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ABSTRACT

The emergence and re-emergence of infectious diseases have become a global problem.
Measles is a highly contagious human viral disease whose outbreaks frequently occur
in many countries, including Nepal, despite the availability of vaccines partly due to
the lack of compliance with vaccination. While the National Immunization Program
is in place in Nepal, the frequent occurrence of measles in Nepal remains a major
cause of child morbidity and mortality. Mathematical modeling for infectious diseases
aids in forecasting and comprehending the dynamics of such diseases, facilitating the

deployment of effective public health interventions and the allocation of resources.

In this work, we developed a novel transmission dynamics model in the form of system of
nonlinear ordinary differential equations to evaluate the effects of monitored vaccination
programs on individuals who have skipped the regular vaccination program, aiming to
control and eliminate measles properly. Our model was validated by Nepal’s yearly
incidence case data from 2000 to 2019. We calculated the vaccinated reproduction
number, R,, using the Next Generation Matrix method. We also computed the
effective reproduction number of measles in Nepal. We performed model analyses to
establish the global asymptotic stability of the disease-free equilibrium point for R, < 1
and the uniform persistence of the disease for R, > 1. Moreover, we performed model
simulations to identify monitored vaccination strategies for successfully controlling
measles in Nepal. Additionally, using the model, we analyzed the long-term dynamics
of the epidemic. Our model demonstrates that the monitored vaccination programs

can help control the potential resurgence of the disease.

Due to the nationwide lockdown enforced by the government of Nepal during the
COVID-19 pandemic, the scheduled immunization program was disrupted. As a
result, amid the ongoing lockdown, measles outbreaks, including fatal cases, have
been reported in several districts of Nepal. Moreover, measles cases in adult groups,
albeit small in number, indicate that the previously neglected adult group may need
to be brought into vaccine coverage to achieve the WHO’s goal of measles eradication
around the world. To examine the role of measles-infected adult groups and to
evaluate combined adult-child vaccination programs for eradication, we develop a
further extended transmission dynamics model describing measles cases in adults and

children. We validated the new model using measles outbreak cases in Nepal from

viil



November 24, 2022, to March 10, 2023. Detailed analyses of our model provide the
vaccination reproduction number, conditions for measles eradication or persistence,
and the role of contact network size. Furthermore, our results highlight that while
children are the primary targets for measles outbreaks, a small infection in adults may
act as a reservoir for measles, posing obstacles to eradication. Moreover, our model
predicts that while impactful controls can be achieved by children-focused vaccines,
a combined adult-child vaccination program may help ensure the eradication of the

disease.

Keywords: Stability and persistence - Measles reservoir - Adult-child vaccination -

Adults and Children Groups- Forward Bifurcation - Sensitivity Analysis.
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CHAPTER 1

1. INTRODUCTION

1.1 Background

Measles is an acute and highly contagious viral disease, documented as early as the
7th century William et al|(2015). Caused by the morbillivirus, it remains a major
global health concern. Despite the availability of effective vaccines, measles outbreaks
occur frequently, especially among children, causing severe complications in those
infected. The disease spreads either through direct contact with infectious droplets or
by airborne transmission Education| (2024); |[Edward et al.| (2015)).

Children under five years old are particularly vulnerable, and globally, measles continues
to be a leading cause of death among young children. Before vaccines were developed,
measles epidemics occurred every 2 to 5 years, resulting in 20 to 30 million infections
and at least 1 million deaths annually worldwide Unicef for Every Child| (2019);
WHO| (2019b)). In response to these catastrophic infection rates, the World Health
Organization (WHO) South-East Asia Region (SEAR) set a goal in 2013 to eliminate
measles by 2020, but this target was not met and was extended to 2023 |Joshi (2009)).

Initial symptoms of the illness usually appears 8-12 days after infection with a high
fever runny nose, bloodshot eyes, and small white spots inside the mouth. After about
four days of fever, rashes emerge on the face, and upper neck and then gradually
spread downward (Figure . Such symptoms can lead to severe complications, such as
pneumonia, diarrhea, and encephalitis. Consequently, many children who get infected
may later experience blindness, deafness, or vision problems, and sometimes death.
An infected individual is infectious for about 8 days: 4 days before and after the

appearance of rashes, and then typically recover within 2 to 3 weeks.

Measles can be successfully prevented with two doses of vaccines received at the
recommended ages of 9 months (first dose) and 15 months (second dose) [MoHP
(a). However, due to various reasons, such as poor health systems, lack of access
to vaccination, and fear or skepticism about vaccines, the proper implementation of
vaccination programs has been a huge issue. Improper and insufficient vaccines have
presumably contributed to frequent measles outbreaks in developed and developing

countries, including Nepal.
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Figure 1: Pathognomonic for measles Source: |District| (]2023[)

Due to Supplementary Immunization Activities (STAs) by WHO, measles incidence
and related deaths decreased globally during 2000 - 2016 [Patel et al.| (2020); UN, News|
. However, measles cases have begun to increase again after 2017. In 2017, the
global vaccine coverage of the initial dose was about 85%, significantly lower than the
95% recommended by the WHO to achieve herd immunity [Unicef for Every Child|
. Even among developed countries such as the United States, France, United
Kingdom, Argentina, Italy, Japan, Canada, Germany, Australia, and Chile, the vaccine
coverage has not met the WHO-recommended a threshold for herd immunity
for Every Child (2019). According to WHO, measles vaccination averted around 56
million deaths globally between 2000 and 2021 (2023a)). However, in 2021,

there were still 128,000 recorded deaths due to measles, primarily among unvaccinated

or partially vaccinated children. These deaths underscore the urgent need for more

focused prevention efforts to reduce global measles cases (2023a).

Efforts by anti-vaccine activists worldwide B.Zadrozny and Edwards| (2019)); |Sun and|

\Guarino| (2019) may have partially contributed to inadequate vaccine coverage, and

eventually to occasional outbreaks, such as the one observed in New York during
2018-2019 |Guarino and H.| (2019)); NYC| (2019). Moreover, the number of cases in
2019, reached the highest in the past 23 years. Deaths due to measles also increased
by 22% in 2017 and climbed up to 50% in 2019 [Patel et al.| (2020); UN, News| (2020).
Particularly, 187 Member States reported 413,308 confirmed cases as of November 5,
2019 to the World Health Organization (WHO) through official monthly reporting




in 2019 (Figurd2)) [World Health Organization| (2019). Despite the implementation of

routine immunization, measles remains a global concern due to insufficient vaccination

coverage and gaps in population immunity.

Measles cases (Lab+Epi+Clinical)

L L L Rt L R L Ak
dhbbbbbbbbdbhdbdodbdbdbdddd

Month of onset

‘.AFR o AMR @ EMR m EUR -SEAR.WPR|

Figure 2: Measles case distribution by month and WHO Region (2015-2019), Data
as of 8 November 2019. Source: World Health Organization| (2019)

1.1.1 Measles in Nepal

Measles has been occurred endemically in Nepal. Based on a prediction from routine
surveillance reports from 1994 to 2002, an average of 90,000 cases
occurred per year. A Demographic and Health Survey, conducted in 2001, estimated
that coverage with one dose of measles vaccine among children aged 12-23 months was
approximately 71% overall, with regional variability from 65% to 79% (2009).
Measles was one of the major causes of childhood death before 2007, presumably
because of the low coverage of MCV1. When the coverage of MCV1 increased from
81% to 88% during 2007-2014, along with Supplementary Immunization Activities
(SIAs), the suspected measles incidence declined by 13% [MoHP| (b)); [Child Health|
Division, DoHS,MoHP)| (2011)); Khanal et al.| (2016); Poudel (2019b} 2020); [Suvedi
. However, the measles cases began to increase in Nepal in 2017 (99, 247, 430,
and 388 measles cases in 2017, 2018, 2019, and 2020 respectively) New Spotlight,
online] (2019); [Poudel (2019al)). Figure [3| also represents the increasing trend of measles




outbreaks in Nepal. Particularly in 2019, measles outbreaks occurred in many districts
like Morang, Dang, Kapilvastu, Kathmandu, and Lalitpur districts of Nepal
Spotlight online (2019); |[Poudel (2019al 2021); |Uprety| (May 2020). Notably, a frequent
measles outbreak has been reported in districts with low vaccine coverage where 95%
of children were not vaccinated in 2016 [Karki et al.| (2016)); Poudel (2016)); Sitaula)
(2010). Even in vaccinated people, the protection level may be reduced because
of improper timing and incomplete doses. As a member of SEAR, WHO, Nepal had

committed to eliminate measles by 2023, which seems difficult to achieve due to the

outbreaks in many districts.

Figure 3: Measles cases were reported to WHO by Nepal for the years 2018, 2019,
and 2020. Source: Sunuwar et al. (2021))

1.1.2 Routine Immunization Programme in Nepal

The immunization program was launched in Nepal in 1977 as an “Expanded Program
on Immunization” (D). Two years later, in 1979, the monovalent vaccine
against measles was first introduced in three districts of Nepal as MCV1 and was later
expanded to the whole country in 1989 Public Health Update| (2019)); |Suvedi (2005).

When the nationwide Supplementary Immunization Activities were implemented in

2012-2013, the national routine immunization schedule was revised, and the measles
-rubela (MR) vaccine was introduced. The monovalaent vaccine (introduced in 1989),
was scheduled as MCV1 first dose of vaccine at the age of 9 months and MR (introduced
in 2013) was scheduled as MCV2 second dose of vaccine at the age of 15 months

in 2015 Khanal et al.| (2016). A complete dose of the vaccine for measles has been




scheduled since 2015 in Nepal. Furthermore, in 2011, Nepal introduced the concept
of “fully immunized villages” to enhance vaccine coverage with the goal of achieving
100% vaccine coverage of all routinely recommended vaccines. As of 2014, 823 villages
(21% of 3,915) and 10 districts (13%) had attained full immunization status. However,
Nepal aimed to extend this achievement nationwide through routine immunization
services by 2017 |Public Health Update (2019).

1.1.3 Impact of COVID-19 on Measles Immunization

Since December 2019, the novel coronavirus disease (COVID-19) has rapidly spread
worldwide, originating in China. On March 11, 2020, the World Health Organization
(WHO) officially declared COVID-19 a pandemic Adhikari et al.| (2022)). As of
September 15, 2023, there have been over 695 million reported cases of COVID-19
and more than 6 million deaths attributed to the disease globally Worldometer| (2023)).
During the COVID-19 pandemic in 2021, vaccination programs were hampered, and
only 71 percent of children worldwide received two doses of vaccine, resulting the
lowest vaccine coverage since 2008 WHO| (2023a;, 2022). On the other hand, the World
Health Organization (WHO) recommends at least 95 percent vaccination coverage
to achieve herd immunity for measles WHO] (2022). This situation increases the risk
of larger outbreaks worldwide. Eventually, measles outbreaks recorded from July
2023 to December 2023 occurred in Yemen (18,464 cases), Azerbaijan (13,721 cases),
Kazakhstan (13,195 cases), India (12,301 cases), Ethiopia (10,060 cases), Russian
Federation (7,720 cases), Iraq (7,601 cases), Pakistan (7,027 cases), Kyrgyzstan (5,777
cases), and Indonesia (3,205 cases) |Library| (2024).

Nepal has also suffered with the COVID-19 pandemic and the government enforced
a nationwide lockdown on March 24, 2020, to control the spread of COVID-19. The
government of Nepal had set to conduct the MR vaccination campaign in two phases
to eradicate measles and rubella from mid-February to mid-April 2020, while the first
phase of the campaign was completed and the second phase was disrupted due to
the nationwide lockdown. As a result amid the ongoing lockdown, measles outbreaks
have been reported including fatality cases in several districts of Nepal including
Kathmandu and Lalitpur Poudel (2021)).



1.1.4 Measles Virus and Transmission

Measles is caused by the Morbillivirus of family of Paramyxoviridae. It is an enveloped,
non-segmented, negative-sense, single-stranded RNA genome of size of length approxi-
mately 16,000 nucleotides |Guseva et al. (2019). Morphological structure of Measles

virus has two regions: Envelop and the Nucleocapsid region. It contains six genes of

protein: the fusion (F) protein, haemagglutinin (H) protein and matrix (M) protein
are attached in the lipid membrane or in the envelop region however the nucleocapsid
(N) protein encapsulates the Nucleocapsid region of the RNA genome, which helps to
form ribonucleoprotein (RNP) complex (Figure . Other two proteins phosphoprotein
(P), and large (L) protein are inside the lipid membrane. The P gene encodes two
additional proteins: V protein and C protein which are non structured and are involved

in the evasion of host’s innate immune response.

Envelope

H (Haemagglutinin)
F (Fusion)

M (Matrix)

Lipid Membrane
Nucleocapsid

N (Nucleoprotein)
P (Phosphoprotein)
L (Large protein)

RNA

Figure 4: Measles virus: Paramyxovirus,
Source: (Okonko et al.| (2009)

Usually, respiratory viruses like influenza infect the respiratory tract initially, but the
Morbillivirus does not infect the respiratory tract. This infection is a typical respiratory

infection, in which immune cells are the main targets rather than respiratory epithelial

cells |Anelone et al.| (2021). Moreover, the main receptor of the measles virus is the
Signaling Lymphocytic Activation Molecule Family type I (SLAMF1). The surface
of the virus contacts to host receptor through H protein and is responsible for the

fusion of the lipid membrane. After the fusion of the lipid membrane, the viral RNA

is released into the host cytoplasm. Then the viral genome replicates and transcripts



entirely in the RNP complex (plasma). H and F viral proteins are transported to the
plasma membrane and the M protein interacts with RNP complex. The cytoplasmic
tails of the H protein and the F protein, the cell membrane, and actin filaments in the
host cells are initiated to promote the assembly of the virus and its regulation and its
fusion within the cell-to-cell. MV enters the bloodstream through the lymphocytes
and then propagates in the lymphoid organs throughout the body. After entering the
MYV into the tight junction, the immune cells from the basolateral side are infected
which is mediated by SLAM, while DC-SIGN supports attaching the MV to DCs,
and promotes MV infection and transmission to T-lymphocytes and hence amplifies

throughout the body. Lastly, the budding of MV occurs at the apical cell surface and

produces airborne MV (Figure (2008)).
niﬂ?ﬁ?”
MYV particies

Epithelial cell receptor

Alrway Lungs
aplthelium

Lymph
nodes.
Tonsil

ONS|

Intestine
Bladder

Figure 5: The time course of MV infection and receptor usage.(A) MV enters humans
through the respiratory route and initiates its infectious cycle in lymphoid organs in the
upper respiratory tract by using SLAM as a receptor. (B) MV-infected lymphocytes
enter the bloodstream, and MV propagates in lymphoid organs throughout the body.
(C) MV-infected immune cells appear to transmit MV to epithelial cells in various
organs (e.g., airway, intestine, bladder). A putative epithelial cell receptor appears to
play an important role in MV infection of epithelial cells. (D) MV then replicates in
epithelial cells and actively releases progeny viruses into the airway. Consequently,
the respiratory aerosols of patients contain large amounts of MV particles. Source:
Takeda M.(2008).

1.1.5 Importance of Mathematical Modeling in Epidemiology

Mathematical modeling is essential for developing public health strategies and epi-

demiological responses by providing insights into transmission dynamics, forecasting

outbreaks, and recommending effective control measures |Adhikari et al.| (2023, [2021);
(Gautam et al|(2022)); Mutua et al| (2015)); [Pantha et al.| (2021)); [Pokharel et al| (2022,
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2024)); [Vaidya and Wang| (2022). It offers critical insights into the complexities of
disease transmission, aiding in prediction, resource allocation, and decision-making
processes [Roberts and Tobiasg| (2000)); Shayak et al.| (2020). These models help poli-
cymakers anticipate outbreak scenarios, allocate healthcare resources effectively, and
evaluate the impact of interventions such as social distancing and vaccination cam-
paigns Momoh et al. (2013); |Aldila and Asrianti| (2019); Manesha et al.| (2020)); Shayak
et al| (2020); |Gui-Quan et al| (2020)); [Tuite et al. (2020)). Furthermore, modeling
enhances our understanding of disease spread within populations by highlighting
crucial factors like the reproduction number, the role of asymptomatic carriers, and
the effectiveness of control measures |Adhikari et al.| (2022); Pokharel et al.| (2022)).
Additionally, mathematical modeling guides vaccine development and distribution
strategies, facilitates data interpretation and supports scenario planning Fred (2017)).
Through continuous refinement and adaptation, these models significantly contribute
to our capacity to manage and mitigate the impact of infectious diseases, ultimately

saving lives and reducing the societal and economic burden of outbreaks.

The collaboration of mathematical modeling with government strategic planning
processes has become prevalent in response to recent outbreaks. For instance, the
UK Department of Health relies on the expertise of the Scientific Pandemic Influenza
Group on Modeling (SPI-M) to provide guidance on novel respiratory infections [Ellen
et al.| (2021)); Dangerfield et al.| (2023)); Department of Health and Social Care| (2018).
Notably, during the 2009 HIN1 pandemic, the World Health Organization established
a network comprising modeling groups and public health experts to comprehensively
address various aspects of the outbreak [Matthew et al.| (2020); Christina and Christian
(2022); Kerkhove and Fergusona (2012). Learning from the on going catatrosphic
situation of COVID 19 pandemic, in 2023, a group of researchers introduced the
Mathematical Modeling for Infectious Diseases Planning course is aimed at public
health professionals in East Africa |Ofori et al.| (2024)). The course outlines its designs
and implementation, detailing both challenges and successes, along with lessons learned
to inform similar infectious disease training initiatives in the area. The incorporation
of mathematical approaches to policy formulation underscores the invaluable insights
that modeling and statistical analyses can provide in understanding and effectively
managing public health crises. Overall, mathematical modeling of infectious diseases
is essential for informing evidence-based public health policies, guiding interventions,

and ultimately reducing the burden of infectious diseases on society.



1.2 Objective of the Study

Despite the availability of the vaccine, measles outbreaks in many places of the world
have occurred as an endemic. The modeling can help by using epidemiological data
to help the policymakers understand the control strategies and help to plan disease
eradication. This study focuses on the transmission dynamics of measles with the

following objectives:

e To develop the model, and analyze the transmission dynamics of measles con-

cerning monitored and un-monitored vaccination

e To develop the model and analyze the transmission of dynamics of measles in
adults and children

e To fit the models to the available data, estimate the crucial parameters and obtain

the vaccinated reproduction number R,, and effective reproduction number R,

1.3 Literature Review

Mathematical models have been widely employed for over a century to investigate
the dynamics of disease transmission in human populations and to forecast risks from
epidemiologic data. In recent years, applications of mathematics in infectious diseases
have shown remarkably growing trends. We conducted a comprehensive literature
review, which we divided into two main sections: the history of epidemic models and

models specifically addressing measles transmission.

1.3.1 History of Epidemic Model

In the field of infectious disease modeling, John Graunt is recognized as one of the
earliest pioneers. He was among the first to systematically quantify mortality patterns
in 1662. His seminal work, “Natural and Political Observations made upon the Bills
of Mortality”, marked the inception of studying infectious diseases by quantifying
mortality cases. Through his analysis of various causes of death, Graunt introduced
a method to assess the relative risks associated with different diseases |Fred| (2017));

Daley and Gani| (2005)); |Angélica and Dourado| (2021]).



Nearly a century later, in 1760, Daniel Bernoulli (1700-1782) made significant strides in
epidemiology by delving into vaccination against smallpox. His revolutionary approach
involved the calculation of the potential increase in life expectancy resulting from the
eradication of smallpox as a cause of death. Bernoulli’s initial work was summarized
in a brief outline in 1760, followed by a more comprehensive exposition in 1766.
Although his methodology initially found more resonance in actuarial literature than
in epidemiological circles, it has recently seen broader application and appreciation
Bernoulli (1766)); Fred| (2017); Daley and Gani| (2005).

In subsequent years, other notable contributions further advanced the study of infec-
tious diseases. Benjamin Gompertz’s development of a logistic growth model in 1825
and John Snow’s analysis of the temporal and spatial patterns of cholera in 1855 during
the epidemic in London stand out as significant milestones |Fred (2017)). Additionally,
William Budd’s study on the spread of typhoid in 1873 and the investigation into the
laws governing the rise and fall of epidemics by William Farr in 1840 further enriched
the field during the nineteenth century |Angélica and Dourado| (2021). Similarly,
the germ theory of disease, first expressed by Jacob Henle (1809-1885) in 1840 was
developed by Robert Koch (1843-1910), Joseph Lister (1827-1912), and Louis Pasteur
(1822-1875) in the late nineteenth and early twentieth centuries Fred| (2017)).

Mathematical epidemiology experienced substantial progress during 20th century.
W.H. Hamer presented the idea in 1906 that the transmission of infection ought to
be impacted by both the quantity of susceptible individuals and infective individuals
Hamer| (1906).

In the history of epidemic model, the initial comprehensive mathematical framework
for studying infectious diseases, which grabbed a lot of attention in academic circles,
was the deterministic compartmental epidemic model introduced in 1927 by Kermack-
McKendrick PAS and Juergen! (2002); Ogilvy and McKendrick (1991a;, (1927, 1991Db);
McKendrick| (1925) and Soper [Soper| (1929)). The model divided the population into
compartments, like susceptible, infected, and recovered, and utilized the differential
equation to illustrate the transitions between the states has become a fundamental

tool for analyzing the dynamics of infectious diseases.

It’s notable that during the years spanning 1900 to 1935, renowned public health
physicians: Sir R.A. Ross, W.H. Hamer, A.G. McKendrick, and W.O. Kermack
developed the foundational principles of compartmental epidemiology, rather than
mathematicians Fred (2017); |[Foppa (2016). Particularly, Sir R.A. Ross made a major
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contribution to the epidemic field when he developed the epidemic compartmental
model for malaria transmission, incorporating both human and mosquito populations
Ross (1911), which was awarded the second Nobel Prize in 1902. The model illustrated
how transmission dynamics between mosquitoes and humans, and could be controlled
by reducing mosquito populations to a critical threshold. Furthermore, it was the
first introduction of the notion of the basic reproduction number, often denoted as Ry,
played a crucial role, although they did not explicitly name this threshold value. Two
years later MacDonald (George| (1957), formally identified and defined this threshold in
his research on malaria, which has remained a fundamental concept in mathematical

epidemiology ever since.

Since the deterministic model is not suitable for the small population, the stochastic
model plays a crucial role in disease modeling. The history of the stochastic model was
beginning from the 19th century with P.D. En’ko’s transmission model in 1889 which
is acknowledged by the work of Karl Dietz |Foppa, (2016)). A chain binomial model by,
W.H. Frost in 1928 is a groundbreaking stochastic epidemic model |[H. Andersson| (2000).
In 1931, M. Greenwood proposed an alternative rendition of the chain binomial model,
offering a distinctive perspective within the stochastic epidemic modeling framework.
The evolution of stochastic epidemic modeling has seen numerous expansions and
updates. In 1999, a book by D.J. Daley and J. Gani provided an extensive overview of
some of the more contemporary advancements |Giordano et al.|(2013). In 1949, Bartlett
further refined the comprehension of stochastic disease transmission by describing a
stochastic counterpart to the classic Kermack-McKendrick epidemic model Fred, (2017))
and later in 1956 he applied the stochastic process to measles outbreaks and showed

that measles could exhibit periodic outbreaks.

1.3.2 Epidemic Model on Measles Transmission Dynamics

Measles is a highly contagious viral disease with a significant impact on public health,
especially in unvaccinated populations. Over the decades, various mathematical
models have been developed to understand its transmission dynamics, evaluate control

strategies, and guide vaccination policies.

The foundation for modern epidemic modeling was laid by Kermack and McKendrick,
who introduced the SIR (Susceptible-Infected-Recovered) model. Their work demon-
strated the threshold behavior in epidemics and provided a basic framework for

understanding measles dynamics In the subsequent years, Dietz and Schenzle (1985),
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Anderson and May (1991) introduced the deterministic model to explore the measles

dynamics and impact of vaccination |Ogilvy and McKendrick (1991a). Hethcote in

1997, Grenfell and Bolker in 1995 are recognized for the age structure and meta
population models Bolker and Grenfell (1995); Hethcote (1997).

Numerous studies have advanced mathematical modeling of measles. For instance, in
modeling the measles outbreak among children, researchers incorporated factors such
as age groups, spatial and temporal characteristics, and structured metapopulations
(Cutts et al. (2020); Goufo et al.| (2014)); [Xia et al.| (2004); Anderson and May| (1992]).

Metapopulation refers to a collection of populations spatially separated but intercon-

nected, facilitating the movement of individuals between them |Colizza and Vespignani

(200).

Deterministic mathematical models such as SIR, SEIR, SVEIR, and SVEIRS, SVEIHR,
SVIPR (Where S: Susceptible, V: Vaccinated, I:Infected, H: Hospitalized, P: Pathogen,

R:Recovered), fractional derivative models, have been developed to explore various

aspects of measles dynamics, including age-structure and immigration-impact
et al.| (2015)); Muhammad et al. (2023); Christopher et al. (2017); Andrea and Andrea)
(2008); |Alemneh and Belay| (2023); [Kuddus et al. (2021); [Mitku and Selam| (2017));
Peter et al. (2023al, 2022, 2023b)); Roberts and Tobias| (2000); [Song et al.| (2019);
Trottier and Philippe] (2000, [2002). Moreover, some SEIR based models Momoh et al]
(2013)); |Goufo et al,| (2014); Ochoche and Gweryinal (2019); la Sens et al| (2012) have

been developed, including continuous-time linear vaccination-based control strategy,

meta-populations, and immunization in pregnant women. These basic models have

also been extended to include immunity, vaccination, age-dependent vaccination, time-

dependent vaccine efficacy, therapy, quarantine, and treatment (Obumneke et al.| (2017));
'Aldila and Asrianti| (2019); [Edward et al| (2015]); Musyoki et al.| (2019); Fred et al.|
(2015)); Jaharuddin and Bakhtiar| (2020); Wanjau et al.| (2019); Massoukou et al.| (2018));
Memon et al.| (2020).

