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ABSTRACT 

Special relativistic hydrodynamics (SRHD) plays a crucial role in the study of high-energy, 

relativistic flows characterized by strong shocks and nonlinear wave interactions. Relativistic 

flows do not generally admit analytical solutions hence requiring numerical solvers for simplified 

studies. Although several advanced SRHD solvers exist, they are often made for higher-

dimensional (3D) simulations which are computationally intensive, complex to implement, and 

not readily accessible for educational or exploratory use, especially in simplified environments 

such as MATLAB. This study presents the development of a one- and two-dimensional SRHD 

solvers using the finite volume method with HLLE flux evaluation and MUSCL slope-limited 

reconstruction. The solvers were validated against standard relativistic blast wave test problems 

under relativistic conditions. The results demonstrate the solvers’ ability to capture key flow 

features, including shock waves, rarefaction waves, and contact discontinuities, while also 

maintaining conservation properties. MUSCL reconstruction significantly reduced the numerical 

diffusion inherent under first-order scheme.  Mesh sensitivity and CFL number analyses outlined 

the influence of spatial and temporal discretization on solution accuracy and stability. 

The validated solvers were applied to simulate relativistic jet propagation which showed solvers’ 

ability to capture jet features such as collimation, bow shocks, and shear layer formation. 

Parametric studies on Lorentz factor, density contrast, and pressure ratio highlighted their 

influence on jet dynamics. Simulations in high-resolution improved solution accuracy at increased 

computational cost. The developed solver provides a computationally efficient and reliable 

framework for studying relativistic flows and can be further extended to higher-order schemes and 

multidimensional applications. 

Keywords: Special Relativistic Hydrodynamics, HLLE, Finite-Volume Method, Newton–Raphson 

Method, Blast Wave, MUSCL, Courant number, Jet Propagation. 
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1. INTRODUCTION 

1.1 Background 

Fluid dynamics problems involving high-speed, compressible flows exhibit strong nonlinear 

phenomena like shock waves, rarefaction waves and consist large gradients in flow variables. 

These features are commonly encountered in relativistic flows. Relativistic flows are defined as 

high-speed flows approaching the speed of light. As the fluid moves with the velocity closer to 

that of light, it undergoes relativistic effects. In such cases, unlike in classical fluid dynamics, mass, 

momentum and energy are no longer treated independently. They are strongly coupled and pressure 

and internal energy affect momentum transport. Analyzing such a flow is beyond the scope of 

classical fluid dynamics hence requiring extension to the classical fluid dynamic framework. The 

governing equations for the study of relativistic fluid flow must account for relativistic corrections 

to mass, momentum and energy conservation. 

Some of the well-known examples of high-velocity flows are relativistic jets of astrophysical 

systems such as active galactic nuclei, gamma-ray bursts, microquasars, etc. They are highly 

energetic jets which develop complex flow structures and discontinuities during their propagation 

as they interact with the ambient environment. 

In order to study the relativistic behaviour of the fluid, different hydrodynamic approaches are 

used. SRHD, GRMHD, SRMHD some of the commonly use methods. Particularly, SRHD extends 

the classical conservation equations of fluid dynamics to include relativistic effects. It assumes a 

flat space-time framework. Here the governing equations are written in conservative form and are 

solved using a numerical method. The analytical solutions exist only for few simplified cases, 

hence making the numerical modeling even more of an important tool for investigating relativistic 

fluid behaviour. 

The three-dimensional relativistic simulations require significant computational resources. As a 

result, reduced-dimensional models which have lower computational cost are preferred for 

studying the fundamental characteristics of the relativistic flows. Such models allow detailed 

investigation of the evolution of flow variables and the numerical behavior of the solver. 
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In this study, the reduced-dimensional special relativistic hydrodynamics framework is used to 

model the propagation of relativistic jets into an ambient medium under different conditions 

resulted by varying parameters like Lorentz factor, density contrast and pressure ratio. 

 

1.2 Special Relativistic Hydrodynamics 

Special relativistic hydrodynamics is the study of fluid flow governed by conservation of mass, 

momentum and energy in which the velocity is close to the speed of light but never exceeds it as 

per the principle of special relativity. 

SRHD provides a framework for describing the motion of fluids under relativistic conditions. 

When fluid flows reach velocities comparable to the speed of light, governing equations must be 

applied considering relativistic effects. In this formulation, the conservation laws of mass, 

momentum, and energy are modified to incorporate relativistic effects that arise from high 

velocities. The governing equations are typically written in conservative form so that they can be 

solved using numerical techniques similar to those used in computational fluid dynamics. 

Unlike general relativistic models, SRHD assumes a flat spacetime and does not include 

gravitational effects. The magnetic fields are also neglected in the pure hydrodynamic formulation. 

These assumptions simplify the physical model while still allowing the main features of relativistic 

fluid motion to be captured. 

 

1.3 Problem Statement 

 The relativistic flows are highly nonlinear, with shocks, rarefaction waves, and contact 

discontinuities forming as the jet interacts with the surrounding medium. Obtaining solutions for 

such fluid dynamics, even under SRHD, is difficult. SRHD equations alone are not capable of 

obtaining the solutions requiring additional support like the ideal equation of states and iterative 

approaches. It is difficult to study the full behavior of the relativistic flows without numerical 

modeling as limited analytical solutions exist. 

Most existing studies are focused on three-dimensional simulations which are computationally 

intensive leaving reduced-dimensional solver frameworks underexplored. These are focused on 
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imitating astrophysical outcomes rather than the numerical methods implementation on simple, 

student friendly tools like MATLAB which can contribute in educational and explanatory research. 

 

1.4 Motivation and Mechanical Engineering Relevance 

Relativistic jets are typically considered in astrophysical phenomena, however, in the field of 

Mechanical Engineering it can be treated as a high-speed compressible flow problem. Relativistic 

flows involve strong nonlinearities, shock waves, and high gradients of pressure and density that 

are commonly studied in computational fluid dynamics (CFD) for engineering applications. 

Developing a robust numerical solver for such flows can help strengthen understanding of high-

speed compressible fluid behavior and improve skills in numerical modeling, stability analysis, 

and solver implementation. 

Unlike 3D models, reduced-dimensional simulations offer a practical way to explore the 

relativistic behaviour of the flows without requiring excessive computational resources. 1D and 

2D models make it possible to test different numerical schemes, validate solvers against standard 

benchmark problems, and analyze how certain parameters affect flow dynamics. The entire 

process from solver development to the study of the effects of key parameters provides insight into 

relativistic fluid dynamics and at the same time reinforces concepts used in classical CFD and 

high-speed aerodynamics, which are central to Mechanical Engineering. 

Hence, the motivation for this study is the consequence of gap in solver-focused research for 

relativistic flows and the provision of a link between advanced fluid dynamics problems and 

practical engineering analysis, which allows Mechanical Engineering students and researchers to 

apply familiar CFD tools to extreme flow conditions. 

1.5 Objectives 

1.5.1 Main Objective 

To numerically model the propagation of relativistic jets using reduced-dimensional (1D 

and 2D) Special-Relativistic Hydrodynamics. 
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1.5.2 Specific Objectives 

a) To formulate the conservative SRHD equations and numerical methods for numerical 

implementation. 

b) To develop and validate a 1D SRHD numerical solver using standard relativistic test 

problems. 

c) To extend the solver to 2D SRHD for simulating relativistic jet propagation. 

d) To simulate the relativistic jet propagation into an ambient medium using the 2D 

solver. 

e) To analyze the effects of key parameters such as Lorentz factor, density contrast, and 

pressure ratio on jet dynamics. 

 

1.6 Scope of the Study 

This study focuses on numerical modeling of relativistic jet propagation using reduced-

dimensional SRHD. The1D solver serves as a foundation for validation as well as the solver’s 

extension to2D. The study analyzes key flow features such as shocks, rarefaction waves, and 

contact discontinuity, along with the effects of parameters like Lorentz factor, density contrast, 

and pressure ratio. 

This work is limited to reduced-dimensional SRHD models. Analysis of gravitational and 

magnetic effects is beyond the scope of this study. Also, a fully three-dimensional is not included. 

The results obtained through simulations are focused on understanding solver performance and 

flow dynamics rather than replicating specific astrophysical environments. 

2. LITERATURE REVIEW 

2.1 Relativistic Flows 

Relativistic fluids are high-speed compressible fluids with strong shocks, discontinuities, 

rarefactions, and large gradients in flow variables and comprise highly nonlinear interactions [1, 

2]. Relativistic flows typically occur in high-energy astrophysical phenomena like black hole jets, 

gamma-ray bursts (GRBs), supernovae, X-ray binaries, etc. They exhibit strong shocks, 
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rarefactions, contact discontinuities and complex interactions with the surrounding medium. 

Studying such complex fluid dynamics while capturing the relativistic effects is beyond the scope 

of classical fluid dynamics, thus requiring sophisticated, non-Newtonian computational methods 

like SRHD, GRMHD (General Relativistic Magnetohydrodynamics), SRMHD (Special 

Relativistic Magnetohydrodynamics), and related models [3,4]. 

In order to reproduce the physical phenomena such as jet head formation, cocoon and shock 

structures, most studies adapt 3D simulations [5]. Although 3D simulations capture those 

phenomena more accurately, the computational cost associated with them is quite high [6]. At the 

same time, reduced dimensional approaches i.e., 1D and 2D simulations are also capable of 

capturing essential features of relativistic flows including shock, discontinuities, and overall jet 

morphology without the need of huge resources [7]. 

 

2.2 Special Relativistic Hydrodynamics  

Special relativistic hydrodynamics (SRHD) is a branch of computational fluid dynamics (CFD) 

that deals with fluids exhibiting relativistic properties in a relatively static ambient medium [8]. 

SRHD studies these relativistic fluid flows with subluminal velocities within flat Minkowski 

spacetime which ignores space-time curvature [1]. The flat spacetime assumption significantly 

simplifies the mathematical formulation by neglecting magnetic field and gravity. The SRHD 

follows relativistic conservation laws which is the fundamental principle of conservation of mass, 

momentum and energy. SRHD undergo Lorentz transformation as the equations are dependent on 

Lorentz factor. The governing equations of SRHD are nonlinear and hyperbolic in nature, which 

leads to complex wave interactions. Therefore, for obtaining the accurate numerical solution, 

robust numerical methods and solvers are required [9]. 

