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ABSTRACT

The investigation of the calculus without the notion of limits is quantum calculus or ¢-
calculus. This calculus is applied to estimate the discrete phenomena as well. The famous
result on the theory of convex functions is the Hermite-Hadamard type integral inequality
which provides a lower and an upper estimation for the integral average of any convex function
defined on a compact interval involving the mid-point and the end points of the domain having
a wider application for generalized means, information measures, quadrature rules, and many
more. In this thesis, some new convexities related to harmonic convexity have been defined
and for each new convexity, a corresponding Hermite-Hadamard inequality has been proved.
The g-analogues of these inequalities have also been obtained. Apart from this, in this
thesis we have generalized harmonically convex function to m -harmonically convex function
and m -harmonically P -function and have obtained some Hermite-Hadamard type integral
inequalities whose first order derivatives are m -harmonically convex functions. The integral
mean of a convex function is connected with the Hermite-Hadamard inequality. From the
results on the products of two classical convex functions as given by B. G. Pachpatte, in
this thesis, we have been able to establish some new results on the products of generalized
geometric convex functions, and these results are further extended to ¢-analogues which
is a new paradigm in convexity theory and integral inequality. Diagnosing the idea of the
classical convex functions, it is enhanced into m- convex functions which has helped to
extend a convex function’s equality of quantum estimate into an m -convex function. Using
the resulted information, a few novel Hermite-Hadamard integral inequalities are established
whose first order g¢-derivatives are m-convex functions, and these results are presented
in g-analogues too. In this thesis, Hermite-Hadamard’s inequalities via Riemann-Liouville
fractional integral for the case of harmonically convex function as well as the products of two
harmonically convex functions via Riemann-Liouville fractional integrals are also established.
Extensions and refinements of Hermite-Hadamard type integral inequality for various types
of convex functions in quantum calculus may be the interested domains for the researchers

in future.

Keywords: Hermite-Hadamard inequality, GA- convexity, HA-convexity, HG-convexity, q -

calculus, fractional calculus.
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Chapter 1

INTRODUCTION

1.1 The Origin of Quantum Calculus

Calculus or infinitesimal calculus has a fascinating history. It literally means for small pebbles
but stands for the study of rate of change of physical phenomena which are continuous in
nature around us. It has two major wings viz. Differential Calculus and Integral Calculus
which were invented by Issac Newton(1642-1727) and Gottfried Wilhelm Leibniz(1646-1716),
independently in the middle of the 17th century which is based on the concept of limits
although the elements of it had already been appeared in ancient Greece. The word

‘quantum’ appears to have been derived from the Latin word ‘quantus’ is termed as
the smallest possible discrete unit of any physical property such as energy, matter or
electromagnetic radiation, etc. The usual meaning of limits implies that the space and
time are continuous and is maintained that all natural processes happen continuously on
smooth curves and surfaces. However, the atomic theory in Physics and Chemistry in the
19th century paved a mark that the natural process of dividing into smaller parts will never
terminate in an indivisible part or an atom, a part which lacks in proper parts ahead, i.e.,
continua are divisible without limits. This phenomenon necessitates the origin of developing
another type of calculus, called ‘Quantum Calculus’ which is based on the ‘Finite Difference
Principle’ or calculus without limits. A version of calculus where neither the smoothness of
the function is required nor the limit is applied is quantum calculus, it is a sub-field of more
general mathematical field of time-scale calculus which always provides a unified framework

for studying dynamics equations on both discrete and continuous domains.

The study on ¢ -calculus dates back to Leonhard Euler when he commenced in 1748 [15]
by considering the infinite product

1 1

() = ?:01_7(]14:-&-1’ -1<g<1



as a generating function for p(n), the partition function p(n) is the number of ways
to write n as a sum of positive integers. He, furthermore, discovered the first two ¢-
exponential functions, prelude to binomial theorem. A hundred year later, in 1846 , E. Heine
[17] considered a generalization of the ¢-hyper-geometric series. But ¢-calculus became
popular after the paper by Albert Einstein to its usefulness in quantum mechanics in 1905 .
The systematic enhancements on ¢-calculus were initiated by F.H. Jackson in 1908 [2§]
and thereafter. The g¢-calculus has various dialects as ‘Quantum Calculus’; ‘Time-Scale
Calculus’ or ‘calculus of partitions’. Two types of quantum calculi, h and ¢ are defined as
follows: See [27] for details.

Definition 1.1.1. Let ®(xz) be an arbitrary function. Then the q-derivative of a function
® s defined as

P(qt) — ()
D,®(t) = , 1.1.1
where q s a fited number different from 1 and, the h -derivative is defined as
O(t+h) — P(t
Do) = 2 =) (1.1.2)

h, 9

where h is a fived number different from 0.

If ®(t) is differentiable and as ¢ — 1 or h — 0, then the ¢-derivative or h-derivative
is simply the classical derivative, denoted by %@(t) ,

d . ®(t4h) - (1)
ﬁq)(t) = }lblg%) Y (1.1.3)
i.e.,
lim D,®(t) = lim D, ®(t) = i(ﬁ[)(t) ' (t)
g1 T aho h T odt or

In 1908, F. H. Jackson [28] re-introduced, the Euler- Jackson ¢-difference operator,

called the ¢-derivative of ® which is defined as follows:

Definition 1.1.2. Let ® : (0,0) — R, b € (0,00) be a continuous function. Then the

q -derivative is defined as
Dy®(t) = ——————, ¢<(0,1), te(0,b). (1.1.4)

It is clear that if ®(t) is differentiable, then

. d
lim D,®(t) = Z0(0),



The ¢-derivative is a discretization of ordinary derivative and therefore it has an

immediate application in numerical analysis.

In 1910, F. H. Jackson [2§8] introduced the concept of ¢-definite integrals extending the

concepts of g-calculus. The ¢-definite integral is defined as follows:

Definition 1.1.3. Let @ : [0,00) — R be a continuous function. Then the q-integral of ®

on (0,x) is

/033 O(t)dgt = (1 — q)xiq"@(q"x), z € (0,00), 0<g<1 (1.1.5)

n=0

and, the improper q-integral is defined as

/OOO O(t)dst = (1 —q) i "®(q"), 0<qg<l, (1.1.6)

n=—0oo

provided that the series on right hand side converges absolutely.

Tariboon and Ntouyas [55] created an entirely novel study, acquired numerous g¢-
analogues of classical mathematical objects, and presented the notion of quantum calculus
on finite intervals. They have extended some prominent integral inequalities to the g¢-
calculus which stimulated other investigators and as a result multiple important outcomes
via quantum equivalents of classical mathematical results were put forward in the literature.

They extended the notion of g-derivative and ¢-integrals as follows:
Definition 1.1.4. Assume that @ : [o, 5] = R is a continuous function. Then

®(t) — (gt + (1 - q)a)
(1-g)(t—a) ’

aDg®(t) = t#a, 0<g<l (1.1.7)

and
aDg®(a) = lim aD,®(t)

t—a

is called q-derivative of ® at t € [a, 3] .

The q -integral of a continuous function ® : [a, ] — R is defined by

6 oo
/ O(t) adgt = (1 —q)(t — @) Zq"@ @"z+(1-¢"a), 0<g<l1 (1.1.8)

n=0

and for v € (o, x)

/xcb(t) wdyt = /x@(w gt — /7<I>(t)adqt. (1.1.9)



1.1.1 Application of Quantum Calculus

Quantum calculus has a numerous applications in various fields of mathematics such as
orthogonal polynomials, combinatorics, number theory, hyper-geometric functions, integral
inequalities, and so on. Apart from this, it has application in Physics such as quantum field
theory, special relativity, knot theory, quantum hydrodynamics, string theory, elementary
particle physics, chemical physics, quantum chemo-dynamics, electroweak interaction, Wess-
Zumino model, g-Coulomb problem, g-hydrogen atom, molecular and nuclear spectroscopy,
and so on. More specifically, it has served as the bridge between mathematics and physics in

the history of the last twenty-five years. For details see [16] and the references cited there in.

1.2 Concepts of Mathematical Inequality

In Mathematics, the word ‘inequality’ means a disparity between the two quantities. Simply,
an ‘inequality’ means that two quantities are not equal. With the emergence of calculus, the

study of inequalities and its role has become increasingly essential.

In modern mathematics, inequalities play a significant role in almost all fields of
mathematics. Several applications of inequalities are found in various areas of sciences such
as physical and engineering. In numerical analysis, the approximation of a definite integral

of a real function ®(¢) over an interval [a, ], i.e.,

/jcp(t) dt

is a very interesting problem. Therefore, many methods appeared in literature to solve such
problems, and one of the most famous examples of such methods is Newton-Cotes formula
(e.g., midpoint, trapezoidal and Simpsons). Error bounds for these approximations involve
higher order derivatives, i.e., a second order derivative for midpoint and trapezoidal formulas
whereas a fourth order derivative for Simpsons’ method. Therefore, these methods have many
disadvantages as such requires a lot of differentiation (if we assume the derivative exists), with
bounded derivatives that make this class of functions inefficient and inelastic to solve such
problems. In recent years, theory of inequalities is used at large and many efforts devoted
to establish several generations of the midpoint, trapezoid and Simpsons’ inequalities for

mappings of bounded variations.

Numerous important inequalities have been employed as powerful tools not only
in mathematics but also in other areas of mathematics such as the theory of means,
approximation theory, numerical analysis, and so on. For example, the famous arithmetic-
geometric mean inequality was elegantly used by Erdois and Grunwald [4] to estimate integrals

by rectangles and tangential triangles. The importance of inequalities is mainly highlighted



by their role in analysis, but the use of inequalities can sometimes be quite unexpected, for
example in graph theory. In their book, Aigner and Ziegler [4] discussed a simple proof of
Turan’s Theorem on the number of edges of graph without triggles whose proof is done by
applying the Cauchy-Schwarz inequality. The theory of inequalities is now an important
branch of mathematics. In his essay, Fink [18] traced the development of inequalities as a
discipline of mathematics. Fink sketched the history of inequalities from ancient times where
the inequalities were known as geometrical facts, for the awakening of inequality analysis
in the early 18th century. Omne of the most notable books written in inequality theory
is the famous ‘Classic Inequalities’ by Hardy, Littlewood and Polya,[21, 22] which was
published in 1934 . Some of the famous books in this area are Beckenbach and Bellmann’s
[7] “Inequalities”, which was published in 1961, and Mitrinovic’s “Analytic Inequalities”in
1970 . Number of papers on inequalities are published after the publication of these three
books. Several journals are devoted to inequalities, most notably, ‘Journal of Inequalities and
Applications’ with the first volume in 1998, “Journal of Inequalities in Pure and Applied
Mathematics” with the first volume in 2000 and ‘Journal of Mathematical Inequalities’ which
has been launched in 2007 .

One of the most important inequalities that has been attracted by many inequality experts
in the last few decades is the famous Hermite-Hadamard inequality. Although it was firstly
known in literature as a result of J. Hadamard in 1893, this result was actually due to
C. Hermite in 1881, as pointed out by Mitrinovic and Lacovic [36] in 1985. Due to this
fact, most experts refers to it as Hermite-Hadamard (or sometimes, Hadamard- Hermite)

inequality.

1.2.1 The Hermite-Hadamard Inequality

For a convex function @, the following double inequality

« B «
(ﬁ—a)¢< ;ﬁ> g/ (I)(a;)dazg(ﬂ—a)q)();q)(ﬁ), a, B €R (1.2.1)

was known in the literature as the Hadamard’s inequality. However, this inequality was
actually suggested by Hermite. On 22 November 1881, Hermite sent a letter to the journal
‘Mathesis’. An extract from that letter was then published in ‘Mathesis’, in 1883, page
82. One of the inequalities which was mentioned by Hermite in this note is the inequality
.This note was nowhere mentioned in the mathematical literature and the important
inequalities of Hermite were not widely known as Hermite’s results. E. F. Bechenbach [7, [12],
a leading expert on the theory of complex functions, wrote that the inequality was
proven by Hadamard in 1893 and apparently was not aware of Hermite’s results. Fejer in
1906 , while studying trigonometric polynomials obtained inequalities which generalize (|1.2.1])

but again Hermite’s work was not acknowledged. In 1905, Jensen defined convex functions



using the first and the last terms of inequality (L.2.1)), that is

o (41 < G0

(1.2.2)

for all a, 8 € R. The inequality is referred as the Jensen’s inequality. It is important
to note that inequality provides a refinement to the Jensen’s inequality. In 1974, D. S.
Mitrinovic found Hermite’s note in ‘Mathesis’. Due to these historical facts, inequality
is now referred to as the Hermite-Hadamard inequality. The Hermite-Hadamard inequality
plays a great role in the theory of convex functions. It provides a necessary and sufficient
condition for a function to be convex in an open interval of real numbers. It also interpolates
Jensen’s inequality which is also an important inequality in the study of convex functions.
In the monograph, Dragomir and Pierce[12] stated that the Hermite-Hadamard inequality is
the first fundamental result for convex functions with a natural geometrical interpretations
and many applications have attracted and continues to attract much interest in elementary
mathematics. The H-H inequality has made great contributions in the fields of integral
inequalities, approximation theory, special means theory, optimization theory, information
theory, and numerical analysis. It has been developed for different classes of convexity such

as quasi-convexity, Godunova-Levin convexity, log-convex, r-convex, P-convex functions, etc.

The Hermite-Hadamard inequality usually stated as a result valid for convex functions
only, actually it holds for many other functions. The Hermite-Hadamard inequality provides
a lower and an upper estimation for the integral average of any convex function defined
on a compact interval involving the mid-point and the end points of the domain. This
inequality has various applications for generalized means, information measures, quadrature
rules, etc. and there is a growing literature providing new proofs, extensions, refinements and
generalizations. It has become a corner stone in mathematical analysis and in optimization
theory. It gives an estimate of mean value of a convex function which works great in analysis

and partial differential equations.

Inequalities play important roles in understanding many mathematical concepts, such
as probability theory, numerical integration and integral operator theory. Through the last
century, H-H type inequality has been considered to be among the fastest growing fields in
mathematical analysis, through which vast problems in engineering, physics and economics
have been studied. Due to the enormous importance of these inequalities, many extensions,

refinements, and generalizations of their related types have been equally investigated.

An interesting problem in H-H inequality attracts many researchers in the determinations

of the two bounds of quantities given as follows:

‘5ia/j<1>(t)dt—<1><a;ﬁ>’ (1.2.3)




and

o B
il );(M) —ﬁia/a @(t)dt‘ (1.2.4)

One vital problem associated with the H-H- inequality is the estimation of the mid-point and
trapezoid type inequalities, when the difference between the left part of the H-H inequality
and the integral of the function under study is observed, the quantity obtained is simply
called the mid-point type inequality. Meanwhile, when such a difference is determined with
the right hand side of the H-H inequality, here the quantity involved is called the trapezoid
type inequality. Recently, different integral inequalities were obtained through differentiable

convexity.

1.2.2 Physical Interpretation of Hermite-Hadamard Inequal-
ity
The core meaning of the Hermite-Hadamard inequality is translated into reality as follows:

1. The average value of a convex function ® defined on [«, 5] is between the value of ®

at the mid-point ¢ = "‘TJ“B and the average of the values of ® at the end points o and

3.

2. The mid-point formula estimates the integral from left and the trapezoidal formula

estimates the integral from right.

3. The first inequality is stronger than the second inequality, i.e., if ® is convex on |a, (],
then

B o a B
Bia/ <I>(t)dt—<1>( ;/3> < & >;q’(5)—5ia/ ot (1.25)

1.2.3 Geometrical Interpretation of Hermite-Hadamard In-
equality
The area below the graph of ® on [«, 5] lies between the areas of two trapeziums, namely

the one formed by the endpoints of coordinates («, ®(a)), (8, ®(8)) with the z-axis, the
second one formed by the tangent to the graph of ® at (O‘Tw, ) (#)) with z-axis.



1.3 Mathematical Means

Definition 1.3.1. A function M : Ri — Ry is said to be a mean function if it has the

following properties: (for details, see [9].)

1. Homogeneity: M (ax, ay) = aM (z,y) for all o > 0.

\S

. Symmetry: M(z,y) = M(y,z) Vr,y€eR,.

Co

. Reflexivity: M(x,x) =2 Vo eRy.
4. Monotonically: If x <’ and y <4y, then M(z,y) < M(2',y').

5. Internalized: min {z,y} < M(z,y) < maz{z,y}.

1.3.1 Applications to Special Means

Let us consider the following means:

1. The arithmetic mean:

2. The weighted arithmetic mean:

At<a76):ta+(1_t)/8a a,ﬂER,te[O,l]-

3. The geometric mean:
Gla,B) =+aB, «,BeR,.

4. The harmonic mean:

o) = 225, apeR\(0}

5. The weighted harmonic mean:



(@)

. The logarithmic mean:

Qo fa =
IB, 04,56R+.

v =",
log B—log a

7. The generalized logarithmic mean:

« ifa=p

Ln(Oé, B) - 1
Bn+l_an+1 n .
(7(n+1>(5—a>) ifa# B

) Oé,,BGR+, HER\{—].,O}

8. The identric mean:
I(a,B) = 1 , o, EeR,.

9. The power mean:

1.4 Convex Functions

The special properties of functions of real variables include continuity, convexity,
monotonocity and differentiability. Of them, convexity plays a significant role in the
development of several branches of mathematics since it includes the theory of convex
functions that possess the following two important properties as the maximum value is
attained at a boundary point and any local minimum is a global one. Although convexity
is a basic notion in geometry but widely used in other areas of mathematics viz. functional
analysis, complex analysis, calculus of variations, graph theory, partial differential equation,
discrete mathematics, algebraic geometry, probability theory, coding theory, crystallography,
and many other fields. It plays an important role outside of mathematics such as in physics,

chemistry, biology, economics, finance, and more.

1.4.1 Affine and Convex Sets

Let S C R™ be a set. We say that the set

1. Sis affineif te+ (1 —-t)ye S, =xz,ye S, teR, and

2. Sisconvex if tx +(1—t)ye S, z,yesS, tel0,1]



Geometrically, when x and y are distinct points in R"™, the set L = {z € R" : z =
tr+ (1 —t)y, t € R} of all affine combinations of x and y is simply the line determined by
z and y, and the set C = {z € R" : z =tx + (1 —t)y,t € [0,1]} is called the line segment

between x and y.

1.4.2 Classical Convex Functions

Definition 1.4.1. A function ® : I C R — R, I # ¢, is said to be an Arithmetically-

arithmetic convex or simply a convex function on I if the inequality
O(ta+ (1—-1t)8) < t®(a) + (1 —t)P(B) (1.4.1)

holds for all o, B €1 and t € [0,1].

If the function ® is concave then the inequality reverses.

Geometrically, the convexity of a function means that if P,@Q, R are three distinct points
on the graph of & with @ between P and R, then the point ) is on or below the chord

PR . A convex function lies below its secant lines.

Remark 1.4.2. For any real-valued function ® on a closed interval I, we say that ® is

midpoint convex if,

@(a;ﬁ> < @(a)—;—@(ﬁ) Va,B €1 (1.4.2)

This can be interpreted as, ‘for convex ®, the average of ® exceeds ® of the average’.

1.4.3 Quasi-Convex Functions

The notion of quasi-convex functions generalizes the notion of convex functions. More

precisely,

Definition 1.4.3. A function ® : [a, 8] — R is said to be quasi-conver on [a, 3] if the

inequality
Otz + (1 —t)y) < max{P(x),P(y)} (1.4.3)

holds for any =,y € [o, 8] and t € [0,1] .

Clearly, any convex function is a quasi-convex function. However, there do exist quasi-

convex functions which are not convex.
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Example 1.4.1. The function ®:[-2,2] - R,

1 if ze[-2 —1]

P(x) =
) z? if we(-1,2.

is not a convex function on [—2,2] but it is a quasi-convex function on [—2,2].

So, the nature of a quasi-convexity of the function is a generalization of convexity of
the function. Also, a quasi-convex function may be neither convex function nor continuous

function. For details, see [50].

Example 1.4.2. The floor function ®(x) = |x|, where x is the largest integer not greater
than = is an example of monotonic increasing function which is a quasi-conver but it is
neither convex nor continuous.

1.4.4 m-Convex Functions

Toader in 1985 [59] introduced the concept of m -convexity of the function ¢ as follows:

Definition 1.4.4. [59] The function ® : [0,0] — R, b > 0, is said to be an m -convex

function if
O(ta+m(l —t)8) <t®(a) +m(l —t)P(B) (1.4.4)
holds for all «, 3 € [0,b], t € [0,1], m € [0,1].

The m-convexity is intermediate concept between usual convexity and star-shaped

function. We recall that a function ® : [0,b] — R is called a star-shaped function if
O(ta) < tP(a)

holds for all « € [0,b], t € [0,1].

1.4.5 (a,m)-Convex Functions

Mihesan in 1993 generalized the concept of m -convexity into (a,m)- convexity as follows:
For details, see [35].

Definition 1.4.5. The function ® : [0,b] — R, b > 0, is said to be an (a,m)-convex

unction, where (a,m) € [0,1]? if we have
[

Ot +m(l—t)y) < t“®(x) +m(l —t*)D(y) (1.4.5)
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for all x,y € [0,b] and t € 0,1].

1.4.6 The Harmonically Convex Functions

Definition 1.4.6. [25] A set H C R™\{0} is said to be a harmonic convex set if

of

ta+(1—t)5€H

holds for all o, € H,t € [0,1] .

Definition 1.4.7. A function ® : H C R™ — R, where H # ¢ a harmonic convex set in

R™\{0}, is a harmonic convex function on H if
af

holds for all o, € H, t€]0,1].

If the inequality reverses, then @ is harmonically concave function. See [24], 25] for
details.