Stochastic models have also been used in the study of measles transmission dynamics.
In 2000, David Earn and colleagues used time-series analysis and stochastic modeling
to study the impact of vaccination programs on measles dynamics in England and

Wales. Their work highlighted the importance of maintaining high vaccination coverage

to prevent the resurgence of measles [David et al. (2000). Matt Keeling and Bryan

Grenfell in 2002 applied stochastic modeling to real-world measles data, incorporating

seasonality and spatial heterogeneity Keeling and Grenfell (2002).
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1.4 Outline of the Thesis

This study introduces mathematical modeling of measles transmission dynamics to
uncover valuable insights. It concentrates on evaluating the impact of control strategies
aimed at eradicating the disease in measles-endemic countries like Nepal. The model’s
validation is based on real data. Furthermore, innovative concepts are put forward to
enhance the precision and accuracy of disease dynamics description. The structure of

the research is outlined as follows:

In chapter [2| we offer the necessary background in epidemiology and mathematical
modeling. Additionally, we introduce a range of theoretical analysis techniques utilized

in this dissertation.

In chapter [3, we formulate novel, innovative two deterministic models of measles
transmission dynamics. These models assess the impacts of monitored vaccination
programs aimed at controlling and eradicating measles, depicting cases among both
adults and children. The goal is to evaluate the significance of adult infections in
persistent measles cases and the effectiveness of vaccination programs for eradication.
Both models are validated with data from measles outbreaks in Nepal, are utilized to

estimate the parameter value.

In chapter [4| we present the model analysis including, the existence and dynamics of
equilibrium points, computation of vaccinated reproduction number R,, and effective
reproduction number. We establish global asymptotic stability of the disease free
equilibrium point when R, is less than 1, and the persistent nature of the disease when

R, exceeds 1.

In chapter 5] we analyze the models and present their results. Using the monitored
vaccination model, simulations are conducted to identify effective monitored vacci-
nation strategies for measles control in Nepal. According to the model predictions,
monitored vaccination programs have the potential to mitigate the risk of measles
resurgence. The numerical analysis of the adult-child vaccination model yields insights
into the vaccination reproduction number (which determines conditions for measles
eradication or persistence) and the influence of contact network size. The model
analysis demonstrates that while impactful controls can be achieved through vaccines
targeted at children, implementing a combined adult-child vaccination program may

facilitate the eradication of the disease.

The final chapter [6] presents a summary and conclusion of the main findings, and
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discusses the implications of the study and provides recommendations for future

research directions.
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CHAPTER 2

2. PRELIMINARIES

In this chapter, we introduce, some mathematical and epidemiological prerequisites
required for this study concerning infectious diseases. Particularly we introduce
some definitions of epidemiological terms, epidemic models and, their development.
Moreover, we also introduce some theoretical techniques and analyses which are used

in writing this dissertation.

2.1 Basic Terminologies on Disease Modeling

2.1.1 Some Definitions of Epidemiological Terms
Susceptible Individuals

The susceptible individual is epidemiologically defined as the individual, who is at risk

of becoming infected by a disease and generally denoted by S.

Exposed Individuals

The exposed class of individuals refer to individuals who have been exposed to an
infectious agent but are not yet infectious themselves. An exposed class is defined as an
individual who is accessible to contracting a disease and makes a disease-transmitting
contact and this class is considered as a disease class that is not infectious and may or

may not develop the disease.

Infectious Individuals

An infected individual is someone who has contracted a disease or condition caused
by the invasion and multiplication of pathogenic microorganisms, such as bacteria,
viruses, fungi, or parasites, within their body. The Infectious individual is an infected
can transfer the disease to other susceptible. Infected individuals can’t spread the

disease and the infectious individual has the main role in the transmission of disease
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dynamics. Infected and infectious both are the disease classes.

Recovered Individuals

After the recovery of the infection, the individual belongs to the recovered class.
Furthermore, if recovered after the infection gets lifelong immunity that can not be

susceptible or it may again be susceptible if recovered can’t get immunity.

Epidemic

An unexpected increase in the number of disease cases in a specific geographical area,

is a case for the epidemic.

Endemic

When an infectious disease always exists in a particular region then it becomes endemic.

Measles is an endemic disease in India, and Nepal.

Pandemic

A pandemic is characterized as the global dissemination of a novel disease during a
specific period. Like HIN1 in 1918, H2N2 in 1957, H3N2 in 1968, SARS in 2003, HIN1
in 2003, and COVID-19 are examples of pandemics.

Outbreak

The occurrence of an outbreak of infectious disease in a new area is a sudden increase

in the number of cases of the disease.

Latent Individuals and Latent Period

An individual who is infected but not yet capable of transmitting the disease is
categorized as a latent individual. Consequently, the latent period refers to the
duration between the time of infection and the point at which the individual becomes

capable of transmitting the pathogen to another individual.
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Incubation Period

The incubation period refers to the duration from the time of exposure to an infectious
agent to the onset of the first symptoms of the disease. In infectious diseases, this period
represents the time required for the infectious agent to proliferate to a level sufficient
to induce symptoms or provide laboratory evidence of infection. It’s important to note
that the latent period, which is the time between exposure and the ability to transmit

the infection to others, does not necessarily coincide with the incubation period.

Incidence

Incidence refers to the number of cases occurring within a specified time frame.
Typically, incidence is calculated based on clinical cases, which often leads to an

underestimation of the true incidence as it overlooks sub-clinical cases.

Disease-Induced Mortality

Disease-induced mortality is defined as the death per individual due to the disease per

unit time, (the death ratio to the entire population per unit time).

Prevalence

Prevalence refers to the proportion of a population that has a particular disease or
condition at a specific point in time or over a specified period. It provides a snapshot
of how widespread the disease or condition is within the population. Prevalence is
usually expressed as a percentage or as the number of cases per a certain number of
people (e.g., per 1,000 or 100,000 individuals).

Case Fatality Proportion (CFP)

The ratio of the number of deaths to the number of cases measures the case fatality
proportion. For instance, as of June 22, 2021, 4522 people have been diagnosed with
CoVID positive, and 41 of them have died. The CFP is 0.009 Martcheva/ (2008).
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Disease-Induced Mortality

Disease-induced mortality is the total death caused by the disease, divided by the
entire population per unit time.
2.1.2 Mathematical Derivations and Definitions

2.1.2.1 Eigenvalues, Spectral Radius & Spectral Bound

For a given square matrix A, and v is a non-zero vector then \ is defined eigenvalue of
the matrix A corresponding to a non-zerovector v satisfying the condition A v = A\ v.
The spectral radius of A refers to the largest absolute value of the eigenvalues of the
matrix A. Let A\, Ag, A3,... be the eigenvalues of a matrix A, then the spectral radius
of A denoted by p(A) is defined as:

p(A) = Max{|\}, Vi=1,2..}.
Spectral bound of a matrix A denoted by S(A) is the largest real part of the eigenvalues.
S(A) = Maz{Re(\;), Vi=1,2..}.
2.1.2.2 Equilibrium Point

Considering a general autonomous system of ordinary differential equations for a vector

valued function f

dx
o /@) . 1)
r = (x17$2737xn)7 f: [f17f2737fn]

Equilibrium point x* of the system is a point satisfying = (z*) = 0 i.e. the

solution which is independent of time (steady state) Martcheval (2008).

2.1.2.3 Jacobian Matrix

The Jacobian matrix of a system of ordinary differential equations (ODEs) is the
matrix of all first-order partial derivatives of the function in the system |Martcheva
(2008); Diekman et al.| (1990). In [2.1| the matrix of all first-order partial derivatives of
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the right-hand side of the system of equations (f = (f1, f2, ..., fn)) to the variable

x = (x1,%2,...,x,) is given as

on o o
Oxy Oz 77 T Ozg
oh

— 0,

J=1 o

O Ofa

2.1.2.4 Basic Reproduction Number

Epidemiologically, the reproduction number symbolized as Ry quantifies the number
of new cases produced from one infectious individual in a population of susceptible
individuals throughout the entire infectious period. This metric serves as a critical
indicator for understanding the potential spread of an infectious disease. Mathemati-
cally, it plays the role of a threshold value for the dynamics of the system. In the field
of epidemiology, each infected individual produces, on average, more than one new
infection and the disease remains in the population for Ry greater than one. If Ry is
less than one, then on average, an infected individual generates fewer than one new
infected individual throughout its infectious period and the disease dies out Martcheva
(2008)); |Driessche and Watmough! (2002)). This number in the simple models with a

single disease compartment can be expressed as:

Ry = (number of contacts at a time) x (probability of infection in a contact)

X (duration of infectiousness during epidemics).

However, other models with multiple disease compartments, the next-generation matrix
(NGM) method is used in computing the Ry.

2.1.2.5 Effective Reproduction Number

The effective reproduction number, often denoted as Ry, is a crucial epidemiological
metric used to quantify the average number of secondary infections generated by each
infected individual at a specific point in time during an outbreak or epidemic. Unlike
the basic reproduction number (Ry), which represents the average number of secondary
infections caused by a single infected individual in a completely susceptible population,
the effective reproduction number considers changes in population immunity, behavior,

interventions, and other factors influencing transmission dynamics.
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In essence, R; provides insights into the current state of an outbreak by accounting
for the evolving conditions that affect transmission. When R; is greater than one,
it indicates that the outbreak is growing, as each infected individual is, on average,
infecting more than one new infection. Conversely, when R; is less than one, the
outbreak is declining, as each infected individual is, on average infecting, less than
one new infection, leading to eventual control or eradication of the outbreak. When
R, is equal to one, the disease remains endemic within the population N et al.| (2019).

So the level of R, needs to be less than one to control the disease in the population.

The effective reproduction number R; can be estimated as a product of the basic

reproduction number Ry and susceptible population x i.e. Ry = Ry x.

Ry is a crucial metric for assessing the effectiveness of control measures and guiding

public health interventions to mitigate the spread of infectious diseases.

2.1.2.6 Next Generation Matrix

Next-generation matrix refers to a mathematical tool used in the field of epidemiology
in modeling the transmission dynamics of infectious diseases particularly, in the case of
multiple infectious agents. It’s commonly used to predict how a disease might spread

within a population and to assess the effectiveness of different control measures.

When dealing with multiple infectious agents, a novel next-generation method, was first
proposed in 1990 by Diekmann et al{Diekmann et al.| (2010) and later standardized
by Van den Driessche and Watmough Driessche and Watmough/| (2002)), provides
a useful approach. This technique converts a set of ordinary differential equations
(ODEs) or partial differential equations (PDEs) in an infectious disease model into
an operator. Within this method, the basic reproduction ratio is precisely derived
based on linearization about the disease free-equilibrium point and identified as the
principal eigenvalue (spectral radius) of this operator. We follow the method [Brauer
and CC.Chavez| (2012) for detailed formulation.

Considering the compartmental disease model, having n disease compartments and m

non-disease compartments.

Zt( ) ./_';(l'ay) - Vz<x7y)7 t 1’2’3’ e T <22)
dy;(t ‘
ycjlzg)_—gj(:v,y) j=123,...,m.

In this context, z € R" and y € R™ and F;(x,y) is the new infections into the
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i" compartment and V;(z,y) = V" (z) — V;*(z) is the net flow representing V,” (z)

(2

the transfer out of and V;*(z) the transfer into the i compartment, satisfying the

following assumptions.

I. Fi(0,y) =0 and V;(0,y) =0 for all y > 0,7 =1,2,3,...,n. All new infections

are secondary infections arising from the infected individuals.

II. Fi(z,y) > 0 for all z,y > 0,7 = 1,2,...,n. The new infections can not be

negative.

II. Vi(z,y) < 0 whenever x; = 0, for i = 1,2,...,n. The net outflow V; from i

compartment must be negative for empty compartments.

IV. Y1 Vi(z,y) > 0 for all z,y > 0. The sum represents the total outflow from

infected compartments.
dy; (t)

is locally asymptotically stable. That is all solutions with initial conditions of

V. The disease-free system i.e. = ¢;(0,y) = 0, has a unique equilibrium, that
the form (0,y) approaches a point (0,70) as t — oo and we refer to it as the

disease-free equilibrium.

When introducing a single infected to an initially disease-free population, the initial
ability to spread the disease through the population is determined by the linearization
of the about the disease-free equilibrium point (0, ). It is clear that assumption I

imply:

OF; oV
F=—2(0,y) = Vi; = —(0, yo) = 0,
J 81']‘ (0 yO) v] axj (0 yO) 0
for each pair of (7, 7). The system of disease compartments can be expressed as:
dx(t)
= (P V() (23)

Where F and V are (n x n) matrix of with entries

OF; oV, o
(0,90) and V = —(0,yp), for all 7, j.

F pu—
&vj 81‘]‘

The 5" entry of the matrix F is the rate at which the infected individual in the state

j give rise to the infected individual in 4 disease compartment. The ij** entry of V1
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is the expected time that a newly infected individual in j will spend in infected state

7. As per the assumption the disease-free system

dy;(t) _
e g;(0,y) =0,

has a unique asymptotically stable disease-free equilibrium point, the linear stability
of the system is determined by the linear stability of the matrix (F' — V') in .
The number of secondary infections caused by a single infected individual can be
determined by multiplying the expected duration of the infectious period by the rate
of secondary infections. For the general model with n disease compartments, these

values are computed for each compartment.

If there is no secondary infection with non-negative initial condition zy representing:

dx(t)
dt

= —V(z),2(0) = . (2.4)
The solution of the is ¢(t, z0) = e"V'xy. Where the exponential matrix is given as

2 A3 Ak
A _ - - _
et =T+A+ o + 3!,...+ o + ..

Clearly,
/ o(t, zo)dt = / e Vidt =V,
0 0
where ¢(t,x) is the solution of the 7 represents the expected time that a newly
infected individual will spend in infected state. Thus the ij*" entry of the matrix V!
represents the expected time for an individual, initially introduced into the disease-free

compartment j spends in the disease compartment .

/ F¢<t, .CL’[))dt = FVﬁlxo.
0

The matrix F'V ™! is called Next Generation Matrix Brauer and CC.Chavez| (2012)
for the system at the disease free equilibrium where it’s ij** entry is the expected
number of secondary infections in compartment ¢ produced by individuals initially
in compartment j. Clearly, the matrix 'V ~! is non negative and has non negative

eigenvalues, its spectral redius p(FV 1) is the basic reproduction number

Ro = p(FVil)
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2.1.3 Well-Possedeness

A “well-posed solution” typically refers to a problem that satisfies three criteria:

Existence: At least one solution to the problem within the given specified domain

must exist.

Uniqueness: The existing solution must be unique, which ensures that the problem
does not produce any other conflicting solutions. In other words, there is only one

possible solution for a given initial and boundary conditions.

Stability: The solution to the problem must be stable which means, a small changes

in the problem should not result significant changes in the solution.

A mathematical model is said to be well-posed if it satisfies the three fundamental
properties or a model well-posed if it has a unique, stable solution within the given
initial and boundary condition (Giordano et al.| (2013)); Martcheva (2008)).

A properly formulated mathematical model establishes a robust framework for under-
standing and addressing real-world issues. Models with lacking any of these properties
can yield uncertain or untrustworthy outcomes, potentially failing to faithfully represent

physical or biological phenomena.

2.1.3.1 Stability of Solutions

Definition of Stability

We consider an equilibrium state X* € R” for the ordinary differential equation
(ODEs):

dX

— = f(X). 2.5

) (2
Where vector X represents the state variables and f(X) represents the vector field

that describes evolvement of the state over the time.

The equilibrium point X* is stable if for any small perturbation ¢ > 0 there exists a
d > 0, such that the initial condition X (0) satisfying the condition || X* — X (0)]| < 9,
then the solution satisfies || X* — X (t)|| < e for all ¢ > 0.

Local Asymptotic Stability Condition

The equilibrium state (X*) of the system is asymptotically stable if and only if
the following conditions hold:

23



1. The Jacobian matrix J of the system at the equilibrium state X*, for all

eigenvalues \; of A, is negative.

2. In another way, the spectral radius p(A) of the Jacobian matrix A is less than

one, i.e., p(4) < 1.

These criteria guarantee that minor deviations from the equilibrium state (X*) will
diminish over time, and trajectories originating close to the equilibrium state (X*)
will converge to the equilibrium state as t — oo [Hirsch et al.| (2004)); [Martcheva (2008).

This condition established a theorem: .

Theorem 2.1.1 |Martcheva (2008); Driessche and Watmough (2002) Theorem for
asymptotically Stable: An equilibrium point of the system of equations is asymptotically
stable if all eigenvalues of its jacobian at the equilibrium point have negative real parts

and 1t 1s unstable if one of eigenvalues has not negative real part.

2.1.4 Data Fitting & Parameter Estimation

For the validation, the model which is described by the system of ordinary differential
equations (ODEs) is fitted to the real data. Through data fitting, certain unknown
parameters of the model can be estimated where the ODEs can be solved numerically
using MATLAB solvers such as ”odel5s” or "ode45.” In conjunction with these solvers,
optimization functions like ”fminsearch” and ”fmincon” are employed. The least
squares method is commonly utilized for data fitting, aiming to minimize the sum of
squared residuals, which quantifies the disparity between the model’s predictions and

the corresponding values observed in experimental data.

n

J(®*) = (h(te) — h(t))?,

k=1
where ®* = (&4, ®o, ..., §,) is the set of p parameters to be estimated, and hy, is the
population obtained from the model while hy, is the real time data of the respective
population. The total number of data points using in the model fitting is represented

by n.
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2.1.4.1 Computation of Confidence Intervals

A confidence interval is a statistical range that provides an estimate of the believable
values for a population parameter, based on sample data. To establish confidence
intervals for the estimated parameters ¢*, we calculate the standard errors for the
parameters using the approach detailed in chapter 3 of |Banks et al.| (2014)). Initially,

we compute the sensitivity matrix I' for the estimated parameters.

OHy, OH¢, OH¢,
o0dq 0o T 8‘1>p
OHy, OHy, OHy,
F — 0P 0P e 0P,
8th 8th 8th
0P 0P e 0P,

OHy, .
aq:f i =1,2,...,p, and k =

1, 2, ..., n directly from the model we use the subsequent complex-step approxi-

Because we cannot express the closed form of

mation method to calculate the partial derivatives.

By employing a complex step ih, we examine the Taylor’s expansion of Hy,,

h2 bRl
—gHtk(éj)jL...,

where h is taken to be small positive constant (h = 1071°) in our computation and i is

Hy, (®; +ih) ~ H, (®;) + z‘hH,;k (®;)

the imaginary unit.
Taking out the imaginary part of both sides of the above equation and dividing by A

gives

, _ OHy . Im[H;, (P, +ih)] 2

where O(h?) is the terms of order 2 and higher. Then the derivatives are

OH,,
0%,

Im [H, (%, + ih)]
h )

~ Dj(Hy,) = j=1,2, ...pandk=1,2, ..n.

[ an approximation of the sensitivity matrix is computed by using these Taylors
a1
expansion. Then we take \/(O’Q{FTF} ); where, 0 ~ 62 = J(®*)/(n — p) and

®* represents the fundamental estimated parameter values, serving as the standard

deviation for the parameter ®;,7 =1,2,...,p.
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2.1.5 Identifiability of the Parameters

There is a significant challenge in the estimation of parameters in the model of
biological systems with the nonlinear ordinary differential equation (ODEs). A notable
characteristic of biological models is the frequent incorporation of multiple factors that
are correlated with each other [Maksat et al.| (2009); |I-Chun and O (2009). Identifiability
is one of the critical factor importance in parameter estimation and statistical modeling,
particularly within fields such as system identification, machine learning, and data

analysis.

A biological model is identifiable, if the parameters ¢ can be uniquly determined
from the given sytsem, in other word indentifiabilty defines as a concept of one-to-one

mapping between parameters and system input or output Hongyu et al.| (2011]).

Identifiability is crucial in parameter estimation and statistical modeling, especially in
system identification, machine learning, and data analysis. It refers to the ability to
uniquely determine model parameters from observed data. When a model is identifiable,
each parameter can be estimated without ambiguity, accurately representing the data’s
underlying relationships. One way to assess identifiability is by using the sensitivity
matrix, which measures how variations in model parameters impact the model’s output
Hongyu et al.| (2011)).

We have sensitivity matrix I' in section . A model achieves identifiability
when the sensitivity matrix attains full rank. In essence, this means that the number
of linearly independent rows or columns within the matrix matches the number of
parameters to be estimated. If the sensitivity matrix achieves full rank, it signifies the
model’s identifiability, enabling us to uniquely estimate all parametersJoubert et al.
(2018). Conversely, if the sensitivity matrix falls short of full rank, it suggests that
certain parameters cannot be identified with the available data and model structure.
This circumstance may arise due to redundancy within the model or insufficient data

to differentiate specific parameters.

2.1.6 Latin Hypercube Sampling

Latin Hypercube Sampling (LHS) is a systematic method for creating representative
samples from multi-dimensional parameter spaces, introduced by Mckay et al. in
1979 McKay et al. (1979). It operates similar to stratified sampling, dividing random

distributions into equally probable intervals, from which samples are drawn. The
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sample size, denoted by N, is typically recommended to be at least k + 1, where k is

the number of estimated parameters.

Sensitivity Analysis (SA) quantifies uncertainty in complex models by identifying
critical inputs (parameters and initial conditions) and assessing their impact on model
outcomes. When inputs are known with little uncertainty, partial derivatives of the
output function can be computed. This local SA examines changes in factors near
nominal values. However, in fields like biology with highly uncertain inputs, global SA

techniques are necessary.

Various SA techniques are tailored to different mathematical and computational models.
For models with non-linear, monotonic, effective measures include rank-based metrics
like rank correlation coefficient (RCC), partial rank correlation coefficient (PRCC),
and standardized rank regression coefficients (SRRC). In general, PRCC emerges as
the most efficient and reliable among sampling-based indexes, consistently yielding
similar results. It provides a metric for monotonicity after eliminating linear effects

from all variables except one.
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CHAPTER 3

3. MODELING TRANSMISSION DYNAMICS OF MEASLES
IN NEPAL AND ITS CONTROL

In this chapter, we present two novel deterministic models based on the SEIR
(Susceptible-Exposed-Infectious-Recovered) model to describe the transmission dynam-
ics of measles in Nepal. The first model evaluates the effect of monitored vaccination
programs to control and eliminate measles. This model is parameterized with data
from measles outbreaks in Nepal from 2000 to 2019. The second model focuses on
measles cases in both adults and children in Nepal. Due to delays in vaccination
during the COVID-19 pandemic and ongoing lockdowns, measles outbreaks occurred
in different districts. We validate this model by fitting it with real measles incidence
cases from November 24, 2022, to March 10, 2023 and estimating crucial parameters.

We also present mathematical validation of models.

3.1 Introduction

Monitored vaccination programs may help achieve success in avoiding measles epidemics.
Such monitored vaccination programs promote the timely completion of the vaccination,
thereby increasing the chance of complete immunity gain. Various factors, including
the impact of the COVID-19 pandemic on vaccine coverage, have collectively hampered
vaccination programs in 2021. In 2021, a record high of nearly 40 million children missed
a measles vaccine dose; 25 million children missed their first dose, and an additional 14.7
million children missed their second dose globally WHO| (2022)). Note that the World
Health Organization (WHO) recommends at least 95 percent vaccination coverage to
achieve herd immunity for measles. The world is well under that requirement with
only 81 percent of children receiving their first measles-containing vaccine dose, and
only 71 percent of children receiving their second one. The decline in vaccine coverage
coincides with measles transmission patterns, impacting not only infants but also older
age groups |Dixon et al.| (2021); |Unicef for Every Child (2019).

Major challenges for measles control include a lack of a catch-up vaccination program,
growing vaccine hesitancy, and insufficient monitoring for elimination and outbreak

prevention. In response, the World Health Organization introduced the “Measles and
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Rubella Strategic Framework 2021-2030” in 2020, targeting global disease elimination
by 2030 (WHO), (2020, |2023a)). After rising outbreaks of measles in 2019, in response,
Nepal introduced the National Immunization Program (NIP) in 2020 with a plan for a
comprehensive nationwide vaccination campaign targeting children aged 9 to 59 months
against both measles and rubella (MR). While the first phase of this campaign was
completed as scheduled, the second phase was disrupted by the COVID-19 pandemic,
consequently causing measles outbreaks in multiple districts |[Boss et al.| (2022); Thakur
et al|(2024). Between January and April 2020, 220 measles cases were reported, with
78% affecting individuals outside the campaign’s target age range (9 to 59 months).
Notably, 60% of the total cases in the 5-14-year age group were not vaccinated [119].
From November 2022 to March 2023, 690 cases were reported, with approximately
86% of infected individuals aged 15 years and younger, and 58% of the patients were
unvaccinated WHO, Disease outbreak news, Item, Measles (2023)). Although a rise
in number of measles cases has brought attention to the potential threat of severe
measles outbreaks, persistent and frequent outbreaks in specific districts, including
Morang, Dang, Kapilvastu, Kathmandu, Lalitpur, Dhading, Banke, Kailali, of Nepal
pose a severe concern of obstacle to World Health Organisation’s (WHO’s) global
measles eradication plan “Measles and Rubella Strategic Framework 2021-2030”|Dall
(14 March 2023); [Poudel (2019a); WHO| (2020, 2023a)); WHO, Disease outbreak news!
Item, Measles| (2023).

In order to achieve the measles eradication goal, the primary focus has been on
formulating improved children-vaccination programs. However, it is essential to note
that 14% of the infectious cases are unvaccinated adults. These infectious adults
originating from the pool of unvaccinated children can act as virus reservoirs in
the community and sources for disease outbreaks, causing the obstacle to disease
eradication. Implementing a closely monitored vaccination program for both children
and adults may be imperative to completely eradicate the disease. Mathematical
modeling is a valuable tool for identifying the ideal monitored vaccination programs
combined with two different age groups in the context of Nepal. To address these
issues, we develop two novel deterministic models to study the transmission dynamics
of measles in Nepal. One model incorporates monitored vaccination programs with
two classes of vaccinated individuals: one under the monitored program and another
without the monitored program. The second model incorporates two age groups: adults
and children. The monitored vaccination model is validated using two-decade-long
annual measles data, while the other model is validated using two weeks of weekly

data and mathematically validate both.
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3.2 Modeling: Monitored Vaccination Model

3.2.1 Method

We develop a novel deterministic model, incorporating monitored vaccination programs
with two classes of vaccinated individuals, one under the monitored program and
another without the monitored program. The model is validated using two-decade-
long measles data from Nepal. Our model analysis establishes the local and global
stability of disease-free equilibrium, the existence of endemic equilibrium, and the
uniform persistence of the disease. Furthermore, we carry out model simulations to
properly evaluate the impact of monitored vaccination programs on the short-term

and long-term trend of measles transmission in Nepal.