The SRHD equations used in this study are adopted from established sources [10–13], where their 

detailed formulation and derivation can be found. The system of SRHD equations is closed with 

an equation of state (EOS) [11, 14]. The ideal gas EOS is used, relating pressure, density, and 

specific enthalpy with adiabatic index. 
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2.3 Developments in Relativistic Hydrodynamics 

Early studies on SRHD were focused on relativistic hydrodynamics code generation, formulation 

of modern SRHD equations, development of benchmark tests, and building advanced relativistic 

hydrodynamics methods. In the 1970s, James R. Wilson developed the first Eulerian SRHD code 

employing artificial viscosity techniques to handle shock waves, which built a foundation for the 

development of stable numerical simulations of high-speed flows. Gary A. Sod surveyed several 

finite difference methods and presented the Sod shock tube tests as a standard benchmark for 

validating hydrodynamic codes [15]. Martí and Müller introduced the exact Riemann solution for 

relativistic flows in 1994, which became a benchmark for shock tube problems [14]. Later, they 

also developed the first one-dimensional SRHD code employing this exact Riemann solver, 

establishing important standards for code validation [10]. Their comprehensive review has been 

updated multiple times [8,16] which further summarized high-resolution shock-capturing (HRSC) 

methods in SRHD. Similarly, significant contributions were made in approximate Riemann solvers 

and flux treatment by Schneider et al. [17] and [18] who adapted the relativistic HLLE and HLL 

algorithms specifically designed for SRHD, originally introduced by Harten, Lax, and van Leer 

(1983) for classical hydrodynamics [19]. In 1994 Toro et al. developed the HLLC solver for the 

Euler equations, preserving contact discontinuities [20], which Mignone and Bodo extended to 

relativistic flows with the aim of achieving sharper resolution of contact waves [9]. Furthermore, 

Mignone and Bodo presented an extension of the piecewise parabolic method to SRHD in multi-

dimensions suitable for a general equation of state [21]. 

In the early 2000s, schemes like total variation diminishing (TVD) and essentially non-oscillatory 

(ENO) methods were covered [8]. Zhang and MacFadyen introduced the relativistic adaptive mesh 

(RAM) code, integrating fifth-order weighted essentially non-oscillatory (WENO) schemes with 

HLL fluxes and adaptive mesh refinement (AMR), marking the first high-order SRHD code with 

AMR capabilities [22]. SRHD has significantly enhanced accuracy through MUSCL (Monotonic 

Upstream-centered Schemes for Conservation Laws), which reduces numerical diffusion while 

maintaining stability near discontinuities [23]. MUSCL uses slope-limited linear reconstruction to 

achieve second-order spatial accuracy in smooth regions while capturing shock. In recent years 

the Entropy Limited Hydrodynamics (ELH) scheme also has been introduced based on the 
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hybridization of an unfiltered high-order scheme with the first-order Lax-Friedrichs method [24]. 

In 2015, Martí and Müller provided an overview of grid-based numerical methods used in 

relativistic hydrodynamics (RHD)and magnetohydrodynamics (RMHD) along with FORTRAN 

programs to compute the exact solution of the Riemann problem in RMHD and to simulate1D 

RMHD flows in Cartesian coordinates [3]. State-of-the-art relativistic hydrodynamics codes such 

as PLUTO, Athena++, and WhiskyTHC have been developed. They incorporate a variety of 

Riemann solvers, like HLLC, HLLE, and exact solvers combined with adaptive mesh refinement 

to achieve unprecedented accuracy and efficiency across a broad range of fluid dynamics regimes, 

including classical, special relativistic, and general relativistic hydrodynamics [25–27]. 

 

2.4 Numerical Methods for Relativistic Hydrodynamics 

The numerical solvers for SRHD equations are built using the concept of numerical methods such 

as the finite volume method (FVM), smoothed particle hydrodynamics (SPH), the finite difference 

method (FDM), etc. FVM methods like the exact Riemann solver and approximate Riemann solver 

compute flux at the cell interface by solving local discontinuities in the flow in order to obtain 

numerical solutions of hyperbolic conservation laws in SRHD. Even though the exact Riemann 

solver provides more accuracy, it is complex, slower, and computationally expensive. The 

approximate Riemann solvers such as Harten, Lax, and van Leer (HLL), HLL and Contact 

(HLLC), and HLL and Einfeldt (HLLE), although not as accurate near shocks, are faster, simpler, 

and efficient and provide robust flux evaluation [14, 17, 18, 28, 29]. 

 

2.5 Reduced-Dimensional Modeling of Relativistic Flows 

1D solvers are commonly used for building the foundation of the solver for future extensions. They 

work as validation tool against standard test problems such as shock tubes and blast wave test. 

Once validated, the 1D solver can be extended to 2D for studying relativistic jet propagation 

scenarios, including jet penetration, shock positions, mixing layers, and interactions with ambient 

medium. 
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Reduced-dimensional modeling handles detailed investigation of numerical methods, solvers 

stability as well as parameter study all while avoiding the computational cost associated with 3D 

modeling [3, 4]. 

 

2.6 Research Gap and Motivation 

In relativistic hydrodynamics, while many studies seem to focus on physical outcomes of the 

solvers, only few studies undergo solver development, validation and extension of 1D solver in to 

2D [8, 10]. Most works are prioritized into astrophysical applications compared to numerical 

method analysis, and CFD applications hence leaning to 3D modeling [6]. This has created a gap 

in reduced dimensional SRHD research.   

In the field of Mechanical Engineering, relativistic jets can be treated as high-speed compressible 

flows, which allow the application of CFD techniques to study extreme fluid behavior. Developing 

and validating 1D and 2D SRHD solvers provides a platform to understand relativistic fluid 

dynamics as well as solver’s performance, numerical stability, and the effects of key parameters 

[10]. 



9 

 

3. METHODOLOGY 

3.1 Methodological Framework 

 

Figure 1: Methodology 
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This research, aimed to study relativistic jet propagation, followed a systematic pattern beginning 

with the formulation of problem statement, followed by an extensive literature review of SRHD 

and numerical solution techniques. With that the governing physical model of SRHD was defined 

along with selection of appropriate numerical method, primarily FVM with HLLE, an approximate 

Riemann solver. The computational implementation of the methodology was carried out in 

MATLAB. The numerical method was applied with first and second order reconstruction while 

building 1D SRHD solver. The developed solver was then validated against standard, benchmark 

tests provided by Marti and Muller through their research. Among first-order and second-order 

reconstruction, one fitting reconstruction approach was elected to move forward with the 

expansion of the solver into two dimensions. 

The validated 2D solver was further adjusted and adapted for the simulation of 2D relativistic 

circular blast wave and jet propagation. After post-processing and result analysis, the research was 

concluded with documentation and thesis writing. 

 

3.2 Governing Equations and Physical Model for SRHD 

The 1D and 2D SRHD equations, closed by ideal gas equation of state, are formulated to show the 

evolution of ideal relativistic fluid in Minkowski (flat) spacetime neglecting gravity, the magnetic 

field and viscosity.  

3.2.1 Primitive Variables 

In SRHD primitive variables are the fundamental quantities which describe the relativistic fluid 

behaviour. They tell what the fluid is like at a point. They are:  

Density: ρ  

Pressure: p 

Velocity components: 𝑣𝑥 , 𝑣𝑦 

In 1D, 

𝑣𝑦 = 0 
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∴ 𝑣2 = 𝑣𝑥
2 

3.2.2 Auxiliary Variables 

The auxiliary variables are necessary for converting primitive variables to conserved variables and 

computing fluxes in the solver. 

Lorentz factor: 

It describes the relativistic effects that appear when the fluid moves at speeds close to the speed of 

light. 

 
𝑊 =

1

√1 − 𝑣2
 

…(1) 

 

Specific enthalpy: 

It represents the total energy content of the fluid, including rest-mass energy and internal energy. 

It is given by ideal gas EOS, 

 𝑝 = (Γ − 1)𝜌𝜖 …(2) 

 

Where, 

Specific internal energy, 

 𝜖 =  
𝑝

(Γ − 1)𝜌
 …(3) 

Also, 

Specific enthalpy, 

 ℎ = 1 + 𝜖 +
𝑝

𝜌
       …(4) 

 ∴ ℎ = 1 +
Γ

Γ−1

𝑝

𝜌
        …(5) 

Where, 

Γ = adiabatic index (5/3, 4/3) 
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3.2.3 Conserved Variables 

Primitive variables like density, velocity, and pressure are converted into conserved variables to 

ensure the conservation of mass, momentum, and energy even across shocks and discontinuities. 

This conversion is essential for stable and accurate computation of fluxes in the solver. While 

primitive variables describe only the local state of a fluid, conserved variables show how much of 

mass, momentum, and energy exists per unit volume, and how it flows in space. 

 

𝑼 = [

𝐷
𝑆𝑥

𝑆𝑦

𝜏

] =

[
 
 
 
 

𝜌𝑊

𝜌ℎ𝑊2𝑣𝑥

𝜌ℎ𝑊2𝑣𝑦

𝜌ℎ𝑊2 − 𝑝 − 𝜌𝑊]
 
 
 
 

 

 

…(6) 

 

Where: 

𝐷 is Conserved rest-mass density 

𝑆𝑥 and 𝑆𝑦 are x and y components of conserved momentum density 

𝜏 is conserved energy density (internal + kinetic energy) 

In 1D: 𝑆𝑦 = 0 

3.2.4 Conservative Form Of SRHD 

The primitive variables (ρ, 𝑣, p) do not ensure conservation in numerical computations, hence the 

governing equations are expressed in conservative form to accurately capture those features. The 

equation describes how mass, momentum, and energy evolve with time in the computational 

domain. The change within a control volume occurs due to the flux of these quantities across the 

cell boundaries. 

In 2D: 

 𝜕𝑼

𝜕𝑡
+

𝜕𝑭(𝑼)

𝜕𝑥
+

𝜕𝑮(𝑼)

𝜕𝑦
= 0 

…(7) 

 

where, 



13 

 

F(U) = flux in x direction 

G(U) = flux in y direction 

In 1D: 

 𝜕𝑼

𝜕𝑡
+

𝜕𝑭(𝑼)

𝜕𝑥
= 0 

…(8) 

3.2.5 Equation Of State 

The system of SRHD equations is closed with an equation of state (EOS). The ideal gas EOS is 

used, relating pressure, density, and specific enthalpy with adiabatic index as given by Equation 5. 

 

3.3 Numerical Methods 

3.3.1 Finite Volume Method 

FVM is an excellent numerical method with an inherent conservation feature used to solve SRHD 

equations. Under FVM, the governing equations are written in integral (conservative) form and 

the computational domain is discretized into a series of control volumes (cells). The evolution of 

the conserved variables in each cell is determined by the net fluxes entering and leaving through 

the cell interfaces. This flux-based formulation ensures strict conservation of mass, momentum, 

and energy at the discrete level, making it particularly suitable for relativistic hydrodynamic 

simulations involving discontinuities. 

3.3.2 Fluxes 

In SRHD, flux represents the quantity of mass, momentum, or energy that flows through the 

boundary of a small control volume. 