1.5 Evolution on ¢-Hermite-Hadamard Inequality

Tariboon et al. in 2014 [55] studied the concept of ¢-derivatives and g¢-integrals over the
intervals of the form [, 8] C R and settled a number of g-analogues of some well known
results such as Holder’s, Hermite-Hadamard’s, Ostrowski’s, Cauchy-Bunayakovaski-Schwarz’s
and Gruss- Chebysev’s inequalities using classical convexity. They presented ¢-Hermite-

Hadamard integral inequality as follows:

Theorem 1.5.1. Let ® : [a,8] — R be a convex continuous function on o, ] and

0<qg<1 bea constant. Then we have

a A a
@( ;B) < /Bia/a O (z)qdgr < q‘P(l)—i—_i-q(I)(ﬂ) (1.5.1)

Kunt and Iscan in 2016 [3] gave a counterexample and showed that the left hand side of
the inequality (1.5.1]) is not correct and they proved a correct form of ¢-Hermite- Hadamard

inequality which is stated as follows:

Theorem 1.5.2. Let @ : [a, ] — R be a convex differentiable function on (o, ) and

12



0<qg<1 bea constant. Then we have

o B P (v P
@(ql :qﬁ> < 5ia/a B(2)adyr < Q(l):q(m (1.5.2)

In 2018, Alp et al. [3] studied the g-analogue of Hermite-Hadamard’s inequality for
increasing functions and provided the generalized ¢-Hermite-Hadamard integral inequality

for differentiable convex function which is stated as follows:

Theorem 1.5.3. Let @ : [a, ] — R be a convex differentiable function on (o, ) and
0 < qg<1 bea constant. Then we have

B
max{ly, I, I3} < Bia/ P(x)odgr < m{)(oi)_:_f(m (1.5.3)

where

L= q)(qoﬁ-ﬂ),
1+

q
I — q)(a+qqf3> L 1=9B-a) <a+q6>,and

1+ 1+g¢ 1+g¢
_af(etBY, 0-qgB—a), (atPh
wee(f0) S (90)

Pachpatte in 2012 [46] established the two Hermite-Hadamard type inequalities for

product of two classical convex functions as follows:

Theorem 1.5.4. Let &,V : [o, 3] C R — [0,00) be two convex functions on («, ) and
a< . Then

B
() 5 [ P@@)d < ZM(a,5) + GV (. B), and
« « ﬁ
(u‘)ch( ;5)¢< ;ﬂ) - 5ia/a cI)(a:)\I/(x)dx—i—%M(a,BH—%N(a,ﬂ)

where M(a,8) = ®(a)¥(a) + ®(8)W(B); N(a,B) = B(a)¥(B) + B(a)¥(8) Sudsutad
et al. in 2015 [54] established g¢-integral inequalities for product of two classical convex

functions as follows:

Theorem 1.5.5. Let &,V : [a, ] C R — [0,00) be two convex functions on |o, 3] and

13



a < B. Then the following inequalities hold:

1
08—«

(0 /ﬁ B ()W () adyr < TP a1 +¢*)P(B)¥(B) + ¢*N(a, B) (15.4)

T 1+q+¢? 1+q¢(1+q+4q? ’

(i1) 20 (‘”5) w <“+5> <5 ! /aﬂ@(w)\ll(x)adqur 2q2M(a,ﬂ)+<1+2q+q2))N(a,/3>

2 2

20+ ¢)(14+q+q

—

2
(1.5.5)

where M(a, B) = ®(a)¥(a) + B(B)T(B); N(a, B) = () ¥(8) + B(a)¥(8)

1.6 Research Gap

The existing literature indicates that the refinements and enhancements of the Hermite-
Hadamard type inequalities for different types of convex functions in the framework of
quantum calculus are still open. Based on the literature available, this thesis has incorporated

the statement of the problem as follows:

1.7 Problem Statement

In this thesis, the main problem statement is devoted to introduce and discuss
several inequalities of Hermite-Hadamard on different types of convexities namely
generalized harmonically-arithmetic convex function, generalized geometrically-arithmetic
convex functions, differentiable m -convex functions, differentiable harmonically m -convex
functions in the framework of quantum calculus. This thesis has also included H-H integral
inequality for harmonically convex function through Riemann-Liouville fractional integrals.
Apart from these, the refinements of Hermite-Hadamard type integral inequality is enhanced
in quantum calculus, specially in ¢-calculus which is a paradigm- shift in the theory of

convexity and theory of inequality.

1.8 Objectives of the Study

The objectives of this study are

1. To study Hermite-Hadamard (H-H) integral inequality and enhance it on various types

of convex functions.

2. To develop H-H integral inequality for generalized harmonically-arithmetic and

harmonically-geometric convex functions.

14
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3. To extend H-H integral inequality for generalized geometrically-arithmetic convex

functions.

4. To establish H-H inequalities for the products of generalized convex functions in ¢-

calculus.
5. To expand H-H inequality for differentiable m -convex functions.
6. To establish H-H inequality for differentiable harmonically m -convex functions.

7. To establish H-H inequality for harmonically convex functions through Riemann-

Liouville fractional integrals

1.9 Structure of the Thesis

Categorically, this thesis incorporates seven chapters. The first chapter comprises of the
origin of quantum calculus, how it is different from ordinary calculus and application of
quantum calculus in various domain of Mathematics and Physics. It has also included
different aspects of convex functions and mathematical inequalities, Especially, Hermite-
Hadamard type integral inequality for classical convex function. The mathematical means
and their corresponding properties along with different types of special means have also been

incorporated.

In the second chapter, the researcher diagnosed the idea of the classical convex functions
and enhances it into m - convex functions which helps to extend a convex function’s equality
of quantum estimate to an m-convex function. Using the resulting information, a few novel
Hermite-Hadamard integral inequalities are established whose first order ¢-derivatives are

m -convex functions.Then the so obtained outcomes are presented in ¢-analogues too.

The third chapter introduces the extended idea of Hermite-Hadamard type integral
inequality for geometrically-arithmetic (GA) convex functions and their product which is
an extension of the results obtained by B. G. Pachepatte of classical convex functions. The

newly obtained results are then modeled in ¢ -calculus.

The fourth chapter incorporates the idea of harmonically-arithmetic (HA) convex function
to their generalized versions as well as the products of Hermite-Hadamard inequality for
harmonically-arithmetic convex functions in ¢-calculus. This chapter enhances some more

results on generalized harmonically-convex functions.

The fifth chapter entails generalized harmonically convex function to m -harmonically
convex function and applied them to develop some Hermite- Hadamard type integral

inequalities whose first order derivatives are m -harmonically convex function. Apart from

15



this, this chapter enhances harmonically P -function to m-harmonically P -function and

applied them to extend Hermite-Hadamard type integral inequalities.

The sixth chapter includes the results on H-H integral inequality for harmonically convex

function via Riemann-Liouville fractional integrals.

The Summary, Conclusion and the Recommendation section of this research work is

presented in the seventh chapter of this thesis.
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Chapter 2

¢g-HERMITE-HADAMARD
INEQUALITY WHOSE FIRST
ORDER DERIVATIVES ARE m-
CONVEX FUNCTIONS

2.1 Introduction

In this section, equality of quantum estimates of a convex function is extended to an m -
convex function. Using the resulted information, a few novel Hermite-Hadamard integral
inequalities are established whose first order ¢-derivatives are m -convex functions and these
outcomes are modeled in ¢-analogues. In this chapter, it is focused to enhance a few ¢-
Hermite-Hadamard type integral inequalities for m -convex functions by taking into account

the outcomes of quantum estimates of convex functions.

2.2 Preliminary Results

The ideas and research on ¢ -calculus that were previously known are reviewed and stated in

this section before applying in the subsequent work.

Let K = [u,v] C R, K = (u,v) be intervals and ¢q € (0,1) be any constant.

Theorem 2.2.1. [30)] Let ®1,P5: K — R be continuous functions, and o € R. Then, for

17



x € K, we have

T

) [ @106) + a6 s = [ a(5) s+ [ Bals)
(i) /u *(0D1)(5) udys = a /u " B1(5) udys, and

(m)/ D1 (8)uDgpa(s) udgs = |21 P2 — / Do(gs + (1 — Q)u)uDg®1(s) udgs, ¢ € (u,x).

[

Alp. et al. [3] in 2018 introduced the correct form of ¢-Hermite-Hadamard type integral

inequality as follows:

Theorem 2.2.2. [3/ Let ®: K — R be a continuous function on K, q € (0,1). Then we

have

qu+v 1 /” q®(u) + 2(v)
d < B(s) ydys < L 2.2.1
<1+q>_’v—u u (5)udgs < I+¢q (2.2.1)

Lemma 2.2.3. [5]] Let ® : K — R be a continuous function and q € (0,1). If ,Dy® is

an integrable function on K9, then the following relation holds:

q®(u) + @(v) I q(v—u)
l+g v—u[;®®hﬂﬁ

1
= l—i-q/o (1= (1+q)s) uDg®(sv+ (1 — s)u) odys.

Lemma 2.2.4. [5]] Let q € (0,1). Then the following equality holds:

1
(i)/ Lodys = 1.
0
1
1
(zz)/ sodgs = ——.
0

1+g¢
! 1
(m)/0 % 0dys =

14+q+q*

Lemma 2.2.5. [5])] Let q € (0,1). Then the following equality holds:

1 2
a2+q+4q°)
1—(14q)s|odys = ———5—
/o 1= {1+ a)slody (1+4q)3
Lemma 2.2.6. [5]] Let q € (0,1). Then the following equality holds:

q(1+4q + ¢*)
(I+qPA+q+¢?)

1
[ sl= @ apslodys =
0
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Lemma 2.2.7. [5]] Let q € (0,1). Then the following equality holds:

q(1+ 3¢% + 2q3)
(1+q30+q+q?)

1
/0 (1—=5)1 = (14 q)s|odgs =

Theorem 2.2.8. [5]] Let ® : K — R be a continuous function. If |,Dy®| is convex and
integrable on K, then the inequality below holds:

q®(u) + ®(v) 1 v
11 q _v—u/u(b(s)udqs

<

¢*(v — u)
I+ (1 +q+q?)

((1+4q + ¢*)|uDg®(v)| + (1 + 3¢ + 2‘13)’qu¢)(“)) :

Theorem 2.2.9. [5]] Let ® : K — R be a continuous function. If |,Dy®|" is conver and
integrable on K° ,and r > 1, then the following result holds:

q®(u) + ®(v) 1 v
1+¢ _v—u/uq)(s)"dqs

<

1
P2+ q+¢*)(v—u) [(1 +4q + ¢*)| uDg®(v)" + (1 4 3¢° + 2¢%)| D ® (u)|" ] "
(1+q)* (1+3¢2+2¢3)(2+ ¢+ ¢%) '

Theorem 2.2.10. [5]] Let p1 and ps be two real-valued, non-negative and convex functions

on K. Then the following inequality holds:

I p1(u)p2(u) (1 +¢*)p1(v)p2(v) + ¢* N (u, v)
” u/u p1(@)p2()udqx < it Atar AT

Theorem 2.2.11. [5]|] Let ®; and P2 be two real-valued, non-negative and convex functions
on K. Then the following results hold:

2 vorv 1
(i.) (1+ q(z)(l_-;)qQ—F a) / / /0 P1(sy+ (1 —s)x)Pa(sy + (1 — s)x) 0dgSudgx wdqy <

(1+2q+q¢?)
(v —u)

2

[ or@ae)udye + a0 @al0) + 810002 (0) + N 1, 0)
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pltat utv utv
vq_uq //@1 sy + 1—3) 2 )@ (sy + (1 —s) ) 0dgs udqy <

q(1+4¢*)
4(1+q)

= [ @) e+ (M(u,0) + N(u,v))

2
+ ﬁ@(%ﬁ(@qﬁz(u) + @1 (v)P2(v)) + (1 + q)N(u,v))

v—Uu

where M (u,v) = ®1(u)Po(u) + ®1(v)Po(v), N(u,v) = ®1(u)P2(v) + P1(v) P2 (u).

2.3 Main Results

In this section, first of all, we extend Lemma assuming that ,D;® is ¢-integrable
m-convex function and then present some quantum estimates of Hermite-Hadamard type

integral inequalities for m -convex function on [mu,v] .

Lemma 2.3.1. Let & : K — R be a continuous function and q € (0,1). If ,Dy® is q-
integrable m -convex function on K° , where K° is interior of K , then the following equality
holds:
1 v mu) + ®(v v — mu

[ 006ty — 220 _ ol =

1
= 1—-(1 wD® 1—
v — mu 1+gq 1+¢ /0( (1+q)s) uDq®(sv +m(1 — s)u)odys

Proof. Using q-derivative on a finite interval, we have

1 1
/ (1= (14 ¢q)s)uDq®(sv +m(1 — s)u)odys = / 14Dg®(sv+m(1 — s)u) odgs
0 0

1
—(1+ q)/ sy Dg®(sv+m(1 — s)u) odgs
0

/1 O (sv+m(l— s)u) — D(gsv + m(1l — gs)u) odys
0

s(1—q)(v —mu)

(149 /1 S'Q>(sv +m(1 —s)u) — ®(gsv + m(1l — gs)u) odys
0 s(1 = ¢q)(v —mu)
U_muZ (q"v+m(1—g") Z —m(1 - ")
1+¢q
_ 1_ nq) n+1 _on+l
— ;)qum 7 Zq — (1= ")
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(I)('U)—CI)(mu) 1+g¢ 0 .
- - D(g™ 1— "
v —mu U_munzz(]q (¢"v+m(l—q")u)+
14¢ ° n
[0 n+1 1— n+1
U_munz:;q (@ v+m(1—q¢"")u)
O (v) — ¢(mu) 14+gq oo
_ B . .
a v — mu U—muzq (q U—i—m(l Q)U)+
n=0
— 3 +1 +1
q(v —mu) ®(v) — (u) Y d"p(¢" v +m(l—¢" )

n=1

_P() —®(mu)  (1+q)P(v)

v mu q(v —mu)
1+q s
"®(¢"v +m(l — ¢")u
Q(U—mu)nzzo ( ( Ju)

1+4+4¢q e .
d(g" 1 — ™).

) 400 (- m)
B q(v —mu) + q(v —mu)(v — mu) nZ:;)q ®(g"v +m(l —¢")u)

_ q®(mu) + B(v) U+a) [ 40 3
B q(v —mu) + q(v —mu)? /mu P(8)mudy

1 1 v o o
Q(vfmu) v —muU S 1+q

Thus, we have

1

v —mu

@(mu) + ¢ (v)
1+4+4¢

/ (I)(S)m’u,dqs - q

v —mu !
_ q<1+q) /0 (1= (1+q)s) uDg®(sv + m(1 = s)u)odgs.
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The proof is now complete. O

Remark 2.3.2. If m =1, and then it reduces to the result as given in Lemma([2.2.3, and if
q— 1, m =1, then it reduces to the following result:

" v v v—u [!
P( )—;(p() - Uiu/u O(z)de = 2 /0(1 — 25)®'(sv + (1 — s)u)ds.

Theorem 2.3.3. Let ® : K — R be a continuous function. If |,Dg®| is m -convex and
integrable on K© , then the following inequality holds:

1+g¢ v — mu

a@(mu) £ B() 1 | as)uds| <

q*(v — mu)
(1+g*(1+q+4q%

(1+4¢ 4 ¢*)|muDg® ()| + (1 + 3¢ + 2¢°) [;mu Dy ®(u)).

Proof. Using Lemmamand m -convexity of ;,, Dg® on JY and Lemma [2.2.6/and Lemma
2.2.7, we have

1 /v (5 des — q®(mu) + p(v)

V— MU S 1+4+g¢

_ ‘W /01(1 (14 @)8)uDy®(s0 + m(1 — s)u) odys
< T [ (1 lsha D) + (1 = 5 D) s
gwumm \/su— (1+ @)slodgs + Ml Dy®(u \/ (1= )| = (1+0)slodys]
= Loy, D) M) UM o)

 FPlv—mu)
(491 +q+4¢?)

lmuDg®(0)|(1 4 4q + ¢*) + m(1 + 3¢* + 2¢°) [;mu Dy ® (u)]].

The proof is complete. O
Remark 2.3.4. If m =1, then it reduces to the previous result as in Theorem [2.2.9.

Remark 2.3.5. If m =1, ¢ — 1 then, the above result reduces to the following already

established result as

P(u) +@(v) 1 /U<I>(s) s

2 v —1u

< [0/ ()] + /()]

We prove the second result of ¢-integral inequality for m-convex function on [mu,v] .

Theorem 2.3.6. Let ® : K — R be a continuous function. If |p,Dq®|" is m -conver and
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integrable on K° and r > 1, then the following result holds:

q®(mu) + ®(v) 1 /” B(s) udys

1+g¢ v —mu

mu

1
P2+ q+¢*)(v—mu) ((1 +4q + ¢*)|muDg®(v)|" + (1 + 3¢* + 2q3)\mqu‘I’(U)’“> g
(14 ¢)* 1+q+¢)2+q+¢3)

Proof. From Lemma and using power-mean inequality and m -convexity of |, D,®|",
and Lemma Lemma and Lemma we have

1 v ¢
/ D) s - T2 E ()
v—mu S 1+¢

Vv —mu !
_ 'Q(1+q) /O (1= (1+ q)s)uDy®(sv + m(1 = s)u)odys

v —mu 1
< LS [0 (1 8Dy + (1 = s)uodys

q(v —mu

<20 ([ gl s>)1_i ([ 1= 0+ DsloaDi (1 = s )

1
p

1—1
’U—m’u T
1—( d
U (= gl o))
1

1 T
<|mu o) /0 11— (1 + 0)50dgs + Mlmu Dg®(w)|" /0 <1—s>\1—<1+q>s|odqs)

gv—mu) (q2+q+q)\'
= 1+g ( (14 q)3 >

1
T

<<1 AT (4 Pl Dy +m(l 430"+ 2q3>|mqu<1><u>\’"))

o (mu) + ®(v) 1 v
= |4 - /

144¢ vV —mu

mu

®(s) udq3|

1
< q2(2 +q+ qz)(v —mu) ((1 +4q+ ‘12)|mqu(I)(U)|T + (1 + 3‘12 + 2‘13)|mqu(I)(“)‘T> "
- (14 ¢)* (1+q+¢)2+q+¢

The proof is complete.
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Remark 2.3.7. If m =1, then it reduces to Theorem|2.2.10).

Remark 2.3.8. If m =1 and g — 1, then we have the following previously known result

as follows:

d(u) +d(0) 1 [ v —u [|® W)+ |®' ()"
‘ 5 _v—u/u O(s)ds| < 1 [ 5 .

Theorem 2.3.9. Let &1 and ®o be two real-valued, non-negative m - convex functions on

K . Then the following inequality holds:

1 v D1 (u)Pa(v)  m2q(1+ ¢*) @1 (v)P2(v) + mg>N (u,v)
v —mu /mu PP e < T (I+q+¢)(1+q)

where N(u,v) = &1 (u)P2(v) + @1 (v)Po(u)
Proof. Using m -convexity of ®; and ®2 and for all s € [0,1], we have

O (sv+m(l —s)u) < s(p1(v) + m(l — s)Py(u),
Do(sv +m(l — s)u) < s(P2(v) +m

—~
[a—
|
Va)
N—
A
N
—~
S
N—

Multiplying above inequalities, we have

By (sv+m(1l — s)u)Po(sv + m(1 — s)u) < 5201 (v)Pa(v) + M2 (1 — 5)2P1 (u) Do (u)+
ms(1 — s)(P1(u)Pa(v) + @1 (v)Pa(u))

Taking ¢-integral with respect to s over [0,1] and using Lemma we have
1
/ Q1 (sv+m(1 — s)u)Pa(sv + m(l — s)u)odys
0

1
< /0 (82@1(v)<1>2(v) +m?(1 — 5)2®1 (u)Pa(u) + ms(1 — s)(Py (u)Pa(v) + Py (v)Pa(u))) odgs.

Then

1
/0 Dy (sv+m(l — s)u)Pa(sv +m(l — s)u) odys

2 21(0)Pa(v) | mPq(l + ¢*) P () Po(u) mg*N (u, v)
T 1+q+¢? I+g+¢*>)(1+q) (1+q¢+¢)A+q)
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Substituting = sv + m(1 — s)u, on left-side of above inequality, we have

1 v Oy (u)P2(u)  m2q(1+ ¢*)P1(v)P2(v) + mg® N (u,v)
v—mu[;@ﬂméﬂ@mMMvé 1+q+¢? I+q+¢*)(1+q)
where N(u,v) = ®1(u)Pa(v) + @1 (v)Pa(u). O

Remark 2.3.10. If ¢ — 1, then the above result reduces to

1

v —mu

/ " By (2)®o(2) da < % (@1 (0)®2(0) + M1 () ®a(u)] + =N (u, 0).

mu 6
Remark 2.3.11. If ¢ — 1 and m =1, then it reduces to

1

vV—1Uu

M (u,v) + éN(u, v).

W =

/v Dy (2)Py(z) dx <

Theorem 2.3.12. Let &1 and P9 be two real-valued, non-negative, and m - conver
functions on K . Then the followings hold:

2 v v 1
(i><1+q()v(1_+u)q2+ﬂ/ / /0 1 (sy + m(1 — 8)2)Ba(sy + (1 — $)2) 0dys udgudygy <

1+ q+m?q(1+¢?)
v—Uu

2¢°m
(1+¢)?

/ "B () Ba(2)udyat (201 () B (1) + gN (u, v) + D1 () Do)

A4 qg+g vt u+v u+v
(“)qq/ /o D (sy+m(l—s) )Pa(sy +m(1l — s) 5 ) 0dgSudqy <

v — U 2
[ ) @a(y)uday
m*q(1+¢%) mg*
+W(M(Uu v)+N (u, U))"‘m@(qqh(u)@z(u)—i—‘h(U)CI)Q(U))—F(l-i-q)N(u, v)),

where M (u,v) = ®1(u)Pa(u) + ®1(v)Po(v), and, N(u,v) = ®1(u)P2(v) + P1(v)P2(u).

Proof. For all z,y,€ K and s € [0,1], using the definition of m-convexity of ®; and ®,

we have

Oy (sy+m(l—s)z) < s(Pi(y) + m(l —s)Py(x),
Dy(sy + m(l — s)x) < sPa(y) + m(1l — s)Po(x).
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Multiplying above inequalities, we have

®1(sy +m(l — 5)z)Pa(sy + m(1 — s)z) < 521 (y)Po(y) + m?(1 — 5)2®y () Do (x)+
ms(1 — s)(@1(2)P2(y) + P1(y)P2(x))

Taking ¢-integral w.r.t. s over [0,1] and using Lemma

1
/0 Q1 (sy +m(l — s)x)Pa(sy +m(l — s)x) odys

1
< /0 (@1 () o) + m2(1 — )21 (2)Da() + ms(1 — 8)(B1 () D2y) + B2 (y)P2(a))) odys.

Then

1
/0 Oy (ty + m(1l — t)x)Po(ty + m(1 — t)z)odyt

< 21@)Pa(x) | mq(1 + ¢%) P (2)Pa () mq®N (u,v)
T 1l+q+¢? (14+q+¢*)(1+q) (I+qg+¢)(1+q)

Next, taking double ¢-integral to both sides of the above inequality with respect to x,

y on [u,v], we have

v v 1
/ / / Q1 (sy + m(l — s)x)Pa(sy + (1 — s)x)odgsudqrudyy <
u u 0

1
/O S01(y)Da(y) +m2(1 — 5°D1 (2)®s(x) + ms(1 — )(@1(2)Ba(y) + 1 (y)8s(x))odys.

1
/0 Q1 (sy +m(l — s)x)Pa(sy + m(l — s)x) odgs <

v—u v m2q(1+¢*)(v—u) [V
2t i) @a(y) ud By (1) (2) o
s [+ TR [ 0 0)0a(0) e

(1+q+¢*)(1+9q) u u u
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2

1 m2q(1 + ¢%) i ma
S <1+q+q2 TG +q+q2)> /u 1(w)22()udg + (1+q+¢*)(1+q)

qP2(u) + P2(v) qP1(u) + P2(v) qP1(u) + P2(v) qP2(u) + P2(v)
((v—u). 2 1+q2 (v —u) 1+q2 + (v —u). 22 1+q2 (v —u) 2 1+q2 >
On simplifying, we have
(w—uw)(d4+g+m*q(1+¢*) [7
- L D) [ @) @aa) e+
2mq? (v — u)?