3.2.2 Model Formulation

We develop a transmission dynamics model of measles for the population that includes
all the newborns and children under 15 years. As mentioned earlier, implementing a
proper vaccination program is often difficult, particularly for children whose parents
have poor health knowledge and have fear or skepticism about vaccines. To improve
the effectiveness of vaccination programs, we introduce a monitored vaccination
program into our model. The program mainly focuses on asserting the completion
of vaccines timely and accurately by children under this program. Because of extra
care and regular follow-up, the children under this program are expected to have
less susceptibility to infection and a higher rate of achieving immunity than those
under regular (un-monitored) vaccination programs. To formulate the model, we
divide the total population considered (V) into six mutually exclusive compartments:
susceptible (.S), un-monitored vaccinated (Uy ), monitored vaccinated (My ), exposed

(E), infectious (/), and immune (I;).

The schematic diagram showing the flow of individuals from and to the compartments
during the measles transmission dynamics is presented in Figure [l The dynamical

system equations representing the model are as follows:
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Figure 6: Schematic diagram of the transmission dynamics of measles.
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djfw =nUv +7My +nl — ply. (3:6)

Here, A represents the recruitment rate of susceptible, i.e., newly born children. The
measles infection occurs with the per capita transmission rate of 81 /N, transferring
susceptible individuals to the exposed class. The parameters o represents the rate
of progression of individuals from the exposed class to the infectious class, and 7 is
the recovery rate of infectious individuals from the disease. Since only the children
up to the age of 15 years are considered in the study, we assumed p is the rate at
which the children become older than 15 years leaving from the dynamics. We take ¢

to represent the disease-induced death rate.

The parameters o and as represent the rate of un-monitored vaccination and the mon-
itored vaccination, respectively. As discussed in Pantha et al. Pantha et al. (2021)), for
practical purposes, the values of a; and s for un-monitored and monitored vaccination
programs aiming to cover (% and (3% of children in ¢, and ¢y years, respectively, can
be estimated using a; = —In (1 — (;/100)/t; and as = —1In (1 — (5/100)/t5, respec-

tively. The individual in the monitored vaccinated group is expected to be properly
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monitored to ensure the timely completion of the vaccination. In contrast, individuals
in the un-monitored vaccinated group have more likelihood of not completing the
vaccination in time, possibly delaying the gain of complete immunity. Therefore, we
assumed that the un-monitored and monitored vaccinated children become immune at
different rates, v; and s, respectively. Our model assumes individuals recovered from
natural infection and those completing vaccination have similar immunity. Therefore,
we include both of them in the same class, namely the immune class (Ip7). The
vaccinated children may also be infected, but at lesser infectivity rates (1 — )0
and (1 — e2)f for un-monitored and monitored vaccinated, respectively. Since the
monitoring service providers are expected to counsel individuals in the monitored
vaccinated program for timely completion of vaccine and prevention practices, we also

expect 0 <€ < e < 1.

3.2.3 Data Source

The publicly available data used in this work is obtained from the official site of the
World Health Organization (WHO). The data includes the reported measles cases in
Nepal from 2000 to 2019. Since 5% of the reported cases belong to the aged 15 and
above WHO| (2020), we deducted 5% of the cases from the data. The Crude Birth
Rate (CBR) and Infant Mortality Rate (IMR) of Nepal are used from the “Nepal
population growth rate 1950-2020” Macrotrends|.

3.2.4 Parameter Estimation

Nepal’s population under fifteen years was 9,807,000 in 2000 (taken as the base
year) and 8,460,000 in 2019 WHO) (2020). The actual population size in individual
S, Uy, My, E, I, I, classes is not available. It is recorded that 77% of the population
was vaccinated in 2000 (the base year) WHO) (2020). For our base case simulation,
among the unvaccinated 23% of the total population, we assumed that 22% were in
the susceptible class (S(0) = 2,157,540). We took 30% of the vaccinated population
were in the un-monitored vaccinated class (Uy(0) = 2,206, 575). Since the monitored
vaccination program was not present in 2000, we took My (0) = 0. From the data, the
recorded cases were 8927 (after reducing 5% over 15 years from the total recorded
9397), among which we assume F/(0) = 300 in the exposed class and I(0) = 340 in the
infectious class. The remaining population (N (0) — S(0) — Uy (0) — E(0) — I(0)) is
included in the immune class (I3,(0) = 5,442, 245).
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The recruitment rate (A = 612, 328) is the annual average birth rate, which is calculated
by using the Crude Birth Rate (CBR) and Infant Mortality Rate (IMR) from the 2000-
2019 data Macrotrends. Since only the population below fifteen years is considered
in the study, we used p = 1/15 = 0.0667 per year. It is given that the incubation
period of measles is 10-14 days on average |Organization; [WHO), (2019b), and thus
the disease progression rate from the exposed class to the infectious class is taken as
o =1/12 x 365 ~ 30 per year. Also, since it takes about 18 days (range between 7
to 23 days) to recover from the disease Organization, we used n = 1/18 x 365 =~ 20
per year. As per WHO guidelines, children are vaccinated with the first dose at the
age of 9 months and the second dose at 15 months MoHP) (a)), giving a six-month
interval between the two doses. Since the monitored vaccinated individuals (My ) are
expected to complete them in time, we took v = 0.5 per year. From the data |Knoema
(2017); Rathore| (2020), we estimated the average disease-induced death rate to be
0 = 0.01 per year. The remaining parameters of the model, 5, ay, as, 71, €1, and €g,

are estimated by fitting the model to the measles case data from Nepal.

3.2.5 Data Fitting and Model Validation

From the model, the yearly new infections at time ¢ can be calculated using h(t) =
oE(t), which we obtained using the numerical solutions of the system (3.1H3.6)).
Then we estimated the parameters with the help of the nonlinear regression method
Motulasky and Christopoulos| (2003), which minimizes the following sum of the square

residuals:
n

Z(hk — hi)?,

k=1
where h;, denotes the model predicted yearly new infection, h; denotes yearly new
infection data, and n is the number of data points used for the model fitting. For
each estimated parameter, we also computed the confidence limits using the standard
errors from the sensitivity matrix (S) based on the complex-step derivative technique
described in the previous study |Adhikari et al| (2021); Banks et al.| (2014); Banks
and Joyner| (2018); Rahman et al.| (2019). Our model is consistent with the yearly
incidence cases observed in Nepal (Figure . In addition, we also show that the
model prediction of the cumulative cases agrees well with the cumulative data, thereby

validating our model to describe the measles epidemic in Nepal.

We note that while making all six parameters free in the data fitting process, we

obtained negative lower limits of some confidence intervals. To tackle this issue, we
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needed to fix some of the parameters as done previously [Banks et al.| (2014)); Banks
and Joyner| (2018); Rahman et al.| (2019). Since the parameters oo and ey are the two
least sensitive parameters identified from the sensitivity matrix, S, we fixed as = 0.02
per year and e, = 0.90 at their best estimate values. We also note that taking the
different values of s and €5 did not significantly affect estimates of other parameters,
as expected, because of the least sensitivity. Then, we estimated the remaining only
four parameters, 3, ay, 71, and €7, from the further data fitting. Here the ratio of the
data to the free parameters is 5:1, which lies within the recommended range of 5:1 to
10:1 for a reasonable parameter estimate Schunn and Wallach| (2005)). Furthermore, to
analyze the identifiability of the estimated four parameters, we use the sensitivity-based
method H. Miao et al| (2011), in which we obtained the rank of the matrix STS.
For our case with four parameters estimated, the obtained full rank (Rank = 4) of
the matrix STS confirms that these four parameters are practically identifiable for
the model and the data used in this study. All the computations were carried out
in MATLAB (The Math Works. Inc.) using its various routines, including “ode45”

(ODE solver) and “fmincon” (minimizer).
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Figure 7: Data fitting and Model validation. (a) The recorded yearly cases of measles
in Nepal (dot) along with the best fit of the model (line). (b) The cumulative recorded
cases of measles in Nepal (dot) along with the model prediction of the cumulative
cases (line).

Our estimates show that the transmission rate (), the rate of un-monitored vaccination
(1), the rate of recovery from un-monitored vaccination (), and the effectiveness
of un-monitored vaccination (e;) are 63.0238 (95% CI: 63.0188-63.0288), 0.31 (95%
CI: 0.0902-0.5298), 0.1 (95% CI: 0.0858-0.1142), and 0.5082 (95% CI: 0.4926-0.5238),

respectively (Table[l)). We note that the confidence interval of the parameter a; appears
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to be large compared to other parameters for this particular data set. However, we
consider this parameter a control parameter and vary widely for the analysis of the
vaccination program; thus, one set of confidence intervals does not significantly impact

the main results of our study.

Table 1: Values of estimated and fixed parameters.

Parameters Description Baseline Value Confidence Interval Sources
(yr)™!

o Monitored 0.02 Fixed Assumed
vaccination rate

a Un-monitored 0.31 [0.0902 0.5298] Data Fitting
vaccination rate

o4 Transmission rate 63.02 [63.01 63.03] Data Fitting

€1 Effectiveness of 0.51 (Dim.less) [0.49 0.52] Data Fitting
un-monitored vacc.

) Effectiveness of 0.9 (Dim.less)  Fixed Assumed
monitored vacc.

0 Removed rate 0.0667 Fixed Assumed

T Uy immunity rate 0.1 [0.086 0.12] Data Fitting

Yo My immuninity rate 0.5 Fixed Assumed

o Disease progress rate 30 Fixed WHO| (2019b)

n Recovery rate 20 Fixed WHO (2019b)

o Disease-induced 0.01 Fixed Knoema| (2017)
death rate

3.2.6 Positivity and Boundedness

We first establish the biological or epidemiological validation of the model by proving

the non-negativity and the boundedness of the solution of the system of equations.

3.2.6.1 Positivity of the Solutions

Theorem 3.2.1 If S(0) > 0, Uy(0) > 0, My(0) > 0, E(0) >0, I(0) > 0, and
Iy (0) > 0, then the set of solution {S(t), Uy(t), My(t), E(t), 1(t), Im(t)} of the
system 15 positive for allt > 0.

s

Proof: From (3.1)), 7

> —(BI/N + p+ a1 + as)S which implies

S(t) > S(O)e:vp(— /Ot (BI(s)/N(s) + p+ o1 + az) ds).
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Since S(0) > 0, S(t) > 0, V¢t > 0 confirming the positivity of S(¢). Similarly from
(3.2H3.6)), we have

dl
d—tVZ—(’Yl+ﬂ+(1_€1)51/N)UV,
dM
o 2~ (ke + (1= e)B1/N) My,
dI
E _
o 2 wta)B, > —(utn+o),
dly
d —— > — uly,.
and —= =2 — ply

Then we get
Uy (t) ZUV(O)emp(— /Ot (1—¢&)BI(s)/N(s)+pu+m) d5> >0,

My (t) ZMV(O)e:Up(—/O (1 =€) BI(s)/N(s)+ p+ ) ds) >0,
E(t) ZE(0)exp (= (u+ 0)t) = 0, I(t) = [(0)exp (—(u+n+0)t) =0,
andly(t) >1y(0)exp (—ut) > 0,Vt > 0,
for Uy(0) > 0, My(0) > 0, E(0) > 0, I(0) > 0, and Ip(0) > 0. Therefore,

Uy(t), My(t), E(t), I(t), Im(t) >0, VYt > 0, showing the positivity of the solution
set of the system (3.1H3.6)). O

3.2.6.2 Boundedness and Invariant Region

Adding all differential equations (3.1H3.6)), we get dN/dt = A — uN — 61 < A — uN,
which provides N (t) < N(0)e Mt + A/pu(1 — e~ Ht) and hm n sup N(t) < A/, showing

that the total population is ultimately bounded by A/ ,u Hence the solution set

bounded by A/u is positively invariant in the feasible region

Q= {(S(t), Uy(t), My(t), Et), I(t), In(t)) € RS : N(t) < A/u}.

3.3 Modeling: Adult-Child Vaccination Model

We consider measles cases in adults, a more mobile critical group typically not
included in regular immunization programs. We introduce a novel deterministic model,
incorporating monitored vaccination for children and adults to assess the impact of

these adult-child vaccination approaches on measles eradication in Nepal. The model
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is validated using fifteen weeks of measles data from Nepal. Our model analysis
evaluates the local and global stability of disease-free equilibrium and the existence
of at least one endemic equilibrium. We simulate our model to assess the impact of
monitored adult-child vaccination programs on reducing measles transmission in Nepal

and eventually eradicating the disease over a period of time.

3.3.1 Model Formulation

We categorize the population into two different age groups (0-15 yrs and above 15 yrs)
based on the data Dall (14 March 2023) and develop a deterministic mathematical
model (SV EII,,) to describe the transmission dynamics of measles among those two
groups. Since measles can be prevented by complete doses of vaccines and individuals
gain lifelong immunity after recovery from infection Edward et al. (2015), we do
not consider re-infection in our model. The indices C' and A represent the child
(0-15 yrs) and adult (above 15) groups, respectively. The group of children and
adults are divided into six distinct compartments (S¢, UY, MY, Ec, Ic, Inc) and
(Sa, UY, Va, Ea, ILa, I,a), respectively, as shown in Figure . A is the recruitment

rate of newborns, and 1 is the maturation rate of a child becoming an adult.

Building an effective vaccination program is often difficult, especially when parents
lack adequate health knowledge and are skeptical about vaccines. One way to improve
the efficacy of immunization is to incorporate a monitored vaccination program
so that children who signed up for it receive their immunizations accurately and
on time. The unmonitored class includes children not enrolled in the monitored
program. The children in this class may frequently skip the complete vaccine doses on
time, presumably due to the lack of parents’ health consciousness and/or the lack of
supervision for proper immunization. On the other hand, the monitored class includes
the children enrolled in the monitored program, which ensures enrolled members with
supervision for timely immunization of complete doses. Our objective in this study is
to develop a model to evaluate such monitored vaccination programs for controlling

measles in both children and adults, with the goal of eradicating measles.

In this context, we assume children engaged in the monitored vaccination program
exhibit a lower vulnerability to diseases and a greater probability of acquiring immunity
due to increased attention and regular supervision, in contrast to children under
unsupervised immunization schemes. Consequently, the children eligible for vaccination

are divided into two distinct groups: the Un-monitored Vaccination Group (UY),
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Figure 8: Schematic diagram of the model: The group of children is divided into
six distinct compartments: Sg (Susceptible), Ut (Un-monitored Vaccinated), MY
(Monitored Vaccinated), E¢ (Exposed), I (Infectious), and I, (Immune). Similarly,
the adult age group is divided into six subgroups (Sa, Uk, Va, Ea, 14, Lna).

consisting of vaccinated children undergoing routine vaccination without supervision,
and the Monitored Vaccination Group (M} ), comprising children vaccinated under
supervision to ensure timely administration. In addition, we consider the Adult
Vaccination Group (Vy4), which consists of vaccinated adults under supervision through

the catch-up vaccination program.

Upon successfully receiving both vaccine doses per the recommended schedule, we
assume that the Monitored Vaccination Group and Adult Vaccination Group will
attain sufficient immunization and become non-susceptible to diseases. 7, and nx
represent the rate of immunization of the Monitored Vaccination Group and Adult
Vaccination Group, respectively, and ¢ represents the rate of the fully susceptible

children becoming infected.

Given the possibility of incomplete administration of vaccine doses within the Un-
monitored Vaccination Group, there remains a potential susceptibility to diseases. To
capture this infection, we account for disease transmission within this group at a rate
of €8¢, where (1 — €) represents the vaccine’s effectiveness. Additionally, we consider
a different infection rate, denoted by S4, for the adult group, assuming that measles
transmission is low among adults. The complete description of the parameters is given
in Table 2
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Table 2: Description of the parameters

Symbols | Description
A Recruitment rate to children group
Euyén Un-monitored and Monitored children Vaccination rate
Ea Adult Vaccination rate
B, Ba Transmission rate on the children and adults
1 Natural death rate
y Rate of being immune after recovery from infection
WY Maturation rate
(1 —¢€) | Effectiveness of the vaccination
NA Rate of being immune of Un-monitored vaccinated adults
MU, M Rate of being immune of Un-monitored,
Monitored vaccinated children
0 Incubation period
d Disease induced death

The equations of the dynamical system describing measles transmission are as follows:

dsc
dt
5,
dt
Uy,
dt
Uy
dt
v,
dt
MY
dt
dE¢
dt
dFE 4
dt
e
dt
Ly
dt
dImC’

dt
dlma

dt

=N~ (u+&u+ & +1)Sc — Be (Ie + 1a) Se,

=1 So — Ba(lc+1a) Sa — p1 Sa —€aSa,

=& So — ebo (Ie + 1) U — (p+nw +9) Ug,

= YUY —naUy — Bae(lo + 1) Uy — pUY,
=454 = Va(p+mna),

= EnSo — (1 + ) M,

= Bo (Io + 14) Sc + Boe (Io + 14) UL — (6 + p+ ¥) Eg,
= Ba(Ic+ 14) Sa+ Bae(Ic + Ia) Uy +VEc — (8 + p)Ea,
=0Ec — (v +d+p+9)le,

=0Ea+¢Eo — (v +d+ p)la,

= vlo +nuMg — (p+ ) Lo +nuUg

=na(Uy +Va) + 714 — plipa + e
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3.3.2 Data Source

The publicly available data used in this work is obtained from the official website of
the World Health Organization (WHO) World Health Organization| (14 March 2023)).
From November 24, 2022, to March 10, 2023, a total of 690 cases of measles were
recorded in western Nepal, spanning outbreaks in seven districts: Banke (327 cases),
Surkhet (62 cases), Bardiya (49 cases), Kailali (39 cases), Kanchanpur (27 cases),
Bajura (13 cases), and Dang (12 cases). Additionally, three districts in eastern Nepal
also reported cases: Mahottari (103 cases), Sunsari (34 cases), and Morang (24 cases).
The distribution of measles cases is shown in Figure [0 Among these reported cases,
one death was reported, indicating a Case Fatality Rate (CFR) of 0.14% Dall| (14

March 2023)).
Y

Measlse cases

I 100
0

Figure 9: Measles cases in different parts of Nepal from November 24, 2022, to March
10, 2023. The map was created using the cartography package in R 4.3.1.

3.3.3 Data Fitting, Model Validation, and Parameter Estima-
tion

Since measles cases were found only in ten districts of Nepal (Figure @, we considered
the population corresponding to only these ten districts with a total of N(0) =
6,564,070 Otffice. Moreover, as the cases appeared only in a few villages of these ten
districts, the whole population is less likely to be in the contact network. Therefore,
we assume « is a portion of the total population, so only aN(0) is in the measles
transmission contact network. In Nepal, the children population aged up to 14 years
is 27.4% |Statistal (2023)), so we assumed 29% of the total population aged up to 15
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years and took children and adults initial population

Ne(0) = 0.29aN (0) and N4(0) = 0.71aN(0).

The vaccinated population in Nepal is about 87 to 93% WHO| (2023h), and assuming
children are more vaccinated than adults, we took 91% of children and 89% of adults
were vaccinated. Thus, we took 9% and 11% of unvaccinated children and adults as
respective susceptibles, i.e., S¢(0) = 0.09aNo(0) and S4(0) = 0.11aeN4(0). Since there
was no adequately monitored vaccination or catch-up program for adult vaccination in
Nepal, we took MY (0) =50, V4 = 0. Since vaccine effectiveness for measles is 77 to
86% [Ichimura et al. (2022)); Kumar et al. (2023)); Lochlainn et al|(2019), we took 89%
as the immune population, giving 7,,4(0) = 0.79aN4(0) and I,¢(0) = 0.81aN¢(0).
The remaining populations are taken as Uk (0) and U} (0). Following the magnitude
of data, we assume that the outbreak begins with a small number of exposed and

infected individuals and took

Ec(0) =5, EA(0) =3, I(0) =2, I4(0) = 1.

For this study, individuals under fifteen were categorized as children, giving the
maturation rate of ¥ = 1/(15 x 52) = 0.0013 per week. Since the average lifespan
for Nepal in 2023 is approximately 72 years Macrotrends, we took the natural death
rate as 1/(72 x 52) per week. During the period of data collected, no immunization
program was in place for adults, so we took both the rate of adult vaccination (£4)
and the rate of being immune through adult vaccination (1) as zero. We also assume

the rate of adults being immune through un-monitored vaccination (n4) to be zero.

We considered the incubation period for measles to be 10 days (range: 10-14 days)
WHO), (2023a)), implying § = 0.7 per week. Considering the recovery period from the
disease is around 15 days (range: 7-23 days) |World Health Organization| (2023)), we
obtain v = 1/2 per week. Using the Case Fatality Rate (CFR) of 0.14% in Nepal Dall
(14 March 2023); World Health Organization (14 March 2023) in the disease-induced

death rate formula
—In(1 —0.14/100)

T )
given in the previous study Pantha et al.| (2021) with 7" = 15 weeks, we obtain
d = 9.3399 x 10~° per week.

d:

In line with WHO guidelines, children receive their first vaccine dose at 9 months of

age and the second dose at 15 months [MoHP) (ja)), with a six-month interval between
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two doses. Accounting for an average vaccine effectiveness of 80 % Min-Shi et al.
(1992); WHO, (2019a), we adopted € = 1 — 0.8 = 0.2. Since the outbreaks usually
remain for a short term of 15 weeks only, as revealed in the data, we can assume that
the birth and the death balance each other, i.e., A = x N.

200 1000
180 900+
160 1 800 F
[}
o 1401 Q
g 8
8120t ¢
; =
2100t 3
= E
= =
< 80f o
E >
60} 3
=
401
20 A
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Time (Weeks) Time (Weeks)
(a) (b)

Figure 10: Data fitting and model validation. (a) The recorded weekly cases
of measles in Nepal (filled circle) along with the best fit of the model (line). (b)
The cumulative recorded measles cases in Nepal (filled circle) along with the model
prediction of the cumulative cases (line).

We estimate the parameters 8¢, 84, &u, Mu, v, and « by fitting the model with
the measles case data from Nepal. From the model, weekly new infections at time
t are given by h(t) = 00 E(t), which we obtain using the numerical solutions of the
system (3.7H3.18]). Here, 6 represents the portion of the infection recorded. Then, we
estimate the parameters with the help of the nonlinear regression method Motulasky

and Christopoulos| (2003) that minimizes the following sum of the square residuals:

15

> (h = ),

k=1

where h;, denotes the model predicted weekly new infection and hy, denotes weekly
new infection data. All the computations are carried out in MATLAB (The Math

Works. Inc.) using its various routines, including “ode45” (ODE solver) and “fmincon”

(minimizer).

Our model can fit the data of weekly incidence cases in Nepal well (Figure [10p). In
addition, we also show that the model prediction of the cumulative cases agrees well
with the cumulative data (Figure ), thereby validating our model. The values of
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state variables and parameters are given in Table |3|and Table |4} respectively. From our

estimation, the transmission rate in children (S¢ = 0.00188) is higher than in adults

(B4 = 1.00 x 1075). Despite the low transmission rate among adults, it may still be

sufficient to spread the disease and cause obstacles to achieving the mission of measles

eradication. Similarly, we obtained the monitored vaccination rate (£, = 4.777 x 1079)

is less than the un-monitored vaccination rate ({y = 0.0087), and the rate of being

immune from monitored vaccination (1, = 0.0167) is higher than the un-monitored

vaccination (ny = 3 x 107%). Our estimates indicate that about 15% of the measles
cases were recorded in Nepal (i.e., 8 = 0.15) (Table {4)).

Table 3: State variables

State Variables | Values | State Variables | Values
MY (0) 50 V4(0) 0
Ec(0) 5 EA(0) 3
1(0) 2 14(0) 1
Sc(0) 2,142 S4(0) 6,408
U%(0) 2,382 UY(0) 5,703
e (0) 19,271 L,(0) 46,145
N¢(0) 23,795 N4(0) 58,256
Table 4: Model parameters
Symbols of Parameters Values Source
oy 0.087,4.77 x 107 Data fitting
Be, Ba 0.00188,1.00 x 1075 Data fitting
i 1/(72 x 52) Calculated
7y 1/2 World Health Organization (2023)
(0 1/(15 x 52) Calculated
€ 0.2 Min-Shi et al.| (1992); WHO, (2019a))
I 0 Assumed
N v 3 x1075,0.167 Data fitting
J 0.7 World Health Organization (2023)
0 0.15 Data fitting
d 9.3399 x 1079 Calculated
éa 0 Assumed
o 0.01253 Data fitting

3.3.4 Positivity and Boundedness

In the system - , all the state variables are non-negative and should remain

non-negative forever since they represent the human population.
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non-negative initial conditions, it can be easily verified that system (3.743.18]) has

non-negative solutions at any time ¢ as shown in the following theorem.

Theorem 3.3.1 If the state variable are non-negative with Sc > 0 at time t = 0, then
the solution set of the system - 18 always non-negative and bounded.

Proof: First, we prove that all the solutions are non-negative. From the system ([3.7]-
3.18)), we get

@:A—(,u—l—&M—i—fU—H/J)SC—5C(IC+IA)SC

dt
> — (p+ &+ &u + ) Se — Be (Ie + 14) Sc

= S0 > Sc(0) exp (= [ (Gt €+ 6+ 0) + o T + 1) d) 2 0
0

dsS
—A:¢SC—BA([C-FIA)SA—MSA—fASA

dt
> —PBa(lec+14)Sa—pSa—EaSa

=S4 > SA(O) exp (—/ ﬁA((]C—f-]A)—f—/L—f—gA) dt) > 0;
0

Uy,
— =& Se — fe e(e + 1)UL —(u+m +9) U

>—Bce (Ie+1a)Us = (w+nu+¢)UY

= UY 2 UE O explioe (— [ (Ue+ 1)+ (et +0)) ) 20
0
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duy
— =Y Ug —na Uy = Bae(lo+ 1) Uy — p UY

>—naUf —Bae (Ic+ 1) UY —pUY

¢
:>UX > UX(O) exp (—/ Baema+ (Ic+ 1a)+ p) dt> > 0;
0

av,
d—tA = &aSa = Va(p+na) > =Va(p+na)
t
= V4 > V4(0) exp (—/ (na+ ) dt> > 0;
0
dMY
= G So = () M

> — (4 nar) MY

= g 2 02 0) exp (= [ (Gt ) ) 20

dE
andd—tc:BC(]C+IA)SC+,6’Ae(IC+[A)Ug—(5+M—|—¢)EC

== ((0+p+v))Ec

= E¢ > Ec(0) exp (— /Ot((6+ p+ 1)) dt) > 0.

