plasma are dominated. For different
species of plasma, difference in Larmor radius results in the separation of charge. On
moving the charge particles towards the wall, there is increment of electric field and there
appears greater quasi-neutral region. Also, in the closeness of the wall, electrostatic
Debye Sheath appears which have dimension of few Debye length, where there is fully
dominant of powerful electric field.

Mishra (2006) studied the structure of the plasma sheath which is formed near the
absorbing wall for various densities of the presheath plasma. It was monitered that
with the decrease in electron and ion density at the presheath region, there is increase in
plasma density. At the absorbingmaterial wall, ion and the electron density areminimum
but the charge density becomes maximum. There is decrease in electron density very
faster as compared to that of ions, therefore towards the wall, there is increase in the
total charge density. Finally, it was found that at the wall potential was same but at the
sheath entrance, plasma density increased at the presheath side. Near to the material
wall, the electric field has gradient. By one order of magnitude at the wall, the density
of ion exceeds the density of electron.

Zheng-Xiong et al. (2003) investigated the structure of sheath that have low pressure
electronegative plasma in the steady state condition. It was assumed cold positive ions
as well as hot negative ions by applying collisionless approximation. Bohm criterion in
the modified form is obtained, with Sagdeev potential, by introducing the sound velocity
of ion in the modified form. Electric potential, net space charge as well as densities of
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particles in the sheath in the various cases of temperature ratio of electrons to negative
ions was analyzed.

Tskhakaya et al. (2004) studied the problem of plasma-wall transition layer in the non-
magnetized plasma without the normally splitting in to a sheath and presheath region.
Considering electrons were to be Boltzmann distributed, while by the kinetic theory, they
explained ion dynamics which includes recombination, ionization and charge exchange.
IT was derived the condition that was satisfied by the velocity of ion throughout the
whole plasma wall transition region to exclude the oscillatory nature of the electrostatic
potential. For different physical conditions, the system of resulting equations is answered
numerically. A comparison between current experimental results with a numerical
equation was presented and hence tells that the model exactly explain the transition from
the bulk plasma to the free electron plasma sheath.

In the absence of applied field magnetization, Shoucri et al. (2004) used the one di-
mensional, Eulerian, Vlasov code, to study the self consistent, plasma facing floating
collector. The ion flow acceleration at the entrance of the Debye sheath with the forma-
tion of electric field was observed which was negative in front of the floating collector.
The electric field acts to move the ions which is positive towards the plate. In such
condition, electrons are pushed back so that at constant state, the collected current is to
be zero at the plate. Finally, by using various parameters, it was observed the regular os-
cillations having constant amplitude. The oscillations become damps with the increase
in collision of electron, which helps the system to obtain equilibrium.

Riemann et al. (2005) studied the plasma-sheath matching issue. The problem is solved
clearly both analytically and numerically by the explicit construction of a matched
asymptotic utterance and comparisonwith accurate solutions for the hydrodynamic plane
Tonks- Langmuir issue. With the numerical potential curves, the approach acquired by
consistent matching exhibit good agreement.

The effect of negative and positive ions is found by Stamate & Sugai (2005) by solving
in three dimensions, the distribution of potential, as well as kinetic energy of ions. It
was observed that, superposition of discrete focusing effect increases significantly the
complexity of ions flux on the surface of electrode. Finally, the observed results is
expected the importance of this study for the investigation of finite structure of plasma
sheath.

For the cases in which the positive ion temperature is higher as compared to that of
particles having negative charge, Amemiya & Bhattacharjee (2006) investigated the
criterion for the sheath formation of particles having negative charge. It was observed
the situations which recently came up, for instant, in the case of tokamak fusion plasma
boundary, the beam of ion which is cooled by cold electrons and dusty plasmas when
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cold dust having negative charge floats within hotter positive ions. The conditions for
the velocity distribution of particles having negative charge to achieve the stable electron
sheath was investigated. At last, the obtained result is valid only for negative ions,
electrons and dust particles having negative charge.

Without magnetic field in plasma, the activity of acoustic waves of ions was investigated
by Tiwari (2006), which was propagated from presheath to the sheath region. The model
of wave turbulence was assumed for solving acoustic wave turbulence to cause flow of
ion from sub-sonic to speed of supersonic. It was concluded that the space charge layer
which was non neutral not serve for reflection of acoustic waves. Close to the sheath
edge, reflection of the waves is strong. The nature of the coefficients of reflection were
complex. The activity of incident wave shows singular activity at the presheath side, that
propagating mode is not physically applicable solution in the background of presheath.
Numerically, the length of wave which is shorter as compared to the scale length of
presheath was observed which are less susceptible for reflection. Scales size which is
short of the fluctuations of acoustic waves would be of fluctuations of short scale wave.

Schupfer et al. (2006) studied the action of particle induced electron emission on the
voltage of plasma sheath. The newmodel in a collisionless kinetic sheath was developed,
and coupled to the presheath fluid. The analysis for magnetized as well as unmagnetized
case is valid for plasmas in which Debye length is very small as compared to the
characteristic length of presheath. The ions which are majority as well as impurity are
accelerated from the bulk plasma towards the boundary of material. These ions releases
electrons moving back to the plasma, due to this, giving to the lower plasma sheath
voltage as compared to without emission of electron. Finally, assuming specific plasma
boundary conditions as well as the data of emission of particle induced electron, it was
calculated self consistently the plasma sheath voltage and show the effect of particle
induced electron emission.

Yu et al. (2007) developed the method for the measurement of thickness of sheath, in hall
type stationary plasma thrusters. Numerically, the wall surface effect on the sheath was
studied. It was described the dynamic process of electron in the plasma by the method of
test particle and enters the electron randomly to the sheath from the discharge channel,
and reflected back wards. According to their observation, the temperature of reflected
electron is affected by the wall surface, if the depth of groove is very less as compared to
that of thickness of sheath. Furthermore, there is increase in the temperature of reflected
electron, as there is greater groove depth, as compared to the thickness of sheath. Finally,
there is sharp jump of the temperature of reflected electron, if the groove depth is of the
order of thickness of sheath.

Oblique magnetic field effect, in the state of liberation of dust particle from plasma
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facing material wall is studied by Smirnov et al. (2007). They coupled Magnetized
presheath, as well as Debye sheath to get the quantities of plasma at the material wall.
The release of spherical dust increases, approaching field magnetization, parallel to the
material wall. Furthermore, for shallower potential drop case, there is disappearance of
critical radius for certain angle of field magnetization. Finally, they observed that the
liberated dust particle’s size may be controlled by calibrating the parameters of plasma
like; density, temperature etc.

Joung et al. (2007) study the plasma parameters variation in boundary condition, and
measured the plasma potential to create hyper thermal beam which is neutral. It was
observed that the plasma potential which is negative is obtained from the limited current
of space charge. The reflector surface ion energy is the difference between the reflector
bias voltage as well as the potential of plasma. The potential of plasma positive, and
not changed with the reflector bias voltage was supposed. On the other hand, plasma
potential will be negative for maintaining quasinutrality, which affects the energy of ion
on the surface of reflector.

The effectiveness of the ion densities ratio on a plasma sheath of electrons and two
species of positive ions due to the consequences of magnitude and direction of oblique
magnetic field was observed by Hatami, Niknam, et al. (2008). The positive ions have
different masses, whereas the ionization ratio is same. Due to the action of electrostatic
and Lorentz forces, it has been observed that the velocity of the heavier and lighter ion
species as well as the density distribution begin to fluctuate as the ratio of electron Debye
length to lighter ion species Larmor radius becomes more than 1 and 3 respectively.
Likewise, it is observed that the fluctuations of velocity of lighter ion species are much
greater as compared to those of the heavier ion species. Moreover, the results acquired in
the existence of heavier ion are compared with the reported outcome of the plasma sheath
magnetization comprising single species of positive ions. It has also been monitored
that, due to the existence of heavier ion, density distribution as well as the velocity of
species of lighter ion in the presence of plasma sheath magnetization decreases as well
as increases respectively.

In the region of sheath, Hatami, Shokri, & Niknam (2008) studied the behavior of
kinetic energy and density distribution of the charged particles. It was assumed that in
the sheath region, there is exertion of weak external magnetic field. Ignoring ionization
as well as recombination and applying the approach of hydrodynamics numerically,
it is observed that, in the plasma by increasing the negative ions density the density
distribution of species of both positive ions as well as the kinetic energy of these ion
species decreases and increases respectively. Likewise, they observed that, due to the
existence of the negative ions, there is change in normalized electrostatic potential of
the region of sheath. Due to the increment of the negative ion densities, the normalized
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electrostatic potential in the sheath increases. Also, the effect of ratio of density of both
positive ion species, temperature and density of the negative ions are observed. Finally,
the magnitude of external magnetic field on the net density distribution of the charged
particles in the sheath region was studied.

By applying the magnetic field obliquely, Pandey et al. (2008) investigated the structure
of plasma sheath. For the magnetic field having different orientations, the effectiveness
of plasma ionization, plasma magnetization as well as plasma neutral collisions on the
sheath region was studied. Also, plasma sheath width depends not only on the frequency
of collision and magnetic field of plasma but also with the orientation of obliqueness
of magnetic field. As the angle between the field magnetization and wall is increased,
there is decrease in the sheath layer size. If the magnetic field is perpendicular with
the wall as compared to the wall parallel, the grain in side the sheath acquires positive
charge more. At last, the implication of the consequences for the measurement of the
characteristics of sheath was discussed.

With a fluid model, in the oblique magnetic field, the density distribution of ion of the
plasma sheath is explained by Zou et al. (2008). It was observed that on the plasma
sheath, the magnetic field has important effects, including space charge density as well
as ion density distribution and performed numerical simulations of the sheath. Here
they assumed two cases of ion incidence, in the ion density there occurs fluctuations
due to Lorentz force and the magnetic field parallel to the board is accountable for these
changes. Because of the fluctuations of ion density, in some regions space charge density
is quite higher. Therefore, due to the external magnetic field the shield distance of sheath
becomes longer.

M. Hatami et al. (2008) studied the collisional effects in the case of plasma sheath
magnetization consisting of two species of positive ions. It was supposed that the ions
have different magnitudes of masses. Frequency of ion neutral collisional effects are
connected to the plasma sheath magnetization. Model of three fluid hydrodynamics is
used by them, and obtained the dimensionless equations, which is numerically solved.
Likewise, they observed that with the increase of frequency of ion neutral collision,
velocities of ion species fluctuations as well as the density distributions, should be
shifted towards the edge of plasma sheath, and these fluctuations amplitude increases as
compared to the collisionless case. Thus for collisional as well as collisionless plasma
sheath magnetization, for the species of heavier ion, amplitude fluctuations growth, as
well as the shift of these fluctuation are more as compared to that of lighter ion species.
Similarly, with the increase of ion collision frequency, ion velocity fluctuations as well
as density distribution becomes very much faster. Also, as each ion species distance
from the sheath becomes greater than five times the Debye length of electron, completely
disappear these fluctuations. Furthermore, there is decrease in the kinetic energy of the

20



species of both ion, as the collision frequency increases. At last,it was observed that the
ion frequency collision increases, there quickly falls the density distribution of electron.

Yasserian et al. (2009) investigated the electronegative discharge in the presence of
constant oblique magnetic field. The densities of electron, positive and negative ions
for various strengths of field magnetization was solved. Also, velocity of positive ions
profile, as well as electric potential was found. The electrons, as well as negative ions
are distributed, according to the Boltzmann’s distribution, whereas positive ions were
explored by continuity, as well as momentum transfer equations. If the value of electro
negativity is high and for the negative ions various values of the magnetic field constitute
three kinds of discharge structure. These are: feeble, intermediate and intense magnetic
field. If the strength of the field magnetization is very weak, there forms the uniform
types of structure, for intermediate magnetic field, there emerges stratified structure of
multiple layer and followed by oscillations of electric potential, and disappear these
oscillations, for energetic magnetic field. Finally, they obtained the positive ion flux,
which arrived in the cathode, as the function of the strength of magnetic field, and they
compared the result with electro positive discharge.

Rana (2009) explained the plasma sheath structure, which was formed near the material
wall, for Beryllium plasma ionization, in various levels. The density of electron which
reaches to the material wall was almost same. As the level of ionization increases, the
decreasing rate of ion density, moving towards the wall, increases also. It was observed
that, 1.1 times the ion density decreases, as there is increase in the ionization level from
1 to 3. This phenomenon is also reflected in charge density, as well as potential, electric
field etc. Finally, he concluded that the level of ionization plays the vital role in defining
the structure of plasma sheath.

By the motivation of experiment related to magnetized target fusion Krasheninnikova &
Tang (2010) carried out the systematic investigation of the balance force and equilibrium
plasma flows. In the initial case, uniform full Maxwellian plasma consisting of equal
temperature collisionless ions and electrons is allowed to interact with a fully absorbing
material wall. The force balance of steady-state force of the entire plasma and its
individual components illuminates the roles that the hydrodynamic, magnetic and electric
forces play. With the decrease in magnetic field, there becomes prominent the electric
force in areas where breaking of quasineutrality occurs. The significance of this study
depends on the relation between electron and ion thermal Larmor radii as well as Debye
length of plasma. Due to the analysis of the two fluid balance force, the comparative
importance of the current of electron and ion in the magnetic or Lorentz force can be
understood. Primarily, it tells that the current is carried by electrons. The direction of
the electric field helps to confine the ions, but not the electrons, which are forced to
carry a maximum current to confine magnetically themselves. In the regimes, where
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the magnetic field is strong, the average velocity of particles parallel to the wall is
diamagnetic. But, close to the wall, there is very low number density of ion, which
not produces any contribution to the current. At last, the computational and analytical
results was presented which can also be used to the plasma sheath, close to the tokamaks
initial wall.

The electrostatic plasma sheath, containing dust grains which is nanosized and two
species of positive ions is studied by Foroutan (2010). The concentration of two species
of positive ions, the velocity of ions at the edge of sheath as well as the bias voltage
was investigated. The results obtained by him show that, with the increase in sheath
thickness, the density ratio of two species of positive ions also increases. For the dust
particles which are nanosized, the dominant forces are ion drag, the electric force, action
of neutral drag as well as gravity are neglected. By the ion drag force as well as electric
force, there is increase in the dust velocity, but the number density of dust decreases.
At the sheath edge, if the velocity and number density is same, the argon ions have
larger number density near the wall, as compared to that of Helium ions. At the edge
of sheath, the number density of dust increases with the Argon ions velocity, however
it changes feebly with Helium ions Mach number. Initially there was fast decrease in
the number density of dust with the small increment in the velocity of ions at the sheath
edge. Finally, it was observed that the ions with incident flux were not dependent of the
bias voltage.

By the fluid model, Yankun et al. (2011) explored Bohm criterion in plasma sheath
magnetization. Upper and lower limits for the condition of sheath in various states of
applied field magnetization was observed. From numerical simulation, the obtained
results tells that the magnetic field affects the ion Mach number significantly. Due to
the Lorentz force effect on the velocity of ion, the Mach number of ion varies with the
angle of incidence of ions. Also, at the boundary of plasma-sheath, the electric field
determines the criterion of sheath. Hence at last, they concluded that the fluid model
can help to understand the criterion in a plasma sheath magnetization.

Duarte &Clemente (2011) studied the effects of electron inertia on the problem of planar
sheath plasma. It was observed that, the generation of electron inertia in treatment of
problem of classic sheath introduces that changes occurs to the floating plasma wall
potential. In their model, at the wall, electrons were attaining sonic velocity. Due to this
sonic velocity, there build the shock where velocity and density of electron, approach
discontinuities, and there remained electric potential continuous. Finally, numerical
computation in terms of electric potential, densities, and velocities of particles was
presented. Also, they showed the result comparison, from literature related to Maxwell-
Boltzmann distribution of electron.
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By the application of KTS model, Chalise & Khanal (2012) observed the plasma sheath
region in an oblique magnetization. It was monitered that the plasma- sheath magneti-
zation had two clear regions i.e. magnetic feld dependent region as well as electric field
dependent region. Magnetic field dominent region consists near to the sheath entrance
whereas near to the absorbing wall electric field dominent region lies. The region related
to the dependent of magnetic field, acceleration of particles occurs due to feeble electric
field but due to magnetic field particles are gyrated. Because of the gyrating effect, path
of the particles changes and the velocity of particles decreases towards the absorbing
wall. At last, it was observed that sheath width decreases as the magnetic field increases.
In their work, velocity variation perpendicular to the wall is considered, however, the
velocities in perpendicular direction are considered to be constant.

By the application of kinetic Trajectory Simulation model, Gurung (2012) workd on
the time-independent, non neutral, as well as collision less plasma sheath created near
the wall, that have various presheath current densities. It was observed that, there
is increment of density of electron at the material wall sharply as well as linearly,
however, near the wall, density of ion without linearly as well as monotonically increases
as correspond to the presheath density of current. He observed the result, which is
applicable to control the particles flow near the wall, and method of controlling particles
arriving to the plasma facing wall. Finally, in the region of sheath as well as at the
absorbing wall, the parameters of plasma are influenced highly by the current density of
presheath.

By the application of KTS model, Poudel (2012) learned the ion as well as electron
density variations for various presheath, polytropic constants of ion. The distribution
functions of species of particles was calculated, by solving the associated kinetic rela-
tions, along the corresponding particle of trajectories, in the collisionless case. It was
monitored, the density of ion and electron plasma sheath, for three reasonable values of
presheath, ion polytropic constants. In each case there is gradual decrease in ion as well
as electron densities from entrance of sheath to the material wall. Also, he observed,
electron density decreases much faster as compared to that of ion. Furthermore, in all
the cases, the density of ion is greater, as compared to that of electron, the rate of falling
of ion density is greater as compared to that of electron.

In the existence of electronegative ions, Yasserian & Aslaninejad (2012) studied the
formation of plasma sheath in front of thematerial wall ofmagnetized plasma. To explore
the particles species of plasma, they used the fluid equations. On applying Sagdeev
potential, they investigated the collisional influence as well as the field magnetization
on Bohm criterion. The profiles of space charge was obtained by them in existence
of field magnetization on various frequencies of collision, and the concentration of
electronegative ions. Peak of the space charge is raised by the collision and the field
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magnetization, however, the electronegative ions damps the peak. Also, if the field
magnetization is high, there is emergence of fluctuations in the profiles of space charge.
At last, they obtained the actual current through the sheath region for various values of
collision and field magnetization in electronegative, as well as electropositive plasmas.

By using the fluid model Driouch & Chatei (2013) studied the dusty plasma character-
istics on a magnetized sheath with certain temperature of ion. In their work, they took
fluid ions, hot electrons as well as cold fluid dust grains. The fluid model is solved
numerically to obtain the information of sheath briefly with various temperatures of ion
and observed significant change in the quantities, characterizing the sheath. Finally, in
the collisional sheath, the action of temperature of ion is more obvious in dynamics of
dust with uniform cross section.

M. M. Hatami (2013) used the two fluid model to investigate the properties of exact
density of current, as well as positive space charge in the region of collisional magnetized
plasma sheath. It was supposed that positive ions, have fixed temperature where as
densities of electron follows the Boltzmann’s distribution. With the increase in the
frequency of ion-neutral collision, and the magnitude of external field magnetization,
the current density increases across the sheath region. Likewise, with the increase in
the frequency of ion neutral collision as well as the magnitude of field magnetization in
the region of sheath, the accumulation of positive ions increases also. Finally, as the ion
temperature increases, there is decrease in the current density in the region of sheath.

With the application of hydrodynamic equations, the criterion of the formation of sheath
was investigated by M. M. Hatami & Shokri (2013), in a feeble electronegative plasma
magnetization which consists of electrons, negative as well as positive ions. It was
supposed that, at the sheath entrance, positive ions velocity was not normal to the
material wall and there was formation of sheath region, as the positive ions velocity
lies in the interval with specific upper and lower limits. The presentation of field
magnetization affects both of upper and lower limits. In sheath region, they studied
the charged particles of density distribution for the value of Mach number. Finally,
monotonically reduction of the positive ion density distribution leading to the sheath
formation occurs if and only if the mach number lies between upper and lower limits.

For sheaths kinetic theory, in one dimensional case surrounding, emitting surface of
electron was studied by J. P. Sheehan et al. (2013). The ratio of temperature of plasma
electron to emitted electron, affects the potential of sheath. This case arises, as the
temperature of plasma electron is within the order of temperature of emitted electron in
magnitude. If the temperature of plasma electron is equal to the temperature of emitted
electron, in such case, potential of sheath tends to zero. The results obtained by them is
validated in cell simulations of particle. They tested the theory by the measurements of
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sheath surrounding, thermionically, emitting cathode, in after glow of rf plasma. Finally,
it was predicted that the potential of sheath shrunk to zero if plasma electron cooled to
the temperature of emitted electron.

J. Sheehan et al. (2014) studied the influence of temperature of emitted electron on
the sheath of plasma. It was assumed that plasma electrons follows the relation of
Boltzmann, and the emitted electrons are liberated with nearly zero energy. The ratio of
plasma electron to emitted electron temperature affects the potential of sheath. Finally,
the emissive potential of sheath is nearly to the energy of beam, only when the flux of
emitted electron is less than the flux of beam.

In presence of dust, Moulick & Goswami (2014) studied the formation of sheath for
collisional plasma. In common laboratory plasma, because of high thermal velocity
of electrons, the dust acquires negative charges. The dust charging theory dealing
with the issue is that of the orbit motion limited theory. But, the theory does not find
its application when the ion neutral collisions are present significantly. Collision is
modeled by constant mean free path model. The sheath is considered jointly with the
bulk of the plasma and a smooth transition of the plasma profiles. The various plasma
profiles such as the electrostatic force on the grain, the ion drag force along with the dust
density and velocity are shown to vary spatially with increasing ion neutral collision.

In the existence of emission of secondary electron, Huang et al. (2015) developed the
electrostatic particle-in-cell simulation code to search, the interaction between plasma
and material surfaces. To incorporate the process of bombardment of ion on the surface
of material, ions having kinetic energy are included in to the numerical simulation. Due
to the further investigation, the influences of the emission of electron on sheath dynamics
is induced by ions on the top of electrons.

1d3v KTSmodel of plasma was studied by Chalise & Khanal (2015a) in a plasma sheath
magnetization. This can be used for modeling different situations of interest and high
accuracy of results is obtained. To calculate the distribution function of ion trajectories
of ion are followed. At the injection, electrons are considered to be a cut-off Maxwellian
velocity distribution and analytically they get their density distribution. The potential
profile is iterated towards the final time-independent and self consistent condition. They
used the above result to learn plasma sheath region formed due to the presence of oblique
fieldmagnetization. Finally, their model provides the fundamental study of various types
of plasma sheath magnetization and maximum exact results are obtained.

Fluid model of one-dimension of magnetized plasma wall transition region near the
floating electrode with angle of magnetic field which was immersed in a plasma magne-
tization was studied by Gyergyek &Kovačič (2015). In case, the electrons, they assumed
the Boltzmann equation. On the other hand, the positive ions obey the ion momentum

25



exchange equation and ion continuity equation. In this work, using the term of zero
source, an extensive comparison of the results is obtained on one hand and on the other
hand, non zero three different source terms is made. In total, four different terms of
ion source were assumed. The zero source term as well as three different non-zero ion
source terms. As they used the zero source term, there becomes very sensitive model
to the secondary conditions, where in few cases, the solutions showed oscillations of
maximum amplitude. When they used, any of the three non-zero ion source terms, those
problems are eliminated, but the consistency of the model is also broken. Numerically,
the equations in the entire magnetized plasma-wall transition region are solved. As in
the case of ion temperature zero, the model can be solved even if there is selected a very
small ion velocity as a boundary condition.

Chalise & Khanal (2015b) observed the kinetic energy of ion and thickness of sheath in
plasma sheath magnetization. It was observed that moving ions having kinetic energy
reaching to thematerial wall was controlled by the appliedmagnetic field strength. There
is increment of kinetic energy of ion as we move towards the material wall, but in the
case of electron kinetic energy decreases.