(q2<1)1(u)<1>2(u) + gN (u,v) + <I>1(v)<1>2(v)) )

1+ +q+q?)

(1+q)(1+g+¢?)

Multiplying both sides by (—u)? , we have

2 v v 1
(1+ q()v(l_ﬂ;)q;r q°) / / /0 Oy (sy + m(1 — 8)2)Pa(sy + (1 — 8)2)odgsudgrudgy <

1+q+m2q(1+ ¢
v—Uu

2¢°m

T g (T2 22() +gN(wv) +21(0)2o(v))

/U Oy (2)Po(x)ydgr +

Now, we begin the proof of (ii) part:

For all z,y,€ K, and s € [0,1], by the definition of m -convexity of ®; and P2, we

have

u+v u+v
@1 (sy +m(l —s) ) < s@1(y) +m(1—s)P( )
u—+v u+v
Dy(sy +m(1—s) ) < sPa(y) + m(1 — 5)Po( 5 )
Multiplying the above inequalities, we obtain
@ (sy +m(1— s)u+v)®g(sy+m(l — S)u—i—v)
U+ v U+ v
< 51 (y)Pa(y) +m*(1 — 5)°P1 ( 5 ) P2(——)+
u+v U+ v
ms(1 =) (B2 + (5.

Obtaining ¢-integral with respect to s over [0, 1], we have
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1
/0@1(sy+m(1—s)u+v)¢'2(sy+m(l—s)u;_v)odqs
Py (y)P2(y) m?q(1 + ¢%) u—+v u+v
STrore Orardurgn o )5
mq® u+ v u+ v
e (e s e)).

Applying q-integral with respect to y over [u,v] and using m -convexity of functions of

®; and ®,, we observe

v 1
U+ v u—+v
[ ] @ty m =" 5 5asy + m(t - )" adysadyy <
0
u 1 .

m2q(1 + ¢? v u—+v u—+v
Q( Q) / (I)l( )udqy
u

1+q+¢)(1+q) 7 )0

mg” v u+v utv, [P
+(1+q+q2)(1+q) (/u D1 (y) udqyPa( 5 )+ D4 ( 5 )/u @g(y)udqy)

—_— D1(y)® udqy +
o PPt

1 v m2q(1+ ¢®)(u —v) [ Po(u) + Po(v) @1(u) + Po(v)
S Ty B (g (S AR
mg* (v —u) (‘Pz(u) + ®2(v) qP1(u) + P1(v) N Dy (u) + P1(v) qP2(u) + ‘I>2(U)>
(14+qg+4¢%)(1+9q) 2 ' 1+¢q 2 ’ 1+g¢q

1

_ m?q(1 +¢%)
14 g+ ¢?

41+q+¢*)(1+q)

/v (I)l(y)q)Q (y) udqy +

mg*(u — )
2(1+q+¢*)(1+q)?

(M (u,v) + N(u,v))+

(2(q®@1(u)P2(u) + @1(v)P2(v)) + (1 + ¢)N(u, )

Multiplying both sides by w , we get
L+q)(L+q+q [© [ [
( ()v(— )2 ) A Q1 (sy+m(l — s)z)Pa(sy + (1 — 5)z)odgSudgrudyy <

1+ q+m?q(1+¢?)
v—Uu

2

| 0@y P (0 )Pa) + aN (. 0) + 81(0)2(0).

The proof is complete. O

Remark 2.3.13. If m =1, then it reduces to the result as given in Theorem [2.2.11].
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Chapter 3

ON EXTENDED
GEOMETRICALLY CONVEX
FUNCTIONS

3.1 Introduction

In this chapter, we have extended the idea of the result of the product of classical convex
functions to the products of generalized geometric convex functions, and these results are
further extended to quantum calculus which is paradigm shift in convexity theory and integral
inequality. The obtained results will definitely be used to estimate the integral mean of
generalized geometric convex functions. The concept of geometrically convex functions was

introduced by Zhang et. al in [62] as follows.

Definition 3.1.1. [62] An operation f : (0,00) — R s referred to be a geometrically-

arithmetic (GA) convex function or simply a geometrically convex function on (0,00) if
F(@*'%) < sf(a) + (1 — 8)f (D) (3.1.1)

holds for all a,b € (0,00),s € [0,1].

If the inequality is reversed, then it is a GA concave function. Niculescu in [37] introduced

the notion of geometrically-geometric convex function as defined below:

Definition 3.1.2. [37] A function f : (0,00) — R s said to be geometrically-geometric
(GG) convex function on (0,00) if

F(@b =) < (f(@)*(f(b)' (3.1.2)
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holds for all a,b € (0,00),s € [0,1] .

It is known as a GG-concave function if the inequality is reversed.

Xi et al. [60] generalized the geometrically-geometric convex function as follows:

Definition 3.1.3. [60] A function f:(0,00) — R is said to be m -geometrically-geometric

(m -GG) convex function on (0,00) if

Fa@ ™07y < (f(a)*(f ()™ (3.1.3)
holds for all a,b € (0,00),s € [0,1],m € (0,1] .

It is said to be an m -GG-concave function if the inequality is reversed.

Definition 3.1.4. [60] A function f : (0,00) — R is said to be (a,m)-geometrically-

geometric ((o,m) — GG) convex function on (0,00) if

F(a*b™079) < (f(a))*" (f (b)) (3.1.4)
holds for all a, b € (0,00), s € [0,1], (a,m) € (0,1]%.

It is said to be a GH-concave function if the inequality is reversed.

Definition 3.1.5. Let a,b be two positive real numbers. Then their logarithmic mean is
denoted by L(a,b) is defined as

b—a

L(ab) = —0—@
(a,) logb —loga’

a#b. (3.1.5)

Definition 3.1.6. Let a,b be two positive real numbers. Then their geometric mean s
denoted by G(a,b) is defined as

G(a,b) = Vab. (3.1.6)

Definition 3.1.7. Let a,b be two positive real numbers. Then their arithmetic mean is
denoted by A(a,b) is defined as
a+b

A(a,b) = 5 (3.1.7)

3.2 Preliminary Results

For the class of convex functions, numerous significant inequalities are discovered. The
Hermite-Hadamard inequality is among the most popular. Hermite-Hadamard is a well-

known name in literature for the following double inequality.
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Theorem 3.2.1. Let f: 1 C R — R be a convex function defined on an interval I of real

numbers a,b € I with a <b. Then we have

a+b 1

. f(a) + 1 (0)
2 “b—a

/af(w) do < =———= (3.2.1)

I

If the function f is concave, both inequalities hold in the opposite direction.

The following Hermite-Hadamard type inequality for the product of two classical convex

functions was first proved by B.G. Pachpatte [44].

Theorem 3.2.2. [[]] Let f and g be real valued, non-negative and convez functions on

[a,b] . The following inequalities are then true:

1
b—a

b
/ F@)g(z) dz < %M(a, b+ éN(a, b), (3.2.2)

where M (a,b) = f(a)g(a) + f(b)g(b) and, N(a,b) = f(a)g(b)+ f(b)g(a).

3.3 Main Results

The extended definitions and the results on the products of generalized geometrically convex

functions and their quantum estimates are obtained in this section, and they are as follows:

Definition 3.3.1. A function f : (0,00) — R s said to be m -geometrically-arithmetic

(m — GA) convex function on (0,00) if
F@bm09) < s7(a) + m(1 — 5)f(b) (3:3.1)

holds for all a,b € (0,00),s € [0,1],m € (0,1] .

It said to be an m-GA concave function if the inequality is reversed. It can further be

generalized as (a, m)-geometrically convex function as follows:

Definition 3.3.2. A function f:(0,00) — R is said to be (o,m) geometrically-arithmetic

((t,m) — GA) convez function on (0,00) if
@b =) < 5% f(a) + m(1 = s7) () (3:32)

holds for all a,b € (0,00),s € [0,1], (o, m) € (0,1]%.

It is said to be an («, m)- GA concave function if the inequality is reversed. We further

generalize geometrically-harmonic convex functions as m and (a,m)-GH convex functions
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as follows: We further generalize geometrically-harmonic convex functions as m and (a,m)-

GH convex functions as follows:

Definition 3.3.3. A function f : (0,00) — R is said to be m -geometrically-harmonic
(m -GH) convez function on (0,00) if

wi@ i SO +m—s)f(a)

holds for all a,b € (0,00),s € [0,1],m € (0,1].

It is said to be a m-GH-concave function if the inequality is reversed.

Definition 3.3.4. A function f :(0,00) = R is said to be (o, m)-geometrically-harmonic

(o, m) -GH convez function on (0,00) if

mf(a)f(b)

1
f asbm(l—s) < = =
( ) S e T T W)+ m(l - )@

(3.3.4)

holds for all a,b € (0,00),s € [0,1], (a,m) € (0,1] .

It is said to be a («, m)-GH-concave function if the inequality is reversed.

Theorem 3.3.5. The integral mean of geometrically-arithmetic convex function is bounded
above by the arithmetic mean of their functional values and the product of reciprocal of the

logarithmic mean .

Proof. Let f be a GA-convex function defined on (0,00). Then by definition of GA-

convexity, we have

F(@*b'™®) < sf(a) + (1= 5)f(b).

Integrating with respect to s over [0, 1], we have

1 1 1
b
/ f(aSbl—S)dsgf(a)/ sdt+f(b)/ (1—s)ds:w.
0 0 0
Put = = a*b'=%,ds = xl‘izg When s —+ 0, then £ — b ; when s — 1, then x — a. On
b

substituting these values, we have

1" f(=) fla) + f(b)
b—a/a x dz < 2L(a,b)

This completes the proof. ]
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Theorem 3.3.6. Let f and g be two (a,m)-GA convex functions. Then their product is

given as follows:

1" f@)g(x) 1
b —a J, S T
1 20°m? «a .
((2oz+1)K“+ ettt oy 1)(2a+1)Kb)’ (3.3.5)

where K, = f(a)g(a), Ky = f(b)g(b), Ky = f(a)g(b) + f(b)g(a) .
Proof. Let f and g be two (a,m) GA convex functions. Then, by definition, we have
Fa b)) < 5% f(a) + (1= s*) £(b)

And,
g(a*b™179)) < s%g(a) + (1 — s%)g(b).

Since f,g > 0, we have

F(@ b )g(ab™ 1)) < fla)g(a)s® + f(b)g(b)m* (1 — s7)?
+m(f(a)g(b) + f(b)g(a))s*(1 - 5%).

Integrating with respect to s over [0, 1], we have
1 1 1
| @yt ds < plapg(a) [ 2 s+ f0g(em? [ (1- 52 ds
0 0 0
1
+m(f(a)g®) + Fgla)) [ 51— s ds

Here,

! 1
/ 2 ds = ,
0 2a—|—1

1 oo 20[2
/0 (1= ds = D Gar 1)

«

1
/0 sl —s%)ds = CE TS

Put z = «*b™1~%) when s — 0,z — b™:; when s — 1,2 — a. And, ds =

mdm. On substituting these values in above inequality, we have

1 ¥ f(x)g(x) dr < K, n 202m? K, N mok}
logb™ —loga J, x - 2a+1 (a+1)(2a+1) (a+1)(2a+1)"
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r <

"™ —a 1 /bm f(z)g(x) d K, n 202m?2 K, n moKj
a x " 2a+1 (a+1)2a+1) (a+1)2a+1)

logb™ —loga b™ — a

1 M f(x)g(x) K, 20°m? K, makKj
L(a,b™ dx <
@ ) T Tt i i T e D@at D @i DEat D)
1 U f(x)g(x) de < 1 K, N 202m?2 K, n mokKy .
m—a /, x L(a,b™) [2a4+1  (a+1)2a+1) (a+1)2a+1)
This completes the proof. ]

Remark 3.3.7. If a =m =1, then it reduces to the product of two GA-convex functions.

Theorem 3.3.8. The integral mean of geometrically-geometric convexr function is bounded
above by a half of the logarithmic value of the product of their functional values and the

reciprocal of the logarithmic mean.

Proof. Let f : (0,00) — (0,00) be a geometrically- geometric convex function. Then, by

definition, we have

F(@*0'7*) < (f(a)*(F(b)'°

log f(a*b'™*) < slog(f(a)) + (1 — s)log(f(b))

Integrating with respect to s over [0, 1], we have

_ log(/(a)) +log(f(8)
. .

log(/(a)f ()
2

1 1 1
og f(a*b' %) ds 0 a sds+1o —8)ds
| 1o fla =) s < tox(r(a) [ sds+ 108 @) [ (1= 0)d

Using the change of variables by putting = = a®*b'~* , we have

When s -0, z — b; when s — 1, then  — a. On substituting these values, we obtain

b o T

This completes the proof.
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Theorem 3.3.9. Let f,g:(0,00) — (0,00) be two (a,m) GG-convex functions. Then the

following inequalities persist:

b 0] X O, X
gy [ IR gy o Qo @g(a) + maTog(1(0)g(6).
(3.3.6)

Proof. As f and g are two (o, m) GG convex functions, then by definition, we have

F@b™ =) < (f(a)* (£(0))™ 0,

and

(e}

(@b 179) < (g(a))*" (g(b)"" ).

Since f,g > 0, we have

F(@ ™) g(@* ™) < (f(a)g(a))™ (f(b)g(b))™ ).

Taking log on both sides, we have
log f(a*b™( 7)) +log g(a*b™ ")) < s*log(f(a)g(a)) + m(1 — s*) log(f(b)g(b).
Integrating with respect to s over [0, 1], we have
1 1 1
/ log f(a*b™1 %)) ds + / log g(a*b™1 %)) ds < log(f(a)g(a)) / s ds
0 0 0

1
+mlog(f(b)g(b))/0 (1 —s%)ds.

Using the change of variables by putting x = ¢} gb;n(l_s) , we have

L(a,b™) /”m log f(z) +logg(x) , = log(f(a)g(a) malog(f(b)g(h))
a x a+1 a+1

bm —aq

Hence, we have

b 0] X O, X
gy [ IR gy o o @l0(0) + maToB(1(0)g(6).

This completes the proof. O

Corollary 3.3.10. If o = 1, then we get the result of the product of two m -GG convex

functions.
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Corollary 3.3.11. If a = m =1, then we get the result of the products of two GG convex

functions.

Theorem 3.3.12. The integral mean of geometrically-harmonic (GH) convex function is
bounded above by the ratio of squares of geometric mean of functional values to the product

of logarithmic mean of their functional values and inputs.

Proof. Let f be a GH convex function defined from (0,00) — R. Then, by definition, we

have

f(asbl—s) < - —

Integrating with respect to s over [0, 1], we have

—— L fa)f(b) ot ' 1 s
f fen s [ O | et

log f(b) —log f(a) _ G*(f(a), f(b))

1
s1l1—s
|| s =yas < s F0)— fla) L(f(). /()

Using the change of variables by putting = = a®h'~% | we have

1 Plog f(z) | G*(f(a), £(b)
1ogb—loga/a x < L(f(a), f(b))

Lia.b) [logf(z) , _ G2(f(a). f(h))
b—a/a v S L a), £ )

1 [ log f(2) G2(f(a),
b—a / v S I, FB)

This completes the proof. ]

Theorem 3.3.13. Let f,g: (0,00) = R be two geometrically-harmonic convex functions.

Then the following inequality holds.

L [P fz)g(x)
b—a /a x de
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< 1 2K, Ky
= L(a,b) \/AK(Kq + Kp — Kap — Kpa) — (Kap + Ky — 2K4)?
2(Kq + Ky — Kop — Kpa) + (Kop + Kpg — 2K,)
VAK(Kq + Ky — Koy — Kpa) — (Kap + Kpg — 2K,)?
1 Kop + Ko — 2K, ) (3.3.7)
VAK (Ko + Ky — Koy — Kba) = (Kap + Kpo — 2K4)2"

(tan™?

—tan~

where K, = f(a)g(a)7Kb = f(b)g(b)a Ky = f(a)g(b)7Kba = f(b)g(a) :

Proof. Let f,g be two GH convex functions. Then, by definition, we have

s11—s ) =
f(@™?) < sf(0)+ (1 —s)f(a)  fla)+ (f(b) — f(a))s

and

9(ab'™*) < =

Since f,g > 0, we have

f(asbl—s)g(asbl—s) <
Then

K, K,
sblfs sblfs < a .
f(a )g(a ) - Ka + (Kab + Kba - 2Ka)8 + (Ka + Kb - Kab - Kba)82

Integrating with respect to s over [0, 1], we have

1
/ f(asbl—s)g(asbl—s) ds
0

1
1
< KK
- ¢ b/(] Ka+(Kab+Kba_2Ka)S+ (Ka+Kb_Kab_Kba)52

Using the change of variables by putting
sblfs

r =a

and using the formula

! 1 2 4 2ab+b . b
5 dx = tan”T —— —tanT —— |,
0 ax*+bxr+c Vdac — b? Vdac — b? Vdac — b?
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we have

X

1 /b f@)g(x)

b—a /, x
1 2K, Ky

L(a,b) \/AK (K, + Kp — Kap — Kpa) — (Kap + Kpo — 2K4)?
2(Ky + Ky — Kop — Kpa) + (Kap + Koo — 2K,)

VAK. (Ko + Ky — Kap — Kpa) — (Kap + Kpa — 2K,)?

1 Ko+ Ky, — 2K,

\/4Ka(Ka =+ Kb - Kab - Kba) - (Kab + Kba - 2Ka)2

<

(tan™?

),

— tan~

where K, = f(a)g(a), Ky = f(b)g(b), Ko = f(a)g(b), Kpa = f(b)g(a).

This completes the proof. O

3.4 Extended Results in ¢-Calculus

The results on quantum estimates of the product of two (a,m) — GA and (a,m) — GG

convex functions are given below:

Theorem 3.4.1. Let f,g:(0,00) — (0,00) be two (a,m) -GA convez functions. Then the
following inequality holds

logg 1 /”m log(f(x)g(x)) 1

<
g—1bm—a x aqx_L(a,bm)

(v, o (1 g, * o)+ (o, ) O
Proof. As f and g are two (a,m)— GA convex functions, then by definition, we have
F@b™179) < s f(a) +m(1— ) f(b)
and
g(a* b)) < s%g(a) + m(1 - s%)g(b).
Since f,g > 0, we have

F(@b™ =) g(a* ™)) < s* f(a)g(a) + mP(1 = s*)?F(b)g(b)
+m(f(a)g(b) + f(b)g(a))s(1 — s%).

38



Taking ¢-integral with respect to s over [0, 1], we have

1 1 1
/ f(asbm(lfs))gmsbm(lfs))Odqs < Ka/ 520 odys +m2Kb/ (1- Sa)Qoqu
0 0 0

1
—i—ng/ s%(1 = s%) odgs.
0

Note that
1 o0
/ % odgs = (1—q) > q"¢*"
0 n=0

_ (1 o Q) an(Qa-‘rl)
n=0

1
= (1_q)1_q2a+1
_ 1
C [2a+ 1],

Similarly, we obtain

2 n 1
a+1], [Ra+1]

1
/ (1—s*)2gdgt =1 —
0 [

and

1 1

1
/0 (1= g = [+ 1], - [2a + 1]q.

_ spm(1—s) _ log = . log b™ m.
If we take = = a®b , then s = oga—logh™ — oga_logh™ when s — 0,z — b™; when

s—1l,z—a

And,

On substituting these values, we obtain

1 o -1
B (0 C B e B
b af, x log gL(a,b™)
K, 2 1 1 1
<+m2Kb<1 + >+mK3< - >)
20+ 1], a+1ly  [200+1] [a+1ly  [20+1]
This completes the proof. O

Theorem 3.4.2. Let f,g:(0,00) = (0,00) be two (a,m)— geometrically-geometric (GG)
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convezx functions. Then the following inequality holds:

bm _
1 / log f(x) 4 log g(x) gz < 1 1
m—a /, x L(a,b™)logq
log K, 1
+mlogKp |1 — ——— . 3.4.2
<[a+1]q e b( [a"‘l}q)) ( )

Proof. As f and g are two (a,m)- GG convex functions, then by definitions, we have

F(@ ™) < (@) (£(0))

and

[e3

9(a@*v™17) < (g(a))*" (g(b)™ .

Since f,g > 0, we have

F(@ b )g(ab™ ) < (f(a)g(a))* (f(B)g(0))™ ")

Taking log on both sides, we have
log f(a®b™17%)) + log g(a*b™1 %)) < s%log K, +m(1 — 5%) log K
Taking ¢-integral with respect to s over [0, 1], we have
1 1 1
/ log f(a*b™ =) dys + / log g(a*b™1 7))o dys < log K, / 5% dys
0 0 0
1
+mlog Kb/ (1 —5%)odys.
0
Note that
1 00
/0 sodgs = (1—q) > _q"(¢")"
n=0

(- S
n=0

(-9 o

Similarly, we have
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using the change of variables by putting z = a*p"(1=%) | g = 1082

log b™

s =0,z = b"; when s > 1,2 — a.

And,

On substituting these values, we obtain

1 /bm log f(z) + log g(z) g < g—1
bm —a /, x log ¢L(a,b™)

(e, =i ()

This completes the proof.
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Chapter 4

HERMITE-HADAMARD
INEQUALITY: GENERALIZED
HARMONICALLY CONVEX
FUNCTIONS

4.1 Introduction

The idea of convexity has undergone much developments, generalizations, and extensions in
recent years. Novel classes of convex functions have been introduced, and a new version of
the Hermite-Hadamard integral inequality has been found. The harmonic convex function

has been defined on the concept of harmonic mean as follows: See [26] for details.

Definition 4.1.1. An interval is defined as I = [a,f]. Iscan defined the notion of
harmonically convex function as follows: A function ® is said to be harmonically convex

if ®:1CR\{0} >R if

o
o (i) S )-8, afel e

The following Hermite-Hadamard inequality was proved in [26] for harmonically convex

functions.

Theorem 4.1.2. Let ® : I C R\{0} — R be a harmonically convex function. The following

inequalities are then true:
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203 af [P ®(z) d(a) + ®(B)
@(a+ﬁ> < o) 22 dr < — (4.1.1)

Inspired by the work of Iscan [6l, 26] who defined harmonic convexity, in this chapter, we
have generalized this convexity to m-harmonic convexity and further to (o, m)-harmonic
convexity. Moreover, we also have defined new notions of harmonic-geometric (HG)-
convexity, m — HG -convexity and («, m) — HG -convexity. For each of these convexities, we
have proved Hermite-Hadamard inequalities and we have obtained inequalities involving the

product of each of the those type of convexities.