Similarly, E4, Ic, Ia, ILnc, Ina are also non-negative. Hence, the solution set
{Sc, Sa, UY, U, Va, MY, Ec, Ea, Ic, In, Lnc, Ima} of the system (3.7-[3.18) is always

non-negative.

We now prove that these non-negative solutions are bounded. Let N, (t) be the total
human population, i.e., Ny(t) = Sc(t) + Sa(t) + UX(t) + UY (t) + Va(t) + ME(t) +
Ec(t)+Ea(t)+1c(t)+1a(t) + Imc(t) + na(t). Adding all the equations of the system

- , we obtain

N,
d—th:A—uNh—d(IchIA)gA—uNh,

which implies
lim N, < A/p.
t—o0

Hence, the human population, Nj(t), is ultimately bounded.

Using the above conditions, we have that for any a > 0, there exists t, > 0 such that

the solution of the system with ¢ > t, lies in the compact set 2 = ,, where
Qh == {(507SA7Ug7UX7VA7Mg7EC'7EA7107IA7Im07ImA) S éR}E : Nh S A//J-FO(} .

Thus, all the state variables representing the populations are non-negative and bounded.
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CHAPTER 4

4. MATHEMATICAL ANALYSIS OF MODELS

In this chapter, we present the mathematical analysis of the models developed in[3} Our
model analyses establish the local and global stability of the disease-free equilibrium
point for R, < 1, the existence of the endemic equilibrium, and the uniform persistence
of the disease for R, > 1. Despite the inability to establish the stability of the endemic
equilibrium point in the adult-child vaccination model due to the complexity of the
point, we compute the magnitude of the endemic equilibrium. Furthermore, we obtain
the vaccinated reproduction number and the effective reproduction number for both

cases.

4.1 Analysis of the Monitored Vaccination Model

In this section, we analyze the disease-free equilibrium point and the endemic equi-
librium point, as well as their stability with uniform persistence of the monitored

vaccination model.

4.1.1 Existence of Equilibria

In this section we discuss the disease-free equilibrium point (DFE) and the endemic
equilibrium point of the system (3.143.6)).

4.1.1.1 Disease Free Equilibrium Point and Formulation of the Vaccinated
Reproduction Number

Setting F = 0 and I = 0 in the system, we obtain DFE: E° = (S°, U}, MY, 0, 0, 1Y),

where

SO o A 0 OzlA

—7 U - )
a1+ o+ U v (o1 + s+ p) (71 + )
g\ A (i (e + v2) + aoya(p 4 71))

MY = , and 1Y, = .
Vo (g 4 ag +p) (2 + ) Mg (an 4+ a4 p) (71 4 ) (72 + w)
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Note that our model implies non-zero immune class I3, at the DFE due to the immunity

gained through vaccination.

The vaccinated reproduction number, denoted by R,, is defined as the average number
of secondary cases generated by a single infectious case introduced into the mixed
population with susceptible and vaccinated status. Here we formulate the vaccinated
reproduction number using the Next Generation method Diekmann and Heesterbeek
(2001); |Chowell and Hyman| (2016); Kuddus et al.| (2021); Diekmann et al.| (2010);
Driessche and Watmough! (2002).

Following the Next Generation Matrix method Driessche and Watmough (2002)), we

divide the system into two groups,
infected 7 = (z;, 1 = 1,2) = (E, I)
and uninfected = (y;, j =1,2,3,4) = (S, Uy, My, Iy),

as follows:
i'i = fl(fv g) = E(fa :’-7) - Vz(fa g\)a 1= 17 2 and 3)]' = gj('fa g‘)a j = 17273747 (41)

where F;(Z,7) is the rate of appearance of new infections in the compartment i,
and V;(Z,y) is the difference between the transfer of individuals out of and into the
compartment i (i = 1,2). Here we have

_( BS+ (1 —e) BUy + (1 — &) BMy)I/N _ (n+o)E
]:_( 0 and V = —oE+ (u+n+90) )
It is easy to verify that F; and V; satisfy the conditions A(1)-A(5) of |Driessche and
Watmough (2002)). As the process provided in Driessche and Watmough| (2002), we
obtained the Jacobians of F and V at the disease free equilibrium point (DF(E°) =
F, DV(E°) = V):

0 — 0 _ 0 0
[ 0 (BS°+(1—e) Uy + (1 —€) BMy)/N and V- [ HTO 0 '
0 0 -0 0+n+p

Clearly, F'is non-negative and V is non singular M-matrix. The next generation
matrix F'V ! for our model is given by:

o(BS°+ (1 —a) BUy + (1 —e) BMy) (BS°+ (1 —a) BUy + (1 — &) BMy)

No(u+0)é5+n+m N°(52n+u)

Then the vaccinated reproduction number R, is given by:

B 1, Bo (S°+ (1 —e)UY + (1 — €9) MD)
By =pEVT) = NoGa o) 170
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Using the expression of DFE obtained above, we get

_ Bpo (o (L—e) (v2+p) + (1 + p) (a2 (1 — €2) + 72 + p))
 (ataztp) (n+p) (et ) (nt+0)(8+ 1+ p)

Furthermore, as the system satisfies all the conditions of (Driessche and Wat{
, Theorem 2), it follows the local stability of the disease-free equilibrium
for R, < 1. Moreover, for the verification purpose, we also prove the local stability of
DFE by showing the negative real part of eigenvalues in section [£.1.2.1]

R,

4.1.1.2 Endemic Equilibrium Point
Let
N =pI"/(S*"+ U, + M, +E" +I"+ I}). (4.2)

Then solving the full system (3.1H3.6|) equated to zero, we get

. A
S = ;
oy + g + A* + H
U — OélA
v Q1<Oé1+042+)\*+,u)’
. OCQA
(V2 4 ) (1 + a2 + pp+ A (1 — €2))’
g AA a1 —e) (AL —e) +p) + @i (e + (a2 + A)(1 — ) + 1))
Qi(u+0) (1 +as+ X+ p) (2 + M (1 =€) + p) ’
o Ao @i+ (o + A)(A —e) +p) +au(l —e1) (o + A'(1 —€2) +p))
Qi(p+0) (a1 +ag + A+ ) (0 +n+p) (72 + A (1 — €2) + ) ’
o AP, + PyPs) (4.3)
M Quulp+0) (ar+aa + A+ ) (6 +n+p) (a+ A (1 —€) +p) '
where,

Q=Mm+NA—a)+n),

Pr=or(e+ (1 —e)+p) (1 —e)No—n(p+o)(0+n+p1),

Po=(m+XN1-ea)+pn),

Py = (az (a(p 4+ 0) (6 + 04 1) +nA"(1 = €2)0) + nAo (y2 + A(1 — €2) + 1)) .
Substituting (4.3)) into (4.2)) and after some simplification, we obtain the following

equation in terms of \*:

/\*<A3)\*3 + AQ)\*2 + Al/\* + A()) — 07 (44)
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where,

Ay = (Op+ (n+p)(p+0))(1—e)(l —e),
Ay=(1-e)((1-e)P+auQ+aQ)+(1-e)Q(nm+up +Q (e +u,
Ar=Q1—-e)P(p+p)+n+p
(L—e)(a(p+o)(d+n+p)+P+a@Q)+Q(v2+p)+(1—e)
(a2 (2 +p) (w+0) (0 +1+p) = B(l — e2)po) + a1 (Q (v2 + 1) — B(L — €2)pu0))
Ag=(1—Ry) (a1 +ag +p) (1 + ) (e + 1) (1 +0)(0 +n+ p),
P=p((0+n+p)(n+o)—po),
Q=1ou+ (n+p(p+o).
Note that A* = 0 corresponds to the disease-free equilibrium point, and the endemic
equilibrium points are given by the solutions of As\*® + Au\*2 + A \* + Ay = 0. Here,
Az > 0 and Ay < 0 for R, > 1, so the equation has at least one positive root
for R, > 1. The positiveness of \* implies the positiveness of [* and E*. Thus, we
conclude that if R, > 1, the system has at least one endemic equilibrium
point given by .

4.1.2 The Global Dynamics Analysis

In this section, we first establish the local and global stability of the disease-free

equilibrium when R, < 1 and then prove the persistence of the disease when R, > 1.

4.1.2.1 Local Stability Analysis of the Disease Free Equilibrium Point

Theorem 4.1.1 The disease-free equilibrium point of the system @ 18 locally
asymptotically stable if R, < 1 and unstable if R, > 1.

Proof:

Jacobian of the system (3.1H3.6) at the disease free equilibrium point E° is J =
( A3x3 B3><3 ) where

03><3 D3><3
—(041 + s + [L) 0 0
Asyg = Q1 —(m + ) 0 ;
s 0 —(72 + 1)
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0 —38°/NO 0 00 0
B3><3 = O —6U8(1 — 61)/N0 0 s ngg = 0 0 O N
0 —BMy(1—e)/N° 0O 0 M 7

—(u+o) BS°+UY1 —e)+ M1 —e)) /N 0
D33 = o —((S‘FT]"‘M) 0
0 n —f

The eigenvalues of the matrix J are

M=—p o=—(+a+p), s=—(n+n, M=—(r+n,

A5:%<—(5+n+2u+0)—\/(5+n+2u+0)2+4(Rv—1)(u+a)(6+n+u)),

%(—(5+77+2,u+0)+\/(5+7)+2u+0)2+4(RU—1)(M+U)(5+n+u)).
(4.5)

Ao =

Since all the eigenvalues are negative if R, < 1, E° is locally asymptotically stable if

R, <1 O
4.1.2.2 Global Stability of Disease Free Equilibrium Point
In the following theorem, we prove that R, < 1 asserts the global stability of the DFE.

Theorem 4.1.2 If R, < 1, the disease-free equilibrium point E° of the system f
is globally asymptotically stable in RS.

Proof: The Jacobian corresponding to (3.4) and (3.5)) at the disease-free equilibrium
point E° is

BSY  (1—¢) pUY (1 —e) BMY
Jo=| H77 Jot NO + NO
o —(6+n+p)

The spectral bound of Jy is defined as: s(Jy) = max{Re(\) : Ais an eigenvalue of Jy}.

Using the theorem |4.1.1] we conclude:

1. R, =1 if and only if s(Jy) = 0.
2. R, < 1if and only if s(Jy) < 0.

3. R, > 1if and only if s(Jy) > 0.
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If R, <1 then s(Jy) < 0. Also, we can obtain a sufficiently small positive number
such that s(.J,) < 0, where
pl&°+y)  (A=e)Bly+v) (1= e)b(My+1)

—U—0
Jy = : Ap—~ Ap—r Ap—~
o —(6+n+p)

From the subsections |3.2.6| and [4.1.1] N(¢) — A/p and S(t) — S° as t — oo for all
v > 0. Therefore, there exists ¢; > 0 such that V¢ > t;, we have S < (S° +7), U, <

(U2 + ), M, < (M?++), N> (A/pu—"). From (3.4) and (3.5)), it follows that

dE _@ (1 — 61) ﬁUv (1 —62) ﬁMV .
o=l N+ N I—(p+o)E

BS°+7),  (L—e) BUY+7), (1 —e) BMY) +7)

I I I-— E
S Lt Ay + Nj— (b+0)E,
%:aE—(u+n+5)I.
dE BS°+7),  (A—e) BV +7), , (1—e) M) +7)
i I I I— E
ch Ap—~ " Afp—~ " Afp—~ -+ 0)E,
% — O'E—(/VL—l—T]—i—(S)I, Vit>t.
(4.6)

Clearly, the system has the Jacobian J,, which is irreducible with non-negative
off-diagonal elements. Then s(J,) is simple and associated with strongly positive
eigenvector 0, V t > ¢ |Smith and Waltman| (1995). For any solution () of the system
with non-negative initial value v (0), there is a sufficiently large positive number
¢ > Osuch that (E(t1), I(t1)) < (0. It is easy to see that V(t) = CeS(JW)(t - tl)f},Vt >
t1 is a solution of with V(t;) = (0. Then by the comparison principle (Smith
and Waltman|, 1995, Theorem B.1), it follows that (E(t),I(t)) < (0, ¥Vt > t;. Since
s(Jy) <0, we get
tli>rg> E(t) =0, tliglo It) =0,
which implies that is asymptotic to the following equation:

dS
E:A—(M—FOQ—FCYQ)S,
:>S(t)201@_(ﬂ+041+042)t+;(1_6—(,“4‘0414-042)75), Vit > 1.
(4 oq + az) -

(4.7)
A

Hence, we get tlim S(t) = . Solving the system of differential equations
—00

(,U + a1 + (g
& [3.11)) together with the help of (3.1)), we get
Uy = ah + e
v = 1
(o1 + g+ p) (71 + )

t T’Qt

+ 026_
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A —
MV = @2 + c3e klt

(a1 + ag + p) (72 + p)

+ C4€_k2t,

where,
=k =ar+ay+tpu, ro="y+p, and ky =y + p.
Thus, we get
. OflA
lim Uy (t) = , 4.8
froe Vi) (1 + o1+ az) (v + ) (48)
. CYQA
lim My (t) = . 4.9
t=o0 Vi) (1 + o1+ az) (12 4+ ) (49)
In the limiting case, we can further verify that lim I;(¢) = I,. Hence if R, < 1, the
t—o0
disease-free equilibrium point EY of the system (3.143.5)) is globally asymptotically
stable. OJ

4.1.2.3 Uniform Persistence

The disease is endemic if the system is uniformly persistent. The system (3.143.6) is

said to be uniformly persistent if there exists ¢ > 0 such that
(S(8), Uv(t), My(t), E(t), I(t), Iu(t)) €T
satisfying
lim Inf £ > ¢, lim Inf I > C. (4.10)
t—o0 t—o00
Here it is enough to consider the reduced system (3.143.5)). We first define the sets

I°={(S,Uy,My,E,I) eR*>: [ #0 or E # 0}, (4.11)
or’ ={(S,Uy,My,E,I) eR°: [ =0, E =0} (4.12)

We have
[uor?=r~ and I'°NJI° = ¢,

which implies that OT° is relatively closed in T' = (S, Uy, My, E, I) € R5.

To establish the disease persistence for R, > 1, we now prove the following theorem.

Theorem 4.1.3 If R, > 1, then the system is uniformly persistent with

respect to (I'°,01'°) in the sense that there is a positive constant ¢ > 0 such that every
solution (S(t), Uy(t), My(t), E(t), I1(t)) of with
(S(O)v UV<O)a MV(())? E(O)v ](O)) S FO

satisfies lim Inf £ > ¢, lim Infl > (.
t—o0 t—o0
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Proof: Let ¥ (t)p be the solution function of system (3.143.5)) with initial value p. We
can show the solution (¢(t)p), t > 0 is uniformly persistent with respect to (I'°,9I'°)

Mutua et al| (2015)). For any (S(0), Uy (0), My (0), E(0), I(0)) € T° (3.1H3.11))

provide

S(t) = exp (— /0 t a<x1)da;1) [ /0 Cexp ( /0 ’ a(xl)dx1> b(y)dy + 5(0)] |
Uy (t) = exp (— /Ot a*(xl)dxl) Uot exp (/Oy a,*(xl)dxl) b (y)dy + UV(O)] |
My (t) = exp (— /Ot ao(:vl)d:vl) [/Ot exp (/Oy a"(azl)dx1> b (y)dy + MV(O)] ,

where a = ay+as+pu+BI/N, b=A, a* =y+pu+(1 —e)BI/N, b* = S, a° = o+
p+ (1 —e€)BI/N, and b° = ayS. Here A > 0 implies S(¢) > 0. This follows Uy (¢) >
0, My(t) >0, ¥Vt > 0. Thus the non-diseased variables S(t), Uy (t),and My (t) are

positive.

Defining the two sets,
My ={pedl',:¢(t)p e adl,},
w(p) ={q: ¥(t)p — q as t — oo},
we claim that w(p) = {E°}, Vp € Mp. If p(t) € My then ¢(t)p € Oy which implies

I =0and E=0. From (4.8 and (3.1H3.5)), as t — oo we obtain S(t), Uy (t), and

My (t) approaching to

A Aoy Aay
, , and
(,LL+O[1+062) (u+a1+a2)(71+u) (lu—|—0(1—|—052)("}/2—|—/1)

, respectively,

which is the equilibrium point E°. Hence w(p) = {E°}, Vp € Mp.

Using the theorem (Condition 3, R, > 1 for s(Jy) > 0), we can get a sufficiently
small p > 0 such that the perturbation .J, on Jy satisfies s(.J,) > 0, (see [Mutua et al.
(2015)),(Kato, 1976, Section 11.5.8)) for R, > 1, where

. B(S°—p) (1-e)BUY-p)  (A-e)B (M -p
Jp = Ap+p Ap+p Ap+p
o —0—n—p

Now we claim that disease-free equilibrium point £ is uniform weak repeller with

any solution ¢ (t). For this we need to show

lim Sup Hlp(t)p — EOH > p, ¥ pel”
t—o0
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On contrary, suppose there exists a py € I'Y such that tlim Sup [[¢(t)po — E°| < p.
— 00

From the subsections [3.2.6{and 4.1.1, N (¢) — A/u and S(t) — S° as t — oo implying

that for all p > 0 there exists t5 > 0 such that Vt > s,

S > (8 —p), Uy = (Uy —p), My > (MY, —p), N <(A/p+p).

Then (3.4) and (3.5)) follows that,

dFE _@1_‘_ (1 - 61) 5UV (1 —62) BMV

B(S*—p),  (L—e) BUY —p),  (1—e) BMY)—p)
S Ve R Ve e Mutp - WroOE
dI

— =oF — 0)l.
o =0 (n+n+0)

We consider the following auxiliary equations:

dE ﬁ(SO—P) (1—e1) 5(U3_P) (1—e) 5<M3—P) .
Y T Y T A ET e

dl
2 GE- NI
o oF — (u+n+4)

(4.13)
Here, J, is the Jacobian of the system , is irreducible with non-negative off-
diagonal elements, then s(.J,) is simple and associated with strongly positive eigenvector
0,V t > tg, (E(ta),I(tz)) > 0. Thus there is a positive number £ > 0 such that
(E(tg),I(ty)) > &v holds. It is easy to see that V = 565(*],0)(75 - t2)z~), Vit>tyis
a solution of with V(t2) = £0. Hence by comparison principle (Smith and
Waltman, |1995, Theorem B.1), we get

(E@), I(t)) > ee5U)E=t2)5 v i >4,

Also, for R, > 1, we have s(.J,) > 0, implying tlim E(t) = oo, z‘/lim I(t) = oo, which is
—00 —00
a contradiction. This proves that the solution repels from E°. It follows that forward

orbit of any solutions in Mj converges to EY is isolated in R5.

Now, we define a stable set of E°:
WS (E®) ={peTl: d(t)p, E’) — 0 ast— oo}.

Clearly, W*(E°) N T° = (. Tt follows that there is no cycle in My from E° to E°.
Applying (Zhao, 2017, Theorem 1.3.1), we conclude that the system (3.143.5)) is
uniformly persistent, i.e., there exists ¢ > 0 satisfying (4.10)). OJ
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4.2 Mathematical Analysis of the Adult-Child Vac-
cination Model

The analysis of equilibria points and stability of disease free equilibrium point for the
adult-child vaccination model is presented in this section. Moreover, it also presents

the bifurcation diagram.

4.2.1 Disease-free Equilibrium and Reproduction number

Here, we derive the expression of the disease-free and endemic equilibrium points.
Taking E2 = 0, EY = 0, I2 = 0, I} = 0, we obtain the disease-free equilibrium:
EY = (82, SY, (UX)°, (UY)°, Ve, (M), 0,0, 0, 0, I%., IO ,), where

0 A
T N
S0 = Ay
(Eatp)(p+Eu+Eu+¢)
Wy = Ao
Z(p+&u+ &+ )
(U0 = AYEy
Z(ma+p) (u+ & + & + 1)
0_ AYéa
(na+ ) (Ea+p) (4 & + & +¢)’
(M) = =

C Zi(p+Eut o)

o _ Al (€mZ +nubv) + pudo)

" ZZ (A ) (n+ €+ Eu + )]

o A (ZZvna Ealp+ ) + p(Zi&ar + mulv)) + 12 (Zinuéo + Znméan))
A ZZy2 (4 ) (na+ p) (4 + & + 1)

and Z = (u+nu +v), Z1 = (p+num).

Y

Given that a significant portion of the population has already been vaccinated, we
adopt a similar approach to our previous study Pokharel et al.| (2022) in defining the
vaccinated reproduction number, R,. This is done considering the presence of the
vaccinated population, as opposed to an entire population susceptible to infection. The
vaccinated reproduction number, R, represents the average number of secondary cases
resulting from introducing a single infectious case into the mixed population, which

comprises individuals with both susceptible and vaccinated status. To calculate R,,

55



we utilize the Next Generation Matrix method described in previous studies |Diekmann
and Heesterbeek| (2001); Diekmann et al.| (2010); |Driessche and Watmough| (2002).

Following the Next Generation Matrix method Driessche and Watmough| (2002)), we
divide the system into two groups, infected ¥ = (z;,i = 1,2,3,4) = (FE¢, Ea, Io, 1a)
and uninfected ¥ = (y;,j = 1,2,3,4,5,6,7,8) = (S¢, Sa, U4, UY, Va, MY, Lnc, Ina).
We then set #; = fi(Z,9) = Fi(z,y) — Vi(z,y) for i = 1,2.4 and y; = g;(7,y) for
Jj=1,2...,8, where F;(z,y) is the rate of appearance of new infections in the compart-
ment ¢ and V;(z,y) is the difference between the transfer of individuals out of and into

the compartment ¢ for 1 = 1,2, 3,4. Here we have

Be(le + 14)Se —(Ic + 14) BcUfe+ (6 + u+ ) Ec,

F— 6A(]C+IA)SA and V= _(IC+IA) 5AUX€—EC¢+EA(5+,U,),
0 —Ecd + Ic(y +d+ p+1),
0 —E6 — Ictp + Ta(y +d+ ),

It is straightforward to confirm that the conditions A(1)-A(5) mentioned in Driessche
and Watmough! (2002)) are satisfied by the sets F; and V; for ¢ = 1,2, 3,4. We derive
the Jacobian matrices of F and V at disease-free equilibrium point (E°), yielding

DF(E®) = F and DV(E®) =V as follows:

0 0 ﬁcS%—l—@o(Ug)OE 5058+50(Ug)06
po | 00 BaSY+BAUN) e BaSh+ Ba(UX)
“l1o0o0 0 0 ’
00 0 0
o+p+v 0 0 0
v —1 O+ p 0 0
- —5 0 ~vy+d+u+vy 0 ’
0 —0 —) y+d+p
Vo=
1
- 0 0 0
O+p+vY
Y = 0 0
0+ )0+ p+ ) 5+ p
62 + o 0 1 0
L y+d+p+Y
(v +d+d+2u+ ) ) P 1
L(y+d+p) @+p)y+d+p) (v+d+p)(y+d+p+v) y+d+p

where L = (6 + p)(6 + 4+ ¥) (v + d+ p+ ). Since F is a non-negative and V' is

a non-singular M-matrix, the next generation matrix F'V ! exists, and its spectral
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radius p(FV 1) gives the vaccinated reproduction number R,. Therefore,

0 (8BS + BaSY + eBc(UL) + e6a4(UY)Y)

o= (6 + ) (v +d+ p)

_ 0N (BeeSy (na+ 1) (Ea+ 1) + BaveSy (§a+ 1) + BeZ (na+ 1) (Sa + 1) + BavZ (na + 1))
Z0 4 p) (na+p) Ea+p) (v +d+p) (4 & + &u + )

We also compute the time-dependent effective reproduction number, denoted by R..
The R, value aids us in monitoring whether the epidemic at a given time ¢ is exhibiting
an upward trend (R, > 1) or a downward trend (R. < 1). In our model, the effective

reproduction number is determined by the following expression:

o 0(BeSc(t) + BaSa(t) + Bl (1) + eBaUY (1)
e (6 +p)(v+d+p) '

4.2.2 Stability of Disease free Equilibrium

4.2.2.1 Local Stability

The Jacobian Jy of the system -13.18)) at the disease free equilibrium E° is given
by Jo = [A12x6 Biaxs), where Ajpye =

—p =& — Sy — 0 0 0 0 0
—p—&a 0 0 0 0
13 0 —p—=nu — ¢ 0 0 0
0 0 (G —Na— H 0 0
0 a 0 0 —na— p 0
Em 0 0 0 0 —H = MM
0 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 nu 0 0 N
0 0 0 nA nA 0
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0 0 —BeSe ~feSe 00
0 0 —B4Sa ~BaSa 00
0 0 —BcUY € —BcUY € 0 0
0 0 _BaUY ¢ —BaUY € 0 0
12x6 = S, —— 0 ﬁCSC—i—ﬁcUgG ﬁCSC+BCUg€ 0 0
U =6—p BaSa+BaUY € BaSa+BaUYe 0 0
5 0 ——d—p—29¢ 0 0 0
0 5 (4 —y—d—p 0 0
0 0 0% 0 —H = ¢ 0
0 0 0 ¢ —H

Let A\;,i = 1,2,...,12, be eigenvalues of the matrix Jy. Then A\ = —p, Ao = —(pu +
€a), A3 = —(p+v), A= —(p+nu), As = —(+na), A6 = —(1t+1n4), Ar =
—(p+nu + ),

As=—(p+&u+&u+1), a=—(v+d+pu+1), Mo=—(00+p+),

AH:—% <d+5+2u+7+\/(7+d+6+2u)2—4(1—Rv)(5+u)(7+d+u)),

1
M2 = =3 (d+5+2u+fy—\/(7+d+5+2u)2—4(1—Rv)(5+u)(7+d+u)).

All eigenvalues are negative except Ai2, which is also negative for R, < 1. Thus, we
can conclude that the disease-free equilibrium point is locally asymptotically stable
for R, < 1.

In the epidemiological sense, the locally asymptotically stability of the disease-free
equilibrium for R, < 1 implies that the measles dynamics initiated with a small
number of infections introduced in the community approaches to the measles-free
state over time when the vaccinated reproduction number remains less than one. In
other words, the vaccinated reproduction number being less than unity assures that
the disease outbreak will die out when a small population perturbation occurs with
the introduction of a small number of infections, which is usually the case at the
beginning of infection. Such a condition allows us to design a vaccination policy that
assures R, < 1, thereby avoiding the outbreak. However, local stability does not

ensure outbreak control under all conditions or if the system is perturbed significantly.

4.2.2.2 Global Stability

In this section, we show that R, < 1 also asserts the global stability of the disease-free

equilibrium E° as stated in the following theorem.
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Theorem 4.2.1 The disease-free equilibrium (E°) is globally stable when R, < 1.

