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शोधसार 

सिमा विनाको आधारमा खोज गररएको calculus लाई quantum calculus िा q-calculus  भननन्छ 
। यो calculus को माध्यमबाट discrete (खण्डित) घट्नाहरूको पनन अनुमान गनन मद्दत समल्छ । 
Theory of convex functions र Theory of Inequality मा Hermite-Hadamard प्रकारको 
integral inequality एक असभन्न inequality हो । यो inequality  को मद्दतबाट कुन ैपनन convex 

function को लागग मागिल्लो र तल्लो सिमा ननधानरण गनन िककन्छ । यि ककसिमको inequality 

हरू generalized means, information measures, quadratures  rules  इत्याददमा प्रयोग गररन्छ । 
यो Thesis  मा केदह नयाां प्रकारका convexities  लाई generalized form मा पररभावित गरर 
नतननहरूको Hermite-Hadamard  प्रकारका integral inequality प्रमाणणत गररएका छन ्। यिरी 
प्रमाणणत गररएका inequality  लाई quantum calculus को स्िरूपमा पनन प्रमाणणत गररएका छन ्
। B. G. Pachpatte  ले प्रस्ततु गरेको  product of classical convex functions ननतजाको  आधारमा 
अन्य प्रकारका convex functions  जस्तै geometrically- arithmetic, harmonically – arithmetic,  

geometrically- geometric convex  function हरूलाई generalized form  मा प्रस्ततु गरी नतननहरूका 
product  form को ननतजाहरू प्रमाणणत गररएको छ । यिरी प्राप्त ननतजाहरूलाई q-calculus  मा 
extension गररएका छन ्। यो Thesis  मा harmonically- convex  functions  को लागग Riemann-

Liouville fractional integral को माध्यमबाट Hermite-Hadamard integral inequality प्रमाणणत 
गरी नतननहरूको product form को ननतजा पनन प्रस्तुत गररएका छन ् । भविष्यमा अन्य 
अनुिन्धानकतानहरूले Theory of convex functions  र Theory of inequalities  मा बबसभन्न 
प्रकारका convex functions को Hermite- Hadamard  प्रकारका integral inequality  र नतननहरूको 
quantum version को domain मा काम गनन िक्नछेन ्। 

कीवर्डहरूः Hermite-Hadamard inequality, GA-convexity, HA-convexity, HG-convexity, q-calculus, 

fractional calculus. 
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ABSTRACT

The investigation of the calculus without the notion of limits is quantum calculus or q -

calculus. This calculus is applied to estimate the discrete phenomena as well. The famous

result on the theory of convex functions is the Hermite-Hadamard type integral inequality

which provides a lower and an upper estimation for the integral average of any convex function

defined on a compact interval involving the mid-point and the end points of the domain having

a wider application for generalized means, information measures, quadrature rules, and many

more. In this thesis, some new convexities related to harmonic convexity have been defined

and for each new convexity, a corresponding Hermite-Hadamard inequality has been proved.

The q -analogues of these inequalities have also been obtained. Apart from this, in this

thesis we have generalized harmonically convex function to m -harmonically convex function

and m -harmonically P -function and have obtained some Hermite-Hadamard type integral

inequalities whose first order derivatives are m -harmonically convex functions. The integral

mean of a convex function is connected with the Hermite-Hadamard inequality. From the

results on the products of two classical convex functions as given by B. G. Pachpatte, in

this thesis, we have been able to establish some new results on the products of generalized

geometric convex functions, and these results are further extended to q -analogues which

is a new paradigm in convexity theory and integral inequality. Diagnosing the idea of the

classical convex functions, it is enhanced into m - convex functions which has helped to

extend a convex function’s equality of quantum estimate into an m -convex function. Using

the resulted information, a few novel Hermite-Hadamard integral inequalities are established

whose first order q -derivatives are m -convex functions, and these results are presented

in q -analogues too. In this thesis, Hermite-Hadamard’s inequalities via Riemann-Liouville

fractional integral for the case of harmonically convex function as well as the products of two

harmonically convex functions via Riemann-Liouville fractional integrals are also established.

Extensions and refinements of Hermite-Hadamard type integral inequality for various types

of convex functions in quantum calculus may be the interested domains for the researchers

in future.

Keywords: Hermite-Hadamard inequality, GA- convexity, HA-convexity, HG-convexity, q -

calculus, fractional calculus.
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Chapter 1

INTRODUCTION

1.1 The Origin of Quantum Calculus

Calculus or infinitesimal calculus has a fascinating history. It literally means for small pebbles

but stands for the study of rate of change of physical phenomena which are continuous in

nature around us. It has two major wings viz. Differential Calculus and Integral Calculus

which were invented by Issac Newton(1642-1727) and Gottfried Wilhelm Leibniz(1646-1716),

independently in the middle of the 17th century which is based on the concept of limits

although the elements of it had already been appeared in ancient Greece. The word

‘quantum’ appears to have been derived from the Latin word ‘quantus’ is termed as

the smallest possible discrete unit of any physical property such as energy, matter or

electromagnetic radiation, etc. The usual meaning of limits implies that the space and

time are continuous and is maintained that all natural processes happen continuously on

smooth curves and surfaces. However, the atomic theory in Physics and Chemistry in the

19th century paved a mark that the natural process of dividing into smaller parts will never

terminate in an indivisible part or an atom, a part which lacks in proper parts ahead, i.e.,

continua are divisible without limits. This phenomenon necessitates the origin of developing

another type of calculus, called ‘Quantum Calculus’ which is based on the ‘Finite Difference

Principle’ or calculus without limits. A version of calculus where neither the smoothness of

the function is required nor the limit is applied is quantum calculus, it is a sub-field of more

general mathematical field of time-scale calculus which always provides a unified framework

for studying dynamics equations on both discrete and continuous domains.

The study on q -calculus dates back to Leonhard Euler when he commenced in 1748 [15]

by considering the infinite product

(q; q)−1
∞ = Π∞

k=0

1

1− qk+1
, −1 < q < 1

1



as a generating function for p(n) , the partition function p(n) is the number of ways

to write n as a sum of positive integers. He, furthermore, discovered the first two q -

exponential functions, prelude to binomial theorem. A hundred year later, in 1846 , E. Heine

[17] considered a generalization of the q -hyper-geometric series. But q -calculus became

popular after the paper by Albert Einstein to its usefulness in quantum mechanics in 1905 .

The systematic enhancements on q -calculus were initiated by F.H. Jackson in 1908 [28]

and thereafter. The q -calculus has various dialects as ‘Quantum Calculus’ ; ‘Time-Scale

Calculus’ or ‘calculus of partitions’ . Two types of quantum calculi, h and q are defined as

follows: See [27] for details.

Definition 1.1.1. Let Φ(x) be an arbitrary function. Then the q -derivative of a function

Φ is defined as

DqΦ(t) =
Φ(qt)− Φ(t)

(q − 1)t
, (1.1.1)

where q is a fixed number different from 1 and, the h -derivative is defined as

DhΦ(t) =
Φ(t+ h)− Φ(t)

h
, (1.1.2)

where h is a fixed number different from 0 .

If Φ(t) is differentiable and as q → 1 or h → 0 , then the q -derivative or h -derivative

is simply the classical derivative, denoted by d
dtΦ(t) ,

d

dt
Φ(t) = lim

h→0

Φ(t+ h)− Φ(t)

h
(1.1.3)

i.e.,

lim
q→1

DqΦ(t) = lim
h→0

DhΦ(t) =
d

dt
Φ(t) or Φ′(t)

In 1908 , F. H. Jackson [28] re-introduced, the Euler- Jackson q -difference operator,

called the q -derivative of Φ which is defined as follows:

Definition 1.1.2. Let Φ : (0, b) → R, b ∈ (0,∞) be a continuous function. Then the

q -derivative is defined as

DqΦ(t) =
Φ(qt)− Φ(t)

(q − 1)t
, q ∈ (0, 1), t ∈ (0, b). (1.1.4)

It is clear that if Φ(t) is differentiable, then

lim
q→1

DqΦ(t) =
d

dt
Φ(t),

2



The q -derivative is a discretization of ordinary derivative and therefore it has an

immediate application in numerical analysis.

In 1910 , F. H. Jackson [28] introduced the concept of q -definite integrals extending the

concepts of q -calculus. The q -definite integral is defined as follows:

Definition 1.1.3. Let Φ : [0,∞) → R be a continuous function. Then the q -integral of Φ

on (0, x) is

∫ x

0
Φ(t)dqt = (1− q)x

∞∑

n=0

qnΦ(qnx), x ∈ (0,∞), 0 < q < 1 (1.1.5)

and, the improper q -integral is defined as

∫ ∞

0
Φ(t)dqt = (1− q)

∞∑

n=−∞
qnΦ(qn), 0 < q < 1, (1.1.6)

provided that the series on right hand side converges absolutely.

Tariboon and Ntouyas [55] created an entirely novel study, acquired numerous q -

analogues of classical mathematical objects, and presented the notion of quantum calculus

on finite intervals. They have extended some prominent integral inequalities to the q -

calculus which stimulated other investigators and as a result multiple important outcomes

via quantum equivalents of classical mathematical results were put forward in the literature.

They extended the notion of q -derivative and q -integrals as follows:

Definition 1.1.4. Assume that Φ : [α, β] → R is a continuous function. Then

αDqΦ(t) =
Φ(t)− Φ(qt+ (1− q)α)

(1− q)(t− α)
, t ̸= α, 0 < q < 1 (1.1.7)

and

αDqΦ(α) = lim
t→α

αDqΦ(t)

is called q -derivative of Φ at t ∈ [α, β] .

The q -integral of a continuous function Φ : [α, β] → R is defined by

∫ β

α
Φ(t) αdqt = (1− q)(t− α)

∞∑

n=0

qnΦ (qnx+ (1− qn)α) , 0 < q < 1 (1.1.8)

and for γ ∈ (α, x)

∫ x

γ
Φ(t) αdqt =

∫ x

α
Φ(t) αdqt−

∫ γ

α
Φ(t) αdqt. (1.1.9)

3



1.1.1 Application of Quantum Calculus

Quantum calculus has a numerous applications in various fields of mathematics such as

orthogonal polynomials, combinatorics, number theory, hyper-geometric functions, integral

inequalities, and so on. Apart from this, it has application in Physics such as quantum field

theory, special relativity, knot theory, quantum hydrodynamics, string theory, elementary

particle physics, chemical physics, quantum chemo-dynamics, electroweak interaction, Wess-

Zumino model, q-Coulomb problem, q-hydrogen atom, molecular and nuclear spectroscopy,

and so on. More specifically, it has served as the bridge between mathematics and physics in

the history of the last twenty-five years. For details see [16] and the references cited there in.

1.2 Concepts of Mathematical Inequality

In Mathematics, the word ‘inequality’ means a disparity between the two quantities. Simply,

an ‘inequality’ means that two quantities are not equal. With the emergence of calculus, the

study of inequalities and its role has become increasingly essential.

In modern mathematics, inequalities play a significant role in almost all fields of

mathematics. Several applications of inequalities are found in various areas of sciences such

as physical and engineering. In numerical analysis, the approximation of a definite integral

of a real function Φ(t) over an interval [α, β] , i.e.,

∫ β

α
Φ(t) dt

is a very interesting problem. Therefore, many methods appeared in literature to solve such

problems, and one of the most famous examples of such methods is Newton-Cotes formula

(e.g., midpoint, trapezoidal and Simpsons). Error bounds for these approximations involve

higher order derivatives, i.e., a second order derivative for midpoint and trapezoidal formulas

whereas a fourth order derivative for Simpsons’ method. Therefore, these methods have many

disadvantages as such requires a lot of differentiation (if we assume the derivative exists), with

bounded derivatives that make this class of functions inefficient and inelastic to solve such

problems. In recent years, theory of inequalities is used at large and many efforts devoted

to establish several generations of the midpoint, trapezoid and Simpsons’ inequalities for

mappings of bounded variations.

Numerous important inequalities have been employed as powerful tools not only

in mathematics but also in other areas of mathematics such as the theory of means,

approximation theory, numerical analysis, and so on. For example, the famous arithmetic-

geometric mean inequality was elegantly used by Erdois and Grunwald [4] to estimate integrals

by rectangles and tangential triangles. The importance of inequalities is mainly highlighted
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by their role in analysis, but the use of inequalities can sometimes be quite unexpected, for

example in graph theory. In their book, Aigner and Ziegler [4] discussed a simple proof of

Turan’s Theorem on the number of edges of graph without triggles whose proof is done by

applying the Cauchy-Schwarz inequality. The theory of inequalities is now an important

branch of mathematics. In his essay, Fink [18] traced the development of inequalities as a

discipline of mathematics. Fink sketched the history of inequalities from ancient times where

the inequalities were known as geometrical facts, for the awakening of inequality analysis

in the early 18th century. One of the most notable books written in inequality theory

is the famous ‘Classic Inequalities’ by Hardy, Littlewood and Polya,[21, 22] which was

published in 1934 . Some of the famous books in this area are Beckenbach and Bellmann’s

[7] “Inequalities”, which was published in 1961 , and Mitrinovic’s “Analytic Inequalities”in

1970 . Number of papers on inequalities are published after the publication of these three

books. Several journals are devoted to inequalities, most notably, ‘Journal of Inequalities and

Applications’ with the first volume in 1998 , “Journal of Inequalities in Pure and Applied

Mathematics”with the first volume in 2000 and ‘Journal of Mathematical Inequalities’ which

has been launched in 2007 .

One of the most important inequalities that has been attracted by many inequality experts

in the last few decades is the famous Hermite-Hadamard inequality. Although it was firstly

known in literature as a result of J. Hadamard in 1893 , this result was actually due to

C. Hermite in 1881 , as pointed out by Mitrinovic and Lacovic [36] in 1985 . Due to this

fact, most experts refers to it as Hermite-Hadamard (or sometimes, Hadamard- Hermite)

inequality.

1.2.1 The Hermite-Hadamard Inequality

For a convex function Φ , the following double inequality

(β − α)Φ

(
α+ β

2

)
≤
∫ β

α
Φ(x) dx ≤ (β − α)

Φ(α) + Φ(β)

2
, α, β ∈ R (1.2.1)

was known in the literature as the Hadamard’s inequality. However, this inequality was

actually suggested by Hermite. On 22 November 1881 , Hermite sent a letter to the journal

‘Mathesis’ . An extract from that letter was then published in ‘Mathesis’, in 1883 , page

82. One of the inequalities which was mentioned by Hermite in this note is the inequality

(1.2.1).This note was nowhere mentioned in the mathematical literature and the important

inequalities of Hermite were not widely known as Hermite’s results. E. F. Bechenbach [7, 12],

a leading expert on the theory of complex functions, wrote that the inequality (1.2.1) was

proven by Hadamard in 1893 and apparently was not aware of Hermite’s results. Fejer in

1906 , while studying trigonometric polynomials obtained inequalities which generalize (1.2.1)

but again Hermite’s work was not acknowledged. In 1905 , Jensen defined convex functions
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using the first and the last terms of inequality (1.2.1), that is

Φ

(
α+ β

2

)
≤ Φ(α) + Φ(β)

2
(1.2.2)

for all α, β ∈ R . The inequality (1.2.2) is referred as the Jensen’s inequality. It is important

to note that inequality (1.2.1) provides a refinement to the Jensen’s inequality. In 1974 , D. S.

Mitrinovic found Hermite’s note in ‘Mathesis’. Due to these historical facts, inequality (1.2.1)

is now referred to as the Hermite-Hadamard inequality. The Hermite-Hadamard inequality

plays a great role in the theory of convex functions. It provides a necessary and sufficient

condition for a function to be convex in an open interval of real numbers. It also interpolates

Jensen’s inequality which is also an important inequality in the study of convex functions.

In the monograph, Dragomir and Pierce[12] stated that the Hermite-Hadamard inequality is

the first fundamental result for convex functions with a natural geometrical interpretations

and many applications have attracted and continues to attract much interest in elementary

mathematics. The H-H inequality has made great contributions in the fields of integral

inequalities, approximation theory, special means theory, optimization theory, information

theory, and numerical analysis. It has been developed for different classes of convexity such

as quasi-convexity, Godunova-Levin convexity, log-convex, r-convex, P-convex functions, etc.

The Hermite-Hadamard inequality usually stated as a result valid for convex functions

only, actually it holds for many other functions. The Hermite-Hadamard inequality provides

a lower and an upper estimation for the integral average of any convex function defined

on a compact interval involving the mid-point and the end points of the domain. This

inequality has various applications for generalized means, information measures, quadrature

rules, etc. and there is a growing literature providing new proofs, extensions, refinements and

generalizations. It has become a corner stone in mathematical analysis and in optimization

theory. It gives an estimate of mean value of a convex function which works great in analysis

and partial differential equations.

Inequalities play important roles in understanding many mathematical concepts, such

as probability theory, numerical integration and integral operator theory. Through the last

century, H-H type inequality has been considered to be among the fastest growing fields in

mathematical analysis, through which vast problems in engineering, physics and economics

have been studied. Due to the enormous importance of these inequalities, many extensions,

refinements, and generalizations of their related types have been equally investigated.

An interesting problem in H-H inequality attracts many researchers in the determinations

of the two bounds of quantities given as follows:

∣∣∣∣
1

β − α

∫ β

α
Φ(t) dt− Φ

(
α+ β

2

)∣∣∣∣ (1.2.3)
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and

∣∣∣∣
Φ(α) + Φ(β)

2
− 1

β − α

∫ β

α
Φ(t) dt

∣∣∣∣ (1.2.4)

One vital problem associated with the H-H- inequality is the estimation of the mid-point and

trapezoid type inequalities, when the difference between the left part of the H-H inequality

and the integral of the function under study is observed, the quantity obtained is simply

called the mid-point type inequality. Meanwhile, when such a difference is determined with

the right hand side of the H-H inequality, here the quantity involved is called the trapezoid

type inequality. Recently, different integral inequalities were obtained through differentiable

convexity.

1.2.2 Physical Interpretation of Hermite-Hadamard Inequal-

ity

The core meaning of the Hermite-Hadamard inequality is translated into reality as follows:

1. The average value of a convex function Φ defined on [α, β] is between the value of Φ

at the mid-point t = α+β
2 and the average of the values of Φ at the end points α and

β .

2. The mid-point formula estimates the integral from left and the trapezoidal formula

estimates the integral from right.

3. The first inequality is stronger than the second inequality, i.e., if Φ is convex on [α, β] ,

then

1

β − α

∫ β

α
Φ(t) dt− Φ

(
α+ β

2

)
≤ Φ(α) + Φ(β)

2
− 1

β − α

∫ β

α
Φ(t) dt (1.2.5)

1.2.3 Geometrical Interpretation of Hermite-Hadamard In-

equality

The area below the graph of Φ on [α, β] lies between the areas of two trapeziums, namely

the one formed by the endpoints of coordinates (α,Φ(α)), (β,Φ(β)) with the x -axis, the

second one formed by the tangent to the graph of Φ at
(
α+β
2 , Φ

(
α+β
2

))
with x -axis.
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1.3 Mathematical Means

Definition 1.3.1. A function M : R2
+ → R+ is said to be a mean function if it has the

following properties: (for details, see [9].)

1. Homogeneity:M(αx, αy) = αM(x, y) for all α > 0 .

2. Symmetry: M(x, y) =M(y, x) ∀x, y ∈ R+ .

3. Reflexivity: M(x, x) = x ∀x ∈ R+ .

4. Monotonically: If x ≤ x′ and y ≤ y′ , then M(x, y) ≤M(x′, y′) .

5. Internalized: min {x, y} ≤ M(x, y) ≤ max {x, y} .

1.3.1 Applications to Special Means

Let us consider the following means:

1. The arithmetic mean:

A(α, β) =
α+ β

2
, α, β ∈ R.

2. The weighted arithmetic mean:

At(α, β) = tα+ (1− t)β, α, β ∈ R, t ∈ [0, 1].

3. The geometric mean:

G(α, β) =
√
αβ, α, β ∈ R+.

4. The harmonic mean:

H(α, β) =
2αβ

α+ β
, α, β ∈ R\{0}.

5. The weighted harmonic mean:

Ht(α, β) =

(
t

α
+

1− t

β

)−1

, α, β ∈ R\{0}.
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6. The logarithmic mean:

L(α, β) =




α ifα = β

β−α
log β−logα ifα ̸= β

, α, β ∈ R+.

7. The generalized logarithmic mean:

Ln(α, β) =




α ifα = β
(
βn+1−αn+1

(n+1)(β−α)

) 1
n

ifα ̸= β
, α, β ∈ R+, n ∈ R\{−1, 0}.

8. The identric mean:

I(α, β) =




α ifα = β

1
e

(
ββ

αα

) 1
β−α

ifα ̸= β
, α, β ∈ R+.

9. The power mean:

Mr(α, β) =

(
αr + βr

2

) 1
r

, r ≥ 1, α, β ∈ R+.

1.4 Convex Functions

The special properties of functions of real variables include continuity, convexity,

monotonocity and differentiability. Of them, convexity plays a significant role in the

development of several branches of mathematics since it includes the theory of convex

functions that possess the following two important properties as the maximum value is

attained at a boundary point and any local minimum is a global one. Although convexity

is a basic notion in geometry but widely used in other areas of mathematics viz. functional

analysis, complex analysis, calculus of variations, graph theory, partial differential equation,

discrete mathematics, algebraic geometry, probability theory, coding theory, crystallography,

and many other fields. It plays an important role outside of mathematics such as in physics,

chemistry, biology, economics, finance, and more.

1.4.1 Affine and Convex Sets

Let S ⊂ Rn be a set. We say that the set

1. S is affine if tx+ (1− t)y ∈ S, x, y ∈ S, t ∈ R, and

2. S is convex if tx+ (1− t)y ∈ S, x, y ∈ S, t ∈ [0, 1]
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Geometrically, when x and y are distinct points in Rn , the set L = {z ∈ Rn : z =

tx+ (1− t)y, t ∈ R} of all affine combinations of x and y is simply the line determined by

x and y , and the set C = {z ∈ Rn : z = tx+ (1− t)y, t ∈ [0, 1]} is called the line segment

between x and y .

1.4.2 Classical Convex Functions

Definition 1.4.1. A function Φ : I ⊂ R → R, I ̸= ϕ, is said to be an Arithmetically-

arithmetic convex or simply a convex function on I if the inequality

Φ(tα+ (1− t)β) ≤ tΦ(α) + (1− t)Φ(β) (1.4.1)

holds for all α, β ∈ I and t ∈ [0, 1] .

If the function Φ is concave then the inequality reverses.

Geometrically, the convexity of a function means that if P,Q,R are three distinct points

on the graph of Φ with Q between P and R , then the point Q is on or below the chord

PR . A convex function lies below its secant lines.

Remark 1.4.2. For any real-valued function Φ on a closed interval I, we say that Φ is

midpoint convex if,

Φ

(
α+ β

2

)
≤ Φ(α) + Φ(β)

2
∀α, β ∈ I (1.4.2)

This can be interpreted as, ‘for convex Φ , the average of Φ exceeds Φ of the average’.

1.4.3 Quasi-Convex Functions

The notion of quasi-convex functions generalizes the notion of convex functions. More

precisely,

Definition 1.4.3. A function Φ : [α, β] → R is said to be quasi-convex on [α, β] if the

inequality

Φ(tx+ (1− t)y) ≤ max{Φ(x),Φ(y)} (1.4.3)

holds for any x, y ∈ [α, β] and t ∈ [0, 1] .

Clearly, any convex function is a quasi-convex function. However, there do exist quasi-

convex functions which are not convex.
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Example 1.4.1. The function Φ : [−2, 2] → R ,

Φ(x) =




1 if x ∈ [−2,−1]

x2 if x ∈ (−1, 2].

is not a convex function on [−2, 2] but it is a quasi-convex function on [−2, 2].

So, the nature of a quasi-convexity of the function is a generalization of convexity of

the function. Also, a quasi-convex function may be neither convex function nor continuous

function. For details, see [50].

Example 1.4.2. The floor function Φ(x) = ⌊x⌋ , where x is the largest integer not greater

than x is an example of monotonic increasing function which is a quasi-convex but it is

neither convex nor continuous.

1.4.4 m -Convex Functions

Toader in 1985 [59] introduced the concept of m -convexity of the function Φ as follows:

Definition 1.4.4. [59] The function Φ : [0, b] → R, b > 0, is said to be an m -convex

function if

Φ(tα+m(1− t)β) ≤ tΦ(α) +m(1− t)Φ(β) (1.4.4)

holds for all α, β ∈ [0, b], t ∈ [0, 1], m ∈ [0, 1] .

The m -convexity is intermediate concept between usual convexity and star-shaped

function. We recall that a function Φ : [0, b] → R is called a star-shaped function if

Φ(tα) ≤ tΦ(α)

holds for all α ∈ [0, b], t ∈ [0, 1] .

1.4.5 (α,m) -Convex Functions

Mihesan in 1993 generalized the concept of m -convexity into (α,m) - convexity as follows:

For details, see [35].

Definition 1.4.5. The function Φ : [0, b] → R, b > 0, is said to be an (α,m) -convex

function, where (α,m) ∈ [0, 1]2 if we have

Φ(tx+m(1− t)y) ≤ tαΦ(x) +m(1− tα)Φ(y) (1.4.5)
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for all x, y ∈ [0, b] and t ∈ [0, 1].

1.4.6 The Harmonically Convex Functions

Definition 1.4.6. [25] A set H ⊂ Rn\{0} is said to be a harmonic convex set if

αβ

tα+ (1− t)β
∈ H

holds for all α, β ∈ H, t ∈ [0, 1] .

Definition 1.4.7. A function Φ : H ⊂ Rn → R, where H ̸= ϕ a harmonic convex set in

Rn\{0}, is a harmonic convex function on H if

Φ

(
αβ

tα+ (1− t)β

)
≤ tΦ(β) + (1− t)Φ(α)

holds for all α, β ∈ H, t ∈ [0, 1] .

If the inequality reverses, then Φ is harmonically concave function. See [24, 25] for

details.