4.2 MAIN RESULTS

4.2.1 Harmonically Convex Function

We generalize harmonic convexity as follows:

Definition 4.2.1. A function ® : I C R\{0} — R is said to be m -harmonically convex if
for any m,s € [0,1]

may
P <sm+m(1—s)y) < s®(y) +m(l —s)®(z), =z,y€l.

The notion of m -harmonic convezity can further be generalized as follows:

Definition 4.2.2. A function ® : I C R\{0} — R is said to be (a, m) -harmonically convex
if for any m,t,a € [0,1]

may N o
q)(sx—i—m(l—s)y) < $0(y) +m(l — sY)®(z), z,yel.

For (a,m)-harmonically convex functions, we prove the following:

Theorem 4.2.3. Let ® : I C R\{0} = R be an (a, m) -harmonically convex function. Then
the following inequalities hold:

(1) e /”2 o) . o 20n) +mad(m) (4.2.1)

T2 —mm mmn xQ o a—+1
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2 2 1—A)Ae 2rl-4) ¢
(id <I>< mmnin2 ) < mmn( ) / (L;)dw
2

mm + 12 (m2 — mm) i (1—A) W
2 Al — A%) [ImA/m
J 2mm Al ) / “) g, (4.2.2)
(772 - mnl) 2mA w
1
where A = (%) ¢
Proof. (i) From the definition of (a, m)-harmonic convexity, we have
mnin2 a a
P < 5% +m(l—s%)® 4.2.3
(Gt} < () +m(1 = )0 (n) (423

which on integrating over [0,1] with respect to s gives

/I(I)< T2 >ds < P )/lsads+m<1>( )/1(15a)d5
0 smz +m(l—s)m =, ™, '

Now, by variable substitution z = — ™2 —_ on the left side and solving the right side of
snzt+m(1—s)m

the above inequality immediately gives (4.2.1)

1
(i) Since (4.2.3) holds for all s € [0, 1], in particular, it holds for s = <1+Lm) “i=A,
ie.,
mnin2
0] < A%® +m(l — AY)® 424
(i) < A%() + m(1 = A% (m) (2.0
Take
2xyA 2mzxy(1 — A)
- = 4.2.5
n sy+mz(l—s)’ 2 mzxs+ (1 —s)y ( )
Then
2mazyA 2mazy(1—A)
mning _ (sy+mx(1—s)) (mzs+(1—s)y) _ 2maxy
Ang + (1 — A)ymmy <2mry(1—A)A 2mfﬂyA(1—A)> mx +y’
mxzs+(1—s)y sy+maz(l—s)
that is,

(I)< mnine > _ q)< 2may )
Ang + (1 — A)mm mx +y

which on integrating with respect to s on [0,1] gives

! minine ) ( 2may )
) ds = d . 4.2.6
/0 <A772+ (1—A)ymm mx 4y (4.2.6)

Now, with n; and 7 given by (4.2.5)), the right side of (4.2.4]) becomes
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o (2 i (2

which on integrating with respect to s on [0, 1] becomes

(4.2.7)

ATy + m(1 — A%)I,,

where

ne e ) -

1
I — / o 2mayA ds.
0 sy +mzx(l —s)

ey _ may(1-A)
%_z so that ds—%ix)z?

and

For solving I , put dz and as s = 0,z —» mz(1—A)

and as s > 1,z = y(1 — A). Thus

1—A) (v0=4 o2
o) P 0t
Yy —mx mz(1—A) #
2may(1 — A) (214
- mxy()/ (;’)dw. (4.2.8)
Yy —mx 2mz(1-A) W
Similarly, by taking #xﬁ—s) = z, it can be shown that

2yA/m
I — 20y A / (I)(w)dw
2

el) Y. (4.2.9)

Thus, integrating (4.2.4)) with respect to s over [0,1] and using (4.2.6), (4.2.7), (4.2.8), and
(4.2.9), we obtain

2 2 1— A)Ae [2v0-4) ¢ 2mayA(l — AY) [A/m P
o ( maxy > < may( ) / (‘;)dw | 2may ( ) / (L;)
mx + 1y (y —mx) 2max(1-A) W y—me 2zA w

dw

and rewriting « and y as respectively 71 and 7y, we get

q)( 2mnne > < 2mmina(1 — A)A“ /2’72(1_’4) @(w)dw n 2mninaA(l — A%) /27’2‘4/7” d(w)
miny + 12 (m2 — mn1) am (1-4) W2 M2 — mm om A w?

This completes the proof. O
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Remark 4.2.4. If a =m =1, then A = % and therefore, in this case, both the integrals

@
,7772131) f:f u(]‘;)dw. Consequently, (4.2.4) and

on the right side of (4.2.5) becomes equal to 5

together become (4.1.1)).

Our next consideration is about the product of (c,m)-HA convex functions. We prove

the following;:

Theorem 4.2.5. The product of two (a,m)-HA convex functions is also an (o, m)-HA

convex function.

Proof. By definition, for any z,y € I we have for two (a,m)-HA convex functions f and

g, and for any s € [0, 1]

mxy o o
o <3y+m(1 — s)x) s®(x) + m(1 — t*)P(y)

IN

and

may o o
v <sy+m(1—s)x) < sM(z) +m(l — sY)¥(y)

which together give that

mxy mxy o — g~ AU (¢ m(l — s®
* (sy+m(1—s):ﬂ> Y (sy+m(1—s):ﬂ> = =) =)
<5 P(2)W(x) +m?(1 - 5%)*D(y) ¥ (y)
<s%®(2)¥(z) + m(1 — s*)P(y) ¥ (y)
(

—s(@W)(2) + m(L — ) (D) (y).

and the assertion follows. O

Remark 4.2.6. From Theorem it follows that the product of two m-HA convex
functions is again an m-HA convex function which implies that the product of two HA

convex functions is again So.
We shall be using the following notations:

Ky, o= @(n)¥(m), Ky, == ®(n2)W(n2), Kily := (1) ¥ (12) + @(n2) ¥ (1) .

Below, we prove a Hermite-Hadamard type inequality for the product of (a,m)-HA

convex functions.

Theorem 4.2.7. Let &,V : 1 C R\{0} = R be two (a,m) -HA convex functions. Then the
following inequality holds:

(4.2.10)

mmns /mnz ¢($)\P($)dx< Ky, 20[21712[(,71 mongz1

+ .
mng = Jp, x? ~ 2a+1 (a+1)2a+1) (a+1)2a+1)
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Proof. Since ®, ¥ are two («,m)-HA convex functions, then by definition, we have

mmnn2 o — g%
) (8?72 (1 8)771> < 5*®(m) +m(1 )®(n2)

and

minng a g
¥ () < W) (1 (),

Since ®, ¥ > 0, we have

mnin2 mnyne 20 20 o2
? <3"72 +m(l - 3)771> Y <8772 +m(l - s)m) < s7Q(m) W (m) +m”(1 = s%)"@(n2) ¥ (n2)

+ms®(1 —5%)(2(n1)¥(n2) + P(1n2)¥(n1))

which on integrating with respect to s over [0,1] gives

1 1 1
/ (1)< mnine >q/< mnine > ds < an/ s2o‘ds+m2Km/ (1— )2 ds
0 sne+m(1l—s)m sne +m(1 —ts)m 0 0
1

+me7721/ sl — s%)ds.
0

The assertion now follows by making variable substitution x = % ) O

Next, we provide a variant of Theorem where the left side of (4.2.10]) is independent

of m.

Theorem 4.2.8. Let®, ¥ : [ C R\{0} — Rt be two (a,m)-HA convex functions. Then
the following inequality holds:

N2 /n2 O(x)V(x) m*a’K,, malk)

1 /m
dr < — | K 2 . 4.2.11
m2—m Jo x? x_204—|—1( ne/m + a+1 * a+1 ) ( )

Proof. As ® and U are («,m)-HA convex functions, then by definition, we have

2
mine mnoy 72
b(—mF———— )| =& m <s°‘<1><—>+m1—sa<1>
(sm +(1 —8)772) <sm+m(1—s)23> B m ( J2(m)

and
n2
nin2 M 5, 2
V|l—m | =¥ e <t"‘\1i<—)+m1—to‘\ll .
<WH%L%MJ Qm+mﬂ—®ﬁ)_ m ( i)
The assertion now follows in the same way as in Theorem O
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4.2.2 Harmonically-Geometric Convex Function

Here, we define certain new type of convexities as follows.

Definition 4.2.9. A function ® : I — R is said to be

1. harmonically-geometric (HG) convex or harmonically log convex if

® ( : > < () (@)% s € [0,1], 2,y € 1.

1—
RS
2. m-harmonically-geometric (m-HG) convex or m -harmonically log convex if

iy (1) < (D(y)*(®(x)™ ) s € 0,1), m € [0,1], z,y € I.

s 1—s
mx + Yy

3. (a,m) -harmonically-geometric ((a,m) -HG) convex or (a,m)-harmonically log

convez if

@ <1> < (@) (@), s € [0,1], m € [0,1], a € [0, 1],
)

mx

holds.

We prove the following:

Theorem 4.2.10. Let ® be an HG convex function. Then the following Hermite-Hadamard
inequality holds:

2 2 oo @
log (771772> < 77771772 / og(z) . < log /BB (). £212)

m + 12 2 =M Joy 2

Proof. By the definition of HG convex function, we have

mmn2 s 1-s
3 <n+(1_)n) < (@) (B(m))

Taking logarithm on both sides and integrating with respect to s over [0, 1], we get

_ log ®(m1) + log P(12)

1 1 1
mn2
logd | ———————— | ds < log® sds + log ® / 1—s)ds
/0 g (sn2+(1—s)m> g (m)/o g ®(m) 0( ) 5

or

1
/0 log ® <S772+771772) ds < log (I)(nl)q)(HZ)

(1—s)m
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By making the variable substitution x = % in the last inequality, we get

2 /772 1ogq;(x) dz < log /O(n1)® (). (4.2.13)

m—mJy T

Next, taking s = % in the definition of HG convex function gives

2
P ( nin2 >
N+ n2

In the last inequality, take 1, = m, N2 = m so that we obtain

2xy Ty
P sz—mi-(l—s)y sy-l—(l;s):v < P ( Ty ) o ( Y >
(sx+(1ys)y + sy+(1yfs):v ST + (1 - S)y sy + (1 - S)IL’

JEDE \/ *(wrian)t (o)

which on taking logarithm on both sides gives

2xy 1 Ty Ty
< —|logd | ——FFF—— logdp | ——— || .
oo (7)< 5 [ose (i =)+ (=)

Integrating with respect to s over [0, 1], we get

! 2xy 1 ! Ty ! Ty
1 P ds < — logd | —— | d +/ log ® () d ] .
og/o (:L‘+y> y 2 [/0 8 (Sx+ (1-— s)y> y 0 08 sy+ (1—s)x N

IN

()P (n2)-

or

Since each integral on right side equals to % fzy log;%du, we have
2 12 Y1og® Y1og®
10g<1>< el ) < - Ll / o8 2(u> T —. / o8 2(u> du
z+y 2z +y J, U Yy—x J, U
Replacing = and y by 7 and 79, respectively, we have
2 2 log ®
log (77”72> < M / 8 2(@) 4y, (4.2.14)
m +n2 n2—m Jy x

On combining the inequalities (4.2.13)) and (4.2.14), we get (4.2.12) and the proof is

complete. O

The next result is regarding (o, m)-HG convex functions.

Theorem 4.2.11. Let ® : I — R" be an (a,m) - HG convex function. Then the following
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nequalities hold:

1

< (1) tor () + matog () (12.15)

i"mlm/”zwdm
a+1

m —mn Jmmp 2

2mxy> < 2mxy(1 — A) A /zy(lA) log ®(w) o
(y - mx) 2mx(1—A) w?

+ZmQUyA(l — A%) /QyA/m log ®(w)
2
2

(ii) log ® (

dew. (4.2.16)

Yy —mx A w

Proof. (i) In view of the definitions of («,m)- HG convex functions, for any 1y, no € I, we

have

min2 s m(1—s%)
® <sn2 +m(l— 8)m> < (®(12))” (2(m)) (4.2.17)

which on taking log on both sides and integrating with respect to s over [0, 1] gives

/110 <I>< N2 >ds< log ®( )/130‘ds+mlo d( )/1(1—50‘)613
o 27 s+ m(l - s)m = R &R '

The inequality (4.2.15)) now follows by making variable substitution z = % and

solving the integrals on the right side.

(ii) We proceed as in Theorem (ii). We apply for (4.2.17) as s = A and get

mnin2 A« m(1—A%)
(I)<A772+m(1—A)n1> < (@) (@ ()", (4.2.18)

Again, on taking 77 and 72 as in (4.2.5), the left side of (4.2.17)) after taking log and
integrating with respect to s over [0,1] becomes

2
10g<I>< ey ) (4.2.19)
mr +y

while the right side becomes

Ao /Ollogq>< 2may(1 = 4) > ds—l—m(l—AO‘)/llog(I)( 2mayA )> ds. (4.2.20)

mxs+ (1 —s)y 0 sy +mx(l—s

The integrals in (4.2.20)) can be simplified as done for calculating I; and Iy in Theorem
4.2.3|(ii) combining which and (4.2.19)), we get

dw.

< 2mxy ) < 2mxy(1 — A) A /2y(1A) log ®(w) o+ 2mzyA(l — A%) /QyA/m log ®(w)
(y —ma) oma(1-4) W2 y—mz 224 w?
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Now, rewriting =, y as respectively, a, b gives This completes the proof. ]

Remark 4.2.12. Similar to Remark if a=m=1, then A = % and therefore both
integrals on the right side of become equal to

112 /"2 log ‘I)(W)dw
2(n2 —m1) w? ’
n2—m)Jy

1

Consequently, in this case both and combined together give .

Our next consideration is about the product of (o, m)-HG convex functions. As in
Theorem it can be proved that the products of two (a,m)-HG convex functions is

again (o, m)-HG convex function.

Now, we prove the following:

Theorem 4.2.13. Let ®, ¥ : I — R™ be (a,m)-HG convex functions. The following

inequality thus persists:

mning /’72 log ®(z) + log ¥(x) iz < log K, +malog K,

4.2.21
N2 — mny x? - a+1 ( )

mn

Proof. This can be obtained similar to Theorem by using the definitions of (a, m)-HG

convex functions. O

Below, we provide a variant of Theorem [4.2.13] in which the left side of (4.2.21]) is

independent of m .

Theorem 4.2.14. Let ®, ¥ : I — R be (a,m)-HG convex functions. The following

inequality is then true:

72 /’72 log ®(z) + log ¥(x) dp < log K, /m + malog Ky, (4.2.99)

M2 —m Jo 2 - a+1

Proof. As ® and ¥ are (a,m)-HG convex functions, then by definition, we have

' <M> -0 <8771 +”;Z117;i S)Z?) = (q) (%))sa (‘I’(Ul))m(l_sa)

and

! (M) =V <8771 +n;”7(117£— 3)23> < (qj (%))sa (‘I’(m))m(l_sa)

On multiplying the above inequalities and taking log on both sides, we have
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mmne mmne « «
logdp (| —————— | +log¥V | —————— | < s%log K. +m(1l — s%)log K,
& (5771 + (1 - 8)772> 8 (Sﬁl + (1 - 8)772> N & S /m ( )log Ko

which on integrating with respect to s over [0,1] and making variable substitution x =

S sy, on left sides, we obtain (4.2.22). 0

4.2.3 The Extended Results in ¢-Calculus
This subsection is devoted to the inequalities proved in the previous subsections for ¢-
calculus.

The q-derivative of a continuous function ® : I — R at any point = € I is defined by

®(z) — (qzr + (1 —q)m)
(1 —¢q)(x—m)

me(I)(x) = , T F M

and
mDg®(m) = xli_}n;]ll m Dy ®(z).

The ¢-integral of a continuous function ® : I — R is defined by

[ e@hndas = -0 —m) Y '@ "+ (- )
m n=0

and for ¢ € (11, z)

For any integer n > 1, the g-analogue of (x — ¢)" is the polynomial

(z —c)y == (z —c)(z —qc)...(x — " te).

To deal with the negative integer exponents, it is known that
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The following derivatives are known for any integer n € Z :

mDy(x = o)y = [z — )5,

1 n \—n—1
nqu(iU—C)ZL :[_n]q($_q C)q :

For more on the theory of ¢-calculus, we refer to the books [I], 30].

We prove the following theorem which provides a ¢-analogue of Hermite-Hadamard

inequality for product of (a, m)-HA convex functions.

Theorem 4.2.15. Let ®, ¥ : [ — R" be two (a,m)-HA convex functions. The following

inequalities are then true:

7 O(z)V 1 2 1
I / (x)z ) mder < —— K, + m2Kn1 <1 - + )
q(n2 —mm) mny Z [2a + 1], [a+1]y  [2a+1],
1 1
Kn — .
i <[O‘+1]q [2044‘1]11)
(4.2.23)

Proof. By the definition of («,m)-HA convex functions applied on ® and ¥, we get

mmnin2 o — g
) <5772 gy 5)m> < s9®(m) +m(1 )2(n2)

and

mmnin2 a a
¥ () < W) + (L)),

Since ®, ¥ > 0, multiplying the above inequalities and taking q-integral from 0 to 1 on

both sides, we obtain

! mmnn2 mmnn2 !
o U d.s < K, 2@ d
/o <8772+m(1—8)771> <S772+m(1—8)771> 0a® = / ° 0t

1
mQKW/0 (1 —5%)20dys
1

—|—mK7’7721/ s%(1 = s%) odgs. (4.2.24)
0
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Note that

1 %
1 1
20 _ - n(2a+1) _ o _
§°%odgs = (1 —q E q =(1—gq). —

Similarly, it can be calculated that

2 n 1
a+1], [2a+1],

/1(1 — 52 0dgs =1 —
0 [

and

1 1 1
/ s (1 —s%) odgs = -
0 [

a+tlly a+1]g

Further, if we take

_ mmnin2
sz +m(1 —s)n’

= (mmnz) <1> __mm
2 —mm T 2 —mm

and it can be concluded that

mnine 9 mmnz \ 1 ( 1 >
Dys = [ 2 1) (0)72= (A2 ) 2 ()
0T (772 - mm) @), (772 - mm) q \x?

Moreover, when s — 0, z — 72 and when s — 1, x — ;. Thus by applying the above
considerations, the inequality (4.2.24]) becomes

mmnne " f(x)g(r) 1

2 1
dyx < —— K, +m?K <1— + >
q(n2 —mm) mm z? e [2a + 1](1 " " [ + Hq [2a + 1](1

1 1
+mK" < — )
' [ + Hq [2a + l]q

and the theorem is proved.

O

Remark 4.2.16. For a =1, Theorem 3.3 gives the m -HA Hermite-Hadamard inequalities
for product of functions. Further if m = 1 as well, then the corresponding inequality is
obtained for HA-convex functions. Next, we prove a variant of Theorem [{.2.15 where the left

side of is independent of m .

Theorem 4.2.17. Let ®, ¥ : [ — R* be two (a,m)-HA convex functions. Then the
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following inequality holds:

2 P(x)U 1 2 1
Wrz/ G LG S T N
q(mz —m) Jy T [2a + 1], [a+1],  [2a+1],

1

1 1
K™ — .
o n2/m <[a + 1](1 [2a + 1](1)

Proof. As ® and ¥ are (a,m)-HA convex functions, then by definition, we have

2
nine mnoy 72
b(—m—F——— )| =& m <so‘<1>(—)+m1—sa<l>
(sm +(1 —s)m) <sm+m(1—s)’£> B m ( J2(m)

and
v <n1772 > . < i ) < 540 (Q) +m(l — s)T(ny)
sn 4 (1 —s)ma sm+m(l—s)2 ) = m
. The assertion now follows proceeding in the same as in Theorem [4.2.15 O

The next theorem is the ¢-analogue of Theorem [4.2.13

Theorem 4.2.18. Let ®, ¥ : I C Rt — Rt be two (o, m) -HG convex functions. Then the

following inequality persists:

mnine /’72 log ®(z) + log ¥(x)

1 1
d < ——  log K. 1—— | log K,..
a(n2 — mm) 22 mm et = o], 08 ’”m( [a+11q> 08 Fom

(4.2.25)

mn

Proof. By definition, we have

o (1) < (@) ()"0

and

v (i) < (W(n))*" (W)

mn 72

which give that

(I)< : Jlrls> q’( 5 iu) < ( ()T (1)) (@ (1) T (1)) )

mni 72 mmni 2

or

mnin2 mnin2
log ® + log ¥ < 5%log K,,, + m(1 — s%) log K,,,.
& (5772 +m(1 - 5)771> & <3772 +m(1 - 3)771> N & 5m ( log Ko,
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Taking ¢-integral with respect to s over [0, 1], we obtain

1 1
mnin2 mninz2
log ® d s+/ lo ‘I/( ) dys
/0 & <8n2+m(1—8)m) 0% o 2T Usmrm—sym ) °

1
SlogKm/o 5% odgt +mlog K, / (1 —5%)odys

The assertion now follows proceeding in the similar way as in Theorem O

Next, we give a variant of Theorem [4.2.18| so as to make the left side of (4.2.25) is

independent of m .

Theorem 4.2.19. Let &, ¥ : 1 C R™ — R™ be two (o, m) -HG convez functions. Then the
following inequality holds:

mMN2 /’72 log ®(z) + log ¥(x) 1
q(n2 —m)

Proof. Since ® and ¥ are («,m)-HG convex, we have

v (s‘:l_s> = ¢ ms_1|_1—5 < (q) (%))s (‘I)(ng))m(lfsa)

and similarly,

which give that

(ot (v ) < (2 () ()7 womvomy=

or

o () os () < s (0 () v ()

+m(1 — s%)log(®(n2) ¥ (12))-

Taking ¢-integral with respect to s over [0,1] and proceeding as in Theorem [4.2.15] the

assertion follows. O
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Chapter 5

HERMITE-HADAMARD
INTEGRAL INEQUALITIES FOR
m-HARMONICALLY CONVEX
FUNCTIONS

5.1 Introduction

In this chapter, we have generalized harmonically convex function to m -harmonically convex
function and applied them to develop some Hermite- Hadamard type integral inequalities
whose first order derivatives are m -harmonically convex function. Apart from this, we have
further generalized harmonically P -function to m -harmonically P -function and applied

them to extend Hermite-Hadamard type integral inequalities.

5.2 Preliminary Results

In this section, we state some fundamental ideas and findings regarding harmonically convex

functions in order to enhance new inequalities.

Definition 5.2.1. [2]] A function ¢ : H C R™ — R, where H # ¢, a harmonic convex set

in R"\{0}, is a harmonic convez function on H if

(v
“\va+ (1—-v)B

holds for all o, € H,v € [0,1] .

) < vp(B) + (1 - )p(a)
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If the inequality reverses, then ¢ is harmonically concave function.

Definition 5.2.2. [/3] A function ¢ : I C (0,00) = R is said to be harmonically P -function
if

of
4 (Va—k (1-v)B

holds for all o, € I, and, v € [0,1].