Jacquot et al. (2015) studied themodelling of propagation of full wave to integrated ICRH
wave coupling/RF sheaths. Rectification of RF sheaths is the reason for operational
limits for the Ion Cyclotron Range of Frequencies heating systems. To simulate this,
the self-consistent waves and sheaths and for Ion Cyclotron Heating code is the set
of coupled equations, which computes self-consistently the wave propagation and DC
plasma biasing. Now, its propagation module of wave explains with the considered slow
wave, which is the source of RF sheath oscillations. Likewise, the Ion Cyclotron Range
of Frequencies, power coupling to the plasma is due to the fast wave. They proposed to
replace this one wave equation by the full wave module in either 2D or 3D as a first step
towards integrated modelling of RF sheaths as well as wave coupling. Finally, they got
the dependable convergence with the profile of density up to the leading edge of antenna
limiters.

In the oblique magnetic field, the Radio frequency sheaths was observed by Myra &
D’Ippolito (2015). In front of a conducting surface, radio frequency sheaths is studied
for plasma which is immersed in a magnetic field with the surface that makes an oblique
angle. The one dimensional equations, which explaind the dynamics of non neutral
Debye sheath and time-dependent magnetic presheath was developed. By the strength
of magnetic field, Maxwell-Boltzmann electrons was employed by the model and they
decided the mobility and magnetization of the ions and wave frequency of wave as well.
They concentrated on the ion-cyclotron range of frequencies and solved the equations
numerically to get the rectified dc voltage, the rf voltage and current respectively. The
sheath voltage-current relation was used to get the rf sheath impendance. Generally,
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the impedance has resistive and capacitive contributions, and generalized the model of
previous sheath boundary condition.

Kshetri (2015) studied the electric field as well as magnetic field effect on the velocity
of ion at the presheath-sheath boundary. By the method of Runge-Kutta, Lorentz’s force
equation was solved. It was found that magnetic field does not affect on the parallel
component of velocity, where as there is maximum effect on the perpendicular gyration.
By increasing the magnetic field, gyration frequency decreases and gyration amplitude
changes also. Finally, it has been observed that as the time increases, gyration amplitude
gradually decreases as well.

Joshi (2015) analyzed oscillations of electron plasma which was non-linear having large
amplitude, where spatial variations are one dimensional. It was found that the ions
formed the constant background of neutralization. Also, variation in number density,
electric field as well as velocity was observed. Finally, he observed, for various time, the
non linear evolution in number density. The profile of electric field as well as velocity
show steeping nature, however there remains maximum amplitude constant.

The anode double layer of droplet shape and sheath formation of electron in magnetically
constricted anode was studied by Chauhan et al. (2016). It was observed fireball of
droplet shape and double layer of anode in a magnetically constricted anode. Using
permanent magnets, the anode which was disc shaped constricted. On using high
voltage in between the cathode and anode, plasma is created with the glow discharge.
Droplet shaped glow was received whose size was large close to the anode. Finally, the
role of field magnetization in the formation of the glow, its shape as well as the profile
of plasma potential was explained.

By the application of fluid equations, the oblique field magnetization effect as well as
ratio of ion densities on a multi-component plasma sheath was studied by Basnet (2015).
Plasma consists of two species of positive ions having different masses with the ratio of
ionization same. Numerically the dimensionless equations was solved with given initial
boundary conditions. The results obtained by him show the density profile, lighter ion
velocity profile, as well as heavier ion species begins to fluctuate. There occurs higher
fluctuations of species of lighter ion as compared to that of species corresponding to
heavier ion. Finally, he observed that as the concentration of Neon gas increases with
respect to the Helium gas, there is decrease in the electrostatic sheath potential of the
multi-component plasma sheath, however there is decrease in the amplitude density
profile of species of ion.

The plasma sheath structure in the presence of oblique magnetic field was studied by
Sapkota (2016). He supposed the ion neutral collision effect with limited temperature
of ion. The field magnetization magnitude, temperature of ion, frequency of ion neutral
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collision, space charge density as well as net density of current was studied. It was ob-
served that as the ion temperature and strength of magnetic field increases, space charge
density as well as exact current to the material wall also increases. Field magnetization
increases the transverse drift. On the other hand temperature of ion causes to increase
the longitudinal drift of ions. Finally, frequency of ion neutral collision has important
effect, however particles are affected close to the sheath edge.

By the application of fluid hydrodynamics on the dusty plasma sheath magnetization,
Acharya (2016) investigated the collision effects as well as densities ratio of ion to
electron, positive ions and negative dust particles. The compiled equations was solved
by Runge-Kutta method, and observed the velocity of ion, dust velocity, density of ion,
electric field as well as potential also. It was observed that, as the collision frequency
increases there is increase in the velocity of ion, however there is decrease in the ion
density. Likewise, as the frequency of ion neutral collision increases there is increase in
the electric field as well as potential also.

By the application of fluid hydrodynamics, Bashyal (2016) explored the pressure gra-
dient force effect as well as obliqueness of field magnetization on feeble magnetized
electronegative plasma. The plasma which is electronegative consists of electrons, neg-
ative as well as positive ions. She considered that with two different temperatures,
electrons as well as negative ions obey the Boltzmann Distribution. The fluid equations
to explore density, velocity as well as potential profile of ions was solved. The ion Mach
number variation for various values of oblique magnetic field strength was observed.
Her observation gives the magnetic field strength, as well as the obliqueness are critical
factor on the criterion of sheath formation. The obliqueness of field magnetization min-
imize the flow velocity of ion but the wall potential increases. Finally, it was concluded
that, as the value of oblique magnetic field strength increases, the Mach number of ions
increases also.

Lin et al. (2016) studied the polytropic coefficient of ion in the collision-less case which
contains hot ions. By analyzing the equation of ion energy and taking the kinetic
effects, they showed that ion polytropic coefficient is approximately constant. Also, it
was observed that the value of polytropic coefficient depends on the temperature of hot
ion and its concentration in plasma. The ion saturation current density depend on the
temperature of ion and concentration of ions having high temperature. The value of
ion saturation current density significantly alter from the one obtained by applying the
assumption of adiabatic ion flow.

When the space-crafts having high speed return to the atmosphere, there is formation
of plasma sheath on its surface. At first, Cong et al. (2018) established the model of
hyperbolic electron number density distribution. By analytic method, power reflection
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coefficient, absorption coefficient and transmission coefficient was derived as well. At
last, they compared the analytic method and Wentzel-Kramer-Brillouin method, about
their limitations and applicability.

Using KTS model, Chaulagain (2017) studied the action of ion temperature variation
in a plasma sheath magnetization consisting of two-ion species. He got the profile of
ion densities, electron and total charge density as well as potential by collisionless, time
independent plasma sheath. Close to the sheath entrance there is change in physical
parameters slowly but close to the wall, exhibit steep gradient. Magnetic field quite
lowers the density of ion in comparison to the case without the magnetic field. Because
of the rise in thermal velocity, the density of ion increases as the ion temperature
increases. In magnitude there is decrease in potential, as the ion temperature increases.
Finally, at the wall with the increase in ion temperature, total charge density increases
also.

Burby (2017) studied the fluids of ions and electrons which is frictionless, couples the
two-fluid Maxwell system. If the frequencies of Langmuir waves, waves of light and cy-
clotron motion of single-particle are scaled asymptotically to be large, Maxwell system
with two-fluid becomes fast-slow dynamical system. This system admits a single-fluid
closure which is systimatically computed with any order of accuracy. Magnetohydrody-
namics is reproduced by this closure in leading order estimation. The unlimited extended
hierarchy of MHD models. It was geometrically interpreted the closure as an invariant
slow manifold in the unlimited dimensional two-fluid phase space. By Lie transforms
infinite dimensional, the Poisson bracket for all order closure in the closed type was ob-
tained. Therefore, by truncating the single fluidHamiltonian, the conservative truncation
of single fluid closure was obtained.

From the surface of solid, the emitted electrons can affect noticeably the characteristics
of surroundings of plasma sheath by modifying balance of current at the wall, Bohm
criterion at the sheath edge and separation of charge in the region of sheath. Qing & Hu
(2017) establish the static sheath model with cold ions, and moving electrons to stress
the effect of various emitted total electron velocity distribution function on the classic
solution of sheath as well as its transition structure. They found that, the solution of
sheath as well as the threshold of coefficient of total emission of electron influences
the total EEVDFs. Finally, from the obtained results, it was observed that as electron
emission coefficient increases gradually from zero, there would not transit the sheath
from classic sheath to space-charge limited sheath structure.

By using fluid model, Khadka (2017) studied the ionization ratio effect on multicompo-
nent plasma sheath magnetization. Numerically, the fluid equations was solved to obtain
the potential profile, velocity and density of ions. It was assumed the Helium and Argon
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ions having ionization ratio different. As the ionization ratio increases, there is decrease
in the density of ion. Also, with the increase in number of charge, the peak density
shifted towards the edge of sheath. Finally, he observed that different ion temperatures
creates ripples on depression and bump of density as well as velocity profile of lighter
ions. On the other hand, there is increase in sheath potential as the ionization ratio
increases also.

Yuan et al. (2018) investigated the sub-terahertz wave transmission in magnetized and
unmagnetized plasma sheaths. On the transmission of wave, they studied the temporal
evolution impacts of the plasma sheath. In the plasma sheath magnetization, the trans-
mission of atmospheric window frequencies was discussed briefly. Likewise, the rates
of power transmission for the left hand circular as well as the right hand circular modes
in plasma sheath magnetization are obviously higher as well as lower as compared to
those in unmagnetized plasma sheath. The power transmission rates of the mode of
left hand circular increases with strength of external magnetic field and wave frequency.
Similarly, both in magnetized and unmagnetized plasma sheath the power tranmission
rate of left hand circular mode dependent with time because of the time-related evolution
of plasma sheath.

Various applications of plasma involve the plasma coming into contact with the surface
of liquid. Previous investigation of stability of such types of surface of liquid is neglected
the existence of the region of sheath between the liquid and the bulk plasma. Strong
electric fields as well as strong ion flows are existed in this region. To observe the
instability condition, Holgate et al. (2018) assumed a linear perturbation investigation
of interface of liquid-sheath. Such criterion exhibits surface of metal which is molten
in tokamak edge plasmas are stable against the electric field. Finally, they concluded
that liquid surface stabilization by bombardment of ion was encouraging for the existing
development of technologies of plasma-liquid.

The hypersonic vehicle, which is surrounded by the plasma sheath is the dynamic and
time varying medium to calculate directly the physical parameters with variation of time
which is nearly impossible. For understanding the physical parameters with dynamic
nature as well as their effect on the communication, it is important the time varying
degree. Shi et al. (2018) proposed to detect the electronic density of plasma sheath time-
varying characteristics, and wireless channel property. This method utilizes the constant
envelope zero autocorrelation sequence and this has spread gain characteristics as well as
outstanding autocorrelation. Theoretically they simulate under the specific time-varying
radio channel which exhibits that the method proposed by them is capable to detect
frequency of time variation up to 200 kHz. The results obtained experimentally in the
radio frequency modulation discharge plasma device confirmed the detection ability of
time variation, practically in dynamic plasma sheath. At the same time, phenomenon of
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nonlinear of plasma sheath dynamics on signal of communication through the channel
sounding result was observed.

Nakatsutsumi et al. (2018) monitared the lasers having high energy which is interacting
with solid material produces number of electrons creating electric field surrounding the
target material. In this electric fields, the accelerated beams of protons indicate specific
properties. For long term multidisciplinary purpose that is for cancer therapy, current
challenges to achieve energies of proton by raising the laser intensity on target. Finally,
the numerical as well as experimental results showing that self generated magnetostatic
fields on the surface of the target pose the basic limitation for enough intensities of laser.

Karki (2018) investigated the collision effect in plasma sheath in uniform and oblique
field magnetization using fluid models in which pressure gradient effect is also taken.
Numerically, fluid equations which are dimensionless are solved for given boundary
conditions. It has been observed that there is significant effect in ion density as well as
velocity and space charge density. Likewise, it was observed that there was increase in
the magnitude of potential on the wall with the increase in frequency of collision and
decrease in rate of density of electron shifts towards the entrance of sheath.

To identify the properties of plasma sheath, Fu et al. (2018) investigated the enhancement
of electric field with presence of surface protrusion in the atmospheric microdischarges.
The enhancement of electric field which is caused by surface protrusion is tested to
adjust aspect ratio as well as size of protrusion. The enhancement of electric field
depends on the aspect ratio of protrusion. Also, axial electric field in vacuum and
discharges may become nonlinear with protrusion on cathode and they compared sheath
thickness which is obtained by two methods. Likewise, they observed that if the aspect
ratio increases, there is decrease in the thickness of sheath. On the other hand, as
the protrusion size increases, there is slight decrease in thickness of sheath. Finally,
they concluded that protrusion’s aspect ratio effect, as well as the thickness of sheath is
important as compared to that size of protrusion.

Regmi et al. (2018) analyzed the effect of carbon and tungsten surfaces to hydrogen
plasma for various temperatures. For various ion temperatures by using kinetic trajectory
simulation model, the absorption and reflection coefficient of ion was studied. Also, the
total ion charge density as well as ion density distribution was studied. They observed
that reflection and absorption coefficient of incident particles depends on the kinetic
energy of ion. If their energy is high, they will be reflected less. For the carbon and
tungsten wall, the reflection coefficient of ion at 1 eV is 0.0567 and 0.3970 respectively,
whereas for the wall of carbon, the reflection coefficient of ion at 2 eV decreases to
0.0246 and for the wall of tungsten, the reflection coefficient of ion at 2 eV is 0.3402.
Finally the absorption, and reflection from the surface facing plasma are influenced by
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the temperature of impinging ions.

Badsi et al. (2018) developed the numericalmethod to capture sheathswhich is stationary
and the plasma forms near to the metallic wall. Their work is based on the bi-species
(ion/electron)Vlasov-Amperemodel. In their work, they addressed to know if numerical
schemes which is classical can preserve stationary solutions with boundary conditions,
since at the discrete level, these solutions are not the priory conserved. In the context of
method of high order semi Lagrangian, interpolation close to the boundary of the domain
requires the specific treatment. High velocity resolution, high order interpolation and
very small time steps, it was able accurately to recover the equilibrium for comparatively
long time.

Morales Crespo (2018) studied the effect of positive ion temperature on plasma wall
transition. Electric potential from plasma to the wall was obtained by the formulation
of model as an initial value problem, and few characteristics which is useful for the
experimental application, for example positive current to voltage characteristics, the
floating potential, saturation current density and the estimation of thickness of sheath.
At last, it was analysed how these quantities depend on ionization degree and temperature
of positive ion.

Plasma sheath which is electronegative and its behavior in the collisional plasma in
the absence of magnetic field and consists of q-nonextensive electrons. Boltzmann
distributed negative and positive ions. By assuming the positive ion neutral collisions,
and neglecting the effects of collisions and ionization between negative and positive ions.
Borgohain & Saharia (2018) derived the modified version of Bohm-sheath criterion, and
floating potential by applying multifluid model. By the application of modified version
of Bohm-sheath criterion, the characteristics of sheath like spatial density profiles,
net space charge density as well as potential was investigated. They observed that
with increase the value of q-nonextensivity, electronegativity and collisionality there is
decrease in the thickness of sheath but sheath potential and net space charge density
increases. Finally, it was observed that as the values of ratio of electron temperature to
negative ion temperature increases, sheath thickness increases also but sheath potential
and net space charge density decreases.

Falessi & Zonca (2018) derived the set of equations and described the macroscopic
transport of particles as well as energy in the thermonuclear plasma. In their work, they
analyzed particle as well as energy transport on the confinement time of energy in a
plasma with magnetic field taking coulomb collisions as well as fluctuations on equal
footing. The equations used by them hold at every point in space and not to involve
any radial averaging operation. The derived equations allow for studying collisional,
and turbulent transport self-consistently. By assuming separation of scale, the transport
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equationswas derived from the kinetic relationswith the help of analysis ofmultiple scale
perturbation, as well as spatio-temporal averaging. In their work, the evolution equations
was obtained for the moments of the distribution function. Finally, the equations is
derived for the transport of particles as well as energy by using first order gyrokinetics.
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CHAPTER 3

3. MATERIALS AND METHODS

3.1 Single particle model

In plasma physics, single particle model is described as individual electron and ion move
in the imposed electric as well as magnetic fields. Each particle motion is described
by the Lorentz force. For many cases of practical view, the motion of each particle is
treated as superposition of comparatively fast circular motion around the point, which is
called the guiding centre.

In the very low density, devices like the alternating gradient synchrotron, only trajectory
of the single particle is considered. Sometimes plasma behaves like fluids and sometimes
behaves like individual particles collection (Chen, 2016). Here we discuss how the single
particle behaves in the electric as well as magnetic field.

When the electric field is zero, there is only the cyclotron gyration of charged particle
about the static magnetic field. We write the equation of motion as

<
3v

3C
= @v × H (3.1)

Taking the magnetic field along the z-direction, we have

<
3EG

3C
= @�EH (3.2)

<
3EH

3C
= −@�EG (3.3)

<
3EI

3C
= 0 (3.4)

32EG

3C2
+ l2

cEG = 0 (3.5)

32EH

3C2
+ l2

cEH = 0 (3.6)
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where lc is the cyclotron frequency which is defined as

lc =
|@ |�
<

(3.7)

Conventionally, we choose the cyclotron frequency l2 is always nonnegative. Then
from equation (3.5) and (3.6), we get

EG,H = E⊥ exp(±8lcC + 8XG,H) (3.8)

where ± represents the sign of charge @. We choose the phase X, such that

3G

3C
= E⊥4

8lcC (3.9)

The positive constant E⊥ indicates the speed in plane perpendicular to the magnetic field
H. Then we have

3H

3C
= ±8E⊥48lcC (3.10)

Integrating Equations (3.9) and (3.10), we get

G − G0 = −8
E⊥
lc
48lcC (3.11)

H − H0 = ±
E⊥
lc
48lcC (3.12)

Thus the Larmor radius is defined as

AL =
<E⊥
|@ |� (3.13)

As we take the real part of equation (3.11) and (3.12) then we have

G − G0 = AL sinlcC (3.14)

H − H0 = ±AL coslcC (3.15)

Figure 10 explains the fixed circular orbit, the guiding center (G0, H0). Gyration’s
direction is such that the field magnetization which is generated by charged particle is
opposite to that of the externally imposed magnetic field. Therefore, particles of plasma
tend to reduce the field magnetization and hence the plasmas are therefore diamagnetic.

If the electric field is present, it will be found that the motion will be the sum of the two
motions i.e., Larmor gyration and guiding center’s drift. Choosing K be lie in the G − I
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Figure 10: Larmor gyration in uniform magnetic field. (Source: Chen, 2016)

plane, such that �H = 0. Now we write the equation of motion as

<
3v

3C
= @ [K + v × H] (3.16)

For I-component we write

3EI

3C
=
@

<
�I (3.17)

or EI =
@�I

<
C + EI0 (3.18)

Equation (3.16) have transverse components as

3EG

3C
=
@

<
�I ± lcEH (3.19)

3EH

3C
= 0 ∓ lcEG (3.20)

For constant electric field, differentiating above equation as

32EG

3C2
= −l2

cEG (3.21)

32EH

3C2
= −l2

c

(
�G

�
+ EH

)
(3.22)

This can be written as

32

3C2

(
EH +

�G

�

)
= −l2

c

(
EH +

�G

�

)
(3.23)
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Equation (3.9) and (3.10) can also be written as

EG = E⊥4
8lcC (3.24)

EH = ±8E48lcC − �G
�

(3.25)

To obtain the formula of the drift velocity E� , we solve the equation (3.16) and omit the
term of left hand side of this equation, then this equation becomes

[K + v × H] = 0 (3.26)

Cross product is taken with H, then we have

K × H = v�2 − H(v · H) (3.27)

According to this equation, transverse components are

v� = K × H/�2 (3.28)

where E� is the drift velocity.

Here v� is independent with @, < and E. Following picture gives this reason. First
half cycle of ion’s orbit, from electric field, energy is gained, and increases in E as
well as in AL. Whereas in second half cycle, energy is lost and hence AL decreases.
The drift in E� causes the difference in A! on the left as well as right hand side of the
orbit. There is gyration of negative electron in opposite direction, and gains energy
also in the opposite direction as well. For the particles having same velocity but having
different masses, the particle which is lighter will have AL smaller and drift less per
cycle. Anyway, the gyration frequency of such particles is also larger and hence two
effects cancel exactly. The particles having the same mass but having different energy
would have same cyclotron frequency lc. The particle which is slower one may have
AL smaller and gains minimum energy in the half cycle from K. The particles which is
less energetic, fractional change in Larmor radius AL for the change in energy which is
given is larger and hence canceled these two effects. With the changing pitch, in space,
the orbit which is three dimensional is the slanted helix as shown in Figure 11.

3.2 Fluid model

To study the characteristics of plasma, it’s parameters are used for three different ap-
proaches like single particle theory, fluid model and kinetic theory. For minimizing
complexities in the kinetic theory, fluid model explain the macroscopic quantities which
are based on plasma, such macroscopic quantities are density, mean velocity as well as
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Figure 11: In space the real orbit of the gyrating particle. (Source: Chen, 2016)

energy.

Individual particles identity is neglected in the fluid model, and fluid element motion is
taken only. In plasma, ions and electrons acts as the fluid. In actual case, there is validity
of collisional fluid theory, but in our case we assumed the collisionless condition. More
than 80% phenomena of plasma were explained by the fluid theory, and the fluid element
motion is taken significantly, and hence the theory of single particle is neglected (Chen,
2016). The majority of the observed phenomenon is described by the fluid model.
But some phenomena can not be described by this fluid model. In this case, velocity
distribution function is considered, and we say such treatment as the kinetic theory.

The approach of single particle as we get to be terribly complex. We need approach of
statistics because we would not follow every particle in the separate case. Providentially,
it is not necessary because majority of observed plasma phenomena in the experiments
should be briefly explained by the crude fluid model. In this case individual particles
identity is removed and fluid elements motion is taken. In the case of ordinary fluid,
particles collision keep the particles moving together in the fluid element. In the
estimation of fluid, we assumed that the plasma is composed of either two or more than
two interpenetrating fluids. In the case of only one species of the ion, we need two types
of equations of the motion. One is the ion fluid which is positively charged, and other
is the electron fluid having negative charge. The gas which is partially ionized, we also
need the equation for fluid of the neutral atoms. By collisions, only neutral fluid interact
with ions as well as electrons. Even if there is no collisions, ion as well as electron fluids
interacts with each others, because there is generation of electric and magnetic fields.

3.2.1 Continuity equation

Suppose # is the number of particles in a volume + that can be changed as the surface
contains either particles source or sink bounding the volume + . As the flux of particles
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represents ‘=u′, then from the divergence theorem, we have

m#

mC
=

∫
m=

mC
3+ = −

∫
∇.(=u)3+ (3.29)

For any volume, we have

m=

mC
+ ∇.(=u) = 0 (3.30)

This equation is the continuity equation which explain the conservation of particles.

3.2.2 Momentum equation

In the electromagnetic field, for the charge particle moving with average velocity ‘u’,
the equation of the motion is written as

<=
3u

3C
= @= [K + u × H] (3.31)

Suppose Y(G, C) is the fluid element property in the G−space in one dimension. Then we
write the rate of change of ‘(’ as

3Y

3C
=
mY

mC
+ DG

mY

mG
(3.32)

In three dimension, this is generalized as

3Y

3C
=
mY

mC
+ (u · ∇)Y (3.33)

We say this equation as the connective derivative. Hence above equation (3.31) can be
expressed as,

<=

[
mu

mC
+ (u · ∇)u

]
= @= [K + u × H] (3.34)

As we take the thermal motion, then at the right hand side of equation (3.34), we add
the pressure gradient force, so that the resulting equation can be written as,

<=

[
mu

mC
+ (u · ∇)u

]
= @= [K + u × H] − ∇? (3.35)

where ∇? = ∇(=:B)) is the pressure gradient force which arises from random motion
of particles.
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3.2.3 Boltzmann relation

For G−component, the equation of motion of fluid is written as,

<=

[
mDG

mC
+ (u · ∇)DG

]
= @=�G −

m?

mG
(3.36)

Convective term is very smaller then that the term mDG/mC, therefore we remove this
term, Hence

mDG

mC
=
@

<
�G −

:B
<=

m=

mG
(3.37)

From this equation, it is clear that fluid is accelerated in the direction of H with the
combined pressure gradient and electrostatic force. For electron, we take the limit as
< → −4, @ → −4 and � = −∇q, then

4
mq

mG
=
:B)

e

=

m=

mG
(3.38)

Integrating this equation, we get

4q = :B)
e ln = + � (3.39)

Boundary condition is used for q = 0, = = =0, then we get

� = −:B)e ln =0 (3.40)

This value is used in equation (3.39), we get

:B)
e ln

=

=0
= 4q

or ln
=

=0
=

4q

:B)e

or = = =04
4q/:B)e

(3.41)

This equation gives the required Boltzmann distribution for electrons

3.2.4 Poisson’s equation

The relation between the electric field and gradient of scalar potential q is

K = −∇q (3.42)
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We can write the gauss law as

∇ · K =
d

Y0
(3.43)

The equations (3.42) and (3.43) are combined, then we get

∇2q = − d
Y0

(3.44)

This equation gives the relation between electric potential and total charge density and
is called the Poisson’s equation.