1.5 Evolution on q -Hermite-Hadamard Inequality

Tariboon et al. in 2014 [55] studied the concept of q -derivatives and q -integrals over the

intervals of the form [α, β] ⊂ R and settled a number of q -analogues of some well known

results such as Holder’s, Hermite-Hadamard’s, Ostrowski’s, Cauchy-Bunayakovaski-Schwarz’s

and Gruss- Chebysev’s inequalities using classical convexity. They presented q -Hermite-

Hadamard integral inequality as follows:

Theorem 1.5.1. Let Φ : [α, β] → R be a convex continuous function on [α, β] and

0 < q < 1 be a constant. Then we have

Φ

(
α+ β

2

)
≤ 1

β − α

∫ β

α
Φ(x)αdqx ≤ qΦ(α) + Φ(β)

1 + q
. (1.5.1)

Kunt and Iscan in 2016 [3] gave a counterexample and showed that the left hand side of

the inequality (1.5.1) is not correct and they proved a correct form of q -Hermite- Hadamard

inequality which is stated as follows:

Theorem 1.5.2. Let Φ : [α, β] → R be a convex differentiable function on (α, β) and
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0 < q < 1 be a constant. Then we have

Φ

(
qα+ β

1 + q

)
≤ 1

β − α

∫ β

α
Φ(x)αdqx ≤ qΦ(α) + Φ(β)

1 + q
. (1.5.2)

In 2018 , Alp et al. [3] studied the q -analogue of Hermite-Hadamard’s inequality for

increasing functions and provided the generalized q -Hermite-Hadamard integral inequality

for differentiable convex function which is stated as follows:

Theorem 1.5.3. Let Φ : [α, β] → R be a convex differentiable function on (α, β) and

0 < q < 1 be a constant. Then we have

max{I1, I2, I3} ≤ 1

β − α

∫ β

α
Φ(x)αdqx ≤ qΦ(α) + Φ(β)

1 + q
(1.5.3)

where

I1 = Φ

(
qα+ β

1 + q

)
,

I2 = Φ

(
α+ qβ

1 + q

)
+

(1− q)(β − α)

1 + q
Φ′
(
α+ qβ

1 + q

)
, and

I3 = Φ

(
α+ β

2

)
+

(1− q)(β − α)

2(1 + q)
Φ′
(
α+ β

2

)
.

Pachpatte in 2012 [46] established the two Hermite-Hadamard type inequalities for

product of two classical convex functions as follows:

Theorem 1.5.4. Let Φ,Ψ : [α, β] ⊂ R → [0,∞) be two convex functions on (α, β) and

α < β . Then

(i)
1

β − α

∫ β

α
Φ(x)Ψ(x) dx ≤ 1

3
M(α, β) +

1

6
N(α, β), and

(ii) 2Φ

(
α+ β

2

)
Ψ

(
α+ β

2

)
≤ 1

β − α

∫ β

α
Φ(x)Ψ(x) dx+

1

6
M(α, β) +

1

3
N(α, β)

where M(α, β) = Φ(α)Ψ(α) + Φ(β)Ψ(β); N(α, β) = Φ(α)Ψ(β) + Φ(α)Ψ(β) Sudsutad

et al. in 2015 [54] established q -integral inequalities for product of two classical convex

functions as follows:

Theorem 1.5.5. Let Φ,Ψ : [α, β] ⊂ R → [0,∞) be two convex functions on [α, β] and
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α < β . Then the following inequalities hold:

(i)
1

β − α

∫ β

α
Φ(x)Ψ(x) αdqx ≤ Φ(α)Ψ(β)

1 + q + q2
+
q(1 + q2)Φ(β)Ψ(β) + q2N(α, β)

(1 + q)(1 + q + q2)
, (1.5.4)

(ii) 2Φ

(
α+ β

2

)
Ψ

(
α+ β

2

)
≤ 1

β − α

∫ β

α
Φ(x)Ψ(x) αdqx+

2q2M(α, β) + (1 + 2q + q2)N(α, β)

2(1 + q)(1 + q + q2)
,

(1.5.5)

where M(α, β) = Φ(α)Ψ(α) + Φ(β)Ψ(β); N(α, β) = Φ(α)Ψ(β) + Φ(α)Ψ(β)

1.6 Research Gap

The existing literature indicates that the refinements and enhancements of the Hermite-

Hadamard type inequalities for different types of convex functions in the framework of

quantum calculus are still open. Based on the literature available, this thesis has incorporated

the statement of the problem as follows:

1.7 Problem Statement

In this thesis, the main problem statement is devoted to introduce and discuss

several inequalities of Hermite-Hadamard on different types of convexities namely

generalized harmonically-arithmetic convex function, generalized geometrically-arithmetic

convex functions, differentiable m -convex functions, differentiable harmonically m -convex

functions in the framework of quantum calculus. This thesis has also included H-H integral

inequality for harmonically convex function through Riemann-Liouville fractional integrals.

Apart from these, the refinements of Hermite-Hadamard type integral inequality is enhanced

in quantum calculus, specially in q -calculus which is a paradigm- shift in the theory of

convexity and theory of inequality.

1.8 Objectives of the Study

The objectives of this study are

1. To study Hermite-Hadamard (H-H) integral inequality and enhance it on various types

of convex functions.

2. To develop H-H integral inequality for generalized harmonically-arithmetic and

harmonically-geometric convex functions.
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3. To extend H-H integral inequality for generalized geometrically-arithmetic convex

functions.

4. To establish H-H inequalities for the products of generalized convex functions in q -

calculus.

5. To expand H-H inequality for differentiable m -convex functions.

6. To establish H-H inequality for differentiable harmonically m -convex functions.

7. To establish H-H inequality for harmonically convex functions through Riemann-

Liouville fractional integrals

1.9 Structure of the Thesis

Categorically, this thesis incorporates seven chapters. The first chapter comprises of the

origin of quantum calculus, how it is different from ordinary calculus and application of

quantum calculus in various domain of Mathematics and Physics. It has also included

different aspects of convex functions and mathematical inequalities, Especially, Hermite-

Hadamard type integral inequality for classical convex function. The mathematical means

and their corresponding properties along with different types of special means have also been

incorporated.

In the second chapter, the researcher diagnosed the idea of the classical convex functions

and enhances it into m - convex functions which helps to extend a convex function’s equality

of quantum estimate to an m -convex function. Using the resulting information, a few novel

Hermite-Hadamard integral inequalities are established whose first order q -derivatives are

m -convex functions.Then the so obtained outcomes are presented in q -analogues too.

The third chapter introduces the extended idea of Hermite-Hadamard type integral

inequality for geometrically-arithmetic (GA) convex functions and their product which is

an extension of the results obtained by B. G. Pachepatte of classical convex functions. The

newly obtained results are then modeled in q -calculus.

The fourth chapter incorporates the idea of harmonically-arithmetic (HA) convex function

to their generalized versions as well as the products of Hermite-Hadamard inequality for

harmonically-arithmetic convex functions in q -calculus. This chapter enhances some more

results on generalized harmonically-convex functions.

The fifth chapter entails generalized harmonically convex function to m -harmonically

convex function and applied them to develop some Hermite- Hadamard type integral

inequalities whose first order derivatives are m -harmonically convex function. Apart from
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this, this chapter enhances harmonically P -function to m -harmonically P -function and

applied them to extend Hermite-Hadamard type integral inequalities.

The sixth chapter includes the results on H-H integral inequality for harmonically convex

function via Riemann-Liouville fractional integrals.

The Summary, Conclusion and the Recommendation section of this research work is

presented in the seventh chapter of this thesis.
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Chapter 2

q -HERMITE-HADAMARD

INEQUALITY WHOSE FIRST

ORDER DERIVATIVES ARE m-

CONVEX FUNCTIONS

2.1 Introduction

In this section, equality of quantum estimates of a convex function is extended to an m -

convex function. Using the resulted information, a few novel Hermite-Hadamard integral

inequalities are established whose first order q -derivatives are m -convex functions and these

outcomes are modeled in q -analogues. In this chapter, it is focused to enhance a few q -

Hermite-Hadamard type integral inequalities for m -convex functions by taking into account

the outcomes of quantum estimates of convex functions.

2.2 Preliminary Results

The ideas and research on q -calculus that were previously known are reviewed and stated in

this section before applying in the subsequent work.

Let K = [u, v] ⊂ R, K0 = (u, v) be intervals and q ∈ (0, 1) be any constant.

Theorem 2.2.1. [30] Let Φ1,Φ2 : K → R be continuous functions, and α ∈ R . Then, for
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x ∈ K, we have

(i)

∫ x

u
(Φ1(s) + Φ2(s)) udqs =

∫ x

u
Φ1(s) udqs+

∫ x

u
Φ2(s) udqs,

(ii)

∫ x

u
(αΦ1)(s) udqs = α

∫ x

u
Φ1(s) udqs, and

(iii)

∫ x

c
Φ1(s)uDqρ2(s) udqs = |Φ1Φ2|xc −

∫ x

c
Φ2(qs+ (1− q)u)uDqΦ1(s) udqs, c ∈ (u, x).

Alp. et al. [3] in 2018 introduced the correct form of q -Hermite-Hadamard type integral

inequality as follows:

Theorem 2.2.2. [3] Let Φ : K → R be a continuous function on K, q ∈ (0, 1) . Then we

have

Φ

(
qu+ v

1 + q

)
≤ 1

v − u

∫ v

u
Φ(s) udqs ≤

qΦ(u) + Φ(v)

1 + q
. (2.2.1)

Lemma 2.2.3. [54] Let Φ : K → R be a continuous function and q ∈ (0, 1) . If uDqΦ is

an integrable function on K0 , then the following relation holds:

qΦ(u) + Φ(v)

1 + q
− 1

v − u

∫ v

u
Φ(s) udqs =

q(v − u)

1 + q

∫ 1

0
(1− (1 + q)s) uDqΦ(sv + (1− s)u) 0dqs.

Lemma 2.2.4. [54] Let q ∈ (0, 1) . Then the following equality holds:

(i)

∫ 1

0
1 0dqs = 1.

(ii)

∫ 1

0
s 0dqs =

1

1 + q
.

(iii)

∫ 1

0
s2 0dqs =

1

1 + q + q2
.

Lemma 2.2.5. [54] Let q ∈ (0, 1) . Then the following equality holds:

∫ 1

0
|1− (1 + q)s| 0dqs =

q(2 + q + q2)

(1 + q)3
.

Lemma 2.2.6. [54] Let q ∈ (0, 1) . Then the following equality holds:

∫ 1

0
s|1− (1 + q)s| 0dqs =

q(1 + 4q + q2)

(1 + q)3(1 + q + q2)
.
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Lemma 2.2.7. [54] Let q ∈ (0, 1) . Then the following equality holds:

∫ 1

0
(1− s)|1− (1 + q)s| 0dqs =

q(1 + 3q2 + 2q3)

(1 + q)3(1 + q + q2)
.

Theorem 2.2.8. [54] Let Φ : K → R be a continuous function. If |uDqΦ| is convex and

integrable on K0 , then the inequality below holds:

∣∣∣∣
qΦ(u) + Φ(v)

1 + q
− 1

v − u

∫ v

u
Φ(s) udqs

∣∣∣∣ ≤

q2(v − u)

(1 + q)4(1 + q + q2)

(
(1 + 4q + q2)|uDqΦ(v)|+ (1 + 3q + 2q3)|uDqΦ(u)

)
.

Theorem 2.2.9. [54] Let Φ : K → R be a continuous function. If |uDqΦ|r is convex and

integrable on K0 ,and r ≥ 1 , then the following result holds:

∣∣∣∣
qΦ(u) + Φ(v)

1 + q
− 1

v − u

∫ v

u
Φ(s) udqs

∣∣∣∣ ≤

q2(2 + q + q2)(v − u)

(1 + q)4

[
(1 + 4q + q2)| uDqΦ(v)|r + (1 + 3q2 + 2q3)| uDqΦ(u)|r

(1 + 3q2 + 2q3)(2 + q + q2)

] 1
r

.

Theorem 2.2.10. [54] Let ρ1 and ρ2 be two real-valued, non-negative and convex functions

on K . Then the following inequality holds:

1

v − u

∫ v

u
ρ1(x)ρ2(x)udqx ≤ ρ1(u)ρ2(u)

1 + q + q2
+

q(1 + q2)ρ1(v)ρ2(v) + q2N(u, v)

(1 + q + q2)(1 + q)
.

Theorem 2.2.11. [54] Let Φ1 and Φ2 be two real-valued, non-negative and convex functions

on K . Then the following results hold:

(i.)
(1 + q)(1 + q + q2)

(v − u)2

∫ v

u

∫ v

u

∫ 1

0
Φ1(sy + (1− s)x)Φ2(sy + (1− s)x) 0dqsudqx udqy ≤

(1 + 2q + q2)

(v − u)

∫ v

u
Φ1(x)Φ2(x)udqx+

2q2

(1 + q)2
[(q2Φ1(u)Φ2(u) + Φ1(v)Φ2(v)) + qN(u, v)]
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(ii)
1 + q + q2

v − u

∫ v

u

∫ 1

0
Φ1(sy + (1− s)

u+ v

2
)Φ2(sy + (1− s)

u+ v

2
) 0dqs udqy ≤

1

v − u

∫ v

u
Φ1(x)Φ2(x) udqx+

q(1 + q2)

4(1 + q)
(M(u, v) +N(u, v))

+
q2

2(1 + q)2
(2(qϕ1(u)ϕ2(u) + Φ1(v)Φ2(v)) + (1 + q)N(u, v))

where M(u, v) = Φ1(u)Φ2(u) + Φ1(v)Φ2(v), N(u, v) = Φ1(u)Φ2(v) + Φ1(v)Φ2(u).

2.3 Main Results

In this section, first of all, we extend Lemma 2.2.3 assuming that uDqΦ is q -integrable

m -convex function and then present some quantum estimates of Hermite-Hadamard type

integral inequalities for m -convex function on [mu, v] .

Lemma 2.3.1. Let Φ : K → R be a continuous function and q ∈ (0, 1) . If uDqΦ is q -

integrable m -convex function on K0 , where K0 is interior of K , then the following equality

holds:

1

v −mu

∫ v

mu
Φ(s)mudqs−

qϕ(mu) + Φ(v)

1 + q
=
q(v −mu)

1 + q

∫ 1

0
(1− (1 + q)s) uDqΦ(sv +m(1− s)u)0dqs

Proof. Using q -derivative on a finite interval, we have

∫ 1

0
(1− (1 + q)s)uDqΦ(sv +m(1− s)u) 0dqs =

∫ 1

0
1 uDqΦ(sv +m(1− s)u) 0dqs

− (1 + q)

∫ 1

0
s uDqΦ(sv +m(1− s)u) 0dqs

=

∫ 1

0

Φ(sv +m(1− s)u)− Φ(qsv +m(1− qs)u)

s(1− q)(v −mu)
0dqs

− (1 + q)

∫ 1

0
s.
Φ(sv +m(1− s)u)− Φ(qsv +m(1− qs)u)

s(1− q)(v −mu)
0dqs

=
1

v −mu
[

∞∑

n=0

Φ(qnv +m(1− qn)u)−
∞∑

n=0

Φ(qn+1v −m(1− qn+1)u)]

− 1 + q

v −mu

[ ∞∑

n=0

qnρ(qnv +m(1− qn)u)−
∞∑

n=0

qnΦ(qn+1v −m(1− qn+1)u)

]
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—

=
Φ(v)− Φ(mu)

v −mu
− 1 + q

v −mu

∞∑

n=0

qnΦ(qnv +m(1− qn)u)+

1 + q

v −mu

∞∑

n=0

qnΦ(qn+1v +m(1− qn+1)u)

=
Φ(v)− Φ(mu)

v −mu
− 1 + q

v −mu

∞∑

n=0

qn(qnv +m(1− qn)u)+

1 + q

q(v −mu)

[
Φ(v)− Φ(u)

∞∑

n=1

qnρ(qn+1v +m(1− qn+1)u)

]

=
Φ(v)− Φ(mu)

v −mu
− (1 + q)Φ(v)

q(v −mu)

+
1 + q

q(v −mu)

∞∑

n=0

qnΦ(qnv +m(1− qn)u)

− 1 + q

v −mu

∞∑

n=0

qnΦ(qnv +m(1− qn)u).

= −qΦ(mu) + Φ(v)

q(v −mu)
+

(1 + q)(1− q)(v −mu)

q(v −mu)(v −mu)

∞∑

n=0

qnΦ(qnv +m(1− qn)u)

= −qΦ(mu) + Φ(v)

q(v −mu)
+

(1 + q)

q(v −mu)2

∫ v

mu
Φ(s)mudqs

=
1 + q

q(v −mu)

[
1

v −mu

∫ v

mu
Φ(s)mudqs−

qΦ(mu) + Φ(v)

1 + q

]

Thus, we have

1

v −mu

∫ v

mu
Φ(s)mudqs−

qΦ(mu) + Φ(v)

1 + q

=
q(v −mu)

1 + q

∫ 1

0
(1− (1 + q)s) uDqΦ(sv +m(1− s)u)0dqs.
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The proof is now complete.

Remark 2.3.2. If m = 1 , and then it reduces to the result as given in Lemma 2.2.3, and if

q → 1, m = 1 , then it reduces to the following result:

Φ(u) + Φ(v)

2
− 1

v − u

∫ v

u
Φ(x)dx =

v − u

2

∫ 1

0
(1 − 2s)Φ′(sv + (1 − s)u)ds.

Theorem 2.3.3. Let Φ : K → R be a continuous function. If |muDqΦ| is m -convex and

integrable on K0 , then the following inequality holds:

|qΦ(mu) + Φ(v)

1 + q
− 1

v −mu

∫ v

mu
Φ(s) udqs| ≤

q2(v −mu)

(1 + q)4(1 + q + q2)
((1 + 4q + q2)|muDqΦ(v)|+ (1 + 3q + 2q3)|muDqΦ(u)).

Proof. Using Lemma 2.2.4 and m -convexity of muDqΦ on J0 and Lemma 2.2.6 and Lemma

2.2.7, we have

∣∣∣∣
1

v −mu

∫ v

mu
Φ(s)mudqs−

qΦ(mu) + ρ(v)

1 + q

∣∣∣∣

=

∣∣∣∣
q(v −mu)

1 + q

∫ 1

0
(1− (1 + q)s)uDqΦ(sv +m(1− s)u) 0dqs

∣∣∣∣

≤ q(v −mu)

1 + q

∫ 1

0
|1− (1− q)s|[s|muDqΦ(v) +m(1− s)|muDqΦ(u)|] 0dqs

≤ q(v −mu)

1 + q
[|muDqΦ(v)|

∫ 1

0
s|1− (1 + q)s|0dqs+m|muDqΦ(u)|

∫ 1

0
(1− s)|1− (1 + q)s|0dqs]

=
q(v −mu)

1 + q
[|muDqΦ(v)|

q(1 + 4q + q2)

(1 + q)3(1 + q + q2)
+

mq(1 + 3q2 + 2q3)

(1 + q)3(1 + q + q2)
|muDqΦ(u)|]

=
q2(v −mu)

(1 + q)4(1 + q + q2)
[|muDqΦ(v)|(1 + 4q + q2) +m(1 + 3q2 + 2q3)|muDqΦ(u)|].

The proof is complete.

Remark 2.3.4. If m = 1 , then it reduces to the previous result as in Theorem 2.2.9.

Remark 2.3.5. If m = 1 , q → 1 then, the above result reduces to the following already

established result as

∣∣∣∣
Φ(u) + Φ(v)

2
− 1

v − u

∫ v

u
Φ(s) ds

∣∣∣∣ ≤
(v − u)

8

[
|Φ′(v)|+ |Φ′(u)|

]
.

We prove the second result of q -integral inequality for m -convex function on [mu, v] .

Theorem 2.3.6. Let Φ : K → R be a continuous function. If |muDqΦ|r is m -convex and
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integrable on K0 and r ≥ 1 , then the following result holds:

∣∣∣∣
qΦ(mu) + Φ(v)

1 + q
− 1

v −mu

∫ v

mu
Φ(s) udqs

∣∣∣∣

≤ q2(2 + q + q2)(v −mu)

(1 + q)4

(
(1 + 4q + q2)|muDqΦ(v)|r + (1 + 3q2 + 2q3)|muDqΦ(u)|r

(1 + q + q2)(2 + q + q3)

) 1
r

Proof. From Lemma 2.3.1 and using power-mean inequality and m -convexity of |muDqΦ|r ,
and Lemma 2.2.5, Lemma 2.2.6, and Lemma 2.2.7, we have

∣∣∣∣
1

v −mu

∫ v

mu
Φ(s)mudqs−

qΦ(mu) + ρ(v)

1 + q

∣∣∣∣

=

∣∣∣∣
q(v −mu)

1 + q

∫ 1

0
(1− (1 + q)s)uDqΦ(sv +m(1− s)u)0dqs

∣∣∣∣

≤ q(v −mu)

(1 + q)

∫ 1

0
(1− (1 + q)s)uDqΦ(sv +m(1− s)u)0dqs|

≤ q(v −mu)

1 + q

(∫ 1

0
|1− (1 + q)s|0dqs)

)1− 1
r
(∫ 1

0
|1− (1 + q)s|maDqΦ(sb+m(1− s)a)|r0dqs

) 1
r

≤ q(v −mu)

1 + q

(∫ 1

0
|1− (1 + q)s| 0dqs)

)1− 1
r

(
|muDqρ(v)|r

∫ 1

0
s|1− (1 + q)s0dqs+m|muDqΦ(u)|r

∫ 1

0
(1− s)|1− (1 + q)s| 0dqs

) 1
r

≤ q(v −mu)

1 + q

(
q(2 + q + q2)

(1 + q)3

)1− 1
r

(
q

(1 + q + q2)(1 + q)3
(
(1 + 4q + q2)|muDqΦ(v)|r +m(1 + 3q2 + 2q3)|muDqΦ(u)|r

)) 1
r

= |qΦ(mu) + Φ(v)

1 + q
− 1

v −mu

∫ v

mu
Φ(s) udqs|

≤ q2(2 + q + q2)(v −mu)

(1 + q)4

(
(1 + 4q + q2)|muDqΦ(v)|r + (1 + 3q2 + 2q3)|muDqΦ(u)|r

(1 + q + q2)(2 + q + q3)

) 1
r

.

The proof is complete.
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Remark 2.3.7. If m = 1 , then it reduces to Theorem 2.2.10.

Remark 2.3.8. If m = 1 and q → 1 , then we have the following previously known result

as follows:

∣∣∣∣
Φ(u) + Φ(v)

2
− 1

v − u

∫ v

u
Φ(s)ds

∣∣∣∣ ≤
v − u

4

[ |Φ′(u)|r + |Φ′(v)|r
2

] 1
r

.

Theorem 2.3.9. Let Φ1 and Φ2 be two real-valued, non-negative m - convex functions on

K . Then the following inequality holds:

1

v −mu

∫ v

mu
Φ1(x)Φ2(x)mudqx ≤ Φ1(u)Φ2(v)

1 + q + q2
+
m2q(1 + q2)Φ1(v)Φ2(v) +mq2N(u, v)

(1 + q + q2)(1 + q)
,

where N(u, v) = Φ1(u)Φ2(v) + Φ1(v)Φ2(u)

Proof. Using m -convexity of Φ1 and Φ2 and for all s ∈ [0, 1] , we have

Φ1(sv +m(1− s)u) ≤ s(ρ1(v) +m(1− s)Φ1(u),

Φ2(sv +m(1− s)u) ≤ s(Φ2(v) +m(1− s)Φ2(u).

Multiplying above inequalities, we have

Φ1(sv +m(1− s)u)Φ2(sv +m(1− s)u) ≤ s2Φ1(v)Φ2(v) +m2(1− s)2Φ1(u)Φ2(u)+

ms(1− s)(Φ1(u)Φ2(v) + Φ1(v)Φ2(u))

Taking q -integral with respect to s over [0, 1] and using Lemma 2.2.4, we have

∫ 1

0
Φ1(sv +m(1− s)u)Φ2(sv +m(1− s)u) 0dqs

≤
∫ 1

0

(
s2Φ1(v)Φ2(v) +m2(1− s)2Φ1(u)Φ2(u) +ms(1− s)(Φ1(u)Φ2(v) + Φ1(v)Φ2(u))

)
0dqs.

Then

∫ 1

0
Φ1(sv +m(1− s)u)Φ2(sv +m(1− s)u) 0dqs

≤ Φ1(v)Φ2(v)

1 + q + q2
+
m2q(1 + q2)Φ1(u)Φ2(u)

(1 + q + q2)(1 + q)
+

mq2N(u, v)

(1 + q + q2)(1 + q)
.
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Substituting x = sv +m(1− s)u , on left-side of above inequality, we have

1

v −mu

∫ v

mu
Φ1(x)Φ2(x)mudqx ≤ Φ1(u)Φ2(u)

1 + q + q2
+
m2q(1 + q2)Φ1(v)Φ2(v) +mq2N(u, v)

(1 + q + q2)(1 + q)
,

where N(u, v) = Φ1(u)Φ2(v) + Φ1(v)Φ2(u).

Remark 2.3.10. If q → 1 , then the above result reduces to

1

v −mu

∫ v

mu
Φ1(x)Φ2(x) dx ≤ 1

3

[
Φ1(v)Φ2(v) +m2Φ1(u)Φ2(u)

]
+

1

6
N(u, v).

Remark 2.3.11. If q → 1 and m = 1 , then it reduces to

1

v − u

∫ v

u
Φ1(x)Φ2(x) dx ≤ 1

3
M(u, v) +

1

6
N(u, v).

Theorem 2.3.12. Let Φ1 and Φ2 be two real-valued, non-negative, and m - convex

functions on K . Then the followings hold:

(i)
(1 + q)(1 + q + q2)

(v − u)2

∫ v

u

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy + (1− s)x) 0dqs udqxudqy ≤

1 + q +m2q(1 + q2)

v − u

∫ v

u
Φ1(x)Φ2(x)udqx+

2q2m

(1 + q)2
(
q2Φ1(u)Φ2(u) + qN(u, v) + Φ1(v)Φ2(v)

)
.

(ii)
1 + q + q2

v − u

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)

u+ v

2
)Φ2(sy +m(1− s)

u+ v

2
) 0dqsudqy ≤

1

v − u

∫ v

u
Φ1(y)Φ2(y)udqy

+
m2q(1 + q2)

4(1 + q)
(M(u, v)+N(u, v))+

mq2

2(1 + q)2
(2(qΦ1(u)Φ2(u)+Φ1(v)Φ2(v))+(1+q)N(u, v)),

where M(u, v) = Φ1(u)Φ2(u) + Φ1(v)Φ2(v), and, N(u, v) = Φ1(u)Φ2(v) + Φ1(v)Φ2(u).

Proof. For all x, y,∈ K and s ∈ [0, 1], using the definition of m -convexity of Φ1 and Φ2 ,

we have

Φ1(sy +m(1− s)x) ≤ s(Φ1(y) +m(1− s)Φ1(x),

Φ2(sy +m(1− s)x) ≤ sΦ2(y) +m(1− s)Φ2(x).
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Multiplying above inequalities, we have

Φ1(sy +m(1− s)x)Φ2(sy +m(1− s)x) ≤ s2Φ1(y)Φ2(y) +m2(1− s)2Φ1(x)Φ2(x)+

ms(1− s)(Φ1(x)Φ2(y) + Φ1(y)Φ2(x))

Taking q -integral w.r.t. s over [0, 1] and using Lemma 2.2.4

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy +m(1− s)x) 0dqs

≤
∫ 1

0

(
s2Φ1(y)Φ2(x) +m2(1− s)2Φ1(x)Φ2(x) +ms(1− s)(Φ1(x)Φ2(y) + Φ1(y)Φ2(x))

)
0dqs.