Here, we determine the global stability of (E°) using the results presented in a
previous study (Chavez et al. (2002)). First, the system - is written as
dX/dt = F(X,Y), dY /dt = G(X,Y), with G(X,0) = 0, where X € R® and Y € R*
represent the uninfected and infected compartments, respectively. Then satisfying
the following two conditions implies the global asymptotically stability of the system

around disease-free equilibrium point E° = (X*,0):
1. For dX/dt = F(X,0), X* is globally stable, (where X* € R® at disease free
state) and
2. G(X,Y) = BY —G(X,Y) >0, for (X,Y) € R'2, where B is the Jacobian of

the infected system at the disease-free equilibrium E°.

Clearly, the system
A—Sc(p+Eu+E&+ )

Sc b — pSa
Scéu — U (1 +nu + )
ax _ Ugib — U (1 + 1)
dt §aSa —Va(p+mna),

Scéar — ME (10 + 1)
MEny — Lne(pn+ ) + Ukny
(UY + Va)na — plpa + Lnc ¥

is globally asymptotically stable at X*. The matrix of the infected compartments is

given as:

(]c+IA)ﬁcsc+ (IC—f—]A)ﬁCUCVE— (5—|—,U«+77/))EC
([C’ —l-IA) BaSa+ ([C’ —l—IA) 5AUX€—|—E077/) — EA((S—I-,M)
Ecd —Ic(y+d+p+1)

Ead+ 1) — La(y+d+p)

G:

The Jacobian of the matrix GG at the disease-free equilibrium is B=

—0—p—1 0 Be (Sc) 4 Be (UX) % B (Sc)® + Be (UY) e

(0 —0—p Ba(Sa)°+Ba(UY)% Ba(Sa)®+ Ba(UY) €
0 0 —y—=d—pu—1 0
0 0 (0 —y—d—p

Ec

E

Y = [;‘ :
Ia



—Ec(0+p+v) + (Io + 14) Bo (So) ° (IC+IA)50( &) Ce
BY — —EA((;—FH)—F(IC—FIA)BA(SA)O <]C+]A BA( X) E—FEC’Q/J
Eoé —Io(y+d+p+1p) ’
—Ia(y+d+ p) + Exd + Icy)

where Y is a (4 x 1) matrix with elements (E¢, E4, Ic, I4). Then BY — G or G =

A B Ay B v))
(IC+IA)BC<<M+§M+§U+¢ SC>+€(Z<M+5M+5U+w> ve
A A

U v —
(IC+IA)5A<€<Z(nA+u)(u+£M+£U+w) ) AN e STy SA>)

From the system of equations (3.743.18)), we ultimately obtain

A

p+ & +E&u+

A
(w+&a) (n+Eu+ & +0)
v o Ay
Z (& +&u+)

A&y
T Z(ma+p) (ptéu o +Y)

Sc <

Clearly (BY — () is the non-negative matrix for R, < 1, so the disease free equilibrium
point is globally asymptotically stable when R, < 1.

Epidemiologically, our theorem establishing the global stability of the disease-free
equilibrium implies that the disease can’t establish sustained transmission within the
population for any, even significantly large, initial number of infections as long as
R, < 1. The global stability of the disease-free equilibrium point of our model helps
to maintain and implement preventive strategies such as vaccination programs for

disease control.

Suppose E* = (‘987 szh (Ug)*7 (UX)*a VZ? (Mg)*7 Eé” Ejl? Ié” ]jl?]:;z(lv ]’:;ZA) be
an endemic equilibrium of the system. Let, I* = I 4 I}, then solving the system
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- B.18), we get

St = A
) N i R
5 Ay
AT (Bal* + i+ €a) (Belar + p+ & + o + )
(UV)* — AgU
O BeI  pt+ ey +&u + ) (Belte+ Z)
(V) = A&y
(na + Bal*e+ p) (Bel* + p+ &+ &u + ) (Bel*e+ Z)’
. A
(ma + 1) (Bal* + p+&a) (Bel* + p+E&u +&u + 1)
(ME) = S
(w4 num) Bel* +p+ &+ Eu + )’
B = Bel*A(Bel* e+ €&y + 2)

(64 p+v0) (Bel* +p+&u + &+ ) (Bel*e+ Z)
]* _ Bcél*A(ﬁcf*€+6§U+Z)
Tty Hd+p+Y) (Bolt +p+ &+ &+ ) (Belte+ Z)

4.2.3 Endemic Equilibrium

Obtaining the endemic point in the infectious disease modeling is crucial to understand-
ing the long-term disease dynamics. For many situations with imperfect vaccination
programs, which is likely the current condition in Nepal, the endemic equilibrium
provides the epidemic’s severity. The epidemic level, at least, informs important policy

guidelines for disease control if not eradicated.
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Figure 11: Forward Bifurcation Diagram: Forward bifurcation at R, = 1, the
disease free equilibrium is stable for R, < 1. The disease free is unstable and endemic
equilibrium is stable for R, > 1.

Here, £, I, I}, I} 4 are positive when R, > 1 (see supplementary file). After
manipulating the equations of the system at diseased equilibrium we obtained the

equation given as:
(Ag(I) + Ag(I)? 4+ Ap(I)? + A T+ Ag)TF =0, (4.14)
where,

Ay = BEBAE0 + ) (v +d + ),
Ag= (1= Ry) (6 +p) (na+p) (§a+p) (v +d+p) (p+nu+9) (u+E&un +Eu +9),

and A;, Ay, As are provided in supplementary file. Note that I* = 0 corresponds
to the disease-free equilibrium E°. Since Ay < 0 when R, > 1 and A, > 0, then by
Vieta’s Theorem, there exists at least one positive I* and the system has at least one

endemic equilibrium when R, > 1.

We can compute the magnitude of endemic equilibrium by solving Eq. (4.14]). We
were unable to establish the stability of the endemic equilibrium analytically due to
the complexity brought by the higher-order equations with nonlinearity. However,

we performed numerical analysis for the stability of the endemic equilibrium and
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presented results as a bifurcation diagram with the existence and stability of the
endemic equilibrium for R, > 1 (Fig. , for which the disease-free equilibrium is

unstable.
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CHAPTER 5

5. NUMERICAL RESULTS

In this chapter, we present the results of model simulations. Using the monitored
vaccination model, we identify strategies for the successful control of measles in
Nepal and predict that monitored vaccination programs can help control the potential
resurgence of the disease. Analysis of the adult-child vaccination model shows that
impactful control can be achieved by children-focused vaccines, and a combined
adult-child vaccination program may help ensure the eradication of the disease. The
results highlight that while children are the primary targets for measles outbreaks,
a small infection in adults may act as a reservoir for measles, causing obstacles to
eradication. Impactful control can be achieved by children-focused vaccines, and a
combined adult-child vaccination program may help ensure the eradication of the

disease.

5.1 Numerical Results of Monitored Vaccination
Model

5.1.1 Basic Dynamics of Measles in Nepal

We first present the properties of basic dynamics of measles in Nepal, particularly

vaccinated reproduction numbers and long-term dynamics.

5.1.1.1 Computation of the Reproduction Numbers

Using the estimated parameters (Table , we obtain the reproduction number of
measles in the presence of vaccination in Nepal to be R, = 1.0098. While R, > 1 is
consistent with the currently ongoing endemic of measles, the actual magnitude we
observed is significantly lower than the previously estimated reproduction number
between 5 and 18 in other places [for Disease Control and Prevention| (2020). The
low value of R, is expected as its estimate is based on the parameters influenced by
the vaccination program. We now compute the time-dependent effective reproduction

number, R;, which describes the time-varying average number of secondary cases.
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The value of R; allows us to track whether the epidemic at time ¢ is in an increasing
(R > 1) or decreasing (R; < 1) trend. For our model, the effective reproduction

number is given by

Bo (S(t) + Uy (£)(1 — 1) + My (£)(1 — &)
N(@)(p+0)(0+n+ p) '

Rt:

Using the estimated parameters (Table , we obtained the pattern of R; as shown in
Figure [I2] As predicted by our model, the value of the effective reproduction number
remains less than unity, indicating the epidemic is in decreasing trend until 2030, after
which R; increases and remains greater than unity until 2095, showing the increasing
trend of the disease in the period 2030-2095 (Figure .
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Figure 12: Effective Reproduction Number (R;). The model predicted effective
reproduction number, (R;), for measles epidemic in Nepal. The value of the effective
reproduction number R; < 1, until 2030, after which increases and R; > 1 until 2095.

5.1.1.2 Longterm Dynamics

In this section, we present our model prediction for the long-term dynamics of measles
transmission in Nepal. If the current trend continues, there will still be 178 cases in
2023 (Figure , indicating an obstacle to the measles elimination program set by
the government of Nepal. Our model predicts that the cases remain at a significantly
low level until 2033 but persist at a low level without being eradicated. After 2033,
the resurgence of the outbreak will begin and reach the peak value (7670) in 2097.
The dynamic is relatively slow, reaching a steady-state only after about 2100. The

resurgence of measles in Nepal predicted by our model supports the worldwide trend
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Figure 13: (a) Longterm dynamics predicted by the model. The model prediction of
the longterm dynamics of yearly new measles cases in Nepal. (b) Infections from the
different classes. The model prediction of the longterm dynamics of yearly new measles
cases in Nepal contributed by susceptible, un-monitored vaccinated, and monitored
vaccinated classes.

of the epidemic, which shows an eventual resurgence in many places such as the UK,
the US (31 states including New York), and the Philippines. We also predict the
contribution of susceptible (unvaccinated), un-monitored vaccinated, and monitored
vaccinated to the resurgence of the measles cases. As per our model prediction, the
major contribution to the resurgence is from the susceptible and the un-monitored
vaccinated groups. Note that the un-monitored vaccinated group can be significantly
high in Nepal, as shown by the data that while 92% are vaccinated with MCV1,
only about 76% are vaccinated with MCV2 in 2019 WHO) (2020)). Therefore, proper
implementation of the monitored vaccination program may be needed to avoid the

resurgence of the disease.

5.1.2 Sensitivity Analysis

This section includes sensitivity index of parameters and sensitivity of parameters
in global space to R, and to the disease dynamics: peak infection and time of peak

infection.
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5.1.2.1 Sensitivity of Parameters to R,

We first observe the local sensitivity of R, to each of the parameters. For this, we

obtain the sensitivity index S, given by

o= (%) (aa]ff> ’

where x is the parameter of which the sensitivity is to be obtained. Based on S, we

found that R, is highly sensitive to 5. The parameter v, also affects R, more than

the other parameters, and the ey affects less while the effect of o and ay are negligible
(Figure [14)).

We also extend the analysis to the global sensitivity by using Latin Hypercube Sampling
(LHS) Marino et al.| (2008), taking 1000 sample points from the global parameter space.
We compute the partial rank correlation coefficients to identify the most influential
parameters. We observed that in the global parameter space, the parameters €;, aq,
and [ are the most strongly effective to R,,, followed by «s, €5,71, and o, while 7, is
less effective (Figure [14)).
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Figure 14: (a) Local sensitivity of parameters to R,. The sensitivity index, S,,
showing the level of change in R, with respect to the parameters. Note that the
sensitivity index S, of o = 0.0022 and oy = —0.06 are negligible, and thus difficult
to visualize in the figure. (b) Global sensitivity of R,. Partial Rank Correlation
Coefficients for R, from LHS method.

67



5.1.2.2 Sensitivity of Parameters to the Dynamics

In this section, we use Latin Hypercube Sampling |Marino et al.| (2008)) from the global
parameter space to identify the sensitivity level of the peak value of the infected
class and that of the time at the peak of the epidemic. The computed partial rank
correlation coefficient corresponding to each parameter is presented in Figure Our
analysis shows that the peak value of the infected class is highly correlated to
(positive correlation). The peak value is moderately affected by a1, as, 71, and o and
is weakly correlated to the parameters 7o, €2, and €; (Figure . Similarly, the peak
time of the epidemic is mostly affected by the parameters § and €, while it is less
influenced by the parameters a; and ;. The parameters o, 7., as, and €3 have the

least effect on the peak time.

Parameters
Parameters

-1 075 -05 -025 0 025 05 0.75 i -1 -0.5 0 0.5 1
PRCC PRCC
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Figure 15: (a) Global sensitivity of the peak level of infected class. The partial rank
correlation coefficients for sensitivity of peak level of infected class based on Latin
Hypercube sampling. (b) Global sensitivity of the peak time. The partial rank
correlation coefficients for sensitivity for the peak time based on Latin Hypercube
sampling.

5.1.3 Effects of Monitored and Un-monitored Vaccination

We use five parameters, the un-monitored vaccination rate («;), the monitored vaccina-
tion rate (ag), the immunization rate of un-monitored vaccination (7;), the effectiveness
of un-monitored vaccination (e1), and the effectiveness of monitored vaccination (e;)

to evaluate the effects of the vaccination programs.
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5.1.3.1 Effects on the Measles Eradication

Note that R, < 1 can be associated with a condition required to eradicate the disease
(Section [4.1.2). We now use our R, formulation to identify vaccine-related parameters
that can reduce R, below one (Figure [L6]). We found that at the current level of ay,
either the monitored vaccination rate as needs to rise by 250% (ay > .07) or the
effectiveness of un-monitored vaccination €; needs to rise by 4% (e; > 0.52) to make
R, < 1. On the other hand, with the current effectiveness of monitored vaccination
(€2), the effectiveness of un-monitored vaccination (€;) needs to be greater than 0.52
to make R, < 1 (Figure [16]).
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Figure 16: Effects of vaccination on R,. The contour line (the solid line) corresponding
to R, = 1 in the parameter space plane with each two of the un-monitored vaccination
rate (c), monitored vaccination rate (cw), the effectiveness of un-monitored vaccination
(€1), effectiveness of monitored vaccination (e2), immunization rates of un-monitored
vaccination (7;) and immunization rate of monitored vaccination ().

If the un-monitored vaccination rate (o) is increased by 20% (a; ~ 0.42 per year),
the activity of the monitored vaccination program can be somewhat relaxed at the
current level of ay = 0.02 per year for R, < 1. On the other hand, if o, is decreased

by 26% (a1 &~ 0.23 per year), the activity of the monitored vaccination program needs
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to be raised, making the level of ay exceed more than 0.1 per year to achieve R, < 1.

5.1.3.2 Effects on the Dynamics

In the absence of monitored vaccination, the model predicts that the cases will rise and
reach the peak value of 85,750 in 2038 for ap, = 0. With the reduction of un-monitored
vaccination by 50% or a; = 0.15, our model predicts that the cases will rise and reach
the peak value of 647,300 in 2028 (Figure . If the immunity rate of un-monitored
vaccination is decreased by 50%, i.e., 71 = 0.05, the cases rise, leading to the peak value
of about 452,800 in 2030. Similarly, if the effectiveness of un-monitored vaccination is
decreased by 20% (e; = 0.4), the cases may rise and reach the peak value of 268,200
in 2027.
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Figure 17: Effects of vaccination on the dynamics. Model prediction of dynamics
in the present scenario and various level of un-monitored vaccination rate (o), its
immunization rate (), and the effectiveness (1) and the monitored vaccination rate

(a2).

5.1.3.3 Effects on the Steady State

We explore how the different levels of vaccination-related parameters, oy, as, V1,7, €1,
and ey (Figure affect the level of steady-state of new infections (Figure .

As expected, an increase in the vaccination rate decreases the steady-state level
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Figure 18: Effects of vaccination on the steady state. Model predicted new cases
at the steady state for the various vaccination rates ay, ao, immunized rate v;, o
and effectiveness of un- monitored and monitored vaccination program e;, and es,
respectively.

of new infections. Based on our model prediction, the current level of vaccination
results in 7,312 new cases at a steady state. To sufficiently reduce the steady-state
level of new infections, the rate of un-monitored vaccination should be increased
by 6.5% (a1 = 0.33), or the rate of monitored vaccination should be increased by
50% (e = 0.03). Similarly, the immunizing rate of un-monitored vaccine needs to
be increased by 100% (y1 = 0.2), or its effectiveness needs to be increased by 20%

(e, = 0.6) to bring the steady-state level of new infections to a sufficiently low level.

Furthermore, the reduction of 6.5% of the un-monitored vaccination rate («;) increases
the steady-state new cases by 206% (22.35 thousand), showing the high impact of the
vaccination rate. Also, lowering the monitored vaccination rate (as) by 50% increases
the steady-state level of new cases by approximately 250% (25.56 thousand). Similarly,
decreasing the immunity rate of un-monitored vaccination (y;) by 10% increases the
steady-state new cases by about 300% (29.1 thousand) while reducing the effectiveness
of monitored vaccination (e3) by 18% increases the steady-state new cases by 30%

(9.528 thousand).
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5.2 Conclusion

In recent years, the frequent outbreaks of measles in developing and developed countries
have become a significant obstacle to achieving the goal of elimination. Mainly,
unvaccinated children are the victims of the disease Patel et al.| (2020); Sitaula et al.
(2010); lUN, News| (2020). Despite the Supplementary Immunization Activities (SIAs),
most of the population is not vaccinated in some districts of Nepal, including Rautahat,
Kapilvastu, Morang, and Bajura. Furthermore, many of those initiating the vaccination
does not complete the vaccine doses correctly, making them not completely protected.
Because of the resurgence of measles in Nepal since 2017 New Spotlight online, (2019);
Poudel (2019a)), WHO’s deadline for the elimination goal has been extended to 2023
Rathore (2020). We developed a novel deterministic model validated by the data from

Nepal to evaluate the monitored vaccination programs.

We thoroughly analyzed our model to formulate the vaccinated reproduction number
(R, > 1), the stability analysis, and the disease persistence theory. Using the model
and the available data from the official websites of WHO, we estimated key parameters
related to the un-monitored vaccination. Moreover, we performed a global sensitivity
analysis using Latin Hypercube Sampling from the wider parameter space. Our
model predicts that the measles elimination goal can be achieved if the monitored
vaccination rate is increased by 50% (az = 0.03) or the un-monitored vaccination rate
is increased by 6.5% (ay = 0.33). The elimination goal can also be achieved by the high
effectiveness of the un-monitored vaccine (i.e., with €; > 0.53). However, if the current
trend continues, our model predicts that the measles will persist causing an obstacle to
the measles elimination goal of Nepal. Furthermore, our model predicts that without
any additional interventions, measles transmission will continue with a rise in the
epidemic after 2033 (Figure . Our model also predicts that the major contributor
to the measles resurgence in Nepal is susceptible (unvaccinated) and un-monitored
vaccinated groups, emphasizing the need for the expedition of monitored-vaccination
programs. The epidemic dynamics in Nepal is quite slow, reaching the peak only in
about 2097 (Figure . The observed slow dynamics is consistent with the previous
study Horrocks and Bauc| (2020).

We acknowledge some limitations of our study. The parameter estimations are based
on the limited data of yearly incidence cases (2000-2019). Moreover, measles is a
short-term disease recovered within a month, so the daily or weekly more detailed and

accurate data can help improve the prediction of our model. We could obtain the closed
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form of the unique endemic equilibrium but are unable to perform a detailed analysis
of the endemic equilibrium. Instead, we established the disease persistence criteria.
The homogeneous mixing assumed among the children of Nepal can be improved by

the model with an appropriate network of contact among children.

In summary, we develop a model of measles transmission in the context of Nepal, where
monitoring is critical for the successful implementation of the vaccination program.
Our thorough analysis and the detailed numerical simulations of the model can provide
helpful information for policymakers to design ideal monitored-vaccination programs

to achieve the elimination goal of measles from Nepal.

5.3 Numerical Simulations of Adult-Child Vaccina-
tion Model

In this section we present the sensitivity analysis, impact of monitored vaccination
program on disease increase-decrease trend, reduction of diseae burden and impact of
the contact network. Additionally, this section also present the implications of the

infections in adults to disease eradiacation program.

5.3.1 Parameter Sensitivity Analysis

5.3.1.1 Sensitivity of R,

We quantify the local sensitivity of R, to each of the parameters Bo, (a4, ¥, 7,
d, 0, € f, na, u, M, v, Eu, and €4. For this, we obtained the sensitivity index,

S, for each parameter = using the relationship:

= (Ri) (aa]ff) |

Based on the sensitivity index S,, we found that the parameter ~ affects R, the most

compared to the other parameters. The second parameter affecting R, is f¢, followed
by the parameters €, ¥, p, &, and B4, while the effects of d, 0, na, nar, €4, Ny and
&y to R, are negligible (Figure 19| a).

We also performed the global sensitivity analysis by using the Latin Hypercube
Sampling (LHS) technique Marino et al. (2008) with 1000 samples of parameter

sets from a wider parameter range of £25% of the base value of each parameter.
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We compute the partial rank correlation coefficients (PRCC) to identify the most
influential parameter to R,. We observed that the parameters v, (¢, €, and 1) are the
most sensitive parameters for R,, which are followed by u, &, and 54, and the rest
of the parameters are less effective (Figure|[19|b). Both local and global analyses show
that R, is mostly influenced by the parameters v, B¢, and e.
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Figure 19: (a) Local sensitivity of parameters to R,. The sensitivity index, S,,
showing the level of change in R, with respect to the parameters. Note that the
sensitivity index S, of d, d, na, N, nar, Ea4 and &y are negligible and difficult to visualize
in the figure.(b) Global sensitivity of R,. Partial Rank Correlation Coefficients for R,
from LHS method.

5.3.1.2 Sensitivity of Measles Dynamics

We also used the Latin Hypercube Sampling Marino et al. (2008) method to explore

the global sensitivity of the measles dynamics represented by the peak infection and
the time to peak in adults, children, and combined. The computed partial rank
correlation coefficient corresponding to each parameter is presented in Figure Our
analysis shows that the peak value of the infected class I is highly influenced by -,
Ba, €, and o followed by S and then by &, while the remaining parameters are less
effective (Figure ) Also, the peak value of the infected class I is highly influenced
by Bc, €, 6, and v, followed by & and other parameters are less effective (Figure
20b). Similarly, the peak value of the infected class of children and adults combined is
influenced by the parameters B¢, €, 9, 7, followed by &y. In contrast, the remaining
parameters are less effective (Figure 20k).
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The time to peak infection is mostly affected by the parameters (¢, d, and ~, followed
by € and &);. The rest of the parameters in 14 and /- less influences it. Similarly, the
time to peak for combined infection is mainly affected by 9, 8o, 7, and €, followed by

&, while the remaining parameters are less effective (Figure 20| f).
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Figure 20: Sensitivity of measles dynamics. Global sensitivity of the parameters
to peak value and time of peak infection for adult I (a, d), children I (b, e), and
combined child and adult (c, f). The partial rank correlation coefficients for sensitivity
are based on 1000 Latin Hypercube Sample sets of parameters.

5.3.2 Impact of the Contact Network on Infection

While we estimated the base contact network in the data context, the contact network
may change depending on the situation. Therefore, we now explore the effects of the
contact network on the total number of infections and its peak value for each infected
class. An increase in children’s contact network by 5, 10, and 15 times the base case
results in the rise of peak infection of children by 8, 16, and 21 times, respectively, and
an increase in the total children infection by 4, 7, and 8 times, respectively (Figure
21h). Similarly, the same increment level in the adult contact network results in the
increment of the total infection by 28, 85, and 133 times and the peak infection by 28,
92, and 166 times, respectively (Figure 21b). An increment in the contact network
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of all populations by 5, 10, and 15 times results in an increment of approximately 8,

17, and 23 times in the peak infection and 7, 16, and 23 times in the total infection,

respectively (Figure 21k).
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Figure 21: The total number of infections and peak infection on the variation of the
contact network of (a) children, (b) adults, and (c) total (children and adults).

5.3.3 Impact of Monitored Vaccine Program

5.3.3.1 On Disease Increase-Decrease Trend

Here, we examine the profound role of vaccine coverage in the increase-decrease
trend of the disease, i.e., reducing the effective reproduction number (R,.) below one.
We evaluate the effect of both timeliness and extension of vaccination coverage in
achieving the goal of R, < 1 (decreasing trend). Our findings show that complete
vaccine coverage within the first two weeks of outbreaks yields remarkable outcomes in
lowering the effective reproduction number. Achieving a vaccination coverage of over
90% among children within two weeks decreases the effective reproduction number to
below 1 in just two weeks. In contrast, when vaccine coverage is limited to only 20%,
this critical threshold is reached only after six weeks (Figure 22h).
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Figure 22: Time (in weeks) for the effective reproduction number to be less than
one when (a) only children are immunized, (b) only adults are immunized, and (c)
children and adults are immunized.

Our model predicts that a vaccination campaign focused only on adults may not be
sufficient to reduce the effective reproduction number to below one within a reasonable
time frame. As depicted in Figure ), the complete vaccine coverage of adults
within two weeks slightly lowers the effective reproduction number in about seven
weeks. The vaccination distributed among the combined population is less effective
than the vaccination entirely given to children. In this case, the threshold can be
lowered to below one in one week by 90% of vaccine coverage within three weeks, while
it takes six weeks for 30% of coverage within two weeks (Figure 22).

5.3.3.2 On the Reduction of Disease Burden

We also explore the impact of vaccine coverage over a specific period on reducing
measles cases and the maximum weekly cases. Our modeling reveals a significant
variation in the effects of vaccine coverage across distinct age groups (Figure . 20%
of children vaccination within two weeks can reduce about 85% of the total measles
cases and 85% of the maximum weekly cases, while 90% of children vaccination within
six weeks can reduce more than 90% of the total measles cases and more than 90% of
the maximum weekly cases (Figure [23h, 23b). In contrast, 20% of adult vaccinations
within two weeks can reduce only 10% of the total cases and only 5% of the maximum
weekly cases. Even 90% of the adult vaccinations within six weeks can reduce only

12% of the total cases and only 7% of the maximum weekly cases (Figure 23k, 230).

90% of combined adult-child vaccination within two weeks reduces about 80% of the
total measles cases and 80% of the maximum weekly cases (Figure 23, 23f). These

results highlight that the effectiveness of vaccination in diminishing measles prevalence
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Figure 23: Impact of the coverage of monitored children vaccination on the percentage
reduction of (a) the total measles cases and (b) weekly maximum new cases of measles,
adult vaccination on the percentage reduction of (¢) the total measles cases and (d)
weekly maximum new cases of measles, the children and adult vaccination on the
percentage reduction of (e) the total measles cases and (f) weekly maximum new cases
of measles.
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is notably more pronounced in vaccination programs focused on children (Figure )
than adults (Figure ) However, it is worth noting that even though the adult
vaccination may reduce the burden negligibly compared to childhood vaccination, it
still plays a vital role in controlling the disease, especially for eradication, since adults

may act as a potential reservoir source for persistent disease transmission.