3.3 Basic concept of kinetic trajectory simulation

The fluid theory we have been using so far is the simplest description of plasma, it is
indeed fortunate that this approximation is sufficiently accurate to describe the majority
of observed phenomena. There are some phenomena, for which a fluid treatment is
inadequate. For these, we need to consider the velocity distribution function 5 (v) for
each species, this treatment is called kinetic theory. Generally, the characteristic feature
of the kinetic trajectory simulation (KTS) method is that the distribution function of
the particle species involved are calculated directly by solving the related (collision less
or collisional) kinetic equations along the respective collision less trajectories. Here
we assume the electron and ion velocity distribution functions at the sheath edge to be
shifted cut-off Maxwellian.

KTS is an iterative method for numerically calculating self consistent, time-independent
kinetic plasma states in some given bounded spatial region. The plasma states are
generally characterized by

• velocity distribution function 5 (x, v)

• electric field K (x)

• magnetic field H(x)

• boundary conditions

At any given instant, each particle has a specific position and velocity. Hence we can
characterize the instantaneous configuration of a large number of particles by specifying
the density of particles at each point A ,E in phase-space. The distribution function is
the function prescribing the instantaneous density of particles in phase-space and is
denoted by 5 (r, v, C). Therefore, 5 (r, v, C)3r3v is the number of particles at time C
having positions in the range between r and r + 3r and velocities in the range between v
and v + 3v. As time progresses, the particle motion and acceleration causes the number
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of particles in these r and v ranges to change and so 5 will change. In the general case
of time-dependent, collisional kinetic theory, the Boltzmann equation for the particle
species-B is

35 s

3C
=

(
m

mC
+ v · m

mr
+ as · m

mv

)
5 s = 2B (3.45)

with

as(r, v, C) = @s

<s [K (r, C) + v × H(r, C)] (3.46)

where K (r, C) and H(r, C) are the macroscopic electric and magnetic fields and 2B is the
species-‘s’ collision integral term. The time derivative

3

3C
≡

(
m

mC
+ v · m

mr
+ a · m

mv

)
(3.47)

is the “Lagrangian” or total time derivative. The ion neutral collision frequency a8 can
be expressed as a8 = ==fE82; where == is the neutral gas density f is the constant collision
crosssection and E82 is the ion collision velocity which depends on thermal velocity and
average fluid velocity of ion. For the constant collision mean free path _8 = 1/==f,
the collision mean free path of ion is larger then the dimension of our consider model.
Therefore, plasma sheath can be considered as collision less(Riemann, 1981; Li et al.,
2013). For the collision less cases, the equation (3.45) becomes “Vlasov equation”,
which is(

m

mC
+ v · m

mr
+ as · m

mv

)
5 s = 0 (3.48)

i.e.,

35 s

3C
= 0 =⇒ 5 s = constant. (3.49)

That is the velocity distribution function is constant for an observer which is moving
along the collision less trajectory. Therefore, at each point the distribution function
along the trajectory can be achieved if its value at one point is known.

3.4 Basic equations

We consider the one-dimensional, time-independent, collisionless, electrostatic prob-
lems, which is related to the basic equations as follows:

(a) In differential form, for electrons (@ = −4), the velocity distribution function satisfies
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the time-independent Vlasov equation as (Adhikari et al., 2019)[
v · m
mr
− 4

<e (K(r) + v × H(r)) · m
mv

]
5 e(r, v) = 0 (3.50)

In trajectory integrated forms, for electrons, the velocity distribution function is

5 e(r, v) = 5 est
(
rest, v

e
st
)
, (3.51)

where 5 est is the “starting distribution”, rest is starting configuration and vest is the starting
velocity of electrons. The equations of motion for electron are:

3re

3C
= ve (3.52)

with components of velocity

3Ge

3C
= EeG (3.53)

3He

3C
= EeH (3.54)

3Ie

3C
= EeI (3.55)

and

3ve

3C
= a (3.56)

with components of acceleration

3EeG
3C

= 0eG (3.57)

3EeH

3C
= 0eH (3.58)

3EeI
3C

= 0eI (3.59)

The macroscopic acceleration of electron is

ae(r) = − 4
<e [K(r) + v × H(r)] (3.60)

with its components

0eG = −
4

<e [� (G) + (v × H(r))G] (3.61)

0eH = −
4

<e
[
� (H) + (v × H(r))H

]
(3.62)

0eI = −
4

<e
[
� (I) + (v × H(r))I

]
(3.63)
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(b) Likewise, in differential form, the velocity distribution functions for singly charged
ions satisfy the time independent Vlasov equations as (Adhikari et al., 2018)[

v · m
mr
+ 4

<i (K(r) + v × H(r)) · m
mv

]
5 i(r, v) = 0 (3.64)

and in trajectory integrated forms as:

5 i(r, v) = 5 ist
(
rist, v

i
st
)

(3.65)

where 5 ist, rist and vist is the starting distribution, starting configuration and starting
velocity of ions respectively. The ion equations of motion are

3ri

3C
= vi (3.66)

with components

3Gi

3C
= EiG (3.67)

3Hi

3C
= EiH (3.68)

3Ii

3C
= EiI (3.69)

and

3vi

3C
= ai (3.70)

with component of acceleration

3EiG
3C

= 0iG (3.71)

3EiH

3C
= 0iH (3.72)

3EiI
3C

= 0iI (3.73)

The macroscopic acceleration is

ai(r) = 4

<4
[K(r) + v × H(r)] (3.74)
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with its components,

0iG =
4

<e [� (G) + (v × H(r))G] (3.75)

0iH =
4

<e
[
� (H) + (v × H(r))H

]
(3.76)

0iI =
4

<e
[
� (I) + (v × H(r))I

]
(3.77)

(c) The electric field is given as

K(r) = −3q(r)
3A

, (3.78)

where the electrostatic potential q(r) is obtained from Poisson’s equation

32q(r)
3A2 = −d(r)

Y0
(3.79)

The space charge density is defined as

d(r) =
∑
B

@s=s(r 9 ) (3.80)

The electron and ion densities given as

=s(r) =
∫ +∞

−∞
33E 5 s(A, v) ; B = (4, 8) (3.81)

The various components of velocity of ions in the plasma sheath have been computed
using the Lorentz force equation (Chen, 2016)

L = @ [K + v × H]

or
3v

3C
=
@

<
[K + v × H] (3.82)

where @ is the charge of ion having mass <, moving with velocity v with the magnetic
field H and electric field K.

The oscillatory motion of the ions under goes the damping phenomenon and the typical
differential equation of damped harmonic oscillator is, (Simmons, 2016)

32E

3C2
+ 2:

3E

3C
+ l2

0E = 0 (3.83)

where l0 is the natural frequency of the oscillating particle. By using equation (3.85),
the equation of the damped harmonic oscillator is (Adhikari et al., 2016)

E(C) = Em + �4−:C sin(lC + k) (3.84)
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where : is damping constant, � is amplitude, Em is mean value and k is the phase angle.
This equation is used to fit with the computed plot. The parameters E<, �, : , l and
k are estimated from the corresponding plots. Em = value of E(C) at time C equal to
one second, � = amplitude of E(C) at time C equal to zero, l = angular frequency = 2c 5 ,
5 = frequency of oscillation and k = phase angle.

To estimate : , first of all nature of the damped oscillation is carefully observed. From the
graph maximum peak value of the velocity (E1) at smaller time (C1) as well as velocity
(E2) at longer time (C2) are noted. Then, : is calculated using the following formula:

: =
1

(C2 − C1)
ln

(
E1 − Em
E2 − Em

)
(3.85)

If E is the velocity of the ion at any time C, then the equation of fitted curve is

E = E04
−C/g (3.86)

where E0 is the initial value of E and g is the characteristic time which can be written as

g = C1 +
E1 − E
E2 − E

4C (3.87)

The stationary Child sheath thickness can be estimated according to the Child-Langmuir
law as (Chen, 2016).

!2
B =

4
9
n0

√
24
<i
|qF |3/2

�8ps
(3.88)

where �8ps is the ion current density at the presheath side.

The flux of particle species-B is,

ΓB =

∫
33EBEB 5 B (G, vB). (3.89)

By assuming the Boltzmann’s distribution of electrons, the wall potential is obtained by
equating the ion and electron fluxes at the wall (Adhikari et al., 2019) i.e.,

Γi = Γe (3.90)

which yields,

4qF

:B)e =
1
2

ln

[
2c<e

<i

(
)e
ps + Wi) i

ps

)e

)]
(3.91)
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3.5 Plasma sheath model

The simulation region which is our region of interest bounded by two parallel planes
at G = 0 and G = ! is shown in Figure 12. In the present work, the plasma consists
singly charged hydrogen ions and electrons, are not in thermal equilibrium such that
) 4 ≠ ) 8, where) 4 and) 8 are electron and ion temperatures, respectively. The right hand
boundary G = ! is specified as the “sheath entrance” whereas the left hand boundary
G = 0 represents the non-emitting material wall. The uniform magnetic field is applied
in G − H plane which makes an angle \ with the line normal to the wall.

Figure 12: Plasma sheath model. (Source: Adhikari et al., 2019)

In the present work, we adopt the particle and field boundary conditions as;

(a) Particle boundary conditions

From the right hand boundary, the plasma particle enters the simulation region with cut-
offMaxwellian velocity distributions functions and the distribution function satisfies the
following conditions as:
At the left hand boundary,

5 B (G = 0, v ≥ 0) = 0; B = (4, 8) (3.92)

At the right hand boundary,

5 e(G = !, v ≤ 0) = �e exp

[
−

(
E2
G + E2

H + E2
I

E4
2

tf

)]
Θ[EecL − EG] (3.93)
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5 i(G = !, v ≤ 0) = �i exp

[
−
[(EG − EimL)

2 + E2
H + E2

I ]
E4

2

tf

]
Θ(EicL − EG) (3.94)

where the thermal velocity of particle species ‘s’ is

vstf =

√
2:B) s

<B
(3.95)

where EimL is the ion “Maxwellian-maximum” velocity at G = ! and EicL (E
i
cL < 0) is the

ion cut-off velocity at G = !. The electron velocity distribution function at any position
is

5 e(G, v ≤ 0) = �e exp

[
− E

2

Eetf
2 +

4q(G)
:B)

e
tf

]
Θ(Eec(G) − EG), (3.96)

where Θ(G) is a heaviside function and

Eec(G) =
√

24[q(G) − q0]
<e (3.97)

is the cut-off velocity of electron at point G.
Likewise, for the ions velocity distribution function is,

5 i(G = !, v) = �i exp

[
−
[(EG − EimL)

2 + E2
H + E2

I ]
E4

2

tf

]
Θ(EicL − EG) (3.98)

There are seven parameters �e, )e
f , E

e
cL, �

i, ) i
f , E

i
mL and EicL in the right hand side of

Equation (3.96) and Equation (3.98), they must be specified according to the physical
situation considered. The density of particle species-s at G = ! is

=s! =

∫ +∞

−∞
33E 5 s(!, v). (3.99)

At G = !, the electron density is,

=e! =

∫ ∞

−∞
33E 5 e(!, v)

= �e
∫ ∞

−∞
3EG

∫ ∞

−∞
3EH

∫ ∞

−∞
3EI exp

[
−

(
E2
G + E2

H + E2
I

E4
2

tf

)]
Θ[EecL − E]

= �e
∫ E4,2!

−∞
3EG exp

[
−

(
EG

Eetf

)2
] ∫ ∞

−∞
3EH exp

[
−

(
EH

Eetf

)2
] ∫ ∞

−∞
3EI exp

[
−

(
EI

Eetf

)2
]
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Using E/Eetf = b, we get

=e! = �e
∫ EecL/E

4
tf

−∞
E4C 5 exp

(
−b2

)
3b

√
cE4

2

C 5

√
cE4

2

C 5

= �ec Eetf
3

[√
c

2
+
√
c

2
4A 5

(
E4
2!

E4
C 5

)]
=

�e c3/2 Eetf
3

2
�e,

where

�e()e
f , q0) = 1 + 4A 5

(
E4
2!

Eetf

)
= 1 + 4A 5

√
−4q0
:B)

e
f

(3.100)

and “erf” represents the “Error function”, which is defined as

4A 5 (G) = 2
√
c

∫ G

0
3b exp

(
−b2

)
(3.101)

The ion density at G = ! is,

=i! =

∫ +∞

−∞
33E 5 i(!, v) =

∫ +∞

−∞
33E exp

[
−

(
(EG − EimL)

2 + E2
H + E2

I

Eitf
2

)]
Θ[EicL − EG]

= �i
∫ +∞

−∞
3EG

∫ +∞

−∞
3EH

∫ +∞

−∞
3EI exp

[
−

(
(EG − EimL)

2 + E2
H + E2

I

Eitf
2

)]
Θ[EicL − EG]

= �i
∫ EicL

−∞
3EG exp

−
(
(EG − EimL)

Eitf

)2
∫ ∞

−∞
3EH exp

−
(
EH

Eitf

)2
∫ ∞

−∞
3EI exp

−
(
EI

Eitf

)2
(3.102)

Using
(
E − EimL

)
/Eitf = b, we get

=i! = �i
∫ (EicL−E

i
mL)/E

i
tf

−∞
Eitf exp

(
−b2

)
3b

√
cE8

2

C 5

√
cE8

2

C 5

= �ic Eitf
3
[√
c

2
+
√
c

2
4A 5

(
EicL − E

8
<!

Eitf

)]
=

�i c3/2 Eitf
3

2
[
1 + 4A 5 (gicL)

]
=

�i c3/2 Eitf
3

2
�i
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where

�i = 1 + 4A 5 (gicL) and gicL =

(
EicL − E

8
<!

Eitf

)
The fluid velocity of species-B is given as

us =
1
=s
!

∫
v 5 B (G, v)33E (3.103)

Such that

ue
! = −

(
EeC√
c

�e

�e

)
8 (3.104)

and

ui
! =

[
EiG<,! −

EiC√
c

�i

�i

]
8 (3.105)

The presheath side electron temperature at G = ! is given as

)e
! =

1
3=e

!
:�

∫ ∫ ∫
33E <e (

E − De!
)2
5 e(G, v) (3.106)

where

�e = 1 + 4A 5
√
−4q0
:B)e , �e = exp

(
−4q0
:B)e

)
(3.107)

Likewise, the presheath side ion temperature at G = ! is given as

) i
! =

1
3=i

!
:B

∫ ∫ ∫
33E <i (E − Di! )2

5 i(G, v) (3.108)

(b) Field boundary condition

The magnitude of electrostatic potential is chosen as zero at G = ! and a fixed negative
constant value at G = 0 i.e.,

q(G = 0) = q0 (constant) < 0 (3.109)

q(G = !) = 0 (3.110)

Ourselves we restrict to the potential distribution, which decreases monotonically from
G = ! to G = 0 such that the electric field always remains negative.
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3.6 Presheath-sheath coupling

As the plasma flows towards the wall, it passes through the two specific regions like
electric field which have large gradient, as well as weak gradient of variables. The
“sheath” is the narrow region in which there is large gradient of electric field, as well as
supersonic velocity, where as “presheath” is the region attached with the bulk plasma,
having weak gradient of variables, and generally subsonic flow.

Sheath and presheath have different scale length and generally, are studied by using
various approaches (Riemann, 1991, 2000). In our case it is important, to couple the
different solutions at the side of presheath, and sheath. In our case, we present the
presheath-sheath coupling mechanism for the unperturbed flow of plasma parameters at
the presheath-sheath boundary. The coupling scheme satisfies an important requirements
i.e.,quasineutrality condition, sheath edge singularity condition, continuity of first three
moments and kinetic Bohm condition. The sheath side parameters =s, ) s and Ds are
coupled with the presheath side parameters =sps, ) s

ps and Dsps. The continuity of the
physical parameters is given by

=e! = =ps, =i! = =?B (3.111)

De! = D
e
ps, Di! = D

i
ps (3.112)

)e
! = )

e
ps, ) i

! = )
i
ps (3.113)

The coupling equations are

=eps = =ps = 4�e�e
(
c:B)

e

2<e

)1.5
(3.114)

=ips = =ps = 4�i�i
(
c:B)

i

2<i

)1.5
(3.115)

Deps = −
√

2:B)e

c<e
�e

�e (3.116)
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Dips = E
i
<! −

√
2:B) i

c<i
�i

�i (3.117)

)e
ps = )

e

[
1 − 2

3

√
−4q0
c:B)e

�e

�e −
2

3c

(
�e

�e

)2
]

(3.118)

) i
ps = )

i

[
1 − 2

3
gi
2!

c

�i

�i −
2

3c

(
�i

�i

)2]
(3.119)

3.7 Bohm-Chodura criterion

To exist sheath, the in-streaming ion have to satisfy the condition, which we say “Bohm-
Chodura Criterion”. Here we derive Bohm criterion, which is satisfied by injected ion
velocity distribution function, so that the formation of sheath is possible, whereas, we
assumed the electron distribution to satisfy full Maxwellian. This case arises for without
magnetic field or the applied magnetic field perpendicular to the wall.

Figure 13: Potential profile monotonically decreasing from G = ! to G = 0. (Source: Khanal, 2003)

The Poisson’s equation is written as

32q

3G2 = −
d(q)
Y0

. (3.120)
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In Taylor’ series, the above equation is expanded about G ≈ !, we get[
32q

3G2

]
G→!

= − 1
Y0

[
d(q0) + q

[
3d

3q

]
G→!
+ q

2

2

[
32d

3q2

]
G→!
+ − − −

]
(3.121)

If we assumed at the sheath entrance, the plasma is quasineutral, i.e. d(G!) = 0,
=ips = =

e
ps. Then, using the quasineutrality condition, and neglecting second and higher

order terms from Equation (3.121), we obtain[
32q

3G2

]
G→!
+ q
n0

[
3d

3q

]
G→!

= 0. (3.122)

But we have taken the potential profile which is monotonically decreasing towards the
wall i.e., of the form q(G ≤ !) ≤ 0. Hence the Equation (3.122), will have non-
oscillatory solution, only if[

3d

3q

]
G→!
≤ 0. (3.123)

In terms of particle densities, we expressed the above relation as[
3d

3q

]
G→!

= 4

[
3=i

3q
− 3=

e

3q

]
G→!

. (3.124)

At any point, the electron density including the potential profile, is given by

=e(q) = =e! 4G?
[
4q

:B)
e
f

] 
1 + 4A 5

√
4(q−q0)
:B)

e
f

1 + 4A 5
√
−4q0
:B)

e
f

 . (3.125)

The above equation is differentiated with respect to q which yields

3=e(q)
3q

=
=e
!
4

:B)
e
f

exp
[
4q

:B)
e
f

] 
1 + 4A 5

√
4(q−q0)
:B)

e
f

1 + 4A 5
√
−4q0
:B)

e
f


+
=e
!
4

:B)
e
f

exp

[
4q0
:B)

4
5

] √
:B)

e
f

4c(q−q0)

1 + 4A 5
√
−4q0
:B)

e
f

(3.126)

But at G → !, and q→ 0, above Equation (3.126) reduces to

[
3=e(q)
3q

]
G→!

=
=e
!
4

:B)
e
f

1 + exp
[
4q0
:B)

e
f

] √
−:B)e

f
4cq0

1 + 4A 5
√
−4q0
:B)

e
f

 . (3.127)
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We have taken the ion density at any point G which is given by

=i(q) =
∫ EicL

−∞

∫ ∞

−∞

∫ ∞

−∞
33E

[
1 − 24q

<iE2

]−1/2
5 i! (E). (3.128)

After differentiating the Equation (3.128), then we get

3=i(q)
3q

=

∫ EicL

−∞

∫ ∞

−∞

∫ ∞

−∞
33E

5 i
!
(E)
E2

[
1 − 24q

<iE2

]3/2
. (3.129)

As 24q < <iE2 at G → !, we expand the above relation to get[
3=i

3q

]
G→!

=
4

<i

∫ EicL

−∞

∫ ∞

−∞

∫ ∞

−∞
3E
5 i
!
(E)
E2

[
1 + 34q

<iE2

]
. (3.130)

At G → ![
3=i

3q

]
G→!
≡ 4

<i

∫ EicL

−∞

∫ ∞

−∞

∫ ∞

−∞
33E

5 i
!
(E)
E2 . (3.131)

From Equations (3.124), (3.127) and (3.131) we get

[
3d

3q

]
G→!

= 42


1
<i

∫ EicL

−∞

∫ ∞

−∞

∫ ∞

−∞
33E
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!
(E)
E2 −

=e
!

:B)
e
f

©­­«1 +

√
−:B)e

f
4cq0

exp
(
4q0
:B)

e
f

)
1 + 4A 5

√
−4q0
:B)

e
f

ª®®¬
 .

(3.132)

Then after we can write,

〈
1
E2

〉i
!

≤ 1
�2
B

1 +
√
−:B)e

f
4cq0

exp
(
4q0
:B)

e
f

)
1 + 4A 5

√
−4q0
:B)

e
f

 , (3.133)

where〈
1
E2

〉i
!

≤ 1
=!

∫ E8,2!

−∞

∫ ∞

−∞

∫ ∞

−∞
33E

5 i
!
(E)
E2 (3.134)

and

�2
B =

:B)
e
f

<i . (3.135)

Hence the Bohm’s criterion is〈
1
E2

〉
≤ 1
�2
B

(3.136)
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3.8 Electron density distribution

Electron density is obtained at any grid point G 9 by using distribution function of electron
Equation (3.93) is

=e9 = =
e
! exp

(
4q 9

:)e
5

) 
1 + 4A 5

√
4(q 9−q0)
:)e

5

1 + 4A 5
√
−4q0
:)e

5


(3.137)

where =e
9
= =e(G 9 ) and q 9 = q(G 9 ).

Therefore, the electron density at any point is obtained if the potential profile is known.

3.9 Discretization of the simulation region

We are interested, in the region between G = 0 and G = ! , which we say ‘simulation
region’. In Figure 14, entire simulation region, is uniformly discretized in velocity space,
as well as position. In such simulation region, the grid point of position, is represented
as G 9 ( 9 = 1, 2, 3, ¤,=G , with =G the total number of grid points), whereas the separation
between consecutive grid point, is represented by ΔG. Our discretization, 9 = 1 and
9 = =G , correspond to left-hand boundary (G = 0), and right-hand boundary (G = !)
respectively. In the work of computations, we choose the region to be large enough,
such that the grid size, is less than the Debye length, of the injected electrons. As the
values of any quantity @(G), at the grid points, are represented by @ 9 = @(G 9 ), then its
value at any other point ‘G’, between two grid points @ 9 and @ 9+1 may be approximated
by linear interpolation, in the form as,

@(G) =
(G 9+1 − G

ΔG

)
@ 9 +

(G − G 9
ΔG

)
@ 9+1 (3.138)

where, G 9 ≤ G ≤ G 9+1.
Next excellence approximation, is the second-order interpolation, between the points
G 9−1 and G 9+1.