) < o(0) + o)

Authors in [0, 25] introduced the Hermite-Hadamard type integral inequality for

harmonically convex function as follows:

Theorem 5.2.3. [25] Let ¢ : I C (0,00) — R be harmonically convex function and o, € I
with a < B. If ¢ € L|o, B], then the following inequalities hold.

203 a7 p(x) p(a) + o(B)
o(ats)<5a ) Grus Tt

Theorem 5.2.4. [25] Let ¢ : I C (0,00) — R be differentiable function on I° a,B € I,
with o < B and, ¢' € Lla, ). If |¢'|? is harmonically convex on [a, 8] for ¢ > 1, then

Oéﬁ(i—a)pi_tlz (p2l¢ ()7 + psle’(8)]9)

Q=

IN

’@(aH@(ﬁ) af  [Pe)

where

_ [ [1—2v| st _ 2 4 (a+B)?
pl_/o (Vﬁ+(1—1/)04)2d ~af (6—@)21g< 4o >

ot ==y 1 38+« (a+ B)?
n= W= log( >

v+ (1-v)a)? a(f-a) (B-a)? daf

Y t-2up L1 3a+ 8 ((a+6)2>
p3‘/o Wi+ a-var Y =56 —a) T (5-ap 8\ dap

Theorem 5.2.5. [25] Let ¢ : I C (0,00) — R be a differentiable function on I°,a,8 € T
with a < and ¢’ € Lla, B] . If |¢'|7 if harmonically convex on [, B8] for p,q > 1, %+% =
1, then

‘@(a)ﬂo(ﬂ) of  [Pe() -

to0) P [T ) (@l + g (311

af(B —a) ( 1
2 p+1

o8



where,

v

1
e /0 W+ (- vjaya ™

1 1—v
e /0 (VB + (1 —rv)a)* v

Theorem 5.2.6. [/3]Let ¢ : I C (0,00) — R be a differentiable function on 1° o, 3 € I
with a <b and ¢' € L{a, B]. If |¢'|7 if harmonically convex on [a, ], then

(6% [0 '8 X 8] —
el el ol 726 o] < PO i + i 91
where
P —2w|(1-v) ,_ 1 38+a (a+ B)?
”‘/o R R P PR ey (B—a)3lg< 1ap )

Y -2y B 1 3a+ 3 <(a+6)2)
p‘”"/o B -0l " BB —a) TGP B\ dap )

Theorem 5.2.7. [/3] Let, ¢ : I C (0,00) — R be a differentiable function on 1° o, € I
with o < B and ¢ € Lla,B]. If |¢'|7 if harmonically P -function on|ca, 3] for p,q >
1, %—i—%:l, then

where

1 - 61—2q _ a1—2q

1
¢:/0 (VB + (1 —v)a)2 W= (1-2¢)(8—a)

Theorem 5.2.8. [/3] Let ¢ : I C (0,00) — R be a differentiable function on I°,a,3 € T
with o < p and ¢ € Llo,B]. If |¢|7 if harmonically P -function on |a, ] for
p,q > 1,%—}—%:1, then

o1 (I¢'(@)]7 + ¢ (8)[7) 7 .

2 08—«

p(@)+p(B)  ap /’3 (@)
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where,

! 11— 2 1 2 (a+ B)?
pl_/o VB+(1—V)a)2dV_aB(ﬁ—a)2log< 1of >

Theorem 5.2.9. [/3] Let v1,¢2: 1 C (0,00) = R be two harmonically convex functions on
I where a,B €1 with o < . If 192 € L[, 5], then

g[8 1 1
Ba_a o <¢1<xi‘(§2($)> dx S gM(Oé,B)‘{’gN(OZ,B))

where

M (e, B) = p1(a)pa(a) + p1(B)p2(8), N(a, B) = p1(a)p2(B) + 1(B)p2(a)

I. Iscan [24] established the following lemma for harmonically convex function.

Lemma 5.2.10. [2]] Let ¢ : I C R\{0} — R, be a differentiable function on I° and,
a,f €l with a < B. If f' € Lla, (], then

B 1/5—1—(1—1/)04)290 vB+(1—v

el@)+eB)  af [Po) ,  aB(B-a) [ 1—2v ) ap
2 f-al, 22 ¥ 3 /0( ( )a)d”'

5.3 Main Results

In this section, we introduce the concept of m-harmonically convex functions and m-

harmonically P -function on (0,00) as follows:

Definition 5.3.1. A function ¢ : I C (0,00) — R is said to be m -harmonically convex

function on I if

1— N\ L
w(yaJrZ?l’B_ V)B> =<p<(n:ﬂ+ a”) > <ve(B) +m(l —v)p(a)
holds for all o, € I,v € [0,1] and m € (0,1] .

If the above inequality is reversed then the function ¢ will be m -harmonically concave.
Remark 5.3.2. If m =1, then it reduces to harmonically convex function.

Definition 5.3.3. A function ¢ : I C (0,00) — R is said to be m -harmonically P -function
on I if

o (gl ) < (8 + mele)
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holds for all o, € I,v € [0,1] and m € (0,1].

We, now, establish the following lemma for m -harmonically convex function.

Lemma 5.3.4. Let ¢ : I C R\{0} — R, be a differentiable function on I° and o,B € T
with a < B. If ¢’ € L[a, 5], then

=)

p(a) +(8) af m @), _ ab(f—ma)

2 CB-ma ), 22 2

/01 0% +(1nz12i)y)a)2¢ <z/6 n rr(j(ﬁl = V)a) dv.

Proof. Let

_afB-ma) ' (-2) [ ap
L= 2 /0 (vB+m(l— 1/)04)2('0 <1/ﬁ +m(l— 1/)04) dv

_ap(B-ma) _ (1-)
2 Wh+m(i-v)ay

90<y (7] ) ! af
af(=1)(vB + T::(+1 —11/)06)_2(5 — ma) o - /0 7 (Vﬁ +m(l— V)Oé> w

w1 af ! B
2 S0<1/B—i—m(1—1/)04) 0/0 S0(1/5—}—771(1—y)04> dv

_ @(a);rsO(ﬁ) _/01@ (Vﬂ+nj‘(51 . V)@) dv.

Put x:m when V—)O,m—>% when v — 1,2 = «

Also, we have

af  dr

dv = —m?.

On substituting these values, we have

X.

22 2 CB-ma ), a?

(@) +o(8) [ —af \dz @) +e(B)  af  [we@)
¥ . ¥ _//3 o(z) <5_ma) — d

Thus, we have

pla)+o() _aB  [ng)  _ aB(B—ma)

2 CB-ma ), a2 2
L Y, P
o (wB+m(1- 1/)04)2('0 vB+m(l—v)a '
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This completes the proof. ]

Now, we apply the Lemma [5.3.4] in order to extend Hermite- Hadamard type integral

inequality in terms of m -harmonically convex functions.

Theorem 5.3.5. Let ¢ : I C R\{0} = R be a differentiable function on I°,a, 3 € I with
a<pB, ¢ eLla,p]. If |¢ is m-harmonically convex function on |a, (] ,then

o) +oB) _aB [ e
2 g—ma ), x?

af(8 —ma)

<
B 2

T

(P2l ()| + mpsl' (B)])

where

[t T =2v|(1-v)
W_A(w+MLwMPW
! |1 —2v|
”“‘A w3 +m(l - v)a) "

Proof. Using Lemma, and taking absolute value on both sides, we have

pla)+oB) _aB  [m o),
2 B—ma ), 22

Xz

ofB-ma) [ (-2) o
2 /0 (vB+m(l— V)Oé)z(p <Vﬂ +m(1— V)a> dv

< @B(8 —ma)
2
/1 11— 20|
o WB+m(l—v)a)?

Since, |¢’| is m-harmonically convex function, then we have

/ af d
¢<w+mu—mﬂl”

pl@)+0(B) __aB  [nel)

T
2 B—ma ), x2

« — ma L — v
< x/<Wuﬁm2‘>@AW¢mﬂ+ma—umﬂmow

=) ([ e [ 2D )

_aB(B —ma)
N 2

(psl# ()] +mp2|¢'(B)])
This completes the proof. ]
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Remark 5.3.6. If m =1, then it reduces to Theorem[5.2.6]

Theorem 5.3.7. Let ¢ : I C R\{0} — R be differentiable function on I° a,B € I, with
a<pf and, ¢ € Lla,B]. If || is m - harmonically convex on |a, ] for ¢ > 1, then

Q
Q=

p(a) + ¢(B) af m )

2 T B-mal; a2 < MPT* (P2l (@)|7 + psl(B)]7) 7 ,

- 2

X

where

1
B |1 —2v
L= /0 (vB+m(l —v)a)? av,

Mt =21 -v)
”‘/o B+ m(1— )

1
B |1 —2v|v
o /o w8 +m(l—v)a) "

Proof. Using the Lemma m power mean inequality and m -harmonic convexity of |¢'|?,
we have

pl)+o(B) __aB  [nel)
2 g—ma ), 2

/ af d
v <v6+m(1 - v)a)‘ :

af (B — ma)
= 2

X

/1 11— 2
o (WB+m(l—v)a)

1-2v
(vB+ m(l —v)a)?

1—1
q
dl/>
1
q a
du)

Saﬂ( 2—7”04) </01

</01 (v +‘ 1n—(12i‘V)a)2 g <(Vﬁ + ﬂf(ﬁl - V)a)>

1—2v
(B +m(l - v)a)?

1—1
q
d1/>

1
q

Saﬁ( 2—ma) </01

! — al
</0 w5 +|71n(12—|u>a)2 (1" (@)|? + m(1 Vﬂf’(ﬂ)\%)
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=

1—-2v
(VB +m(l—v)a)?

_ BB —ma) 2"’”0‘) </01 du)l

1 1 —2v|v 1 \ig " n—-2vjd-v) . i
</0 B+ m(l — e 1P )] +m/0 BT 1 —wnape P >)

- aﬁ(ﬁz_ma)f’i_q (P31 ()| + mpsl' (B)[7) .

This completes the proof. ]

Remark 5.3.8. If m =1, then the above inequality reduces to Theorem[5.2.7.

Theorem 5.3.9. Let ¢ : I C R\{0} — R be differentiable function on I°, a,B € I,
with o < B and, ¢ € Lla,p]. If |¢|9 is m-harmonically convex on |[a,f] for

p,qg>1, %—i—%:l,then

p(@) +¢(8) _aB /i pla)

2 - B—ma x2

Q=

X

S —me) (1

< PEZm () (@l @I+ manle (9))

v 1—v

1 1
e /0 DD /0 DD

Proof. From the lemma (/5.3.4), Holder’s inequality and the fact that |¢'|? is m-harmonically

convex on [a, (], then we have

1-2v
B+ (1—-v)a)?

IN

045(52— ma) /01

dv

warmn—vm)




where
1
1
/ 1 —2vPdv = ——,
0

1 1%
/0 B+ (- vjay ™

w1

w2

/1 1—v d
V.
o WB+(1-v)a)x
This completes the proof. ]

Remark 5.3.10. If m =1, then the above inequality reduces to the Theorem|5.2.5.

Theorem 5.3.11. Let ¢ : I C R\{0} — R be differentiable function on I°,a,B € I,
with a < b and, ¢ € Lla,B]. If |¢'|7 is m- harmonically P -function on |a, (] for
pg>1,0 41 =1, then

< 2AEZm ()l (el + mal ()7

- 2 (p+1

1 _ /8172(] _ (ma)lqu

1
v= /0 B+ m— @ Y = T 2)(5 - ma)’

Proof. Using the Lemma Holder’s inequality and the fact that |¢’|? is m -harmonically

P -function, then we have

pla) To(B)  aB 7 )
2 B—ma ), 22

ap(B — ma)
2

dr| <

1-2v
(vB+(1—-v)a)?

¢ (warma—om) |

/1
0

< 2Ema) ([ dv)’l’ ([ oot = w1 @I+ mig )0’

= OB () (@ mal PO

Q=

2 p+1
where
1 1 1-2q _ 1-2¢q
) = / o dv = b (ma) %
o ((WB+m(l—v)a))* (1 —2¢)(8 — ma)
This completes the proof. ]
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Remark 5.3.12. If m =1, then the above inequality reduces to Theorem [5.2.7.

Theorem 5.3.13. Let ¢ : I C R\{0} — R be differentiable function on I°,a,p € I,
with o < B and, f' € Lio,B]. If |¢'|7 is m- harmonically P -function on|a, ] for
Pg>1, 5+ =1, then

ap (B — ma)
= 2

Q=

p (I¢' ()| +mle'(B)|7) 7,

where

! 11— 2v
p_A WB+m(1—v)ay

Proof. Using the Lemma [5.3.4] power mean inequality and the fact that |¢'|9 be m-

harmonically P -function, then we have

p@)+0(B) __aB  [nel)
2 B—ma ), x2

X

aB(f —ma) [* (1—2v) / af
2 /0 WB+m(—v)a)2’ (Vﬁ+m(1—1/)04) w

aB(f—ma) [! |1 —2v]
= 2 /0 (vB+m(l —v)a)?

/ af d
¢<w+mﬂ—wﬁ'y
1-—2v

1_1
B+ m(l— v)a)? d”)

? <v6 + ?15— V)a> q>;

< aﬂ(ﬁ;ma) (/01
</1 1—2v
0

(vB+m(l —v)a)X

1-2v
(vB+m(l —v)a)?

o) (1 w)

1 _ay .
(/0 (Vﬁ—}—’rrln(lz_’V)a)2q(’¢/(a)|q—}—m‘sol(ﬁ)rl))
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Q=
Qe

= 2 )5 () (1! ()] + ml (B)]9)

:gﬂé:ﬂ@pmﬂ®w+mwﬂm%’

Q|

where

! 11— 2v|
p_/o B+ m(—vjay "

This completes the proof. O
Remark 5.3.14. If m =1, then it reduces to Theorem[5.2.8,

Theorem 5.3.15. Let @1, w2 : I C (0,00) = R be two m -harmonically convez functions
where a,f €1 with a <, m e [0,1]. If p1p2 € L[a, (], then

B8
of /m <<P1($>902<I>) d< by

B — mo x2 — 3 3 6

where

m = p1(a)pa(a),
n2 = p1(8)p2(8),

n3 = p1(a)p2(B) + ¢1(B)p2(a).

Proof. Since @1, @2 are m-harmonically convex functions, then by definition, we have

o1 (5 —a) < ver(@) +mll - ()

o2 (ot ) < veala) + m(1 = v)a(s)

On multiplying the above two inequalities, we have

1
o (=) (=) < Por@sa)tnteB)e) [ (1-v? v

1
T mlp1(@)p2(8) + o1 (B)pa(a) /0 v(1 - v)dv

2

= %(pl(a)ch(Oé) + %@1(5)@2(5) +

m

21(@)p2(8) + e (B)pa(a).
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Put =z = %

when v=0,xr =+, when v=1,x=qa

a
vp+m(l—v)a

af  dr

dV:_(B—ma)ﬁ'

On substituting these values, we have

m

6

af [ <<p1(:1:)302(w)

B —ma J, 22 > dr = %<¢1(a)m(o‘Hsz@l(ﬂ)w(ﬁ)H

(p1(a)p2(B)+e1(B)p2()).
1 9 m

= 5(771 +m®n2) + s

This completes the proof. O

Remark 5.3.16. If m =1, then it reduces to Theorem [5.2.9
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Chapter 6

HERMITE-HADAMARD
INEQUALITY FOR
HARMONICALLY CONVEX
FUNCTIONS VIA
RIEMANN-LIOUVILLE
FRACTIONALS

6.1 Introduction

The notion of non-integer order calculus, the generalization of traditional integer order
calculus, called fractional calculus, was introduced by Leibnitz and L’Hopital in 1695 but
it was popularized in the end of nineteenth century by Riemann and Liouville. The rapid
growth of the fractional calculus is because of its applications in diverse fields ranging from
physical sciences to engineering to biological sciences and economics. Due to the wide
application of fractional integrals and importance of Hermite-Hadamard type inequalities,
some authors extended to study fractional Hermite-Hadamard type inequalities for functions
of different classes. Some new integral inequalities involving two non-negative and integrable
functions that are related to Hermite-Hadamard type are also obtained by many authors.
B.G. Pachpatte proposed some Hermite-Hadamard type inequalities involving two log-convex
functions. Similar results for s-convex functions are established by Kirmaci et al. M.Z.
Sarikaya presented some integral inequalities for two h-convex functions. It is remarkable

that M. Z. Sarikaya proved the following interesting inequalities of Hermite-Hadamard type
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involving Riemann-Liouville fractional integrals. For more detail see [10} 25, [52] and the

references therein.

The purpose of this chapter is to establish Hermite-Hadamard’s inequalities via Riemann-
Liouville fractional integral for the case of harmonically convex function as well as to present
the results on the products of two harmonically convex functions via Riemann-Liouville

fractional integrals.

6.2 Preliminary Results

In the following, we will give some necessary definitions and preliminary results of fractional

calculus which are used further in this chapter.

Theorem 6.2.1. [10] Let ® : [a,b] CR — R be a positive function with a < b, o € Ry and
® € Lla,b]. If f is convex function on [a,b] then the following inequalities for fractional

integrals hold:

® (‘L ; b) < QF((bO‘fail [J5+@(b) + J,-®(a)] < la) +2(5) I 2(0)

Definition 6.2.2. [10] Let ® € L[a,b]. The Riemann- Liouville integrals J%, ® and J;" ®
of order a« > 0 with a > 0 are defined by

o P(z) = F(la) /x(x — ) lo(t)dt, x> a,

b
I D (x) = F(la)/ (t— 22 '0(t)dt, w<b,

respectively.

The symbols J& ®(z) and Ji ®(z) are left-sided and right-sided Riemann-Liouville

fractional integrals of order « > 0, with a > 0. Here, I'(«v) is gamma function defined by

INa) = / et tat
0

6.3 Main Results

Hermite-Hadamard’s inequalities for harmonically convex functions via Riemann-Liouville

fractional integral can be represented as follows:
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Theorem 6.3.1. Let ® : [a,b] — R be a positive function with 0 < a <b and ® € L[a,b] .
If @ is harmonically convex function on [a,b], then the following inequalities for fractional

inequalities hold:

@( 2ab ) _ (a® = b")T(0)

®(a) + ®(b)
a+b 2(b—a)™ )

20

(6% 1 (6%
0+ T ()] <

Proof. Since ® : 1 C R\{0} is a harmonically convex, for all z,y €I with t =, we have

CI>< 2zy ) < P(z) + P(y)

r+y 2

Choosing = = -, we get

ab _ ab
tar(1—0b’ ¥ = Br(1—1)

o < 2m+(a1b 06 tb—i—(alb t)a ) - o (m‘ T t)b) + @ (tb—i—(l —Da )

5
ar(i=np T tb+(1 Da 2

20 (25) =@ (artr—m) +* (o t—aa)

Multiplying both sides by t*~! then integrating with respect to ¢ over [0,1], we obtain

1 1 1
2/ pa-1g (200 dtg/ g dt+/ T ) L
0 a+b 0 ta+(1—t)b 0 tb—i—(l—t)a

ie.,

2 2ab

—d <L +I 6.3.1

« <a+b) = fut s ( )
where Il fO te— l(p (m) dt Put u = ﬁ then dt = baba du . When t — 0 u —
a;t—1,u—b And, t = I()éu_b?u)

On substituting these values, we obtain

b b —a)\ > ab du
Il:/a <(b—a)u> (I)(u)b—a?
_ab b b (u— a)* ! ®(u)du
b—ua /a (b—a)e—lya—l 42
o ab” b (u—a)* t®(u)du
(b—a) / yotl
b* — a®

= "% D(a)]% o).

alb —a)®a21

_ (lia—1 b _ab d
And, 12 — fO e P (m) dt. Put v = m, Then dt = G'Tl_
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When ¢t = 0,v =+ b;t = 1,v = a and, t = ?b(:;)q);

On substituting these values, we obtain Iy = %F(a) i ®(a)
Now, we substitute the values of I; and Iy in (6.3.1), we obtain

2 2ab bY —a” o b —a® o
20 (20) < o T a0) + D) (),

a+b —a a(b— a)@be-1
ie.,
2ab 0* —a)T(a) (1 _, 1
2@ (a + b> S (b — a)Oé aa—lja+¢(b) + ba_l Jb*(I)(a/) (632)

Also, as @ is harmonically convex function, then for t € [0, 1], it yields

o (ta+(a1b—t)b) < 1B(a) + (1 — )D(b).

And,

o <tb+(“1b_t)a> < (1= )D(a) + t(b)

Adding these two inequalities,

? <ta+(a1bt)b> e <tb+(a1bt)a> < P(a)(t+1—1t)+(b)(1 —t+1t) = B(a) + D(b).

Multiplying both sides by t*~! and integrating with respect to t over [0,1], we have

/ltalq) e dt—i-/lto‘l@ _oab N <<I>(a)/1t°‘1dt+<1>(b) /ltal dt
0 ta+(1_t)b 0 tb+(1—t)a - 0 0 ’

ie.,

(ba(;aa;)z(a) <aa11°]]3+‘1’(b) N ballﬂ?—q’(“)> < ‘D(Q)Z‘I’(b), (6.3.3)

From (§31), (632), and ([633), we have

2ab ((LO‘ — ba)r(a) 1 o 1 o (I)(a) + (I)(b)
® (a+b> = 2(b — a)™ [aa1Ja+¢’(b)+ pa i b_<I>(a)] < —

This completes the proof. ]

Theorem 6.3.2. Let ® and ¥ be two real-valued, non-negative and harmonically conver
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functions on [a,b] . Then the following inequalities hold:

(b* —a)(a) [ 1
alb—a)® a®—1

I%, B(5) U (b) + bo% g‘@(a)lll(a)] < (a i . i ot ;) M(a,b)

2
ey @

where M(a,b) = ®(a)¥(a) + 2(b)¥(b); N(a,b) = ®(a)¥(b) + ®(b)¥(a).

Proof. Let ® and ¥ be harmonically convex functions on [a,b]. Then, for ¢ € [0,1], we

have

o <m+(“1bt>b> < 1®(b) + (1 — £)B(a),

and

v (M) <tU(b) + (1 —t)¥(a).

Then their product is given by

? <t+<1b—t>b> v <t+<1b—t>b> < COB)V(b) + (1 - 1)2@(a)¥(a)

FHL — £)(D(a)T(b) + B(b)T(a)).

Similarly,

® (Q_SIZM)) v (u_glzwﬁ) < ®(a)¥(a) + (1 - 1)*0(0)¥(b)

FHL — £)(D(a)T(b) + B(b)T(a)).

On adding the above two inequalities, we have

* (e ¥ Garam) +* (o) * (a—heem)

< (262 — 2t + 1)(D(a)T(a) + D(b)T(b)) + 2t(1 — £)(D(a)T(b) + D(b)T(a)).