Mass flux: 

It gives the amount of mass that crosses the interface between two neighbouring computational 

cells per unit time. 
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 Along x-direction; 

𝑭𝐷 = 𝐷𝑣𝑥 

Along y-direction; 

…(9) 

 𝑮𝐷 = 𝐷𝑣𝑦 …(10) 

Momentum: 

 Along x-direction; 

𝑭𝑆𝑥
= 𝑆𝑥𝑣𝑥 + 𝑝 

 

…(11) 

 𝑮𝑆𝑥
= 𝑆𝑥𝑣𝑦 

Along y-direction; 

…(12) 

 𝑭𝑆𝑦
= 𝑆𝑦𝑣𝑥 …(13) 

 𝑮𝑆𝑦
= 𝑆𝑦𝑣𝑦 + 𝑝 …(14) 

Energy: 

 Along x-direction; 

𝑭𝜏 = 𝜏𝑣𝑥 + 𝑝𝑣𝑥 

Along y-direction; 

 

…(15) 

 𝑮𝝉 = 𝜏𝑣𝑦 + 𝑝𝑣𝑦 …(16) 

1D analogue: Only x-direction fluxes used. 

3.3.3 HLLE Approximate Riemann Solver 

The HLLE solver is an approximate Riemann solver used to compute the numerical flux at the 

interface between neighbouring computational cells. It estimates the propagation of waves 

generated by discontinuities in the flow without solving the full Riemann problem exactly. This 

method is widely used in relativistic hydrodynamics as it provides robustness, simplicity, and also 

has the ability to capture shocks and discontinuities in a stable manner. Moreover, it avoids the 

complexity of exact Riemann solvers, making it computationally efficient and suitable for 

relativistic flow simulations. 

The HLLE solver computes numerical fluxes at cell interfaces using left and right primitive states. 

To estimate wave propagation in relativistic flows, it requires the following: 
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Relativistic sound speed: 

It determines how fast small pressure disturbances propagate through the fluid. 

 

𝑐𝑠 = √
Γ𝑝

𝜌ℎ
 

 

…(17) 

 

 

Characteristic speeds along x and y directions: 

The wave speeds λ represent the fastest and slowest speeds at which information (mass, 

momentum, energy) can travel through the fluid along a given direction locally. These speeds 

combine the fluid velocity and the sound speed, so they determine how quickly the effects of a 

change in one cell influence neighbouring cells. 

 
𝜆𝑥

± =
𝑣𝑥 ± 𝑐𝑠

1 ± 𝑣𝑥𝑐𝑠
 

…(18) 

   

 
𝜆𝑦

± =
𝑣𝑦 ± 𝑐𝑠

1 ± 𝑣𝑦𝑐𝑠
 

…(19) 

 

 

Fastest signal speeds: 

These are the bracketed signal speeds used by the HLLE solver. They are computed from the λ 

values on both sides of a cell interface to represent the slowest and fastest signals that could affect 

the interface. They ensure that all possible signals (mass, momentum, energy) are captured at the 

interface. 

 In x-direction, 

𝑎−
𝑥 = min (𝜆𝑥,𝐿

− , 𝜆𝑥,𝑅
− , 0) 

 

…(20) 

 𝑎+
𝑥 = max (𝜆𝑥,𝐿

+ , 𝜆𝑥,𝑅
+ , 0) …(21) 

 In y-direction,  
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 𝑎−
𝑦 = min (𝜆𝑦,𝐿

− , 𝜆𝑦,𝑅
− , 0) …(22) 

 𝑎+
𝑦

= max (𝜆𝑦,𝐿
+ , 𝜆𝑦,𝑅

+ , 0) …(23) 

HLLE flux: 

The HLLE flux at a cell interface is computed using the fastest left and right-going signal speeds 

(𝑎− and 𝑎+) and the conserved variables on the left and right sides. It provides an approximate 

solution to the Riemann problem by averaging the fluxes and accounting for wave propagation 

without solving the full problem exactly. 

The HLLE flux in the x and y directions are given by: 

 
𝑭HLLE =

𝑎+𝑭𝐿 − 𝑎−𝑭𝑅 + 𝑎+𝑎−(𝑼𝑅 − 𝑼𝐿)

𝑎+ − 𝑎−
 

…(24) 

and,   

 
𝑮HLLE =

𝑎+𝑮𝐿 − 𝑎−𝑮𝑅 + 𝑎+𝑎−(𝑼𝑅 − 𝑼𝐿)

𝑎+ − 𝑎−
 

…(25) 

 

In 1D: Only x-direction interface flux (FHLLE) is used. 

3.3.4 CFL Condition  

The Courant–Friedrichs–Lewy (CFL) condition determines the time step in the numerical 

simulation. It ensures numerical stability by restricting how far information can travel during a 

single time step. The execution of CFL is done to ensure that the waves or signals will not move 

across more than one computational cell in one time step. The CFL condition therefore controls 

the maximum allowable time step based on the largest signal (wave) speed in the computational 

domain. For stability, the Courant number must be kept less than 1, ensuring that the numerical 

method remains stable and accurately captures wave propagation. 

The time step is given by: 

2D: 

 𝛥𝑡 = CFL × 𝑚𝑖𝑛 (
𝛥𝑥
𝑎max

, 𝛥𝑦
𝑎max

) 
…(26) 
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1D: 

 
𝛥𝑡 = CFL ×

𝛥𝑥

𝑎max

 
…(27) 

 

Where: 

𝑎max = 𝑚𝑎𝑥(0, 𝑎−, 𝑎+) over all interfaces (largest wave speed) 

CFL < 1 (for stability) 

Δ𝑥= cell width in x-direction 

Δ𝑦= cell spacing in y-direction 

In two-dimensional simulations, the time step must satisfy the stability condition in both spatial 

directions, which is why the minimum value between the x and y directions is chosen. 

3.3.5 Finite-Volume Time Update 

In the finite-volume method, the conserved variables in each computational cell are updated by 

accounting for the net flux of conserved quantities across the cell interfaces during a time step. 

The change in the conserved quantity within a cell is determined by the difference between 

incoming and outgoing fluxes through its boundaries. This ensures that the conservation of mass, 

momentum, and energy is maintained in the numerical scheme. 

2D: 

 
𝑼𝑖,𝑗

𝑛+1 = 𝑼𝑖,𝑗
𝑛 −

Δ𝑡

Δ𝑥
(𝑭𝑖+1/2,𝑗 − 𝑭𝑖−1/2,𝑗) −

Δ𝑡

Δ𝑦
(𝑮𝑖,𝑗+1/2

− 𝑮𝑖,𝑗−1/2) 

…(28) 

 

1D: 

 
𝑼𝑖

𝑛+1 = 𝑼𝑖
𝑛 −

Δ𝑡

Δ𝑥
(𝑭𝑖+1/2 − 𝑭𝑖−1/2) 

…(29) 

Here: 
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𝑼𝑛 = conserved variables at the current time step 

𝑼𝑛+1 = conserved variables at the next time step 

𝑭, 𝑮 = numerical fluxes in the x and y directions 

𝑖, 𝑗 = indices of the computational cell 

3.3.6 Primitive Variable Recovery Through Newton–Raphson Iteration 

As the SRHD equation is non-linear, the primitive variables cannot be obtained explicitly from the 

conserved variables. Therefore, a Newton–Raphson iterative method is used to recover the 

pressure. Once the pressure is obtained, the remaining primitive variables such as density and 

velocity are computed from the conserved quantities. 

Residual function for pressure: 

 𝑓(𝑝) = 𝜌ℎ𝑊2 − 𝜏 − 𝑝 − 𝐷 = 0 …(30) 

Define unknown: 

𝑝 = 𝑝(𝑘) 

 

Newton–Raphson iteration: 

 
𝑝(𝑘+1) = 𝑝(𝑘) −

𝑓(𝑝(𝑘))

𝑓′(𝑝(𝑘))
 

…(31) 

3.3.7 Derivatives for Newton–Raphson Iteration (1D Case) 

Velocity derivative: 

 
𝑣 =

𝑆

𝜏 + 𝑝 + 𝐷
 

 

 𝑑𝑣

𝑑𝑝
= −

𝑆

(𝜏+𝑝+𝐷)2 
…(32) 

Lorentz factor derivative: 

 𝑊 = (1 − 𝑣2)−1/2  

 𝑑𝑊

𝑑𝑝
= 𝑣𝑊3

𝑑𝑣

𝑑𝑝
 

…(33) 
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Density derivative: 

 
𝜌 =

𝐷

𝑊
 

 

 𝑑𝜌

𝑑𝑝
= −

𝐷

𝑊2

𝑑𝑊

𝑑𝑝
 

…(34) 

Specific enthalpy derivative:  

ℎ = 1 +
Γ

Γ − 1

𝑝

𝜌
 

𝑑ℎ

𝑑𝑝
=

Γ

Γ − 1
(
1
𝜌 −

𝑝
𝜌2

𝑑𝜌
𝑑𝑝

) 

 𝑑ℎ

𝑑𝑝
=

Γ

Γ − 1
(
1
𝜌 +

𝑝
𝜌𝑊

𝑑𝑊
𝑑𝑝

) 
…(35) 

Derivative of residual function: 

𝑓(𝑝) = 𝜌ℎ𝑊2 − (𝜏 + 𝑝 + 𝐷) 

 𝑑𝑓

𝑑𝑝
= D(ℎ

𝑑𝑊
𝑑𝑝

+𝑊
𝑑ℎ
𝑑𝑝

) − 1 
…(36) 

 

3.3.8 Convergence Check 

Convergence is declared when the relative change in pressure between successive iterations 

becomes smaller than a prescribed tolerance. The Newton–Raphson iterations continue until: 

 
|
𝑝(𝑘+1) − 𝑝(𝑘)

𝑝(𝑘+1)
| < 𝜀 

…(37) 

Where, 

ε (tolerance) = 1e-9, was taken for this study. 

 

3.3.9 Spatial Reconstruction Scheme 

In its simplest form, the solution in each cell is assumed piecewise constant, resulting in a first-

order scheme. Even though stable, the solution may suffer from excessive numerical diffusion, 

which smears sharp discontinuities such as shock waves and contact discontinuities. To improve 
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the spatial accuracy and reduce the smearing, MUSCL is employed as a higher-order 

reconstruction technique in this work. In MUSCL, instead of assuming a constant value within 

each cell, a linear variation of the primitive variables is reconstructed inside each cell. The left and 

right states at the interface i+1/2 are computed as: 

 
𝑽

𝑖+
1
2

𝐿 = 𝑽𝑖 +
1

2
 𝜙(Δ𝑽𝑖) 

…(38) 

 
𝑽

𝑖+
1
2

𝑅 = 𝑽𝑖+1 −
1

2
 𝜙(Δ𝑽𝑖+1) 

…(39) 

Where Vi represents the cell-averaged primitive variable vector in cell i, ∆Vi = Vi+1−Vi, and 𝜙 is a 

slope limiter function used to prevent spurious oscillations near discontinuities. The reconstructed 

interface states 𝑽
𝑖+

1

2

𝐿  and 𝑽
𝑖+

1

2

𝑅  are then used as inputs to the HLLE Riemann solver. By employing 

MUSCL reconstruction, the scheme achieves second-order accuracy in smooth regions, while the 

slope limiter ensures monotonicity near shocks, effectively reducing numerical diffusion without 

introducing non-physical oscillations. 