At any point, suppose @(G) be the value of any quantity. Then @(G) at any point is
approximated as below:

@G = @ 9 + 2(G − G 9 ) + 3 (G − G 9 )2 (3.139)

and at point G = G 9−1 is

@ 9−1 = @ 9 − 2ΔG + 3ΔG2 (3.140)
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Figure 14: Schematic representation of the phase-space griding. (Source: Khanal, 2003)

Also at point G = G 9+1 is

@ 9+1 = @ 9 + 2ΔG + 3ΔG2 (3.141)

Equation(3.140) and (3.141) gives

2 =

(
@ 9 − @ 9−1 + 3 (ΔG)2

ΔG

)
(3.142)

If we substitute the value of ‘c’ in equation(3.141), we get

@ 9+1 = @ 9 +
[
@ 9 − @ 9−1 + 3 (ΔG)2

]
+ 3ΔG2 (3.143)
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On solving the above equation, we get

3 =

(
@ 9+1 + @ 9−1 − 2@ 9

2(ΔG)2

)
(3.144)

If the value of ‘d’ is used, then we get the value of ‘c’ as below

2 =

(@ 9+1 − @ 9−1

2ΔG

)
(3.145)

Substituting the value of ‘c’ and ‘d’ in above equation (3.139), we get

@(G) = @ 9 + (G − G 9 )
(@ 9+1 − @ 9−1

2ΔG

)
+ 1

2
(G − G 9 )2

(
@ 9+1 + @ 9−1 − 2@ 9

(ΔG)2

)
(3.146)

From this equation, the first, and second derivatives of any quantity @(G), are approxi-
mated as shown below(

3@

3G

)
9

=

(@ 9+1 − @ 9−1

2ΔG

)
(3.147)

and (
32@

3G2

)
9

=

(
@ 9+1 + @ 9−1 − 2@ 9

(ΔG)2

)
(3.148)

respectively.

3.10 Discretizing ion velocity

Figure 14 shows the velocity space of ion is uniformly discretized.The : th, grid value of
ion velocity, is represented like E: , where : = 1, 2, 3, . . . , =E with =E the total number of
velocity grid points. : = 1 and : = =E, correspond to the fast, and the slow velocities
of ion, in the discretization respectively. We consider, the ions with negative velocities
in our simulation method. Setting E=E = 0 and choosing |E1 | sufficiently large, such that
the fastest moving ion, reaching the left-hand boundary, does not exceed this value, i.e.
|E1 | ≥ |Ei<0G,0 |. We select =E to be sufficiently large, for the velocity grid size may be
considerably less, as compared to that of thermal velocity of ion Ei

C 5
.

3.11 Ion trajectories

(a) discrete set of the injection velocities

Ions are injected, at the boundary of right-hand i.e., sheath entrance, G = !, in the
range of velocity −∞ < E ≤ Ei

2!
. In the numerical implementation, this domain is
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approximated by the finite Ei
<!
≤ E ≤ Ei

2!
, and discretize the latter with =CA0 equidistant,

injection velocities of ion Ei
g!
(g = 1, 2, ..., =CA0), where g = 1 and g = =CA0 correspond

to the injection velocities, Ei
<!

and Ei
2!

respectively. Selection of Ei
2!

is dependent on
considering the problem and the maximum injection velocity, Ei

<0G,!
, is selected large

enough, for the distribution function of ion, corresponding to velocities larger, than this
velocity to be negligible. We use Ei

<!
= Ei

2!
− 4Ei

C 5
, in our computations, where Ei

C 5
is

the thermal velocity of ion.

(b) Discrete set of ion trajectories

At the boundary of right hand, G = !, the injection velocity, represents the ion trajectory
velocity, at starting condition, in collisionless case, the =CA0, discrete injection velocities,
Ei
g!
, is the =CA0 related trajectories, which is labeled by the index ‘g’. The trajectory,

corresponding to certain injection velocity is denoted by Ei
g!

by Eig (!), and the velocity
with which it crosses a grid point G 9 is Eig 9 = E

i
g

(
G 9

)
, thus Eig=G ≡ E

i
g!
= Eig (!), in phase

space. Velocities, Eig, represent the ion trajectories intersections E = Eig (!), and the
velocity, which crosses a grid point, G = G 9 , Eig 9 = E

i
g (G 9 ), is said to be “intersection

velocities". Injection velocities of ion, Ei
g!
, are not dependent of the ion grid velocities,

E: , but we often choose them, such that each, Ei
g!

coincide with one of the E: ’s.

(c) Numerical calculation of ion trajectories

To calculate, the related velocity distribution functions, collision less trajectories is
traced in KTS method. Trajectories of ion are considered in this section and hence
omit the species index ‘8’. To calculate the ion trajectory, we discretize equations of
motion of ion Equation (3.66), Equation (3.70), Equation (3.71) and Equation (3.72) in
time-centered manner as

G<+
1
2 − G<− 1

2

ΔC
= E<G (3.149)

and for change in EG is

E<G − E<−1
G

ΔC
= 0

<− 1
2

G =
4

<i

[
�

(
G<−

1
2

)
+ (E × �)<−

1
2

G

]
=
4

<i� (G
<− 1

2 ) − 4�0 sin \
<i E

<− 1
2

I (3.150)

Change in EH is

E<H − E<−1
H

ΔC
= 0

<− 1
2

H =
4

<i

[
0 + (E × �)<−

1
2

H

]
=
4�0 cos \

<i E
<− 1

2
I (3.151)
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For change in EI is

E<I − E<−1
I

ΔC
= 0

<− 1
2

I =
4

<i

[
0 + (E × �)<−

1
2

I

]
=
4�0
<i

(
E
<− 1

2
G sin \ − E<−

1
2

H cos \
)

(3.152)

respectively, here ΔC, is the numerical, time-step size, < ≥ 0, is the integer, such that the
integral or half integral superscript < ≥ 0, is such that, E< = E(C<), G<+ 1

2 = G

(
C<+

1
2

)
,

etc. Which corresponding to the total time elapsed, in steps of ΔC, for the ion having
injected at time zero at the boundary of right-hand. So, < = 0 corresponds to C = 0 with
the injection (or starting) values

G0 = ! and E0
G = E

i
g! (3.153)

Positions selection at half integral times, as well as velocity at integral times in Equations
(3.149), (3.150), (3.151)and(3.152) makes the time centered numerical scheme. Any
step of time < ≥ 1, with G<− 1

2 and E<−1
G is given from the (< − 1)BC step, the new ion

velocity is calculated from equation(3.150) as given below

E<G = E
<−1
G + 4ΔC

<i � (G
<− 1

2 ) − 4�0ΔC sin \
<i E

<− 1
2

I (3.154)

and we can also find new position of the ions from Equation (3.149)

G<+
1
2 = G<−

1
2 + ΔCE<G (3.155)

Electric field in Equation (3.154) at any point is obtained in the region of simulation by
Equation (3.78). Therefore, there is ends up numerical scheme, with G-points at half-
integral times,

(
G<+

1
2

)
and velocities, at integral times,

(
E<G

)
along a trajectory which is

collisionless. Also, we can find, the ion velocity, at G<+ 1
2 as given below equation

E<G + E<+1G

2
= E

<+ 1
2

G (3.156)

(d) Intersection velocities

Velocities which are at half integral time as in Equation(3.156), may not coincide, with
the fixed grid points, G 9 . To calculate the velocities of intersection for the gCℎ, trajectory,
at some inner grid point, G 9 , the interpolation which is linear can be used as given below
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E8g 9 =

(
G<−

1
2 − G 9

)
E
<+ 1

2
G +

(
G 9 − G<+

1
2

)
E
<− 1

2
G(

G<−
1
2 − G<+ 1

2

) (3.157)

In this equation G<− 1
2 and G<+ 1

2 are the adjacent points, along the trajectory on the right-
hand side, and the left-hand side of the grid point G 9 , respectively. We use the scheme
of parabolic extrapolation, to calculate velocity of ion at the boundary of left-hand
(G = 0). We consider the last three calculated points along the trajectory, which lie to
the right-hand side, of the boundary of left-hand[(

G<−
1
2 , E

<− 1
2

G

)
,

(
G<−

3
2 , E

<− 3
2

G

)
and

(
G<−

5
2 , E

<− 5
2

G

)]
near the left-hand boundary, the ion velocity is approximated as

E(G) = E<−
5
2

G + 2
(
G − G<− 5

2

)
+ 3

(
G − G<− 5

2

)2
(3.158)

In this equation, ‘c’ and ‘d’ are constants and value of these constants are calculated. At
the point G = G<− 1

2 , velocity is approximated as below

E
<− 1

2
G = E

<− 5
2

G + 2
(
G<−

1
2 − G<− 5

2

)
+ 3

(
G<−

1
2 − G<− 5

2

)2

or 2 =

E
<− 1

2
G − E<−

5
2

G − 3
(
G<−

1
2 − G<− 5

2

)2(
G<−

1
2 − G<− 5

2

) (3.159)

The velocity is approximated at the point G = G<− 3
2 as

E
<− 3

2
G = E

<− 5
2

G + 2
(
G<−

3
2 − G<− 5

2

)
+ 3

(
G<−

3
2 − G<− 5

2

)2
(3.160)

The value of ‘c’ is used from Equation (3.159) in Equation(3.160), then we get,

E
<− 3

2
G = E

<− 5
2

G +

E
<− 1

2
G − E<−

5
2

G − 2
(
G<−

1
2 − G<− 5

2

)2(
G<−

1
2 − G<− 5

2

) 
(
G<−

3
2 − G<− 5

2

)
+ 3

(
G<−

3
2 − G<− 5

2

)2
(3.161)
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Then we obtain the value of ‘d’ from above equation as

3 =

(
G<−

5
2 − G<− 3

2

) (
E
<− 1

2
G − E<−

5
2

G

)
−

(
G<−

5
2 − G<− 1

2

) (
E
<− 3

2
G − E<−

5
2

G

)
(
G<−

5
2 − G<− 1

2

) (
G<−

5
2 − G<− 3

2

) (
G<−

3
2 − G<− 1

2

) (3.162)

This value of ‘3’ is used in Equation (3.159), then we get the value of ‘2’ as

2 =

(
G<−

5
2 − G<− 3

2

)2
(
E
<− 1

2
G − E<−

5
2

G

)
−

(
G<−

5
2 − G<− 1

2

)2
(
E
<− 3

2
G − E<−

5
2

G

)
(
G<−

5
2 − G<− 1

2

) (
G<−

5
2 − G<− 3

2

) (
G<−

3
2 − G<− 1

2

) (3.163)

If we used the value of the constants ‘2’ and ‘3’ from Equation(3.163) and Equa-
tion (3.162) on to the Equation (3.158), then we calculate the ion velocity at the left-hand
boundary as,

Eig (G = 0) = E<−
5
2

G − 2G<− 5
2 + 3

(
G<−

5
2

)2
(3.164)

3.12 Ion velocity distribution function

Tracing the ion trajectories, for all =CA0 injection velocities Ei
g!
, we can calculate the

related, intersection velocities Equation (3.149), and the corresponding distribution
functions, at all grid points G 9 . The injection velocity, from where we start, are generally
uniformly spaced, but the corresponding ion velocities, at the other grid points, 0 ≤ G 9 <
!, are spaced non uniformly, and generally not to be coincide with the grid velocities
which is fixed, E: . For our model there is not necessary, to know the ion distribution
function, at these uniformly spaced, grid velocities.

The ion distribution function, can be calculated at the fixed grid points (position and
velocity) by linear interpolation of the values, associated with the trajectory intersection
points, to the closest desired grid points.

3.13 Ion density distribution

From the approach of distribution function, ion density distribution, =i(G) is obtained
as:

Distribution-function approach (DFA)

In the distribution function approach, the ion density distribution, =i(G 9 ) is obtained
with the help of integrating the ion velocity distribution function, over the velocity
space. For the model of plasma we have chosen, we obtain the ion distribution function,
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only at the intersection points [G 9 , Eig (G 9 )] and also be obtained, at the fixed grid points
[G 9 , E: ] where there is given the distribution function. The ion density at G 9 , where the
distribution functions, 5 i(G 9 , Eig 9 ), and the velocities of intersection of all =CA0 trajectories
of ion, Ei

g 9
, are given, can be achieved by the following form of discretization

For first ion species

=i(G 9 ) =
1
2

=CA0−1∑
g=1

[
5 i(G 9 , Eig 9 ) + 5 i(G 9 , Eig+1, 9 )

] (
Eig+1, 9 − E

i
g 9

)
(3.165)

and

=i(!) = 1
2

=CA0−1∑
g=1

[
5 i(!, Eig 9 ) + 5 i(!, Eig+1,!)

] (
Eig+1,! − E

i
g 9

)
(3.166)

3.14 Solution of Poisson’s equation

As the electron and ion densities are calculated, then from Equation (3.137) and Equa-
tion (3.166), we obtained the space charge density distribution by using

d(G 9 ) =
∑
B

@B=B (G 9 ) = 4[=i(G 9 ) − =e(G 9 )] (3.167)

Using the knowledge of space charge distribution, d(G 9 ), from Equation (3.167), Pois-
son’s Equation (3.79) is solved numerically to obtain the new potential distribution,
q(G 9 ). By using Equation(3.148), the discretized form of Poisson’s equation is

q 9+1 − 2q 9 + q 9−1

(ΔG)2
= −

d 9

n>
(3.168)

Here we write this equation, for all internal grid points, in the simulation region ( 9 =
2, 3, ...., =G − 1) which yields the following =G − 2 equations, involving =G unknowns,
q1, q2, ...., q=G :

q1 − 2q2 + q3 = −
(ΔG)2
n>

d2

q2 − 2q3 + q4 = −
(ΔG)2
n>

d2 (3.169)

− − − − − − − − − − − −

q=G−2 − 2q=G−1 + q=G = −
(ΔG)2
n>

d=G−1
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At the two boundaries, the potential values have to be fixed as

q(G = !) = q=G = q! (3.170)

and

q(G = 0) = q1 = q0 (3.171)

As the Equations (3.169), (3.170) and (3.171) is solved, we obtain the potential distri-
bution, i.e. the potential values q1, q2, ...., q=G , this can be expressed as a single matrix
equation as below

©­­­­­­­­­­­­«

1 0 0 0 . . 0
1 −2 1 0 . . 0
0 1 −2 . . . 0
. . . . . . .

. . . . . . .

. . . . 1 −2 1

. . . . 0 0 1

ª®®®®®®®®®®®®®¬
×

©­­­­­­­­­­­­«

q1

q2

.

.

.

q=G−1

q=G

ª®®®®®®®®®®®®®¬
=

©­­­­­­­­­­­­­«

q>

− (ΔG)
2

n>
d2

.

.

.

− (ΔG)
2

n>
d=G−1

q!

ª®®®®®®®®®®®®®¬
(3.172)

The left-hand side, as well as at the right-hand side matrix are known. To solve the
matrix equation, inverse of the first matrix, is multiplied with the right-hand side matrix,
this is done by using the simple command in MATLAB programs.

3.15 Relaxation scheme

Exactly the solution of Poisson’s equation converges for short systems (i.e., few Debye
lengths). As the length of system increases, very small fluctuation, of the potential
causes unphysical accumulation of the charges and hence the scheme, breaks down.
Relaxation scheme is used to overcome this difficulty. Numerically exact potential
distribution function q(<)4G , is obtained by solving Equation (3.172), which is linearly
combined, with old potential distribution q(<−1) (G 9 ), to obtain the “re-adjusted" new
potential distribution function q(<) (G 9 ), which is used exactly as the applicable result of
<Cℎ iteration:

q(<) (G 9 ) = lq(<)4G + (1 − l)q(<−1) (G 9 ) (3.173)

with 0 < l < 2, and l is the relaxation parameter.

63



3.16 Electric field calculation

In this section, we discuss how the electric field is calculated, at all the grid points, from
the potential profile which is given, and how we calculate the electric field for the points
which are lying between two grid points.

(a) Electric field at the inner grid points:

At the inner grid points 9 = 1, 2, . . . , =G − 1, the electric field is obtained as follows,

� (G) = −
q(G 9+1) − q(G 9−1)

2ΔG
(3.174)

(b) Electric field at the left-hand boundary:

Close to the left-hand boundary, (G = 0), we consider, for the potential, the parabolic
approximation as given below,

q(G) = q1 + 2G + 3G2 (3.175)

where q0 = q1 is potential at G = 0. For second and third grid points, we have two
equations, which are

q2 = q1 + 2ΔG + 3 (ΔG)2 (3.176)

and

q3 = q1 + 22ΔG + 43 (ΔG)2 (3.177)

respectively, from which the constants ‘2’ and ‘3’ is obtained as

2 = −3q1 − 4q2 + q3
2ΔG

(3.178)

and

3 =
q1 − 2q2 + q3

2(ΔG)2
(3.179)

We obtained, electric field near G = 0 by taking the derivative of Equation(3.175) as
given below

� (G) = −3q(G)
3G

= −2 − 23G (3.180)
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Hence, the electric field, at the left-hand boundary, is given by

� (G = 0) = −2 = 3q1 − 4q2 + q3
2ΔG

(3.181)

(c) Electric field at the right-hand boundary:

Close to the right-hand boundary (G = !), let us consider for the potential, a parabolic
approximation as given below

q(G) = q=G−2 + H(G − G=G−2) + I(G − G=G − 2)2 (3.182)

In this equation, q=G−2 is the potential at the grid point G=G−2 ≡ ! − 2ΔG . For the grid
points G=G−1 and G=G , we have the equations as

q=G−1 = q=G−2 + HΔG + I(ΔG)2 (3.183)

and

q=G = q=G−2 + 2HΔG + 4I(ΔG)2 (3.184)

respectively, the constants ‘y’ and ‘z’ can be obtained as follows:

H = −
q=G − 4q=G−1 + 3q=G−2

2ΔG
(3.185)

and

I =
q=G − 2q=G−1 + q=G−2

2(ΔG)2
(3.186)

By taking the derivative of Equation (3.182), the electric field close to G = ! is obtained
as

� (G) = −3q(G)
3G

= −H − 2I(G − G=G−2) (3.187)

Hence, at the right-hand boundary, the electric field is given as

� (G = !) = −H − 4IΔG = −
3q=G − 4q=G−1 + q=G−2

2ΔG
(3.188)

(d) Electric field at any point in the simulation region:

As we calculated the electric field at every grid point, the electric field, at any point, in
the simulation region is obtained by the linear interpolation between two nearest grid
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points G 9 and G 9+1 as given below

� (G) =
(G 9+1 − G)� 9 + (G − G 9 )� 9+1

ΔG
(3.189)

3.17 Iteration scheme

In our work, we are dealing only with collisionless and time independent cases. We take
the initial-guess potential q(0) (G 9 ) as input to the main iteration block, which is the first
iteration to the potential distribution q(1) (G 9 ). With the new potential as input, the main
iteration block will be again invoked yielding q(2) (G 9 ), until the potential distribution
has converged. The main iteration scheme is shown in the Figure 15. This iteration
block carries out the <Cℎ iteration (i.e. it calculates the new distributions, q< (G 9 )) for
a given input (old) potential distribution, q<−1(G 9 ), by performing the three steps as
follows.

Step 1: Analytically, the new electron density distribution, =4(<) (G 9 ) is calculated by
using Equation (3.102). We calculate the new ion density =8(<) (G 9 ) by DFA approaches,
by the help of Equation (3.131).

Step 2: From the new densities, =4(<) (G 9 ), as we obtained in step 1, we calculate the
new space-charge density, d(<) (G 9 ), from Equation (3.81).

Step 3: By solving the matrix Equation (3.172), the new potential distribution, q(<) (G 9 ),
is obtained numerically, with the new space-charge density, d(<) (G 9 ) which is inserted
on the right-hand side.
The new potential distribution, q(<) (G 9 ), which is obtained in Step 3 of the main
iteration block, is compared with the old potential distribution, q(<−1) (G 9 ) and we let
the convergence to be reached if at each point G 9 the condition

| q(<) (G 9 ) − q(<−1) (G 9 ) |6 X (3.190)

is satisfied, where X is treated as the accuracy parameter.

3.18 Introduction to Runge-Kutta method

The ordinary differential equations can be reduced to the first order differential equations.
The example of the second order equation is (Press et al., 2007)

32 5

3G2 + @(G)
35

3G
= A (G) (3.191)
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 Specify boundary potentials (!" and !#) and injection distribution 
functions $%&

' (), +). 

- = 0 

Prescribe initial-guess potential distribution !0(12) 

3 = 3+ 5 

Step 1: Calculate 67(12) by means of the analytical approach. 
            Calculate 6%(12) by the distribution function approach 

Step 2: Calculate 8(9):12; = <[6%:12; − 67(12)] 

Step 3: Find !9(12) 

Check of convergence |!9:12; − !(9AB):12; ≤ D 

Output, the self-consistent quantities: 

!(EF):12; = !(9):12;, 8(EF)(1), 67(1), etc . 

Yes 

No 

Figure 15: The Iteration Scheme (Khanal, 2003).

This equation is rewritten as the two first order equations as

35

3G
= I(G) (3.192)

3I

3G
= A (G) − @(G)I(G) (3.193)
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Here in this equation I is the new variable. In the ordinary differential equations, the
problem is reduced to the set of N coupled first order differential equations, for the
functions 5i, 8 = 1, 2, . . . , # having the form as

35i(G)
3G

= (i(G, 51, . . . , H# ) , 8 = 1, . . . , # (3.194)

where the right hand side functions (i are known.

The involving problem ODEs is not specified completely by its equation. Even in
determining crucially , numerically how to attack the problem, is the nature of problem’s
boundary condition. In above Equation (3.49) boundary conditions are the algebraic
conditions, on values of functions 5i.

For solving the initial value problems for ODEs, practically there are three types of
numerical methods which are: Runge-Kutta methods, Richardson extrapolation and
its particular implementation as the Bulirsch-Stoer methods and predictor-corrector
methods.

But in this section, we discuss the numerical Runge-Kutta method which are used to
solve the Lorentz force equation. Around 1900, two mathematicians Runge and Kutta
enunciated this method. The increments of the function are calculated, once for all, with
the help of formulas. Calculations of first increment are perfectly same, as for any other
increment. Various types of differential equation formulas are discussed as given below
(Scarborough, 1966).
(a) First-order equation
Suppose

3I

3C
= 5 (C, I)

indicates, any first order equation, also let h indicates the interval, among equidistant
values of t. As the starting values are I0, C0, then the first increment, in I is computed,
from the formulas given below

;1 = ℎ 5 (C0, I0)

;2 = ℎ 5

(
C0 +

ℎ

2
, I0 +

;1
2

)
;3 = ℎ 5

(
C0 +

ℎ

2
, I0 +

;2
2

)
;4 = ℎ 5 (C0 + ℎ, I0 + ;3)

4I = 1
6
(;1 + 2;2 + 2;3 + ;4) (3.195)
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Then,

C1 = C0 + ℎ , I1 = I0 + 4I

For the interval of second, the increment in I, is computed in a same way, by means of
the formulas given below

;1 = ℎ 5 (I1, C1)

;2 = ℎ 5

(
C1 +

ℎ

2
, I1 +

;1
2

)
;3 = ℎ 5

(
C1 +

ℎ

2
, I1 +

;2
2

)
;4 = ℎ 5 (C1 + ℎ, I1 + ;3)

4I = 1
6
(;1 + 2;2 + 2;3 + ;4) (3.196)

The increments for succeeding intervals are computed exactly the same way.
(b) Second-order equation
We suppose the differential equation of second order

32I

3C2
= 5

(
C, I, ¤I = 3I

3C

)
.

Suppose h denote the time interval, between equidistant values of t and C0, G0 and ¤I(0)
indicates the initial values of t, z and ¤I, as well. First increment numerical solution of
equation above, is computed as

;1 = ℎ 5 (C=, I=, ¤I=)

;2 = ℎ 5

(
C= +

ℎ

2
, G= +

ℎ

2
¤I= +

ℎ

8
;1, ¤I= +

;1
2

)
;3 = ℎ 5

(
C= +

ℎ

2
, G= +

ℎ

2
¤G= +

ℎ

8
;2, ¤G= +

;2
2

)
;4 = ℎ 5

(
C= + ℎ, G= + ℎ ¤I= +

ℎ

2
;3, ¤I= + ;3

)
4I = ¤G= +

1
6
(;1 + ;2 + ;3) and (3.197)

4¤I= =
1
6
(;1 + 2;2 + 2;3 + ;4) (3.198)

where = = 0, 1, 2, . . . . Then

C1 = C0 + ℎ , I1 = G0 + 4I and ¤I1 = ¤I0 + 4¤I .
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CHAPTER 4

4. RESULTS AND DISCUSSION

In this chapter, the compiled set of kinetic equations in the section (3.1) to (3.25) are
solved in MATLAB using KTS model and Ode45 for the given boundary conditions.
To study the magnetized plasma sheath characteristics, ions velocity profile for differ-
ent magnetic field and its obliqueness, has been investigated using Kinetic Trajectory
Simulation Model. The obtained results are in well agreement with the previous 1d3v
results.