5.3.4 Infections in Adults: Implications to Disease Eradica-
tion

As found above, vaccination focused on adults only has the negligible benefit of reducing
the disease burden compared to vaccination focused on children. However, persistent
infection in adults may pose an obstacle to measles eradication. Therefore, we further
performed a deeper analysis to explore whether a realistic adult infection-related
parameter range exists that may cause an obstacle to eradication. To examine this,
we identified the region corresponding to the disease eradication (R, < 1) and disease

persistence (R, > 1) in the £y-&4 parameter space of children and adults vaccination
rates (Figure [24)).
As illustrated in Figure , with the parameter range 3 < &y < 17(x107°) and

0 < &4 < 10(x107%), we observe that there exists a realistic parameter range (space
below R, = 1 curve in Figure for which R, > 1. This indicates that unless the
child vaccination rate is sufficiently large, the value of R, may remain above one due
to some persistent infection in adults. In this case, introducing adult vaccination on
top of the child vaccination can reduce R, below one. Therefore, in the situation when
children-focused vaccination is not sufficiently large enough, which is likely the case in
developing countries like Nepal, persistent infection in adults can be a major hurdle
for disease eradication, and considering adult-focused vaccination along with children’s

vaccination becomes critical for global disease eradication.

5.4 Conclusion

In recent years, measles outbreaks have occurred frequently in many places of the globe.
The threat of measles is growing due to the expansion of immunity gaps, COVID-
19’s disruption of routine immunization, and the lack of planned global vaccination
campaigns. The reduction of vaccination is also attributed to various factors, including

societal and educational impacts and religious barriers. In Nepal, the decline in
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vaccination coverage corresponds to the patterns of measles epidemics. While a higher

proportion of cases are observed in young infants and older children, a small number of

cases have frequently been observed in Nepalese adults WHO, Disease outbreak news|

Item, Measles| (2023), implying that the unvaccinated adults may serve as a virus

reservoir to cause obstacles to WHO’s eradication goal. The model developed in this
study with both children and adult groups is essential to identify the ideal monitored
vaccination strategy for both adults and children to ensure the global eradication of

measles.

Using our model validated by the measles case data of different regions of Nepal from
November 24, 2022, to March 10, 2023World Health Organization| (14 March 2023)),

we estimated the measles-vaccinated reproduction number in Nepal to be R, = 11.677.

The value of R, is much higher than one, indicating that significant efforts need to
be put into the vaccination program in Nepal to meet WHOQO’s global eradication
goal. Most notably, our model predicts a critical adult vaccination level required in
combination with a partially successful children’s vaccination program to bring R, less
than one. Therefore, our study underscores the need for combined adult and children
vaccination for measles eradication, in contrast to the often ignored adult group in

vaccination programs.

We explored the effect of the contact network size on measles epidemics. We found

that increasing contact networks ultimately increases the total and weekly measles
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cases in children and adults. Interestingly, the increase in measles burden is more
pronounced due to the rise of contact networks among adults than children, mainly
when the increased level is more than ten times the base case. This result further
highlights the importance of adult vaccination, which lowers the adult susceptible

population, thereby reducing the total infection and weekly infection.

We also examined the impact of vaccine coverage on disease trends (Figure and the
disease burden (Figure 23). Our model helps identify a reasonable level of child-adult
vaccine coverage to ensure the decreasing trend of measles (i.e., R, < 1). For example,
90% in three weeks or 30% in two weeks of vaccine coverage can bring R, less than
one in one day or six days, respectively. Similarly, our model allows us to properly
evaluate the vaccination program for reducing the disease burden. For example, an
80% reduction in the total measles cases and an 80% reduction in the maximum weekly
cases can be achieved by covering 90% adult and child population within two weeks
of vaccination. Our results show that the vaccine focused entirely on children can
reduce the disease burden more than that distributed among both children and adults,
highlighting the significance of prioritizing childhood vaccine coverage as a primary
strategy for reducing disease burden. However, as discussed above, adult vaccination
should not be overlooked as it may have a critical role in disease eradication. Our
result is consistent with the previous studies |Aldila and Asrianti| (2019); |Garba et al.
(2017); | Jaharuddin and Bakhtiar (2020)); Lessler et al.| (2016); Pokharel et al.| (2022).

We acknowledge some limitations of our study. The parameter estimations were
based on the limited data of weekly incidence cases. The lack of granular data and
information could have hindered the achievement of more accurate outcomes. Although
we successfully derived the closed form of the distinct endemic equilibrium, we were
unable to complete a thorough analysis of this equilibrium due to model complexities.
For example, we couldn’t achieve the stability condition of endemic equilibrium, while
we only explored the stability of endemic equilibrium through numerical methods. We
have ignored the potential effects of spatial heterogeneity on disease transmission and
assumed a homogenous mixed population. Spatial heterogeneity may play a role in
disease transmission, especially in the spread of measles in some specific districts of
Nepal. Further study on the cost-effectiveness analysis based on the country’s financial

status would benefit the optimal policy design to achieve the measles eradication goal.

In summary, we developed a novel model of measles transmission in the context of
Nepal, incorporating the two different age groups, children (under 15) and adults (15

and above). Our model demonstrates that the adult group is a potential reservoir
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of measles, causing obstacles to eradicating the disease. Our results suggest that
implementing the adult vaccines along with the children’s vaccine is critical for achieving
WHO'’s global measles eradication goal. A well-planned adult-child combination of
monitored vaccination programs may be necessary to facilitate the ambitious objective

of eradicating measles from Nepal.
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CHAPTER 6

6. SUMMARY AND CONCLUSION

The primary objectives of this study are to construct comprehensive mathematical
models for analyzing the transmission dynamics of measles, investigate impact of mon-
itored vaccination on chidren and adults group in transmission dynamics, particularly
within Nepal, and assess potential control measures. Furthermore, the study aims to
validate the developed mathematical models using real data in Nepal, enabling the
estimation of critical parameters, disease threshold values the vaccinated reproduction
number (R,) and the time-varying effective reproduction number (R, ). This validation
enhances our understanding of the disease’s spread and informs important of proper

vaccination.

6.1 Summary

In chapter [, the study establishes the groundwork by presenting fundamental back-
ground information on epidemiology and mathematical modeling and, introduces key
theoretical analysis techniques utilized throughout the dissertation. Chapter [3| is
dedicated to crafting two deterministic mathematical models, their validation, and the
estimation of crucial parameters. One model accounts for measles yearly cases from
2000 to 2019 in Nepal, considering monitored and unmonitored vaccination. Another
model, incorporating adults and children, examines the impact of adult and child
vaccination in eradicating the disease. Real data is utilized for model validation and
parameter estimation. Chapter |4 focuses on the mathematical analysis of the models
developed in chapter |3| and establishes the existence and dynamics of equilibrium

points, as well as the vaccinated and effective reproduction numbers.

Our thorough analysis and numerical simulations in chapter [5| provides policymakers
with crucial insights for designing effective monitored vaccination programs to eradicate
measles in Nepal. Our model analysis highlights adults as a potential reservoir for
measles, underscoring the importance of integrating adult vaccination with child
immunization to meet the WHO’s global eradication goal. Coordinating monitored
vaccination efforts for both adults and children is essential for achieving the ambitious

aim of eliminating measles from Nepal.
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In the course of this research, several key tools and methods were utilized to enhance
the robustness and reliability of our models. For optimizing the model, this work
employed the nonlinear least square method to estimate the parameters. These
methodologies enable us to precisely determine the most appropriate parameter values
by fitting them with real data. This comprehensive approach refines our models while
simultaneously providing a robust assessment of parameter uncertainty. We also utilize
identifiability of the estimated parameters. This step is crucial in validating the model
and confirming that the parameters can be accurately determined from the available
data, thereby enhancing the model’s credibility. To analyze global sensitivity, we
employed Latin Hypercube Sampling (LHS). This statistical method allowed us to
efficiently sample the parameter space and assess the impact of various parameters on
the model’s outcomes. By identifying the most influential parameters, LHS provided
insights into which factors are most critical for measles transmission and control,
thereby guiding targeted intervention strategies. In this work, we use MATLAB (The

MathWorks, Inc.), for the numerical simulations.

We acknowledge limitations in our study, including parameter estimations based on
limited data and the assumption of homogeneous mixing among children in Nepal.
Incorporating a contact network model and obtaining more granular data could improve

accuracy.

6.2 Conclusion

This work focuses on realistic vaccination scenarios, developing epidemic models
that highlight the complex dynamics of measles transmission and the critical role of
vaccination in controlling and eradicating the disease. We prioritize capturing the
interaction of influential factors within real-world scenarios, incorporating variables
such as behavioral responses, health education, immunization planning, and the impact

of vaccination.

This dissertation presents formulation of two epidemic models to describe measles
transmission in Nepal. One model incorporates vaccination scenarios and health
education, while another one emphasizes the importance of considering both child-adult
vaccination in measles eradication programs. Desertation includes the validation of the
models with real measles cases in Nepal and the estimation of the parameters. The work
also focuses on mathematical analysis and, numerical analysis with simulations. The

mathematical analysis includes the existence of equilibria, their dynamics, computation
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of vaccinated reproduction number, and effective reproduction number.

The numerical analysis of monitored and unmonitored vaccination programs reveals
that monitoring vaccination is critical for the successful implementation of the vaccina-
tion program. These findings provide valuable information for policymakers to design
effective monitored vaccination programs to eliminate the disease. The approach of
two different age groups results in representations of disease dynamics that accurately
reflect the importance of the proper child vaccination as well as combined adult
and child vaccination for the eradication of the disease. Moreover, the two models
provide valuable insights into the dynamics of disease transmission in vaccinated
populations. The monitored vaccination model suggests a stable endemic situation,
while the adult-child vaccination model indicates a need for more aggressive control
measures to prevent an epidemic. Understanding these dynamics is crucial for effective

public health planning and intervention.

In conclusion, this work advocates for a comprehensive vaccination strategy that
includes monitored vaccination programs, and both adult-child vaccination programs.
Utilizing these approaches, public health authorities can strengthen measles control
efforts and advance toward eradication. The application of robust statistical and

analytical tools has established a solid foundation for our findings.

6.3 Suggestion for Future Direction

In the future research we propose the following domains for additional investigation
into the dynamics of the epidemic for potential public health interventions and help

the policy makers:

e Continuing this work to refine models and explore the impact of various vaccina-
tion strategies in different epidemiological and socio-economic contexts. This will
ensure that vaccination programs are both effective and adaptable, ultimately

leading to a measles-free world.

e Developing a within host model to study the transmission dynamics of virus

within a host.

e Understanding the impact of vaccination on measles transmission involves exam-

ining factors such as vaccine efficacy, vaccine coverage rates, and the potential for

85



immunity to decrease over time. By utilizing epidemic models to analyze these

factors, we can evaluate role of vaccination toward the eradication of measles.

e By using the epidemical model, additional examination of the cost-effectiveness
analysis, considering the financial status of the country, enhances the development

of an optimal policy to attain the goal of measles eradication.
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Abstract: Measles is one of the highly contagious human viral diseases. Despite the availability of
vaccines, measles outbreak frequently occurs in many places, including Nepal, partly due to the lack of
compliance with vaccination. In this study, we develop a novel transmission dynamics model to evalu-
ate the effects of monitored vaccination programs to control and eliminate measles. We use our model,
parameterized with the data from the measles outbreak in Nepal, to calculate the vaccinated reproduc-
tion number, R,, of measles in Nepal. We perform model analyses to establish the global asymptotic
stability of the disease-free equilibrium point for R, < 1 and the uniform persistence of the disease for
R, > 1. Moreover, we perform model simulations to identify monitored vaccination strategies for the
successful control of measles in Nepal. Our model predicts that the monitored vaccination programs
can help control the potential resurgence of the disease.

Keywords: mathematical model; measles; Nepal; stability and persistence analysis; vaccination

1. Introduction

Measles is one of the acute and highly contagious viral diseases found as early as the 7th century [1].
It is transmitted either by direct contact with infectious droplets or by airborne spread [2, 3], mainly
among children under five years. Before developing vaccines, measles epidemics used to occur every
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2 to 5 years, resulting in an annual 20 to 30 million infections and at least 1 million deaths worldwide
[4,5]. Measles incidence and related deaths decreased globally during 2000-2016 [6, 7]. However,
the measles cases have begun to increase again after 2017. The number of cases in 2019 reached the
highest in the past 23 years. The death due to measles also increased by 22% in 2017 and climbed up
to 50% in 2019 [6,7].

Measles can be successfully prevented with two doses of vaccines received at the recommended
ages of 9 months (first dose) and 15 months (second dose) [8]. However, due to various reasons, such
as poor health systems, lack of access to vaccination, and fear or skepticism about vaccines, the proper
implementation of vaccination programs has been a huge issue. Improper and insufficient vaccines
have presumably caused frequent measles outbreaks in developed and developing countries, including
Nepal. In 2017, the global coverage of the vaccine’s first dose was about 85%, significantly lower
than the 95% recommended by the WHO to achieve herd immunity [5]. Even among developed coun-
tries, such as the United States, France, United Kingdom, Argentina, Italy, Japan, Canada, Germany,
Australia, and Chile, the vaccine coverage has not met the WHO-recommended threshold for herd im-
munity [5]. Efforts by the anti-vaccine activists in the world [9, 10] might have partially contributed
to the low vaccine coverage and eventually to occasional outbreaks, such as the one in New York in
2018-2019 [11,12].

In Nepal, the monovalent vaccine, known as MCV 1, against measles was first introduced in three
districts in 1979. It was later expanded to the whole country in 1989 [13-15]. Measles was one of the
major causes of childhood death before 2007, presumably because of the low coverage of MCV 1. After
the MCV1 coverage was increased from 81% to 88% during 2007-2014 along with Supplementary
Immunization Activities (SIAs), the suspected measles incidence declined by 13% [14—-19]. However,
the measles cases began to increase in Nepal in 2017 (99, 247, and 430 measles cases in 2017, 2018,
and 2019, respectively) [20,21]. In 2019 measles outbreaks occurred in Morang, Dang, Kapilvastu,
Kathmandu, and Lalitpur districts [20-23]. Notably, a frequent measles outbreak has been reported
in districts with low vaccine coverage like Kapilvastu, where 95% of children were not vaccinated
in 2016 [24-26]. Even in vaccinated people, the protection level may be reduced due to improper
vaccination timing and incomplete doses. Monitored vaccination programs may help achieve success
in avoiding measles epidemics. Such monitored vaccination programs promote the timely completion
of the vaccination, thereby increasing the chance of complete immunity gain. Mathematical modeling
is a valuable tool for identifying the ideal monitored vaccination programs in the context of Nepal.

Many SIR (susceptible, infected, recovered) based deterministic models, including age-structure
and immigration-impact, have already been developed for the transmission dynamics of measles
[27-32]. Moreover, some SEIR (susceptible, exposed, infected, recovered) based models [33-36]
have been developed, including continuous-time linear vaccination-based control strategy, meta-
populations, and immunization in pregnant women. These basic models have also been extended to
include immunity, vaccination, age-dependent vaccination, time-dependent vaccine efficacy, therapy,
quarantine, and treatment [2,37-44]. However, modeling has not been extensively explored to study
monitored vaccination programs, especially in the context of Nepal.

Regarding measles in Nepal, some descriptive, analytic, and retrospective studies [14,45-47] have
provided insights into the progress in measles control, the Case Fatality Rate (CFR) of measles, and
the genetic type of the Asian measles virus. Many of these studies have incorporated the vaccination
but lack a monitored vaccination program. In this study, we develop a novel deterministic model,
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Figure 1. Schematic diagram of the transmission dynamics of measles.

incorporating monitored vaccination programs with two classes of vaccinated individuals, one under
the monitored program and another without the monitored program. The model is validated using two-
decade-long measles data from Nepal. Our model analysis establishes the local and global stability
of disease-free equilibrium, the existence of endemic equilibrium, and the uniform persistence of the
disease. Furthermore, we carry out model simulations to properly evaluate the impact of monitored
vaccination programs on the short-term and long-term trend of measles transmission in Nepal.

2. Mathematical model

We develop a transmission dynamics model of measles for the population that includes all the new-
borns and children under 15 years. As mentioned earlier, implementing a proper vaccination program
is often difficult, particularly for children whose parents have poor health knowledge and have fear or
skepticism about vaccines. To improve the effectiveness of vaccination programs, we introduce a mon-
itored vaccination program into our model. The program mainly focuses on asserting the completion
of vaccines timely and accurately by children under this program. Because of extra care and regular
follow-up, the children under this program are expected to have less susceptibility to infection and a
higher rate of achieving immunity than those under regular (un-monitored) vaccination programs. To
formulate the model, we divide the total population considered (N) into six mutually exclusive com-
partments: susceptible (§), un-monitored vaccinated (Uy ), monitored vaccinated (My ), exposed (E),
infectious (7), and immune (Zy/).

The schematic diagram showing the flow of individuals from and to the compartments during the
measles transmission dynamics is presented in Figure 1. The dynamical system equations representing
the model are as follows:

ds BI

I _A—<N—|—u—l—061—|—062> S, (2.1)
dU 1—¢)BI
—dtv =S — ('Yl +u+ d=e)pr Nl)ﬁ ) Uy, 2.2)
dMV . (1 —82)[’51

= 0SS — <Yz+!i + N My, (2.3)
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dE _ ﬁIS (l—El)ﬁIUV (l—Sz)ﬁIMV

—— — E 2.4
e (L+0)E, 2.4)
dl
E:GE—(H—I—TH—S)I, (2.5
dl
= MUy + My 01— . (2.6)

Here, A represents the recruitment rate of susceptible, i.e., newly born children. The measles infection
occurs with the per capita transmission rate of B1/N, transferring susceptible individuals to the exposed
class. The parameters ¢ represents the rate of progression of individuals from the exposed class to the
infectious class, and 7) is the recovery rate of infectious individuals from the disease. Since only the
children up to the age of 15 years are considered in the study, we assumed pu is the rate at which the
children become older than 15 years leaving from the dynamics. We take 0 to represent the disease-
induced death rate.

The parameters ¢¢; and o represent the rate of un-monitored vaccination and the monitored vaccina-
tion, respectively. As discussed in Pantha et al. [49], for practical purposes, the values of ¢ and oy for
un-monitored and monitored vaccination programs aiming to cover {;% and §,% of children in ¢; and
1, years, respectively, can be estimated using &y = —In (1 — £, /100) /¢; and ap = —1In (1 — £, /100) /15,
respectively. The individual in the monitored vaccinated group is expected to be properly monitored
to ensure the timely completion of the vaccination. In contrast, individuals in the un-monitored vac-
cinated group have more likelihood of not completing the vaccination in time, possibly delaying the
gain of complete immunity. Therefore, we assumed that the un-monitored and monitored vaccinated
children become immune at different rates, ¥, and 7, respectively. Our model assumes individuals
recovered from natural infection and those completing vaccination have similar immunity. Therefore,
we include both of them in the same class, namely the immune class (/7). The vaccinated children may
also be infected, but at lesser infectivity rates (1 —&;)f and (1 — &) for un-monitored and monitored
vaccinated, respectively. Since the monitoring service providers are expected to counsel individuals in
the monitored vaccinated program for timely completion of vaccine and prevention practices, we also
expect 0 < g < g < 1.

3. Parameter estimation, data fitting, and model validation

3.1. Data source

The publicly available data used in this work is obtained from the official site of the World Health
Organization (WHO) [48]. The data includes the reported measles cases in Nepal from 2000 to 2019.
Since 5% of the reported cases belong to the aged 15 and above [48], we deducted 5% of the cases
from the data. The Crude Birth Rate (CBR) and Infant Mortality Rate (IMR) of Nepal are used from
the “Nepal population growth rate 1950-2020 [50].

3.2. Parameter estimation

Nepal’s population under fifteen years was 9,807,000 in 2000 (taken as the base year) and 8,460,000
in 2019 [48]. The actual population size in individual S, Uy, My, E, I, Iy, classes is not available.
It is recorded that 77% of the population was vaccinated in 2000 (the base year) [48]. For our base
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case simulation, among the unvaccinated 23% of the total population, we assumed that 22% were in
the susceptible class (S(0) = 2,157,540). We took 30% of the vaccinated population were in the un-
monitored vaccinated class (Uy (0) = 2,206,575). Since the monitored vaccination program was not
present in 2000, we took My (0) = 0. From the data, the recorded cases were 8927 (after reducing 5%
over 15 years from the total recorded 9397), among which we assume E(0) = 300 in the exposed class
and 7(0) = 340 in the infectious class. The remaining population (N(0) —S(0) — Uy (0) — E(0) —1(0))
is included in the immune class (Iy;(0) = 5,442,245).

The recruitment rate (A = 612,328) is the annual average birth rate, which is calculated by using
the Crude Birth Rate (CBR) and Infant Mortality Rate (IMR) from the 2000-2019 data [50]. Since only
the population below fifteen years is considered in the study, we used u = 1/15 = 0.0667 per year. It
is given that the incubation period of measles is 10-14 days on average [4, 51], and thus the disease
progression rate from the exposed class to the infectious class is taken as ¢ = 1/12 x 365 ~ 30 per
year. Also, since it takes about 18 days (range between 7 to 23 days) to recover from the disease [51],
we used 11 = 1/18 x 365 & 20 per year. As per WHO guidelines, children are vaccinated with the first
dose at the age of 9 months and the second dose at 15 months [8], giving a six-month interval between
the two doses. Since the monitored vaccinated individuals (My) are expected to complete them in
time, we took 9> = 0.5 per year. From the data [52, 53], we estimated the average disease-induced
death rate to be § = 0.01 per year. The remaining parameters of the model, 8, o, 0, ¥, €, and &,
are estimated by fitting the model to the measles case data from Nepal.

3.3. Data fitting and model validation

From the model, the yearly new infections at time 7 can be calculated using A(t) = E(t), which
we obtained using the numerical solutions of the system (2.1-2.6). Then we estimated the parameters
with the help of the nonlinear regression method [54], which minimizes the following sum of the square
residuals:

n —_—
Y (e — )%,
k=1

where h;, denotes the model predicted yearly new infection, /; denotes yearly new infection data,
and n is the number of data points used for the model fitting. For each estimated parameter, we also
computed the confidence limits using the standard errors from the sensitivity matrix (.%) based on the
complex-step derivative technique described in the previous study [55-58]. Our model is consistent
with the yearly incidence cases observed in Nepal (Figure 2). In addition, we also show that the model
prediction of the cumulative cases agrees well with the cumulative data, thereby validating our model
to describe the measles epidemic in Nepal.

We note that while making all six parameters free in the data fitting process, we obtained negative
lower limits of some confidence intervals. To tackle this issue, we needed to fix some of the parameters
as done previously [55-57]. Since the parameters o and & are the two least sensitive parameters
identified from the sensitivity matrix, .7, we fixed o = 0.02 per year and & = 0.90 at their best
estimate values. We also note that taking the different values of &, and &, did not significantly affect
estimates of other parameters, as expected, because of the least sensitivity. Then, we estimated the
remaining only four parameters, 8, &, ¥, and €|, from the further data fitting. Here the ratio of
the data to the free parameters is 5:1, which lies within the recommended range of 5:1 to 10:1 for a
reasonable parameter estimate [59]. Furthermore, to analyze the identifiability of the estimated four
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parameters, we use the sensitivity-based method [60], in which we obtained the rank of the matrix
ZT.7. For our case with four parameters estimated, the obtained full rank (Rank = 4) of the matrix
1.7 confirms that these four parameters are practically identifiable for the model and the data used
in this study. All the computations were carried out in MATLAB (The Math Works. Inc.) using its
various routines, including “ode45” (ODE solver) and “fmincon” (minimizer).

Our estimates show that the transmission rate (), the rate of un-monitored vaccination (¢ ), the
rate of recovery from un-monitored vaccination (7; ), and the effectiveness of un-monitored vaccination
(&1) are 63.0238 (95% CI: 63.0188-63.0288), 0.31 (95% CI: 0.0902-0.5298), 0.1 (95% CI: 0.0858—
0.1142), and 0.5082 (95% CI: 0.4926-0.5238), respectively (Table 1). We note that the confidence
interval of the parameter o appears to be large compared to other parameters for this particular data
set. However, we consider this parameter a control parameter and vary widely for the analysis of the
vaccination program; thus, one set of confidence intervals does not significantly impact the main results
of our study.
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Figure 2. Data fitting and Model validation. (a) The recorded yearly cases of measles in
Nepal (dot) along with the best fit of the model (line). (b) The cumulative recorded cases of
measles in Nepal (dot) along with the model prediction of the cumulative cases (line).

4. Model analysis

4.1. Basic properties of model

We first establish the biological or epidemiological validation of the model by proving the non-
negativity and the boundedness of the solution of the system of equations.
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Table 1. Values of estimated and fixed parameters.

Parameters Description Baseline Value Confidence Interval Sources
(r)~!

[9%) Monitored 0.02 Fixed Assumed
vaccination rate

o Un-monitored 0.31 [0.0902 0.5298] Data Fitting
vaccination rate

B Transmission rate 63.02 [63.01 63.03] Data Fitting

&1 Effectiveness of 0.51 (Dim.less) [0.49 0.52] Data Fitting
un-monitored vacc.