 

3.4 Solver Development 

3.4.1 1D SRHD Solver  

The development of the numerical solver began with the implementation of one-dimensional 

Special Relativistic Hydrodynamics (SRHD) (Equation 8) in MATLAB. The solver was 

formulated in conservative form and implemented using a finite-volume framework on a uniform 

computational grid. All the 1D equivalent equations from conversion of primitive variables 

followed by HLLE flux to primitive variables recovery were incorporated into the solver for the 

building up of the 1D SRHD solver. Both first and second order reconstructions were applied 

separately into the solver with the aim of achieving spatial accuracy. 
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Figure 2: Flowchart of the SRHD solver algorithm. 
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The 1D solver developed in MATLAB utilizes a cell-wise finite volume formulation and follows 

a structured computational procedure from initialization of primitive variables to their recovery, 

as illustrated in flowchart from Figure 2. The solution begins with the initialization of primitive 

variables (ρ, 𝑣, p) over a non-dimensionalized computational domain. As the time-stepping loop 

starts, boundary conditions (BCs) are applied to the primitive variables for the treatment of ghost 

cells. The primitive variables in the physical cells are then transformed into conserved variables 

(D, S, τ) to evolve the system using the conservative SRHD equations. In case of the solver using 

MUSCL reconstruction, only after being reconstructed through slope limiting approach are the 

primitive variables transformed into conserved states. Based on the left and right conserved states 

and the fastest left- and right-going wave speeds (a+, a−), the HLLE fluxes are computed at each 

cell interface. The time step ∆t is updated using an appropriate Courant number, and the conserved 

variables are subsequently updated in each cell using the finite volume formulation. The conserved 

variables update is followed by primitive variables recovery through the Newton-Raphson iterative 

method, solving the nonlinear relationship between conserved and primitive variables. A pressure 

residual function is used for the iteration process, which is run for each cell. When the pressure 

has finally converged within the preset tolerance and iteration, other primitive variables, density 

and velocity, are also recovered. The recovered primitives are set as the initial guess for the next 

cell, and the iteration continues till the last cell. This process from applying BCs to recovering 

primitive variables persists for each time step until the final time specified for simulation is 

reached. 

3.4.2 2D SRHD Solver 

The 1D solver after its validation was extended to second dimension using 2D equivalent equations 

of SRHD, HLLE flux, and finite volume update. While 1D solver presented computational scope 

of both piece wise constant and the MUSCL reconstruction, 2D solver was build using only 

MUSCL reconstruction with slope limiting to ensure high-order spatial accuracy. The 2D SRHD 

solver follows the same overall computational algorithm as the 1D solver, demonstrated by the 

flowchart in Figure 2. 

3.5 Validation Techniques 

To check if the developed solvers actually solve the equations and produce physically reliable 

solutions free of numerical artifacts, they were tested against Martí and Müller’s standard 
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relativistic blast wave tests cases [8]. The validation stage plays a crucial role in ensuring solver’s 

integrity, robustness, accuracy, reliability, and their ability to capture shocks, discontinuities, 

rarefactions and the relativistic behaviours. 

3.5.1 Relativistic Blast Wave Tests 

The developed 1D and 2D SRHD solvers underwent simulation for the initial conditions taken 

from Marti and Muller’s relativistic blast wave Test-1 and Test-2. The numerical solutions obtained 

from the application of these standard test cases were compared to the exact solutions of the same, 

in order to assess the numerical stability, robustness and accuracy of the developed solvers. 

3.5.2 Relativistic Circular Blast Wave 

This particular test case was implemented solely to 2D SRHD solver, as it features a central high-

pressure region which generates a strong shock wave that expands radially outward into the 

ambient medium. Relativistic circular blast wave simulation is particularly useful to assess the 

solver’s capacity to capture multi-dimensional shock propagation and accurately maintain radial 

symmetry. 

3.5.3 Error Norms 

To quantitatively evaluate the accuracy of the solvers, the difference between the numerical and 

reference solutions was computed using standard error norms. 

Three error measures were considered: 

L₁ norm: average absolute error across the domain. 

L₂ norm: root mean square error across the domain. 

L∞ norm:  maximum absolute error 

 𝐿1 = ∑ ∣

𝑖,𝑗

𝑢𝑖,𝑗
num − 𝑢𝑖,𝑗

exact ∣ Δ𝑥Δ𝑦 
…(40) 

 
𝐿2 = √∑(

𝑖,𝑗

𝑢𝑖,𝑗
num − 𝑢𝑖,𝑗

exact)2Δ𝑥Δ𝑦 
…(41) 

 𝐿∞ = max ∣ 𝑢𝑖,𝑗
num − 𝑢𝑖,𝑗

exact ∣ …(42) 

Relatively small error values are desired to indicate that the solver accurately reproduces the 

benchmark solution.  



24 

 

4. RESULTS AND DISSCUSION 

4.1 1D SRHD Solver Validation 

The 1D SRHD solver with the HLLE flux scheme was applied for uniform grids of 400 cells, 

Courant number 0.4, and final time step 0.4. The adiabatic index was set as Γ = 5/3, corresponding 

to an ideal relativistic fluid in mildly relativistic regime. The initial discontinuity was placed at the 

center (x = 0.5) of the computational domain [0,1] with zero-gradient (outflow) boundary 

conditions imposed on both ends. The initial conditions were taken from benchmark tests, 

proposed by Martí and Müller as relativistic blast wave problems, Test-1 and Test-2 for the 

validation of the developed solver. 

Test-1: 

Left state: ρ = 10, v = 0, p = 13.33 

Right state: ρ =1, v =0, p =10−6 

Test-2: 

Left state: ρ = 1, v = 0, p = 1000 

Right state: ρ = 0.1, v = 0, p = 0.01 

4.1.1 Conservation Verification 

In the developed 1D SRHD solver the initial conditions from relativistic blast wave Test-1 were 

applied. To verify if the solver follows the relativistic conservation law, the total mass, total 

momentum, and total energy deviations over time were monitored throughout the simulation. 

Figure 3. Shows the relative drift in mass remained at around machine precision of order 10−16, 

which indicates excellent mass conservation properties of the finite volume formulation. The small 

oscillations observed in the mass conservation arise from floating-point round-off errors and 

accumulation of numerical flux differences and are therefore negligible. 
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Figure 3: Conservation error over time. 

 

Similarly, the total energy shows a very small systematic drift of order 10−16. This behavior can be 

attributed to numerical dissipation inherent in the HLLE flux, truncation errors from the first-order 

spatial reconstruction, and iterative errors introduced during primitive variable recovery. The 

overall energy conservation remains within acceptable numerical limits. Unlike mass and energy, 

momentum shows a small linear increase over time. This behavior does not indicate a violation of 

conservation as it is resulted by the use of outflow boundary conditions. The computational domain 

is effectively open and the momentum can leave the domain through the boundaries, leading to a 

net change in total momentum. The overall conservation analysis confirms that the implemented 

finite volume scheme maintains the relativistic conservation laws to a high degree of accuracy. 

4.1.2 Solver Validation Against Benchmark Test Problems  

Figure 4 displays the primitive variables profile generated by the numerical solver which is 

compared with the reference solutions of the benchmark test problems, relativistic blast wave 
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problems, Test-1 (top panel) and Test-2 (bottom panel). Test-1 incorporates moderate relativistic 

conditions while Test-2 consists of strong relativistic conditions 

 
a) Test-1 

 
b) Test-2 

 

Figure 4: Primitive variable profiles for Special Relativistic Blast Wave Test-1 and Test-2. 
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Both the test problems consist of a left-going rarefaction and a right-moving shock, arising from 

the strong initial pressure discontinuity that drives expansion into the low-pressure region and 

shock propagation toward the high-pressure region. Also, a contact discontinuity appears between 

the shock and rarefaction, resulting from the rest-mass density being a freely advected quantity, 

unlike momentum and energy, which enforce continuity of pressure and velocity. However, Test-

2 represents a more challenging scenario with strong pressure gradients (initial pressure ratio, pL/pR 

= 105). Under such condition, relativistic effects become more pronounced and the solution 

significantly more sensitive to numerical diffusion as can be seen in Figure 4(b). 

The numerical solutions of the solver are in good agreement with the reference solutions, hinting 

at the solver's accuracy. This agreement is further supported by the error norms presentped in Table 

1, providing quantitative evidence of the solver’s ability to accurately capture the key features of 

relativistic blast waves across both moderate and strong test cases. 

Table 1: Error norms for first-order (piecewise constant) reconstruction for Test-1 and Test-2. 

Tests Error Norms ρ v p 

 L₁ 1.522e-01 1.577e-02 1.211e-01 

Test-1 L2 3.951e-01 7.307e-02 2.475e-01 

 L∞ 3.235e+00 6.701e-01 1.369e+00 

 L₁ 2.497e-02 7.397e-02 1.121e+01 

Test-2 L2 1.137e-01 2.407e-01 2.272e+01 

 L∞ 1.506e+00 9.821e-01 1.272e+02 

 

However, due to the first-order spatial reconstruction, the solution exhibits significant numerical 

diffusion. This is particularly evident near the contact discontinuity and shock front, where the 

density and pressure profiles are noticeably smeared over several grid cells. The HLLE solver, 

being inherently diffusive, further contributes to the broadening of discontinuities, especially in 

regions with steep gradients. As a result, peak values in density and pressure are slightly under-

predicted, and the contact surface is poorly resolved. The velocity profile shows comparatively 

better agreement with the exact solution peak values, as it is less sensitive to diffusive effects than 

density and pressure. The numerical diffusion due to first-order reconstruction motivated the use 
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of a second-order reconstruction scheme in order to enhance the solver's capacity of solving 1D 

SRHD problems. 

4.1.3 MUSCL Reconstruction 

 
a) Test-1 

 
b) Test-2 

 

Figure 5: Primitive variable profiles for Special Relativistic Blast Wave Test-1 and Test-2 with MUSCL (slope-

limited) reconstruction. 

The limitations of first-order reconstruction were addressed by incorporating MUSCL with a 

slope-limiting approach. It enabled more accurate estimation of left and right states at the cell 

interface by reconstructing piecewise linear profiles within each computational cell. Compared to 

the primitive variable profile from Figure 4 without MUSCL reconstruction, the profiles from 



29 

 

Figure 5 seem to have maintained stability near discontinuities, resolved the gradients more 

precisely, and captured the rarefaction, shock and contact discontinuity better by lowering the 

spurious oscillations due to the incorporation of MUSCL reconstruction. 

Table 2: Error norms for Test-1 and Test–2 based second-order reconstruction. 