Then

∫ 1

0
Φ1(ty +m(1− t)x)Φ2(ty +m(1− t)x)0dqt

≤ Φ1(y)Φ2(x)

1 + q + q2
+
m2q(1 + q2)Φ1(x)Φ2(x)

(1 + q + q2)(1 + q)
+

mq2N(u, v)

(1 + q + q2)(1 + q)
.

Next, taking double q -integral to both sides of the above inequality with respect to x ,

y on [u, v] , we have

∫ v

u

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy + (1− s)x)0dqsudqxudqy ≤

∫ 1

0
s2Φ1(y)Φ2(y) +m2(1− s)2Φ1(x)Φ2(x) +ms(1− s)(Φ1(x)Φ2(y) + Φ1(y)Φ2(x))0dqs.

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy +m(1− s)x) 0dqs ≤

v − u

1 + q + q2

∫ v

u
Φ1(y)Φ2(y) udqy +

m2q(1 + q2)(v − u)

(1 + q + q2)(1 + q)

∫ v

u
Φ1(x)Φ2(x) udqx

+
mq2

(1 + q + q2)(1 + q)

(∫ v

u
Φ2(y) udqy

∫ v

u
Φ1(x) udqx+

∫ v

u
f(y)udqy

∫ v

u
g(x)udqx

)
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≤ (v − u)

(
1

1 + q + q2
+

m2q(1 + q2)

(1 + q)(1 + q + q2)

)∫ v

u
Φ1(x)Φ2(x)udqx+

mq2

(1 + q + q2)(1 + q)(
(v − u).

qΦ2(u) + Φ2(v)

1 + q
.(v − u)

qΦ1(u) + Φ2(v)

1 + q
+ (v − u).

qΦ1(u) + Φ2(v)

1 + q
.(v − u)

qΦ2(u) + Φ2(v)

1 + q

)

On simplifying, we have

=
(v − u)(1 + q +m2q(1 + q2)

(1 + q)(1 + q + q2)

∫ v

u
Φ1(x)Φ2(x)udqx+

2mq2(v − u)2

(1 + q)3(1 + q + q2)

(
q2Φ1(u)Φ2(u) + qN(u, v) + Φ1(v)Φ2(v)

)
.

Multiplying both sides by (1+q)(1+q+q2)
(v−u)2

, we have

(1 + q)(1 + q + q2)

(v − u)2

∫ v

u

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy + (1− s)x)0dqsudqxudqy ≤

1 + q +m2q(1 + q2)

v − u

∫ v

u
Φ1(x)Φ2(x)udqx+

2q2m

(1 + q)2
(
q2Φ1(u)Φ2(u) + qN(u, v) + Φ1(v)Φ2(v)

)
.

Now, we begin the proof of (ii) part:

For all x, y,∈ K, and s ∈ [0, 1], by the definition of m -convexity of Φ1 and Φ2 , we

have

Φ1(sy +m(1− s)
u+ v

2
) ≤ sΦ1(y) +m(1− s)Φ1(

u+ v

2
)

Φ2(sy +m(1− s)
u+ v

2
) ≤ sΦ2(y) +m(1− s)Φ2(

u+ v

2
)

Multiplying the above inequalities, we obtain

Φ1(sy +m(1− s)
u+ v

2
)Φ2(sy +m(1− s)

u+ v

2
)

≤ s2Φ1(y)Φ2(y) +m2(1− s)2Φ1(
u+ v

2
)Φ2(

u+ v

2
)+

ms(1− s)

(
Φ1(y)Φ2(

u+ v

2
) + Φ1(

u+ v

2
)

)
.

Obtaining q -integral with respect to s over [0, 1] , we have
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∫ 1

0
Φ1(sy +m(1− s)

u+ v

2
)Φ2(sy +m(1− s)

u+ v

2
)0dqs

≤ Φ1(y)Φ2(y)

1 + q + q2
+

m2q(1 + q2)

(1 + q + q2)(1 + q)
Φ1(

u+ v

2
)Φ2(

u+ v

2
)

+
mq2

(1 + q + q2)(1 + q)

(
Φ1(y)Φ2(

u+ v

2
) + Φ1(

u+ v

2
)Φ2(y)

)
.

Applying q -integral with respect to y over [u, v] and using m -convexity of functions of

Φ1 and Φ2 , we observe

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)

u+ v

2
)Φ2(sy +m(1− s)

u+ v

2
) 0dqsudqy ≤

1

1 + q + q2

∫ v

u
Φ1(y)Φ2(y) udqy +

m2q(1 + q2)

(1 + q + q2)(1 + q)

∫ v

u
Φ1(

u+ v

2
)Φ2(

u+ v

2
) udqy

+
mq2

(1 + q + q2)(1 + q)

(∫ v

u
Φ1(y) udqyΦ2(

u+ v

2
) + Φ1(

u+ v

2
)

∫ v

u
Φ2(y) udqy

)

≤ 1

1 + q + q2

∫ v

u
Φ1(y)Φ2(y)udqy+

m2q(1 + q2)(u− v)

(1 + q + q2)(1 + q)

(
Φ2(u) + Φ2(v)

2
.
Φ1(u) + Φ2(v)

2

)
+

mq2(v − u)

(1 + q + q2)(1 + q)

(
Φ2(u) + Φ2(v)

2
.
qΦ1(u) + Φ1(v)

1 + q
+

Φ1(u) + Φ1(v)

2
.
qΦ2(u) + Φ2(v)

1 + q

)

=
1

1 + q + q2

∫ v

u
Φ1(y)Φ2(y) udqy +

m2q(1 + q2)

4(1 + q + q2)(1 + q)
(M(u, v) +N(u, v))+

mq2(u− v)

2(1 + q + q2)(1 + q)2
(2(qΦ1(u)Φ2(u) + Φ1(v)Φ2(v)) + (1 + q)N(u, v))

Multiplying both sides by (1+q)(1+q+q2)
v−u , we get

(1 + q)(1 + q + q2)

(v − u)2

∫ v

u

∫ v

u

∫ 1

0
Φ1(sy +m(1− s)x)Φ2(sy + (1− s)x)0dqsudqxudqy ≤

1 + q +m2q(1 + q2)

v − u

∫ v

u
Φ1(x)Φ2(x)udqx+

2q2m

(1 + q)2
(
q2Φ1(u)Φ2(u) + qN(u, v) + Φ1(v)Φ2(v)

)
.

The proof is complete.

Remark 2.3.13. If m = 1 , then it reduces to the result as given in Theorem 2.2.11.
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Chapter 3

ON EXTENDED

GEOMETRICALLY CONVEX

FUNCTIONS

3.1 Introduction

In this chapter, we have extended the idea of the result of the product of classical convex

functions to the products of generalized geometric convex functions, and these results are

further extended to quantum calculus which is paradigm shift in convexity theory and integral

inequality. The obtained results will definitely be used to estimate the integral mean of

generalized geometric convex functions. The concept of geometrically convex functions was

introduced by Zhang et. al in [62] as follows.

Definition 3.1.1. [62] An operation f : (0,∞) → R is referred to be a geometrically-

arithmetic (GA) convex function or simply a geometrically convex function on (0,∞) if

f(asb1−s) ≤ sf(a) + (1− s)f(b) (3.1.1)

holds for all a, b ∈ (0,∞), s ∈ [0, 1] .

If the inequality is reversed, then it is a GA concave function. Niculescu in [37] introduced

the notion of geometrically-geometric convex function as defined below:

Definition 3.1.2. [37] A function f : (0,∞) → R is said to be geometrically-geometric

(GG) convex function on (0,∞) if

f(asb(1−s)) ≤ (f(a))s(f(b))1−s (3.1.2)
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holds for all a, b ∈ (0,∞), s ∈ [0, 1] .

It is known as a GG-concave function if the inequality is reversed.

Xi et al. [60] generalized the geometrically-geometric convex function as follows:

Definition 3.1.3. [60] A function f : (0,∞) → R is said to be m -geometrically-geometric

(m -GG) convex function on (0,∞) if

f(asbm(1−s)) ≤ (f(a))s(f(b))m(1−s) (3.1.3)

holds for all a, b ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It is said to be an m -GG-concave function if the inequality is reversed.

Definition 3.1.4. [60] A function f : (0,∞) → R is said to be (α,m) -geometrically-

geometric ((α,m)−GG) convex function on (0,∞) if

f(asbm(1−s)) ≤ (f(a))s
α
(f(b))m(1−sα) (3.1.4)

holds for all a, b ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1]2 .

It is said to be a GH-concave function if the inequality is reversed.

Definition 3.1.5. Let a, b be two positive real numbers. Then their logarithmic mean is

denoted by L(a, b) is defined as

L(a, b) =
b− a

log b− log a
, a ̸= b. (3.1.5)

Definition 3.1.6. Let a, b be two positive real numbers. Then their geometric mean is

denoted by G(a, b) is defined as

G(a, b) =
√
ab. (3.1.6)

Definition 3.1.7. Let a, b be two positive real numbers. Then their arithmetic mean is

denoted by A(a, b) is defined as

A(a, b) =
a+ b

2
. (3.1.7)

3.2 Preliminary Results

For the class of convex functions, numerous significant inequalities are discovered. The

Hermite-Hadamard inequality is among the most popular. Hermite-Hadamard is a well-

known name in literature for the following double inequality.
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Theorem 3.2.1. Let f : I ⊂ R → R be a convex function defined on an interval I of real

numbers a, b ∈ I with a < b . Then we have

f(
a+ b

2
) ≤ 1

b− a

∫ a

a
f(x) dx ≤ f(a) + f(b)

2
(3.2.1)

If the function f is concave, both inequalities hold in the opposite direction.

The following Hermite-Hadamard type inequality for the product of two classical convex

functions was first proved by B.G. Pachpatte [44].

Theorem 3.2.2. [44] Let f and g be real valued, non-negative and convex functions on

[a, b] . The following inequalities are then true:

1

b− a

∫ b

a
f(x)g(x) dx ≤ 1

3
M(a, b) +

1

6
N(a, b), (3.2.2)

where M(a, b) = f(a)g(a) + f(b)g(b) and, N(a, b) = f(a)g(b) + f(b)g(a) .

3.3 Main Results

The extended definitions and the results on the products of generalized geometrically convex

functions and their quantum estimates are obtained in this section, and they are as follows:

Definition 3.3.1. A function f : (0,∞) → R is said to be m -geometrically-arithmetic

(m−GA) convex function on (0,∞) if

f(asbm(1−s)) ≤ sf(a) +m(1− s)f(b) (3.3.1)

holds for all a, b ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It said to be an m -GA concave function if the inequality is reversed. It can further be

generalized as (α,m) -geometrically convex function as follows:

Definition 3.3.2. A function f : (0,∞) → R is said to be (α,m) geometrically-arithmetic

((α,m)−GA) convex function on (0,∞) if

f(asbm(1−s)) ≤ sαf(a) +m(1− sα)f(b) (3.3.2)

holds for all a, b ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1]2 .

It is said to be an (α,m) - GA concave function if the inequality is reversed. We further

generalize geometrically-harmonic convex functions as m and (α,m) -GH convex functions
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as follows: We further generalize geometrically-harmonic convex functions as m and (α,m) -

GH convex functions as follows:

Definition 3.3.3. A function f : (0,∞) → R is said to be m -geometrically-harmonic

(m -GH) convex function on (0,∞) if

f(asbm(1−s)) ≤ 1
s

mf(a) +
1−s
f(b)

=
mf(a)f(b)

sf(b) +m(1− s)f(a)
(3.3.3)

holds for all a, b ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It is said to be a m -GH-concave function if the inequality is reversed.

Definition 3.3.4. A function f : (0,∞) → R is said to be (α,m) -geometrically-harmonic

(α,m) -GH convex function on (0,∞) if

f(asbm(1−s)) ≤ 1
sα

mf(a) +
1−sα

f(b)

=
mf(a)f(b)

sαf(b) +m(1− sα)f(a)
(3.3.4)

holds for all a, b ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1] .

It is said to be a (α,m) -GH-concave function if the inequality is reversed.

Theorem 3.3.5. The integral mean of geometrically-arithmetic convex function is bounded

above by the arithmetic mean of their functional values and the product of reciprocal of the

logarithmic mean .

Proof. Let f be a GA-convex function defined on (0,∞) . Then by definition of GA-

convexity, we have

f(asb1−s) ≤ sf(a) + (1− s)f(b).

Integrating with respect to s over [0, 1] , we have

∫ 1

0
f(asb1−s) ds ≤ f(a)

∫ 1

0
s dt+ f(b)

∫ 1

0
(1− s) ds =

f(a) + f(b)

2
.

Put x = asb1−s, ds = dx
x log a

b
When s → 0 , then x → b ; when s → 1 , then x → a . On

substituting these values, we have

1

b− a

∫ b

a

f(x)

x
dx ≤ f(a) + f(b)

2L(a, b)
.

This completes the proof.
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Theorem 3.3.6. Let f and g be two (α,m) -GA convex functions. Then their product is

given as follows:

1

bm − a

∫ bm

a

f(x)g(x)

x
dx ≤ 1

L(a, bm)(
1

(2α+ 1)
Ka +

2α2m2

(α+ 1)(2α+ 1)
Kb +

α

(α+ 1)(2α+ 1)
Ka

b

)
, (3.3.5)

where Ka = f(a)g(a),Kb = f(b)g(b),Ka
b = f(a)g(b) + f(b)g(a) .

Proof. Let f and g be two (α,m) GA convex functions. Then, by definition, we have

f(asbm(1−s)) ≤ sαf(a) + (1− sα)f(b)

And,

g(asbm(1−s)) ≤ sαg(a) + (1− sα)g(b).

Since f, g ≥ 0 , we have

f(asbm(1−s))g(asbm(1−s)) ≤ f(a)g(a)s2α + f(b)g(b)m2(1− sα)2

+m(f(a)g(b) + f(b)g(a))sα(1− sα).

Integrating with respect to s over [0, 1] , we have

∫ 1

0
f(asbm(1−s))g(asbm(1−s)) ds ≤ f(a)g(a)

∫ 1

0
s2α ds+ f(b)g(b)m2

∫ 1

0
(1− sα)2 ds

+m(f(a)g(b) + f(b)g(a))

∫ 1

0
sα(1− sα) ds.

Here, ∫ 1

0
s2α ds =

1

2α+ 1
,

∫ 1

0
(1− sα)2 ds =

2α2

(α+ 1)(2α+ 1)
,

∫ 1

0
sα(1− sα) ds =

α

(α+ 1)(2α+ 1)
.

Put x = asbm(1−s) , when s → 0, x → bm ; when s → 1, x → a . And, ds =
1

x(log a−log bm)dx. On substituting these values in above inequality, we have

1

log bm − log a

∫ bm

a

f(x)g(x)

x
dx ≤ Ka

2α+ 1
+

2α2m2Kb

(α+ 1)(2α+ 1)
+

mαKa
b

(α+ 1)(2α+ 1)
.
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bm − a

log bm − log a

1

bm − a

∫ bm

a

f(x)g(x)

x
dx ≤ Ka

2α+ 1
+

2α2m2Kb

(α+ 1)(2α+ 1)
+

mαKa
b

(α+ 1)(2α+ 1)

L(a, bm)
1

bm − a

∫ bm

a

f(x)g(x)

x
dx ≤ Ka

2α+ 1
+

2α2m2Kb

(α+ 1)(2α+ 1)
+

mαKa
b

(α+ 1)(2α+ 1)

1

bm − a

∫ bm

a

f(x)g(x)

x
dx ≤ 1

L(a, bm)

[
Ka

2α+ 1
+

2α2m2Kb

(α+ 1)(2α+ 1)
+

mαKa
b

(α+ 1)(2α+ 1)

]
.

This completes the proof.

Remark 3.3.7. If α = m = 1 , then it reduces to the product of two GA-convex functions.

Theorem 3.3.8. The integral mean of geometrically-geometric convex function is bounded

above by a half of the logarithmic value of the product of their functional values and the

reciprocal of the logarithmic mean.

Proof. Let f : (0,∞) → (0,∞) be a geometrically- geometric convex function. Then, by

definition, we have

f(asb1−s) ≤ (f(a))s(f(b))1−s

log f(asb1−s) ≤ s log(f(a)) + (1− s) log(f(b))

Integrating with respect to s over [0, 1] , we have

∫ 1

0
log f(asb1−s) ds ≤ log(f(a))

∫ 1

0
s ds+ log(f(b))

∫ 1

0
(1− s) ds =

log(f(a)) + log(f(b))

2
.

=
log(f(a)f(b))

2
.

Using the change of variables by putting x = asb1−s , we have

ds =
L(a, b)

a− b

dx

x
.

When s→ 0, x→ b ; when s→ 1 , then x→ a . On substituting these values, we obtain

1

b− a

∫ b

a

log f(x)

x
dx ≤ 1

2L(a, b)
log(f(a)f(b)).

This completes the proof.
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Theorem 3.3.9. Let f, g : (0,∞) → (0,∞) be two (α,m) GG-convex functions. Then the

following inequalities persist:

1

bm − a

∫ bm

a

log f(x) + log g(x)

x
dx ≤ 1

L(a, bm)(α+ 1)
(log(f(a)g(a)) +mα log(f(b)g(b))) .

(3.3.6)

Proof. As f and g are two (α,m) GG convex functions, then by definition, we have

f(asbm(1−s)) ≤ (f(a))s
α
(f(b))m(1−sα),

and

g(asbm(1−s)) ≤ (g(a))s
α
(g(b))m(1−sα).

Since f, g ≥ 0 , we have

f(asbm(1−s))g(asbm(1−s)) ≤ (f(a)g(a))s
α
(f(b)g(b))m(1−sα).

Taking log on both sides, we have

log f(asbm(1−s)) + log g(asbm(1−s)) ≤ sα log(f(a)g(a)) +m(1− sα) log(f(b)g(b)).

Integrating with respect to s over [0, 1] , we have

∫ 1

0
log f(asbm(1−s)) ds+

∫ 1

0
log g(asbm(1−s)) ds ≤ log(f(a)g(a))

∫ 1

0
sα ds

+m log(f(b)g(b))

∫ 1

0
(1− sα) ds.

Using the change of variables by putting x = ϕs1ϕ
m(1−s)
2 , we have

L(a, bm)

bm − a

∫ bm

a

log f(x) + log g(x)

x
dx ≤ log(f(a)g(a))

α+ 1
+
mα log(f(b)g(b))

α+ 1
.

Hence, we have

1

bm − a

∫ bm

a

log f(x) + log g(x)

x
dx ≤ 1

L(a, bm)(α+ 1)
(log(f(a)g(a)) +mα log(f(b)g(b))) .

This completes the proof.

Corollary 3.3.10. If α = 1 , then we get the result of the product of two m -GG convex

functions.
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Corollary 3.3.11. If α = m = 1 , then we get the result of the products of two GG convex

functions.

Theorem 3.3.12. The integral mean of geometrically-harmonic (GH) convex function is

bounded above by the ratio of squares of geometric mean of functional values to the product

of logarithmic mean of their functional values and inputs.

Proof. Let f be a GH convex function defined from (0,∞) → R . Then, by definition, we

have

f(asb1−s) ≤ 1
s

f(a) +
1−s
f(b)

=
f(a)f(b)

sf(b) + (1− s)f(a)
.

Integrating with respect to s over [0, 1] , we have

∫ 1

0
f(asb1−s) ds ≤

∫ 1

0

f(a)f(b)

sf(b) + (1− s)f(a)
ds = f(a)f(b)

∫ 1

0

1

f(a) + (f(b)− f(ϕ1))s
ds.

∫ 1

0
f(asb1−s) ds ≤ f(a)f(b)

log f(b)− log f(a)

f(b)− f(a)
=
G2(f(a), f(b))

L(f(a), f(b))
.

Using the change of variables by putting x = asb1−s , we have

1

log b− log a

∫ b

a

log f(x)

x
dx ≤ G2(f(a), f(b))

L(f(a), f(b))

L(a, b)

b− a

∫ b

a

log f(x)

x
dx ≤ G2(f(a), f(b))

L(f(a), f(b))

1

b− a

∫ b

a

log f(x)

x
dx ≤ G2(f(a), f(b))

L(a, b)L(f(a), f(b))
.

This completes the proof.

Theorem 3.3.13. Let f, g : (0,∞) → R be two geometrically-harmonic convex functions.

Then the following inequality holds.

1

b− a

∫ b

a

f(x)g(x)

x
dx
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≤ 1

L(a, b)

2KaKb√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

(tan−1 2(Ka +Kb −Kab −Kba) + (Kab +Kba − 2Ka)√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

− tan−1 Kab +Kba − 2Ka√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

), (3.3.7)

where Ka = f(a)g(a),Kb = f(b)g(b),Kab = f(a)g(b),Kba = f(b)g(a) .

Proof. Let f, g be two GH convex functions. Then, by definition, we have

f(asb1−s) ≤ f(a)f(b)

sf(b) + (1− s)f(a)
=

f(a)f(b)

f(a) + (f(b)− f(a))s

and

g(asb1−s) ≤ g(a)g(b)

sg(b) + (1− s)g(a)
=

g(a)g(b)

g(a) + (g(b)− g(a))s
.

Since f, g ≥ 0 , we have

f(asb1−s)g(asb1−s) ≤ f(a)f(b)

f(a) + (f(b)− f(a))s

g(a)g(b)

g(a) + (g(b)− g(a))s
.

Then

f(asb1−s)g(asb1−s) ≤ KaKb

Ka + (Kab +Kba − 2Ka)s+ (Ka +Kb −Kab −Kba)s2
.

Integrating with respect to s over [0, 1] , we have

∫ 1

0
f(asb1−s)g(asb1−s) ds

≤ KaKb

∫ 1

0

1

Ka + (Kab +Kba − 2Ka)s+ (Ka +Kb −Kab −Kba)s2

Using the change of variables by putting

x = asb1−s

and using the formula

∫ 1

0

1

ax2 + bx+ c
dx =

2√
4ac− b2

(
tan−1 2ab+ b√

4ac− b2
− tan−1 b√

4ac− b2

)
,
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we have

1

b− a

∫ b

a

f(x)g(x)

x
dx

≤ 1

L(a, b)

2KaKb√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

(tan−1 2(Ka +Kb −Kab −Kba) + (Kab +Kba − 2Ka)√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

− tan−1 Kab +Kba − 2Ka√
4Ka(Ka +Kb −Kab −Kba)− (Kab +Kba − 2Ka)2

),

where Ka = f(a)g(a),Kb = f(b)g(b),Kab = f(a)g(b),Kba = f(b)g(a) .

This completes the proof.

3.4 Extended Results in q -Calculus

The results on quantum estimates of the product of two (α,m) − GA and (α,m) − GG

convex functions are given below:

Theorem 3.4.1. Let f, g : (0,∞) → (0,∞) be two (α,m) -GA convex functions. Then the

following inequality holds

log q

q − 1

1

bm − a

∫ bm

a

log(f(x)g(x))

x
adqx ≤ 1

L(a, bm)

(
Ka

[2α+ 1]q
+m2Kb

(
1− 2

[α+ 1]q
+

1

[2α+ 1]q

)
+mKa

b

(
1

[α+ 1]q
− 1

[2α+ 1]q

))
. (3.4.1)

Proof. As f and g are two (α,m)− GA convex functions, then by definition, we have

f(asbm(1−s)) ≤ sαf(a) +m(1− sα)f(b)

and

g(asbm(1−s)) ≤ sαg(a) +m(1− sα)g(b).

Since f, g ≥ 0 , we have

f(asbm(1−s))g(asbm(1−s)) ≤ s2αf(a)g(a) +m2(1− sα)2f(b)g(b)

+m(f(a)g(b) + f(b)g(a))sα(1− sα).
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Taking q -integral with respect to s over [0, 1] , we have

∫ 1

0
f(asbm(1−s))g(asbm(1−s)) 0dqs ≤ Ka

∫ 1

0
s2α 0dqs+m2Kb

∫ 1

0
(1− sα)2 0dqs

+mKb
a

∫ 1

0
sα(1− sα) 0dqs.

Note that

∫ 1

0
s2α 0dqs = (1− q)

∞∑

n=0

qnq2αn

= (1− q)

∞∑

n=0

qn(2α+1)

= (1− q)
1

1− q2α+1

=
1

[2α+ 1]q
.

Similarly, we obtain

∫ 1

0
(1− sα)2 0dqt = 1− 2

[α+ 1]q
+

1

[2α+ 1]q

and

∫ 1

0
sα(1− sα) 0dqs =

1

[α+ 1]q
− 1

[2α+ 1]q
.

If we take x = asbm(1−s) , then s = log x
log a−log bm − log bm

log a−log bm when s → 0, x → bm ; when

s→ 1, x→ a

And,

0dqs =
L(a, bm) log q

(bm − a)(q − 1)x
0dqx.

On substituting these values, we obtain

1

bm − a

∫ bm

a

f(x)g(x)

x
0dqx ≤ q − 1

log qL(a, bm)(
Ka

[2α+ 1]q
+m2Kb

(
1− 2

[α+ 1]q
+

1

[2α+ 1]q

)
+mKb

a

(
1

[α+ 1]q
− 1

[2α+ 1]q

))
.

This completes the proof.

Theorem 3.4.2. Let f, g : (0,∞) → (0,∞) be two (α,m)− geometrically-geometric (GG)
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convex functions. Then the following inequality holds:

1

bm − a

∫ bm

a

log f(x) + log g(x)

x
adqx ≤ q − 1

L(a, bm) log q(
logKa

[α+ 1]q
+m logKb

(
1− 1

[α+ 1]q

))
. (3.4.2)

Proof. As f and g are two (α,m) - GG convex functions, then by definitions, we have

f(asbm(1−s)) ≤ (f(a))s
α
(f(b))m(1−sα)

and

g(asbm(1−s)) ≤ (g(a))s
α
(g(b))m(1−sα).

Since f, g ≥ 0 , we have

f(asbm(1−s))g(asbm(1−s)) ≤ (f(a)g(a))s
α
(f(b)g(b))m(1−sα)

Taking log on both sides, we have

log f(asbm(1−s)) + log g(asbm(1−s)) ≤ sα logKa +m(1− sα) logKb

Taking q -integral with respect to s over [0, 1] , we have

∫ 1

0
log f(asbm(1−s))0 dqs+

∫ 1

0
log g(asbm(1−s))0 dqs ≤ logKa

∫ 1

0
sα0 dqs

+m logKb

∫ 1

0
(1− sα)0 dqs.

Note that

∫ 1

0
sα 0dqs = (1− q)

∞∑

n=0

qn(qn)α

= (1− q)

∞∑

n=0

qn(α+1)

= (1− q).
1

1− qα+1

=
1

[α+ 1]q
.

Similarly, we have

∫ 1

0
(1− sα) 0dqs = 1− 1

[α+ 1]q
.
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using the change of variables by putting x = asbm(1−s) , s = log x
log a−log bm − log bm

log a−log bm ; when

s→ 0, x→ bm ; when s→ 1, x→ a.