At the entrance of the sheath, knowing the kinetic parameters initially, we solve the
coupling of the kinetic presheath-sheath equations for the presheath parameters which
are given. For this coupling scheme, the field boundary conditions are q(G = !) = 0
and q(G = 0) = qw < 0. We consider the numerical parameters as: � = 100 mT, \ = 5◦,
mass of electron,<e = 9.1×10−31 kg, mass of hydrogen atom,<H = 1.67×10−27 kg, the
simulasion region have dimension 15_eD, where _

e
D is the Debye length of the electron,

G/_eD is the normalized distance and =ps = 1020 m−3. Here, we apply the KTS as well as
numerical Runge- Kutta method to a plasma sheath problem, assuming the parameters
at the presheath side of the sheath-presheath boundary to be given (fixed). The plasma
parameters at the presheath side of the sheath-presheath boundary must to satisfy the
quasineutrality condition, sheath edge singularity condition, continuity of first three
moments and also the Bohm Chodura criterion.

Parameters �e, )e
f , E

e
2!
, �i, ) i

f , E
i
<!

and Ei
2!

must be specified for the physical situation
considered. In our calculation these parameter are imported from 1d3v coupling scheme.
We consider the following parameters at the presheath side of the sheath-presheath
boundary:

• Electron temperature as (10 − 19) eV.

• Different values of the magnetic field are taken as 1 mT, 1.5 mT, 2 mT, 2.5 mT,
3 mT, 4.5 mT, 5 mT, 6 mT, 7.5 mT, 8 mT, 9 mT and 10.5 mT.

• Different values of the obliqueness of the field are taken as 30◦, 60◦, 75◦ and 90◦.
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4.1 Distribution function of ions

Ion species distribution function at the sheath entrance and the wall is shown in Fig-
ure 16(a) and 16(b). From this Figure, we see that velocity distribution function of
ion is cut-off shifted half Maxwellian distribution. At the sheath entrance and wall, in
magnitude, cut-off as well as Maxwellian maximum velocities are equal. However, as
the ion flows towards the wall, its cut-off as well as Maxwellian maximum velocities
increases from 1.907 E8C to 5.609 E8C .
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Figure 16: Ion velocity distributions function (a) at the sheath entrance and (b) at the wall

4.2 Potential profile

The effect of presheath electron temperature on potential profile is shown in Figure 17.
The potential is monotonic function in the plasma wall transition region for two different
values of electron temperature, which is consistent with the Debye shielding. With
the increase in presheath electron temperature, the thermal velocity of electrons get
increased and the density of electrons reaching the wall is higher resulting more negative
potential developed on the wall. The simulated numerical values of the wall potential
are −28.0844 V and −33.7013 V for presheath electron temperatures 10 eV and 12 eV
however, the respective theoretical numerical values are −27.3155 V and −32.7786 V,
respectively. The deviation of the simulated result from theoretical result is due to the fact
that the cut-offMaxwellian distribution of electrons by the reflective wall. The density of
electron given by our model is less as compared to that given by Boltzmann distribution
that makes the absorbing wall more negative. Hence, in magnitude simulated value is
high as compared to that of theoretical value which is nearly 3% in the magnitude.
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Figure 17: Potential profile as the function of normalized distance

4.3 Child-sheath thickness

Variation of Child-sheath thickness with presheath electron temperature is shown in
Figure 18. From this plot, it has been observed that the thickness of sheath is influenced
greatly by presheath electron temperature. With the increase in electron temperature at
the presheath side, Child-sheath thickness increases.
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Figure 18: Child-sheath thickness as the function of presheath electron temperature

4.4 Ion and electron fluxes

The self-consistent ion and electron fluxes as the function of potential for two different
values of presheath electron temperature are shown in the Figures 19 and 20, respectively.
From these figures, it is seen that the ion and electron fluxes decrease towards the wall
whereas the decrement rate of electron flux is more than ions. The electron flux is almost
constant whereas that of ions are different such that the space charge density increases
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to wards the wall.
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Figure 19: Ion flux as the function of potential
for different values of presheath electron tem-
perature
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Figure 20: Electron flux as the function of po-
tential for different values of presheath electron
temperature

4.5 Presheath ion velocity profile

Figure 21 shows the presheath ion velocity as the function of temperature of ion at
the presheath side for presheath electron temperature for different values (10 eV, 11 eV
and 12 eV). The flows of the ion motion is feebly influenced by the residual electric
field. Therefore, with the increase in presheath ion temperature, there is increment of
the entrance ion velocity as well. Also, ions velocity is affected by the temperature of
electron.
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Figure 21: Presheath ion velocity as the function of presheath ion temperature for different values of
presheath electron temperature

From Figure 22, we observe the coupling of ion temperature at the sheath side with
respect to presheath ion temperature. From this plot, we see that with the increase of
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ion temperature at the region of sheath, there is increase of presheath ion temperature as
well.
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Figure 22: Variation of ion temperature as the function of presheath ion temperature

4.6 Comparison of kinetic approach and fluid approach

The self consistent potential profile for the electron temperature 10 eV is shown in
Figure 23. In this picture red colour line shows the plot of fluid approach whereas
the black colour shows the plot of kinetic approach. It has been observed that the
simulated values of wall potential for kinetic approach and fluid approach are −28.08 eV
and −26.08 eV respectively for presheath electron temperature 10 eV respectively. At
the presheath region both fluid and kinetic approach works very well. In the sheath
region the plasma parameters have sharp gradient so that fluid theory could not suitable
to understand the sheath properties. Due to sharp variation, we need to know the
distribution function each and every point which is incorporated by kinetic theory.
However both models are qualitatively similar, quantitavily different Khanal (2003). It
is more appropriate when the plot of kinetic approach move towards the wall instead of
fluid approach.
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4.7 Temporal ion velocity profile for different obliqueness of the magnetic field

The time dependency of velocity component of ions have been calculated for magnetic
field 2.5 mT at different values of obliqueness of the field (0◦, 30◦, 45◦, 60◦, 75◦

and 90◦). The results of calculation are shown in Figures 24 to 32. Figure 24(a)
shows that the velocity along I−axis is independent of applied magnetic field. There is
gyration of particles along G and H−axes. At initial condition of consideration of time
there is more gyration along perpendicular axes. when further time increases, gyration
frequency decreases gradually and after some time its value becomes negligible. After
0.6 second oscillation of each component of velocity become very negligible and each
velocity component terminated to some mean value. The mean values of G, H and I−
component of velocity at angle 0◦ are observed to be 7.6 m/s, −54.6 m/s and 9794 m/s
respectively. Initally the G and H− component of velocity oscillate with maximum
amplitude 13410 m/s, 12460 m/s and nearly 0 for I− component respectively.

Figure 24(b) shows that as the obliqueness increases to 30◦ the mean values of G and H
separated such that mean value of G is 28.14m/s and H is 8059m/s. The I− component of
velocity also shows some oscillations and its mean value becomes negative ie−1320m/s.
Also at obliqueness 30◦ the G, H and I−component of velocity oscillate with maximum
amplitude 14378 m/s, 9061 m/s and 13230 m/s respectively

Figures 24(c) and 24(d) shows that at obliqueness 45◦ and 60◦ themean values of G, H and
I−component are −36.47 m/s, 11460 m/s, 7103 m/s and 27.36 m/s, 3816 m/s, 11710 m/s
respectively. Also at obliqueness 45◦ and 60◦ the G, H and I−component of velocity
oscillate with maximum amplitude 9830 m/s, 4786 m/s, 7747 m/s and 10303 m/s,
10522 m/s, 3360 m/s respectively

Similarly, Figures 24(e) and 24(f) show that at obliqueness 75◦ and 90◦ the mean
values of G, H and I− component of velocity are −12.01 m/s, −2103 m/s, 4789 m/s
and −43.39 m/s, 3920 m/s, −1926 m/s respectively. Also the G, H and I−component
of velocity oscillate with amplitude 15478 m/s, 13333 m/s, 5611 m/s and 14693 m/s,
13980 m/s, 13994 m/s respectively.

To estimate the parameters of the computed plot, we have calculated the mean value,
maximum amplitude, damping constant, frequency of oscillation and the phase angle.
For magnetic field 2.5 mT and angle (30◦ and 45◦), we got damped oscillatory nature
of each component of velocities as shown in Figures 25 to 30. The fitted plots are
almost well matched with the computed plots. Figure 25 shows that the G− component
of velocity approximately has mean value 26 m/s, maximum amplitude 14910 m/s,
damping constant 6.922 s−1, frequency of oscillation 74.627 Hz and phase angle 0.773c
radian. Similarly Figures 26 and 27 show that at the same value of magnetic field
2.5 mT and angle 30◦, the H and I− component of velocity has mean value, maximum
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Figure 24: Variation of velocity with time at constant magnetic field 2.5 mT for different values of
obliqueness (a) at angle 0◦, (b) at angle 30◦, (c) at angle 45◦, (d) at angle 60◦, (e) at angle 75◦ and (f) at
angle 90◦ .

amplitude, damping constant, frequency of oscillation and phase angle as 8052 m/s,
2287 m/s, 6.665 s−1, 74.667 Hz, 0.7244c radian and 1362 m/s, 14600 m/s, 6.4 s−1,
74 Hz and 0.272c radian, respectively.
Figure 28 shows that at magnetic field 2.5 mT and angle 45◦, the G− component of

velocity approximately has mean value 0, maximum amplitude 9794.2 m/s, damping
constant 5.697 s−1, frequency of oscillation 72 Hz and phase angle 0.5c radian. Also
Figures 29 and 30 shows that at the same value of magnetic field 2.5 mT and angle 45◦,

76



Figure 25: Damping of x- component of velocity with time at magnetic field 2.5 mT and angle 30◦.

Figure 26: Damping of y- component of velocity with time at magnetic field 2.5 mT and angle 30◦.

Figure 27: Damping of z- component of velocity with time at magnetic field 2.5 mT and angle 30◦.

the H and I− component of velocity has mean value, maximum amplitude, damping
constant, frequency of oscillation and phase angle as 11435 m/s, 4815 m/s, 5.734 s−1,
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72 Hz, 0.111c radian and 7137 m/s, 8200 m/s, 5.83 s−1, 72 Hz, 0.9c radian respectively.

Figure 28: Damping of x- component of velocity with time at magnetic field 2.5 mT and angle 45◦.

Figure 29: Damping of y- component of velocity with time at magnetic field 2.5 mT and angle 45◦.

Figure 30: Damping of z- component of velocity with time at magnetic field 2.5 mT and angle 45◦.

Table 1 shows the summery of observed data for mean value, maximum amplitude,
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damping constant, frequency of oscillation and phase angle. The mean value of G−
component of velocity at 30◦ is small but not equal to zero whereas at 45◦ mean value
is zero. Mean value is maximum i.e 11435 m/s on H−component at 45◦ with respect to
other components at different angles. Also at the same value of magnetic field 2.5 mT
and angle 30◦ maximum and minimum amplitude is 14910 m/s and 2287 m/s on G
and H−component respectively with respect to other components at different angles. At
angle 30◦ for all component of velocity damping constant is slightly larger than at 45◦.
At angle 30◦ frequency of oscillation is greater with respect to G, H and I−components
of other angles whereas at angle 45◦ frequency of oscillation is slightly smaller and
constant compared to frequencies of other angles at different components. Similarly
at angle 45◦, phase angle at H−component is minimum i.e −0.111c radian than other
components at different angles. On the other hand, at 45◦ phase angle at I−component
is maximum i.e. 0.9c radian than other components at different angles.

Table 1: The observed data of mean value, amplitude, damping constant, frequency of oscillation and
phase angle at magnetic field 2.5 mT. (Source: Adhikari et al., 2016)

Angle Observed Mean value Observed Amplitude Damping constant
(m/s) (m/s) (s−1)

\ EG EH EI EG EH EI EG EH EI
30◦ 26 8052 1362 14910 2287 14600 6.9 6.7 6.4
45◦ 0 11435 7137 9794 4815 8200 5.697 5.7 5.8

Angle Frequency of Oscillation (Hz) Observed Phase angle (radian)
\ EG EH EI EG EH EI

300 74.6 74.7 74 0.77c 0.7c 0.27c
450 72 72 72 0.5c −0.11c 0.9c

The overall variation of mean value of velocity components at different obliqueness is
shown in Figure 31 which shows mean value of component is nearly equal to zero for
all angles at magnetic field 2.5 mT. The mean value of H and I− components almost
sinosodically varies with nearly complementary to each other with nearly equal ampli-
tudes. The mean value of H and I−component of velocity is maximum i.e. 11460 m/s
and 11710 m/s at angles 45◦ and 60◦ respectively. Figure 32 shows the overall varia-
tion of maximum amplitude of different component of velocity with respect to different
obliqueness at magnetic field 2.5 mT . For G, H and I− component of velocity the max-
imum amplitudes are 15478 m/s, 13980 m/s and 13994 m/s at angles 75◦, 90◦ and 90◦

respectively. Similarly the minimum amplitudes are nearly 9830 m/s, 4786 m/s and zero
at angles 45◦ and 0◦ respectively.
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Figure 31: Variation of mean values of velocity with respect to angles at magnetic field 2.5 mT.

Figure 32: Variation of maximum amplitude of velocity with respect to angles at magnetic field 2.5 mT.

4.8 Temporal ions velocity profile for different magnitude of magnetic field

The temporal ion velocity profile variation have been calculated for different value of
magnetic field and constant obliqueness 30◦ . The calculated results are shown in Figures
33 to 35.

Initially at magnetic field 1.5 mT, all the component of velocity shows oscillatory types
nature as shown in Figure 33(a). Initially there is more gyration along perpendicular
axes. When further time increases, there is gradually decrease of gyration frequency.
At the same value of magnetic field, the mean value of all the component of velocity are
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−45.21 m/s, 6863 m/s and 11490 m/s respectively. Also the G, H and I−component of
velocity oscillate with maximum amplitude 9839 m/s, 7913 m/s and 4840 m/s respec-
tively.

As the magnetic field is increased to 4.5 mT and 7.5 mT, the mean values of G, H
and I−component of velocity are −0.1347 m/s, 6651 m/s, 11610 m/s and 0.001059 m/s,
6666 m/s, 11600 m/s respectively which is shown in Figures 33(b) and 33(c). Similarly,
the G, H and I−component of velocity oscillate with maximum amplitude 9794 m/s,
7693 m/s, 4440 m/s and 9794 m/s, 7334 m/s, 4233 m/s respectively. Also at
these values of magnetic field (4.5 mT, and 7.5 mT) frequency of oscillation decreases
as compared to 1.5 mT. At magnetic field 4.5 mT, after 0.5 s oscillation of all the
velocity component become negligible but for magnetic field 7.5 mT, oscillation of each
component of velocity becomes negligible after 0.3 s.
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Figure 33: Variation of velocity with time at constant obliqueness 30◦ for different values of magnetic
field (a) at 1.5 mT, (b) at 4.5 mT, (c) at 7.5 mT and (d) at 10.5 mT.

Finally, we calculate the mean values and maximum amplitude for magnetic field
10.5mT. Themean values of G, H and I−component of velocity are−6.894m/s, 6673m/s
and 11600 m/s respectively whereas the maximum amplitudes are 9794 m/s, 6879 m/s
and 3970 m/s respectively, which is shown in Figure 33(d).
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The overall variation of mean value of all the component of velocity for different values
of magnetic field are shown in Figure 34. But when the field is greater than zero, the
mean value of G−component is almost equal to zero. But at zero field mean values of
H and I−component of velocities are nearly equal to 10000 m/s. For larger value of
magnetic field, the two components of velocities are splitted with the mean value of H
and I−component is almost constant around 6660 m/s and 11600 m/s respectively in
the range of magnetic field from 2 mT to 10.5 mT.

Figure 34: Variation of mean value of velocity with respect to magnetic field at angle 30◦

Figure 35 shows the overall variation of maximum amplitude of all the component of
velocity with respect to magnetic field. The maximum amplitude of G−component is
constant around 9794 m/s whereas for H and I−component of velocity the maximum
amplitudes are 8100 m/s and 4400 m/s respectively at magnetic field 1.5 mT. The
minimum amplitudes of H and I−component are nearly equal to 4489 m/s and 2070 m/s
respectively at magnetic field 6 mT.

Figure 35: Variation of maximum amplitude of velocity with respect to magnetic field at angle 30◦
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4.9 Beat frequency of temporal ion velocity profile for different obliqueness of the
magnetic field

Various components velocity of ion with time is calculated for constant magnetic field 2
mT at different obliqueness of the field (30◦, 60◦ and 75◦). Calculated results are shown
in the Figures 36(a) to 36(c).

At obliqueness 30◦, from Figure 36(a), the G, H and I−component of velocity varies
sinosodially about the mean value of −106.9 m/s, 6639 m/s and 11620 m/s respectively
with same oscillating frequency 100 Hz. These components show damping type
oscillation with damping factor 4.3 s−1, 4.5 s−1 and 4.2 s−1 respectively. Similarly at
this angle, these components of velocity varies with maximum amplitude 9900.9 m/s,
3501 m/s and 2070 m/s respectively. Likewise, this figure shows that, for G, H and
I−component, there forms 5.5, 5.2 and 5 beats in 1 second, so that their beat frequency
is equal to 5.5 Hz, 5.2 Hz and 5 Hz. Also the first zero amplitude is obtained at about
0.2 second for G−component of velocity. On the other hand, around 0.1 second in H and
I−component, we observe the first zero amplitude.

At angle 60◦, Figure 36(b) shows that the G,H and I−component of velocity varies
sinosodially having the mean value of −41.07 m/s, 11590 m/s and 6683 m/s respectively
with frequency of oscillation 100 Hz. Like previous these components shows damping
nature of oscillation as well with damping factor 4.4 s−1, 4.7 s−1 and 4.2 s−1 respectively.
Similarly at this value of angle, these components of velocity varies with the maximum
amplitude 9835.07 m/s, 2630 m/s and 4747 m/s respectively. In addition, this figure
shows that for these components of velocity, there forms 5.3, 5.6 and 5.7 beats in
1 second, so that their beat frequency is equal to 5.3 Hz, 5.6 Hz and 5.7 Hz. Likewise
in G−component of velocity, the first zero amplitude is obtained at around 0.15 second
whereas for H and I−component of velocity, the first zero amplitude is obtained at about
0.255 second.

Similarly at obliqueness 75◦, the G, H and I−component of velocity varies sinosodially
with mean value of -43.3 m/s, 11540 m/s and 3296 m/s respectively with the frequency
of oscillation 100 Hz which is shown in Figure 36(c). Likewise, damping nature of
oscillation shows by these components which have damping factor 4.5 s−1, 4.2 s−1 and
5.5 s−1 respectively. Also at the same value of angle, these components of velocity varies
with maximum amplitude 9750.74 m/s, 1850 m/s and 6498 m/s respectively. This figure
shows that at an angle 75◦, for G, H and I−component of velocity there is formation of
5.2, 5.6 and 5.6 beats in 1 second respectively, and hence their frequency of beat is equal
to 5.2 Hz, 5.6 Hz and 5.6 Hz respectively. According to this figure, in G−component
of velocity, at first the zero amplitude is obtained at around 0.28 second but in H and
I−component of velocity, the first zero amplitude is obtained at about 0.4 second. Further
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in each component of velocity, shoulder is obtained around 0.1 second.
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Figure 36: Variation of velocity with time at constant magnetic field 2 mT for different values of
obliqueness (a) at 30◦, (b) at 60◦ and (c) at 75◦.

The summary of the observed data for mean value, maximum amplitude, damping con-
stant, frequency of oscillation and beat frequency is shown in Table 2. For G−component,
mean value of velocity at obliqueness of 30◦, 60◦ and 75◦ is very small and negative as
compared to that of other components. Mean value 11620 m/s which is maximum on

Table 2: The observed data of average value, amplitude, damping constant, frequency of oscillation and
beat frequency at magnetic field 2 mT. (Source: Adhikari et al., 2018)

Angle Observed mean value Observed maximum amplitude Damping factor
(m/s) (m/s) (s−1)

\ EG EH EI EG EH EI EG EH EI
30◦ -106.9 6639 11620 9900.9 3501 2070 4.3 4.5 4.2
60◦ -41.07 11590 6683 9835 2630 4747 4.4 4.7 4.2
75◦ -43.3 11540 3296 9750.7 1850 6498 4.5 4.2 5.5

Angle Frequency of oscillation (Hz) Observed beat frequency (Hz)
\ EG EH EI EG EH EI

300 100 100 100 5.5 5.2 5
600 100 100 100 5.3 5.6 5.7
750 100 100 100 5.2 5.6 5.6

the I−component at angle 30◦ with respect to the other components at different value of
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obliqueness. Also at an angle 75◦, amplitude 1850 m/s is minimum on the H−component
whereas at the obliqueness 30◦, amplitude 9900.9 m/s is maximum on x-component. At
an angle 60◦, the value of damping constant is maximum i.e. 4.7 s−1 on y-component.
Frequency of oscillation is 100 Hz for each components of velocity at all the angle.
Similarly, at angle 60◦, beat frequency in the I−component is maximum 5.7 Hz in 1 s
then the other components at different angles.

4.10 Modulation frequency of temporal ion velocity profile for different oblique-
ness of the field

The temporal dependence of variation of various components of ion velocity have been
calculated for different obliqueness of the field (30◦, 60◦ and 75◦) and at constant
magnetic field 6 mT. The results of calculation are shown in Figures 37(a) to 37(c).

In Figure 37(a) at obliqueness 30◦, the G, H and I−component of velocity varies about the
mean value of 0.0070 m/s, 6661 m/s and 11600 m/s respectively with same frequency
of oscillation 100 Hz. Also these components show damping nature of oscillation with
damping factor 13.8 s−1, 13.1 s−1 and 13.0 s−1 respectively. Likewise, these component
of velocity varies with maximum amplitude of 9793.993 m/s, 3138 m/s and 1550 m/s
respectively. Also this figure shows that modulation frequency of G, H and I−component
of velocity is same which is equal to 15.4 Hz respectively.

Figure 37(b) shows that at obliqueness 60◦, the G, H and I−component of velocity varies
about the average values of -0.008 m/s, 11570 m/s and 6718 m/s respectively with
equal frequency of oscillation 100 Hz. Also these components show damping nature of
oscillation with damping factor 15.2 s−1, 13.7 s−1 and 12.3 s−1 respectively. Likewise,
these component of velocity varies with maximum amplitude of 9794.008 m/s, 2650 m/s
and 4632 m/s respectively. Also this figure shows that modulation frequency of G, H and
I−component of velocity is 16.2 Hz, 15.8 Hz and 16.2 Hz respectively. At obliqueness
75◦, the G, H and I−component of velocity varies about the average values of 0.0058
m/s, 11580 m/s and 3137 m/s respectively with equal frequency of oscillation 100 Hz
as shown in Figure 37(c). Also these components show damping nature of oscillation
with the damping factor as 12.9 s−1, 14.9 s−1, 14.1 s−1 respectively. Likewise, these
component of velocity varies with themaximum amplitude of 9793.99m/s, 1690m/s and
6657 m/s. Also this figure shows that modulation frequency of G, H and I−component of
velocity is 15.8 Hz, 16.0 Hz and 15.4 Hz respectively. Also in each component shoulder
is obtained around 0.05 second.
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Figure 37: Variation of velocity with time at constant magnetic field 6 mT for different values of
obliqueness (a) at 30◦ , (b) at 60◦ and (c) at 75◦ .