Tests Error Norms ρ v p 

 L₁ 4.480e-02 4.999e-03 3.681e-02 

Test-1 L2 2.162e-01 4.112e-02 1.067e-01 

 L∞ 3.172e+00 6.619e-01 1.045e+00 

 L₁ 1.617e-02 1.411e-02 3.515e+00 

Test-2 L2 1.063e-01 9.734e-02 1.030e+01 

 L∞ 1.306e+00 9.794e-01 8.529e+01 

 

Error norms in Table 2 show reduced errors, as the application of MUSCL led to overall 

improvement in the quality of numerical solutions for both the test cases with improved alignment 

with reference profiles. Furthermore, Table 3 shows that the errors significantly decreased for all 

primitive variable due to MUSCL reconstruction. For Test-1 with moderately relativistic 

conditions, MUSCL reconstruction was more effective in the reduction of L₁ error (approximately 

68–71%) across all primitive variables. The strong relativistic case, Test-2, shows significant error 

reduction in velocity (80.9%) and pressure (68.6%), while density showed comparatively 

moderate improvement (35.3%). This is because velocity and pressure are more sensitive to steep 

gradients and strong discontinuities and hence benefit more from higher-order reconstruction, 

whereas density errors remain influenced by contact discontinuities.  

The reduction in L2 error is comparatively smaller, as it gives greater weight to localized large 

errors near discontinuities, which persist even with higher-order reconstruction. Similarly, there is 

even lower improvement in L∞ norm, since it is governed by the maximum local error, typically 

occurring at shock and contact discontinuities. Pressure exhibits sharper gradients and larger 

magnitude jumps, leading to higher peak errors in first-order solutions, which are significantly 

reduced with MUSCL reconstruction (23.7% for Test-1 and 32.9% for Test-2). In contrast, 

velocity profiles are comparatively smoother, resulting in smaller initial peak errors and 
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consequently less pronounced improvement (1.2% for Test-1 and 0.3% for Test-2) in the L∞ error 

norm. 

Table 3: Percentage reduction in error norms achieved by MUSCL reconstruction relative to first-order scheme. 

Tests Error Norms ρ (%) v (%) p (%) 

 L₁ 70.6 68.3 69.6 

Test-1 L2 45.3 43.7 56.9 

 L∞ 1.9 1.2 23.7 

 L₁ 35.3 80.9 68.6 

Test-2 L2 6.5 59.6 54.7 

 L∞ 13.33 0.3 32.9 

 

While the HLLE scheme provided a stable and robust solution, MUSCL reconstruction, even 

though computationally complex and expensive, significantly improved the spatial accuracy and 

enhanced agreement with the benchmark solutions, even under strong relativistic conditions. 

4.2 Numerical Sensitivity Analysis 

4.2.1 Mesh Sensitivity 

 

a) 200 cells 
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b) 800 cells 

 

c) 2000 cells 

 

d) 4000 cells 

Figure 6: Primitive variables profile analysis based on mesh sensitivity.  
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For the analysis of the effect of grid resolution on the numerical solution, four different sizes of 

mesh, 200 grids, 800 grids, 2000 grids and 4000 grids, were taken. All the plots, incorporating 

different cell numbers, were generated using the relativistic blast wave Test-2 under MUSCL 

reconstruction for better comparison. While the rarefaction region remains comparatively well 

captured even at lower resolutions, increasing resolution, as shown in Figure 6, sharpens the 

resolution discontinuities and reduces the numerical diffusion indicating better convergence of the 

numerical solution, particularly in the regions of strong gradients. The error norms presented in 

Table 4 show a consistent decrease in L₁ error with increasing grid resolution. 

Table 4: Mesh convergence based on L₁ error norm for Test-2 under MUSCL reconstruction. 

Cells ρ v p 

200 1.834e-02 2.482e-02 3.763e+00 

800 1.098e-02 7.888e-03 2.795e+00 

2000 5.775e-03 3.590e-03 1.806e+00 

4000 3.541e-03 1.976e-03 1.283e+00 

 

The L₁ error in density was reduced by over 80% while increasing cells from 200 to 4000, while 

the velocity error decreased more significantly (approximately 92%) over the increased grids. A 

similar trend can be observed for pressure, where the error decreased from 3.763 to 1.283. The 

comparatively slower decrease in pressure error (around 65%) can be attributed to the presence of 

strong discontinuities. Higher the number of cells in defined domain, greater the agreement with 

exact solution, however it also increases computational cost. Based on this observation, a suitable 

grid resolution that provides balance between numerical accuracy and computational efficiency 

can be selected. 

4.2.2 CFL Number 

Simulations on relativistic blast wave Test-2 using MUSCL reconstruction were performed for 

different CFL numbers that showed the stability limit for this test case is a Courant number of 

approximately 0.65. Any higher CFL number than that brought in numerical error thus terminating 

the simulation. The effect of CFL number in numerical solutions can be analyzed through Figure 

7 which shows primitive variables profiles for CFL numbers of 0.1, 0.3, 0.5 and 0.65, respectively. 
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The study clearly depicts that the CFL condition controls the size of the time step thus affecting 

stability and temporal accuracy, with a relatively small impact on shock resolution. For this test 

case, a lower CFL value of 0.1 resulted in stable and smoother solutions, while higher values like 

0.65 produced noticeable oscillations and reduced stability. Lower CFL, however, made the 

simulation slower due to the increase in the number of iterations caused by smaller time steps, 

while simulations were faster with the increasing value of CFL number. Larger time step errors 

were introduced by higher CFL values while lower values of CFL increased the computational 

cost. The moderate CFL values (0.3–0.5) yielded minimal oscillations and numerical diffusion 

hence providing a balance between stability and computational efficiency. 

 
a) CFL = 0.1 

 
b) CFL = 0.3 
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c) CFL = 0.5 

 
d) CFL = 0.65 

 

Figure 7: Primitive variable profiles at different Courant numbers. 

The effect of CFL number on solution accuracy was further evaluated with the analysis of L₁ error 

norms for primitive variables and presented in Table 5. As the Courant number was increased from 

0.1 to 0.65, the error in density decreased by approximately 23.8% and velocity error decreased 

by approximately 56.8%. The reduction in numerical diffusion here is due to smaller time steps 

and a larger number of iterations resulting from a higher CFL number. But for pressure error which 

increased significantly by approximately 302%, the increase is due to increased time discretization 

error and sensitivity of pressure to larger time steps near the stability limit. 
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Table 5: L₁ error norms for different CFL numbers (Test-2, MUSCL). 

CFL ρ v p 

0.1 1.825e-02 2.570e-02 1.930e+00 

0.3 1.568e-02 1.521e-02 2.795e+00 

0.5 1.551e-02 1.285e-02 5.089e+00 

0.65 1.391e-02 1.111e-02 7.337e+00 

 

Unlike grid refinement, variation in CFL number does not substantially sharpen discontinuities. 

This is because numerical diffusion in finite-volume schemes is primarily governed by spatial 

discretization and reconstruction methods rather than time step size. Even though CFL affects 

stability and efficiency, its role in improving solution accuracy is secondary compared to mesh 

refinement. 

4.3 2D SRHD Solver Validation 

The validated 1D SRHD solver was extended to a two-dimensional computational domain by 

imposing the initial conditions from 1D relativistic blast wave Test-1 uniformly in the transverse 

(y) direction, resulting in a planar shock configuration that is invariant along y. Grid size for this 

case was set as 200 cells each in both directions resulting in a matrix of 40,000 elements. Two 

boundary layers were added to each of the four sides of the rectangular domain of non-

dimensionalized length [0, 1] for both directions. Following the earlier results on the benefits of 

second order spatial reconstruction, MUSCL scheme with slope limiting was used in combination 

with the HLLE Riemann solver.  

4.3.1 Primitive Variable Fields and Wave Structure 

Figure 7 presents the 2D field visualization of the recovered primitive variables at final time, t = 

0.4. The 1D Riemann wave structure is uniformly extended in transverse direction. The solution 

consists of high density and pressure to the left followed by a rarefaction wave, which smoothly 

transitions to contact discontinuity terminated by the right moving shock wave that low density 

and pressure region toward the right. Driven by the strong pressure gradient, the variables vary 

smoothly within rarefaction region. The contact discontinuity that follows, is identified by a sharp 

jump in density while pressure and velocity remain continuous across it. The sharp discontinuity 
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at x ≈ 0.8 in all primitive variables captures shock wave confirming the correct compressive wave 

behavior in numerical solution of 2D SRHD quite identical to that of 1D SRHD solver. 

 

 

Figure 8: Primitive variables 2D filed visualization 

 

With vᵧ = 0 everywhere, the velocity field exhibits smooth acceleration through the rarefaction fan 

which confirms that the extension to 2D preserves the symmetry and introduces no transverse 

numerical errors. 

4.3.2 Centerline Primitive Variables Profiles (1D Slice) 

Analogous to the 2D field visualization from Figure 7, the 1D slice of the centerline profiles also 

exhibit consistent behaviour of rarefaction, contact discontinuity, and shock wave. Figure 8 

demonstrates a good agreement of 2D solver’s solution with the reference solution indicating 

towards solver’s accuracy and its dimensional consistency thereby confirming its validation 

against benchmark test problem.  
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Figure 9: Centerline (1D slice) primitive variable profiles extracted from the 2D SRHD solution 

 

The error norms for density, velocity and pressure in Table 2, are comparatively higher than that 

for 1D solution of same test case. The elevation of errors is resulted by increase in computational 

cells involved in 2D. Further, the presence of sharp discontinuities and increased numerical 

diffusion increase the errors while still maintaining correct wave structure.  

Table 6: Error norms of respective primitive variables for relativistic blast wave Test-1 simulated in 2D SRHD 

solver. 

Error norms Density (ρ) Velocity (v) Pressure (p) 

L₁ 3.634e+00 3.455e-01 5.377e+00 

L2 4.621e+00 4.449e-01 7.195e+00 

L∞ 9.000e+00 7.194e-01 1.333e+01 
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4.4 2D SRHD Circular Blast Wave Simulation 

For the circular blast wave simulation 400 physical cells in both direction along with 2 layers of 

ghost cells as boundary were set in all four sides of the computational domain of size [0, 1] in both 

x and y direction. Initial conditions for this simulation were defined as purely pressure-driven 

explosion with no initial bulk motion. The velocity field was set to zero at t=0, throughout the 

domain. A high-pressure, high-density region with 𝜌 = 10 and 𝑝 = 13.33, was prescribed inside 

a circular region of radius 𝑅 = 0.1 with center at (𝑥0, 𝑦0) = (0.5, 0.5), while the surrounding 

ambient medium was assigned 𝜌 = 1 and 𝑝 = 10−6. Unlike in simulation for solver validation 

against benchmark tests, in this simulation adiabatic index (Γ) = 4/3 was used to ensure that the 

internal energy becomes comparable to the rest-mass energy in the post-shock region, leading to a 

locally relativistic flow behavior. The computation is run for final time t = 2. 