And,

0dqs =
L(a, bm) log q

(bm − a)(q − 1)x
0dqx

On substituting these values, we obtain

1

bm − a

∫ bm

a

log f(x) + log g(x)

x
adqx ≤ q − 1

log qL(a, bm)(
logKa

[α+ 1]q
+m logKb

(
1− 1

[α+ 1]q

))
.

This completes the proof.
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Chapter 4

HERMITE-HADAMARD

INEQUALITY: GENERALIZED

HARMONICALLY CONVEX

FUNCTIONS

4.1 Introduction

The idea of convexity has undergone much developments, generalizations, and extensions in

recent years. Novel classes of convex functions have been introduced, and a new version of

the Hermite-Hadamard integral inequality has been found. The harmonic convex function

has been defined on the concept of harmonic mean as follows: See [26] for details.

Definition 4.1.1. An interval is defined as I = [α, β] . Iscan defined the notion of

harmonically convex function as follows: A function Φ is said to be harmonically convex

if Φ : I ⊂ R\{0} → R if

Φ

(
αβ

sα+ (1− s)β

)
≤ sΦ(β) + (1− s)Φ(α), α, β ∈ I, ∀s ∈ [0, 1].

The following Hermite-Hadamard inequality was proved in [26] for harmonically convex

functions.

Theorem 4.1.2. Let Φ : I ⊂ R\{0} → R be a harmonically convex function. The following

inequalities are then true:
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Φ

(
2αβ

α+ β

)
≤ αβ

β − α

∫ β

α

Φ(x)

x2
dx ≤ Φ(α) + Φ(β)

2
. (4.1.1)

Inspired by the work of Iscan [6, 26] who defined harmonic convexity, in this chapter, we

have generalized this convexity to m -harmonic convexity and further to (α,m) -harmonic

convexity. Moreover, we also have defined new notions of harmonic-geometric (HG) -

convexity, m−HG -convexity and (α,m)−HG -convexity. For each of these convexities, we

have proved Hermite-Hadamard inequalities and we have obtained inequalities involving the

product of each of the those type of convexities.

4.2 MAIN RESULTS

4.2.1 Harmonically Convex Function

We generalize harmonic convexity as follows:

Definition 4.2.1. A function Φ : I ⊂ R\{0} → R is said to be m -harmonically convex if

for any m, s ∈ [0, 1]

Φ

(
mxy

sx+m(1− s)y

)
≤ sΦ(y) +m(1− s)Φ(x), x, y ∈ I.

The notion of m -harmonic convexity can further be generalized as follows:

Definition 4.2.2. A function Φ : I ⊂ R\{0} → R is said to be (α,m) -harmonically convex

if for any m, t, α ∈ [0, 1]

Φ

(
mxy

sx+m(1− s)y

)
≤ sαΦ(y) +m(1− sα)Φ(x), x, y ∈ I.

For (α,m) -harmonically convex functions, we prove the following:

Theorem 4.2.3. Let Φ : I ⊂ R\{0} → R be an (α,m) -harmonically convex function. Then

the following inequalities hold:

(i)
mη1η2
η2 −mη1

∫ η2

mη1

Φ(x)

x2
dx ≤ Φ(η2) +mαΦ(η1)

α+ 1
(4.2.1)
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(ii) Φ

(
2mη1η2
mη1 + η2

)
≤ 2mη1η2(1−A)Aα

(η2 −mη1)

∫ 2η2(1−A)

2mη1(1−A)

Φ(ω)

ω2
dω

+
2mη1η2A(1−Aα)

(η2 −mη1)

∫ 2η2A/m

2η1A

Φ(ω)

ω2
dω, (4.2.2)

where A =
(

m
1+m

) 1
α
.

Proof. (i) From the definition of (α,m) -harmonic convexity, we have

Φ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sαΦ(η2) +m(1− sα)Φ(η1) (4.2.3)

which on integrating over [0, 1] with respect to s gives

∫ 1

0
Φ

(
mη1η2

sη2 +m(1− s)η1

)
ds ≤ Φ(η2)

∫ 1

0
sα ds+mΦ(η1)

∫ 1

0
(1− sα) ds.

Now, by variable substitution x = mη1η2
sη2+m(1−s)η1

on the left side and solving the right side of

the above inequality immediately gives (4.2.1)

(ii) Since (4.2.3) holds for all s ∈ [0, 1] , in particular, it holds for s =
(

m
1+m

) 1
α
:= A ,

i.e.,

Φ

(
mη1η2

Aη2 + (1−A)mη1

)
≤ AαΦ(η2) +m(1−Aα)Φ(η1) (4.2.4)

Take

η1 =
2xyA

sy +mx(1− s)
, η2 =

2mxy(1−A)

mxs+ (1− s)y
(4.2.5)

Then

mη1η2
Aη2 + (1−A)mη1

=

(
2mxyA

sy+mx(1−s)

)(
2mxy(1−A)
mxs+(1−s)y

)

(
2mxy(1−A)A
mxs+(1−s)y + 2mxyA(1−A)

sy+mx(1−s)

) =
2mxy

mx+ y
,

that is,

Φ

(
mη1η2

Aη2 + (1−A)mη1

)
= Φ

(
2mxy

mx+ y

)

which on integrating with respect to s on [0, 1] gives

∫ 1

0
Φ

(
mη1η2

Aη2 + (1−A)mη1

)
ds = Φ

(
2mxy

mx+ y

)
. (4.2.6)

Now, with η1 and η2 given by (4.2.5), the right side of (4.2.4) becomes
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AαΦ

(
2mxy(1−A)

mxs+ (1− s)y

)
+m(1−Aα)Φ

(
2xyA

sy +mx(1− s)

)
(4.2.7)

which on integrating with respect to s on [0, 1] becomes

AαI1 +m(1−Aα)I2,

where

I1 =

∫ 1

0
Φ

(
2mxy(1−A)

mxs+ (1− s)y

)
ds

and

I2 =

∫ 1

0
Φ

(
2mxyA

sy +mx(1− s)

)
ds.

For solving I1 , put
mxy(1−A)

mxs+(1−s)y = z so that ds = mxy(1−A)
(y−mx)z2

dz and as s→ 0, z → mx(1−A)

and as s→ 1, z → y(1−A) . Thus

I1 =
mxy(1−A)

y −mx

∫ y(1−A)

mx(1−A)

Φ(2z)

z2
dz

=
2mxy(1−A)

y −mx

∫ 2y(1−A)

2mx(1−A)

Φ(ω)

ω2
dω. (4.2.8)

Similarly, by taking xyA
sy+mx(1−s) = z , it can be shown that

I2 =
2xyA

y −mx

∫ 2yA/m

2xA

Φ(ω)

ω2
dω. (4.2.9)

Thus, integrating (4.2.4) with respect to s over [0, 1] and using (4.2.6), (4.2.7), (4.2.8), and

(4.2.9), we obtain

Φ

(
2mxy

mx+ y

)
≤ 2mxy(1−A)Aα

(y −mx)

∫ 2y(1−A)

2mx(1−A)

Φ(ω)

ω2
dω +

2mxyA(1−Aα)

y −mx

∫ 2yA/m

2xA

Φ(ω)

ω2
dω

and rewriting x and y as respectively η1 and η2 , we get

Φ

(
2mη1η2
mη1 + η2

)
≤ 2mη1η2(1−A)Aα

(η2 −mη1)

∫ 2η2(1−A)

2mη1(1−A)

Φ(ω)

ω2
dω +

2mη1η2A(1−Aα)

η2 −mη1

∫ 2η2A/m

2η1A

Φ(ω)

ω2
dω.

This completes the proof.
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Remark 4.2.4. If α = m = 1 , then A = 1
2 and therefore, in this case, both the integrals

on the right side of (4.2.3) becomes equal to η1η2
2(η2−η1)

∫ η2
η1

Φ(ω)
ω2 dω . Consequently, (4.2.3) and

(4.2.4) together become (4.1.1).

Our next consideration is about the product of (α,m) -HA convex functions. We prove

the following:

Theorem 4.2.5. The product of two (α,m) -HA convex functions is also an (α,m) -HA

convex function.

Proof. By definition, for any x, y ∈ I we have for two (α,m) -HA convex functions f and

g , and for any s ∈ [0, 1]

Φ

(
mxy

sy +m(1− s)x

)
≤ sαΦ(x) +m(1− tα)Φ(y)

and

Ψ

(
mxy

sy +m(1− s)x

)
≤ sαΨ(x) +m(1− sα)Ψ(y)

which together give that

Φ

(
mxy

sy +m(1− s)x

)
Ψ

(
mxy

sy +m(1− s)x

)
≤ (sαΦ(x) +m(1− sα)Φ(y))(sαΨ(x) +m(1− sα)Ψ(y))

≤s2αΦ(x)Ψ(x) +m2(1− sα)2Φ(y)Ψ(y)

≤sαΦ(x)Ψ(x) +m(1− sα)Φ(y)Ψ(y)

=sα(ΦΨ)(x) +m(1− sα)(ΦΨ)(y).

and the assertion follows.

Remark 4.2.6. From Theorem 4.2.5, it follows that the product of two m-HA convex

functions is again an m -HA convex function which implies that the product of two HA

convex functions is again so.

We shall be using the following notations:

Kη1 := Φ(η1)Ψ(η1), Kη2 := Φ(η2)Ψ(η2), K
η1
η2 := Φ(η1)Ψ(η2) + Φ(η2)Ψ(η1) .

Below, we prove a Hermite-Hadamard type inequality for the product of (α,m) -HA

convex functions.

Theorem 4.2.7. Let Φ,Ψ : I ⊂ R\{0} → R be two (α,m) -HA convex functions. Then the

following inequality holds:

mη1η2
mη2 − η1

∫ mη2

η1

Φ(x)Ψ(x)

x2
dx ≤ Kη2

2α+ 1
+

2α2m2Kη1

(α+ 1)(2α+ 1)
+

mαKη1
η2

(α+ 1)(2α+ 1)
. (4.2.10)
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Proof. Since Φ, Ψ are two (α,m) -HA convex functions, then by definition, we have

Φ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sαΦ(η1) +m(1− sα)Φ(η2)

and

Ψ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sαΨ(η1) +m(1− sα)Ψ(η2).

Since Φ, Ψ ≥ 0 , we have

Φ

(
mη1η2

sη2 +m(1− s)η1

)
Ψ

(
mη1η2

sη2 +m(1− s)η1

)
≤ s2αΦ(η1)Ψ(η1)+m2(1− sα)2Φ(η2)Ψ(η2)

+msα(1− sα)(Φ(η1)Ψ(η2) + Φ(η2)Ψ(η1))

which on integrating with respect to s over [0, 1] gives

∫ 1

0
Φ

(
mη1η2

sη2 +m(1− s)η1

)
Ψ

(
mη1η2

sη2 +m(1− ts)η1

)
ds ≤ Kη2

∫ 1

0
s2α ds+m2Kη1

∫ 1

0
(1− sα)2 ds

+mKη1
η2

∫ 1

0
sα(1− sα)ds .

The assertion now follows by making variable substitution x = mη1η2
sη2+m(1−s)η1

.

Next, we provide a variant of Theorem 4.2.7, where the left side of (4.2.10) is independent

of m .

Theorem 4.2.8. LetΦ, Ψ : I ⊂ R\{0} → R+ be two (α,m) -HA convex functions. Then

the following inequality holds:

η1η2
η2 − η1

∫ η2

η1

Φ(x)Ψ(x)

x2
dx ≤ 1

2α+ 1

(
Kη2/m +

m2α2Kη1

α+ 1
+
mαKη1

η2/m

α+ 1

)
. (4.2.11)

Proof. As Φ and Ψ are (α,m) -HA convex functions, then by definition, we have

Φ

(
η1η2

sη1 + (1− s)η2

)
= Φ

(
mη1

η2
m

sη1 +m(1− s)η2m

)
≤ sαΦ

(η2
m

)
+m(1− sα)Φ(η1)

and

Ψ

(
η1η2

tη1 + (1− t)η2

)
= Ψ

(
mη1

η2
m

tη1 +m(1− t)η2m

)
≤ tαΨ

(η2
m

)
+m(1− tα)Ψ(η1).

The assertion now follows in the same way as in Theorem 4.2.7.
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4.2.2 Harmonically-Geometric Convex Function

Here, we define certain new type of convexities as follows.

Definition 4.2.9. A function Φ : I → R is said to be

1. harmonically-geometric (HG) convex or harmonically log convex if

Φ

(
1

s
x + 1−s

y

)
≤ (Φ(y))s(Φ(x))1−s, s ∈ [0, 1], x, y ∈ I.

2. m-harmonically-geometric (m-HG) convex or m -harmonically log convex if

Φ

(
1

s
mx + 1−s

y

)
≤ (Φ(y))s(Φ(x))m(1−s), s ∈ [0, 1], m ∈ [0, 1], x, y ∈ I.

3. (α,m) -harmonically-geometric ((α,m) -HG) convex or (α,m) -harmonically log

convex if

Φ

(
1

s
mx + 1−s

y

)
≤ (Φ(y))s

α
(Φ(x))m(1−sα), s ∈ [0, 1], m ∈ [0, 1], α ∈ [0, 1].

holds.

We prove the following:

Theorem 4.2.10. Let Φ be an HG convex function. Then the following Hermite-Hadamard

inequality holds:

log

(
2η1η2
η1 + η2

)
≤ η1η2

η2 − η1

∫ η2

η1

log Φ(x)

x2
dx ≤ log

√
Φ(η1)Φ(η2). (4.2.12)

Proof. By the definition of HG convex function, we have

Φ

(
η1η2

sη2 + (1− s)η1

)
≤ (Φ(η2))

s(Φ(η1))
1−s

Taking logarithm on both sides and integrating with respect to s over [0, 1] , we get

∫ 1

0
log Φ

(
η1η2

sη2 + (1− s)η1

)
ds ≤ log Φ(η2)

∫ 1

0
s ds+ logΦ(η1)

∫ 1

0
(1− s)ds =

logΦ(η1) + log Φ(η2)

2

or

∫ 1

0
log Φ

(
η1η2

sη2 + (1− s)η1

)
ds ≤ log

√
Φ(η1)Φ(η2).
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By making the variable substitution x = η1η2
sη2+(1−s)η1

in the last inequality, we get

η1η2
η2 − η1

∫ η2

η1

log Φ(x)

x2
dx ≤ log

√
Φ(η1)Φ(η2). (4.2.13)

Next, taking s = 1
2 in the definition of HG convex function gives

Φ

(
2η1η2
η1 + η2

)
≤
√
Φ(η1)Φ(η2).

In the last inequality, take η1 =
xy

sx+(1−s)y , η2 =
xy

sy+(1−s)x so that we obtain

Φ

( 2xy
sx+(1−s)y

xy
sy+(1−s)x

xy
sx+(1−s)y + xy

sy+(1−s)x

)
≤
√
Φ

(
xy

sx+ (1− s)y

)
Φ

(
xy

sy + (1− s)x

)

or

Φ

(
2xy

x+ y

)
≤
√

Φ

(
xy

sx+ (1− s)y

)
Φ

(
xy

sy + (1− s)x

)

which on taking logarithm on both sides gives

log Φ

(
2xy

x+ y

)
≤ 1

2

[
log Φ

(
xy

sx+ (1− s)y

)
+ logΦ

(
xy

sy + (1− s)x

)]
.

Integrating with respect to s over [0, 1] , we get

log

∫ 1

0
Φ

(
2xy

x+ y

)
ds ≤ 1

2

[∫ 1

0
log Φ

(
xy

sx+ (1− s)y

)
ds+

∫ 1

0
log Φ

(
xy

sy + (1− s)x

)
ds

]
.

Since each integral on right side equals to xy
y−x

∫ y
x

log Φ(u)
u2 du , we have

log Φ

(
2xy

x+ y

)
≤ 1

2

2xy

x+ y

∫ y

x

log Φ(u)

u2
du =

xy

y − x

∫ y

x

log Φ(u)

u2
du

Replacing x and y by η1 and η2 , respectively, we have

log Φ

(
2η1η2
η1 + η2

)
≤ η1η2

η2 − η1

∫ η2

η1

log Φ(x)

x2
dx. (4.2.14)

On combining the inequalities (4.2.13) and (4.2.14), we get (4.2.12) and the proof is

complete.

The next result is regarding (α,m) -HG convex functions.

Theorem 4.2.11. Let Φ : I → R+ be an (α,m) - HG convex function. Then the following
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inequalities hold:

(i)
mη1η2
η2 −mη1

∫ η2

mη1

log Φ(x)

x2
dx ≤

(
1

α+ 1

)
[log Φ(η2) +mα log Φ(η1)] (4.2.15)

(ii) log Φ

(
2mxy

mx+ y

)
≤ 2mxy(1−A)Aα

(y −mx)

∫ 2y(1−A)

2mx(1−A)

log Φ(ω)

ω2
dω

+
2mxyA(1−Aα)

y −mx

∫ 2yA/m

2xA

log Φ(ω)

ω2
dω. (4.2.16)

Proof. (i) In view of the definitions of (α,m) - HG convex functions, for any η1 , η2 ∈ I , we

have

Φ

(
mη1η2

sη2 +m(1− s)η1

)
≤ (Φ(η2))

sα(Φ(η1))
m(1−sα) (4.2.17)

which on taking log on both sides and integrating with respect to s over [0, 1] gives

∫ 1

0
log Φ

(
mη1η2

sη2 +m(1− s)η1

)
ds ≤ log Φ(η2)

∫ 1

0
sα ds+m log Φ(η1)

∫ 1

0
(1− sα) ds.

The inequality (4.2.15) now follows by making variable substitution x = mη1η2
sη2+m(1−s)η1

and

solving the integrals on the right side.

(ii) We proceed as in Theorem 4.2.7 (ii). We apply for (4.2.17) as s = A and get

Φ

(
mη1η2

Aη2 +m(1−A)η1

)
≤ (Φ(η2))

Aα
(Φ(η1))

m(1−Aα). (4.2.18)

Again, on taking η1 and η2 as in (4.2.5), the left side of (4.2.17) after taking log and

integrating with respect to s over [0, 1] becomes

log Φ

(
2mxy

mx+ y

)
(4.2.19)

while the right side becomes

Aα

∫ 1

0
log Φ

(
2mxy(1−A)

mxs+ (1− s)y

)
ds+m(1−Aα)

∫ 1

0
log Φ

(
2mxyA

sy +mx(1− s)

)
ds. (4.2.20)

The integrals in (4.2.20) can be simplified as done for calculating I1 and I2 in Theorem

4.2.3(ii) combining which and (4.2.19), we get

log Φ

(
2mxy

mx+ y

)
≤ 2mxy(1−A)Aα

(y −mx)

∫ 2y(1−A)

2mx(1−A)

log Φ(ω)

ω2
dω +

2mxyA(1−Aα)

y −mx

∫ 2yA/m

2xA

log Φ(ω)

ω2
dω.
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Now, rewriting x , y as respectively, a , b gives 4.2.16. This completes the proof.

Remark 4.2.12. Similar to Remark 4.2.4, if α = m = 1, then A = 1
2 and therefore both

integrals on the right side of (4.2.18) become equal to

η1η2
2(η2 − η1)

∫ η2

η1

log Φ(ω)

ω2
dω.

Consequently, in this case both (4.2.17) and (4.2.18) combined together give (4.1.1).

Our next consideration is about the product of (α,m) -HG convex functions. As in

Theorem 4.2.5, it can be proved that the products of two (α,m) -HG convex functions is

again (α,m) -HG convex function.

Now, we prove the following:

Theorem 4.2.13. Let Φ, Ψ : I → R+ be (α,m) -HG convex functions. The following

inequality thus persists:

mη1η2
η2 −mη1

∫ η2

mη1

log Φ(x) + logΨ(x)

x2
dx ≤ logKη2 +mα logKη1

α+ 1
. (4.2.21)

Proof. This can be obtained similar to Theorem 4.2.7 by using the definitions of (α,m) -HG

convex functions.

Below, we provide a variant of Theorem 4.2.13 in which the left side of (4.2.21) is

independent of m .

Theorem 4.2.14. Let Φ, Ψ : I → R+ be (α,m) -HG convex functions. The following

inequality is then true:

η1η2
η2 − η1

∫ η2

η1

log Φ(x) + logΨ(x)

x2
dx ≤

logKη2/m +mα logKη1

α+ 1
. (4.2.22)

Proof. As Φ and Ψ are (α,m) -HG convex functions, then by definition, we have

Φ

(
η1η2

sη1 + (1− s)η2

)
= Φ

(
mη1

η2
m

sη1 +m(1− s)η2m

)
≤
(
Φ
(η2
m

))sα
(Φ(η1))

m(1−sα)

and

Ψ

(
η1η2

sη1 + (1− s)η2

)
= Ψ

(
mη1

η2
m

sη1 +m(1− s)η2m

)
≤
(
Ψ
(η2
m

))sα
(Ψ(η1))

m(1−sα)

On multiplying the above inequalities and taking log on both sides, we have
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log Φ

(
η1η2

sη1 + (1− s)η2

)
+ logΨ

(
η1η2

sη1 + (1− s)η2

)
≤ sα logKη2/m +m(1− sα) logKη1

which on integrating with respect to s over [0, 1] and making variable substitution x =
η1η2

sη1+(1−s)η2
on left sides, we obtain (4.2.22).

4.2.3 The Extended Results in q -Calculus

This subsection is devoted to the inequalities proved in the previous subsections for q -

calculus.

The q -derivative of a continuous function Φ : I → R at any point x ∈ I is defined by

η1DqΦ(x) =
Φ(x)− Φ(qx+ (1− q)η1)

(1− q)(x− η1)
, x ̸= η1

and

η1DqΦ(η1) = lim
x→η1

η1DqΦ(x).

The q -integral of a continuous function Φ : I → R is defined by

∫ η2

η1

Φ(s)η1dqs = (1− q)(x− η1)
∞∑

n=0

qnΦ (qnx+ (1− qn)η1)

and for c ∈ (η1, x)

∫ x

c
Φ(s)η1dqs =

∫ x

η1

Φ(s)η1dqs−
∫ c

η1

Φ(s)η1 dqs.

The q -analogue of any real number x ∈ R is defined by

[x]q :=
qx − 1

q − 1
.

For any integer n ≥ 1 , the q -analogue of (x− c)n is the polynomial

(x− c)nq := (x− c)(x− qc)...(x− qn−1c).

To deal with the negative integer exponents, it is known that

(x− c)−n
q =

1

(x− q−nc)nq
.
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The following derivatives are known for any integer n ∈ Z :

η1Dq(x− c)nq = [n]q(x− c)n−1
q ,

η1Dq
1

(x− c)nq
= [−n]q(x− qnc)−n−1

q .

For more on the theory of q -calculus, we refer to the books [1, 30].

We prove the following theorem which provides a q -analogue of Hermite-Hadamard

inequality for product of (α,m) -HA convex functions.

Theorem 4.2.15. Let Φ, Ψ : I → R+ be two (α,m) -HA convex functions. The following

inequalities are then true:

mη1η2
q(η2 −mη1)

∫ η2

mη1

Φ(x)Ψ(x)

x2
η1dqx ≤ 1

[2α+ 1]q
Kη2 +m2Kη1

(
1− 2

[α+ 1]q
+

1

[2α+ 1]q

)

+mKη1
η2

(
1

[α+ 1]q
− 1

[2α+ 1]q

)
.

(4.2.23)

Proof. By the definition of (α,m) -HA convex functions applied on Φ and Ψ , we get

Φ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sαΦ(η1) +m(1− sα)Φ(η2)

and

Ψ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sαΨ(η1) +m(1− sα)Ψ(η2).

Since Φ, Ψ ≥ 0 , multiplying the above inequalities and taking q -integral from 0 to 1 on

both sides, we obtain

∫ 1

0
Φ

(
mη1η2

sη2 +m(1− s)η1

)
Ψ

(
mη1η2

sη2 +m(1− s)η1

)
0dqs ≤ Kη1

∫ 1

0
s2α 0dqs

+m2Kη2

∫ 1

0
(1− sα)2 0dqs

+mKη1
η2

∫ 1

0
sα(1− sα) 0dqs. (4.2.24)
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Note that

∫ 1

0
s2α 0dqs = (1− q)

∞∑

n=0

qn(2α+1) = (1− q).
1

1− q2α+1
=

1

[2α+ 1]q

Similarly, it can be calculated that

∫ 1

0
(1− sα)2 0dqs = 1− 2

[α+ 1]q
+

1

[2α+ 1]q

and

∫ 1

0
sα(1− sα) 0dqs =

1

[α+ 1]q
− 1

[2α+ 1]q
.

Further, if we take

x =
mη1η2

sη2 +m(1− s)η1
,

s =

(
mη1η2
η2 −mη1

)(
1

x

)
− mη1
η2 −mη1

and it can be concluded that

0Dqs =

(
mη1η2
η2 −mη1

)
[−1]q(x)

−2
q =

(
mη1η2
η2 −mη1

)
1

q

(
1

x2

)
.

Moreover, when s → 0, x → η2 and when s → 1, x → η1 . Thus by applying the above

considerations, the inequality (4.2.24) becomes

mη1η2
q(η2 −mη1)

∫ η2

mη1

f(x)g(x)

x2
η1 dqx ≤ 1

[2α+ 1]q
Kη1 +m2Kη2

(
1− 2

[α+ 1]q
+

1

[2α+ 1]q

)

+mKη1
η2

(
1

[α+ 1]q
− 1

[2α+ 1]q

)

and the theorem is proved.

Remark 4.2.16. For α = 1, Theorem 3.3 gives the m -HA Hermite-Hadamard inequalities

for product of functions. Further if m = 1 as well, then the corresponding inequality is

obtained for HA-convex functions. Next, we prove a variant of Theorem 4.2.15 where the left

side of (4.2.23) is independent of m .

Theorem 4.2.17. Let Φ, Ψ : I → R+ be two (α,m) -HA convex functions. Then the
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following inequality holds:

η1η2
q(η2 − η1)

∫ η2

η1

Φ(x)Ψ(x)

x2
η1 dqx ≤ 1

[2α+ 1]q
Kη2/m +m2Kη1

(
1− 2

[α+ 1]q
+

1

[2α+ 1]q

)

+mKη1
η2/m

(
1

[α+ 1]q
− 1

[2α+ 1]q

)
.

Proof. As Φ and Ψ are (α,m) -HA convex functions, then by definition, we have

Φ

(
η1η2

sη1 + (1− s)η2

)
= Φ

(
mη1

η2
m

sη1 +m(1− s)η2m

)
≤ sαΦ

(η2
m

)
+m(1− sα)Φ(η1)

and

Ψ

(
η1η2

sη1 + (1− s)η2

)
= Ψ

(
mη1

η2
m

sη1 +m(1− s)η2m

)
≤ sαΨ

(η2
m

)
+m(1− sα)Ψ(η1)

. The assertion now follows proceeding in the same as in Theorem 4.2.15.