Table 3 shows the summary of observed data for average value, maximum amplitude,
damping factor, frequency of oscillation and modulation frequency. The average value
of G−component of velocity at obliqueness of 30◦, 60◦ and 75◦ is small then other
components. Mean value 11580 m/s is maximum on y-component at 75◦ with respect to
other components at different angles. On G−component at angle 30◦ and 75◦, amplitude
9793.99 m/s is maximum, whereas amplitude is minimum 1550 m/s for I−component at
30◦. At angle 30◦ damping factor is minimum ie 13.0 /s on I−component. On the other
hand at 75◦ for H−component damping factor is maximum i.e. 14.9 s−1 . Frequency of
oscillation is the same i.e. 100 Hz for all component of velocity at each angle. Similarly,
at angle 60◦ modulation frequency in the G−component and I−component is maximum
(16.2 Hz) in 1 s than other components at different angles.
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Table 3: The observed data of average value, amplitude, damping constant, frequency of oscillation and
modulation frequency at magnetic field 6 mT

Angle Observed mean value Observed maximum amplitude Damping factor
(m/s) (m/s) (s−1)

\ EG EH EI EG EH EI EG EH EI
30◦ 0.007 6661 11600 9794 3138 1550 13.8 13.1 13
60◦ -0.008 11570 6718 9794 2650 4632 15.2 13.7 13.3
75◦ 0.0058 11580 3137 9794 1690 6657 12.9 14.9 14.1

Angle Frequency of oscillation (Hz) Observed modulation frequency (Hz)
\ EG EH EI EG EH EI

300 100 100 100 15.4 15.4 15.4
600 100 100 100 16.2 15.8 16.2
750 100 100 100 15.8 16 15.4

4.11 Vector sum of oscillatory part of temporal velocity for different obliqueness
of the magnetic field

At magnetic field 3 mT and angle 30◦, the velocity of the ions at the sheath entrance
is observed at various time as shown in Figure 38. Frequency of oscillation is almost
equal ie 50 Hz for 30◦, 60◦ and 90◦ . The oscillation amplitude of the velocity decreases
as time increases and the mean value of each component of the velocity are obtained as
2.537 m/s, 6620 m/s and 11630 m/s respectively.
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Figure 38: Velocity variation with time at magnetic field 3 mT and angle 30◦.

As we computed the resultant of oscillatory part of all three component of the velocity,
we found an exponential damping of the velocity as shown in Figure 39. The fitted curve
in Figure 39 is almost matching with the computed plot. The equation of the fitted curve
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is E = E04
−C/g = 10.456 × 1034−C/0.138 m/s, where E0 is the initial value of E in m/s and

g is the characteristic time in second.

Figure 39: Oscillatory part of total velocity with respect to time at magnetic field 3 mT and angle 30◦.

Like previous same magnetic field is applied in a plasma sheath at an angle 60◦. The
velocity of the ions at the sheath entrance is observed at various time as shown in
Figure 40. With increase in time, the oscillation amplitude of the velocity decreases.
The mean value of G, H and I− component of the velocity were obtained as −7.35 m/s,
11550 m/s and 6757 m/s respectively.
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Figure 40: Velocity variation with time at magnetic field 3 mT and angle 60◦.

Whenwe computed the resultant of oscillatory part of all three component of the velocity,
we found an exponential damping of the velocity as shown in Figure 41. The fitted curve
in Figure 41 is almost matching with the computed plot. The equation of the fitted curve
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is E = E04
−C/g = 10.41 × 1034−C/0.138 m/s, where E0 is the initial value of E in metre per

second and g is the characteristic time in second.

Figure 41: Oscillatory part of total velocity with respect to time at magnetic field 3 mT and angle 60◦.

Similarly samemagnetic field is applied in a plasma sheath at an angle 90◦ and at various
time the velocity of the ions is observed as shown in Figure 42. The oscillation amplitude
of the velocity decreases as time increases and the mean value of each component of the
velocity were obtained as −772.5 m/s, 4415 m/s and −938.8 m/s respectively.
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Figure 42: Velocity variation with time at magnetic field 3 mT and angle 90◦.

Whenwe computed the resultant of oscillatory part of all three component of the velocity,
we found an exponential damping of the velocity as shown in Figure 43. The fitted curve
in Figure 43 is almost matching with the computed plot. The equation of the fitted curve
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is E = E04
−C/g = 14.984× 1034−C/0.357 m/s, where E0 is the initial value of E in metre per

second and g is the characteristic time in second.

Figure 43: Oscillatory part of total velocity with respect to time at magnetic field 3 mT and angle 90◦.

Figure 44 shows the dependence of oscillatory part of total velocity with time at constant
magnetic field 3 mT and obliqueness 30◦, 60◦ and 90◦. As can be seen in Figure 44, the
initial value of the velocity is greatest in obliqueness 90◦ and least in obliqueness 60◦.
On the other hand the characteristic time of damping is greatest at obliqueness of 90◦.

Figure 44: Variation of vector sum of Oscillatory part of total velocity with respect to time at magnetic
field 3 mT and different angle
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4.12 Vector sum of oscillatory part of temporal velocity for different value of
magnetic field

As in Figure 45, at magnetic field 1 mT and angle 30◦, the velocity of the ions at
the sheath entrance is observed at different time interval . Frequency of oscillation of
each component is almost equal ie 55.5 Hz . The oscillation amplitude of the velocity
decreases as time increases and the mean value of each component of the velocity were
obtained as −11.5 m/s, 6523 m/s and 11690 m/s respectively
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Figure 45: Velocity variation with time at magnetic field 1 mT and angle 30◦.

As we computed the resultant of oscillatory part of all three component of the velocity,
we found an exponential damping of the velocity as shown in Figure 46. The fitted curve
in Figure 46 is almost matching with the computed plot. The equation of the fitted curve
is E = E04

−C/g = 10.456× 1034−C/0.414 m/s, where E0 is the initial value of E in metre per
second and g is the characteristic time in second.

Figure 46: Oscillatory part of total velocity with respect to time at magnetic field 1 mT and angle 30◦.
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At magnetic field 3 mT and angle 30◦, the velocity of the ions at the sheath entrance
is observed at various time as shown in Figure 38. Frequency of oscillation of each
component is equal to 52 Hz. The oscillation amplitude of the velocity decreases as
time increases and the mean value of each component of the velocity were obtained as
2.5 m/s, 6620 m/s and 11630 m/s respectively. The resultant of oscillatory part of all the
components of velocity found to be exponentially damped as shown in Figure 39. It is
found that the fitted curve in Figure 39 is almost matching with the computed plot and
the equation of the fitted curve is E = E04

−C/g = 10.456 × 1034−C/0.138 m/s; where E0 is
the initial value of E in metre per second and g is the characteristic time in second.

At magnetic field 5 mT and angle 30◦, the velocity of the ions at the sheath entrance
is observed at various time as shown in Figure 47. Frequency of oscillation of each
component is equal to 58.8 Hz. The oscillation amplitude of the velocity decreases as
time increases and the mean value of each component of the velocity were obtained as
0.0548 m/s, 6655 m/s and 11610 m/s respectively.
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Figure 47: Variation of velocity with time at magnetic field 5 mT and angle 30◦.

Like previous as we computed the resultant of oscillatory part of all three component
of the velocity, we found an exponential damping of the velocity as shown in Figure 48.
The fitted curve in Figure 48 is almost matching with the computed plot. The equation
of the fitted curve is E = E04

−C/g = 13.802 × 1034−C/0.083 m/s, where E0 is the initial
value of E in metre per second and g is the characteristic time in second.

Similarly, Figure 49 shows the variation of vector sum of oscillating part of total velocity
with time at angle 30◦ and different magnetic field (1 mT, 3 mT and 5 mT). This figure
shows that at obliqueness 30◦ initial velocity of the ions is almost same at different
magnetic field. Likewise the damping rate of vector sum of oscillatory part of total
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Figure 48: Oscillatory part of total velocity with respect to time at magnetic field 5 mT and angle 30◦.

velocity increases from magnetic field 1 mT to 5 mT at obliqueness 30◦.

Figure 49: Variation of vector sum of Oscillatory part of total velocity with respect to time at angle 30◦
and different magnetic field.
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CHAPTER 5

5. CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

The magnetized plasma sheath has been studied using the kinetic trajectory simulation
(KTS) method, and also a scheme of presheath-sheath coupling is developed for mag-
netized plasma. The distribution function of ion and electron at the sheath entrance is
assumed to be cut-off Maxwellian, and the sheath plasma is collisionless. The presheath
parameters have significant effect on the parameters of sheath side and hence the par-
ticle and energy reaching the material wall. Both the electron and ion densities start
decreasing from the sheath entrance towards the wall, where the space charge density
has its maximum value. The potential decreases from sheath entrance towards the wall
which increases for the increase of electron temperature at the presheath side. The value
of the wall potential calculated by the simulation method is found to deviate from the
theoretical value by nearly 3% in magnitude. This discrepancy is due to the fact that, our
distribution of electron is cut-off Maxwellian, rather than the Boltzmann distribution.
The Child-sheath thickness, where the negative charge density is very low, increases
with increase in electron temperature at the presheath. Likewise, there is significant
effect of the presheath electron temperature on presheath ion velocity, and hence the
wall potential increases in order to satisfy the Bohm-Chodura condition. Though the
results obtained are qualitatively similar with previous literature, it is quantitavily differ-
ent providing better insight into the sheath properties. The magnitude of wall potential
increases from 56 V to 84 V, with the increment of presheath electron temperature from
20 eV to 30 eV respectively.

The earlier 1d1v KTS model was extended to include the effect of magnetic field by
considering the velocity changes in all 3 dimensions. The governing presheath and sheath
parameters, both evaluated at the presheth-sheath boundary were solved analytically for
the purpose of coupling the two distinct regions of the plasma–wall transition. The
extended model along with the coupling scheme was used to investigate the magnetized
plasma sheath for varying magnitude and obliqueness of the magnetic field. It has been
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observed that, the velocity of ions reaching the material wall can be controlled by the
strength of applied magnetic field as well as its orientation. On changing the obliqueness
of the field, the separation of the mean values as well as the maximum amplitude of all
the three components of the velocity also change. It has been concluded that, the mean
value of x-component (component normal to the wall) of velocity is nearly equal to zero
for all angles at magnetic field 2.5 mT, whereas the mean value of y and z-components
of velocity varies with almost equal amplitudes.

The time dependence of the velocity of ions in the magnetized plasma sheath has also
been monitored. Angular dependence of mean value, maximum amplitude, damping
constant, frequency of oscillation and phase angle of velocity components at magnetic
field 2.5 mT with varying obliqueness have been studied. In conclusion, ion velocity at
presheath-sheath boundary is well matched with the fitted damped oscillatory motion.
As the obliqueness of the field changes the mean values, beat frequency as well as the
maximumamplitude of the three components of the velocity also change but frequency of
oscillation remains almost same. Modulation frequency of ions in a magnetized plasma
sheath has been studied for different angle at constant magnetic field 6 mT. For different
obliqueness, the average values, damping factor aswell as frequency of oscillation change
for all component of velocity. For y and z-components of velocity maximum amplitude
changes but for x-component maximum amplitude remains constant. Frequency of
oscillation of all velocity components of ions remains same, however, significant changes
in the values of damping factor and modulation frequency for all components of velocity
are observed. As the effect of magnetic field increases for increased obliqueness the ion
velocity profiles exhibit shoulder nature. Such a shoulder is obtained at around 0.05
second at 75◦ for each component of velocity but not at 30◦ and 60◦. For every increase
in the magnitude of the magnetic the oscillation amplitude of the velocity decreases with
time, and hence the mean values of different component of velocity changes as well. The
computed and fitted values of the vector sum of oscillatory part of x, y and z-components
of velocity of the ions are well matched. At angle 30◦, damping rate of vector sum of
oscillatory part of total velocity increases with the magnetic field increases from 1 mT
to 5 mT. On the other hand vector sum of oscillating part of initial velocity is almost
equal for magnetic field 1 mT, 3 mT and 5 mT at the same angle 30◦. But for different
obliqueness of the magnetic field, the initial velocity of the vector sum of oscillating
part at 90◦ is greater than that at 30◦ and 60◦.

The numerical parameters and boundary conditions required were taken from earlier
works by LaBombard et al. (2005), Wesson & Campbell (2011), and Qingquan et al.
(2018) and in the limiting cases, where the conditions are similar, our results agree with
the reported results.
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5.2 Recommendations

The results of our research work are in good agreement with previous works and this
work provides the guideline for studying magnetized plasma-wall transition, using the
kinetic approach. Being a kinetic approach, it provides better insight of various plasma
parameters in amagnetized plasma sheath for different obliqueness, as well as magnitude
of the magnetic field. This work is of importance in various plasma applications, where
magnetic field plays role in production and confinement, for example, in fusion devices.

On the basis of the framework developed and obtained results, in future, this work can
be extended further by considering the following cases:

• higher dimensional analysis (3d3v configuration of plasma)

• inclusion of collision term

• plasma having negative ions

• presence of dust in the plasma

• particle species having different temperatures

• multi-component plasma

96



CHAPTER 6

6. SUMMARY

6.1 Summary

Plasma is a quasineutral gas of charge and neutral particles which exhibits collective
behavior. Because of its distinct behavior it is often termed as the fourth state of matter.
It is of interest as it has found applications in diverse areas; controlled thermonuclear
fusion, gaseous electronics, particle accelerators, medicine, and many more. In all
practical applications plasma has to be confined within a finite volume and plasma-wall
interaction plays the most important role in determining the overall plasma stability.
We have extended the kinetic trajectory simulation (KTS) method to study magnetized
plasma sheath, the thin layer formed next to the wall that separates core plasma from the
wall. Assuming that, at the sheath entrance distribution functions of ion and electron to
be cut-offMaxwellian the final self consistent states are obtained by solving the governing
kinetic equations, iteratively. In order to satisfy the Bohm-Chodura condition, initial
velocity of ions entering the sheath region is taken equal to the ion acoustic velocity. As
the plasma sheath region is small compared to the collision mean free path and also the
particle densities are less compared to the presheath region, the sheath region is assumed
to be collisionsless.

In order to connect the sheath and presheath, which are usually studied using kinetic and
fluid approaches; the coupling scheme has also been extended for magnetized cases. In a
kinetic approach the distribution functions of individual particles are taken into account
and since they contain more information than the fluid parameters, the results are of
higher accuracy. In our case, the earlier KTS model is extended to include the effect of
magnetic field by considering the velocity changes in all 3 dimensions. Also the coupling
scheme that was earlier applicable for non-magnetic cases only is now reformulated so
that it can couple any plasma with the sheath region. This was done by compiling and
solving equations that involve governing presheath and sheath parameters, by satisfying
all necessary conditions for the sheath formation.

The model developed is applicable, in principle, for all bounded plasmas and in the
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present work it has been used to study magnetized plasma sheath that is formed in
magnetic fusion devices. Such devices are of interest as they have the potential to
generate huge amount of energy through the nuclear fusion. As different types of fusion
devices are being studied and have made significant progresses still such devices are
yet to produce energy for the use of common people. Among the one that has made
significant progress is the so called Tokamaks, and in our work we have studied a plasma-
wall transition problem that is similar to a fusion device. In order to do that we have
taken the input numerical parameters and boundary conditions required to initiate our
simulation from earlier relevant works. This is also helpful in comparing our results to
those reported, and in the limiting cases, where the conditions are similar, our results
agree with the reported results.

It has been observed that the presheath electron temperature affects the Child-sheath
thickness, particle densities, particle velocities and hence the energy flux reaching the
wall. Ion velocity at presheath-sheath boundary is affected bymagnitude and obliqueness
of the magnetic field. The velocity waves are damped in plasma without collisions in the
time scale of the order of seconds. The effect is felt differently by various components
of the velocity depending on their orientation with respect to the magnetic field. As the
obliqueness of the field changes the mean values, beat frequency as well as the maximum
amplitude of the three components of the velocity also change but frequency of oscillation
remains almost the same. The work can be extended further by considering various types
of plasma, considering collision, presence of dust, and in fully 3d3v geometry. As the
results are in good agreement with previous works and the kinetic approach provides
better insight this work is of importance in various plasma applications, where magnetic
field plays role in production and confinement, especially in fusion devices.
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ABSTRACT

The coupling of presheath-sheath parameters is extended for the study of magnetized plasma sheath using the kinetic trajectory simulation
(KTS) method, in which the final self-consistent states are obtained iteratively by solving the kinetic equations. In our case, it is assumed
that the ion and electron velocity distribution functions are cut-off Maxwellians at the sheath entrance. The results show that the cut-off
and Maxwellian maximum velocities have equal magnitudes at the sheath entrance and at wall. The presheath electron temperature has a
considerable effect on the self-consistent potential profile which affects the Child sheath thickness. The latter increases from 3.8320 µm to
5.4190 µm when the presheath electron temperature increases from 10 eV to 20 eV. It is found that the number of ions reaching wall is
higher than that of the electrons and hence the space charge density has its maximum value there. Furthermore, the temperature of ions in
the sheath region increases with the increase in presheath ion temperature. Moreover, the cut-off distribution causes our simulation result to
deviate from the theoretical result found for the Boltzmann distribution by about 3%. The coupling scheme presented here provides a basis for
smooth transition of plasma parameters at the presheath-sheath interface. The proper understanding of themagnetized plasma-wall transition
plays a vital role for further exploring the plasma sheath characteristics which has useful applications in fusion and industrial plasma devices.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5088107

I. INTRODUCTION

The kinetic trajectory simulation (KTS) method is used for
the understanding of magnetized plasma sheath properties, and
a scheme for its coupling with presheath is presented. It has a
wide range of growing applications in various plasma fields such
as plasma fusion device, sputtering, etching, etc.1–8 As the magne-
tized plasma comes in contact with the material wall, a thin skinny
space charge region is formed (“sheath”) in the order of few Debye
lengths.9 In the sheath region, the potential has sharp gradient and
the effect of this potential can be felt up to quasineutral plasma
(“presheath”), which accelerates the ions in the presheath zone so
that the marginal Bohm sheath criterion is satisfied.10

�uin,SE� = cs ≡ �Te
ps�mi�0.5 (1)

The equation (1) is the simplest form of Bohm sheath condition
for vanishing ion temperature. Moreover, the general hydrodynamic
Bohm condition is written as11

�uin,SE� = cs ≡ ��Te
ps + γiTi

ps��mi�0.5 (2)

where uin,SE is the ion fluid-velocity component normal to the wall,
γi is ion polytropic constant, Te

ps and Ti
ps are presheath electron and

ion temperatures in (eV), respectively andmi is the mass of positive
ion.

The Bohm-Chodura criterion, which defines the magnetic
presheath entrance (MPSE), can be written as12

�ui��,MPSE� = cs (3)

in which ui��,MPSE is the ion fluid-velocity component parallel to the
magnetic field at the MPSE.

H. Pedit and S. Kuhn13 developed KTS method for two-
dimensional bounded collisionless plasma. In this method, the
velocity distribution function for the particle species can be cal-
culated via their respective particle trajectories. K. U. Riemann14
presented analytic solution for presheath-sheath transition for
weakly ionized plasma using self-consistent kinetic theory. The
exact sheath-presheath solutions are constructed by assuming the
Boltzmann distribution for electrons and singly charged positive
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ions in contact with a material wall. It is found that the sheath poten-
tial is monotonic and the ion distribution functions follow the half
Maxwellian distribution inside the core plasma. A. V. Vasenkov and
B. D. Shizgal15 studied plasma sheath of a dc glow discharge using
kinetic the approach. The electric field is calculated from the Pois-
son’s equation using the velocity distribution functions. It is found
that the ion distribution function varies strongly with the decrease
in the ratio of the Debye length to the ion mean free path. S. D.
Baalrud and C. C. Hegna16 developed the kinetic Bohm condition
based on the positive exponent velocity moments, which contrasted
the conventional kinetic Bohm condition. The lower velocity parti-
cles are unimportant in the new theory whereas it dominates in the
conventional theory. The collision is very important to determine
the particle distribution functions throughout the presheath.

R. Chalise and R. Khanal17,18 developed the kinetic trajectory
simulation method for the time independent, collisionless 1d3v
magnetized plasma sheaths. It is found that the magnetized plasma
sheath has two distinct regions; magnetic field dominant region and
electric field dominant region. The self-consistent potential sharply
decreases towards the wall, which becomes prominent with increase
in strength of the magnetic field. In their work, they used the
coupling scheme developed for electrostatic cases.19 In this work,
we extend the presheath-sheath coupling scheme considering 1d3v
magnetized plasma sheath, which is crucial to further enhance the
KTS method.

II. BASIC PRINCIPLE OF KINETIC THEORY
AND PLASMA SHEATH MODEL

The kinetic theory is the statistical treatment of the assembly
of particles, from which measurable macroscopic variables can be
derived by averaging over the particle distribution. The fluid theory
is the simplest description of plasma which is generally preferred in
the presheath region. On the other hand, in the sheath region, as
the physical parameters have sharp gradients, the kinetic theory is
preferred. The kinetic trajectory simulation (KTS) method is an iter-
ative method for the numerical calculation of self-consistent, time-
independent kinetic plasma bounded in the given spatial region.17–19
In this method, the information of particles in the phase space is
carried by the spatial and velocity dependence distribution func-
tions f s(�r,�v), and this information at each and every point can be
obtained by solving the collisionless kinetic equations along with
respective particles trajectories, where ‘s’ (s = i for ion, e for elec-
tron). In the iteration scheme, the main iteration block carries out
themth iteration for the given old potential distribution. The new ion
velocity distribution function is obtained via numerical trajectory
integration of the kinetic equation, based on the trajectories defined
by the old electric field. In the present case we assume that the plasma
is collisionless and hence the particle’s distribution function is con-
stant as the particles move in the phase space. The electron density
is calculated analytically by assuming half Maxwellian distribution at
the injection sheath entrance. The acceleration of a species-s in the
presence of macroscopic electromagnetic force is

�as = qs

ms ��E + �v × �B� (4)

where qs andms are charge and mass of the species-s. In the absence
of collisions, the fundamental kinetic equation for the species-s is

well-known Vlasov equation9

df s

dt
≡ � @

@t
+ �v ⋅ ∇ + �as(�r,�v, t) ⋅ ∇v�f s(�r,�v, t) = 0 (5)

The relation between an electric field and the electrostatic potential
� (�r) is �E(�r) = −∇�(�r) (6)
The electrostatic potential satisfies the Poisson’s equation

ε0∇2�(�r) = −ρ(�r) (7)

where
ρ(�r) = �

s
qsns(�r) (8)

is the space charge density.
The number density of particle species-s is

ns(�r) =� f s(�r,�v)d3v (9)

A. Planar sheath geometry

The schematic diagram of 1d3v planar sheath geometry is
shown in Fig. 1. The magnetized plasma is bounded by two paral-
lel planes at x = L (the sheath entrance) and x = 0 (the material wall),
which is our region of interest. The obliquemagnetic field acts on the
x-y plane and makes angle β with normal to the wall. In the present
case, we consider the collisionless magnetized plasma consisting of
singly charged electropositive ions (hydrogen) and electrons. The
1d1v electron and ion phase spaces in a monotonically decreasing
potential towards the left-hand boundary (wall) are shown in Figs. 2
and 3, respectively.19

In Fig. 2, we assign the type-I trajectories for those electrons
entering in to the simulation region at the right hand boundary with
sufficiently negative velocities vx < −vxs(x); however they can reach
the left hand boundary; where vxs(x) is the electron separatrix, which
separates the regions of passing electrons from those being reflected.
The type-II trajectory represents those electrons injected at the start-
ing point and their velocity becomes zero at the left hand boundary.
The type-III implies the electrons enter the simulation region at the
right hand boundary with velocities −vxs(x) < vx < vxs(x) and

FIG. 1. Geometry of 1d3v plasma sheath model.
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FIG. 2. Electron phase space in a potential decreasing monotonically towards the
wall.

get reflected before reaching the left hand boundary. The type-IV
trajectory is for those electrons, which enter the simulation region
with positive velocities such that vxs(x) < vx and they are accelerated
towards the right hand boundary.

In Fig. 3, the type-I trajectory is for those ions enter the sim-
ulation region at the right-hand boundary with negative velocities−vxs(x) > vx. The type-II trajectory is assigned for those ions injected
at the starting point whose velocity becomes zero at the right-hand
boundary. The type-III trajectories are those ions, which enter the
simulation region at the left-hand boundary with positive velocities−vxs(x) < vx < vxs(x) and get reflected before reaching the right-hand
boundary. The type-IV trajectory is for those ions, which enter the
simulation region with ion velocities vx > vxs(x).

FIG. 3. Ion phase space in a potential decreasing monotonically towards the wall.

Likewise the phase spaces for 1d3v magnetized plasma are
considered.

Due to absorbing properties of the material wall, the velocity
distribution is cut-off Maxwellian. The electron velocity distribution
function is

f e(x,�v) = Ae exp
������−
��v

2
x + v2y + v2z

vet 2
�� + e�

kBTe

������ ×H�v
e
c(x) − vx�

(10)

in which Ae is the amplitude of the electron velocity distribu-
tion function, which is related to the presheath electron density, vst= (2kBTs�ms)0.5 is the thermal velocity of species-s, Ts is the sheath
side temperature of species-s, vec(x) = [2e(�(x) − �w)�me]0.5 is the
cut-off velocity of electron at x, �w is the wall potential, and H(x) is
Heaviside step function.