& Effectiveness of 0.9 (Dim.less)  Fixed Assumed
monitored vacc.

u Removed rate 0.0667 Fixed Assumed

n Uy immunity rate 0.1 [0.086 0.12] Data Fitting

%) My immuninity rate 0.5 Fixed Assumed

(o] Disease progress rate 30 Fixed [4]

n Recovery rate 20 Fixed [4]

) Disease-induced 0.01 Fixed [52]
death rate

4.1.1. Positivity of the solutions

Theorem 4.1. If S(0) > 0, Uy (0) > 0, M

solution {S(t), Uy(t), My(t), E(t), I(t),
dS

Proof. From  (2.1), 7 > —(BI/N + u + o4 + x)S, which implies S(r) >

d
S(O)exp(—/(: (BI(S)/N(S)+[.L+O£1+062)ds). Since S(0) > 0, S(t) > 0, V¢ > 0 confirming

v(0) >0, E(0) >0, I(0) >0, and Iy;(0) > 0, then the set of
Iy (1)} of the system (2.1-2.6) is positive for all t > 0.

dU
the positivity of S(¢). Similarly from (2.2-2.6), we have TIV > —(n+u+(1—¢€)BI/N)Uy,

dMy

E 1
> —(u+p+ (1 -8)pBI/NMy, — > —(u+o0)E, — > —(u+mn-+8)I, and

dt dt — dt —

I t

dd]tw > —uly. Then we get Uy(t) > UV(O)exp<—/ ((1—sl)ﬁl(s)/N(s)—i-u—i—yl)ds) >0,
0

My (1) > Mv<o>exp(— [ (&) Bris) /v + 1 +mds) >0, E(1) > E(O)exp(— (1 + 6)1) >0,

I(t) > 1(0)exp (—(u+mn+6)t) >0, and Iy (t) > Iy (0)exp (—ut) > 0,¥r > 0 for Uy (0) > 0, My (0) >
0, E(0) >0, I(0) > 0, and Iy(0) > 0. Therefore, Uy(t), My(t), E(t), I(t), Iu(t) > 0, ¥Vt > 0,
showing the positivity of the solution set of the system (2.1-2.6). O

4.1.2. Boundedness and invariant region

Adding all differential equations (2.1-2.6), we get dN /dt = A— uN — 81 < A— uN, which provides
N(r) < N(0)e M L A/u(1 —e M) and limsupN(r) < A/u, showing that the total population is
t—>oo
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ultimately bounded by A/u. Hence the solution set bounded by A/u is positively invariant in the
feasible region

Q= {(8(), Uv(0), My(t), E(), 1), (1) € RS :N(1) < A/u}.

4.2. Existence of Equilibria

In this section we discuss the disease-free equilibrium point (DFE) and the endemic equilibrium
point of the system (2.1-2.6).

4.2.1. Disease free equilibrium point and formulation of the vaccinated reproduction number

Setting E = 0 and I = 0 in the system, we obtain DFE: E° = (S°, U‘(,), MS, 0, 0, 11?,1), where
A 0 OC]A 0 OCQA

0 — , U9 = , MY = , and
atop+p’ Vo (atotp)(ntu) Y (o) ()
A
)= (it 7) +opR+1)) . Note that our model implies non-zero immune class I3, at the

plon+on+p)(n+u)(rp+u) o
DFE due to the immunity gained through vaccination.

The vaccinated reproduction number, denoted by R,, is defined as the average number of secondary
cases generated by a single infectious case introduced into the mixed population with susceptible and
vaccinated status. Here we formulate the vaccinated reproduction number using the Next Generation
method [61-65].

Following the Next Generation Matrix method [62], we divide the system into two groups, infected
X¥=(x, i=1,2) = (E, I) and uninfected y = (y;, j =1,2,3,4) = (S, Uy, My, Iu), as follows:

xi :fl(fa}_;) :%(275)’)_%(}’5}‘% i= 17 2 and yj :g](')_c)v)_;)a ]: 1727374a (41)

where .%;(X,) is the rate of appearance of new infections in the compartment i, and ¥%;(,) is the
difference between the transfer of individuals out of and into the compartment i (i = 1,2). Here we
have

o~ (BS+(1—¢&) BUy + (1 — &) BMy)I/N (u+0)E
JZ( S T >and7/:<—cE+(u+n+6)1>'

It is easy to verify that .%; and 7; satisfy the conditions A(1)-A(5) of [62]. As the process provided
in [62], we obtained the Jacobians of .% and ¥ at the disease free equilibrium point (D.7 (E?) =
F, DV (E®) =V):

(0 (BS°+(1—&) BUL+ (1 — &) BMD)/N° ([ u+o 0
F_(O R S )andv_< —c 5+n+u>'

Clearly, F is non-negative and V' is non singular M-matrix. The next generation matrix for our model
is given by:

o (BS+(1— &) BUY+ (1 —es) BMY)  (BSO+ (1~ &) BUY+ (1 — &) BMY)
FV=! = NO(u+0)(8+1+h) NO(§+n+u)
0 0
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Then the vaccinated reproduction number R, is given by:

B L Bo(SP+(1—e)UP+(1—e)MY)
LG Sy v T T EaT

Using the expression of DFE obtained above, we get

_Buo(a(l—e)(ntu)+(n+p)(o(l-—a)+nt+p)
(o +o+u)(n+u)(ptu)(uto)(d+n+pu)

Furthermore, as the system (4.1) satisfies all the conditions of [62, Theorem 2], it follows the local
stability of the disease-free equilibrium for Ry < 1. Moreover, for the verification purpose, we also
prove the local stability of DFE by showing the negative real part of eigenvalues in Subsection 4.3.1
below.

R,

4.2.2. Endemic equilibrium point

Let
A =BI'/(S"+U; +M; +E*+I"+1Iy). 4.2)

Then solving the full system (2.1-2.6) equated to zero, we get

. A
ot t At
U — A
T 0o+ o+ AT+ p)
. _ nA
() (o tatu+Ar(l-g))’
A —e)(p+A"(1—&)+p)+ 01+ (e +2")(1 - &)+ 1))
Oi1(u+0)(a+o+A*+u) (p+A*(1—&)+u) ’
o MA0 @i (At (e+AN)(1-&)+p)ta(l-—a)(p+A"(1-&)+u)

Y

O1(u+o)(a+om+A*+u)(0+n+u)(p+rA*(1—&)+u)
I A(P1 —|—P2P3)
M7 om(p+o)(a+a+A +u)(§+n+p) (p+A%(1—g)+u)

(4.3)

where,
Or=m+A"(1-&)+u),
Pi=o(nt+(-a)+u)m(l-e)r’c—ru+o)(d+n+u)),
Py=(n+AN(1—&)+u),
Py = (o (n(+0)(d+n+u)+nA*(1-&)o)+nAo(n+A"(1-&)+u)).
Substituting (4.3) into (4.2) and after some simplification, we obtain the following equation in terms

of A*:
A (AA* A2+ AL +Ap) =0, (4.4)
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where,

Az =(6pu+M+u)(L+0))(1-¢&)(1-¢&),

Ary=(1-g&)((1-&)P+uQ+m0)+(1-&)0(n+u)+0(rn+u),
Ar=(1-e)P(p+u)+n+u)((1-&)(a(n+0o)(0+n+u)+P+00Q)+0(n+u))

+(1—e)((n+u)(Lt+o)d+n+u)—B(l-e)uo)+au (Q(r+u)—-B(l1-&)uo)),
Ag=(1-R) (a1 +o+u)(n+up)(p+u)(u+o)(d+n+u),

P=p((6+n+u)(u+o)—-po),

Q=d6u+Mn+u)(u+o)
Note that A* = 0 corresponds to the disease-free equilibrium point, and the endemic equilibrium points
are given by the solutions of A3A*3 +A,A*2 +A1A* +Ag = 0. Here, A3 > 0 and Ag < 0 for R, > 1,
so the equation (4.4) has at least one positive root for R, > 1. The positiveness of A* implies the

positiveness of I* and E*. Thus, we conclude that if R, > 1, the system (2.1-2.6) has at least one
endemic equilibrium point given by (4.3).

4.3. The global dynamics analysis
In this section, we first establish the local and global stability of the disease-free equilibrium when
R, < 1 and then prove the persistence of the disease when R, > 1.

4.3.1. Local stability analysis of the disease free equilibrium point

Theorem 4.2. The disease-free equilibrium point of the system (2.1-2.6) is locally asymptotically
stable if R, < 1 and unstable if R, > 1.

Proof. Jacobian of the system (2.1-2.6) at the disease free equilibrium point is J = <A3X3 Bsxs )
C3x3 D3x3
where,

—(ag 4+ 0 +p) 0 0 0 —BS%/NO 0

A3z = o —(n+uwp) 0 ,Byxs=| 0 —BUp(1—e)/N° O |,
00 0 —(r+u) 0 —BMy(1—e)/N° 0O
00 0 —(u+0) B(SO+UL(1—&)+MO(1—&))/N° O
CGixz3=| 0 0 0 ],D33= c —(6+n+p) 0
0On » 0 n —u

The eigenvalues of the matrix J are
M=—p, h=—(utm+p), s=—(n+p), a=—(n+u)),

15:;<—(5+n+2u+6)— \/(5+n+2u+6)2+4(RV—1)(u+6)(5+n+,u)>,

1
Ae = 3 <—(5+n+2u+6)+ \/(5+n+2,u+6)2+4(Rv— 1)(u+6)(5+n+,u)> .45
Since all the eigenvalues are negative if R, < 1, E? is locally asymptotically stable if R, < 1. O
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4.4. Global stability of disease free equilibrium point
In the following theorem, we prove that R, < 1 asserts the global stability of the DFE.

Theorem 4.3. If R, < 1, the disease-free equilibrium point E° of the system (2.1-2.5) is globally
asymptotically stable in RS.

Proof. The Jacobian corresponding to (2.4) and (2.5) at the disease-free equilibrium point E° is
Bs® (1—&)BUy  (1—&)pMy
Jo= —H—=0 NO NO + NO
o —(0+n+u)

The spectral bound of Jy is defined as: s(Jy) = max{Re(A) : Ais an eigenvalue of Jy}. Using the theo-
rem 4.2, we conclude:

1. R, =l if and only if s(Jy) = 0.
2. R, < lifand only if s(Jp) < O.
3. R, > 1 if and only if s(Jo) > 0.

If R, < 1then s(Jy) < 0. Also, we can obtain a sufficiently small positive number ¥ such that s(Jy) <0,
where

_u-o B’ +y) (1—e)BUy+y) (1-&)BMy+7)
Jy= Alu—vy Alu—vy Alu—vy
o —(6+n+u)
From the subsections 4.1 and 4.2, N(t) — A/u and S(z) — S® as t — oo for all y > 0. Therefore, there
exists #; > 0 such that V¢ >, we have S < (S + ), U, < (U? +7), M, < (M2 +7y), N> (A/u—7).
From (2.4) and (2.5), it follows that

dE _,BS (1 —81) ﬁUv (1 —82) ﬂMV
e v~ (uto)E
B +y), (I—e)BUy+y), (1-&)BMy+y),
SA/u—}'l Alp—vy T A -y 1=+ ok,
dl
E:GE—([.H—TMLS)I.
dE._ B(S°+y), (I—e)BUp+y), (1-&)BMy+y)
3} /T A VT ANo-y (n+0)E, (4.6)
5 = CE—(u+n+9)I, Vt>1.

Clearly, the system (4.6) has the Jacobian Jy, which is irreducible with non-negative off-diagonal ele-
ments. Then s(Jy) is simple and associated with strongly positive eigenvector v, V ¢ > #; [66]. For any
solution y(7) of the system (4.6) with non-negative initial value y(0), there is a sufficiently large pos-
itive number { > 0 such that (E(t1),1(t;)) < {V. It is easy to see that V(1) = CeS(JV) (¢ _tl)ﬁ,Vt > 1
is a solution of (4.6) with V(#;) = {¥. Then by the comparison principle [66, Theorem B.1], it follows
that (E(t),1(t)) < £V, Vt > 1. Since s(Jy) < 0, we get

lim E(t) =0, lim I(t) =0,

1—voo f—voo
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which implies that (2.1) is asymptotic to the following equation:

ds
E:A—(u+a1+a2)S,
= S(t) :cle—(“+“l+0‘2>t+$(1—e—(“+0‘1+0‘2)’) V>
(L+on+o0p)
Hence, we get lim S(1) = — . Solving the system of differential equations (2.2 & 2.3
get lim S(z) ey g the sy q ( )
together with the help of (2.1), we get
oA —rt — ot 0nA —kqt —kpt
Uy = +cre” Ve "2, My = +cze” M 4 cqe '
T atratn)(ntu) ’ Tatatu)(ptu) )
where,
rn=ki=o+o+U, n=y+U,and krh =P +U.
Thus, we get
. 061/\
lim Uy (t) = , 4.7
RO = o v ) (n )
. A
lim My (t) = . 4.8)
MM = e T o) (a0

In the limiting case, we can further verify that tlim Iy(t) = 1. Hence if R, < 1, the disease-free
—> 00

equilibrium point E? of the system (2.1-2.5) is globally asymptotically stable. O

4.4.1. Uniform persistence
The disease is endemic if the system is uniformly persistent. The system (2.1-2.6) is said to be uni-
formly persistent if there exists § > 0 such that (S(¢), Uy (t), My (t), E(t), 1(t), In(¢)) € I satisfying

limInf E >, tli_>m Inf1>¢. 4.9)

t—o0

Here it is enough to consider the reduced system (2.1-2.5). We first define the sets

I° ={(S,Uy,My,E,]) eR>: 1 #00r E #0}, (4.10)
or° = {(S,Uy,My,E,I) eR®>: 1 =0,E = 0}. (4.11)
We have
[Udl’=TandI°NJT’ = ¢,
which implies that 9T is relatively closed in ' = (S, Uy, My, E,I) € R>.
To establish the disease persistence for R, > 1, we now prove the following theorem.

Theorem 4.4. If R, > 1, then the system (2.1-2.5) is uniformly persistent with respect to
(I0,01°) in the sense that there is a positive constant § > 0 such that every solution
(S(¢), Uy(t), My(t), E(t), I(t)) of (2.1-2.5) with (S(0), Uy(0), My(0), E(0), 1(0)) € I'? satisfies
}LlllolnfE >, }Lrgolnflz g.
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Proof. Let y(t)p be the solution function of system (2.1-2.5) with initial value p. We can
show the solution (y(z)p), t > 0 is uniformly persistent with respect to (I'’,dI°) [67]. For any
(5(0), Uy(0), My(0), E(0), I(0)) € I'?, (2.1-2.3) provide

S(t) = exp (- /0 ta(xl)d)q) [ /0 "exp ( /0 ya(xl)d)q) b(y)dy+S(0)} ,
Uy (1) = exp (- /O t a*(xl)d)q) { /0 "exp < /O ya*(xl)d)q) b (y)dy+ UV(O)] ,
o) =exp (- [[aan ) | [[exo ([ im0 iar+300).

where a = a1+ +u+BI/N, b=A, a* =pn+u+(1—¢&)BI/N, b* =S, a°=p+u+
(1 —&)BI/N, and b° = a,S. Here A > 0 implies S(¢) > 0. This follows Uy (¢t) >0, My (t) >0, Vit >
0. Thus the non-diseased variables S(¢), Uy (t),and My (t) are positive.
Defining the two sets,
My ={p € dT,: y(t)p € I, },

o(p) ={p: w(t)x, — past — oo},
we claim that @(p) = {E®}, Vp € M,. If p(t) € M, then y(t)p € 9Ty which implies I = 0 and E = 0.
From (4.7, 4.8) and (2.1-2.5), as t — oo we obtain S(¢),Uy (), and My (t) approaching to

A Ay Ao
, , and
(W+ar+o) (u+a+o)(n+u) (W+a;+a)(p+u)

, respectively,

which is the equilibrium point E®. Hence o (p) = {E°}, Vp € Mj.
Using the theorem 4.3 (Condition 3, R, > 1 for s(Jp) > 0), we can get a sufficiently small p > 0
such that the perturbation J,, on Jj satisfies s(J,) > 0, (see [67], [68, Section I1.5.8]) for R, > 1, where

h-o B(°—p) (—e)BUp—p) (1—&)B My—p)
Jp= Alu+p Alpn+p Alu+p
c —6-n—u

Now we claim that disease-free equilibrium point E° is uniform weak repeller with any solution y(z).
For this we need to show
lim Sup ||y (r)p—E°|| > p,V peT’.

On contrary, suppose there exists a py € I'? such that }Lm Sup H v(t)po —EOH < p. From the subsec-

tions 4.1 and 4.2, N(t) — A/u and S(t) — S as t — oo implying that for all p > 0 there exists t, > 0
such that Vt > 1, S > (S —p), U, > (U% —p), M, > (M? —p), N < (A/u+p). Then (2.4) and (2.5)
follows that,

dE :EI-F (1—¢g) ﬁthL (1—g) ﬁMVI—

dt N N N (h+0)E
B(S*—p), (1-&)BUY—p), (1—&)BM)-p)
2A/u+p1 A/pn+p ! A/u+p I={u+o)E,
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dl
= =0E —(u+n+9)L

We consider the following auxiliary equations:

dE B —p)  (1—&)BW-p), (1—&)BM) —p)

- = I+ I+ I—(u+o0)E,
Zf A/u+p A/pn+p A/u+p (+0) (4.12)

Here, J,, is the Jacobian of the system (4.12), is irreducible with non-negative off-diagonal elements,
then s(Jp) is simple and associated with strongly positive eigenvector 7,V t > 1o, (E(12),1(t2)) > 0.
Thus there is a positive number & > 0 such that (E(r;),1(t;)) > &V holds. It is easy to see that V =
Ee’ (Jp) (= t2)\7, V't > 1, is a solution of (4.12) with V(#,) = &v. Hence by comparison principle [66,
Theorem B.1], we get

(E(),1(0)) > £ ) —12)5 v >,
Also, for R, > 1, we have s(Jp) > 0, implying tlgnE (1) = oo, tle I(t) = oo, which is a contradiction.
This proves that the solution repels from E°. It follows that forward orbit of any solutions in M,

converges to E¥ is isolated in R>.
Now, we define a stable set of E°:

WH(E®) = {peT: d(y(t)p,E®) — 0ast — oo}.

Clearly, W“(EO) NI = 0. It follows that there is no cycle in M, from E° to E°. Applying [69,
Theorem 1.3.1], we conclude that the system (2.1-2.5) is uniformly persistent, i.e., there exists { > 0
satisfying (4.9). O

5. Numerical results

5.1. Basic dynamics of measles in Nepal

We first present the properties of basic dynamics of measles in Nepal, particularly vaccinated re-
production numbers and long-term dynamics.

5.1.1. Computation of the reproduction numbers

Using the estimated parameters (Table 1), we obtain the reproduction number of measles in the
presence of vaccination in Nepal to be R, = 1.0098. While R, > 1 is consistent with the currently on-
going endemic of measles, the actual magnitude we observed is significantly lower than the previously
estimated reproduction number between 5 and 18 in other places [70]. The low value of R, is expected
as its estimate is based on the parameters influenced by the vaccination program. We now compute the
time-dependent effective reproduction number, R;, which describes the time-varying average number
of secondary cases. The value of R; allows us to track whether the epidemic at time ¢ is in an increasing
(R; > 1) or decreasing (R; < 1) trend. For our model, the effective reproduction number is given by

_ Bo(S()+Uy(1)(1 —&1) + My (1)(1 — &))
N(@)(p+0)(8+n+p) '

R;
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Using the estimated parameters (Table 1), we obtained the pattern of R; as shown in Figure 3. As pre-
dicted by our model, the value of the effective reproduction number remains less than unity, indicating
the epidemic is in decreasing trend until 2030, after which R, increases and remains greater than unity
until 2095, showing the increasing trend of the disease in the period 2030-2095 (Figure 3).
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Figure 3. Effective Reproduction Number (R;). The model predicted effective reproduction
number, (R;), for measles epidemic in Nepal.
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Figure 4. (a) Longterm dynamics predicted by the model. The model prediction of the
longterm dynamics of yearly new measles cases in Nepal. (b) Infections from the different
classes. The model prediction of the longterm dynamics of yearly new measles cases in Nepal
contributed by susceptible, un-monitored vaccinated, and monitored vaccinated classes.
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5.1.2. Longterm dynamics

In this section, we present our model prediction for the long-term dynamics of measles transmission
in Nepal. If the current trend continues, there will still be 178 cases in 2023 (Figure 4), indicating an
obstacle to the measles elimination program set by the government of Nepal. Our model predicts
that the cases remain at a significantly low level until 2033 but persist at a low level without being
eradicated. After 2033, the resurgence of the outbreak will begin and reach the peak value (7670) in
2097. The dynamic is relatively slow, reaching a steady-state only after about 2100. The resurgence of
measles in Nepal predicted by our model supports the worldwide trend of the epidemic, which shows
an eventual resurgence in many places such as the UK, the US (31 states including New York), and the
Philippines. We also predict the contribution of susceptible (unvaccinated), un-monitored vaccinated,
and monitored vaccinated to the resurgence of the measles cases. As per our model prediction, the
major contribution to the resurgence is from the susceptible and the un-monitored vaccinated groups.
Note that the un-monitored vaccinated group can be significantly high in Nepal, as shown by the data
that while 92% are vaccinated with MCV 1, only about 76% are vaccinated with MCV2 in 2019 [48].
Therefore, proper implementation of the monitored vaccination program may be needed to avoid the
resurgence of the disease.

5.2. Sensitivity analysis
5.2.1. Sensitivity of parameters to R,

We first observe the local sensitivity of R, to each of the parameters. For this, we obtain the sensi-

tivity index Sy, given by
Sy = i 8Rv )
R, ox

where x is the parameter of which the sensitivity is to be obtained. Based on Sy, we found that R,
is highly sensitive to . The parameter y; also affects R, more than the other parameters, and the &
affects less while the effect of ¢ and o, are negligible (Figure 5).

We also extend the analysis to the global sensitivity by using Latin Hypercube Sampling (LHS) [71],
taking 1000 sample points from the global parameter space. We compute the partial rank correlation
coefficients to identify the most influential parameters. We observed that in the global parameter space,
the parameters €], @, and 3 are the most strongly effective to R,, followed by @, &, 71, and &, while
P is less effective (Figure 5).

5.2.2. Sensitivity of parameters to the dynamics

In this section, we use Latin Hypercube Sampling [71] from the global parameter space to identify
the sensitivity level of the peak value of the infected class and that of the time at the peak of the epi-
demic. The computed partial rank correlation coefficient corresponding to each parameter is presented
in Figure 6. Our analysis shows that the peak value of the infected class is highly correlated to 3 (pos-
itive correlation). The peak value is moderately affected by a1, 0, 71, and o and is weakly correlated
to the parameters 75, &, and €] (Figure 6). Similarly, the peak time of the epidemic is mostly affected
by the parameters  and €, while it is less influenced by the parameters a; and y;. The parameters
0,7, 0, and & have the least effect on the peak time.
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Figure 5. (a) Local sensitivity of parameters to R,. The sensitivity index, Sy, showing the
level of change in R, with respect to the parameters. Note that the sensitivity index S, of
o =0.0022 and o, = —0.06 are negligible, and thus difficult to visualize in the figure. (b)
Global sensitivity of R,. Partial Rank Correlation Coefficients for R, from LHS method.
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Figure 6. (a) Global sensitivity of the peak level of infected class. The partial rank correlation
coefficients for sensitivity of peak level of infected class based on Latin Hypercube sampling.
(b) Global sensitivity of the peak time. The partial rank correlation coefficients for sensitivity
for the peak time based on Latin Hypercube sampling.

5.3. Effects of monitored and un-monitored vaccination

We use five parameters, the un-monitored vaccination rate (o), the monitored vaccination rate
(o), the immunization rate of un-monitored vaccination (7, ), the effectiveness of un-monitored vac-
cination (&), and the effectiveness of monitored vaccination (&;) to evaluate the effects of the vacci-
nation programs.
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5.3.1. Effects on the measles eradication

Note that R, < 1 can be associated with a condition required to eradicate the disease (Section 4.3).
We now use our R, formulation to identify vaccine-related parameters that can reduce R, below one
(Figure 7). We found that at the current level of o, either the monitored vaccination rate o, needs
to rise by 250% (a > .07) or the effectiveness of un-monitored vaccination €] needs to rise by 4%
(€1 > 0.52) to make R, < 1. On the other hand, with the current effectiveness of monitored vaccination
(&), the effectiveness of un-monitored vaccination (€;) needs to be greater than 0.52 to make R, < 1
(Figure 7).

If the un-monitored vaccination rate (o) is increased by 20% (ot ~ 0.42 per year), the activity of
the monitored vaccination program can be somewhat relaxed at the current level of o, ~ 0.02 per year
for R, < 1. On the other hand, if ¢ is decreased by 26% (o ~ 0.23 per year), the activity of the mon-
itored vaccination program needs to be raised, making the level of oy exceed more than 0.1 per year to
achieve R, < 1.

1 0.110
R <1
0.8 !
_ 06 - S 0.107
Cj v
04 RV>1 0104
0.30405060.7
€
015
0.530
0.10
o 0.525 CjN
0.05
0.52
0
1
62 OZ.I

Figure 7. Effects of vaccination on R,. The contour line (the solid line) corresponding to
R, = 1 in the parameter space plane with each two of the un-monitored vaccination rate
(o), monitored vaccination rate (), the effectiveness of un-monitored vaccination (&),
effectiveness of monitored vaccination (&), immunization rates of un-monitored vaccination
(71) and immunization rate of monitored vaccination (72).
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5.3.2. Effects on the dynamics

In the absence of monitored vaccination, the model predicts that the cases will rise and reach the
peak value of 85,750 in 2038 for a; = 0. With the reduction of un-monitored vaccination by 50% or
oy = 0.15, our model predicts that the cases will rise and reach the peak value of 647,300 in 2028
(Figure 8). If the immunity rate of un-monitored vaccination is decreased by 50%, i.e., 1 = 0.05,
the cases rise, leading to the peak value of about 452,800 in 2030. Similarly, if the effectiveness of
un-monitored vaccination is decreased by 20% (&; = 0.4), the cases may rise and reach the peak value
of 268,200 in 2027.
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Figure 8. Effects of vaccination on the dynamics. Model prediction of dynamics in the
present scenario and various level of un-monitored vaccination rate (¢), its immunization
rate (71 ), and the effectiveness (&) and the monitored vaccination rate ().

5.3.3. Effects on the steady state

We explore how the different levels of vaccination-related parameters, o, 0, Y1, %,€1, and &,
(Figure 9) affect the level of steady-state of new infections (Figure 9). As expected, an increase in
the vaccination rate decreases the steady-state level of new infections. Based on our model prediction,
the current level of vaccination results in 7,312 new cases at a steady state. To sufficiently reduce
the steady-state level of new infections, the rate of un-monitored vaccination should be increased by
6.5% (oy = 0.33), or the rate of monitored vaccination should be increased by 50% (o, = 0.03).
Similarly, the immunizing rate of un-monitored vaccine needs to be increased by 100% (y; = 0.2),
or its effectiveness needs to be increased by 20% (&; = 0.6) to bring the steady-state level of new
infections to a sufficiently low level.