The next theorem is the q -analogue of Theorem 4.2.13.

Theorem 4.2.18. Let Φ, Ψ : I ⊂ R+ → R+ be two (α,m) -HG convex functions. Then the

following inequality persists:

mη1η2
q(η2 −mη1)

∫ η2

mη1

log Φ(x) + logΨ(x)

x2
mη1dqx ≤ 1

[α+ 1]q
logKη1 +m

(
1− 1

[α+ 1]q

)
logKη2 .

(4.2.25)

Proof. By definition, we have

Φ

(
1

s
mη1

+ 1−s
η2

)
≤ (Φ(η2))

sα(Φ(η1))
m(1−sα)

and

Ψ

(
1

s
mη1

+ 1−s
η2

)
≤ (Ψ(η2))

sα(Ψ(η1))
m(1−sα)

which give that

Φ

(
1

s
mη1

+ 1−s
η2

)
Ψ

(
1

s
mη1

+ 1−s
η2

)
≤ (Φ(η1)Ψ(η1))

sα(Φ(η2)Ψ(η2))
m(1−sα)

or

log Φ

(
mη1η2

sη2 +m(1− s)η1

)
+ logΨ

(
mη1η2

sη2 +m(1− s)η1

)
≤ sα logKη1 +m(1− sα) logKη2 .

55



Taking q -integral with respect to s over [0, 1] , we obtain

∫ 1

0
log Φ

(
mη1η2

sη2 +m(1− s)η1

)
0dqs+

∫ 1

0
logΨ

(
mη1η2

sη2 +m(1− s)η1

)
0dqs

≤ logKη1

∫ 1

0
sα 0dqt+m logKη2

∫ 1

0
(1− sα) 0dqs

The assertion now follows proceeding in the similar way as in Theorem 4.2.15.

Next, we give a variant of Theorem 4.2.18 so as to make the left side of (4.2.25) is

independent of m .

Theorem 4.2.19. Let Φ, Ψ : I ⊂ R+ → R+ be two (α,m) -HG convex functions. Then the

following inequality holds:

η1η2
q(η2 − η1)

∫ η2

η1

log Φ(x) + logΨ(x)

x2
η1dqx ≤ 1

[α+ 1]q
logKη1/m +m

(
1− 1

[α+ 1]q

)
logKη2 .

(4.2.26)

Proof. Since Φ and Ψ are (α,m) -HG convex, we have

Φ

(
1

s
η1

+ 1−s
η2

)
= Φ


 1

s
mη1
m

+ 1−s
η2


 ≤

(
Φ
(η1
m

))sα
(Φ(η2))

m(1−sα)

and similarly,

Ψ

(
1

s
η1

+ 1−s
η2

)
≤
(
Ψ
(η1
m

))sα
(Ψ(η2))

m(1−sα)

which give that

Φ

(
η1η2

sη2 + (1− s)η1

)
Ψ

(
η1η2

sη2 + (1− s)η)1

)
≤
(
Φ
(η1
m

)
Ψ
(η1
m

))sα
(Φ(η2)Ψ(η2))

m(1−sα).

or

log Φ

(
η1η2

sη2 + (1− s)η1

)
+ logΨ

(
η1η2

sη2 + (1− s)η1

)
≤ sα log

(
Φ
(η1
m

)
Ψ
(η1
m

))

+m(1− sα) log(Φ(η2)Ψ(η2)).

Taking q -integral with respect to s over [0, 1] and proceeding as in Theorem 4.2.15, the

assertion follows.
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Chapter 5

HERMITE-HADAMARD

INTEGRAL INEQUALITIES FOR

m-HARMONICALLY CONVEX

FUNCTIONS

5.1 Introduction

In this chapter, we have generalized harmonically convex function to m -harmonically convex

function and applied them to develop some Hermite- Hadamard type integral inequalities

whose first order derivatives are m -harmonically convex function. Apart from this, we have

further generalized harmonically P -function to m -harmonically P -function and applied

them to extend Hermite-Hadamard type integral inequalities.

5.2 Preliminary Results

In this section, we state some fundamental ideas and findings regarding harmonically convex

functions in order to enhance new inequalities.

Definition 5.2.1. [25] A function φ : H ⊂ Rn → R, where H ̸= ϕ , a harmonic convex set

in Rn\{0}, is a harmonic convex function on H if

φ

(
αβ

να+ (1− ν)β

)
≤ νφ(β) + (1− ν)φ(α)

holds for all α, β ∈ H, ν ∈ [0, 1] .
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If the inequality reverses, then φ is harmonically concave function.

Definition 5.2.2. [43] A function φ : I ⊂ (0,∞) → R is said to be harmonically P -function

if

φ

(
αβ

να+ (1− ν)β

)
≤ φ(α) + φ(β)

holds for all α, β ∈ I , and, ν ∈ [0, 1] .

Authors in [6, 25] introduced the Hermite-Hadamard type integral inequality for

harmonically convex function as follows:

Theorem 5.2.3. [25] Let φ : I ⊂ (0,∞) → R be harmonically convex function and α, β ∈ I

with α < β . If φ ∈ L[α, β] , then the following inequalities hold.

φ

(
2αβ

α+ β

)
≤ αβ

β − α

∫ β

α

φ(x)

x2
dx ≤ φ(α) + φ(β)

2
.

Theorem 5.2.4. [25] Let φ : I ⊂ (0,∞) → R be differentiable function on I0, α, β ∈ I,

with α < β and, φ′ ∈ L[α, β] . If |φ′|q is harmonically convex on [α, β] for q ≥ 1 , then

∣∣∣∣
φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx

∣∣∣∣ ≤
αβ(β − α)

2
ρ
1− 1

q

1

(
ρ2|φ′(α)|q + ρ3|φ′(β)|q

) 1
q

where

ρ1 =

∫ 1

0

|1− 2ν|
(νβ + (1− ν)α)2

dν =
1

αβ
− 2

(β − α)2
log

(
(α+ β)2

4αβ

)
.

ρ2 =

∫ 1

0

|1− 2ν|(1− ν)

(νβ + (1− ν)α)2
dν =

1

α(β − α)
− 3β + α

(β − α)3
log

(
(α+ β)2

4αβ

)

ρ3 =

∫ 1

0

|1− 2ν|ν
(νβ + (1− ν)α)2

dν =
1

β(β − α)
+

3α+ β

(β − α)3
log

(
(α+ β)2

4αβ

)

Theorem 5.2.5. [25] Let φ : I ⊂ (0,∞) → R be a differentiable function on I0, α, β ∈ I

with α < β and φ′ ∈ L[α, β] . If |φ′|q if harmonically convex on [α, β] for p, q > 1, 1
p +

1
q =

1 , then

∣∣∣∣
φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx

∣∣∣∣ ≤
αβ(β − α)

2

(
1

p+ 1

) 1
p (
ω1|φ′(α)|q + ω2|φ′(β)|q

) 1
q .
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where,

ω1 =

∫ 1

0

ν

(νβ + (1− ν)α)2q
dν.

ω2 =

∫ 1

0

1− ν

(νβ + (1− ν)α)2q
dν.

Theorem 5.2.6. [43]Let φ : I ⊂ (0,∞) → R be a differentiable function on I0, α, β ∈ I

with a < b and φ′ ∈ L[α, β] . If |φ′|q if harmonically convex on [α, β] , then

∣∣∣∣
φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx

∣∣∣∣ ≤
αβ(β − α)

2
(ρ2|φ′(α)|+ ρ3|φ′(β)|),

where

ρ2 =

∫ 1

0

|1− 2ν|(1− ν)

νβ + (1− ν)α)2
dν =

1

α(β − α)
− 3β + α

(β − α)3
log

(
(α+ β)2

4αβ

)
,

ρ3 =

∫ 1

0

|1− 2ν|ν
νβ + (1− ν)α)2

dν =
1

β(β − α)
+

3α+ β

(β − α)3
log

(
(α+ β)2

4αβ

)
.

Theorem 5.2.7. [43] Let, φ : I ⊂ (0,∞) → R be a differentiable function on I0, α, β ∈ I

with α < β and φ′ ∈ L[α, β] . If |φ′|q if harmonically P -function on [α, β] for p, q >

1, 1
p + 1

q = 1 , then

∣∣∣∣
φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx

∣∣∣∣ ≤
αβ(β − α)

2

(
1

p+ 1

) 1
p

ψ
1
q
(
|φ′(α)|q + |φ′(β)|q

) 1
q ,

where

ψ =

∫ 1

0

1

(νβ + (1− ν)α)2q
dν =

β1−2q − α1−2q

(1− 2q)(β − α)
.

Theorem 5.2.8. [43] Let φ : I ⊂ (0,∞) → R be a differentiable function on I0, α, β ∈ I

with α < β and φ′ ∈ L[α, β] . If |φ′|q if harmonically P -function on [α, β] for

p, q > 1, 1p + 1
q = 1 , then

∣∣∣∣
φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx

∣∣∣∣ ≤
αβ(β − α)

2
ρ1
(
|φ′(α)|q + |φ′(β)|q

) 1
q .
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where,

ρ1 =

∫ 1

0

|1− 2ν|
νβ + (1− ν)α)2

dν =
1

αβ
− 2

(β − α)2
log

(
(α+ β)2

4αβ

)
.

Theorem 5.2.9. [43] Let φ1, φ2 : I ⊂ (0,∞) → R be two harmonically convex functions on

I where α, β ∈ I with α < β . If φ1φ2 ∈ L[α, β], then

αβ

β − α

∫ β

α

(
φ1(x)φ2(x)

x2

)
dx ≤ 1

3
M(α, β) +

1

6
N(α, β),

where

M(α, β) = φ1(α)φ2(α) + φ1(β)φ2(β), N(α, β) = φ1(α)φ2(β) + φ1(β)φ2(α)

I. Iscan [24] established the following lemma for harmonically convex function.

Lemma 5.2.10. [24] Let φ : I ⊂ R\{0} → R, be a differentiable function on I0 and,

α, β ∈ I with α < β . If f ′ ∈ L[α, β] , then

φ(α) + φ(β)

2
− αβ

β − α

∫ β

α

φ(x)

x2
dx =

αβ(β − α)

2

∫ 1

0

1− 2ν

(νβ + (1− ν)α)2
φ′
(

αβ

νβ + (1− ν)α

)
dν.

5.3 Main Results

In this section, we introduce the concept of m -harmonically convex functions and m -

harmonically P -function on (0,∞) as follows:

Definition 5.3.1. A function φ : I ⊂ (0,∞) → R is said to be m -harmonically convex

function on I if

φ

(
mαβ

να+m(1− ν)β

)
= φ

((
ν

mβ
+

1− ν

α

)−1
)

≤ νφ(β) +m(1− ν)φ(α)

holds for all α, β ∈ I, ν ∈ [0, 1] and m ∈ (0, 1] .

If the above inequality is reversed then the function φ will be m -harmonically concave.

Remark 5.3.2. If m = 1 , then it reduces to harmonically convex function.

Definition 5.3.3. A function φ : I ⊂ (0,∞) → R is said to be m -harmonically P -function

on I if

φ

(
mαβ

να+m(1− ν)β

)
≤ φ(β) +mφ(α)
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holds for all α, β ∈ I, ν ∈ [0, 1] and m ∈ (0, 1] .

We, now, establish the following lemma for m -harmonically convex function.

Lemma 5.3.4. Let φ : I ⊂ R\{0} → R, be a differentiable function on I0 and α, β ∈ I

with α < β . If φ′ ∈ L[α, β] , then

φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx =

αβ(β −mα)

2∫ 1

0

(1− 2ν)

(νβ +m(1− ν)α)2
φ′
(

αβ

νβ +m(1− ν)α

)
dν.

Proof. Let

I1 =
αβ(β −mα)

2

∫ 1

0

(1− 2ν)

(νβ +m(1− ν)α)2
φ′
(

αβ

νβ +m(1− ν)α

)
dν

=
αβ(β −mα)

2

(1− 2ν)

(νβ +m(1− ν)α)2

φ
(

αβ
νβ+m(1−ν)α

)

αβ(−1)(νβ +m(1− ν)α)−2(β −mα)
|10 −

∫ 1

0
φ

(
αβ

νβ +m(1− ν)α

)
dν

=
2ν − 1

2
φ

(
αβ

νβ +m(1− ν)α

)
|10 −

∫ 1

0
φ

(
αβ

νβ +m(1− ν)α

)
dν

=
φ(α) + φ(β)

2
−
∫ 1

0
φ

(
αβ

νβ +m(1− ν)α

)
dν.

Put x = αβ
νβ+m(1−ν)α when ν → 0, x→ β

m when ν → 1, x→ α

Also, we have

dν = − αβ

(β −mα)

dx

x2
.

On substituting these values, we have

=
φ(α) + φ(β)

2
−
∫ α

β
m

φ(x)

( −αβ
β −mα

)
dx

x2
=
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx.

Thus, we have

φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx =

αβ(β −mα)

2∫ 1

0

(1− 2ν)

(νβ +m(1− ν)α)2
φ′
(

αβ

νβ +m(1− ν)α

)
dν.
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This completes the proof.

Now, we apply the Lemma 5.3.4 in order to extend Hermite- Hadamard type integral

inequality in terms of m -harmonically convex functions.

Theorem 5.3.5. Let φ : I ⊂ R\{0} → R be a differentiable function on I0, α, β ∈ I with

α < β , φ′ ∈ L[α, β] . If |φ′| is m -harmonically convex function on [α, β] ,then

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2

(
ρ2|φ′(α)|+mρ3|φ′(β)|

)
,

where

ρ2 =

∫ 1

0

|1− 2ν|(1− ν)

(νβ +m(1− ν)α)2
dν,

ρ3 =

∫ 1

0

|1− 2ν|ν
(νβ +m(1− ν)α)2

dν.

Proof. Using Lemma 5.3.4 and taking absolute value on both sides, we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣

=

∣∣∣∣
αβ(β −mα)

2

∫ 1

0

(1− 2ν)

(νβ +m(1− ν)α)2
φ′
(

αβ

νβ +m(1− ν)α

)
dν

∣∣∣∣

≤ αβ(β −mα)

2∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

∣∣∣∣φ′
(

αβ

νβ +m(1− ν)α

)∣∣∣∣ dν

Since, |φ′| is m -harmonically convex function, then we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣

≤ αβ(β −mα)

2

∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

(ν|φ′(α)|+m(1− ν)|φ′(β)|) dν

=
αβ(β −mα)

2

(∫ 1

0

|1− 2ν|ν
(νβ +m(1− ν)α)2

dν|φ′(α)|+m

∫ 1

0

|1− 2ν|(1− ν)

(νβ +m(1− ν)α)2
dν|φ′(α)|

)

=
αβ(β −mα)

2

(
ρ3|φ′(α)|+mρ2|φ′(β)|

)

This completes the proof.
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Remark 5.3.6. If m = 1 , then it reduces to Theorem 5.2.6.

Theorem 5.3.7. Let φ : I ⊂ R\{0} → R be differentiable function on I0, α, β ∈ I, with

α < β and, φ′ ∈ L[α, β] . If |φ′|q is m - harmonically convex on [α, β] for q ≥ 1 , then

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

β

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2
ρ
1− 1

q

1

(
ρ2|φ′(α)|q + ρ3|φ′(β)|q

) 1
q ,

where

ρ1 =

∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

dν,

ρ2 =

∫ 1

0

|1− 2ν|(1− ν)

(νβ +m(1− ν)α)2
dν,

ρ3 =

∫ 1

0

|1− 2ν|ν
(νβ +m(1− ν)α)2

dν.

Proof. Using the Lemma 5.3.4, power mean inequality and m -harmonic convexity of |φ′|q ,
we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2
∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

∣∣∣∣φ′
(

αβ

νβ +m(1− ν)α

)∣∣∣∣ dν

≤ αβ(β −mα)

2

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2

∣∣∣∣ dν
)1− 1

q

(∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

∣∣∣∣φ′
(

αβ

(νβ +m(1− ν)α)

)∣∣∣∣
q

dν

) 1
q

≤ αβ(β −mα)

2

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2

∣∣∣∣ dν
)1− 1

q

(∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

(ν|f ′(α)|q +m(1− ν)|f ′(β)|q)
) 1

q
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=
αβ(β −mα)

2

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2

∣∣∣∣ dν
)1− 1

q

(∫ 1

0

|1− 2ν|ν
(νβ +m(1− ν)α)2

dν|φ′(α)|q +m

∫ 1

0

|1− 2ν|(1− ν)

(νβ + (1− ν)α)2
|f ′(β)|q)

) 1
q

=
αβ(β −mα)

2
ρ
1− 1

q

1

(
ρ3|φ′(α)|q +mρ2|φ′(β)|q

) 1
q .

This completes the proof.

Remark 5.3.8. If m = 1 , then the above inequality reduces to Theorem 5.2.4.

Theorem 5.3.9. Let φ : I ⊂ R\{0} → R be differentiable function on I0, α, β ∈ I,

with α < β and, φ′ ∈ L[α, β] . If |φ′|q is m -harmonically convex on [α, β] for

p, q ≥ 1, 1
p + 1

q = 1 , then

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2

(
1

p+ 1

) 1
p (
ω1|φ′(α)|q +mω2|φ′(β)|q

) 1
q

where,

ω1 =

∫ 1

0

ν

(νβ + (1− ν)α)2q
dν, ω2 =

∫ 1

0

1− ν

(νβ + (1− ν)α)2q
dν.

Proof. From the lemma (5.3.4), Holder’s inequality and the fact that |φ′|q is m -harmonically

convex on [α, β] , then we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2

∫ 1

0

∣∣∣∣
1− 2ν

(νβ + (1− ν)α)2

∣∣∣∣
∣∣∣∣φ′
(

αβ

(νβ +m(1− ν)α)

)∣∣∣∣ dν

≤ ab(β −mα)

2

(∫ 1

0
|1− 2ν|p dν

) 1
p
(∫ 1

0

1

(νβ +m(1− ν)α)2q

∣∣∣∣φ′(
αβ

(νβ + (1− ν)α)
)

∣∣∣∣
q

dν

) 1
q

≤ αβ(β −mα)

2

(
1

p+ 1

) 1
p

(∫ 1

0

ν

(νβ + (1− ν)α)2q
dν|φ′(α)|q +m

∫ 1

0

1− ν

(νβ + (1− ν)α)2q
dν|φ′(β)|q

) 1
q

=
ab(b−ma)

2

(
1

p+ 1

) 1
p (
ω1|φ′(α)|q +mω2|φ′(β)|q

) 1
q ,
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where

∫ 1

0
|1− 2ν|p dν =

1

p+ 1
,

ω1 =

∫ 1

0

ν

(νβ + (1− ν)α)2q
dν,

ω2 =

∫ 1

0

1− ν

(νβ + (1− ν)α)2q
dν.

This completes the proof.

Remark 5.3.10. If m = 1 , then the above inequality reduces to the Theorem 5.2.5.

Theorem 5.3.11. Let φ : I ⊂ R\{0} → R be differentiable function on I0, α, β ∈ I,

with a < b and, φ′ ∈ L[α, β] . If |φ′|q is m - harmonically P -function on [α, β] for

p, q ≥ 1, 1p + 1
q = 1 , then

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2

(
1

p+ 1

) 1
p

ψ
1
q
(
|φ′(α)|q +m3|φ′(β)|q

) 1
q ,

where

ψ =

∫ 1

0

1

(νβ +m(1− ν)α)2q
dν =

β1−2q − (mα)1−2q

(1− 2q)(β −mα)
.

Proof. Using the Lemma 5.3.4, Holder’s inequality and the fact that |φ′|q is m -harmonically

P -function, then we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2

∫ 1

0

∣∣∣∣
1− 2ν

(νβ + (1− ν)α)2

∣∣∣∣
∣∣∣∣φ′
(

αβ

(νβ +m(1− ν)α)

)∣∣∣∣ dν

≤ αβ(β −mα)

2

(∫ 1

0
|1− 2ν|p dν

) 1
p
(∫ 1

0

1

(νβ +m(1− ν)α)2q
dν(|φ′(α)|q +m|φ′(β)|q)

) 1
q

=
αβ(β −mα)

2

(
1

p+ 1

) 1
p

ψ
1
q
(
|f ′(α)|q +m3|f ′(β)|q

) 1
q ,

where

ψ =

∫ 1

0

1

((νβ +m(1− ν)α))2q
dν =

β1−2q − (mα)1−2q

(1− 2q)(β −mα)
.

This completes the proof.
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Remark 5.3.12. If m = 1 , then the above inequality reduces to Theorem 5.2.7.

Theorem 5.3.13. Let φ : I ⊂ R\{0} → R be differentiable function on I0, α, β ∈ I,

with α < β and, f ′ ∈ L[α, β] . If |φ′|q is m - harmonically P -function on [α, β] for

p, q ≥ 1, 1p + 1
q = 1 , then

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣ ≤
αβ(β −mα)

2
ρ
(
|φ′(α)|q +m|φ′(β)|q

) 1
q ,

where

ρ =

∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

dν.

Proof. Using the Lemma 5.3.4, power mean inequality and the fact that |φ′|q be m -

harmonically P -function, then we have

∣∣∣∣∣
φ(α) + φ(β)

2
− αβ

β −mα

∫ β
m

α

φ(x)

x2
dx

∣∣∣∣∣

=

∣∣∣∣
αβ(β −mα)

2

∫ 1

0

(1− 2ν)

(νβ +m(1− ν)α)2
φ′
(

αβ

νβ +m(1− ν)α

)
dν

∣∣∣∣

≤ αβ(β −mα)

2

∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

∣∣∣∣φ′
(

αβ

νβ +m(1− ν)α

)∣∣∣∣ dν

≤ αβ(β −mα)

2

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2

∣∣∣∣ dν
)1− 1

q

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2q

∣∣∣∣
∣∣∣∣φ′
(

αβ

νβ + (1− ν)α

)∣∣∣∣
q) 1

q

≤ αβ(β −mα)

2

(∫ 1

0

∣∣∣∣
1− 2ν

(νβ +m(1− ν)α)2

∣∣∣∣ dν
)1− 1

q

(∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2q

(|φ′(α)|q +m|φ′(β)|q)
) 1

q
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=
αβ(β −mα)

2
ρ
1− 1

q (ρ)
1
q
(
|φ′(α)|q +m|φ′(β)|q

) 1
q

=
αβ(β −mα)

2
ρ
(
|φ′(α)|q +m|φ′(β)|q

) 1
q ,

where

ρ =

∫ 1

0

|1− 2ν|
(νβ +m(1− ν)α)2

dν.

This completes the proof.

Remark 5.3.14. If m = 1 , then it reduces to Theorem 5.2.8.

Theorem 5.3.15. Let φ1, φ2 : I ⊂ (0,∞) → R be two m -harmonically convex functions

where α, β ∈ I with α < β , m ∈ [0, 1] . If φ1φ2 ∈ L[α, β] , then

αβ

β −mα

∫ β
m

α

(
φ1(x)φ2(x)

x2

)
dx ≤ 1

3
η1 +

m2

3
η2 +

m

6
η3,

where

η1 = φ1(α)φ2(α),

η2 = φ1(β)φ2(β),

η3 = φ1(α)φ2(β) + φ1(β)φ2(α).

Proof. Since φ1, φ2 are m -harmonically convex functions, then by definition, we have

φ1

(
αβ

νβ +m(1− ν)α

)
≤ νφ1(α) +m(1− ν)φ1(β)

φ2

(
αβ

νβ +m(1− ν)α

)
≤ νφ2(α) +m(1− ν)φ2(β)

On multiplying the above two inequalities, we have

φ1

(
αβ

νβ +m(1− ν)α

)
φ2

(
αβ

νβ +m(1− ν)α

)
≤ ν2φ1(α)φ2(α)+m

2φ1(β)φ2(β)

∫ 1

0
(1−ν)2 dν

+m(φ1(α)φ2(β) + φ1(β)φ2(α))

∫ 1

0
ν(1− ν) dν

=
1

3
φ1(α)φ2(α) +

m2

3
φ1(β)φ2(β) +

m

6
(φ1(α)φ2(β) + φ1(β)φ2(α)).
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Put x = αβ
νβ+m(1−ν)α when ν = 0, x = β

m , when ν = 1, x = α

dν = − αβ

(β −mα)

dx

x2
.

On substituting these values, we have

αβ

β −mα

∫ β
m

α

(
φ1(x)φ2(x)

x2

)
dx ≤ 1

3
(φ1(α)φ2(α)+m

2φ1(β)φ2(β))+
m

6
(φ1(α)φ2(β)+φ1(β)φ2(α)).

=
1

3
(η1 +m2η2) +

m

6
η3.

This completes the proof.

Remark 5.3.16. If m = 1 , then it reduces to Theorem 5.2.9.
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Chapter 6

HERMITE-HADAMARD

INEQUALITY FOR

HARMONICALLY CONVEX

FUNCTIONS VIA

RIEMANN-LIOUVILLE

FRACTIONALS

6.1 Introduction

The notion of non-integer order calculus, the generalization of traditional integer order

calculus, called fractional calculus, was introduced by Leibnitz and L’Hopital in 1695 but

it was popularized in the end of nineteenth century by Riemann and Liouville. The rapid

growth of the fractional calculus is because of its applications in diverse fields ranging from

physical sciences to engineering to biological sciences and economics. Due to the wide

application of fractional integrals and importance of Hermite-Hadamard type inequalities,

some authors extended to study fractional Hermite-Hadamard type inequalities for functions

of different classes. Some new integral inequalities involving two non-negative and integrable

functions that are related to Hermite-Hadamard type are also obtained by many authors.

B.G. Pachpatte proposed some Hermite-Hadamard type inequalities involving two log-convex

functions. Similar results for s -convex functions are established by Kirmaci et al. M.Z.

Sarikaya presented some integral inequalities for two h-convex functions. It is remarkable

that M. Z. Sarikaya proved the following interesting inequalities of Hermite-Hadamard type
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involving Riemann-Liouville fractional integrals. For more detail see [10, 25, 52] and the

references therein.

The purpose of this chapter is to establish Hermite-Hadamard’s inequalities via Riemann-

Liouville fractional integral for the case of harmonically convex function as well as to present

the results on the products of two harmonically convex functions via Riemann-Liouville

fractional integrals.

6.2 Preliminary Results

In the following, we will give some necessary definitions and preliminary results of fractional

calculus which are used further in this chapter.

Theorem 6.2.1. [10] Let Φ : [a, b] ⊂ R → R be a positive function with a < b , α ∈ R+ and

Φ ∈ L[a, b] . If f is convex function on [a, b] then the following inequalities for fractional

integrals hold:

Φ

(
a+ b

2

)
≤ Γ(α+ 1)

2(b− a)α
[
J
α

a+Φ(b) + J
α

b−Φ(a)
]
≤ Φ(a) + Φ(b)

α

Definition 6.2.2. [10] Let Φ ∈ L[a, b] . The Riemann- Liouville integrals Jαa+Φ and Jαb−Φ
of order α > 0 with a ≥ 0 are defined by

Jαa+Φ(x) =
1

Γ(α)

∫ x

a
(x− t)α−1Φ(t) dt, x > a,

Jαb−Φ(x) =
1

Γ(α)

∫ b

x
(t− x)α−1Φ(t) dt, x < b,

respectively.