4.4.1 Spatial Distribution of Primitive variables 

 

 

Figure 100: 2D field visualization of primitive variables for circular blast wave 

A radially symmetric two-dimensional contour plots of primitive variables for circular blast wave 

is presented by Figure 10. It shows that the solution originates from the center of the domain of 
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localized high-pressure region and the flow expands towards the low-pressure and low-density 

ambient surrounding due to strong pressure ratio of order 107. 

As the fluid is pushed outward, fluid expands radially and the mass is transported away from the 

center. This results in the decrease in density therefore creating a low-density core which is 

surrounded by a thin high-density ring corresponding to contact discontinuity and an outer ring of 

shock front. Beyond the shock, density matches the ambient state and remains uniform. 

The velocity components 𝑣𝑥 and 𝑣𝑦, starting from rest at the center, undergo directional sign 

change along their coordinate axes exhibiting antisymmetric pattern. A slight diffusion can be 

observed in the velocity components near center due to the absence of a well-defined radial 

direction at r = 0 on which they depend. In contrast, the velocity magnitude remains well defined, 

increasing radially from zero at the center. It forms a high-velocity shell reaching approximately 

to 0.8 indicating relativistic behavior. The velocity later drops to zero beyond the shock front. 

The central high pressure decreases throughout the rarefaction zone incorporating expansion. As 

it can be seen in Figure 10, the decrease in pressure appears almost uniform until the shock front 

due to extremely low ambient pressure. The field visualization shows stable shock capturing due 

to absence of oscillations near discontinuities. 

The overall field presents a radially expanding relativistic blast wave structure consisting of a 

rarefaction region, a contact discontinuity, and an outward propagating shock. 

4.4.2 Radial Symmetry Verification 

The radial symmetry observed in field visualization from Figure 10 was further confirmed by 

plotting primitive variables against radial distance. Figure 11 demonstrates, clearly, that the 

solution for circular blast wave solely depends on radial distance. All the data collapsing into a 

well-defined profile indicates that the radial symmetry is preserved.  

As the rarefaction moves inward, center no longer consists of high density and pressure resulting 

the pattern as shown by Figure 11. As described in previous section, velocity components depict 

antisymmetric pattern across the domain visible in the figure below, while the velocity magnitude 

remains symmetric. 
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Just like the field visualization, radial profile also captured the key flow features, including the 

variation across the rarefaction region and the sharp transitions associated with the contact 

discontinuity and shock front. 

 

Figure 11: Primitive variables evolution over radial distance. 

 

4.5 Relativistic Jet Propagation Simulation 

 

Figure 12: Field visualization of relativistic jet. 
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The jet propagation simulation was run on a two-dimensional computational domain [0,1] × [0,1] 

discretized using 400 × 400 grid cells with two layers of ghost cells on each boundary. A relativistic 

jet was injected from the left boundary (x = 0) into a uniform ambient medium. Initially, the domain 

was filled with ambient conditions ρ = 1, 𝑣x = 0, 𝑣y = 0, p = 1. For t ≥ 0, a jet inflow condition was 

imposed within a radius of 0.05 centered at y = 0.5, defined by ρ = 0.1, 𝑣x = 0.99, 𝑣y = 0, p = 0.01, 

while the remaining inlet region retained ambient conditions. This introduces a strong 

discontinuity in density, pressure, and velocity at the inlet. The adiabatic index Γ = 4/3 is used to 

represent relativistic flow while the flow evolves under a MUSCL–HLLE finite volume scheme. 

The field visualization of primitive variables and Lorentz factor in Figure 12 shows the 

development of a typical relativistic jet morphology. Near the inlet a narrow, high-speed, low-

density jet core propagates along the x-direction, forming a well-collimated beam. As the jet 

interacts with the dense ambient medium, a bow shock forms ahead of the jet head, which is visible 

as a curved high-pressure and high-density region. This structure arises due to the relativistic 

impact of the jet on the stationary medium, where the bulk kinetic energy is converted into thermal 

energy through strong compression. The flow exhibits a complex internal structure characterized 

by alternating compression and expansion regions. These appear as diamond-shaped patterns along 

the jet axis and correspond to internal (recollimation) shocks, which develop due to pressure 

difference between the jet and the surrounding medium as the jet moves toward pressure balance. 

The jet continuously adjusts its cross-section through these compression–expansion cycles as it 

propagates downstream. 

The contrast between the light jet core and the dense ambient medium is clearly visible in density 

field. Near the inlet, the jet spine is relatively collimated but as the jet propagates downstream it is 

gradually distorted due to entrainment and mixing with the ambient fluid. The compressible nature 

of the flow is captured by pressure field. There are strong localized peaks at the bow shock and 

internal shock locations, and smoother variations in expansion regions associated with rarefaction 

waves. These rarefaction regions are characterized by gradual decreases in pressure and density, 

in contrast to the sharp gradients observed at shock fronts. A contact discontinuity is present 

between shocked jet and shocked ambient medium. Even though, it is not sharply visible in the 

results due to the diffusive nature of the HLLE solver, which tends to smear such interfaces, the 

overall flow structure is preserved. 
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The axial velocity 𝑣x remains close to relativistic values near the inlet as the jet maintains a strong 

forward momentum along the centerline. The flow progresses with a decrease in 𝑣x in the regions 

affected by shocks and mixing for the momentum is transferred to the ambient medium. The 

transverse velocity 𝑣x, initially zero, develops non-zero values along the jet boundary due to lateral 

expansion induced by transverse pressure gradients and shear at the contact region, leading to a 

subsequent mixing with the ambient medium. The purely axial flow transitions into a two-

dimensional structure with significant cross-stream motion. The velocity magnitude displays a 

gradual deceleration and spreading of the jet as it propagates downstream. 

A shear layer forms due to the large velocity gradient at the interface between the high-speed jet 

and the stationary ambient medium. This shear layer becomes unstable and gives rise to Kelvin–

Helmholtz instability, which is observed as wavy distortions and vortical structures along the jet 

boundary, particularly in the transverse velocity field. The jet expands in y-direction hence losing 

the sharply defined boundary due to the mixing between the jet and ambient fluid caused by the 

instabilities. Similarly, the Lorentz factor distribution shows high values concentrated along the jet 

core where the flow remains relativistic, and reduced values in shocked and mixed regions where 

the flow decelerates. 

 

 

Figure 13: Jet centerline diagnostics 
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The centerline diagnostics shown in Figure 13, extracted along y = 0.5, provide a quantitative one-

dimensional representation of the jet evolution. The density profile shows the persistence of the 

low-density jet core and its gradual modification due to interaction with the ambient medium. The 

axial velocity profile shows that the jet retains a high-speed core over a considerable distance, over 

approximately x = 0.4, after which it gradually slows down downstream, from 𝑣x = 0.99 to nearly 

0.7 downstream due to shock interactions and the transfer of momentum to the surrounding 

medium. The regions of compression associated with shock structures can be seen in pressure 

profile where the smoother variations represent expansion zones linked to rarefaction waves. The 

Lorentz factor profile displays the highly relativistic jet core (W ≈ 7) which gradually decays 

downstream. In a similar way, the momentum flux also declines by around 90% along the flow 

direction due to mixing and energy dissipation. 

 

 

Figure 14: Jet evolution diagnostics. 

The jet evolution diagnostics in Figure 14 further quantify the global behavior of the flow. There 

is a sustained propagation of the jet into the ambient medium as jet penetration length increases 

almost linearly with time. A dynamic interaction between the jet and its surroundings can be seen 

in shock position vs time plot which tracks the movement of the bow shock, determined from the 

maximum pressure gradient along the centerline. The mixing layer width, computed based on a 

velocity threshold (0.2), increases along x-axis, providing clear quantitative evidence of shear-
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driven instability growth. This growth is directly associated with Kelvin–Helmholtz instability and 

indicates progressive entrainment of ambient fluid into the jet. 

4.5.1 Effect of Lorentz Factor on Jet Dynamics 

 
a) 𝑊 ≈ 1.67 

 
b) 𝑊 ≈ 7.09 
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c) 𝑊 ≈ 15.81 

Figure 15: 2D field visualization of Lorentz Factor effect on jet dynamics. 

 

For analyzing the effects of Lorentz factor on jet dynamics, three injection velocities were 

considered, 𝑣𝑥 = 0.8, 0.99, and 0.998, corresponding to Lorentz factors 𝑊 ≈ 1.67, 7.09, and 

15.81. The relativistic jet was injected from the left boundary (𝑥 = 0) into the uniform ambient 

medium with a strong density and pressure contrast (𝜌𝑗 = 0.1,  𝑝𝑗 = 0.01 for the jet and 𝜌𝑎 =

1,  𝑝𝑎 = 1 for the ambient). The jet is purely axial at injection (𝑣𝑦 = 0) and confined within a 

radius 𝑟𝑗 = 0.05 centered at 𝑦 = 0.5. The computational domain [0,1] × [0,1] is resolved with a 

400 × 400 grid, evolved to 𝑡 = 1.2 using a CFL number of 0.4 and an adiabatic index Γ = 4/3. 

Since all other parameters remain fixed, the differences in jet evolution directly reflect the role of 

relativistic inertia and momentum flux. The global flow structures for these cases are illustrated in 

Figure 15, while centerline and evolution diagnostics are shown in Figures 16 and 17, respectively. 

At the lowest Lorentz factor, 𝑊 ≈ 1.67, the jet rapidly loses coherence shortly after injection, as 

seen in the density and velocity fields in Figure 15(a). Initially the jet core is under-dense but 

within a short downstream distance (𝑥 ∼ 0.2) it gets strongly contaminated by ambient material, 

and the density increases toward 𝜌 ∼ 0.9. The injection value 𝑣𝑥 = 0.8 of the axial velocity 

decreases to approximately 0.3, while transverse velocities grow to about 𝑣𝑦 ∼ ±0.2, with 

pronounced lateral spreading. The jet width increases from the initial 0.05 to approximately 

0.25–0.30, as seen in the mixing-layer diagnostic in Figure 17(a). The flow exhibits Kelvin–

Helmholtz (KH) instability, with strong distortions along the shear layer and intense interaction 
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between the jet and ambient medium. Relativistic features are rapidly lost as the Lorentz factor 

decreases toward 𝑊 ≈ 1. The bow shock forms at the jet head, but remains relatively close to the 

inlet (𝑥 ∼ 0.25–0.35) due to limited penetration. It appears broader and weaker compared to 

higher Lorentz factor cases. The jet in this regime is dominated by instability-driven mixing and 

rapid momentum dissipation. 

 
a) 𝑊 ≈ 1.67 

 
b) 𝑊 ≈ 7.09 
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c) 𝑊 ≈ 15.81 

 

Figure 16: Centerline profiles illustrating the effect of Lorentz factor on jet dynamics. 