Multiplying the above inequality by t*~! and then integrating the resulting inequality with

respect to ¢ over [0, 1], we obtain

/Olta_l‘p <m+ (a1b— t)b> v (m+ ?16— t)b) dt /Olta_lq) <(1 - ;Z +tb> v ((1 - ;I; +tb> dt

< (®(a)¥(a) + D(B)U(b)) /01 191262 — 9t 4 1) dt + 2(B(a) U(b) + B(6)T(a)) /01 (1 — 1) dt.
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Here,

L s 2 2 1
/ota @F -2t D= s~ it a
- 1

/Ota -Ddt = s

Put ﬁ = u. Then dt = %ﬁ—”‘;. And, when ¢t - 0,u — a and t — 1,u — b, and
=wv. Then dt = %%. Also, when t — 0,v — b, and

_ bla—wu) . b
t = w(a=b)" Again, put 7(1_;1)a+tb

whent — 1,v — a On substituting these values, we obtain

b (bla—u)\*? ab @ a(v—a)\* ab
/ <u<a—b>> 2P G k| <v<b—a>> 2O gy
2 2 1 2
= <a+2_a+1+a>M(“’b)+(a+1)(a+2)N(a’b)’
ab® @ (g —u)* 1 d(u)¥(u a®“b @ (y—a)* to(v)¥(v
Ly O PO 0l GO
2 2 1 2

g <a+2—a+1+a>M<avb>+MMNW

1_1J§‘<I>(a)\11(a)] < (a i 5 i -+ ;) M(a,b)

boc
2
(@ + )(a+ 2)N(“’ b)

B a0 [ 1,
e e +
_.l_

This completes the proof. O
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Chapter 7

SUMMARY, CONCLUSION, AND
RECOMMENDATION

7.1 Summary

The origin of quantum calculus, how it is different from ordinary calculus, and application of
quantum calculus in various domain of Mathematics and Physics have been explained in short
in the first chapter of this thesis. It has also included different aspects of convex functions
and mathematical inequalities, especially, Hermite-Hadamard type integral inequality for
classical convex function. The mathematical means and their corresponding properties along

with different types of special means have also been incorporated.

The second chapter of this thesis has extended the equality of convex function of quantum
estimates to an m -convex function. Using the resulted information, a few novel Hermite-
Hadamard integral inequalities are established whose first order ¢-derivatives are m -convex

functions.

The third chapter of this thesis, has included some new results on the products of
generalized geometric convex functions, and these results are further extended to g-analogues

which is a new paradigm in convexity theory and integral inequality.

In the fourth chapter of this thesis, some new convexities related to harmonic convexity
have been defined and for each new convexity, a corresponding Hermite-Hadamard inequality
has been proved. The product of functions having a particular convexity has also been

considered, and the g-analogues of these inequalities have also been obtained.

In the fifth chapter of this thesis, we have generalized harmonically convex function to
m -harmonically convex function and applied them to develop some Hermite- Hadamard

type integral inequalities whose first order derivatives are m -harmonically convex function.
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Apart from this, we have further generalized harmonically P -function to m -harmonically

P -function and applied them to extend Hermite-Hadamard type integral inequalities.

In sixth chapter of this thesis, we have established Hermite-Hadamard’s inequalities via
Riemann-Liouville fractional integral for the case of harmonically convex function, and the
products of two harmonically convex functions via Riemann-Liouville fractional integrals as

well.

7.2 Conclusion

The Hermite-Hadamard inequality usually stated as a result valid for convex functions only,
although it holds for many other functions as well. The Hermite-Hadamard inequality
provides a lower and an upper estimation for the integral average of any convex function
defined on a compact interval involving the mid-point and the end points of the domain
having a wider application for generalized means, information measures, quadrature rules,
and many more. That’s why, it has become a corner stone in mathematical analysis and
in optimization theory. There is a growing literature providing new proofs, extensions,

refinements and generalizations on it.

The main results of this thesis starts from chapter 2 and ends with chapter 6 which
include extensions, refinements and new proofs on Hermite-Hadamard integral inequality for

different convexity of functions which are concluded as follows:

e Inspired by the work of Iscan [0, 26] who defined harmonic convexity, in this thesis,
we have generalized this convexity to m-harmonic convexity and further to («a,m)-
harmonic convexity. Moreover, we also have defined new notions of harmonic-geometric
(HG) -convexity, m — HG -convexity and (a,m) — HG -convexity, and for each of
these convexities, we have proved Hermite-Hadamard inequalities and we have obtained

inequalities involving the product of each of the those type of convexities in ¢-calculus.

e Motivated by the concept of geometrically convex functions by Zhang et. al in [62], and
Niculescu in [37], we have extended the definitions on geometrically-convex functions
and the results on the products of generalized geometrically convex functions and those

results are also established in ¢-calculus in this thesis.

e Inspired by the results of Sudsutad et al. [54], this thesis has extended Lemma
(2.2.3) assuming that ,Dy® is ¢-integrable m-convex function and then presented
some quantum estimates of Hermite-Hadamard type integral inequalities for m -convex

function on [mu,v].

e Motivated by the works of I. Iscan, [0, 26], we have generalized harmonically

convex function to m-harmonically convex function and m -harmonically P -function
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and obtained some Hermite-Hadamard type integral inequalities whose first order

derivatives are m -harmonically convex functions.

e Inspired by the works of M. Z. Sarikaya [52], we have established the interesting
inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional integrals

for harmonically convex function.

7.3 Recommendation

Convexity is one of the four special properties viz. continuity, convexity, monotocity and
differentiability of the functions of real variables having two important attributes i.e. the
maximum value is attained at a boundary point and any local minimum is a global one.
Hermite-Hadamard integral inequality is one of the most important integral inequalities that
satisfies the necessary and sufficient condition of the convexity of the function. Inequalities
play important roles in understanding many mathematical concepts, such as probability
theory, numerical integration and integral operator theory. Through the last century, H-
H type integral inequality has been considered to be one of the fastest growing inequality in
mathematical analysis, through which vast problems of engineering, physics and economics
have been addressed. Due to the enormous importance of H-H inequalities, many extensions,
refinements, and generalization for various types of convex functions are still open to be dealt
with. More specifically, extensions and refinements of Hermite -Hadamard type integral
inequality for various types of convex functions in quantum calculus may be the interested

domains for the researchers in future.
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Abstract

Convexity is a fundamental and significant function in the theory of geometric functions
with extensive applications in both pure and applied mathematics. In this article, an equality of
quantum estimate of convex function is extended to an m-convex function. Taking so obtained
result a few novel Hermite-Hadamard type integral inequalities whose first order g-derivatives
are m-convex functions are established. The results are further presented in g-analogues.

1. Introduction

Quantum calculus, or g-calculus, is the study of calculus without the
concept of limits, first appeared in the eighteenth century and reached its
pinnacle in the twentieth due to its extensive use in physics and several
mathematical disciplines. By bringing the number ¢ into Newton’s work on
infinite series, Euler launched his research in the eighteenth century. The
theory of g-hyper-geometric functions and Jacobi’s triple product identity
were discovered in the nineteenth century. Jackson (1910) established
definitive g-integrals and began a systematic study of g-calculus. Multiple
areas of mathematics and physics, including number theory, fundamental
hyper-geometric  functions, combinatorics, orthogonal polynomials,
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mathematical inequalities, quantum theory, mechanics, and the theory of
relativity, all have numerous uses for the subject of quantum calculus, and,
hence the ¢-calculus is appeared as an inter-disciplinary subject between
mathematics and physics, a blend of the subjects. We refer to go through the
books by Ernst [9], Kac and Cheung [10], and the paper by Gauchman [4] for
some recent developments on quantum calculus and the theory of
inequalities.

Convexity 1s a fundamental and significant function in the theory of
geometric functions with extensive applications in both pure and applied
mathematics. It has been noted that the theories of inequalities and convex
functions are very interdependent. According to the literature, a classical or

normal convex function is defined as follows:

Definition 1.1. Let ¢ : I < R — R, be a real valued function. Then, the

function ¢ is said to be a convex function, if the inequality
d(su + (1 —s)) < sd(w) + (1 - s)o(v) (1.1)
holds, for all u, v € I, and, s < [0, 1]

If the inequality in (1.1) is reversed, then the concavity of ¢ holds. Toader
[3] introduced the concept of m-convexity of the function ¢ as follows.

Definition 1.2[3]. The function ¢ : [0, b] > R, b >0, is said to be m-
convex function if

d(su + m(1 — s)v) < so(w) + m(1 - 8)dp(v)) (1.2)
holds for all u, v € [0, b}, s € [0, 1], m € [0, 1].

The m-convexity is intermediate concept between usual convexity and
star-shaped function. We recall that a function ¢ : [0, b] — R is called a star-

shaped function, if
d(su) < so(w)
holds for all u € [0, b, s € [0, 1].

Example 1.1. The function ¢ : [0, ) = R given by
ou)=au+b

is an m-convex function (m € [0, 1]) if b < 0.
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There are numerous significant inequalities for the category of convex
functions, but one of the most well-known is the so-called Hermite Hadamard
integral inequality, which was independently found by Ch. Hermite and J.
Hadamard in 1881 and 1893 and goes as follows.

Definition 1.3. Let ¢ : I <« R — R be a convex function where, u, v € 1

with u < v. Then, the following inequality holds:

¢(“ : ”j < ﬁj‘:d)(x)dx < M (1.3)

This famous result is considered as a necessary and a sufficient condition
for a function to be convex. It provides a lower and an upper estimation for
the integral mean of any convex function defined on a compact interval
involving the mid-point and the end points. Hermite-Hadamard’s inequality
has raised many scholars’ attention, and thus, a variety of refinements,

extensions, variants and generalizations have been found in literatures.

In this paper, we aim in developing some quantum estimates of Hermite-
Hadamard type of integral inequalities for m-convex functions by considering
the results of quantum estimates of convex functions.

2. Preliminary Results

In this section, we first review and state some previously understood

ideas and findings on g-calculus that will be applied in the following paper.
Let J =[u, v] = R, J° = (&, v) be intervals and 0 < ¢ <1 be a constant.

We define g-derivative of a function ¢ :J/ — R at a point x € J on

[, v] as follows:

Definition 2.1[5]. Assume that ¢ : J — R is a continuous function and

let x € J. Then the expression

WD) = 2 (‘1‘11(‘3;5 z a ;)q)”), ¥ u (D) = lim Do) @)

is called the g-derivative of the function ¢ at x on J. We say that ¢ is
g-differentiable on f provided , Dy¢(x) exists for all x € J.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 11, September 2023

89



2174 PITAMBER TIWARI and CHET RAJ BHATTA

Note that if u =0 in (2.1), then ¢D,¢ = D,¢, where D, is the well

known g-derivative of the function ¢(x) defined by

Dyila) - ) =)

For more details, see [5].

Definition 2.2[5]. Assume that ¢ : J — R is a continuous function and

let x € J. Then the g-integral on J is defined by

[ #6)udys = L= )r -0 ) g"0a"x + (1~ ") 2.2
n=0

for x e JJ.

Moreover, if ¢ € (u, x), then the definite g-integral on o/ is defined by

J-cx o(s). dys

= [ ddys [ ds)udys = (- @) - )Y g"dg"x + (1-a")
n=0

0

~1-q)c-u)) q"8(q"c+ 1 -q")u)

n=0

Note that if u = 0, then equation (2.2) reduces to the classical g-integral
of a function ¢(x), defined by

Joeiodss = =)D a"la") = < 0.,

Theorem 2.3[10]. Assume ¢, ¢pg : J — R are continuous functions,

a € R Then, for x € J

O [ @10+ do(6utys = [ orhudys + [ “d(s),dys.
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@) [ (o) (6)udys = of 0i)udys.
i) [ 016, Dyh(s)y s = | dnd [

- | " talas + (1 - @u, Dy (5)udys. ¢ (e )

Alp et al. [7] in 2018 introduced the correct form of Hermite-Hadamard

type integral inequality in quantum framework as follows:

Theorem 2.4[7]. Let ¢:J — R be a continuous function on J and

0 < g < 1. Then, we have

qu+v 1 v q9(u) + ¢(v)
¢(1+q)sv_—u'|'u¢(s)udquT. 2.3)

Lemma 2.5[11]. Let ¢ : J — R be a continuous function and 0 < q < 1.

If ,Dy¢ is an integrable function on JO, then the following equality holds:

qd(u) + o(v) 1 IU¢(5)udq3

1+q v—ulJdy

- Q(1U+_qu) J ; (1= (1 +q)s), Dgdlsv + (1 - s)u)ydys

Lemma 2.6[11]. Let 0<q <1 be a constant. Then, the following
equalities hold:

1
@) j lodys = 1.
0

o [T 1
(11) JOSO qs=1+q.

1

1 2
(1i1) J s70dgs = — -
0 l+g+gq

Lemma 2.7[11]. Let 0 < q¢ <1 be a constant. Then, the following equality
holds:
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’ 1—(1+q)s d,s ="+"—321 22,
Ol |0 q (1 )3

Lemma 2.8[11]. Let 0 < q <1 be a constant. Then, the following equality
holds:

1 2
J.s|1—(1+q)s|0dqs= q(1;4q+q )2 .
0 1+q)0+q+q7)

Lemma 2.9[11]. Let 0 < q <1 be a constant. Then, the following equality
holds:

q(1 + 3q> + 2q3)
1+9P1+q+q?)

I;(l —8)|[1-(1+q)s|ydys =

Theorem 2.10[11]. Let ¢ : J — R be a continuous function. If | ,Dy¢ | is

convex and integrable on JO, then the following inequality holds:

‘ go) + 9v) 1 [ ot6)dys

1+q v—u

(v -u) Ao+ o Mt (1+ 30 + 203 y
S(1+q)4(1+q+qz)((1 4q +q7)| , Dd(v) | + (1 + 3q + 2¢°)| , Dy(w).

Theorem 2.11[11]. Let ¢ : J — R be a continuous function. If | «Dqd [

is convex and integrable on JO, and r =1, then the following inequality
holds:

CUSTR,

_P2+q+q*)v-u)
1+q B

1+q)

1
r

(1+4q +q7)| ,Dyo) " + (1 +3¢* +2¢°)| , Dydlu) |
(1+3¢% +2¢%)(2+q +4?)

Theorem 2.12[11]. Let ¢; and ¢g be two real-valued, non-negative and

convex functions on J. Then, the following inequality holds:
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L[ o) o < 21000200) 9+ @) 0g(0) + PN, v)
U—u.[ud)l( J2)dy S1+q+q2Jr Q+q+¢>)(1+q) '

Theorem 2.13[11]. Let ¢; and ¢g be two real-valued, non-negative and

convex functions on J. Then, the following inequalities hold:

@ Lra)+g+q?)
(0-w?

[0 oy s 0 bt + 1 - sl dyy < 28 7)

[ Con@ha@), dgx + 28°_[(g% () + br (00 0) + aN (s, 0]
u 1+q)

o 1+g+q? (vl U+v u+v
(u)WJ.uJ.O% sy+(1-s) 5 do| sy + (1 —3) 5 0dgSudyy

1
v-u

< b [ e + L) (M )+ NG )

41 +q)

+ Lz (2(gd1 (W)ho () + ¢1(v)d2 (V) + (1 + @)N(u, v))
21+ q)

where M(u, v) = ¢1(@)d2 (1) + 1 ()d2(v), N(u, v) = ¢1(W)d2V) + ¢1 (V)2 ().
3. Main Results

In this section, first of all, we extend Lemma 2.5 assuming that qu(I) is

g-integrable m-convex function and then present some quantum estimates of
Hermite-Hadamard type integral inequalities for m-convex function on
[mu, v]

Lemma 3.1. Let ¢ : J —> R be a continuous function and 0<q <1. If

uDgd is g-integrable m-convex function on JO, where J° is interior of o,

then the following equality holds:
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v—mu 1+q

- q(vfr;u).[ ; (1~ (1 +q)s), Dylsv + m(l ~ s)u)odys

Proof. Using g-derivative on a finite interval, we have

| ;(1 (1 q)s), Dylsv + mlL— )y = | Ollqud)(sv 4 ml - $)odys

-1+ q)J.:squd)(sv +m(l - s)u)ydys

J’l d(sv+ m(1 — s)u) — d(gsv + m(1 — gs)u) od,s
0 s(1 —q)(v - mu)

d(sv+ m(1 — s)u) — d(gsv + m(1 — gs)u)
_(1+Q)J.o s(1-q)(v—mu) 0dgs

U—mu
n=0

= {i ¥g"v + m(1 = g" ) - D o(q" o - m(1 - q"”)u)}
n=0

- 1_+n‘fu {Z g"9(q"0 + m(1 - g" ) = D ¢"4(g" v - m(1 - qn”)u)}

n=0 n=0

v—mu v—mu

_ ) —dlmy) _ 1+q iq%(qnv +m(l - q")u)
0

1+ — L Zq o(@" Mo+ m(1 - ¢" M)

_ 6@ —¢lmu) 1+ 4 ZQ"(q v+m(l-q" )

L0 4) - o) g0l Yo+ m - ¢ )

+—
q(v — mu) ~
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= @(Ug:i(fu)_(;éz):;i)) i+gw Zq o(¢"v+m(1-q"u)

- 1+q Zq%(q v+m(l-q"u)

_ablm) + 40) , (1+ )1 - q)v—mu)zq g™ + mll - "))

qv — mu) qv — mu) (v — mu)

_ qo(mu) + o(v) I (1+q) Jw ¢(S)mudq3

q(v — mu) q(v - mu)2

l+g [ 1 J 05) s — Q¢(mu)+¢(v)}

" qv-mu)|v-mu 1+q

Thus, we have

1 I ¢(5)mud s_ qd(mu) + o(v)

V- mu 1+q

Q(li:;w) I (1 -+ q)s), Dyd(sv + m(1 — s)u)ydys.

The proof is now complete. ]

Remark 3.2. If m =1, and then it reduces to the result as given in

Lemma 2.5, and if ¢ — 1, m = 1, then it reduces to the following result:

d)(u);d)(v) 1 J. o(x)dx =

- s)u)ds.

Theorem 3.3. Let ¢ : J — R be a continuous function. If | . Dyé | is

m-convex and integrable on JO, then the following inequality holds:

qd(mu) + ¢(v) _ 1 I ¢(S)u

1+q v—mu

(v - mu) 9 5
) 1+t +q+q? (A + 49+ 7)1 1, Dadl0) |+ (+ 30 + 2071 1, Do) |)
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Proof. Using lemma 3.1 and m-convexity of ,,,Dy¢ on J° and lemmas

2.8 and 2.9, we have

L[ oy - T 0

V- mu 1+q

| LS 11+ ), Dyl il Sy

_ g0=mu)
1+q

I:| 1-@1-q)s|sl,,, D) + ml = s) ., D) [lodys

< q(v — mu)
1+q

1 1
[ Da00) | 511=(1+)slydgs+ml ,,, Dyol) [ (1=9)1=(1+a)s], dys]

_qlv-mu) D q( + 4q + ¢%) mq(1 + 3¢% + 2¢°) D
1+q {l e q¢(v)|(1+CI)3(1+Q+q2)+(1+CI)3(1+CI+612)|mu s

- QZ(U—mu) ; 2y, 5 5 )
(1+Q)4(1+q+q2)[|m”Dq¢( )|(1+4q+q )+ m(l + 3q” +2q ]mqud)( )l]

The proof is complete. o

Remark 3.4. If m =1, then it reduces to the previous result as in
Theorem 2.10.

Remark 3.5. If m =1, g —» 1 then, the above result reduces to the

following already established result

o)1 [

< O o)) + | ) )

We, now present the second result of g-integral inequality for m-convex

function on [mu, v].
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Theorem 3.6. Let ¢ : J — R be a continuous function. If | . Do |"

m-convex and integrable on JO and r> 1, then the following inequality
holds:

2+ q+q*) (- mu)
1+q)

1+q v—mu

‘q¢(mu)+¢(v)_ 1 I 0(s)udys | <

1
(1+4q+ q2)| mqud)(v) "+ @+ 3q2 + 2q3)| mqud)(u) [
1+q+q*)(2+q+q°)

Proof. From lemma 3.1 and using power-mean inequality and

m-convexity of | mquq) |r, and lemmas 2.7, 2.8 and 2.9, we have

1 J. os),, o dgs — qd(mu) + o(v)

v—mu 1+q

\"(‘il’;“"f (1= (1 + )s), Dylsv + m(1 - s)u)ydys

< A0 {1414 1), Dydlsw e mlt — el

21
< MU:H -1 +9q)s |0dq,sJ1 !

1+q

1

. ( I ;| 1—(1+q)s|,,,Dyd(sb+ m(1 - s)a) Iy dqur

1
< MU‘;H -(1+9q)s |0dqs]1 ’

1+q

1

1 1 ;
(1D [ 11=0 @by |+l DT 0=+ s

1
< W —mu) [q(Z +tq+gq )]1_7.
1+q 1+q)
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1

{(1+Q+qg)(1+q)3 ((1+4q+q2)| i Dq(p(v) |r +m(1+3q2 +2q3)| - Dq(P(u) |,-)Jr

2+ q+q%)(v-mu)
) 1+q)

:‘q¢(mu>+¢(u)_ S Ly

1+q v—mu

1
(1+4g +q%)| ,,, Dgd) [ + (1 +3¢* +2¢%)| ,,, Dyo@) [ |
L+qg+q®)2+q+q°)

This completes the proof. o
Remark 3.7. If m =1, then it reduces to Theorem 2.11.

Remark 3.8. If m =1 and ¢ — 1, then we have the following previously

known result

‘¢(u)+¢(v> 1 j¢(s)d8

2 2

{w(un +|¢<v>|’}r

Theorem 3.9. Let ¢; and ¢y be two real-valued, non-negative m-convex

functions on J. Then, the following inequality holds:

1
v—mu

_[ 1 ()2 (%), dgx < ¢1(u)¢2(v)
+q+ q

.m Zq(1 + %) ()9 (v) + mg*N(u, U)
1+g+q*)1+q)
where, N(u, v) = ¢1(w)da(v) + ¢1(v) P2 (w).

Proof. Using m-convexity of ¢; and ¢5 and for all s € [0, 1], we have

¢1(sv+m(l = s)u) < s(¢1 (V) + m(l = s)s ().
Pa(sv+mll = s)u) < s(¢2(v) + m(l - s)do(w)).

Multiplying above inequalities, we have

d1(s0+ m(L = 8)u)do(sv + m(l - 8)u) < 5701 (0)do(v) + M3 — 52ty () po (1)
+ ms(l = ) (61()92(0) + b1 (0) b2 (w0))
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Taking g-integral with respect to s over [0, 1] and using lemma 2.6, we

have

I:¢1 (sv+m(l - s)u)dg(sv+ m(l - s)u)ydys
< [ 60100000+ 120 - 5010 0)

+ ms(1 = 5) (61 ()h2(v) + ¢1(V)d2(w)))g dys.
Iold)l(sv +m(l - s)u)da(sv + m(l — s)u)yd,s

¢1(v)¢2(v) m?q(L+¢*) 0y (Who () | mg*N(u, v)
C1+qg+4q? Q+q+q¢*)(1+q) Q+qg+q)(1+q)

Substituting x = sv + m(1 — s)u, on left-side of above inequality, we have

1
v—mu

I ¢1(x)¢2(x) d x < ¢1(u)¢2(u)
1+ q+ q

m Zq(1 + ¢*) 41 ()92 (v) + mg*N(y, v)
1+qg+g*)(1+q)
where, N(u, v) = ¢; ()2 (V) + d1 (V)2 ().