The symbols Jαa+Φ(x) and Jαb−Φ(x) are left-sided and right-sided Riemann-Liouville

fractional integrals of order α > 0 , with a ≥ 0 . Here, Γ(α) is gamma function defined by

Γ(α) =

∫ ∞

0
e−ttα−1 dt

6.3 Main Results

Hermite-Hadamard’s inequalities for harmonically convex functions via Riemann-Liouville

fractional integral can be represented as follows:
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Theorem 6.3.1. Let Φ : [a, b] → R be a positive function with 0 ≤ a ≤ b and Φ ∈ L[a, b] .

If Φ is harmonically convex function on [a, b] , then the following inequalities for fractional

inequalities hold:

Φ

(
2ab

a+ b

)
≤ (aα − bα)Γ(α)

2(b− a)α

[
1

aα−1
Jαa+Φ(b) +

1

bα−1
Jαb−Φ(a)

]
≤ Φ(a) + Φ(b)

2α
.

Proof. Since Φ : I ⊂ R\{0} is a harmonically convex, for all x, y ∈ I with t = 1
2 , we have

Φ

(
2xy

x+ y

)
≤ Φ(x) + Φ(y)

2

Choosing x = ab
ta+(1−t)b , y = ab

tb+(1−t)a , we get

Φ

(
2 ab
ta+(1−t)b

ab
tb+(1−t)a

ab
ta+(1−t)b +

ab
tb+(1−t)a

)
≤

Φ
(

ab
ta+(1−t)b

)
+Φ

(
ab

tb+(1−t)a

)

2

2Φ

(
2ab

a+ b

)
≤ Φ

(
ab

ta+ (1− t)b

)
+Φ

(
ab

tb+ (1− t)a

)
.

Multiplying both sides by tα−1 , then integrating with respect to t over [0, 1] , we obtain

2

∫ 1

0
tα−1Φ

(
2ab

a+ b

)
dt ≤

∫ 1

0
tα−1Φ

(
ab

ta+ (1− t)b

)
dt+

∫ 1

0
tα−1Φ

(
ab

tb+ (1− t)a

)
dt,

i.e.,

2

α
Φ

(
2ab

a+ b

)
≤ I1 + I2, (6.3.1)

where I1 =
∫ 1
0 t

α−1Φ
(

ab
ta+(1−t)b

)
dt Put u = ab

ta+(1−t)b then dt = ab
b−a

du
u2 . When t→ 0, u→

a; t→ 1, u→ b And, t = b(u−a)
(a−b)u .

On substituting these values, we obtain

I1 =

∫ b

a

(
b(u− a)

(b− a)u

)α−1

Φ(u)
ab

b− a

du

u2

=
ab

b− a

∫ b

a

bα−1(u− a)α−1

(b− a)α−1uα−1

Φ(u)du

u2

=
abα

(b− a)α

∫ b

a

(u− a)α−1Φ(u)du

uα+1

=
bα − aα

α(b− a)αaα−1
Γ(α)Jαa+Φ(b).

And, I2 =
∫ 1
0 t

α−1Φ
(

ab
tb+(1−t)a

)
dt. Put v = ab

tb+(1−t)a . Then dt = ab
b−a

dv
v2
.
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When t→ 0, v → b; t→ 1, v → a and, t = a(b−v)
(b−a)v .

On substituting these values, we obtain I2 =
bα−aα

α(b−a)αbα−1Γ(α)Jαb−Φ(a)
Now, we substitute the values of I1 and I2 in (6.3.1) , we obtain

2

α
Φ

(
2ab

a+ b

)
≤ bα − aα

α(b− a)αaα−1
Γ(α)Jαa+Φ(b) +

bα − aα

α(b− a)αbα−1
Γ(α)Jαb−Φ(a),

i.e.,

2Φ

(
2ab

a+ b

)
≤ (bα − aα)Γ(α)

(b− a)α

(
1

aα−1
Jαa+Φ(b) +

1

bα−1
Jαb−Φ(a)

)
(6.3.2)

Also, as Φ is harmonically convex function, then for t ∈ [0, 1] , it yields

Φ

(
ab

ta+ (1− t)b

)
≤ tΦ(a) + (1− t)Φ(b).

And,

Φ

(
ab

tb+ (1− t)a

)
≤ (1− t)Φ(a) + tΦ(b)

Adding these two inequalities,

Φ

(
ab

ta+ (1− t)b

)
+Φ

(
ab

tb+ (1− t)a

)
≤ Φ(a)(t+ 1− t) + Φ(b)(1− t+ t) = Φ(a) + Φ(b).

Multiplying both sides by tα−1 and integrating with respect to t over [0, 1] , we have

∫ 1

0
tα−1Φ

(
ab

ta+ (1− t)b

)
dt+

∫ 1

0
tα−1Φ

(
ab

tb+ (1− t)a

)
dt ≤ Φ(a)

∫ 1

0
tα−1 dt+Φ(b)

∫ 1

0
tα−1 dt,

i.e.,

(bα − aα)Γ(α)

(b− a)α

(
1

aα−1
Jαa+Φ(b) +

1

bα−1
Jαb−Φ(a)

)
≤ Φ(a) + Φ(b)

α
. (6.3.3)

From (6.3.1), (6.3.2), and (6.3.3) , we have

Φ

(
2ab

a+ b

)
≤ (aα − bα)Γ(α)

2(b− a)α

[
1

aα−1
Jαa+Φ(b) +

1

bα−1
Jαb−Φ(a)

]
≤ Φ(a) + Φ(b)

2α
.

This completes the proof.

Theorem 6.3.2. Let Φ and Ψ be two real-valued, non-negative and harmonically convex
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functions on [a, b] .Then the following inequalities hold:

(bα − aα)Γ(α)

α(b− a)α

[
1

aα−1
Jαa+Φ(b)Ψ(b) +

1

bα−1
Jαb−Φ(a)Ψ(a)

]
≤
(

2

α+ 2
− 2

α+ 1
+

1

α

)
M(a, b)

+
2

(α+ 1)(α+ 2)
N(a, b),

where M(a, b) = Φ(a)Ψ(a) + Φ(b)Ψ(b); N(a, b) = Φ(a)Ψ(b) + Φ(b)Ψ(a).

Proof. Let Φ and Ψ be harmonically convex functions on [a, b] . Then, for t ∈ [0, 1] , we

have

Φ

(
ab

ta+ (1− t)b

)
≤ tΦ(b) + (1− t)Φ(a),

and

Ψ

(
ab

ta+ (1− t)b

)
≤ tΨ(b) + (1− t)Ψ(a).

Then their product is given by

Φ

(
ab

ta+ (1− t)b

)
Ψ

(
ab

ta+ (1− t)b

)
≤ t2Φ(b)Ψ(b) + (1− t)2Φ(a)Ψ(a)

+t(1− t)(Φ(a)Ψ(b) + Φ(b)Ψ(a)).

Similarly,

Φ

(
ab

(1− t)a+ tb

)
Ψ

(
ab

(1− t)a+ tb

)
≤ t2Φ(a)Ψ(a) + (1− t)2Φ(b)Ψ(b)

+t(1− t)(Φ(a)Ψ(b) + Φ(b)Ψ(a)).

On adding the above two inequalities, we have

Φ

(
ab

ta+ (1− t)b

)
Ψ

(
ab

ta+ (1− t)b

)
+Φ

(
ab

(1− t)a+ tb

)
Ψ

(
ab

(1− t)a+ tb

)

≤ (2t2 − 2t+ 1)(Φ(a)Ψ(a) + Φ(b)Ψ(b)) + 2t(1− t)(Φ(a)Ψ(b) + Φ(b)Ψ(a)).

Multiplying the above inequality by tα−1 and then integrating the resulting inequality with

respect to t over [0, 1] , we obtain

∫ 1

0
tα−1Φ

(
ab

ta+ (1− t)b

)
Ψ

(
ab

ta+ (1− t)b

)
dt+

∫ 1

0
tα−1Φ

(
ab

(1− t)a+ tb

)
Ψ

(
ab

(1− t)a+ tb

)
dt

≤ (Φ(a)Ψ(a) + Φ(b)Ψ(b))

∫ 1

0
tα−1(2t2 − 2t+ 1) dt+ 2(Φ(a)Ψ(b) + Φ(b)Ψ(a))

∫ 1

0
tα−1t(1− t) dt.
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Here,

∫ 1

0
tα−1(2t2 − 2t+ 1) dt =

2

α+ 2
− 2

α+ 1
+

1

α∫ 1

0
tα−1t(1− t) dt =

1

(α+ 1)(α+ 2)
.

Put ab
ta+(1−t)b = u. Then dt = ab

b−a
du
u2 . And, when t → 0, u → a and t → 1, u → b, and

t = b(a−u)
u(a−b) . Again, put ab

(1−t)a+tb = v . Then dt = ab
b−a

dv
v2

. Also, when t → 0, v → b , and

when t→ 1, v → a On substituting these values, we obtain

∫ b

a

(
b(a− u)

u(a− b)

)α−1

Φ(u)Ψ(u)
ab

(b− a)u2
du+

∫ a

b

(
a(v − a)

v(b− a)

)α−1

Φ(v)Ψ(v)
ab

(b− a)v2
du

≤
(

2

α+ 2
− 2

α+ 1
+

1

α

)
M(a, b) +

2

(α+ 1)(α+ 2)
N(a, b),

i.e.,

abα

(a− b)α

∫ a

b

(a− u)α−1Φ(u)Ψ(u)

uα+1
du+

aαb

(b− a)α

∫ a

b

(v − a)α−1Φ(v)Ψ(v)

uα+1
dv

≤
(

2

α+ 2
− 2

α+ 1
+

1

α

)
M(a, b) +

2

(α+ 1)(α+ 2)
N(a, b)

(bα − aα)Γ(α)

α(b− a)α

[
1

aα−1
Jαa+Φ(b)Ψ(b) +

1

bα−1
Jαb−Φ(a)Ψ(a)

]
≤
(

2

α+ 2
− 2

α+ 1
+

1

α

)
M(a, b)

+
2

(α+ 1)(α+ 2)
N(a, b).

This completes the proof.
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Chapter 7

SUMMARY, CONCLUSION, AND

RECOMMENDATION

7.1 Summary

The origin of quantum calculus, how it is different from ordinary calculus, and application of

quantum calculus in various domain of Mathematics and Physics have been explained in short

in the first chapter of this thesis. It has also included different aspects of convex functions

and mathematical inequalities, especially, Hermite-Hadamard type integral inequality for

classical convex function. The mathematical means and their corresponding properties along

with different types of special means have also been incorporated.

The second chapter of this thesis has extended the equality of convex function of quantum

estimates to an m -convex function. Using the resulted information, a few novel Hermite-

Hadamard integral inequalities are established whose first order q -derivatives are m -convex

functions.

The third chapter of this thesis, has included some new results on the products of

generalized geometric convex functions, and these results are further extended to q -analogues

which is a new paradigm in convexity theory and integral inequality.

In the fourth chapter of this thesis, some new convexities related to harmonic convexity

have been defined and for each new convexity, a corresponding Hermite-Hadamard inequality

has been proved. The product of functions having a particular convexity has also been

considered, and the q-analogues of these inequalities have also been obtained.

In the fifth chapter of this thesis, we have generalized harmonically convex function to

m -harmonically convex function and applied them to develop some Hermite- Hadamard

type integral inequalities whose first order derivatives are m -harmonically convex function.
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Apart from this, we have further generalized harmonically P -function to m -harmonically

P -function and applied them to extend Hermite-Hadamard type integral inequalities.

In sixth chapter of this thesis, we have established Hermite-Hadamard’s inequalities via

Riemann-Liouville fractional integral for the case of harmonically convex function, and the

products of two harmonically convex functions via Riemann-Liouville fractional integrals as

well.

7.2 Conclusion

The Hermite-Hadamard inequality usually stated as a result valid for convex functions only,

although it holds for many other functions as well. The Hermite-Hadamard inequality

provides a lower and an upper estimation for the integral average of any convex function

defined on a compact interval involving the mid-point and the end points of the domain

having a wider application for generalized means, information measures, quadrature rules,

and many more. That’s why, it has become a corner stone in mathematical analysis and

in optimization theory. There is a growing literature providing new proofs, extensions,

refinements and generalizations on it.

The main results of this thesis starts from chapter 2 and ends with chapter 6 which

include extensions, refinements and new proofs on Hermite-Hadamard integral inequality for

different convexity of functions which are concluded as follows:

� Inspired by the work of Iscan [6, 26] who defined harmonic convexity, in this thesis,

we have generalized this convexity to m -harmonic convexity and further to (α,m) -

harmonic convexity. Moreover, we also have defined new notions of harmonic-geometric

(HG) -convexity, m − HG -convexity and (α,m) − HG -convexity, and for each of

these convexities, we have proved Hermite-Hadamard inequalities and we have obtained

inequalities involving the product of each of the those type of convexities in q -calculus.

� Motivated by the concept of geometrically convex functions by Zhang et. al in [62], and

Niculescu in [37], we have extended the definitions on geometrically-convex functions

and the results on the products of generalized geometrically convex functions and those

results are also established in q -calculus in this thesis.

� Inspired by the results of Sudsutad et al. [54], this thesis has extended Lemma

(2.2.3) assuming that uDqΦ is q -integrable m -convex function and then presented

some quantum estimates of Hermite-Hadamard type integral inequalities for m -convex

function on [mu, v] .

� Motivated by the works of I. Iscan, [6, 26], we have generalized harmonically

convex function to m -harmonically convex function and m -harmonically P -function

76



and obtained some Hermite-Hadamard type integral inequalities whose first order

derivatives are m -harmonically convex functions.

� Inspired by the works of M. Z. Sarikaya [52], we have established the interesting

inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional integrals

for harmonically convex function.

7.3 Recommendation

Convexity is one of the four special properties viz. continuity, convexity, monotocity and

differentiability of the functions of real variables having two important attributes i.e. the

maximum value is attained at a boundary point and any local minimum is a global one.

Hermite-Hadamard integral inequality is one of the most important integral inequalities that

satisfies the necessary and sufficient condition of the convexity of the function. Inequalities

play important roles in understanding many mathematical concepts, such as probability

theory, numerical integration and integral operator theory. Through the last century, H-

H type integral inequality has been considered to be one of the fastest growing inequality in

mathematical analysis, through which vast problems of engineering, physics and economics

have been addressed. Due to the enormous importance of H-H inequalities, many extensions,

refinements, and generalization for various types of convex functions are still open to be dealt

with. More specifically, extensions and refinements of Hermite -Hadamard type integral

inequality for various types of convex functions in quantum calculus may be the interested

domains for the researchers in future.
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Abstract 

Convexity is a fundamental and significant function in the theory of geometric functions 

with extensive applications in both pure and applied mathematics. In this article, an equality of 

quantum estimate of convex function is extended to an m-convex function. Taking so obtained 

result a few novel Hermite-Hadamard type integral inequalities whose first order q-derivatives 

are m-convex functions are established. The results are further presented in q-analogues. 

1. Introduction 

Quantum calculus, or q-calculus, is the study of calculus without the 

concept of limits, first appeared in the eighteenth century and reached its 

pinnacle in the twentieth due to its extensive use in physics and several 

mathematical disciplines. By bringing the number q into Newton’s work on 

infinite series, Euler launched his research in the eighteenth century. The 

theory of q-hyper-geometric functions and Jacobi’s triple product identity 

were discovered in the nineteenth century. Jackson (1910) established 

definitive q-integrals and began a systematic study of q-calculus. Multiple 

areas of mathematics and physics, including number theory, fundamental 

hyper-geometric functions, combinatorics, orthogonal polynomials, 
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mathematical inequalities, quantum theory, mechanics, and the theory of 

relativity, all have numerous uses for the subject of quantum calculus, and, 

hence the q-calculus is appeared as an inter-disciplinary subject between 

mathematics and physics, a blend of the subjects. We refer to go through the 

books by Ernst [9], Kac and Cheung [10], and the paper by Gauchman [4] for 

some recent developments on quantum calculus and the theory of 

inequalities. 

Convexity is a fundamental and significant function in the theory of 

geometric functions with extensive applications in both pure and applied 

mathematics. It has been noted that the theories of inequalities and convex 

functions are very interdependent. According to the literature, a classical or 

normal convex function is defined as follows: 

Definition 1.1. Let ,:  → I  be a real valued function. Then, the 

function  is said to be a convex function, if the inequality 

( )( ) ( ) ( ) ( )vsusvsus −+−+ 11  (1.1) 

holds, for all ,, Ivu   and,  .1,0s  

If the inequality in (1.1) is reversed, then the concavity of  holds. Toader 

[3] introduced the concept of m-convexity of the function  as follows. 

Definition 1.2[3]. The function   ,0,,0: → bb   is said to be m-

convex function if  

( )( ) ( ) ( ) ( ))vsmusvsmus −+−+ 11   (1.2) 

holds for all      .1,0,1,0,,0,  msbvu   

The m-convexity is intermediate concept between usual convexity and 

star-shaped function. We recall that a function   → b,0:  is called a star-

shaped function, if 

( ) ( )ussu   

holds for all    .1,0,,0  sbu  

Example 1.1. The function  ) → ,0:  given by 

( ) bauu +=  

is an m-convex function  ( )1,0m  if .0b  
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There are numerous significant inequalities for the category of convex 

functions, but one of the most well-known is the so-called Hermite Hadamard 

integral inequality, which was independently found by Ch. Hermite and J. 

Hadamard in 1881 and 1893 and goes as follows. 

Definition 1.3. Let  → I:  be a convex function where, Ivu ,  

with .vu   Then, the following inequality holds: 

( )
( ) ( )

.
2

1

2 
+


−








 +


v

u

vu
dxx

uv

vu
 (1.3) 

This famous result is considered as a necessary and a sufficient condition 

for a function to be convex. It provides a lower and an upper estimation for 

the integral mean of any convex function defined on a compact interval 

involving the mid-point and the end points. Hermite-Hadamard’s inequality 

has raised many scholars’ attention, and thus, a variety of refinements, 

extensions, variants and generalizations have been found in literatures. 

In this paper, we aim in developing some quantum estimates of Hermite- 

Hadamard type of integral inequalities for m-convex functions by considering 

the results of quantum estimates of convex functions. 

2. Preliminary Results 

In this section, we first review and state some previously understood 

ideas and findings on q-calculus that will be applied in the following paper. 

Let   ( )vuJvuJ ,,, 0 ==   be intervals and 10  q  be a constant. 

We define q-derivative of a function → J:  at a point Jx   on 

 vu,  as follows: 

Definition 2.1[5]. Assume that → J:  is a continuous function and 

let .Jx   Then the expression 

( )
( ) ( )( )

( ) ( )
( ) ( )xDuDux

uxq

uqxqx
xD qu

ux
ququ =

−−

−+−
=

→
lim,,

1

1
  (2.1) 

is called the q-derivative of the function  at x on J. We say that  is              

q-differentiable on J provided ( )xDqu   exists for all .Jx   
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Note that if 0=u  in (2.1), then ,0 = qq DD  where qD  is the well 

known q-derivative of the function ( )x  defined by 

( )
( ) ( )
( )xq

qxx
xDq −

−
=

1
 

For more details, see [5]. 

Definition 2.2[5]. Assume that → J:  is a continuous function and 

let .Jx   Then the q-integral on J is defined by 

( ) ( ) ( ) ( ( ) ) 


=

−+−−=
x

u
n

nnn
qu uqxqquxqsds

0

11   (2.2) 

for .Jx   

Moreover, if ( ),, xuc   then the definite q-integral on J is defined by 

( ) 
x

c
qc sds  

( ) ( ) ( ) ( ) ( ( ) )  


=

−+−−=−=
x

u

c

u
n

nnn
ququ uqxqquxqsdssds

0

11  

( ) ( ) ( ( ) ).11

0




=

−+−−−

n

nnn uqcqqucq  

Note that if ,0=u  then equation (2.2) reduces to the classical q-integral 

of a function ( ),x  defined by 

( ) ( ) ( )  ) 


=

−=
x

n

nn
q xxqqxqsds

0
0

0 .,0,1  

Theorem 2.3[10]. Assume → J:, 21  are continuous functions, 

.  Then, for Jx   

(i) ( ( ) ( )) ( ) ( )   +=+
x

u

x

u

x

u
quququ sdssdssdss .2121  
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(ii) ( ) ( ) ( )  =
x

u

x

u
ququ sdssds .11  

(iii) ( ) ( ) =
x

c

x
cququ sdsDs 2121  

( )( ) ( ) ( ) −+−
x

c
ququ xucsdsDuqqs .,,1 12  

Alp et al. [7] in 2018 introduced the correct form of Hermite-Hadamard 

type integral inequality in quantum framework as follows: 

Theorem 2.4[7]. Let → J:  be a continuous function on J and 

.10  q  Then, we have 

( )
( ) ( )

 +

+


−









+

+


v

u
qu q

vuq
sds

uvq

vqu
.

1

1

1
  (2.3) 

Lemma 2.5[11]. Let → J:  be a continuous function and .10  q  

If qu D  is an integrable function on ,0J  then the following equality holds: 

( ) ( )
( ) 

−
−

+

+ v

u
qu sds

uvq

vuq 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdussvDsq

q

uvq
qqu  

Lemma 2.6[11]. Let 10  q  be a constant. Then, the following 

equalities hold: 

(i)  =
1

0
0 .11 sdq  

(ii)  +
=

1

0
0 .

1

1

q
sds q  

(iii)  ++
=

1

0 2
0

2 .
1

1

qq
sds q  

Lemma 2.7[11]. Let 10  q  be a constant. Then, the following equality 

holds: 
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( )
( )

( ) +

++
=+−

1

0 3

2

0 .
1

2
11

q

qqq
sdsq q  

Lemma 2.8[11]. Let 10  q  be a constant. Then, the following equality 

holds: 

( )
( )

( ) ( ) +++

++
=+−

1

0 23

2

0 .
11

41
11

qqq

qqq
sdsqs q  

Lemma 2.9[11]. Let 10  q  be a constant. Then, the following equality 

holds: 

( ) ( )
( )

( ) ( ) +++

++
=+−−

1

0 23

32

0 .
11

231
111

qqq

qqq
sdsqs q  

Theorem 2.10[11]. Let → J:  be a continuous function. If qu D  is 

convex and integrable on ,0J  then the following inequality holds: 

( ) ( )
( ) 

−
−

+

+ v

u
qu sds

uvq

vuq 1

1
 

( )

( ) ( )
(( ) ( ) ( ) ( )).23141

11

32

24

2

uDqqvDqq
qqq

uvq
ququ +++++

+++

−
  

Theorem 2.11[11]. Let → J:  be a continuous function. If 
r

quD   

is convex and integrable on ,0J  and ,1r  then the following inequality 

holds: 

( ) ( )
( )

( ) ( )

( )4

22

1

21

1 q

uvqqq
sds

uvq

vuq v

u
qu

+

−++


−
−

+

+
  

( ) ( ) ( ) ( )

( ) ( )

rr
qu

r
qu

qqqq

uDqqvDqq

1

232

322

2231

23141















++++

+++++
 

Theorem 2.12[11]. Let 1  and 2  be two real-valued, non-negative and 

convex functions on J. Then, the following inequality holds: 

92



HERMITE-HADAMARD INEQUALITY WHOSE FIRST ORDER … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 11, September 2023 

2177 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
.

11

,1

1

1
2

2
21

2

2
21

21 +++

++
+

++




−

v

u
qu

qqq

vuNqvvqq

qq

uu
xdxx

uv
 

Theorem 2.13[11]. Let 1  and 2  be two real-valued, non-negative and 

convex functions on J. Then, the following inequalities hold: 

(i) 
( ) ( )

( )2

211

uv

qqq

−

+++
 

( )( ) ( )( )
( )

( )uv

qq
ydxdsdxssyxssy

v

u

v

u
ququq −

++
−+−+  

21

0
021

21
11  

( ) ( )
( )

( ( ) ( ) ( ) ( )) ( ) ++
+

+
v

u
qu vuqNvvuuq

q

q
xdxx ,

1

2
2121

2
2

2

21  

(ii) ( ) ( )  






 +
−+







 +
−+

−

++ v

u
quq ydsd

vu
ssy

vu
ssy

uv

qq 1

0
021

2

2
1

2
1

1
 

( ) ( )
( )
( )

( ) ( )( ) +
+

+
+

−


v

u
qu vuNvuM

q

qq
xdxgx

uv
,,

14

11 2

21  

( )
( ( ( ) ( ) ( ) ( )) ( ) ( ))vuNqvvuuq

q

q
,12

12
21212

2

+++
+

+  

where ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,,, 21212121 uvvuvuNvvuuvuM +=+=  

3. Main Results 

In this section, first of all, we extend Lemma 2.5 assuming that qu D  is 

q-integrable m-convex function and then present some quantum estimates of 

Hermite-Hadamard type integral inequalities for m-convex function on 

 ., vmu   

Lemma 3.1. Let → J:  be a continuous function and .10  q  If 

qu D  is q-integrable m-convex function on ,0J  where 0J  is interior of J, 

then the following equality holds: 
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( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

Proof. Using q-derivative on a finite interval, we have 

( )( ) ( )( ) ( )( )  −+=−++−
1

0

1

0
00 11111 sdusmsvDsdusmsvDsq qquqqu  

( ) ( )( ) −++−
1

0
011 sdusmsvDsq qqu  

( )( ) ( )( )
( ) ( ) −−

−+−−+
=

1

0
01

11
sd

muvqs

uqsmqsvusmsv
q  

( )
( )( ) ( )( )

( ) ( ) −−

−+−−+
+−

1

0
01

11
1 sd

muvqs

uqsmqsvusmsv
sq q  

( ( ) ) ( ( ) )













−−−−+

−
=  



=



=

++

0 0

11 11
1

n n

nnnn uqmvquqmvq
muv

 

( ( ) ) ( ( ) )













−−−−+

−

+
−  



=



=

++

0 0

11 11
1

n n

nnnnnn uqmvqquqmvqq
muv

q
 

( ) ( )
( ( ) )



=

−+
−

+
−

−

−
=

0

1
1

n

nnn uqmvqq
muv

q

muv

muv
 

( ( ) )


=

++ −+
−

+
+

0

11 1
1

n

nnn uqmvqq
muv

q
 

( ) ( )
( ( ) )



=

−+
−

+
−

−

−
=

0

1
1

n

nnn uqmvqq
muv

q

muv

muv
 

( )
( ) ( ) ( ( ) )














−+−

−

+
+ 



=

++

0

11 1
1

n

nnn uqmvqquv
muvq

q
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( ) ( ) ( ) ( )
( ) ( )

( ( ) )
0

1 1
1n n n

n

v mu q v q
q q v m q u

v mu q v mu q v mu



=

 − +  +
= − +  + −

− − −   

( ( ) )


=

−+
−

+
−

0

1
1

n

nnn uqmvqq
muv

q
 

( ) ( )
( )

( )( ) ( )
( ) ( )

( ( ) )


=

−+
−−

−−+
+

−

+
−=

0

1
11

n

nnn uqmvqq
muvmuvq

muvqq

muvq

vmuq
 

( ) ( )
( )

( )

( )
( ) 

−

+
+

−

+
−=

v

mu
qmu sds

muvq

q

muvq

vmuq
2

1
 

( )
( )

( ) ( )
.