 

For the intermediate Lorentz factor (𝑊 ≈ 7.09), the jet exhibits increased collimation and stability, 

as shown in Figure 15(b). The jet penetrates further into the domain, reaching approximately 𝑥 ∼

0.5. It develops a clearer internal structure that consists of a relatively intact core and a surrounding 

shear layer. The density field shows that the core remains under-dense with 𝜌 ∼ 0.4. The axial 

velocity remains high (𝑣𝑥 ∼ 0.8) over a significant downstream distance, while transverse 

velocities are reduced to approximately 𝑣𝑦 ∼ ±0.15. The centerline profiles in Figure 16(b) are 

consistent with these behaviours where both velocity and Lorentz factor decay more gradually. 

Even though the Kelvin–Helmholtz instability is still present, its growth is slower and largely 

confined to the outer shear layer, without significantly disrupting the jet core. The bow shock is 

stronger and shifted downstream to approximately 𝑥 ∼ 0.55. The pressure level is increased 

indicating stronger compression. The jet evolution plots in Figure 17(b) confirm this behavior, 

with increased penetration length and reduced mixing with ambient medium compared to the low-

𝑊 case. This regime represents a transitional state in which relativistic effects begin to suppress 

instability growth and enhance axial momentum transport. 

In the highly relativistic case (𝑊 ≈ 15.81), the jet remains strongly collimated and propagates 

across most of the computational domain, as clearly seen in Figure 15(c). The jet head reaches 

approximately 𝑥 ∼ 0.9. The density field maintains a sharp interface between the jet core (𝜌 ∼

0.3) and the ambient medium, indicating minimal mixing. While the transverse velocities are 
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strongly suppressed (𝑣𝑦 < 0.05), the axial velocity remains nearly constant. The Lorentz factor 

remains high (𝑊 ∼ 10–15) along most of the jet spine, with sustained relativistic motion. In this 

regime, Kelvin–Helmholtz instability is significantly suppressed, with the shear layer remaining 

thin. The bow shock is sharply defined and located far downstream (𝑥 ∼ 0.95), with higher peak 

pressure compared to lower-𝑊 cases, indicating strong compression at the jet head. The jet 

evolution diagnostics in Figure 17(c) shows characteristic of a stable, high-momentum flow with 

a nearly linear increase in jet penetration length and a consistently narrow mixing layer,. 

 
a) 𝑊 ≈ 1.67 

 
b) 𝑊 ≈ 7.09 
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c) 𝑊 ≈ 15.81 

 

Figure 17: Jet evolution diagnostics showing effect of Lorentz factor on jet dynamics. 

 

The centerline and evolution diagnostics (Figures 16 and 17) provide a quantitative comparison 

across the three cases. The jet penetration length increases from approximately 𝐿𝑗 ∼ 0.3 in the low-

𝑊 case to 𝐿𝑗 ∼ 0.55 and 𝐿𝑗 ∼ 0.9 for intermediate and high Lorentz factors, respectively. The bow 

shock position shifts downstream accordingly. The mixing layer growth plot shows that with the 

increase in Lorentz factor it takes more length of the domain for the jet to mix with the ambient 

medium. This is due to the reduction in mixing layer growth, indicating reduced entrainment with 

increasing 𝑊. The centerline Lorentz factor profiles show rapid decay in the low-𝑊 case, moderate 

decay in the intermediate case, and sustained high values in the high-𝑊 case. 

The results demonstrate a clear transition in jet dynamics with increasing Lorentz factor. The jet is 

dominated by Kelvin–Helmholtz instability and turbulent mixing at lower Lorentz factor, leading 

to rapid loss of coherence. The instability growth is partially suppressed at intermediate 𝑊, 

allowing a stable persistence of the core alongside a moderate shear layer. And at high 𝑊, the flow 

is highly stabilized due to the large relativistic inertia 𝜌ℎ𝑊2 that suppresses transverse motion, 

resulting in a highly collimated jet with strong axial momentum and minimal mixing. Overall, 

Lorentz factor plays a fundamental role in controlling jet stability, mixing, and propagation. 
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4.5.2 Effect of Density Contrast on Jet Dynamics 

The relativistic jet is injected from the left boundary (𝑥 = 0) into a uniform ambient medium with 

fixed pressure and velocity conditions (𝑝𝑗 = 0.01,  𝑣𝑥 = 0.99,  𝑣𝑦 = 0and 𝜌𝑎 = 1,  𝑝𝑎 = 1). Three 

density ratios are considered by varying the jet density as 𝜌𝑗 = 0.01,  0.1,  0.5, corresponding to 

density contrasts 𝜂 = 𝜌𝑗/𝜌𝑎 = 0.01,  0.1,  0.5. All three simulations are run for final time, t = 1.3. 

The computational setup, numerical scheme, and all other parameters are kept unchanged, so as to 

link the observed differences in jet structure directly to the density contrast. The resulting flow 

fields are shown in Figure 18, while Figures 19 and 20 present the corresponding centerline profiles 

and jet evolution diagnostic, respectively. 

 
a) 𝜂 = 0.01 

 
b) 𝜂 = 0.1 
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c) 𝜂 = 0.5 

Figure 18: Effect of density contrast on jet dynamics. 

For the lowest density contrast case (𝜂 = 0.01), the jet is highly under-dense compared to the 

ambient medium. It shows rapid deceleration and strong interaction with the surroundings, as seen 

in Figure 18(a). The density field indicates that the initially light jet core is quickly compressed 

and displaced, with the jet head located close to the inlet at approximately 𝑥 ∼ 0.3. The large 

cocoon region filled with shocked ambient material and backflow is enclosed by a broad bow 

shock formed ahead of the jet head. There is a strong reduction in axial velocity downstream, along 

with significant transverse motion, with 𝑣𝑦 reaching approximately ±0.3. This leads to substantial 

lateral spreading, with the jet width increasing from the initial radius of 0.05 to more then 0.30, 

as reflected in the mixing-layer evolution in Figure 20(a). Due to the strong velocity gradient and 

low inertia of the jet, Kelvin–Helmholtz instability develops prominently along the shear layer 

producing visible distortions and enhanced mixing. The relativistic effects weaken quickly in this 

case as the Lorentz factor decreases rapidly downstream. 

The jet maintains a more stable structure while still interacting with the ambient medium for 

density contrast of 𝜂 = 0.1 as shown in Figure 18(b). The jet head reaches approximately 𝑥 ∼ 0.6 

and the jet core remains visible over a longer distance. Compared to the highly under-dense case 

the bow shock becomes more localized and clearly defined and the cocoon region is narrower. 

While transverse velocity components reduce to approximately 𝑣𝑦 ∼ ±0.15, the axial velocity 

remains relatively high over a larger portion of the domain. The jet spreads less compared to the 

𝜂 = 0.01 case with a reduced but consistent mixing over the domain as seen in Figure 20(b). 
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Kelvin–Helmholtz instability develops more gradually and remains mainly confined to the outer 

shear layer. Compared to the lower density case the Lorentz factor also remains higher along the 

jet axis for a longer distance, indicating improved momentum transport. 

For the highest density contrast (𝜂 = 0.5) from Figure 18, the jet becomes significantly more stable 

and penetrates much further into the domain. In Figure 18 (c), the jet head reaches approximately 

𝑥 ∼ 0.9. The density field shows a well-defined and continuous jet core with a relatively sharp 

boundary separating it from the ambient medium. The bow shock is strong and sharply curved, 

located far downstream. The cocoon region is smaller compared to the lower density cases. The 

axial velocity remains close to its injection value, approximately 𝑣𝑥 ∼ 0.99, across most of the 

domain and transverse velocities are strongly reduced, remaining approximately less than 0.05. 

Kelvin–Helmholtz instability is much weaker in this case, with minimal distortion along the shear 

layer. The Lorentz factor remains high along the jet axis, indicating sustained relativistic motion. 

 
a) 𝜂 = 0.01 

 
b) 𝜂 = 0.1 
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c) 𝜂 = 0.5 

Figure 19:Centerline profiles illustrating the effect of density contrast on jet dynamics. 

 

The centerline profiles shown in Figure 19 highlight the evolution of axial properties for each case. 

For 𝜂 = 0.01, the density rapidly increases toward ambient values, the axial velocity drops 

significantly, and the Lorentz factor approaches unity within a short distance, indicating strong 

mixing and loss of jet features. For 𝜂 = 0.1, these changes occur more gradually, and the jet core 

remains identifiable over a longer region. For 𝜂 = 0.5, the density remains relatively low 

compared to the ambient medium, the axial velocity stays high, and the Lorentz factor remains 

elevated across most of the domain. 

Figure 20 show that the jet penetration length increases from approximately 0.30 for 𝜂 = 0.01, to 

about 0.6 for 𝜂 = 0.1, and nearly 0.9 for 𝜂 = 0.5. The bow shock position also moves further 

downstream as density contrast increases. At the same time, the mixing of the layers of jet and the 

surrounding takes place further into the domain with the increase value of density contrast, 

indicating greater resistance in mixing and stronger jet stability. 
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a) 𝜂 = 0.01 

 
b) 𝜂 = 0.1 

 
c) 𝜂 = 0.5 

 

Figure 20: Jet evolution diagnostics showing effect of density contrast on jet dynamics. 

 

The results clearly show that density contrast plays a key role in controlling jet behavior. Lower 

the density contrast stronger is the interaction with ambient medium which lead to rapid spreading 
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and mixing. With increase in jet density limited is the lateral spreading and instability growth 

leading to narrower and more stable jet. 

 

4.5.3 Effects of Pressure Ration on Jet Dynamics 

Figures 21–23 illustrate the effects of pressure ratio on relativistic jet dynamics for three cases 

corresponding to 𝑝𝑗/𝑝𝑎 = 0.01, 1, and 5. A jet is injected from the left boundary at 𝑦 = 0.5 with 

radius 𝑟𝑗 = 0.05 in a two-dimensional domain [0,1] × [0,1]. The jet properties are 𝜌𝑗 = 0.1, 𝑣𝑥 =

0.99, 𝑣𝑦 = 0, and varying pressure 𝑝𝑗 = 0.01, 1, 5, while the ambient medium is at rest with 𝜌𝑎 =

1, 𝑝𝑎 = 1. Adiabatic index Γ = 4/3 is taken. The results demonstrate the influences of pressure 

imbalance in jet structure, stability, and propagation. 

 
a) 𝑝𝑗/ 𝑝𝑎 = 0.01 
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b) 𝑝𝑗/ 𝑝𝑎 = 1 

 
c) 𝑝𝑗/ 𝑝𝑎 = 5 

Figure 21: Effect of pressure ratio on jet dynamics. 