The ion velocity distribution function at x = L is

f i(x = L,�v) = Ai exp
������−
��
�vx − vixm,L�2 + v2y + v2z

vit
2

��
������ ×H�v

i
xc,L − vx�

(11)

in whichAi is the amplitude of the ion velocity distribution function,
which is related to the presheath ion density, vixm,L and vixc,L are the
Maxwellian-maximum and cut-off velocities, respectively at x = L.

The particle density of species-s at x = L is

nsL = Asvs
3

t π3�2
2

Cs (12)

The fluid velocity of species-s is given as

�us = 1
nsL
� �vf s(x,�v)d3v (13)

Such that

�ueL = −� vet√π
De

Ce �î (14)

and

�uiL = �vixm,L − vit√π
Di

Ci �î (15)

The presheath side electron temperature at x = L is given as

Te
L = 1

3neLkB
� d3vme�v − ueL�2f e(x,�v) (16)

= Te
������1 −

2
3

� −e�w

πkBTe
De

Ce − 2
3π

De2

Ce2

������ (17)

in which De = exp� e�w
kBTe � and Ce = 1 + erf

�−e�w
kBTe .

Similarly, the presheath side ion temperature at x = L is given
as

Ti
L = 1

3niLkB
� d3vmi�v − uiL�2f i(x,�v) (18)
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= Ti
������1 −

2τicL
3√π

Di

Ci − 2
3π

Di2

Ci2

������ (19)

in which τicL = �vixc,L − vixm,L��vit , Di = exp(−τicL2) and Ci = 1
+ erf (τicL).

The analytic expression for electron density distribution is

ne(x) =� d3vf e(x,�v) (20)

= neL exp� e�(x)kBTe �
�������������
1 + erf �� e(�(x)−�w)

kBTe �
1 + erf ��−e�w

kBTe �
�������������

(21)

B. Kinetic Bohm criterion for coupling scheme

The condition has to be satisfied by injected ion velocity distri-
bution function so that the sheath is formed that shields quasineutral
plasma. From the Poisson’s equation (Eq. 7),

ε0
d2�
dx2
= −ρ(�) (22)

For the non-oscillating solution at x→ L,

�dni
d�
− dne

d�
�
x→L
= 0 (23)

The conservation of ion energy reads

vx =
�

v2xL − 2e�
mi (24)

where vx L is the velocity of ion at x = L.
For the ions, the equation (9) becomes

ni =� f i(x,�v)d3v (25)

Using equation (24) in equation (25) and differentiating with respect
to � yields,

dni

d�
= e
mi

vixc,L

�−∞
∞
�−∞

∞
�−∞

dvx
v2x

f i(x = L,�v)dvydvz × �1 − 2e�
miv2x

�−3�2 (26)

At x→ L, e� < miv2x and hence, the kinetic Bohm condition is

vixc,L

�−∞
∞
�−∞

∞
�−∞

dvx
v2x

exp
������−
�vx − vixm,L�2 + v2y + v2z

vit
2

������dvydvz
= mineL
AikBTe

�����1 +
�−kBTe

eπ�w

De

Ce

����� (27)

C. Presheath-sheath coupling

In the presheath-sheath coupling mechanism, the sheath side
parameters ns, Ts and us are coupled with the presheath side param-
eters npss ,T

ps
s and usps. For the unperturbed flow of plasma param-

eters at the presheath-sheath boundary, the coupling scheme satis-
fies an important requirement i.e., quasineutrality condition, sheath

edge singularity condition, continuity of first three moments and
kinetic Bohm condition. The continuity of the physical parameters is
given by

neL = nps, niL = nps, (28)

ueL = ueps, uiL = uips, (29)

Te
L = Te

ps, Ti
L = Ti

ps, (30)

The coupling equations are

neps = nps = 4AeCe�πkBTe

2me �
1.5

(31)

nips = nps = 4AiCi�πkBTi

2mi �
1.5

(32)

ueps = −
�

2kBTe

πme
De

Ce (33)

uips = vimL −
����2kBTi

πmi
Di

Ci (34)

Te
ps = Te�1 − 2

3

� −e�w

πkBTe
De

Ce − 2
3π

De2

Ce2 � (35)

Ti
ps = Ti

������1 −
2τicL
3π

Di

Ci − 2
3π

Di2

Ci2

������ (36)

The one-dimensional stationary sheath thickness (Ls) can be esti-
mated according to the Child–Langmuir law9

L2s = 4
9
ε0

�
2e
mi
��w�3�2
Jips

(37)

where Jips = npseuips is the ion presheath current.
The flux of the particle species -s is

Γs =� d3vvf s(x,�v) (38)

Assuming the Boltzmann distribution of electrons, the analytical
value of wall potential is obtained by equating the ion and electron
fluxes i.e.

Γi = Γe (39)
which yields,

e�w

kBTe = 1
2
ln�2πme

mi �T
e
ps + γiTi

ps

Te �� (40)
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D. Numerical scheme in KTS

The region of interest, x = 0 to x = L is discretized uniformly
in configuration and velocity space as shown in Fig. 4. The vertical
and horizontal solid lines represent the position and velocity grids,
respectively. A position grid point is denoted by xk; where k = 1,
2, . . ., nx and nx is the total number of grid points. The separation
between consecutive grid points is denoted by ∆x. In our simulation,
we choose nx to be large enough in such a way that the separa-
tion between consecutive gird points is always less than the electron
Debye length. Similarly, we discretize vy versus y and vz versus z and
generalize the 1d1v case for the 1d3v case.

In the KTS method, we trace the collisionless ion (particle)
trajectories to calculate the respective velocity distribution func-
tion. For these calculations, we discretize the ion velocity in a time-
centered manner.18 For the given initial potential �m−1(x), the iter-
ation scheme calculates a new potential distribution �m(x) in the
following steps:

1st Step: By using equation (21), the new electron distribution
nem(x) is calculated analytically and new ion density distribution
nim(x) is calculated via the kinetic approach. Thus, a new space
charge density ρm(x) is then obtained.

2nd Step: Once the space charge density ρm(x) is known, a
new potential distribution �m

e (x) is calculated numerically by using
Poisson’s equation.

In order to get new input potential, we use the relaxation
scheme as follows.20 The numerically exact new potential function
�m
e (x) is linearly combined with the old potential function �m−1(x)

to obtain the new potential function �m(x), which is actually used
as the relevant result of themth iteration19

�m(x) = w�m
e (x) + (1 −w)�m−1(x) (41)

where the relaxation parameter, w is taken as 0.08.
The re-adjusted new potential distribution �m(x) obtained in

the second step of the iteration block is compared with the old poten-
tial distribution �m−1(x), and convergence is reached if the new and

old potential distributions satisfy the condition

��m(x) − �m−1(x)� ≤ ∆� (42)

with ∆� is defined as an accuracy parameter.

III. RESULTS AND DISCUSSION

In order to know the initial kinetic parameters at the sheath
entrance, the presheath-sheath coupling equations are solved for
the given presheath parameters. The field boundary condition to
solve the basic equations for the coupling scheme are �(x = L) = 0
and �(x = 0) = �w < 0. The physical parameters considered are;
B = 100 mT, β = 5○, me = 9.1093×10-31 kg (mass of electron),
mH = 1.6737×10-27 kg (mass of hydrogen ion) and nps = 1020 m-3

(plasma density). The length of simulation region is considered

15×λeD, where λeD =
�

ε0kBTe
ps

npse2 is the electron Debye length.
The velocity distribution function of ion species at the sheath

entrance and the wall is displayed in Figs. 5(a) and 5(b), respectively,
which is cut-off shifted half Maxwellian distribution. The cut-off and
Maxwellian maximum velocities are equal in magnitudes at sheath
entrance and at the wall; however, as the ion flows towards the wall
its cut-off andMaxwellian maximum velocities increase from 1.9070
to 5.6090.

The self-consistent potential as the function of distance for two
different values of presheath electron temperature is shown in Fig. 6.
It is seen that the electrostatic sheath potential decreases monoton-
ically towards the wall, which is consistent with Debye shielding.
The thermal motion of electrons increases towards the sheath region
for the rising electron temperature, and hence the potential sharply
decreases towards the sheath region. It is found that the values of
wall potential are -28.0844 V and -33.7013 V for two different val-
ues of presheath electron temperature 10 eV and 12 eV, respectively
whereas by using equation (40), the corresponding analytical val-
ues are -27.3155 V and -32.7786 V, respectively. The deviation of
simulation results from the analytical value is due to the fact that cut-
off Maxwellian distribution of electrons by the reflective nature of

FIG. 4. Schematic representation of discretization of 1d1v
phase-space.
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FIG. 5. (a) Ion velocity distributions function at the sheath
entrance. (b) Ion velocity distributions function at the wall.

the wall and the corresponding distribution of electrons is given by
equation (21). In the analytical prediction of wall potential (Eq. 40),
we assume Boltzmann distribution of electrons

ne = neL exp� e�
kBTe � (43)

The kinetic Bohm’s condition equation (27) becomes

Mi = 1 (44)

whereMi = uin,SE
cs is the ion Mach number.

The equation (44) is well-known Bohm condition, which is in
agreement with previous literature.21

The electron density given by our model (Eq. 21) is less than
that given by Boltzmann one (Eq. 43), which makes the wall more
negative. Therefore, the magnitude of simulated value is higher
than analytical value, which is approximately 3 % difference in
magnitude.
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FIG. 6. Potential profile as the function of normalized
distance.

Figure 7 shows the variation of sheath thickness as the func-
tion of presheath electron temperature. It is observed that the sheath
thickness is highly influenced by the presheath electron temperature.
As the prsheath electron temperature increases, the Child-sheath
thickness begins to stretch. It implies the sharp decrement of elec-
tron flux towards the sheath region. The magnitude of wall poten-
tial has a higher value for the higher electron temperature. From

equation (37), the increasing wall potential causes the increase in
sheath thickness.

The self-consistent ion and electron fluxes as the function
of potential for two different values of presheath electron tem-
perature are shown in Figs. 8 and 9, respectively. It is seen that
the ion and electron fluxes decrease towards the wall whereas the
decrement rate of electron flux is more than ions. The electron

FIG. 7. Child-sheath thickness as the function of presheath
electron temperature.
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FIG. 8. Ion flux as the function of potential for different
values of presheath electron temperature.

flux is almost constant the same whereas that of ions are dif-
ferent such that the space charge density increases towards the
wall.

The residual electric field influences the motion of ion flow at
the sheath entrance so as the presheath ion temperature increases,
the entrance velocity of ions increases as shown in Fig. 10. In

addition, the velocity of ions is affected by the electron tempera-
ture. The coupling of sheath side ion temperature with presheath
ion temperature is shown in Fig. 11. It is seen that ion temperature
increases at the sheath region for increasing presheath ion temper-
ature. Thus, the coupling scheme ensures the smooth transition of
plasma parameters at the presheath-sheath interfaces.

FIG. 9. Electron flux as the function of potential for different
values of presheath electron temperature.
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FIG. 10. Presheath ion velocity as the function of presheath
ion temperature.

FIG. 11. Variation of ion temperature in the sheath side as
the function of presheath ion temperature.

IV. CONCLUSIONS

Wehave developed the 1d3v presheath-sheath coupling scheme
for the study of magnetized plasma sheath using kinetic trajec-
tory simulation method. We assume that the ion and electron dis-
tribution functions are cut-off Maxwellian at the sheath entrance,
where the quasineutrality, the sheath edge singularity condition,
continuity of first three fluid moments and the kinetic Bohm

condition are satisfied. The presheath side parameters have a
considerable effect on the sheath side parameters. It is found that
the cut-off and Maxwellian maximum velocities of ion have equal
magnitudes at the injection point and the wall; however their val-
ues become higher at the wall than at the entrance. The potential
profile decreases towards the wall and the slope of potential pro-
file increases for the increase in presheath electron temperature. It
is noted that the simulated value of wall potential is slightly deviated

AIP Advances 9, 055123 (2019); doi: 10.1063/1.5088107 9, 055123-9
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from the theoretical value by about 3% in magnitude. This discrep-
ancy arises due to the fact that our electron distribution is cut-off
Maxwellian rather than Boltzmann distribution. The Child-sheath
thickness increases with the increasing value of presheath electron
temperature. The average thermal flux of ions and electrons across
the y-z plane decrease towards the wall, however, the decrement of
electrons flux is faster than ions. The space charge density has its
maximum value at the wall, where the potential has a maximum
value. In addition, the presheath electron temperature has a signif-
icant effect on the presheath ion velocity, and hence increases the
wall potential to satisfy the marginal Bohm condition. The ion tem-
perature on the sheath side increases with the increasing presheath
ion temperature. Although the obtained results were qualitatively
similar with previous literatures,17,18 it is quantitatively different.
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Abstract 
The kinetic trajectory simulation method has been used to study ion velocity profile in a plasma sheath for 
varying magnetic field at fixed obliqueness. As the electrons have higher velocity compared to that of ions 
the wall is charged up negatively with respect to the core plasma. The negative potential then attracts the 
ions and repels electrons forming a thin positive space charge region in front of the wall. This positive space 
charge region, known as the ‘sheath’ separates the negatively charged wall from the quasineutral ‘presheath’ 
plasma. The ions moving towards the wall have to satisfy the Bohm criterion to ensure the stability of the 
overall plasma.  The mean value as well as oscillation frequency of velocity of ions change as the magnetic 
field is varied from 1.5 to 10.5 mT. The maximum amplitude of normal component of velocity is almost 
independent of the magnetic field but the maximum amplitude of other components of velocity change and 
shows oscillating nature as the magnetic field changes.  
 
Keywords: Bohm criterion, Kinetic theory, Plasma-wall interaction, Presheath, Sheath.  
 
1. INTRODUCTION 
The understanding of plasma sheath is important 
for various practical applications of plasma as it is 
enclosed within a fixed volume [1]. The wall is 
charged up negatively with respect to the core 
plasma due to the high speed electrons reaching the 
wall earlier than the ions. Due to this reason,. The 
negative potential then attracts the ions and repels 
electrons forming a thin positive space charge 
region in front of the wall. This positive space 
charge region, known as the ‘sheath’ separates the 
negatively charged wall from the quasineutral 
‘presheath’ plasma. The sheath structure and the 
overall plasma will be stable only if the ions 
moving towards the wall satisfy the Bohm criterion 
[2, 3]. Once the plasma-wall interaction is well 
understood it will be possible to control heat 
loading, energy transfer and particle flow towards 
the wall and overall bulk plasma behavior [4, 5]. 
The plasma sheath is one of the oldest problems in 
plasma [3, 6] and in recent years, the sheath formed 
between magnetized plasma and a particle 
absorbing wall has received a considerable amount 
of attention [7-11]. Irrespective of this, plasma 

sheath is significantly influencing the charged 
particles and the energy flux to the wall, which in 
turn considerably modifies the absorption, emission 
impurities and all other characteristics in the plasma 
[1, 11]. 
In typical boundary layer problems the sheath 
region is of several electron-Debye lengths, which 
is much smaller than the characteristic extension of 
the plasma. Such a sheath can only be formed, if 
the Bohm criterion [2, 4] is satisfied which 
demands that the ions enter the sheath region with a 
high velocity, which cannot be generated by 
thermal ion motion alone [4]. In its kinetic form the 
Bohm criterion in the presence of a magnetic field 
reads 
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constant, iJ and eJ the ion and electron polytropic 
constants, respectively, i

psT  and e
psT  the ion and 

electron temperatures at the presheath side of the 
sheath edge, respectively and mi is the mass of ion 
species [3, 5]. 
In this work, the velocity variation of ions in a 
magnetized plasma sheath for different magnitudes 
of magnetic field at constant obliqueness has been 
studied. This study is important to observe the 
particle dynamics change and the particle 
interaction with the material wall in a magnetized 
plasma sheath. The kinetic trajectory simulation 
(KTS) method [12] has been employed to obtain 
the solution to a non-neutral, collisionless plasma 
sheath. 
 
2. METHODS AND MODEL 
The Boltzmann kinetic equation that describes the 
particle motion in terms of the velocity distribution 
function is given as [7]  

c
v dt
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where 
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F the macroscopic forces that acts on the 
particles, and 

cdt
df

¸
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©
§ is the rate of change of 

distribution function due to collisions. In the 
absence of collision equation (2) becomes the well-
known Vlasov equation: 
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This equation is valid in the plasma sheath region 
as its scale length is much smaller compared to 
the collision mean free path. In KTS method the 
Vlasov kinetic equation is solved to study 
bounded plasmas for given initial and boundary 
conditions [12-14]. At any point in the phase 
space, trajectory integration of the kinetic 
equations yield the respective particle 
distribution function at that point. As the 
distribution function is known, the particle 
density of the species ‘s’ is calculated using   
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�f

f�

 vxfvdxn ss UUU ,3 ............................... (4) 

The geometry of the magnetized plasma sheath 
model for the present case is shown in Fig. 1. The 
region of interest is bounded by the two parallel 
planes, at x = L (absorbing wall) and x = 0 (the 
plasma side, i.e., the sheath entrance). The oblique 

magnetic field lies on the x-y plane which makes an 
angle   with the direction of electric filed such that 
the magnetic field can be expressed as 

� �yxBB ˆsinˆcos0 TT � 
U

 .............................  (5) 

 
Fig. 1: Geometry of the plasma sheath model. 

 
The plasma, consisting of electrons and singly 
charged ions, enters the simulation region with cut-
off Maxwellian velocity distributions; the wall is 
perfectly absorbing. Thus, the velocity distribution 
function of electron is,  
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where � � � �> @
e

e
c m

xe
xv 02 II �
   is the cut off 

velocity of electron at x, k is the Boltzmann 
constant and 4 (x) is the Heaviside function i.e.,  

4 (x) = 1 if x t  0.......................................  (7) 
              = 0 otherwise. 

The ion velocity distribution function at x = L is 
given as,  
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where, 
s

s
s
tf m

kTv 2
  is the thermal velocity of 

particle species ‘s’, 
i
mLv  is the Maxwellian-

maximum velocity of ions at x = L and i
cLv  ( i

cLv < 
0) is the cut-off velocity of ions at x = L. 
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Once all the starting parameters at the sheath 
entrance are known the characteristic equations of 
motion are solved, for discretized ion injection 
velocities, up to the wall. This gives the ion 
velocities and their corresponding distribution 
function in the entire sheath region which on 
integration yields ion density distribution. For the 
velocity distribution given by equation (8), the ion 
density at any point within the sheath region is 
given as 
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and the electron density is obtained analytically as 
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The calculations are iterated self-consistently unless 
the resulting potential is stable which is verified by 
a pre-assigned accuracy parameter in the KTS 
method [12]. The various components of velocity 
of ions in the plasma sheath have been computed 
using Lorentz force equation 
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where q is the charge and ivU  is the ion velocity, and 
I  is the electrostatic potential.  
 
3. RESULTS AND DISCUSSION 
The results obtained by solving the related kinetic 
equations using the KTS method is presented for 
hydrogen plasma having temperature of 1 eV at the 
sheath entrance, where the electron temperature is 
10 eV. The simulation region is 10 electron-Debye 
lengths which is discretized into 41 grid points. The 
ion velocity profile with time for different values of 
magnetic field (1.5 mT - 10.5 mT) at fixed 
obliqueness of 30    has been studied.  
The temporal dependence of  ion velocity for the 
magnetic field of 1.5 mT is shown in  Fig. 2, which 
shows initially the ions spend more time gyrating. 
With the time, the frequency as well as amplitude 
of gyration decreases gradually. The mean values 
of x, y, and z-components of velocity are -45.21 

m/s, 6863 m/s and 11490 m/s, respectively. The x, y 
and z-components of velocity oscillate with 
maximum amplitudes of 9839 m/s, 7913 m/s and 
4840 m/s, respectively. 

 
Fig. 2: Velocity variation of ions with time  

for magnetic field 1.5 mT. 

 
Fig. 3 shows the velocity profile of ions at 4.5 mT 
magnetic field. The mean values of x, y and z-
components of velocity are -0.1347 m/s, 6651 m/s 
and 11610 m/s, respectively. Compared to the case 
of 1.5 mT, as the strength of magnetic field 
increases, it is found that the mean values of x and z 
velocity components increased whereas the y-
component is decreased. The amplitudes of 
oscillation of velocity is found to be 9794 m/s, 
7693 m/s and 4440 m/s, respectively. 

 
Fig. 3: Velocity variation of ions with time for  

magnetic field 4.5 mT. 
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Likewise, at 7.5 mT, the ion velocities are 
displayed in Fig. 4, in which the mean value of x-
component is nearly equal to zero whereas y and z-
components are 6666 m/s and 11600 m/s, 
respectively. However, maximum amplitude of the 
x-component velocity is the largest with 9794 m/s, 
compared to 7334 m/s, and 4233 m/s, of y and z-
components, respectively. In comparison to 1.5 mT 
the frequency of oscillation decreases much faster 
for both 4.5 and 7.5 mT. The oscillation of each 
component of velocity becomes not significant after 
0.5 second (in case of 4.5 mT; Fig. 3), and after 0.3 
second (in case 7.5 mT; Fig. 4). Similar nature is 
shown for the magnetic field strength of 10.5 mT 
(Fig. 5) where the mean values of x, y and z-
components are 10-4 m/s, 6673 m/s and 11600 m/s, 
and the maximum amplitudes of oscillation are 
9794 m/s, 6879 m/s and 3970 m/s, respectively. 

 
Fig. 4: Velocity variation of ions with time at  

magnetic field 7.5 mT. 

 
The overall variation of mean values of velocity 
components for different magnetic fields is 
displayed in Fig. 6. It is found that the mean value 
of x-component is almost zero, however the mean 
values of y and z-components differ with the field 
strength. The y-component of velocity is almost 
constant around 6660 m/s and the z-component is 
almost constant around 11600 m/s for the magnetic 
field beyond 2 mT. 
Fig. 7 shows the overall variation of maximum 
amplitude of velocity components for different 
varying magnetic field. The maximum amplitude of 
x-component is constant around 9794 m/s. On the 
other hand the highest values of the maximum 
amplitude of y and z-components are around 8100 

m/s and 4400 m/s, respectively at magnetic field of 
1.5 mT whereas lowest values of the amplitudes are 
4489 m/s and 2070 m/s respectively at magnetic 
field of 6 mT. 

 
Fig. 5: Velocity variation of ions with time at  

magnetic field 10.5 mT. 
 

 
 

Fig. 6: Variation of mean value of velocity with respect 
to magnetic field at angle 30º. 

 

 
 
Fig. 7: Variation of maximum amplitude of velocity with 

respect to magnetic field at angle 30º. 
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4. CONCLUSIONS 
The variation of ion velocity in a magnetized 
plasma sheath for different magnitudes of magnetic 
field at constant obliqueness has been studied. The 
mean values as well as the frequency of oscillation 
of three component of velocity of ions changes  
The variation of ion velocity in a magnetized 
plasma sheath, which consists of a single species of 
positive ions and electrons, was studied using 
kinetic theory. The temporal component of ion 
velocity oscillates and its oscillations as well as 
amplitudes are highly influenced by the magnetic 
field. After 0.5 second the oscillation of each 
component of velocity is negligible for the 
magnetic field 4.5 mT whereas the oscillation is 
negligible after 0.3 second for the magnetic field of 
7.5 mT. When the magnetic field increases, the 
mean value of y-component decreases and attains 
6660 m/s whereas the z-component is increased and 
attains 11600 m/s. The study is useful in 
understanding the exact particle behavior in 
magnetized plasma sheath region and can be 
important in material processing, plasma etching, 
confinement of plasma in fusion devices, surface 
treatment, lighting, medicine etc.  
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ABSTRACT 

Beat frequency and velocity variation of ions in a magnetized plasma sheath has been numerically investigated by using a 

kinetic trajectory simulation (KTS) model for varying obliqueness of the external magnetic field in presence of an electric 

field. Angular dependence of mean value, maximum amplitude, damping constant, frequency of oscillation and beat 

frequency have been studied. As the obliqueness of the field changes the mean values, beat frequency as well as the 

maximum amplitude of the velocity components also change but frequency of oscillation remains almost the same.  