This completes the proof.

Remark 3.10. If ¢ — 1, then the above inequality reduces to

[ ) = S )2 (0) + mPh(wa(w] + § N o),

Remark 3.11. If ¢ —» 1 and m = 1, then the inequality reduces to

o [ gl < 5 M v)+ NG, o)

Theorem 3.12. Let ¢; and ¢y be two real-valued, non-negative m-convex

functions on J. Then, the following inequalities hold:
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@) (1+q)(1+q+q )
(v -u)

1 ; .
J-UJ- vJ‘O (s + m(1 — 8)x)dg(sy + (1 — 8))dysudyxydyy < 1+q+m2(+¢?)
usu

v—U

J.:¢1(x)¢2(x)udqx + (1232;;2 (@261 @) d2 (@) + gN(u, v) + ¢ ()92 (V).

(11)
1+q+q I I ¢1(sy+m(1—s)

ol sy + m(1 - s) LY 0dgSudqy
*Jof <)

=3 i u JU 01 ()b (), dgy + %(M(u, v)+ N, v)

t— ( )2 (2(qd1 (@h2(w) + &1 (0)d2(v)) + (1 + ¢)N(w, v))

where M(u, v) = ¢1 (w)a(w0) + 41 (V)2 (v), and N(u, v) = ¢1 (1) h2 (V) + 1 (V) d2(w).

Proof. From the definition of m-convexity of ¢, and ¢g, for all

sel0,1], x, y € J, we have
o1 (sy + m(1 = 5)x) < sy (y) + m(l — 8) ¢y (x).
ho(sy + m(l - 8)x) < sdg(y) + m(1l — 8)da(x).

Multiplying above inequalities, we have
s+ ml1 — 8)2) o (sy + mll - 8)x) < %1 (7)o () + m*(1L— ) (x) o ()
+ ms(1— ) (41 (x)d2(y) + 61 () d2(x)).

Taking g-integral with respect to s over [0, 1] and using lemma 2.6

I;d)l(sy +m(l - s)x)dg(sy + m(l - s)x)ydys
< [ M@ m2 - 5P (eHa(x)
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+ms(1=5)(0r (x)p2 (¥) + 01 (¥)p2 (x)) )o dgs-
[[Cortes + it~ )antey + mt - )y

Lo (ea(x)  m*q(1+q*) o (¥)pp(x)  ma*N(wv)
C 1+g+q? (1+q+q?)(1+q) (1+q+q%)(1+q)

Next, taking double g-integral to both sides of the above inequality with
respect to x, y on [u, v], we have

vevel
[T [ ot ml - spebtsr s (0 - s)elodysdydyy
<[ cp (10, (2)+m* (1-5)" 0, (1), () + ms (1) (0, ()0, (1) + 0y (1) 0 (x))y 5.

[ on(s -+ mlt = ope)o(sy + m  s)ondys

m2q(1+¢*)(v-uw)
(1+g+q*)(1+q)

<t [ 060 d + [ oot dy

(l+g f;q;) 1+q) U:d)z (y)udqy_[:%(x)udqx + I: ()4, yJ-: g(x)udqxj

o u 1 m2q(1 + ¢?) ]
< )(1+q+q2 g+ dd)

v qu
Iu fwla ), dg + 1+q+¢?)(1+q)

((v ~u)- %ﬂf@) (-1 qf(llt):qf(v)

+(v-u)

qfw) + f(v) (0-u) qg(u) + g(v)j.
1+q l+q
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On simplifying, we have

_0-w)1+g+m*a1+a*) (% o) dox
= (1+q)(1+q+q2) J.uq)l( )¢2( )udq

2mq®(v — u)?
(1+9P1+q+q?)

(%41 ()2 () + gN(, v) + by (0)02(v))

2
Multiplying both sides by " q() L+ ;1; 4°) e have
U—U

2y pvpvpel
1+ q()v(l_;;]2+ q°) ju Ju IO 1 (sy + m(1 = s)x)bo(sy + (1 — 8)x ) dys, dy 2, dyy

2 2
S1+q+m q(1 + %)
v—u

[ o (202 ), e + (12 32;)’2 (4°01 ()02 () +aN (1,0)+ 1 (2)03 (v) )

Now, we begin the proof of (i) part:
From the definition of m-convexity of ¢; and ¢g, for all

s €0, 1], x, y € J, we have

+0U

s+l =) % 52 < sy () + it = o) 452

u-+v

¢2(sy +m(l—s) 5 j < shg(y) + m(1 - 8)(')2(” -2'- U).

Multiplying the above inequalities, we obtain

¢1(sy+ m(l —s) u;:vjcbz(sy+ m(l —s) u;vj

< sy (9Malo) + 20— 5Py (M ool 5 Y

+ms(1- s)(d)l(y)‘bz(u; U] + %(u; UD
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Taking g-integral with respect to s over [0, 1], we have

J.:(I)l(sy +m(l - s) u ;- U)(I)z(sy +m(l-s) uT-H)) 0dgs

01(¥)d2(y) m?q(1 + ¢*) u+v u+v
S1+q+q2Jr(1+q+q2)(1+q)¢1( 2 )¢2( 2 )

(+q :nqqzz) +a) (4)1(3’)(1)2(”7“)) + ¢1(u ; U) 4’2(3’))-

Applying g-integral with respect to y over [u, v] and using m-convexity of

functions of ¢; and ¢, we observe

I:J‘;d)l(sy +mll =s) . ; vj ¢2(sy +m(l - S)MTH)) oquudqy

1 v m?%q(1+q?) Vo(u+v u+v
s1+q+q2Ju¢1(y)¢2(y)udqy+(1+q+q2)(1+q).[u¢1( 2 )4)2( 2 j”dqy

row qq;)(l +q)(f:¢1(y)udqy¢2(u§ ’) *4’1(”;)[:4’2(”“61”)

1 v m2q(1 + ¢*)(u - v)
< d
e ju¢1(y)¢2<y>u G+

(%(u) +620v) 1) + ¢2(v)j . mg”
2 2 1+q+q*)(1+q)

(4)2(”) +d9(v) g1 () + 41 (v) + O1(@) + 01 (v) gdo(w) + ¢2(U)j
2 1+q 2 l1+q

N S mz‘I(1+q2) u, v u, v
“liqrd Ju¢1(y)¢2(y)udqy+ 4(lJququ)(1+q)(M( , V) + N(u, v))

mq*(v - u)

% +q+q°)1+qP (2(q91 @)d2(w) + 41 (v)d2(v)) + (1 + ¢)N(w, v)).
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2
Multiplying both sides by 1+qg)d+g+q7) , we get

v—Uu

L+q)(1+g+g%) I : J' : I 01¢1(sy +mll - s))o(sy + (1 — )y dySudy*udyy

(0-w?

2 2
S1+q+m q(1+ q“)

v—Uu

_[Udn () (x),, dgx + imz (@01 (o (w) + gN(w, v) + fV)g()).
u 1+4q)

This completes the proof. o

Remark 3.13. If m =1, then it reduces to the result as given in Theorem

2.6.

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]

(9]
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(11]
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HERMITE-HADAMARD INTEGRAL INEQUALITY
FOR HARMONICALLY CONVEX FUNCTIONS VIA
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

PITAMBER TIWARI* AND CHET RAJ BHATTA

(Communicated by S. S. Dragomir)

Abstract. The concept of convexity of functions is a useful instrument that is used to solve a
wide range of pure and applied scientific issues. The Hermite-Hadamard inequality which is
also used frequently in many other parts of practical mathematics notably in optimization and
probability is one of the most important mathematical inequalities relevant to convex maps. The
fractional calculus, a calculus of non-integer order has applications in diverse fields of physical
sciences. In this paper, we have established Hermite-Hadamard’s inequalities via Riemann-
Liouville fractional integral for the case of harmonically convex function as well as the products
of two harmonically convex functions via Riemann-Liouville fractional integrals.

1. Introduction

The notion of non-integer order calculus, the generalization of traditional integer
order calculus, called fractional calculus, was introduced by Leibnitz and L’Hopital in
1695 but it was popularized in the end of nineteenth century by Riemann and Liouville.
The rapid growth of the fractional calculus is because of its applications in diverse
fields ranging from physical sciences to engineering to biological sciences and eco-
nomics. Due to the wide application of fractional integrals and importance of Hermite-
Hadamard type inequalities, some authors extended to study fractional Hermite-Hada-
mard type inequalities for functions of different classes.

The concept of convexity of functions is a useful instrument that is used to solve
a wide range of pure and applied scientific issues. Many researchers have recently
comitted themselves to investigate the attributes and inequalities of convexity in var-
ious directions. The Hermite-Hadamard inequality which is also used frequently in
many other parts of practical mathematics notably in optimization and in probability
is one of the most important mathematical inequalities relevant to convex maps. This
famous inequality gives error bounds for the mean value of a continuous convex map-
ping. The inequalities discovered independently by Ch. Hermite and J. Hadamard for
convex functions are very essential in the literature of mathematical analysis. These

Mathematics subject classification (2020): 26A33, 26A51, 26D15.

Keywords and phrases: Convexity, harmonic-convexity, Hermite-Hadamard inequality, fractional-
calculus.

* Corresponding author.
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inequalities state that if f: I C R — R is a convex function on the interval I of real
numbers and a,b € I with a < b, then

((52) <5k frvane L2320

Both the inequalities hold in reversed direction if f is concave. We note that Hermite-
Hadamard inequality (hereafter it is called as H-H inequality in this paper) may be
regarded as a refinement of the concept of convexity and it easily follows from Jen-
sion’s inequality. H-H inequality for convex functions has received renewed attention
in recent years and a remarkable variety of refinements and generalizations have been
obtained. The H-H inequality provides estimates of the mean value of a continuous
convex functions. B. G. Pachpatte established new Hermite-Hadamard type inequali-
ties for products of classical convex functions as follows:

THEOREM 1. [3] Let f and g be real-valued, non-negative and convex functions
on [a,b]. Then

1
b—a

/ ! F)e()dx < SM(a.b) + LN (ab)
a 3 ’ 6 ’

and,

2 2 “b—a 6

Some new integral inequalities involving two non-negative and integrable func-
tions that are related to Hermite-Hadamard type are also obtained by many authors.
B. G. Pachpatte proposed some Hermite-Hadamard type inequalities involving two log-
convex functions. Similar results for s-convex functions are established by Kirmaci et
al. M. Z. Sarikaya presented some integral inequalities for two h-convex functions.
It is remarkable that M. Z. Sarikaya proved the following interesting inequalities of
Hermite-Hadamard type involving Riemann-Liouville fractional integrals. For more
detail see [1, 2, 4] and the references therein.

2f<“+b>g(“+b)< ! /abf(x)g(x)dx—l—lM(a,b)—k%N(a,b).

THEOREM 2. [1] Let f:[a,b] CR — R be a positive function with a < b and f €
Lila,b]. If f is convex function on |a,b] then the following inequalities for fractional
integrals hold:

f (“;b) < ;;“_*a;i 3o s ) + 3 fla)] < HELE)

In the following, we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus which are used further in this paper.

DEFINITION 1. [1] Let f € Ly[a,b]. The Riemann-Liouville integrals J% f and
Ji- f of order o >0 with a > 0 are defined by

1% £(x) = ﬁ/ax(x—t)“_lf(t)dt, x>a
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o 1 b a—1
be(x):m/x (t—x)"""f()dr, x<b
respectively.

The symbols J% f(x) and Ji“ f(x) are left-sided and right-sided Riemann-Liou-
ville fractional integrals of order o > 0, with a > 0. HereI'(or) is gamma function
defined by

(o) = / e 1% Lar.
0

DEFINITION 2. [2] A function f:IC R\{0} — R is said to be harmonically
convex if

Xy
(s ) <o)+ =050

holds for all x,y € T and ¢ € [0, 1].

The aim of this paper is to establish Hermite-Hadamard’s inequalities via Riemann-
Liouville fractional integral for the case of harmonically convex function as well as to
present the results on the products of two harmonically convex functions via Riemann-
Liouville fractional integrals.

2. Main results

Hermite-Hadamard’s inequalities for harmonically convex functions via Riemann-
Liouville fractional integral can be represented as follows:

THEOREM 3. Let f: [a,b] — R be a positive function with 0 < a < b and f €
Lla,b]. If f is harmonically convex function on [a,b|, then the following inequalities
for fractional inequalities hold:

/(a8) < mae

1, +f(b
a1 fla)| < SRR

1
laa_l J2£+f(b) +
Proof. Since f:1C R\{0} is a harmonically convex, for all x,y € I with t =

we have
f(My)gﬂn+ﬂw_
xX+y 2

)

DI —

ab _ ab
tar(10b6° Y = hr(l-—a’

a a ab ab
f( 2ta—|—(lb—t)btb+(lb—t)a ) < f(ta+(1t)b> +f(tb+(lt)a)

b b
ta—l—Ell—t)b + tb+(al—t)a 2

21 (at5) <4 Gt =om) (i)
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Multiplying both sides by t*~!, then integrating with respect to ¢ over [0, 1], we obtain

e 2ab Lot ab Lot ab
2/ ( )d’g/o ' f(m+(1—¢)b> ‘”*/0 ' f(tb-l—(l—t)a) dt

—f< 2abb> <L +1h (D)

where [} = fol 1¢1 (ﬁ) dt. Put u= m Then dt = “—l’a% when t — 0,

u%a;t—)l,u—>band,t:l(’(”7a).
a—b)u

On substituting these values, we obtain

=[G it
_ab /bbo‘l(u—a)alf(u)du

b—als (b—a)*ul y?
_ab® /b (u—a)* ' f(u)du
-~ (b—a)® uotl
p% _ g%
= r % f(b).
o(b—a)%a%! (@)J+ £(P)
And, b= 3197V (gt ) i Puty = o then dr = ;2.9

When 1 =0, v—b;t—1,v—aand, ="

On substituting these values, we obtain
b — g%
o(b—a)*pr-1

b= D()JE f(a).

Now, we substitute the values of 1} and I, in (1), we obtain

bo% — g® po — g“

%f (fibb) S alp—ayrae 1 e SO o et T (4 Fa)

2f <a2j_bb) < (ba(;ioz)z(a) (aa1_1J2‘+ £(b) + ba 132 4 )> )

Also, as f is harmonically convex function, then for ¢ € [0, 1], it yields

ab

(i) <@+ a-05®)

and

ab

(i) < U=n@+10)

110



HERMITE-HADAMARD INTEGRAL INEQUALITY 167
Adding these two inequalities,
ab ab
S E— — | < t+1—t b)(1 —t+t
= fla)+ £ (b).

Multiplying both sides by r*~! and integrating with respect to ¢ over [0, 1], we have

! oa—1 ab ! oa—1 ab
/o ' f(ra+(1—t)b) dt+/o ' f(tb+(1—t)a> dt

<f(a)/Olto“ldtJrf(b)/lto“ldz

0

(b* —a*)T'(a) | . f(a)+ f(b)
(b—a)® ( a1 Jat F(B)+ 5= lﬂb fla )) < 3)
From (1), (2), and (3), we have
2ab ) _ (@ b0 [ 11 fla) + £(b)
f<a—|—b) S 2(b—a)” ao‘—lJa+f(b) Ho— 1“]]19 fla )} < B PR

This completes the proof. [

THEOREM 4. Let f and g be two real-valued, non-negative and harmonically
convex functions on [a,b]. Then the following inequalities hold:

0 —ar@) [ 1, .
R | I S B)e0)+ T o)
g(aiZ_ail+é>M(a’b)+ : Na,b)

(o +1) (o +2)
where M(a,b) = f(a)g(a)+ f(b)g(b); N(a,b) = f(a)g(b) + f(b)g(a).

Proof. Let f and g be harmonically convex functions on [a,b]. Then, for €
[0, 1], we have

(i) <+ -0f@

and
D) <ig(b)+(1-1)gla)
- . <. \ - a .
S\ar (I—1)b 8 8
Then their product is given by

ab ab
/ <m+(1 —t)b) § (m+(1 —t)b)
< f(b)g(b)+ (1 —1)*f(a)gla) +1(1—1)(f(a)b(b) + f(b)g(a)).
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ab ab
f((l—r)a+tb)g<(1—t)a+tb)
< fla)g(a)+ (1—1)*f(b)g(b) +1(1—1)(f(a)b(b) + f(b)g(a)).

On adding the above two inequalities, we have

ab ab ab ab
f(m+(1 —t)b)g (m+(1 —t)b) +f((1—t)a—|—tb> & ((l—t)a+tb)
< (27 =2t +1)(f(a)g(a) + f(b)g(b)) +2t(1 —1)(f(a)g(b) + f(b)g(a)).

Multiplying the above inequality by +*~! and then integrating the resulting inequality
with respect to ¢ over [0, 1], we obtain

J et (et ()
e (o) (aarm) @

< (fla)gla) + F6)0) [ 197~ 2104 1)a

Similarly,

+2(f@)g) + 1 0)g(@) [ 141 -

Here,

1
/ (N2 =2+ 1) dr =
0

2 2 +1
o+2 o+l o

Put t—a+(a1b o5 = U Then dt = “b d” . And,whent —0,u—aandt— 1, u — b and,
@) Again, put ()—+tb =v. Then dt = ab dV . Also, when t =+ 0, v— b,

b (bla—u)\*" ab a(a(v—

—d

/a (u(a—b)) f(’/t)g(u)(b—a)u2 LH_/b (v(b—
2 2 1
<< - +E)M(Cl,b)+

a)\* ! ab y
2) o) s

1 1
t“ (1 —1)dt = :
/0 ( ) (o+1)(x+2)
¢ — bla—u)
and when t — 1, v — a. On substituting these Values We obtain
N(a,b
a+2 o+l (a+1)(ax+2) (a,5)

ab® /“ (@a—u)* " fu)g(u) a®b /“ (V—a)a_lf(v)g(v)d
)% Jb

d
(a—b)o‘ uotl u+(b—a o

2 2 1 2
S <oc+2 Co+1 +E>M(a’b)+ (oc+1)(oc+2)N(a’b)
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(0% —a™)T(ox)
o(b—a)®

2 2 1 2
S <oc—|—2 o1 i &) M(a,b)+ (oc—i—l)(oc—f—z)N(a’b)'

1
ba—l

B F 00 + 5 el

This completes the proof. []

3. Conclusion

In this paper, we have established some new Hermite-Hadamard type inequalities
for harmonically convex function and the products of two harmonically convex func-
tions via Riemann-Liouville fractional integrals. An interesting concern is that whether
we can further use it to establish Hermite-Hadamard inequality for other kinds of con-
vex functions?
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Abstract. Convexity is one of the characteristics of functions of real variables which plays an
efficient role in various branches of mathematics that possesses the two significant properties
viz. the maximum value is attained at a boundary point and any local minimum is a
global one. The integral mean of a convex function is connected to the Hermite-Hadamard
inequality. B.G. Pachpatte established the results on the products of two classical convex
functions which helps to estimate the integral mean of the product of two classical convex
functions. In this paper, we have extended the idea of the result of the product of classical
convex functions to the products of generalized geometric convex functions, and these results
are further extended to quantum calculus which is paradigm shift in convexity theory and
integral inequality. The obtained results will definitely be used to estimate the integral
mean of generalized geometric convex functions. The ideas expressed in this paper might
revolutionize the readers of this field to other types of convex functions.

Keywords: Convezity, geometric-convezity, Hermite-Hadamard inequality, q -calculus.
2020 Mathematics Subject Classification. 05A30; 26A51; 26D15.

1. Introduction

A shape of an object if it is curved outward is convex. The special properties of functions
of real variables include continuity, convexity, monotocity and differentiability. Of them,
convexity plays a significant role in the development of several branches of mathematics
since it includes the theory of convex functions that possess the following two important
properties viz. the maximum value is attained at a boundary point and any local minimum
is a global one. Although, convexity is a basic notion in geometry but widely used in other
areas of Mathematics viz. functional analysis, complex analysis, calculus of variations, graph
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theory, partial differential equation, discrete mathematics, algebraic geometry, probability
theory, coding theory, crystallography, and many other fields. It plays an important role
outside of mathematics such as in physics, chemistry, biology, economics, finance, and more.
Convexity is a fundamental concept in mathematics which has a combinatorial, an analytic,
a geometric and a probabilistic flavor.

Inequalities play important roles in understanding many mathematical concepts, such as
probability theory, numerical integration and integral operator theory. Through the last
century, H-H (Hermite-Hadamard) type inequality has been considered to be among the
fastest growing fields in mathematical analysis, through which vast problems in engineering,
physics and economics have been studied. Due to the enormous importance of these
inequalities, many extensions, refinements, and generalization of their related types have
been equally investigated.

The Hermite-Hadamard inequality plays a great role in the theory of convex functions.
It provides a necessary and sufficient condition for a function to be convex in an open
interval of real numbers. It also interpolates Jensen’s inequality which is also an important
inequality in the study of convex functions. In the monograph, Dragomir and Pierce[4]
stated that the Hermite-Hadamard inequality is the first fundamental result for convex
functions with a natural geometrical interpretations and many applications have attracted
and continues to attract much interest in elementary mathematics. The H-H inequality has
made great contributions in the fields of integral inequalities, approximation theory, special
means theory, optimization theory, information theory, and numerical analysis. A function
f:I CR — R is said to be arithmetically-arithmetic (AA) convex or simply a convex
function in a classical sense on [, if

f(sp1+ (1 —9)pa) < sf(pr)+ (1 —s)f(¢2) (1.1)

holds for all ¢1,¢9 € I and, s € [0,1]. It is said to be concave if the inequality is reversed.

The generalization of the classical convex function is («, m)-convex function which was
introduced by Mihesan [7] in the following way: The function f :[0,b] — R is said to be
(e, m) -convex function, where a,m € [0,1]?, if for every ¢1, ¢y € [0,b] and s € [0,1], we
have

f(spr+m(1 = s)da) < s%f(1) +m(l —5%)f(¢2). (1.2)

The literature about the products on different types of convex functions are available in
the following papers. A number of Hermite-Hadamard type inequalities for the products
of two convex and s-convex functions were proven by Kirmaci et al.[6]. Hadamard type
inequalities for product of s-convex functions on co-ordinates were established by Ozdemir
et al.[10]. For products of two h-convex functions, Sarikaya et al. [13] demonstrated various
Hermite-Hadamard type inequalities. Hermite-Hadamard type inequalities for products
of two m-convex and (a,m)-convex functions were established by Bakula et al.[2]. For
products of two convex functions and harmonically s-convex functions, Chen and Wu [3]
found several Hermite-Hadamard type inequalities. For product of relative convex functions,
relative h-convex functions, and harmonically convex functions, Noor et al.[9] established
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several Hardmard’s type inequalities. For product of two convex functions, Yin and Qi
[15] discovered certain Hermite- Hadamard type inequalities. For products of two convex
functions, Chen|3] discovered several novel Hermite-Hadamard type inequalities and enlarged
the scope of the issue to include m and (a,m)- convex functions.