Figure 21(a) for the under-pressured case ( 𝑝𝑗/𝑝𝑎 = 0.01 ) shows the jet undergoes immediate 

lateral compression after injection due to the higher ambient pressure. Within a short downstream 

distance, the jet core narrows rapidly and loses coherence. The axial velocity drops to 

approximately below 0.2 from the injected value by 𝑥 ≈ 0.5. The Lorentz factor reduces to values 

close to unity, as observed in the centerline profiles in Figure 22(a). Due to the weak internal 

support, the pressure field shows a rapid adjustment toward ambient conditions. Strong transverse 

motions develop and 𝑣𝑦 reaches approximately ±0.4, leading to a thick shear layer and enhanced 

mixing. The jet structure breaks down early as the Kelvin–Helmholtz instability grows rapidly and 

dominates the flow evolution. The bow shock remains weak and diffuse. Figure 23(a) shows that 
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the jet penetration length is limited to approximately 𝑥 ≈ 0.45. The jet is unstable and dissipates 

its momentum quickly due to compression and mixing. 

In the second case with a match in pressure of jet and ambient medium ( 𝑝𝑗/𝑝𝑎 = 1 ), the jet 

exhibits stable and efficient propagation. The jet maintains a well-collimated structure with a low-

density core extending downstream as shown in Figure 21(b). The axial velocity remains high and 

close to the injected value, and the Lorentz factor is also sustained over a significant distance, as 

seen in Figure 22(b). Ahead of the jet head, a distinct bow shock forms and a surrounding cocoon 

region develops due to the accumulation of shocked jet and ambient material. It helps maintain the 

jet structure with an additional confinement. Except for near the jet head the transverse velocities 

remain small due to reduced lateral disturbances and suppressed instability growth. The velocity 

and momentum transport are largely preserved with only gradual variation as shown by the 

centerline profiles. Compared to the under-pressured case, the jet penetrates significantly farther 

and reaches approximately 𝑥 ≈ 0.8, with a steadily advancing shock front, as shown in Figure 

23(b). This case of jet propagation is momentum-driven. 

 

 
a) 𝑝𝑗/ 𝑝𝑎 = 0.01 
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b) 𝑝𝑗/ 𝑝𝑎 = 1 

 
c) 𝑝𝑗/ 𝑝𝑎 = 5 

Figure 22: Centerline profiles illustrating the effect of pressure ratio on jet dynamics. 

 

For the over-pressured jet case ( 𝑝𝑗/𝑝𝑎 = 5 ), the jet dynamics are dominated by strong expansion 

followed by recollimation. There is an initial widening of the jet near the inlet, visible in Figure 

21(c). The excess internal pressure drives rapid lateral expansion which is followed by 

compression as the jet interacts with the surrounding medium. It produces alternating expansion 

and compression regions along the axis. These appear as oscillatory structures in the velocity and 

pressure fields and correspond to internal shock patterns. Figure 22(c) shows that the Lorentz 

factor reaches higher values compared to the other cases. A strong bow shock forms near the jet 

head, and a high-pressure cocoon surrounds the jet. The jet remains coherent and propagates 
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efficiently, reaching approximately 𝑥 ≈ 1, as shown in Figure 23(c) even in the presence of internal 

oscillations. The mixing layer initially increases due to expansion but stabilizes downstream. 

The jet evolution diagnostics in Figure 23 further highlights these differences. The jet penetration 

length increases from approximately 0.45 in Figure 23(a) to above 0.8 in Figure 23(b) and over 

0.9 in Figure 23(c). With the increase in pressure ratio, the bow shock position advances faster. 

Due to strong instability the jet mixes with ambient medium rapidly in under-pressured case. In 

matched pressure case it is moderate and in over-pressured case initially there is large mixing of 

layers but later it stabilizes. 

 

 
a) 𝑝𝑗/ 𝑝𝑎 = 0.01 

 
b) 𝑝𝑗/ 𝑝𝑎 = 1 
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c) 𝑝𝑗/ 𝑝𝑎 = 5 

Figure 23: Jet evolution diagnostics showing effect of pressure ratio on jet dynamics. 

Overall, the pressure ratio helps determine if the jet is dominated by compression, balanced 

propagation, or expansion-driven dynamics. The under-pressured jet is unstable and quickly 

disrupted, the pressure-matched jet remains stable and efficiently propagating, and the over-

pressured jet develops internal oscillatory structures while maintaining strong forward motion.  

 

4.6 High-Resolution Numerical Simulation of SRHD Jet Flow 

The jet propagation was simulated on a higher-resolution 800 × 800 grid to examine how spatial 

refinement influences the resolved relativistic jet structures. The computational domain, initial 

conditions, and boundary conditions remain the same as in the baseline simulation (Figures 13–

15), while the final simulation time is taken as t = 1 to ensure that the evolving jet structure remains 

within the computational domain. 
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Figure 24: Field visualization of high-resolution jet simulation with uniform 800 × 800 grids. 

 

The field visualization in Figure 24 shows a narrow, high-velocity jet emerging from the left 

boundary and propagating along the x-direction. Near the inlet the jet maintains a well-defined 

core. There is a clear contrast between the low-density jet and the surrounding ambient medium. 

In comparison to the 400 × 400 case (Figure 12), the jet boundaries here appear sharper, and there 

is more distinctly resolved interface between the jet and ambient medium. The flow is enclosed 

within a shock envelope by a curved bow shock. A high-pressure cocoon develops due to the 

accumulation of shocked jet and ambient fluid inside this region. The spatial variations and internal 

structures of the cocoon that were less distinct in the coarser grid is clearly visible in this case of 

comparatively higher resolution. 

Along the jet axis, appearing as a sequence of high- and low-pressure zones are the alternating 

compression and expansion regions. These correspond to internal shocks and expansion regions 

that arise due to pressure mismatch between the jet and the surrounding medium. These features 

are more clearly defined and exhibit a more continuous pattern along the jet core at higher 

resolution. The axial velocity remains dominant along the centerline, while transverse velocity 

components develop along the jet boundary. These transverse motions indicate the growth of shear-
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driven instabilities and they are more clearly resolved compared to the lower-resolution simulation 

and hence appear as small-scale distortions along the jet interface. 

 

Figure 25: Centerline profiles of relativistic jet of 800 × 800 uniform grid. 

 

One-dimensional representation of the jet evolution along the axis is provided by the centerline 

profiles in Figure 25. Sharper transitions near compression regions are visible in the density and 

pressure profiles, indicating improved resolution of shock structures. The axial velocity remains 

high near the inlet and gradually decreases downstream due to interaction with the ambient 

medium. The Lorentz factor is elevated in the jet core and decreasing in regions affected by shocks 

and mixing. The momentum flux profile shows reduced smoothing of peaks and gradients 

compared to the 400 × 400 case (Figure 13) and has a clearer variation along the axis, indicating 

improved resolution of momentum transport. 

The effect of spatial refinement is further illustrated by the jet evolution diagnostics in Figure 26. 

With the sustained forward propagation of the jet head, the jet penetration length has increased 

steadily over time. The shock position reflects the interaction between internal structures, cocoon 

dynamics, and the advancing jet front with noticeable variations. The mixing layer growth shows 

a more detail along the streamwise direction, capturing the development of the shear layer with 
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greater clarity than in the lower-resolution case (Figure 14). The instability-driven mixing clearly 

shows regions of rapid growth and local variation in jet width with the help of stronger resolution. 

 

 

Figure 26: Jet evolution diagnostics of relativistic jet of 800 × 800 uniform grid. 

 

Higher the grid resolution lower is the numerical diffusion which allows finer flow features to be 

captured. Shock structures appear sharper, internal jet features are more clearly defined, and the 

development of shear-layer instabilities becomes more visible all while the general jet morphology 

remains consistent with the lower-resolution simulation. 

However, finer mesh enforces a smaller time step through the CFL condition and significantly 

increases the number of required flux evaluations, MUSCL reconstructions, and primitive variable 

recoveries at each iteration. This increases the simulation time and require higher memory, making 

the high-resolution configuration computationally expensive, particularly for extended runs or 

multiple parametric studies. Thus, the 800 × 800 simulation provides a more detailed and 

physically accurate depiction of jet dynamics with an introduction of practical limitation in terms 

of computational feasibility. 
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5. CONCLUSION 

In conclusion reduced dimensional (1D and 2D) SRHD solver using a finite volume framework 

with HLLE flux along with piecewise constant and MUSCL reconstruction with slope limiting 

approach were successfully developed and validated it against standard relativistic blast wave 

problems, demonstrating accurate capture of rarefaction waves, contact discontinuities, and shock 

structures along with strong conservation properties. The developed solver can recover primitive 

variables almost as accurately as exact solvers with L1, L2 and L∞ errors ranging from ~0.04 to ~3 

for density and from ~0.004 to ~0.9 for velocity. For pressure L1 and L2 error were in the range of 

~0.03 to around 10 while L∞ error was approximately 85. The extension to two dimensions 

preserved the correctness of the solution and was further validated through planar shock tests and 

circular blast wave simulation, which proved the solver’s ability to handle multidimensional 

relativistic flows with stability and symmetry. 

The application of the validated 2D solver to study relativistic jet propagation demonstrated the 

formation of a collimated jet core, bow shock, and shear layer, with centerline and evolution 

diagnostics capturing axial momentum transport, shock dynamics, and mixing behavior. Results 

from parametric studies showed that higher Lorentz factors enhance jet collimation and stability, 

higher density contrast improves inertial resistance to mixing, and pressure ratio governs the initial 

expansion or compression behavior of the jet. Increased grid resolution improved the accuracy of 

shock and interface representation but resulted in significantly higher computational cost. The 

variation in CFL value influenced the stability of the solver but it has very little effect on the 

improvement of the solution accuracy. 

Overall, the developed solver provides a reliable and physically consistent framework for 

simulating relativistic hydrodynamic phenomena. 
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6. FUTURE ENHANCEMENT 

Future work can focus on reducing numerical diffusion and enhancing the resolution of sharp 

discontinuities and small-scale instabilities using of higher-order numerical schemes such as 

WENO or PPM. For improving the accuracy of contact discontinuity capturing, more advanced 

Riemann solvers, such as HLLC can be incorporated. 

To enable more realistic representation of jet dynamics, particularly for studying inherently three-

dimensional instabilities and turbulent mixing, the solver can be extended to three-dimensional 

(3D) configuration. Additionally, adaptive mesh refinement (AMR) techniques can be 

implemented to provide high resolution in critical regions such as shock fronts and shear layers 

while maintaining computational efficiency. 

Magnetic fields can be included through relativistic magnetohydrodynamics (RMHD) that would 

significantly enhance the applicability of the solver to astrophysical jets, where magnetic effects 

play a crucial role in jet collimation and stability. Further, in order to capture energy loss 

mechanisms, radiative processes can be executed. 

Finally, the increased computational cost associated with high-resolution and multi-dimensional 

simulations can be addressed with the parallelization of the solver using high-performance 

computing techniques, enabling extensive parametric studies. 
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