1

11









+

+
−

−−

+
= 

v

mu
qmu q

vmuq
sds

muvmuvq

q
 

Thus, we have 

( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0 .111

1
sdusmsvDsq

q

muvq
qqu  

The proof is now complete. □ 

Remark 3.2. If ,1=m  and then it reduces to the result as given in 

Lemma 2.5, and if ,1,1 =→ mq  then it reduces to the following result: 

( ) ( )
( ) ( ) ( )( )  −+−

−
=

−
−

+ v

u
dsussvs

uv
dxx

uv

vu 1

0
.121

2

1

2
 

Theorem 3.3. Let → J:  be a continuous function. If qmuD  is  

m-convex and integrable on ,0J  then the following inequality holds: 

( ) ( )
( ) 

−
−

+

+ v

mu
qu sds

muvq

vmuq 1

1
 

( )

( ) ( )
(( ) ( ) ( ) ( ) ).23141

11

32

24

2

uDqqvDqq
qqq

muvq
qmuqmu +++++

+++

−
  
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Proof. Using lemma 3.1 and m-convexity of qmuD  on 0J  and lemmas 

2.8 and 2.9, we have 

( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

( )
q

muvq

+

−


1
 

( )  ( ) ( ) ( )  sduDsmvDssq qqmuqmu 0

1

0
111 −+−−  

( )
q

muvq

+

−


1
 

 ( ) ( ) ( ) ( ) ( ) 
1 1

0 0
0 0

1 1 1 1 1q q q qmu mu
D v s q s d s m D u s q s d s − + +  − − +   

( )
( )

( )

( ) ( )

( )

( ) ( )
( ) 










+++

++
+

+++

++

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The proof is complete. □ 

Remark 3.4. If ,1=m  then it reduces to the previous result as in 

Theorem 2.10. 

Remark 3.5. If 1,1 →= qm  then, the above result reduces to the 

following already established result  
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−
−
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We, now present the second result of q-integral inequality for m-convex 

function on  ., vmu   
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Theorem 3.6. Let → J:  be a continuous function. If 
r

qmuD   is 

m-convex and integrable on 0J  and ,1r  then the following inequality 

holds: 
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Proof. From lemma 3.1 and using power-mean inequality and                 

m-convexity of ,r
qmuD   and lemmas 2.7, 2.8 and 2.9, we have 
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This completes the proof. □ 

Remark 3.7. If ,1=m  then it reduces to Theorem 2.11. 

Remark 3.8. If 1=m  and ,1→q  then we have the following previously 

known result 
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Theorem 3.9. Let 1  and 2  be two real-valued, non-negative m-convex 

functions on J. Then, the following inequality holds: 
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where, ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

Proof. Using m-convexity of 1  and 2  and for all  ,1,0s  we have 

( )( ) ( ( ) ( ) ( )).11 111 usmvsusmsv −+−+  

( )( ) ( ( ) ( ) ( )).11 222 usmvsusmsv −+−+  

Multiplying above inequalities, we have 
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22

21
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( ) ( ( ) ( ) ( ) ( )).1 2121 uvvusms +−+  
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Taking q-integral with respect to s over  1,0  and using lemma 2.6, we 

have 
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Substituting ( ) ,1 usmsvx −+=  on left-side of above inequality, we have 
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where, ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

This completes the proof. □ 

Remark 3.10. If ,1→q  then the above inequality reduces to 

( ) ( )  ( ) ( ) ( ) ( ) ( ) ++
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Remark 3.11. If 1→q  and ,1=m  then the inequality reduces to 

( ) ( ) ( ) ( ) +
−

v

u
vuNvuMdxxx

uv
.,

6

1
,

3

11
21  

Theorem 3.12. Let 1  and 2  be two real-valued, non-negative m-convex 

functions on J. Then, the following inequalities hold: 
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where ( ) ( ) ( ) ( ) ( ),, 2121 vvuuvuM +=  and ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

Proof. From the definition of m-convexity of 1  and ,2  for all 

  ,,,1,0 Jyxs   we have 

( )( ) ( ) ( ) ( ).11 111 xsmysxsmsy −+−+  

( )( ) ( ) ( ) ( ).11 222 xsmysxsmsy −+−+  

Multiplying above inequalities, we have 
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Taking q-integral with respect to s over  1,0  and using lemma 2.6 
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Next, taking double q-integral to both sides of the above inequality with 

respect to yx,  on  ,, vu  we have 
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On simplifying, we have 
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Multiplying both sides by 
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Now, we begin the proof of (ii) part: 

From the definition of m-convexity of 1  and ,2  for all 

  ,,,1,0 Jyxs   we have 
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Multiplying the above inequalities, we obtain 
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Taking q-integral with respect to s over  ,1,0  we have 
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Applying q-integral with respect to y over  vu,  and using m-convexity of 

functions of 1  and ,2  we observe 
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Multiplying both sides by 
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This completes the proof. □ 

Remark 3.13. If ,1=m  then it reduces to the result as given in Theorem 

2.6. 
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Abstract. The concept of convexity of functions is a useful instrument that is used to solve a
wide range of pure and applied scientific issues. The Hermite-Hadamard inequality which is
also used frequently in many other parts of practical mathematics notably in optimization and
probability is one of the most important mathematical inequalities relevant to convex maps. The
fractional calculus, a calculus of non-integer order has applications in diverse fields of physical
sciences. In this paper, we have established Hermite-Hadamard’s inequalities via Riemann-
Liouville fractional integral for the case of harmonically convex function as well as the products
of two harmonically convex functions via Riemann-Liouville fractional integrals.

1. Introduction

The notion of non-integer order calculus, the generalization of traditional integer
order calculus, called fractional calculus, was introduced by Leibnitz and L’Hopital in
1695 but it was popularized in the end of nineteenth century by Riemann and Liouville.
The rapid growth of the fractional calculus is because of its applications in diverse
fields ranging from physical sciences to engineering to biological sciences and eco-
nomics. Due to the wide application of fractional integrals and importance of Hermite-
Hadamard type inequalities, some authors extended to study fractional Hermite-Hada-
mard type inequalities for functions of different classes.

The concept of convexity of functions is a useful instrument that is used to solve
a wide range of pure and applied scientific issues. Many researchers have recently
comitted themselves to investigate the attributes and inequalities of convexity in var-
ious directions. The Hermite-Hadamard inequality which is also used frequently in
many other parts of practical mathematics notably in optimization and in probability
is one of the most important mathematical inequalities relevant to convex maps. This
famous inequality gives error bounds for the mean value of a continuous convex map-
ping. The inequalities discovered independently by Ch. Hermite and J. Hadamard for
convex functions are very essential in the literature of mathematical analysis. These

Mathematics subject classification (2020): 26A33, 26A51, 26D15.
Keywords and phrases: Convexity, harmonic-convexity, Hermite-Hadamard inequality, fractional-

calculus.
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inequalities state that if f : I ⊂ R → R is a convex function on the interval I of real
numbers and a,b ∈ I with a < b , then

f

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
.

Both the inequalities hold in reversed direction if f is concave. We note that Hermite-
Hadamard inequality (hereafter it is called as H-H inequality in this paper) may be
regarded as a refinement of the concept of convexity and it easily follows from Jen-
sion’s inequality. H-H inequality for convex functions has received renewed attention
in recent years and a remarkable variety of refinements and generalizations have been
obtained. The H-H inequality provides estimates of the mean value of a continuous
convex functions. B. G. Pachpatte established new Hermite-Hadamard type inequali-
ties for products of classical convex functions as follows:

THEOREM 1. [3] Let f and g be real-valued, non-negative and convex functions
on [a,b] . Then

1
b−a

∫ b

a
f (x)g(x)dx � 1

3
M(a,b)+

1
6
N(a,b)

and,

2 f

(
a+b

2

)
g

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)g(x)dx+

1
6
M(a,b)+

1
3
N(a,b).

Some new integral inequalities involving two non-negative and integrable func-
tions that are related to Hermite-Hadamard type are also obtained by many authors.
B. G. Pachpatte proposed some Hermite-Hadamard type inequalities involving two log-
convex functions. Similar results for s-convex functions are established by Kirmaci et
al. M. Z. Sarikaya presented some integral inequalities for two h-convex functions.
It is remarkable that M. Z. Sarikaya proved the following interesting inequalities of
Hermite-Hadamard type involving Riemann-Liouville fractional integrals. For more
detail see [1, 2, 4] and the references therein.

THEOREM 2. [1] Let f : [a,b]⊂R→R be a positive function with a< b and f ∈
L1[a,b] . If f is convex function on [a,b] then the following inequalities for fractional
integrals hold:

f

(
a+b

2

)
� Γ(α +1)

2(b−a)α

[
J

α

a+ f (b)+J
α

b− f (a)
]
� f (a)+ f (b)

α
.

In the following, we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus which are used further in this paper.

DEFINITION 1. [1] Let f ∈ L1[a,b] . The Riemann-Liouville integrals Jα
a+ f and

Jα
b− f of order α > 0 with a � 0 are defined by

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x > a

108



HERMITE-HADAMARD INTEGRAL INEQUALITY 165

Jα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b

respectively.

The symbols Jα
a+ f (x) and Jα

b− f (x) are left-sided and right-sided Riemann-Liou-
ville fractional integrals of order α > 0, with a � 0. HereΓ(α) is gamma function
defined by

Γ(α) =

∫ ∞

0
e−t tα−1 dt.

DEFINITION 2. [2] A function f : I ⊂ R\{0} → R is said to be harmonically
convex if

f

(
xy

tx+(1− t)y

)
� t f (y)+ (1− t) f (x)

holds for all x,y ∈ I and t ∈ [0,1] .

The aim of this paper is to establish Hermite-Hadamard’s inequalities via Riemann-
Liouville fractional integral for the case of harmonically convex function as well as to
present the results on the products of two harmonically convex functions via Riemann-
Liouville fractional integrals.

2. Main results

Hermite-Hadamard’s inequalities for harmonically convex functions via Riemann-
Liouville fractional integral can be represented as follows:

THEOREM 3. Let f : [a,b]→ R be a positive function with 0 � a � b and f ∈
L[a,b] . If f is harmonically convex function on [a,b] , then the following inequalities
for fractional inequalities hold:

f

(
2ab
a+b

)
� (aα −bα)Γ(α)

2(b−a)α

[
1

aα−1 J
α
a+ f (b)+

1
bα−1 J

α
b− f (a)

]
� f (a)+ f (b)

2α
.

Proof. Since f : I ⊂ R\{0} is a harmonically convex, for all x,y ∈ I with t = 1
2 ,

we have

f

(
2xy
x+ y

)
� f (x)+ f (y)

2
.

Choosing x = ab
ta+(1−t)b , y = ab

tb+(1−t)a , we get

f

(
2 ab

ta+(1−t)b
ab

tb+(1−t)a
ab

ta+(1−t)b +
ab

tb+(1−t)a

)
�

f
(

ab
ta+(1−t)b

)
+ f

(
ab

tb+(1−t)a

)

2

2 f

(
2ab
a+b

)
� f

(
ab

ta+(1− t)b

)
+ f

(
ab

tb+(1− t)a

)
.
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Multiplying both sides by tα−1 , then integrating with respect to t over [0,1] , we obtain

2
∫ 1

0
tα−1 f

(
2ab
a+b

)
dt �

∫ 1

0
tα−1 f

(
ab

ta+(1− t)b

)
dt+

∫ 1

0
tα−1 f

(
ab

tb+(1− t)a

)
dt

2
α

f

(
2ab
a+b

)
� I1+ I2 (1)

where I1 =
∫ 1
0 tα−1

(
ab

ta+(1−t)b

)
dt . Put u = ab

ta+(1−t)b . Then dt = ab
b−a

du
u2 when t → 0,

u → a ; t → 1, u → b and, t = b(u−a)
(a−b)u .

On substituting these values, we obtain

I1 =
∫ b

a

(
b(u−a)
(b−a)u

)α1−1

f (u)
ab

b−a
du
u2

=
ab

b−a

∫ b

a

bα−1(u−a)α−1

(b−a)α−1uα−1

f (u)du
u2

=
abα

(b−a)α

∫ b

a

(u−a)α−1 f (u)du
uα+1

=
bα −aα

α(b−a)αaα−1 Γ(α)Jα
a+ f (b).

And, I2 =
∫ 1
0 tα−1 f

(
ab

tb+(1−t)a

)
dt . Put v = ab

tb+(1−t)a , then dt = ab
b−a

dv
v2 .

When t → 0, v → b ; t → 1, v → a and, t = a(b−v)
(b−a)v .

On substituting these values, we obtain

I2 =
bα −aα

α(b−a)αbα−1 Γ(α)Jα
b− f (a).

Now, we substitute the values of I1 and I2 in (1), we obtain

2
α

f

(
2ab
a+b

)
� bα −aα

α(b−a)αaα−1 Γ(α)Jα
a+ f (b)+

bα −aα

α(b−a)αbα−1 Γ(α)Jα
b− f (a)

2 f

(
2ab
a+b

)
� (bα −aα)Γ(α)

(b−a)α

(
1

aα−1J
α
a+ f (b)+

1
bα−1 J

α
b− f (a)

)
. (2)

Also, as f is harmonically convex function, then for t ∈ [0,1] , it yields

f

(
ab

ta+(1− t)b

)
� t f (a)+ (1− t) f (b)

and

f

(
ab

tb+(1− t)a

)
� (1− t) f (a)+ t f (b).
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Adding these two inequalities,

f

(
ab

ta+(1− t)b

)
+ f

(
ab

tb+(1− t)a

)
� f (a)(t +1− t)+ f (b)(1− t+ t)

= f (a)+ f (b).

Multiplying both sides by tα−1 and integrating with respect to t over [0,1] , we have
∫ 1

0
tα−1 f

(
ab

ta+(1− t)b

)
dt+

∫ 1

0
tα−1 f

(
ab

tb+(1− t)a

)
dt

� f (a)
∫ 1

0
tα−1 dt+ f (b)

∫ 1

0
tα−1 dt

(bα −aα)Γ(α)

(b−a)α

(
1

aα−1 J
α
a+ f (b)+

1
bα−1 J

α
b− f (a)

)
� f (a)+ f (b)

α
. (3)

From (1), (2), and (3), we have

f

(
2ab
a+b

)
� (aα −bα)Γ(α)

2(b−a)α

[
1

aα−1 J
α
a+ f (b)+

1
bα−1 J

α
b− f (a)

]
� f (a)+ f (b)

2α
.

This completes the proof. �

THEOREM 4. Let f and g be two real-valued, non-negative and harmonically
convex functions on [a,b] . Then the following inequalities hold:

(bα −aα)Γ(α)

α(b−a)α

[
1

aα−1 J
α
a+ f (b)g(b)+

1
bα−1 J

α
b− f (a)g(a)

]

�
(

2
α +2

− 2
α +1

+
1
α

)
M(a,b)+

2
(α +1)(α +2)

N(a,b)

where M(a,b) = f (a)g(a)+ f (b)g(b); N(a,b) = f (a)g(b)+ f (b)g(a) .

Proof. Let f and g be harmonically convex functions on [a,b] . Then, for t ∈
[0,1] , we have

f

(
ab

ta+(1− t)b

)
� t f (b)+ (1− t) f (a)

and

g

(
ab

ta+(1− t)b

)
� tg(b)+ (1− t)g(a).

Then their product is given by

f

(
ab

ta+(1− t)b

)
g

(
ab

ta+(1− t)b

)

� t2 f (b)g(b)+ (1− t)2 f (a)g(a)+ t(1− t)( f (a)b(b)+ f (b)g(a)).
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Similarly,

f

(
ab

(1− t)a+ tb

)
g

(
ab

(1− t)a+ tb

)

� t2 f (a)g(a)+ (1− t)2 f (b)g(b)+ t(1− t)( f (a)b(b)+ f (b)g(a)).

On adding the above two inequalities, we have

f

(
ab

ta+(1− t)b

)
g

(
ab

ta+(1− t)b

)
+ f

(
ab

(1− t)a+ tb

)
g

(
ab

(1− t)a+ tb

)

� (2t2−2t+1)( f (a)g(a)+ f (b)g(b))+2t(1− t)( f (a)g(b)+ f (b)g(a)).

Multiplying the above inequality by tα−1 and then integrating the resulting inequality
with respect to t over [0,1] , we obtain

∫ 1

0
tα−1 f

(
ab

ta+(1− t)b

)
g

(
ab

ta+(1− t)b

)
dt

+
∫ 1

0
tα−1 f

(
ab

(1− t)a+ tb

)
g

(
ab

(1− t)a+ tb

)
dt

� ( f (a)g(a)+ f (b)g(b))
∫ 1

0
tα−1(2t2−2t+1)dt

+2( f (a)g(b)+ f (b)g(a))
∫ 1

0
tα−1t(1− t)dt.

Here,
∫ 1

0
tα−1(2t2−2t+1)dt =

2
α +2

− 2
α +1

+
1
α

∫ 1

0
tα−1t(1− t)dt =

1
(α +1)(α +2)

.

Put ab
ta+(1−t)b = u . Then dt = ab

b−a
du
u2 . And, when t → 0, u→ a and t → 1, u → b and,

t = b(a−u)
u(a−b) . Again, put ab

(1−t)a+tb = v . Then dt = ab
b−a

dv
v2 . Also, when t → 0, v → b ,

and when t → 1, v → a . On substituting these values, we obtain

∫ b

a

(
b(a−u)
u(a−b)

)α−1

f (u)g(u)
ab

(b−a)u2 du+
∫ a

b

(
a(v−a)
v(b−a)

)α−1

f (v)g(v)
ab

(b−a)v2 du

�
(

2
α +2

− 2
α +1

+
1
α

)
M(a,b)+

2
(α +1)(α +2)

N(a,b)

abα

(a−b)α

∫ a

b

(a−u)α−1 f (u)g(u)
uα+1 du+

aαb
(b−a)α

∫ a

b

(v−a)α−1 f (v)g(v)
uα+1 dv

�
(

2
α +2

− 2
α +1

+
1
α

)
M(a,b)+

2
(α +1)(α +2)

N(a,b)
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(bα −aα)Γ(α)

α(b−a)α

[
1

aα−1 J
α
a+ f (b)g(b)+

1
bα−1 J

α
b− f (a)g(a)

]

�
(

2
α +2

− 2
α +1

+
1
α

)
M(a,b)+

2
(α +1)(α +2)

N(a,b).

This completes the proof. �

3. Conclusion

In this paper, we have established some new Hermite-Hadamard type inequalities
for harmonically convex function and the products of two harmonically convex func-
tions via Riemann-Liouville fractional integrals. An interesting concern is that whether
we can further use it to establish Hermite-Hadamard inequality for other kinds of con-
vex functions?

RE F ER EN C ES

[1] F. CHEN, A note on Hermite-Hadamard inequalities for products of convex functions via Riemann-
Liouville fractional integrals, Ital. J. Pure Appl. Math., 33, (2014), 299–306.

[2] I. ISCAN, Hermite-Hadamard type inequalities for harmonically convex functions, Hacetteppe, J.
Math. Stats., 43 (6), (2014), 935–942.

[3] B. G. PACHPATTE, A note on integral inequalities involving two log convex functions, Math. Inequal.
Appl., 7 (4) (2004), 511–515.

[4] M. Z. SARIKAYA, E. SET, H. YALDIZ, AND N. BASAK, Hermite-Hadamard’s inequalities for frac-
tional integrals and related fractional inequalities, Math. Comput. Model., 57 (2013), 2403–2407.

[5] E. SET, M. F. OZDEMIR, AND S. S. DRAGOMIR, On the Hermite-Hadamard inequality and other
integral inequalities involving two functions, J. Inequal. Appl., (2010), 2010:148102.

(Received June 27, 2023) Pitamber Tiwari
Central Department of Mathematics

Institute of Science and Technology, Tribhuvan University
Kathmandu, Nepal

e-mail: pitambertiwari40@gmail.com

Chet Raj Bhatta
Central Department of Mathematics

Tribhuvan University
Kathmandu, Nepal

e-mail: chetbhatta0@gmail.com

113



Quantum estimates of Hermite-Hadamard
inequalities for the products on extended

geometric convex functions

PITAMBER TIWARI1
∗
and CHET RAJ BHATTA2

1 Research Scholar, Central Department of Mathematics, IoST, Tribhuvan University, Nepal
2Central Department of Mathematics, Tribhuvan University, Kathmandu, Nepal
∗Corresponding author: pitambertiwari40@gmail.com

Abstract. Convexity is one of the characteristics of functions of real variables which plays an
efficient role in various branches of mathematics that possesses the two significant properties
viz. the maximum value is attained at a boundary point and any local minimum is a
global one. The integral mean of a convex function is connected to the Hermite-Hadamard
inequality. B.G. Pachpatte established the results on the products of two classical convex
functions which helps to estimate the integral mean of the product of two classical convex
functions. In this paper, we have extended the idea of the result of the product of classical
convex functions to the products of generalized geometric convex functions, and these results
are further extended to quantum calculus which is paradigm shift in convexity theory and
integral inequality. The obtained results will definitely be used to estimate the integral
mean of generalized geometric convex functions. The ideas expressed in this paper might
revolutionize the readers of this field to other types of convex functions.

Keywords: Convexity, geometric-convexity, Hermite-Hadamard inequality, q -calculus.
2020 Mathematics Subject Classification. 05A30; 26A51; 26D15.

1. Introduction

A shape of an object if it is curved outward is convex. The special properties of functions
of real variables include continuity, convexity, monotocity and differentiability. Of them,
convexity plays a significant role in the development of several branches of mathematics
since it includes the theory of convex functions that possess the following two important
properties viz. the maximum value is attained at a boundary point and any local minimum
is a global one. Although, convexity is a basic notion in geometry but widely used in other
areas of Mathematics viz. functional analysis, complex analysis, calculus of variations, graph

1

114



theory, partial differential equation, discrete mathematics, algebraic geometry, probability
theory, coding theory, crystallography, and many other fields. It plays an important role
outside of mathematics such as in physics, chemistry, biology, economics, finance, and more.
Convexity is a fundamental concept in mathematics which has a combinatorial, an analytic,
a geometric and a probabilistic flavor.

Inequalities play important roles in understanding many mathematical concepts, such as
probability theory, numerical integration and integral operator theory. Through the last
century, H-H (Hermite-Hadamard) type inequality has been considered to be among the
fastest growing fields in mathematical analysis, through which vast problems in engineering,
physics and economics have been studied. Due to the enormous importance of these
inequalities, many extensions, refinements, and generalization of their related types have
been equally investigated.

The Hermite-Hadamard inequality plays a great role in the theory of convex functions.
It provides a necessary and sufficient condition for a function to be convex in an open
interval of real numbers. It also interpolates Jensen’s inequality which is also an important
inequality in the study of convex functions. In the monograph, Dragomir and Pierce[4]
stated that the Hermite-Hadamard inequality is the first fundamental result for convex
functions with a natural geometrical interpretations and many applications have attracted
and continues to attract much interest in elementary mathematics. The H-H inequality has
made great contributions in the fields of integral inequalities, approximation theory, special
means theory, optimization theory, information theory, and numerical analysis. A function
f : I ⊂ R → R is said to be arithmetically-arithmetic (AA) convex or simply a convex
function in a classical sense on I , if

f(sϕ1 + (1− s)ϕ2) ≤ sf(ϕ1) + (1− s)f(ϕ2) (1.1)

holds for all ϕ1, ϕ2 ∈ I and, s ∈ [0, 1] . It is said to be concave if the inequality is reversed.

The generalization of the classical convex function is (α,m) -convex function which was
introduced by Mihesan [7] in the following way: The function f : [0, b] → R is said to be
(α,m) -convex function, where α,m ∈ [0, 1]2 , if for every ϕ1, ϕ2 ∈ [0, b] and s ∈ [0, 1] , we
have

f(sϕ1 +m(1− s)ϕ2) ≤ sαf(ϕ1) +m(1− sα)f(ϕ2). (1.2)

The literature about the products on different types of convex functions are available in
the following papers. A number of Hermite-Hadamard type inequalities for the products
of two convex and s-convex functions were proven by Kirmaci et al.[6]. Hadamard type
inequalities for product of s-convex functions on co-ordinates were established by Ozdemir
et al.[10]. For products of two h-convex functions, Sarikaya et al. [13] demonstrated various
Hermite-Hadamard type inequalities. Hermite-Hadamard type inequalities for products
of two m-convex and (α,m) -convex functions were established by Bakula et al.[2]. For
products of two convex functions and harmonically s-convex functions, Chen and Wu [3]
found several Hermite-Hadamard type inequalities. For product of relative convex functions,
relative h-convex functions, and harmonically convex functions, Noor et al.[9] established
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several Hardmard’s type inequalities. For product of two convex functions, Yin and Qi
[15] discovered certain Hermite- Hadamard type inequalities. For products of two convex
functions, Chen[3] discovered several novel Hermite-Hadamard type inequalities and enlarged
the scope of the issue to include m and (α,m) - convex functions.

Quantum calculus is the branch of Mathematics where there are no limits. By using a
difference operator in place of the conventional derivative, it is possible to work with sets
of functions that are non-derivable. Our next considerations, in this paper, is the quantum
calculus or more commonly known as q -calculus. Although, the notion of q -calculus is
very old, developed by Euler in 1740s and it is popularized during the last two decades by
reinvesting this topic and applied it in almost all the branches of mathematical as well as in
other sciences.

In this paper, by reviewing the existing literature, we find that the extension of Hermite-
Hadamard integral inequality for generalized geometric convex function is the domain
that we can work with. So, we have extended the idea of geometric convex functions
to the generalized geometric-convex function and obtained some results on the products
of generalized geometric convex functions such as (α,m) -GA(geometrically-arithmetic),
(α,m) GG(geometrically-geometric) and GH(geometrically-harmonic) convex functions and
we recapture these new results in terms of q -calculus which is a new paradigm for future
research.