Quantum calculus is the branch of Mathematics where there are no limits. By using a
difference operator in place of the conventional derivative, it is possible to work with sets
of functions that are non-derivable. Our next considerations, in this paper, is the quantum
calculus or more commonly known as ¢-calculus. Although, the notion of ¢-calculus is
very old, developed by Euler in 1740s and it is popularized during the last two decades by
reinvesting this topic and applied it in almost all the branches of mathematical as well as in
other sciences.

In this paper, by reviewing the existing literature, we find that the extension of Hermite-
Hadamard integral inequality for generalized geometric convex function is the domain
that we can work with. So, we have extended the idea of geometric convex functions
to the generalized geometric-convex function and obtained some results on the products
of generalized geometric convex functions such as (a,m)-GA(geometrically-arithmetic),
(o, m) GG(geometrically-geometric) and GH(geometrically-harmonic) convex functions and
we recapture these new results in terms of ¢-calculus which is a new paradigm for future
research.

The paper has incorporated four main sections. The first section commences with
introduction of the concepts of convexity of function with its importance along with one of the
significant inequalities, the Hermite-Hadamard integral inequality and the classical definition
of convex functions as well as the idea of quantum calculus. The preliminary section, the
second section, provides the literature available regarding the products of classical convex
functions as well as literature available for the product of different convex functions. The
preliminary results which help to advance the Hermite-Hadamard integral inequality are
also incorporated in the second section of this paper. The third chapter entails the main
results obtained as the products of generalized geometric- convex functions and their results
in g-analogs. The final section of this paper includes the conclusion part of the research
work .

2. Preliminary Results

This section states the earlier defined definitions and obtained results which will be used
to enhance our further endeavors. The concept of geometrically convex functions was
introduced by Zhang et. al in [16] as follows.

Definition 2.1. [16] An operation f : (0,00) — R is referred to be a geometrically-
arithmetic (GA) convex function or simply a geometrically convex function on (0,00), if

F(@1657°) < sf(61) + (1 = ) f(¢2) (2.1)
holds for all ¢y, ¢2 € (0,00),s € [0,1].
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If the inequality is reversed, then it is a GA concave function. Niculescu in [8] introduced
the notion of geometrically-geometric convex function as defined below:

Definition 2.2. [8] A function f: (0,00) — R is said to be geometrically-geometric (GG)
convex function on (0, 00), if

F(61657) < (o) (F(62)' (2:2)
holds for all ¢1, ¢ € (0,00),s € [0,1].
It is known as a GG-concave function if the inequality is reversed.
Xi et al. [14] generalized the geometrically-geometric convex function as follows:

Definition 2.3. [14] A function f : (0,00) — R is said to be m-geometrically-geometric
(m-GG) convex function on (0, 00), if

F(@165") < (F(00))° (S (92))" (2.3)
holds for all ¢1,¢s € (0,00),s € [0,1],m € (0,1].
It is said to be an m-GG-concave function if the inequality is reversed.

Definition 2.4. [14] A function f : (0,00) — R is said to be (a,m)-geometrically-
geometric ((a,m) — GG) convex function on (0, 00), if

(@105 < (F(00)" (f(g2) " (24)
holds for all ¢1, ¢, € (0,00),s € [0,1], (a, m) € (0,1]>.
It is said to be an (a, m)-GG-concave function if the inequality is reversed.

Definition 2.5. [14] A function f: (0,00) — R is said to be geometrically-harmonic (GH)
convex function on (0, 00), if

(09 L 606
flowe = 7o T i sf(@2) +(1=9)f(o1)

holds for all ¢1, ¢ € (0,00),s € [0,1].

(2.5)

It is said to be a GH-concave function if the inequality is reversed.

Definition 2.6. Let ¢1, 92 be two positive real numbers. Then, their logarithmic mean is
denoted by L(a,b) is defined as

b=
L(¢1, ¢2) = log &y — log & ¢1 # 2. (2.6)

Definition 2.7. Let ¢, ¢s be two positive real numbers. Then, their geometric mean is
denoted by G(¢1, ¢2) is defined as

G(¢1,02) = \/ d102. (2.7)

4
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Definition 2.8. Let ¢1,¢2 be two positive real numbers. Then, their arithmetic mean is
denoted by A(¢1, ¢o) is defined as

IR

Ay, ¢2) = 5 (2.8)

For the class of convex functions, numerous significant inequalities are discovered. The
Hermite-Hadamard inequality is one of the most popular inequalities. The following double
inequality in literature is a well-known Hermite-Hadamard integral inequality.

Theorem 2.9. Let f: 1 CR — R be a convex function defined on an interval I of real
numbers ¢1, g € I with ¢1 < ¢o. Then, we have

O1+ 02 1 “2 f(p1) + f(2)
5 )§¢2_¢1 : flw)de < =————

I (2.9)

If the function f is concave, both inequalities hold in the opposite direction.

The following Hermite-Hadamard type inequality for the product of two classical convex
functions was first proved by B.G. Pachpatte [11].

Theorem 2.10. [11] Let f and g be real valued, non-negative and convexr functions on
(61, P2] . The following inequalities are then true:

1 o2
G2 — O1 Jy,

where M(¢1, ¢2) = f(#1)9(P1) + f(¢2)g(d2) and, N(¢1, ¢2) = f(d1)g(P2) + f(d2)g(¢1) -

We also give some preliminaries of ¢-calculus. We mention to the books [1, 5] for various
notations and theory of ¢-calculus.

f@gla)de < SM(61,62) + N (01, 6) (2.10)

The g-derivative of a continuous function f: 71 — R at any point x € I is defined by

f(@) = flgz + (1 — q)a)
(1-g)(x—a)

oDyf(x) = , Tr#a (2.11)

and
.Dyf(a) = lim aD, f (x)

The g-integral of a continuous function f:I — R is defined by

/ F(5)adys = (1= )z — ) S " (" + (1 = ¢")a) (2.12)

/Cx f(8) adys = /: f(8) adgs — /acf(s) ud,ys.

and for ¢ € (a, )
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The ¢-analogue of any real number z € R is defined by

[z]q = : (2.13)

For any integer n > 1, the g-analogue of (x — ¢)" is the polynomial
(x—c)f = (z —c)(x —qc)..(x — q" o). (2.14)

To deal with the negative integer exponents, it is known that

L 1
(r—0c)," = CEr=nr P (2.15)

The following derivatives are known for any integer n € Z

3. Main Results

The extended definitions and the results on the products of generalized geometrically convex
functions and their quantum estimates are obtained in this section, and they are as follows:

Definition 3.1. A function f : (0,00) — R is said to be m-geometrically-arithmetic
(m — GA) convex function on (0, 00), if

F(@565 7Y < sf(dn) +m(L — ) f () (3.1)

holds for all ¢4, ¢9 € (0,00),s € [0,1],m € (0,1].

It is said to be an m-GA concave function if the inequality is reversed. It can further be
generalized as («, m)-geometrically convex function as follows:

Definition 3.2. A function f : (0,00) — R is said to be («a,m) geometrically-arithmetic
((a;m) — GA) convex function on (0, 00), if

F(@505" Y)Y < s f (1) +m(l — s) f () (3.2)
holds for all ¢, ¢y € (0,00),s € [0,1], (o, m) € (0,1]2.

It said to be an (a,m)- GA concave function if the inequality is reversed. We further
generalize geometrically-harmonic convex functions as m and («, m)-GH convex functions
as follows:
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Definition 3.3. A function f : (0,00) — R is said to be m-geometrically-harmonic (m-
GH) convex function on (0, 00), if

1 _ mf(¢1)f(¢2)
oy + % sf(d2) +m(l—s)f(¢1)

holds for all ¢1, ¢, € (0,00),s € [0,1],m € (0,1].

F@ien ™) < (3.3)

It is said to be a m-GH-concave function if the inequality is reversed.

Definition 3.4. A function f : (0,00) — R is said to be («,m)-geometrically-harmonic
(cr, m)-GH convex function on (0,00), if

s ;m(l—s) 1 _ mf(¢1)f<¢2)
HOI8E ™) € —— e = e s

holds for all ¢1, @9 € (0,00),s € [0,1], (a,m) € (0,1].

(3.4)

It is said to be a (a, m)-GH-concave function if the inequality is reversed.

Theorem 3.5. The integral mean of geometrically-arithmetic convex function is bounded
above by the arithmetic mean of their functional values and the product of reciprocal of the
logarithmic mean .

Proof. Let f be a GA-convex function defined on (0,00). Then by definition of GA-
convexity, we have

F(@1dy") < sf(d1) + (1= 5)f(2)-

Integrating with respect to s over [0, 1], we have

1 1 )
/ (5 %S)dsﬁf«bl)/ sds+f(¢2)/ (1= s)ds = L@ TS (02)
0 0 0 2
Put = = @iy, ds = 1d§¢1 When s — 0, then © — ¢ ; when s — 1, then © — ¢;. On
x 10, ?2

substituting these values, we have

L[, S0+ S(6:)

G2 — 1 Jy, T — 2L(¢1, ¢2)

This completes the proof. O

Theorem 3.6. Let f and g be two («,m)-GA convex functions. Then, their product is
given as follows:

de <

1 %% f(x)g(x) 1 < 1 20*m?
oy —d Js @ L(¢1, 05 \(

(3.5)
where, Ky, = f(61)9(61), Ko, = [(02)g(02), K5 = f(d1)g(e2) + f(d2)g(1) -

7

120

Ky + Ky, + -
20+1) " T (a+D)R2a+1) " (a+1)(2a+1)

é1

2

)



Proof. Let f and g be two (o, m) GA convex functions. Then, by definition, we have

F(105 ) < s f () + (1 — 5°) f(2)
And,

g(¢305" ™) < s%g(¢) + (1 — 5)g(2)
Since f,g > 0, so, we have

F( @365 Ng(3305 ") < F(1)g(d1)5> + F(d2)g(d2)m?(1 — 5%)?

+m(f(#1)g(P2) + f(d2)g(h1))s*(1 — s%).

Integrating with respect to s’ over [0, 1], we have

1 1 1
/0 F(@565 N g(105" ) ds < f(¢1)g(én) / % ds + f(¢2)g(d2)m? O (1—s%)?ds
1

+m(f(o1)9(¢2) + f(¢2)g(¢1))/ s*(1 — s%)ds.

0

Here,
1
1
2
Oéd —
/0 T a1
1 2
2
/ (1—5%)2ds = -
0 (a+1)2a+1)
1
(0%
s (1 —s%)ds =
/0 (1= ds = o Ea 1)
Put = ¢5¢5 ", when s — 0,2 — ¢§'; when s — 1,z — ¢;. And, ds = oz aTogF™)

On substituting these values in above inequality, we have

dx

1 % f(z)g(x) I Ky, N 20°m? Ky, N mOzK:f; |
log ¢3* — log ¢1 /4, x - 2a+1 (a+1)2a+1) (a+1)2a+1)
dp =t 1 [ fagl) o Ke |, 20"m’K,, | maKy
log ¢ —log @1 @5 — é1 J g, x “ 2041 (a+1)R2a+1) (a+1)(2a+1)

1 o5 K 202m2K. mak$!
o3 — o1 Jg, T 20+1 (@+1)2a+1) (a+1)(2a+1)
1 % f(x)g(x) Ip < 1 Ky, 20°m?* Ky, N mozK;f;l |
5 — d1 J g, T T L(¢1,98) [2a+1  (a+1)Q2a+1) (a+1)2a+1)

This completes the proof.
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Remark 3.7. If « =m =1, then it reduces to the product of two GA-convex functions.

Theorem 3.8. The integral mean of geometrically-geometric convexr function is bounded
above by a half of the logarithmic value of the product of their functional values and the
reciprocal of the logarithmic mean.

Proof. Let f : (0,00) — (0,00) be a geometrically- geometric convex function. Then by
definition, we have

F(@16377) < (F(1))*(f(2))'

log f(¢1dy ") < slog(f(¢1)) + (1 — s)log(f(¢2))

Integrating with respect to s over [0,1] and using the properties of logarithms, we get

1

s+ Tog( F(6) / (1 - yas = BSOS

/01 log f(¢5¢y %) ds < 10g(f(¢1))/0

Using the change of variables by putting = = ¢{¢5 *, we have

1o Lonon o

B o1 — P2 T

When s — 0, © — ¢o; when s — 1, then x — ¢;. On substituting these values, we obtain

1 ¢2 log f(gj) ;
P2 — 1 /¢1 T dz < 2L(61, 02 log(f(¢1)f(#2))-

This completes the proof.
O

Theorem 3.9. Let f,g: (0,00) = (0,00) be two (a,m) GG-convex functions. Then the
following inequalities persist.

3 O, xr (0) x
e [ R s < s (@ )g(61)) + ma o )
(3.6)

Proof. As f and g are two (a,m) GG convex functions, then by definition, we have

F(@505 ) < (F(00)*" (f())™ ")

and,

96565 ) < (9(60)" (9(02)™ "
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Since f,g > 0, So, we have

18165 g(@ie5 ") < (F(o1)g(@0) " (£(82)9(02)™ "

Taking log on both sides, we have

log f(¢5¢5" ") +log g(¢305" ") < % log(f(¢1)g(¢1)) +m(1 — s*) log(f(62)g(¢2))

Integrating with respect to s over [0,1], we have

1 1
/ log f (¢35 ™)) ds + / log g(¢5bgy ™)) ds
0 0

1

< log(f(6)9(n)) / s ds + mlog(f(62)9(62)) / (1 5% ds

Using the change of variables by putting z = ¢3¢0 %) | we have

L(¢1, 95" /“’5” log f(x) +logg(x) .~ log(f(é1)g(¢1)  malog(f(¢2)g(¢2))

Oy —d1 Sy, x - a+1 a+1
Hence, we have
1 % 1
o | RO < s (7 (@n)a(01) + ma o )
This completes the proof. O

Corollary 3.10. If o = 1, then we get the result of the product of two m -GG convex
functions.

Corollary 3.11. If « = m = 1, then we get the result of the products of two GG convex
functions.

Theorem 3.12. The integral mean of geometrically-harmonic (GH) convez function is
bounded above by the ratio of squares of geometric mean of functional values to the product
of logarithmic mean of their functional values and inputs.

Proof. Let f be a GH convex function defined from (0,00) — R. Then, by definition, we
have

o L fe0I(6)
f(d1¢57°) < f(jh) fl(;j) ~ sf(de) + (1= 3s)f(¢1)

Integrating with respect to s over [0, 1], we have

L s L F(0)f(¢e) _ 1 ! s
| seeians [ oy B S = 10 | o = e

10
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[ steetyas < poprey et R =) - EALonTen)

Using the change of variables by putting = = ¢3¢5 *, we have

1 /‘l52 log f(x) dr < GQ(f(Cbl)a;(Cbz))

logds —logdr Jo, @« = L(f(), f(da)
L1, d5) [ log f(z)  _ GA(f(d1), [(d))
2 — 61 /¢ v TSI, ()

I (% log f(x) G2(f(61). 1(6))
¢1—¢1/¢1 v S L1 e L (60). ()

This completes the proof. O

Theorem 3.13. Let f,g : (0,00) — R be two geometrically-harmonic convex functions.
Then the following inequality holds.

L[ ), 2K, Ko,
$2 — &1 é1 X B L(¢17 Cbz) \/4K¢1 (K¢1 + K¢>2 - K¢1¢>2 - K¢2¢1) - (K¢1¢2 + K¢2¢1 - 2K¢1)2
(tan"! 2Ky, + Koy = Koy — Kopp) + (Ko 6y + Kooy — 204,
\/4K¢1 (K¢1 + K¢>2 - K¢1¢>2 - K¢2¢>1> - (K¢1¢2 + K¢2¢1 - 2K¢1)2
_tan~! Koo + K¢>2¢>1 — 2K¢>1 )
VAR, (K, + Koy — Kpyg, — Kpos,) — (Ko, + Ko, — 2K,)?

(3.7)

where, Ky, = f(¢1)9(¢1), Ko, = [(02)9(¢2), Ko, = [(01)9(02), Kopg, = f(92)9(en) -
Proof. Let f,g be two GH convex functions. Then, by definition, we have

. Fe0f@) 60l
Hoi027) < G (=)@~ @)+ ([(9a) - f@0)s

And,

s 11—s 9(h1)g(d2) _ 9(¢1)9(¢2)
90019 7) S )+ (L= 9)g(@) 9000 + (9(ds) — 9605

Since, f,g > 0, so, we have

F(G o) g(di ol ") < ( f(01) f(¢2) ) ( 9(¢1)g(¢2) )

f(é1) + (f(g2) — f(d1))s

11
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Ky K
s 1 1—s s 1 1—s < ¢11) P2 )
f(¢1 ? )g(¢1 ? ) N K¢1 + (K¢1¢2 + K¢2¢>1 - 2K¢1)5 + (Kdn + K¢2 - K¢1¢>2 - K¢2¢>1)52

Integrating with respect to s over [0,1], we have

1
/0 F(6361)g(g301 ) ds

1
1
< Ky K, / .
' ’ 0 K¢1 + <K¢1¢2 + K¢2¢1 - 2K¢1)3 + (K¢1 + K¢2 - K¢1¢2 - K¢2¢1)32

Using the change of variables by putting

o= oot

and using the formula

! 1 2 1 2ab+D 4 b
——dr = —F——= (tan —— —tan —(——
o axr?+bx+c Vdac — b? Vdac — b? Vdac — b?
, we have
1 ¢2
f@ote)
G2 — @1 1 x
1 2K¢1K¢2

: L(¢1, ¢2) \/4K¢1(K¢1 + Kgy — Kooy — Kipngy) — (Kpyp + Koo, — 2K4,)?
2Ky, + Koy — Kpigy — Kpoir) + (Kpyo + Kippy — 2K4,)

VAK g, (Kg, + Koy — Ky, — Kopp,) — (Ko + Kppgy — 2K5,)?

1 K¢1¢>2 + K¢2¢1 B 2K¢1

\/4K¢1(K¢1 + K¢2 - K¢1¢2 - K¢2¢1) - (K¢1¢2 + K¢2¢1 - 2K¢1)2

where, Ky, = f(¢1)9(¢1), Ko, = f(92)9(P2), Ky = f(01)9(d2), Kppy = f(P2)9(01)
This completes the proof. O

(tan™*

— tan—

)

The results on quantum estimates of the product of two (a,m) — GA and (a,m) — GG
convex functions are given below:

Theorem 3.14. Let f,g: (0,00) — (0,00) be two (a,m) -GA convex functions. Then the
following inequality holds

ogg 1 [*F (f(w)g(a) i
i), et S I o
L o 2 1 b1 1 B 1
(@ e (1w ) 788 (o - ) @9
12
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Proof. As f and g are two (o, m)— GA convex functions, then by definition, we have

F(@165 ") < s f(dn) +m(1 = 5%)f(9)
and

g(#ie5 ") < s7g(on) + m(1 — s")g(62)
Since f,g > 0, so, we have

F(@505 " N g(d505 ™) < 52 f(1)g(d1) +mP(1 — 5%)2 f(2)9(2)
+m(f(61)g(d2) + f(¢2)g(¢1))s*(1 — ).

Taking ¢-integral with respect to s over [0, 1], we have

1

1 1
/ F(@305 N g(@500 ) odys < Ky, / $ odgs +m2 K, / (1= 5)2 od,s
0 0 0

1
+mK$f / s*(1 — %) odys.
0

Note that
1 9]
/ S odgs = (1= ) Y "¢
0 n=0

SR S
n=0

1
= (=97 mn

1
2a + 1],

Similarly, we obtain

/1(1 M2 odgt =1 2 + !
— S — —
0 0T [O‘ + 1]11 [204 + 1]q
and
1
1 1
sl — s%) od,s = -
A ( ) ody a+1], [2a+1],
s—= 1,2 — ¢
And,

L(¢1,¢5)logg
(05 — o0l — 1z’

odgs = dqx

13

126



On substituting these values, we obtain

L% fa)g() ¢-1
ST g 4"
) L S v A PO

(pfﬁw% (1 S [2a1+1]q) +Hmi <[a+1uq - [Qainq))

This completes the proof. O]

Theorem 3.15. Let f,g:(0,00) — (0,00) be two (o,m)— geometrically-geometric (GG)
convex functions. Then the following inequality holds:

1 % log(f(x)g(x)) qg—1
Py — ¢1 /¢1 T hllgl < L(¢1, ¢5") logq
log Ky, 1
([a T, T K (1 bt 11)) (39)

Proof. As f and ¢ are two (a,m)- GG convex functions, then by definitions, we have

F(@505 ) < (F(60))*" (F(a)) 075"

and

g(@5050 ) < (g(61))*" (g(¢2)) ™0~

Since f,g > 0, so, we have

F( @05 N g(@en ™) < (F(1)g9(00))*" (f(d2)g ()™=
Taking log on both sides, we have

log f(¢f¢?(l_s)) + log g(¢f¢?(l_s)) < s%log Ky, +m(1 — 5%)log Ky,

Taking ¢-integral with respect to s over [0,1], we have
1

1 1
/ log F(#167 Yo dys + / log (667 d,s < log K, / 0 dys
0 0 0

1
—i—mlogK¢2/ (1 —5%)0dys
0

Note that
1 o
/ s odgs = (1=q) Y q"(¢")"
0 n=0

= (- Y g
n=0

1
=(-a 1
o
a1,

14

127



Similarly, we have

! 1
1— 5% odgs =1 — ———.
/0( S)qu [a"f'l]q

log log 5"

using the change of variables by putting = = qﬁqb;"(l_s) '+ 5T Toggr-logof'  log d1—log o’ when
s =0,z = ¢'; when s = 1,2 — ¢
And,
L<¢17 gbgn) log q
d,s = dgx
(@ =) (g -1z
On substituting these values, we obtain
L[ lefrloe)) oot
o5 — P11 Jy, x T T log qL(ey, B3Y)
log Ky, 1
+mlogKy, |1 — ————

(muq o < [a+11q))

This completes the proof. O

4. Conclusion

It is concluded that we have obtained the extension of Hermite-Hadamard integral inequality
for geometric convex function as generalized geometric convex functions such as (a,m)-
GA(geometrically-arithmetic), (o, m) GG(geometrically-geometric) and GH(geometrically-
harmonic) convex functions and we have further recaptured these new results in terms of
q-calculus which is a paradigm shift in the realm of convexity theory and integral inequality.
The obtained results will definitely help to estimate the integral mean of the generalized
geometric convex functions. The ideas might be employed to obtain the results for other
type of convex functions.
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