Keywords: Plasma, Magnetized sheath, Bohm-Chodura condition, Kinetic theory, Beat frequency 

INTRODUCTION 

The study of beat frequency and velocity variation of ions 

in magnetized plasma sheath for varying obliqueness is 

one of the important problems for nearly all applications 

of plasma, where it is confined to a finite volume using 

magnetic fields (Chodura 1982, 1986, Riemann 1991, 

2000). It is one of the most important problems of plasma. 

The correlative works, both of experiment and theory 

have been developed widely during the past several years 

and not yet fully understood (Chodura 1982, 1986, 

Riemann 1991, 2000, Hatami et al. 2008, Zou et al. 2009, 

Chalise & Khanal 2012, Khoramabadi et al. 2011, 

Gyergyek & Kovacic 2015). The sheath formed between 

magnetic plasma and a particle absorbing wall have 

received considerable amount of attention (Hatami et al. 

2008, Zou et al. 2009, Chalise & Khanal 2012, 

Khoramabadi et al. 2011, Gyergyek & Kovacic 2015, 

Huang et al. 2015, Moulik & Goswami 2015, Chalise & 

Khanal 2015, Liberman et al. 2016, Chauhan et al. 2016). 

When the plasma is confined in any closed surface, the 

plasma interacts with the material surface so that the 

proper understanding of this interaction is very important 

in all plasma applications like in plasma confinement for 

fusion, sputtering, etching, surface treatment, etc (Chalise 

& Khanal 2012). Once the plasma-wall interaction is well 

understood it will be possible to control heat loading, 

energy transfer and particle flow towards the wall and 

overall bulk plasma behavior (Riemann 2000, Chalise & 

Khanal 2012). The wall is generally charged up negatively 

due to the higher velocity of the plasma electrons as 

compared with that of the ions. Due to this reason, 

negative potential is developed in the absorbing wall 

which attracts the ions and repels part of the electrons, 

forming a positive space charge region in front of the 

wall, which is „sheath‟. For the formation and stability of 

such a sheath, the in-streaming ions at the sheath edge has 

to satisfy a condition called the Bohm criterion (Bohm 

1949), which for a magnetized plasma is modified by 

Chodura (1982, 1986). 

In presence of an oblique magnetic field, the charged 

particles entering into the plasma sheath region oscillate 

and it has been observed that the ion velocity shows beat-

like nature. The beat nature shown by ion velocity in a 

magnetized plasma sheath has been reported and analyzed 

for different obliqueness of the magnetic field using a 

kinetic trajectory simulation (KTS) model (Khanal 2003). 

The importance of this study is to observe the changes in 

the particle dynamics as well as the particle wall 

interaction in magnetized plasma sheaths. 

METHODS AND MODEL 

KTS is an iterative method for numerically calculating 

self-consistent, time independent kinetic plasma states in 

some given bounded spatial region originally developed 

for non-magnetic cases (Khanal 2003) which was 

extended to include oblique magnetic field by Chalise and 

Khanal (2012). The characteristics feature of the KTS 

method is that the distribution functions of the ions are 

calculated directly, by solving the related kinetic 

equations along the respective collisionless particle 

trajectories. The electron density profile is still obtained 

analytically considering its cut-off Maxwellian 

distribution by the negative wall. 

The fundamental equation which ),,( tvrf


 has to satisfy 

is the Boltzmann equation (Chalise & Khanal 2012). 


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Where, F


is the force acting on the particles and 

cdt

df







 is 

the time rate of change of f  due to collisions. The 

symbol ∇ stands for the gradient in (x, y, z) space and 
v∇  
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stands for the gradient in velocity space, and ),,( tvrf


 is 

a velocity distribution function. In collisionless cases the 

equation is called the Vlasov equation: 

0).( 



fBvE

m

q
fv

t

f
v


  (2) 

In the KTS method we solve the kinetic equation along 

with other basic equations describing the plasma for given 

boundary and initial conditions. The distribution function 

at any point along the trajectory can be obtained if its 

value at one point (i.e., at the boundary) is known. Then 

density of the species „s‟ is given by 

   




 vxfvdxn ss 
,3     (3) 

The space charge density is defined as 

   ∑
s

ss xnqx


     (4) 

The electrostatic potential ( )xφ  is to be found from 

Poisson‟s equation 

   
,-

0

2

2



 x

dx

xd


     (5) 

and the electric field is given by 

 
 

dx

xd
xE


 

-         (6) 

In present simulation, it solves equations (1)-(6) along the 

collisionless trajectories for given boundary conditions. 

The 1d3v model of magnetized plasma sheath is shown 

schematically in Fig. 1. The simulation region considered 

is bounded by two parallel planes situated at 

0x and Lx   and the plasma consists of only electrons 

and singly charged ions. It has specified Lx  as the 

"sheath entrance" which separates the non-neutral, 

collision less sheath region (x < L) from the quasineutral 

collisional presheath region (x > L). 

 

Fig. 1: Schematic diagram of the plasma sheath model 

Similarly, an absorbing wall is specified by x=0. It is 

assumed that the angle made by the oblique magnetic field 

with the x-axis, which is the direction of the electric field, 

to be  . The magnetic field lies in the x-y plane. 

It is supposed that the plasma particles (electrons and 

ions) enter the simulation region from the sheath entrance 

with cut off Maxwellian velocity distribution functions, 

the wall doesn't emit any particles and that both 

boundaries are perfectly absorbing. Accordingly, the 

electron velocity distribution function is given by 
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where  
  

e

e

c
m

xe
xv 02  
 is the electron cut off 

velocity at x, k is the Boltzmann constant and  (x) is the 

Heaviside function i.e., 

 
.0

01
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xif
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The ion velocity distribution function at x=L is given by,  
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where,
s

s
s

tf
m

kT
v

2


 is the species-s (ion and electron) 

thermal velocity,
 

i

mlv is the ion “Maxwellian-maximum” 

velocity at x=L and 
i

cLv  ( i

cL
v < 0) is the ion cut off 

velocity at x=L. In the core plasma the particle 

distribution would obviously be Maxwellian, however, in 

case of sheath formation the ions are accelerated towards 

the wall so that they become shifted Maxwellian as given 

by equation (9). In addition, for the Bohm criterion to be 

satisfied by the ions they must have attained certain 

minimum velocity ( i

cLv ) at the sheath entrance. As the 

electrons are retracted and reflected by the negative 

potential wall their distribution gets cut-off at the sheath 

entrance as given by equation (7). 

Once all the starting parameters at the sheath entrance are 

known we solve the ion kinetic equations, for different 

discretized ion injection velocities up to the wall. This 

gives the ion velocities and their corresponding 

distribution function in the entire sheath region which on 

integration yields ion density distribution. For the velocity 

distribution given by equation (9), we can evaluate 

equation (3) for electron density at x=L as 
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Now, from the velocity distribution function (9) and (3), 

we get ion density as 
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The average velocity for ions can be calculated by using 
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and the average velocity for electrons is 
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The electron density profile, which is evaluated 

analytically, is given in terms of potential as 

 
 

  








































e

f

e

f

e

f

e

L

e

kT

e
erf

kT

xe
erf

kT

xe
nn

0

0

1

1

exp







   (14) 

RESULTS 

The variation of various components of ion velocity with 

respect to time have been calculated numerically for 

magnetic field 2 mT at different obliqueness of the field 

(30°, 60˚ and 75˚) and the results are shown in Figs 2 to 4. 

Figure 2 shows that at obliqueness 30˚, the x-, y- and z-

component of velocity sinosodially varied about the mean 

value of –106.9, 6639 and 11620 ms
-1

, respectively, with 

same frequency of oscillation 100 Hz. 

 

Fig. 2. Variation of velocity with time at magnetic field 2 

mT and angle 30  ̊

In addition, these components showed damping nature of 

oscillation with damping factor of 4.3, 4.5 and 4.2 s
-1

, 

respectively. Like wise at the angle of 30˚, the x-, y- and z-

component of velocity varied with maximum amplitude of 

9900.9, 3501 and 2070 ms
-1

, respectively. The figure 

shows that, for x-, y- and z-component of velocity formed 

5.5, 5.2 and 5.04 beats in x-, y- and z-component of 

velocity in 1 second, so that their beat frequency was 

equal to 5.5, 5.2 and 5.04 Hz. The first zero amplitude 

was obtained at about 0.2 second in x-component of 

velocity, whereas in y- and z-component of velocity the 

first zero amplitude was obtained at around 0.1 second. 

Figure 3 shows that at angle 60˚, the x-, y- and z-

component of velocity sinosodially varied about the mean 

value of -41.07, 11590 and 6683 ms
-1

, respectively, with  

constant frequency of oscillation 100 Hz. In addition, like 

previous  these components also showed damping nature 

of oscillation with damping factor 4.4, 4.7 and 4.2 s
-1

, 

respectively. Similarly, at the same angle, the x-, y- and z-

component of velocity varied with maximum amplitude 

9835.07, 2630 and 4747 ms
-1

, respectively. Like wise this 

figure shows that  for x-, y- and z-component of velocity, 

there formed 5.3, 5.6 and 5.7 beats in 1 second so that 

their beat frequency was equal to 5.3, 5.6 and 5.7 Hz. The 

first zero amplitude was obtained at around 0.15 second in 

x-component of velocity whereas in y- and z-component 

of velocity the first zero amplitude was obtained at around 

0.255 second. 

 

Fig. 3. Variation of velocity with time at magnetic field 2 

mT and angle 60  ̊

Figure 4 shows that the x-, y- and z-component of velocity 

sinosodially varied about the mean value of 43.26, 11540 

and 3296 ms
-1

, respectively, with frequency of oscillation 

100 Hz at obliqueness 75˚. In addition, these components 

showed damping nature of oscillation with damping factor 

of 4.5, 4.2 and 5.5 s
-1

, respectively. The x-, y- and z-

component of velocity varied with maximum amplitude 
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9750.74, 1850 and 6498 ms
-1

, respectively, at the same 

value of obliqueness. 

 

Fig. 4. Variation of velocity with time at magnetic field 2 

mT and angle 75  ̊

Similarly, Fig. 4 shows that at an angle 75˚, for x-, y- and 

z-component of velocity there formed 5.2, 5.6 and 5.6 

beats in 1 second, respectively, so that their beat 

frequency was equal to 5.2 , 5.6  and 5.6 Hz, respectively. 

Also in x-component of velocity, the first zero amplitude 

was obtained at around 0.28 second whereas in y- and z-

component of velocity the first zero amplitude was 

obtained at around 0.4 second. Further in x-, y- and z-

component of velocity shoulder was obtained at around 

0.1 second. 

DISCUSSION 

Table 1 shows the summary of observed data for mean 

value, maximum amplitude, damping constant, frequency 

of oscillation and beat frequency. The mean value of x-

component of velocity at obliqueness of 30˚, 60˚ and 75˚ 

was small and negative compared to other components. 

The negative sign was due to the geometry considered 

where the wall is at origin and the ions enter the sheath 

region from x = L with negative velocity. Mean value 

(11620 ms
-1

) was maximum of the z-component at 30˚ 

with respect to all other components at different angles. 

Table 1. The observed data of mean value, amplitude, damping constant, frequency of oscillation and beat frequency (all 

values are in SI units) at magnetic field 2 mT  

Theta Mean Value Amplitude Damping 

constant 

Frequency of 

oscillation 

Beat frequency 

vxm vym vzm vxa vya Vza vx vy vz vx vy vz vx vy vz 

30° –106.9 6639 11620 9900.9 3501 2070 4.3 4.5 4.2 100 100 100 5.5 5.2 5.0 

60° –41.1 11590 6683 9835.1 2630 4747 4.4 4.7 4.2 100 100 100 5.3 5.6 5.7 

75° –43.3 11540 3296 9750.7 1850 6498 4.5 4.2 5.5 100 100 100 5.2 5.6 5.6 

                

Also at angle 75˚ amplitude (1850 ms
-1

) was minimum of 

the y-component whereas at angle 30˚ amplitude (9900.9 

ms
-1

) was maximum of the x-component. At angle 60˚ 

damping constant was maximum i.e. 4.7 s
-1 

 of the y-

component. The beat frequency along the z-component 

was maximum (5.7 Hz) for the angle 60˚. As we were 

considering a uniform magnetic field the frequency of 

oscillation was same for all cases and presented here for 

the purpose of comparing with the beat frequency. 

CONCLUSION 

The beat nature shown by ion velocity in a uniform 

magnetized plasma sheath has been reported for the first 

time and has been analyzed for different obliqueness of the 

magnetic field. As the ions enter the sheath region they are 

guided by the magnetic field and hence start gyrating. As 

they move closer to the wall the electric field increases and 

the dominance of magnetic field ceases which causes the 

oscillation to have beat like nature. Thus the beat results 

primarily due to the combined effect of electric and 

magnetic fields. In present work we have studied the time 

evolution of ion velocity and the beat frequency for 

different obliqueness of the external uniform magnetic 

field. As the obliqueness of the field changes the separation 

of the mean values, beat frequency as well as the maximum 

amplitude of all the three component of the velocity 

changes. The study is useful in understanding the exact 

particle behavior when they travel in the sheath region and 

can be important in material processing, plasma etching 

and for confinement of plasma in fusion devices. 
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ABSTRACT 

The understanding of ion dynamics in magnetized plasma sheath is crucial for all 

applications of plasma. The velocity variation as well as modulation frequency of 

ions in a magnetized plasma sheath has been studied for different obliqueness of 

magnetic field. The governing Lorentz force equation has been solved numerically 

for the given boundary conditions as applicable in kinetic simulation of the sheath. 

For different obliqueness of the magnetic field, the average values, maximum 

amplitude, damping factor as well as frequency of oscillation are studied. The 

oscillating velocity components change at different rates depending on their 

orientation with respect to the field direction. Significant changes in the damping 

factor and modulation frequency has been observed for all components of velocity; 

however, the frequency of oscillation remains same. As the obliqueness increases, 

shoulder natures in the components of velocity are observed. 

DOI: https://doi.org/10.3126/bibechana.v18i1.29171 
This work is licensed under the Creative Commons CC  BY-NC License. https://creativecommons.org/licenses/by-nc/4.0/ 
 

 
1. Introduction 

 

The formation of non-neutral region in the vicinity 

of material wall is a ubiquitous feature of bounded 

plasma and it has wide range of growing 

applications in diverse fields (e.g. plasma 

confinement for fusion, sputtering, etching, surface 

treatment etc.) [1]. In plasma, the thermal velocity 

of electrons is higher as compared to that of the 

ions. Due to this, the wall is charged up negatively 

with respect to the core plasma. Therefore, negative 

potential attracts the ions and repels electrons 

forming a thin positive space charge region near to 

the wall. This positive space charge region, known 

as the „sheath‟ separates the negatively charged 

material wall from the quasineutral „presheath‟ 

plasma. The in-streaming ions have to satisfy the 

Bohm criterion to ensure the stability of the overall 

plasma [2, 3]. The problem related to sheath is one 

of the oldest problems in plasma physics [3, 4] and 

once the plasma-wall interaction is well understood 

it will be possible to control heat loading, energy 

transfer and particle flow towards the wall and 

overall bulk plasma behavior [5 - 7]. 
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The problem of sheath formation whenever it 

faces a material surface, its nature and 

evolution with time is significant for all plasma 

applications. This is a topic of interest and 

various works are reported recently as well; 

however, the study of modulation frequency as 

well as the time evolution of the ion velocity 

profile in a magnetized plasma sheath for 

varying obliqueness is still lacking [8-10]. This 

work focuses in the time variation of ion 

velocity, which shows oscillating nature, and 

its modulation frequency in a magnetized 

plasma sheath for different obliqueness of the 

field. The governing Lorentz force equation are 

formulated and solved numerically for the 

given boundary conditions as applicable in 

kinetic trajectory simulation (KTS) method of 

the sheath region [8, 11, 12]. 
 

In typical boundary layer problems, the sheath 

region is of several electron-Debye lengths which is 

much smaller than the characteristic extension of 

the plasma. Such a sheath can only be formed, if 

the Bohm criterion [2, 5] is satisfied which 

demands that the ions enter the sheath region with a 

high velocity, which cannot be generated by 

thermal ion motion alone [5]. In the presence of a 

magnetic field, in kinetic form, the Bohm criterion 

reads 
 

22

||

11

sCv


     

(1) 

 

where, 

i

e

PS

ei

PS

i

s
m

TTk
C

)(  
  is the ion-acoustic 

velocity defined at the presheath side of the sheath 

edge, with k  is Boltzmann constant, i and e the 

ion and electron polytropic constants, respectively, 
i

psT
 
and e

psT  the ion and electron temperatures at 

the presheath side of the sheath edge, respectively 

and m
i
 is the mass of ion species.  

 

2. Model and basic equations 
 

 

The 1d3v model of magnetized plasma sheath is 

shown schematically in Fig. 1. The region of 

interest is bounded by two parallel planes at 0x

and Lx  , and the plasma consists of only 

electrons and singly charged ions. The plane at 

Lx   represents the “sheath entrance” that faces 

the plasma side and 0x is the material wall, 

assumed to be  non-emitting in the present case. 

The uniform magnetic field B


 acts on the xy-plane 

which makes an angle   with the normal to the 

wall. In the presence of oblique magnetic field, the 

presheath consist of two distinct regions: 

collisional presheath and magnetic presheath [3, 

13]. The general schematic diagram of magnetized 

plasma-wall transition region is shown in Fig. 2 

[11].    
 

As the sheath region is characterized by sharp 

gradients in a small scale of the order of electron-

Debye lengths, it is usually treated kinetically, 

where the particle distribution are governed by the 

Boltzmann equation [1] 
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where F


is the macroscopic force acting on the 

particles, and 
ct

f












is the time rate of change of 

distribution function ),,( tvrf


 due to collisions. 

The symbol   represents the usual space-gradient 

operator whereas the symbol v  represents the 

gradient in velocity space. For collisionless cases, 

suitable for sheath region as their dimension are 

much less than the mean free path, the equation (2) 

changes to so called Vlasov equation: 
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fBvE
m

q
fv
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In the KTS method, the kinetic equations are solved 

along with other basic equations describing the 

plasma for given boundary and initial conditions. 

The distribution function at any point along the 

trajectory can be obtained if its value at one point 

(i.e., at the boundary) is known. Density of the 

species „s‟ is then given by
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which then yields the space charge density as 

   
s

ss xnqx


 .    (5) 

Thus obtained space charge density is then used in 

the Poisson‟s equation to obtain the electrostatic 

potential  x  

   
,

0

2

2


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and the electric field is given by 

 
 

dx

xd
xE


 

     (7) 

The kinetic equations (3)-(7) are solved along the 

collisionless trajectories for given boundary 

conditions. The ion velocity in the plasma sheath 

are computed using the Lorentz force equation 

  BvEq
dt

vd
m


      (8) 

where q is the charge of ion species whose mass is 

m.  

The components of equation (8) are 
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Since the magnetic field is dominating near the 

sheath entrance over the electric field, which is 

almost zero, the ions gyrate as they move slowly 

forward towards the wall. As the ions move 

towards the wall from the sheath entrance the 

electric field starts dominating, and hence the 

gyration decreases, and the equation of the damped 

harmonic oscillator can be is written as [14] 

  )(sin    tAevtv tk

m          (12) 

where k, A,   and  are damping constant, 

amplitude, frequency of oscillation and phase 

angle, respectively. The damping constant of 

oscillating velocity components defined by 

equation (9) can be expressed as [14] 
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where 
1v  and

2v  are the resultant velocity at time 

1t  and 
2t , respectively and mv  is the mean value of 

oscillating parts of velocity. 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1: Schematic geometry of the plasma-wall 

interaction model. 

 

Fig. 2: Schematic diagram of magnetized plasma-

wall transition region. 

 

3. Results and Discussion 
 

In order to study the temporal variation of velocity, 

the equations (9)-(11) are solved by using Runge-

Kutta method for the given boundary conditions. 
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Furthermore, the amplitude of oscillation, damping 

factor, oscillation frequency and mean value are 

obtained by solving the equations (12) and (13) 

numerically. The temporal dependence of all three 

components of ion velocity have been calculated at 

constant magnetic field of 6 mT and for three 

different obliqueness of the field (30°, 60° and 

75°), shown in Figs. 3, 4, and 5, respectively. For 

the obliqueness of 30°, the x, y and z-component of 

velocity  varies about the mean value of 0.007 m/s, 

6661 m/s and 11600 m/s respectively with same 

frequency of oscillation 100 Hz (Fig. 3). Also these 

components show damping nature of oscillation 

with damping factor 13.8 s
-1

, 13.1 s
-1

 and 13.0 s
-1

, 

respectively. Likewise, these component of velocity 

varies with maximum amplitude of 9794 m/s, 3138
 

m/s and 1550 m/s, respectively. It also shows that 

the modulation frequency of x, y and z-component 

of velocity is same which is equal to 15.4 Hz.  
  

Fig. 4 shows that at obliqueness 60°, the x, y and z-

component of velocity varies about the average 

values of -0.008 m/s, 11570 m/s and 6718
 
m/s, 

respectively with same frequency of oscillation, 

100 Hz. Also these components show damping 

nature of oscillation with damping factor of 15.2 s
-

1
, 13.7 s

-1
 and 12.3 s

-1
 respectively. Likewise, these 

components of velocity vary with maximum 

amplitude of 9794 m/s, 2650 m/s and 4632 m/s, 

respectively. The modulation frequency of x, y and 

z-component of velocity for this case is 16.2 Hz, 

15.8 Hz and 16.2 Hz, respectively.  
 

At obliqueness of 75°, the x, y and z-component of 

velocity varies about the average values of 0.0058 

m/s, 11580 m/s and 3137 m/s respectively, with 

same frequency of oscillation 100 Hz as shown in 

Fig. 5. Also these components show damping 

nature of oscillation with the damping factor as 

12.9 s
-1

, 14.9 s
-1

, and 14.1 s
-1

, respectively. 

Likewise, these component of velocity varies with 

the  maximum amplitude of 9794 m/s, 1690 m/s 

and 6657 m/s, respectively. The modulation 

frequency of x, y and z-components of velocity are 

15.8 Hz, 16.0 Hz and 15.4 Hz, respectively. In this 

case, of obliqueness 75°, shoulder nature in the 

velocity components are observed around 0.05 

second which was not the case when the angles 

were smaller. 
 

The obtained results are summarized in Table 1, 

where the average value, maximum amplitude, 

damping factor, frequency of oscillation and 

modulation frequency of all three component of ion 

velocity at obliqueness of 30°, 60° and 75°. The y-

component of mean value (11580 m/s) is maximum 

at 75° compared to other angles. The amplitude is 

maximum (9793.99 m/s) of the x-component in two 

cases, when the angles are 30° and 75°, whereas 

amplitude is minimum (1550 m/s) for z-component 

at 30°. The damping factor of the z-component is 

minimum (13.0  s
-1

) when the angle is 30°, on the 

other hand it is maximum for y-component (14.9 s
-

1
) at 75°. Similarly, modulation frequency in the x-

component and z-component is maximum (16.2 

Hz) at angle 60°, whereas frequency of oscillation 

remained same for all components of velocity for 

each cases considered. 

 

 

 
 

 

Fig. 3: Temporal variation of velocity of ions for a 

magnetic field of 6 mT at angle 30°. 
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Fig. 4: Temporal variation of velocity of ions for a 

magnetic field of 6 mT at angle 60°. 
 

 

 
Fig. 5: Temporal variation of velocity of ions for a 

magnetic field of 6 mT at angle 75°. 

 

 
 

Table 1: The average value, maximum amplitude, damping factor, frequency of oscillation and 

modulation frequency of ion  velocity 
 

 

 
 

4. Conclusions 
 
 

Velocity variation as well as modulation frequency 

of ions in a magnetized plasma sheath has been 

studied for different  obliqueness of magnetic field. 

It has been observed that the ion velocity at 

presheath-sheath boundary is affected by varying 

the obliqueness of the field. Various parameters like 

average ion velocity, amplitude, modulation 

frequency, and the damping factor can be controlled 

by varying the obliqueness. However, the frequency 

of oscillation is independent of obliqueness of 

magnetic field. The changes in these parameters  

 

 

 

 

results due to the change in contribution of the 

magnetic field with obliqueness. Present work is 

useful in understanding the time evolution of the 

particles velocities, and hence, exact particle 

behavior in magnetized plasma sheath region 

which is important in diverse plasma applications: 

material processing, surface treatment, plasma 

etching, confinement of plasma in fusion devices, 

and many more.  
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