The paper has incorporated four main sections. The first section commences with
introduction of the concepts of convexity of function with its importance along with one of the
significant inequalities, the Hermite-Hadamard integral inequality and the classical definition
of convex functions as well as the idea of quantum calculus. The preliminary section, the
second section, provides the literature available regarding the products of classical convex
functions as well as literature available for the product of different convex functions. The
preliminary results which help to advance the Hermite-Hadamard integral inequality are
also incorporated in the second section of this paper. The third chapter entails the main
results obtained as the products of generalized geometric- convex functions and their results
in q -analogs. The final section of this paper includes the conclusion part of the research
work .

2. Preliminary Results

This section states the earlier defined definitions and obtained results which will be used
to enhance our further endeavors. The concept of geometrically convex functions was
introduced by Zhang et. al in [16] as follows.

Definition 2.1. [16] An operation f : (0,∞) → R is referred to be a geometrically-
arithmetic (GA) convex function or simply a geometrically convex function on (0,∞) , if

f(ϕs
1ϕ

1−s
2 ) ≤ sf(ϕ1) + (1− s)f(ϕ2) (2.1)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1] .
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If the inequality is reversed, then it is a GA concave function. Niculescu in [8] introduced
the notion of geometrically-geometric convex function as defined below:

Definition 2.2. [8] A function f : (0,∞) → R is said to be geometrically-geometric (GG)
convex function on (0,∞) , if

f(ϕs
1ϕ

(1−s)
2 ) ≤ (f(ϕ1))

s(f(ϕ2))
1−s (2.2)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1] .

It is known as a GG-concave function if the inequality is reversed.

Xi et al. [14] generalized the geometrically-geometric convex function as follows:

Definition 2.3. [14] A function f : (0,∞) → R is said to be m -geometrically-geometric
(m -GG) convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ (f(ϕ1))

s(f(ϕ2))
m(1−s) (2.3)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It is said to be an m -GG-concave function if the inequality is reversed.

Definition 2.4. [14] A function f : (0,∞) → R is said to be (α,m) -geometrically-
geometric ((α,m)−GG) convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ (f(ϕ1))

sα(f(ϕ2))
m(1−sα) (2.4)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1]2 .

It is said to be an (α,m) -GG-concave function if the inequality is reversed.

Definition 2.5. [14] A function f : (0,∞) → R is said to be geometrically-harmonic (GH)
convex function on (0,∞) , if

f(ϕs
1ϕ

(1−s)
2 ) ≤ 1

s
f(ϕ1)

+ 1−s
f(ϕ2)

=
f(ϕ1)f(ϕ2)

sf(ϕ2) + (1− s)f(ϕ1)
(2.5)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1] .

It is said to be a GH-concave function if the inequality is reversed.

Definition 2.6. Let ϕ1, ϕ2 be two positive real numbers. Then, their logarithmic mean is
denoted by L(a, b) is defined as

L(ϕ1, ϕ2) =
ϕ2 − ϕ1

log ϕ2 − log ϕ1

, ϕ1 ̸= ϕ2. (2.6)

Definition 2.7. Let ϕ1, ϕ2 be two positive real numbers. Then, their geometric mean is
denoted by G(ϕ1, ϕ2) is defined as

G(ϕ1, ϕ2) =
√
ϕ1ϕ2. (2.7)
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Definition 2.8. Let ϕ1, ϕ2 be two positive real numbers. Then, their arithmetic mean is
denoted by A(ϕ1, ϕ2) is defined as

A(ϕ1, ϕ2) =
ϕ1 + ϕ2

2
. (2.8)

For the class of convex functions, numerous significant inequalities are discovered. The
Hermite-Hadamard inequality is one of the most popular inequalities. The following double
inequality in literature is a well-known Hermite-Hadamard integral inequality.

Theorem 2.9. Let f : I ⊂ R → R be a convex function defined on an interval I of real
numbers ϕ1, ϕ2 ∈ I with ϕ1 < ϕ2 . Then, we have

f(
ϕ1 + ϕ2

2
) ≤ 1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

f(x) dx ≤ f(ϕ1) + f(ϕ2)

2
(2.9)

If the function f is concave, both inequalities hold in the opposite direction.

The following Hermite-Hadamard type inequality for the product of two classical convex
functions was first proved by B.G. Pachpatte [11].

Theorem 2.10. [11] Let f and g be real valued, non-negative and convex functions on
[ϕ1, ϕ2] . The following inequalities are then true:

1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

f(x)g(x) dx ≤ 1

3
M(ϕ1, ϕ2) +

1

6
N(ϕ1, ϕ2) (2.10)

where M(ϕ1, ϕ2) = f(ϕ1)g(ϕ1) + f(ϕ2)g(ϕ2) and, N(ϕ1, ϕ2) = f(ϕ1)g(ϕ2) + f(ϕ2)g(ϕ1) .

We also give some preliminaries of q -calculus. We mention to the books [1, 5] for various
notations and theory of q -calculus.

The q -derivative of a continuous function f : I → R at any point x ∈ I is defined by

aDqf(x) =
f(x)− f(qx+ (1− q)a)

(1− q)(x− a)
, x ̸= a (2.11)

and

aDqf(a) = lim
x→a

aDqf(x)

The q -integral of a continuous function f : I → R is defined by

∫ b

a

f(s) adqs = (1− q)(x− a)
∞∑

n=0

qnf (qnx+ (1− qn)a) (2.12)

and for c ∈ (a, x)
∫ x

c

f(s) adqs =

∫ x

a

f(s) adqs−
∫ c

a

f(s) adqs.
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The q -analogue of any real number x ∈ R is defined by

[x]q :=
qx − 1

q − 1
. (2.13)

For any integer n ≥ 1 , the q -analogue of (x− c)n is the polynomial

(x− c)nq := (x− c)(x− qc)...(x− qn−1c). (2.14)

To deal with the negative integer exponents, it is known that

(x− c)−n
q =

1

(x− q−nc)nq
. (2.15)

The following derivatives are known for any integer n ∈ Z

aDq(x− c)nq = [n]q(x− c)n−1
q .

aDq
1

(x− c)nq
= [−n]q(x− qnc)−n−1

q .

3. Main Results

The extended definitions and the results on the products of generalized geometrically convex
functions and their quantum estimates are obtained in this section, and they are as follows:

Definition 3.1. A function f : (0,∞) → R is said to be m -geometrically-arithmetic
(m−GA) convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ sf(ϕ1) +m(1− s)f(ϕ2) (3.1)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It is said to be an m -GA concave function if the inequality is reversed. It can further be
generalized as (α,m) -geometrically convex function as follows:

Definition 3.2. A function f : (0,∞) → R is said to be (α,m) geometrically-arithmetic
((α,m)−GA) convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ sαf(ϕ1) +m(1− sα)f(ϕ2) (3.2)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1]2 .

It said to be an (α,m) - GA concave function if the inequality is reversed. We further
generalize geometrically-harmonic convex functions as m and (α,m) -GH convex functions
as follows:
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Definition 3.3. A function f : (0,∞) → R is said to be m -geometrically-harmonic (m -
GH) convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ 1

s
mf(ϕ1)

+ 1−s
f(ϕ2)

=
mf(ϕ1)f(ϕ2)

sf(ϕ2) +m(1− s)f(ϕ1)
(3.3)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1],m ∈ (0, 1] .

It is said to be a m -GH-concave function if the inequality is reversed.

Definition 3.4. A function f : (0,∞) → R is said to be (α,m) -geometrically-harmonic
(α,m) -GH convex function on (0,∞) , if

f(ϕs
1ϕ

m(1−s)
2 ) ≤ 1

sα

mf(ϕ1)
+ 1−sα

f(ϕ2)

=
mf(ϕ1)f(ϕ2)

sαf(ϕ2) +m(1− sα)f(ϕ1)
(3.4)

holds for all ϕ1, ϕ2 ∈ (0,∞), s ∈ [0, 1], (α,m) ∈ (0, 1] .

It is said to be a (α,m) -GH-concave function if the inequality is reversed.

Theorem 3.5. The integral mean of geometrically-arithmetic convex function is bounded
above by the arithmetic mean of their functional values and the product of reciprocal of the
logarithmic mean .

Proof. Let f be a GA-convex function defined on (0,∞) . Then by definition of GA-
convexity, we have

f(ϕs
1ϕ

1−s
2 ) ≤ sf(ϕ1) + (1− s)f(ϕ2).

Integrating with respect to s over [0, 1] , we have

∫ 1

0

f(ϕs
1ϕ

1−s
2 ) ds ≤ f(ϕ1)

∫ 1

0

s ds+ f(ϕ2)

∫ 1

0

(1− s) ds =
f(ϕ1) + f(ϕ2)

2
.

Put x = ϕs
1ϕ

1−s
2 , ds = dx

x log
ϕ1
ϕ2

When s → 0 , then x → ϕ2 ; when s → 1 , then x → ϕ1 . On

substituting these values, we have

1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

f(x)

x
dx ≤ f(ϕ1) + f(ϕ2)

2L(ϕ1, ϕ2)
.

This completes the proof.

Theorem 3.6. Let f and g be two (α,m) -GA convex functions. Then, their product is
given as follows:

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
dx ≤ 1

L(ϕ1, ϕm
2 )

(
1

(2α + 1)
Kϕ1 +

2α2m2

(α + 1)(2α + 1)
Kϕ2 +

α

(α + 1)(2α + 1)
Kϕ1

ϕ2

)

(3.5)

where, Kϕ1 = f(ϕ1)g(ϕ1), Kϕ2 = f(ϕ2)g(ϕ2), K
ϕ1

ϕ2
= f(ϕ1)g(ϕ2) + f(ϕ2)g(ϕ1) .
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Proof. Let f and g be two (α,m) GA convex functions. Then, by definition, we have

f(ϕs
1ϕ

m(1−s)
2 ) ≤ sαf(ϕ1) + (1− sα)f(ϕ2)

And,
g(ϕs

1ϕ
m(1−s)
2 ) ≤ sαg(ϕ1) + (1− sα)g(ϕ2)

Since f, g ≥ 0 , so, we have

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) ≤ f(ϕ1)g(ϕ1)s

2α + f(ϕ2)g(ϕ2)m
2(1− sα)2

+m(f(ϕ1)g(ϕ2) + f(ϕ2)g(ϕ1))s
α(1− sα).

Integrating with respect to ’ s ’ over [0, 1] , we have

∫ 1

0

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) ds ≤ f(ϕ1)g(ϕ1)

∫ 1

0

s2α ds+ f(ϕ2)g(ϕ2)m
2

∫ 1

0

(1− sα)2 ds

+m(f(ϕ1)g(ϕ2) + f(ϕ2)g(ϕ1))

∫ 1

0

sα(1− sα) ds.

Here, ∫ 1

0

s2α ds =
1

2α + 1
∫ 1

0

(1− sα)2 ds =
2α2

(α + 1)(2α + 1)
∫ 1

0

sα(1− sα) ds =
α

(α + 1)(2α + 1)

Put x = ϕs
1ϕ

m(1−s)
2 , when s → 0, x → ϕm

2 ; when s → 1, x → ϕ1 . And, ds = 1
x(log a−log bm)

dx
On substituting these values in above inequality, we have

1

log ϕm
2 − log ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
dx ≤ Kϕ1

2α + 1
+

2α2m2Kϕ2

(α + 1)(2α + 1)
+

mαKϕ1

ϕ2

(α + 1)(2α + 1)
.

ϕm
2 − ϕ1

log ϕm
2 − log ϕ1

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
dx ≤ Kϕ1

2α + 1
+

2α2m2Kϕ2

(α + 1)(2α + 1)
+

mαKϕ1

ϕ2

(α + 1)(2α + 1)

L(ϕ1, ϕ
m
2 )

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
dx ≤ Kϕ1

2α + 1
+

2α2m2Kϕ2

(α + 1)(2α + 1)
+

mαKϕ1

ϕ2

(α + 1)(2α + 1)

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
dx ≤ 1

L(ϕ1, ϕm
2 )

[
Kϕ1

2α + 1
+

2α2m2Kϕ2

(α + 1)(2α + 1)
+

mαKϕ1

ϕ2

(α + 1)(2α + 1)

]
.

This completes the proof.
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Remark 3.7. If α = m = 1 , then it reduces to the product of two GA-convex functions.

Theorem 3.8. The integral mean of geometrically-geometric convex function is bounded
above by a half of the logarithmic value of the product of their functional values and the
reciprocal of the logarithmic mean.

Proof. Let f : (0,∞) → (0,∞) be a geometrically- geometric convex function. Then by
definition, we have

f(ϕs
1ϕ

1−s
2 ) ≤ (f(ϕ1))

s(f(ϕ2))
1−s

log f(ϕs
1ϕ

1−s
2 ) ≤ s log(f(ϕ1)) + (1− s) log(f(ϕ2))

Integrating with respect to s over [0, 1] and using the properties of logarithms, we get

∫ 1

0

log f(ϕs
1ϕ

1−s
2 ) ds ≤ log(f(ϕ1))

∫ 1

0

s ds+ log(f(ϕ2))

∫ 1

0

(1− s) ds =
log(f(ϕ1)f(ϕ2))

2
.

Using the change of variables by putting x = ϕs
1ϕ

1−s
2 , we have

ds =
L(ϕ1, ϕ2)

ϕ1 − ϕ2

dx

x
.

When s → 0, x → ϕ2 ; when s → 1 , then x → ϕ1 . On substituting these values, we obtain

1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

log f(x)

x
dx ≤ 1

2L(ϕ1, ϕ2)
log(f(ϕ1)f(ϕ2)).

This completes the proof.

Theorem 3.9. Let f, g : (0,∞) → (0,∞) be two (α,m) GG-convex functions. Then the
following inequalities persist.

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

log f(x) + log g(x)

x
dx ≤ 1

L(ϕ1, ϕm
2 )(α + 1)

(log(f(ϕ1)g(ϕ1)) +mα log(f(ϕ2)g(ϕ2)))

(3.6)

Proof. As f and g are two (α,m) GG convex functions, then by definition, we have

f(ϕs
1ϕ

m(1−s)
2 ) ≤ (f(ϕ1))

sα(f(ϕ2))
m(1−sα)

and,

g(ϕs
1ϕ

m(1−s)
2 ) ≤ (g(ϕ1))

sα(g(ϕ2))
m(1−sα)
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Since f, g ≥ 0 , So, we have

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) ≤ (f(ϕ1)g(ϕ1))

sα(f(ϕ2)g(ϕ2))
m(1−sα)

Taking log on both sides, we have

log f(ϕs
1ϕ

m(1−s)
2 ) + log g(ϕs

1ϕ
m(1−s)
2 ) ≤ sα log(f(ϕ1)g(ϕ1)) +m(1− sα) log(f(ϕ2)g(ϕ2))

Integrating with respect to s over [0, 1] , we have

∫ 1

0

log f(ϕs
1ϕ

m(1−s)
2 ) ds+

∫ 1

0

log g(ϕs
1bϕ

m(1−s)
2 ) ds

≤ log(f(ϕ1)g(ϕ1))

∫ 1

0

sα ds+m log(f(ϕ2)g(ϕ2))

∫ 1

0

(1− sα) ds

Using the change of variables by putting x = ϕs
1ϕ

m(1−s)
2 , we have

L(ϕ1, ϕ
m
2 )

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

log f(x) + log g(x)

x
dx ≤ log(f(ϕ1)g(ϕ1))

α + 1
+

mα log(f(ϕ2)g(ϕ2))

α + 1

Hence, we have

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

log(f(x)g(x))

x
dx ≤ 1

L(ϕ1, ϕm
2 )(α + 1)

(log(f(ϕ1)g(ϕ1)) +mα log(f(ϕ2)g(ϕ2)))

This completes the proof.

Corollary 3.10. If α = 1 , then we get the result of the product of two m -GG convex
functions.

Corollary 3.11. If α = m = 1 , then we get the result of the products of two GG convex
functions.

Theorem 3.12. The integral mean of geometrically-harmonic (GH) convex function is
bounded above by the ratio of squares of geometric mean of functional values to the product
of logarithmic mean of their functional values and inputs.

Proof. Let f be a GH convex function defined from (0,∞) → R . Then, by definition, we
have

f(ϕs
1ϕ

1−s
2 ) ≤ 1

s
f(ϕ1)

+ 1−s
f(ϕ2)

=
f(ϕ1)f(ϕ2)

sf(ϕ2) + (1− s)f(ϕ1)

Integrating with respect to s over [0, 1] , we have

∫ 1

0

f(ϕs
1ϕ

1−s
2 ) ds ≤

∫ 1

0

f(ϕ1)f(ϕ2)

sf(ϕ2) + (1− s)f(ϕ1)
ds = f(ϕ1)f(ϕ2)

∫ 1

0

1

f(ϕ1) + (f(ϕ2)− f(ϕ1))s
ds.
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∫ 1

0

f(ϕs
1ϕ

1−s
2 ) ds ≤ f(ϕ1)f(ϕ2)

log f(ϕ2)− log f(ϕ1)

f(ϕ2)− f(ϕ1)
=

G2(f(ϕ1), f(ϕ2))

L(f(ϕ1), f(ϕ2)
.

Using the change of variables by putting x = ϕs
1ϕ

1−s
2 , we have

1

log ϕ2 − log ϕ1

∫ ϕ2

ϕ1

log f(x)

x
dx ≤ G2(f(ϕ1), f(ϕ2))

L(f(ϕ1), f(ϕ2)
.

L(ϕ1, ϕ2)

ϕ2 − ϕ1

∫ ϕ2

ϕ1

log f(x)

x
dx ≤ G2(f(ϕ1), f(ϕ2))

L(f(ϕ1), f(ϕ2)
.

1

ϕ1 − ϕ1

∫ ϕ2

ϕ1

log f(x)

x
dx ≤ G2(f(ϕ1), f(ϕ2))

L(ϕ1, ϕ2)L(f(ϕ1), f(ϕ2)
.

This completes the proof.

Theorem 3.13. Let f, g : (0,∞) → R be two geometrically-harmonic convex functions.
Then the following inequality holds.

1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

f(x)g(x)

x
dx ≤ 1

L(ϕ1, ϕ2)

2Kϕ1Kϕ2√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2

(tan−1 2(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1) + (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2

− tan−1 Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2
)

(3.7)

where, Kϕ1 = f(ϕ1)g(ϕ1), Kϕ2 = f(ϕ2)g(ϕ2), Kϕ1ϕ2 = f(ϕ1)g(ϕ2), Kϕ2ϕ1 = f(ϕ2)g(ϕ1) .

Proof. Let f, g be two GH convex functions. Then, by definition, we have

f(ϕs
1ϕ

1−s
2 ) ≤ f(ϕ1)f(ϕ2)

sf(ϕ2) + (1− s)f(ϕ1)
=

f(ϕ1)f(ϕ2)

f(ϕ1) + (f(ϕ2)− f(ϕ1))s
.

And,

g(ϕs
1ϕ

1−s
2 ) ≤ g(ϕ1)g(ϕ2)

sg(ϕ2) + (1− s)g(ϕ1)
=

g(ϕ1)g(ϕ2)

g(ϕ1) + (g(ϕ2)− g(ϕ1))s
.

Since, f, g ≥ 0 , so, we have

f(ϕs
1ϕ

1−s
2 )g(ϕs

1ϕ
1−s
2 ) ≤

(
f(ϕ1)f(ϕ2)

f(ϕ1) + (f(ϕ2)− f(ϕ1))s

)(
g(ϕ1)g(ϕ2)

g(ϕ1) + (g(ϕ2)− g(ϕ1))s

)
.
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f(ϕs
1ϕ

1−s
2 )g(ϕs

1ϕ
1−s
2 ) ≤ Kϕ1Kϕ2

Kϕ1 + (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)s+ (Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)s
2
.

Integrating with respect to s over [0, 1] , we have

∫ 1

0

f(ϕs
1ϕ

1−s
2 )g(ϕs

1ϕ
1−s
2 ) ds

≤ Kϕ1Kϕ2

∫ 1

0

1

Kϕ1 + (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)s+ (Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)s
2
.

Using the change of variables by putting

x = ϕs
1ϕ

1−s
2

and using the formula

∫ 1

0

1

ax2 + bx+ c
dx =

2√
4ac− b2

(
tan−1 2ab+ b√

4ac− b2
− tan−1 b√

4ac− b2

)

, we have

1

ϕ2 − ϕ1

∫ ϕ2

ϕ1

f(x)g(x)

x
dx

≤ 1

L(ϕ1, ϕ2)

2Kϕ1Kϕ2√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2

(tan−1 2(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1) + (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2

− tan−1 Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1√
4Kϕ1(Kϕ1 +Kϕ2 −Kϕ1ϕ2 −Kϕ2ϕ1)− (Kϕ1ϕ2 +Kϕ2ϕ1 − 2Kϕ1)

2
)

where, Kϕ1 = f(ϕ1)g(ϕ1), Kϕ2 = f(ϕ2)g(ϕ2), Kϕ1ϕ2 = f(ϕ1)g(ϕ2), Kϕ2ϕ1 = f(ϕ2)g(ϕ1) .

This completes the proof.

The results on quantum estimates of the product of two (α,m) − GA and (α,m) − GG
convex functions are given below:

Theorem 3.14. Let f, g : (0,∞) → (0,∞) be two (α,m) -GA convex functions. Then the
following inequality holds

log q

q − 1

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

(f(x)g(x))

x
ϕ1dqx ≤ 1

L(ϕ1, ϕm
2 )(

Kϕ1

[2α + 1]q
+m2Kϕ2

(
1− 2

[α + 1]q
+

1

[2α + 1]

)
+mKϕ1

ϕ2

(
1

[α + 1]q
− 1

[2α + 1]q

))
(3.8)
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Proof. As f and g are two (α,m)− GA convex functions, then by definition, we have

f(ϕs
1ϕ

m(1−s)
2 ) ≤ sαf(ϕ1) +m(1− sα)f(ϕ2)

and

g(ϕs
1ϕ

m(1−s)
2 ) ≤ sαg(ϕ1) +m(1− sα)g(ϕ2)

Since f, g ≥ 0 , so, we have

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) ≤ s2αf(ϕ1)g(ϕ1) +m2(1− sα)2f(ϕ2)g(ϕ2)

+m(f(ϕ1)g(ϕ2) + f(ϕ2)g(ϕ1))s
α(1− sα).

Taking q -integral with respect to s over [0, 1] , we have

∫ 1

0

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) 0dqs ≤ Kϕ1

∫ 1

0

s2α 0dqs+m2Kϕ2

∫ 1

0

(1− sα)2 0dqs

+mKϕ2

ϕ1

∫ 1

0

sα(1− sα) 0dqs.

Note that
∫ 1

0

s2α 0dqs = (1− q)
∞∑

n=0

qnq2αn

= (1− q)
∞∑

n=0

qn(2α+1).

= (1− q)
1

1− q2α+1

=
1

[2α + 1]q

Similarly, we obtain

∫ 1

0

(1− sα)2 0dqt = 1− 2

[α + 1]q
+

1

[2α + 1]q

and
∫ 1

0

sα(1− sα) 0dqs =
1

[α + 1]q
− 1

[2α + 1]q

If we take x = ϕs
1ϕ

m(1−s)
2 , then s = log x

log ϕ1−log ϕm
2
− log ϕm

2

log ϕ1−log ϕm
2

when s → 0, x → ϕm
2 ; when

s → 1, x → ϕ1

And,

0dqs =
L(ϕ1, ϕ

m
2 ) log q

(ϕm
2 − ϕ1)(q − 1)x

0dqx
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On substituting these values, we obtain

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

f(x)g(x)

x
0dqx ≤ q − 1

log qL(ϕ1, ϕm
2 )(

Kϕ1

[2α + 1]q
+m2Kϕ2

(
1− 2

[α + 1]q
+

1

[2α + 1]q

)
+mKϕ2

ϕ1

(
1

[α + 1]q
− 1

[2α + 1]q

))

This completes the proof.

Theorem 3.15. Let f, g : (0,∞) → (0,∞) be two (α,m)− geometrically-geometric (GG)
convex functions. Then the following inequality holds:

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

log(f(x)g(x))

x
ϕ1dqx ≤ q − 1

L(ϕ1, ϕm
2 ) log q(

logKϕ1

[α + 1]q
+m logKϕ2

(
1− 1

[α + 1]q

))
(3.9)

Proof. As f and g are two (α,m) - GG convex functions, then by definitions, we have

f(ϕs
1ϕ

m(1−s)
2 ) ≤ (f(ϕ1))

sα(f(ϕ2))
m(1−sα)

and

g(ϕs
1ϕ

m(1−s)
2 ) ≤ (g(ϕ1))

sα(g(ϕ2))
m(1−sα)

Since f, g ≥ 0 , so, we have

f(ϕs
1ϕ

m(1−s)
2 )g(ϕs

1ϕ
m(1−s)
2 ) ≤ (f(ϕ1)g(ϕ1))

sα(f(ϕ2)g(ϕ2))
m(1−α)

Taking log on both sides, we have

log f(ϕs
1ϕ

m(1−s)
2 ) + log g(ϕs

1ϕ
m(1−s)
2 ) ≤ sα logKϕ1 +m(1− sα) logKϕ2

Taking q -integral with respect to s over [0, 1] , we have
∫ 1

0

log f(ϕs
1ϕ

m(1−s)
2 )0 dqs+

∫ 1

0

log g(ϕs
1ϕ

m(1−s)
2 )0 dqs ≤ logKϕ1

∫ 1

0

sα0 dqs

+m logKϕ2

∫ 1

0

(1− sα)0 dqs

Note that
∫ 1

0

sα 0dqs = (1− q)
∞∑

n=0

qn(qn)α

= (1− q)
∞∑

n=0

qn(α+1)

= (1− q).
1

1− qα+1

=
1

[α + 1]q
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Similarly, we have

∫ 1

0

(1− sα) 0dqs = 1− 1

[α + 1]q
.

using the change of variables by putting x = ϕs
1ϕ

m(1−s)
2 , s = log x

log ϕ1−log ϕm
2
− log ϕm

2

log ϕ1−log ϕm
2

when

s → 0, x → ϕm
2 ; when s → 1, x → ϕ1

And,

0dqs =
L(ϕ1, ϕ

m
2 ) log q

(ϕm
2 − ϕ1)(q − 1)x

0dqx

On substituting these values, we obtain

1

ϕm
2 − ϕ1

∫ ϕm
2

ϕ1

log(f(x)g(x))

x
ϕ1dqx ≤ q − 1

log qL(ϕ1, ϕm
2 )(

logKϕ1

[α + 1]q
+m logKϕ2

(
1− 1

[α + 1]q

))

This completes the proof.

4. Conclusion

It is concluded that we have obtained the extension of Hermite-Hadamard integral inequality
for geometric convex function as generalized geometric convex functions such as (α,m) -
GA(geometrically-arithmetic), (α,m) GG(geometrically-geometric) and GH(geometrically-
harmonic) convex functions and we have further recaptured these new results in terms of
q -calculus which is a paradigm shift in the realm of convexity theory and integral inequality.
The obtained results will definitely help to estimate the integral mean of the generalized
geometric convex functions. The ideas might be employed to obtain the results for other
type of convex functions.
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