Furthermore, the reduction of 6.5% of the un-monitored vaccination rate (o) increases the steady-
state new cases by 206% (22.35 thousand), showing the high impact of the vaccination rate. Also,
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lowering the monitored vaccination rate (o) by 50% increases the steady-state level of new cases
by approximately 250% (25.56 thousand). Similarly, decreasing the immunity rate of un-monitored
vaccination (1) by 10% increases the steady-state new cases by about 300% (29.1 thousand) while
reducing the effectiveness of monitored vaccination (&) by 18% increases the steady-state new cases
by 30% (9.528 thousand).
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Figure 9. Effects of vaccination on the steady state. Model predicted new cases at the steady
state for the various vaccination rates &, ¢, immunized rate ¥, 7» and effectiveness of un-
monitored and monitored vaccination program &;, and &, respectively.

6. Conclusions

In recent years, the frequent outbreaks of measles in developing and developed countries have
become a significant obstacle to achieving the goal of elimination. Mainly, unvaccinated children are
the victims of the disease [6,7,26]. Despite the Supplementary Immunization Activities (SIAs), most
of the population is not vaccinated in some districts of Nepal, including Rautahat, Kapilvastu, Morang,
and Bajura. Furthermore, many of those initiating the vaccination does not complete the vaccine doses
correctly, making them not completely protected. Because of the resurgence of measles in Nepal since
2017 [20,21], WHO’s deadline for the elimination goal has been extended to 2023 [53]. We developed
a novel deterministic model validated by the data from Nepal to evaluate the monitored vaccination
programs.

We thoroughly analyzed our model to formulate the vaccinated reproduction number (R, > 1), the
stability analysis, and the disease persistence theory. Using the model and the available data from
the official websites of WHO, we estimated key parameters related to the un-monitored vaccination.
Moreover, we performed a global sensitivity analysis using Latin Hypercube Sampling from the wider
parameter space. Our model predicts that the measles elimination goal can be achieved if the monitored
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vaccination rate is increased by 50% (o = 0.03) or the un-monitored vaccination rate is increased by
6.5% (o = 0.33). The elimination goal can also be achieved by the high effectiveness of the un-
monitored vaccine (i.e., with € > 0.53). However, if the current trend continues, our model predicts
that the measles will persist causing an obstacle to the measles elimination goal of Nepal. Furthermore,
our model predicts that without any additional interventions, measles transmission will continue with
a rise in the epidemic after 2033 (Figure 4). Our model also predicts that the major contributor to
the measles resurgence in Nepal is susceptible (unvaccinated) and unmonitored vaccinated groups,
emphasizing the need for the expedition of monitored-vaccination programs. The epidemic dynamics
in Nepal is quite slow, reaching the peak only in about 2097 (Figure 4). The observed slow dynamics
is consistent with the previous study [72].

We acknowledge some limitations of our study. The parameter estimations are based on the limited
data of yearly incidence cases (2000-2019). Moreover, measles is a short-term disease recovered
within a month, so the daily or weekly more detailed and accurate data can help improve the prediction
of our model. We could obtain the closed form of the unique endemic equilibrium but are unable to
perform a detailed analysis of the endemic equilibrium. Instead, we established the disease persistence
criteria. The homogeneous mixing assumed among the children of Nepal can be improved by the
model with an appropriate network of contact among children.

In summary, we develop a model of measles transmission in the context of Nepal, where monitoring
is critical for the successful implementation of the vaccination program. Our thorough analysis and the
detailed numerical simulations of the model can provide helpful information for policymakers to design
ideal monitored-vaccination programs to achieve the elimination goal of measles from Nepal.
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Moreover, measles cases in adult groups, albeit small in number, indicate that the previ-
ously neglected adult group may need to be brought into vaccine coverage to achieve
WHO's goal of measles eradication from the globe. In this study, we develop a novel
transmission dynamics model to describe measles cases in adults and children to evaluate
the role of adult infection in persistent measles cases and vaccination programs for

gzgg/’ 5 eradication. Analysis of our model, validated by measles cases from outbreaks in Nepal,
34130 provides the vaccination reproduction number (conditions for measles eradication or
92B05 persistence) and the role of contact network size. Our results highlight that while children
92D30 are primary targets for measles outbreaks, a small number of infections in adults may act

as a reservoir for measles, causing obstacles to eradication. Furthermore, our model
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analysis shows that while impactful controls can be achieved by children-focused vaccines,
Measles reservoir a combined adult-child vaccination program may help assert eradication of the disease.
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Measles eradication

1. Introduction

Measles, a disease caused by the morbillivirus, remains a major global health concern. Despite the availability of effective
vaccines, measles outbreaks occur frequently, especially among children, and the infection causes severe complications in
infected individuals. According to WHO, measles vaccination averted around 56 million deaths due to this disease during the
21-year time (between 2000 and 2021) (WHO, 2023a). However, in 2021, there were 128,000 recorded deaths due to measles,
occurring primarily among unvaccinated or partially vaccinated children, highlighting the need for more focused prevention
efforts to bring the global measles cases down (WHO, 2023a).
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Various factors, including limited access to healthcare systems, vaccine hesitancy driven by skepticism, and the impact of
the COVID-19 pandemic on vaccine coverage, have collectively hampered vaccination programs in 2021. In 2021, a record high
of nearly 40 million children missed a measles vaccine dose; 25 million children missed their first dose, and an additional 14.7
million children missed their second dose (WHO, 2022). The world data is well under that, with only 81% of children receiving
their first measles-containing vaccine dose, and only 71% of children receiving their second one. Note that the World Health
Organization (WHO) recommends at least 95 percent vaccination coverage to achieve herd immunity for measles (Unicef for
Every Child, 2019).

The decline in vaccine coverage coincides with measles transmission patterns, impacting not only infants but also older
age groups (Meredith et al., 2021). Major challenges for measles control include a lack of a catch-up vaccination program,
growing vaccine hesitancy, and insufficient monitoring for elimination and outbreak prevention. In response, the World
Health Organization introduced the “Measles and Rubella Strategic Framework 2021—2030” in 2020, targeting global disease
elimination by 2030 (WHO, 2020; WHO, 2023a).

In Nepal, measles vaccination was introduced in 1979, but until 2007, national MCV1 coverage remained below 85 percent,
resulting in childhood mortality due to measles. From 2007 to 2014, MCV1 coverage increased from 81% in 2007 to 88% in
2014 (WHO, 2023b). As a result, a remarkable reduction of 98% in measles cases was achieved by 2017 (Sekhar et al., 2022).
However, the cases rose in 2018—2019 by 66% (from 260 to 431) (WHO, 2023c). In response, the National Immunization
Program (NIP) was introduced in 2020 with a plan for a comprehensive nationwide vaccination campaign targeting children
aged 9—59 months against both measles and rubella (MR). While the first phase of this campaign was completed as
scheduled, the second phase was disrupted by the COVID-19 pandemic, consequently causing measles outbreaks in multiple
districts (Sekhar et al., 2022; Thakur et al., 2024). Between January and April 2020, 220 measles cases were reported, with 78%
affecting individuals outside the campaign's target age range (9—59 months). Notably, 60% of the total cases in the 5—14 year
age group were not vaccinated (Sekhar et al., 2022).

Recently, from November 2022 to March 2023, 690 cases were reported, with approximately 86% of infected individuals
aged 15 years and younger, and 58% of the patients were unvaccinated (WHO, 2023d). While a rising number of measles cases
has brought attention to the potential threat of severe measles outbreaks, persistent and frequent outbreaks in specific
districts, including Morang, Dang, Kapilvastu, Kathmandu, Lalitpur, Dhading, Banke, Kailali, of Nepal pose a severe concern of
obstacle to World Health Organisation's (WHO's) global measles eradication plan “Measles and Rubella Strategic Framework
2021-2030” (Dall, 2023; Poudel, 2019; WHO, 2020; WHO, 2023a; WHO, 2023d). In order to achieve the measles eradication
goal, the primary focus has been on formulating improved children-vaccination programs. However, it is essential to note that
14% of the infectious cases are unvaccinated adults. Notably, these infectious adults originating from the pool of unvaccinated
children can act as virus reservoirs in the community and sources for disease outbreaks, despite the control in the children
group, causing the obstacle to disease eradication. Therefore, implementing a closely monitored vaccination program com-
bined for both children and adults may be imperative to devise a program for completely eradicating the disease.

Mathematical models play a vital role in understanding transmission dynamics, forecasting outbreaks, and proposing
effective control strategies (Adhikari et al., 2021; Adhikari et al., 2022; Gautam et al., 2022; Mutua, Wang, & Vaidya, 2015;
Vaidya & Wang, 2022). Therefore, mathematical modeling can be a valuable tool for studying measles transmission in
children and adult subgroups with different degrees of interactions between intragroup and intergroup populations residing
in the same community. Numerous mathematical models have been developed for measles, including SIR, SEIR, SVEIR and
SVEIRS, SVEIHR, fractional derivative models, to explore various aspects of measles dynamics (Edward et al., 2015; Farman
et al., 2023; Haileyesus & Asnakew, 2023; Kuddus et al., 2021; Peter et al., 2022, 2023a, 2023b; Roberts, 2000; Song et al.,
2019; Trottier & Philippe, 2000). Specifically in the context of Nepal, previous studies have discussed progress in measles
control, case fatality rates, and the genetic type of the Asian measles virus, most incorporating vaccination (Joshi, 2009;
Khanal, 2016; Poudel, 2019; Truong et al., 2001). In Pokharel et al. (2022), we introduced a deterministic model to examine the
effect of monitored and un-monitored vaccination in children of Nepal (Pokharel et al., 2022). However, none of the previous
models has considered the adult group, presumably the critical group for the global eradication of measles.

In this study, we consider measles cases in adults, a more mobile critical group typically not included in regular immu-
nization programs. We introduce a novel deterministic model, incorporating monitored vaccination for children and adults to
assess the impact of these adult-child vaccination approaches on measles eradication in Nepal. The model is validated using
fifteen weeks of measles data from Nepal. Our model analysis evaluates the local and global stability of disease-free equi-
librium and the existence of at least one endemic equilibrium. We simulate our model to assess the impact of monitored
adult-child vaccination programs on reducing measles transmission in Nepal and eventually eradicating the disease over a
period of time.

2. Model formulation
2.1. Data source

The publicly available data used in this work is obtained from the official website of the World Health Organization (WHO)
(WHO-Nepal, 2023a). From November 24, 2022, to March 10, 2023, a total of 690 cases of measles were recorded in western
Nepal, spanning outbreaks in seven districts: Banke (327 cases), Surkhet (62 cases), Bardiya (49 cases), Kailali (39 cases),

Kanchanpur (27 cases), Bajura (13 cases), and Dang (12 cases). Additionally, three districts in eastern Nepal also reported
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Fig. 1. Measles Cases in Nepal. Measles cases in different parts of Nepal from November 24, 2022, to March 10, 2023. The map was created using the cartography
package in R 4.3.1.

cases: Mahottari (103 cases), Sunsari (34 cases), and Morang (24 cases). The distribution of measles cases is shown in Fig. 1.
Among these reported cases, one death was reported, indicating a Case Fatality Rate (CFR) of 0.14% (Dall, 2023).

2.2. Transmission dynamics model

We categorize the population into two different age groups (0—15 yrs and above 15 yrs) based on the data (Dall, 2023) and
develop a deterministic mathematical model (SVEII;;) to describe the transmission dynamics of measles among those two
groups. Since measles can be prevented by complete doses of vaccines and individuals gain lifelong immunity after recovery
from infection (Edward et al., 2015), we do not consider re-infection in our model. The indices C and A represent the child
(0—15 yrs) and adult (above 15) groups, respectively. The group of children and adults are divided into six distinct com-
partments (Sc, U%, MY, Ec, I, Inc)and (Sa, UY, Va, Ea, In, Ima), respectively, as shown in Fig. 2. A is the recruitment rate of
newborns, and y is the maturation rate of a child becoming an adult.

Building an effective vaccination program is often difficult, especially when parents lack adequate health knowledge and
are skeptical about vaccines. One way to improve the efficacy of immunization is to incorporate a monitored vaccination
program so that children who signed up for it receive their immunizations accurately and on time. The unmonitored class
includes children not enrolled in the monitored program. The children in this class may frequently skip the complete vaccine
doses on time, presumably due to the lack of parents’ health consciousness and/or the lack of supervision for proper im-
munization. On the other hand, the monitored class includes the children enrolled in the monitored program, which ensures
enrolled members with supervision for timely immunization of complete doses. Our objective in this study is to develop a
model to evaluate such monitored vaccination programs for controlling measles in both children and adults, with the goal of
eradicating measles.

In this context, we assume children engaged in the monitored vaccination program exhibit a lower vulnerability to dis-
eases and a greater probability of acquiring immunity due to increased attention and regular supervision, in contrast to
children under unsupervised immunization schemes. Consequently, the children eligible for vaccination are divided into two

distinct groups: the Un-monitored Vaccination Group ( UX ), consisting of vaccinated children undergoing routine vaccination
without supervision, and the Monitored Vaccination Group (Mg), comprising children vaccinated under supervision to

Fig. 2. Schematic diagram of the model: The group of children is divided into six distinct compartments: Sc (Susceptible), Ug (Un-monitored Vaccinated), Mg
(Monitored Vaccinated), Ec (Exposed), I¢ (Infectious), and I,c (Immune). Similarly, the adult age group is divided into six subgroups (S, UX, Va, Ea, Ia, Ima)-
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Table 1
Description of the parameters.
Symbols Description
A Recruitment rate to children group
us Em Un-monitored and Monitored children Vaccination rate
éa Adult Vaccination rate
Bc, Ba Transmission rate on the children and adults
u Natural death rate
¥ Rate of being immune after recovery from infection
¥ Maturation rate
(1-%¢ Effectiveness of the vaccination
in Rate of being immune of Un-monitored vaccinated adults
NMus MM Rate of being immune of Un-monitored,
Monitored vaccinated children
0 Incubation period
d Disease induced death

ensure timely administration. In addition, we consider the Adult Vaccination Group (V4), which consists of vaccinated adults
under supervision through the catch-up vaccination program.

Upon successfully receiving both vaccine doses per the recommended schedule, we assume that the Monitored Vacci-
nation Group and Adult Vaccination Group will attain sufficient immunization and become non-susceptible to diseases. 7y
and 7,4 represent the rate of immunization of the Monitored Vaccination Group and Adult Vaccination Group, respectively,
and (¢ represents the rate of the fully susceptible children becoming infected.

Given the possibility of incomplete administration of vaccine doses within the Un-monitored Vaccination Group, there
remains a potential susceptibility to diseases. To capture this infection, we account for disease transmission within this group
at a rate of ¢fc, where (1 — ¢) represents the vaccine's effectiveness. Additionally, we consider a different infection rate,
denoted by (4, for the adult group, assuming that measles transmission is low among adults. The complete description of the
parameters is given in Table 1.

The equations of the dynamical system describing measles transmission are as follows:

dsc

o = A~ (w+ém Sy +¥)Sc — Belle +1a)Sc. )
%=\//SC*5A(1c+IA)5A*/L5A*5A5A7 (2)
%:fu Sc = eBellc +1a)UE = (n+my +Y)UE, (3)
%:‘ﬂjg — AUy — Bae(lc + 1)Uy — pUy, (4)
ddltAngSA_VA(ﬂ“'nA)v (5)
%:EMSC_ (1 + )M, (6)
%:ﬁC(IC‘FIA)SC+ﬂCE(IC+IA)U¥_ (0+u+V¥)Ec, (7)
ddig‘:6A(IC+IA)SA+6Ae(IC+IA)UX+1//EC — (0+ p)Eq, (8)
%:6EC—(7+d+u+¢)IQ (9)
‘fji?: OEa +YEc — (v +d+p)la, (10)
%:wwnmwf(u+¢)1mc+nuU¥, (1)
dfj—rﬁA:ﬂA(UXJFVA)ﬂLWA — flna + Ylmc. (12)
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3. Model analysis
3.1. Positivity and boundedness of the solutions

In the system (1—12), all the state variables are non-negative and should remain non-negative forever since they represent
the human population. For the given non-negative initial conditions, it can be easily verified that system (1-12) has non-
negative solutions at any time t as shown in the following theorem.

Theorem 3.1. If the state variable are non-negative with Sc > 0 at time t = 0, then the solution set of the system (1 - 12) is always
non-negative and bounded.

Proof:
First, we prove that all the solutions are non-negative. From the system (1—12), we get

% = A —(u+Em+E&u +¥)Sc — Belc +1a)Sc
> —(1+8um +Eu +¥)Sc — Belle +1a)Sc
=S¢ > 5(0) eXP(*/Ot((#+EMJrfu+¢) + Bc(lc +1a)) dt) > 0;
Ba ¥Sc— Ballc + )Sx — 1 Sa — £ Sy
> ~Ballc +14)Sa — 1t Sa — €aSa
=Sy > 54(0) exp( - /OtﬁA((IC +1a) +p+Ea) dt) >0;
ddltg = §u Sc = Bc ellc + 1)UL = (n+mny +Y)UE
> —Bc € (e +1)UE = (1 +ny +¥)U¢
=U¢{ = UL(0) expfce (—/Ot((lc +1a) + (u+1y +¥)) dt) > 0;
dui Y UL —na Uy — B4 elc +1a)UY — p Uy
at ¢ —Ma Ug —Ba ellc +14)Uy A
> 13 UY =B € e + 1)U} — p UY

t
=0 > Ui~ [ Byt o swde) 20,

dstA = £aSa — Va( +m4a)> — Va( +m4)
t
=Va > Va(0) eXD( —/O (M4 + 1) dt) > 0;
MY
d_tc = Em Sc — (u+mp)ME
> — (e + ML
t
—M¢ = M) exp( — [ (s m) de ) 20,
and % = Bclc +1a)Sc + Ba ellc + 1)UL — (0 + p+Y)Ec
= —((0+u+¥))Ec
t
~E > Ee@ exp( ~ [ (G +u+ v de) >0

Similarly, Ea, Ic, Ia, Imc, Ima are also non-negative. Hence, the solution set {S¢, Sa, U%, U, Va, ME, Ec, Ea, Ic, Ia, Inc, Ima} Of system
(1-12) is always non-negative.
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We now prove that these non-negative solutions are bounded. Let Ny(t) be the total human population, i.e., Ny, (t) = S¢(t) +
Sa(t) + UL (t) + U (£) + Va(t) + MYE(t) + Ec(t) + Ea(t) + Ic(t) + In(t) + Imc(t) + Ina(t). Adding all the equations of the system
(1-12), we obtain

dN
d—th:A—uNh —d(Ic+14) < A — uNp,

which implies
i < :
HILNy < A7k

Hence, the human population, Nj(t), is ultimately bounded.
Using the above conditions, we have that for any « > 0, there exists t, > 0 such that the solution of the system with t > t,

lies in the compact set Q = Qp,, where Q, = { (SC,SA, UYL, UY, Va,ME, Ec,En, Ic, Ia, Iinc, Ina) €R12 - Ny < AJp+ a}. Thus, all the
state variables representing the populations are non-negative and bounded.

3.2. Disease-free equilibrium and reproduction number

Here, we derive the expression of the disease-free and endemic equilibrium points. Taking E2 =0, E3 =0,12 = 0,19 = 0,

we obtain the disease-free equilibrium: E0 = (s, 59, (U%)°, W¥)°,v3, (M¥%)°, 0, 0, 0, 0, I, I12,), where

0 = A
©c ptiy+Ey+
0 -~ Ay

o Eatmm+iv+iy+y)
v\9 Aéy

(ve)" = Z(p+Em +Eu+9)
o AYey

(uh)" = Z0n + W+ B T By 10V
0o _ AYé,

Vi = (n + 0 G + B (1 + B By 70V
v\0 Aéy

(MC> - Zy(p+éim+Ey+y)

0 _ Al EmZ + nyéu) + wuéu)
me ZH(p+¥)(p+im +iu +¥)

AY(ZZimaEali +¥) + m(ZiEy + uéu)) + 12 (Z1géu + Znmén) )
ZZy 2 (e + ) (a + 1) (1 +Em +Su + V)

andZ = (m+n1y +V¥), Z1 = (u+1m)-

)

Given that a significant portion of the population has already been vaccinated, we adopt a similar approach to our previous
study (Pokharel et al., 2022) in defining the vaccinated reproduction number, R,. This is done considering the presence of the
vaccinated population, as opposed to an entire population susceptible to infection. The vaccinated reproduction number, R,,
represents the average number of secondary cases resulting from introducing a single infectious case into the mixed pop-
ulation, which comprises individuals with both susceptible and vaccinated status. To calculate R,, we utilize the Next Gen-
eration Matrix method described in previous studies (Diekmann & Heesterbeek, 2001; van den Driessche & Watmough,
2002; Diekmann, Heesterbeek, & Roberts, 1992).

Following the Next Generation Matrix method (van den Driessche & Watmough, 2002), we divide the system into two

groups, infected X = (x;,i=1,2,3,4) = (Ec, E4, I¢, 1) and uninfected y = vj,j =1,2,3,4,5,6,7,8) = (Sc, Sa, U¢, UY, Vu,
MY, Imc, Ima)- We then set%; = f;(X, ¥) = Fi(x,y) — Vi(x,y) fori=1,2.4and y; = gi(x,y) forj=1,2 ..., 8, where F;(x,y) is
the rate of appearance of new infections in the compartment i and V;(x, y) is the difference between the transfer of individuals
out of and into the compartment i for i = 1, 2, 3, 4. Here we have
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Bc(lc +1a)Sc + (e +I4)Bc U e
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c (0 +p+¥)Ec
7 — | Ballc +1a)Sa + (Ic +1a)BaUse | ng v — —Ec¥ +Ea(0 + )
0 —Eco+Ic(y+d+pu+y)
0 —EA5—1C1//+IA(’Y+d+M)

It is straightforward to confirm that the conditions A(1)-A(5) mentioned in van den Driessche & Watmough (2002) are
satisfied by the sets F; and V; for i = 1, 2, 3, 4. We derive the Jacobian matrices of 7 and V at disease-free equilibrium point
(E®), yielding DF(E®) = F and DV(E®) = V as follows:

0 0
0 0 BcSE+Bc(Ul) e BeSE+Bc(UL) e
0 0
F— |0 O BaSR+BaUs) e BaSq+BaUx) e |,
00 0 0
00 0 0
o+u+y O 0 0
Vo —y 0+ u 0 0
-0 0 wv+d+u+y 0 ’
0 —0 -y vy+d+u
1
_— 0 0 0
O+u+y
________%L_______ __1__ 0 0
o O+m0+p+y) 0+ p
; 8 + o 0 1 0 ’
L Yy+d+pu+y
Y(y+0+d+2u+vy) 0 v 1
L(y +d+p) O+mw(y+d+p) (y+d+p(y+d+p+y) y+d+p

where L = (6 + u)(0 + u + ¥)(v + d + u + ¥). Since F is a non-negative and V is a non-singular M-matrix, the next generation
matrix FV~! exists, and its spectral radius p(FV~!) gives the vaccinated reproduction number R,. Therefore,

6(&52 T BaSS + Be(UD)° + Ba(UY )°>
O+ u)(y+d+p)

_ OA(Bcefy(na + ) (Ea + 1) + Bavelu(Ea + 1) + BcZ(Ma + 1) (Ea + 1) + Ba¥Z(1a + 1))
Z(0+ ) (Ma + w)Ea + (v +d+ (i +Em + Sy +¥)

R, =

We also compute the time-dependent effective reproduction number, denoted by R.. The R, value aids us in monitoring
whether the epidemic at a given time t is exhibiting an upward trend (R > 1) or a downward trend (R, < 1). In our model, the
effective reproduction number is determined by the following expression:

0(BeSclt) + BaSalt) + eBUL(E) + BaUK (1))
° O+ m)(y+d+p '

3.3. Stability of disease free equilibrium E°

3.3.1. Local stability of disease free equilibrium E°
The Jacobian Jy of the system (1—12) at the disease free equilibrium E° is given by Jo = [A12x6 B12xg], where
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—u—Eém -y -V 0 0 0 0 0
2 —n—Ea 0 0 0 0
£y 0 ——ny—V¥ 0 0 0
0 0 2 —Na— M 0 0
CO Ea 0 0 —Na— M 0
- Eu 0 0 0 0 i eV
A12x6 = 0 0 0 0 0 0 7
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 >
0 0 Mu 0 0 T
0 0 0 Na A 0
0 0 —BcSc —BcSc 0 0
0 0 —BaSa ~BaSa 0 0
0 0 “BeUY € —BcUL € o 0
0 0 —BaUY € —BaU 0 0
0 0 0 0 o 9
Biyu = 0 0 0 0 o 9
267 5 u_y 0 BcSc +BcUle  BeSc + BcUle 0 0
Vo —0—u BaSa+BaUf € BaSa+BaUse O 0
5 0  —y-d-u-y 0 0o 9
0 0 2 —r—d—p 0 0
0 0 Y -y 0
0 0 0 Y ‘// K

Let A;, i = 1, 2, ...12, be eigenvalues of the matrix Jo. Then Ay = —u, Ap = —(i + £4), A3 = —(u + ¥), A = —(u + 1m),
As = —(u + ma), A6 = —(1 + na), A7 = —(k + nu + V),
la=—(u+ém+Eu+yhla=—(vy+d+p+y)tio=—(0+pu+y)

M= —%(d+5+2u+~/+\/(7+d+6+2u)2—4(1—Rv)(6+u)(7+d+u)).

My = — % (d +O0+2u+7y— \/(7 +d+0+2u)?—41—R)(0+w)(y +d+ u) ) All eigenvalues are negative except A1,

which is also negative for R, < 1. Thus, we can conclude that the disease-free equilibrium point is locally asymptotically stable
forR, < 1.

In the epidemiological sense, the locally asymptotically stability of the disease-free equilibrium for R, < 1 implies that the
measles dynamics initiated with a small number of infections introduced in the community approaches to the measles-free
state over time when the vaccinated reproduction number remains less than one. In other words, the vaccinated reproduction
number being less than unity assures that the disease outbreak will die out when a small population perturbation occurs with
the introduction of a small number of infections, which is usually the case at the beginning of infection. Such a condition
allows us to design a vaccination policy that assures R, < 1, thereby avoiding the outbreak. However, local stability does not
ensure outbreak control under all conditions or if the system is perturbed significantly.

3.3.2. Global stability of the disease-free equilibrium E°
In this section, we show that R, < 1 also asserts the global stability of the disease-free equilibrium E° as stated in the
following theorem.

Theorem 3.2. The disease-free equilibrium E° is globally stable when R, < 1.

Here, we determine the global stability of E° using the results presented in a previous study (Castillo-Chavez et al., 2002).
First, system (1—12) is written as dX/dt = F(X, Y), dY/dt = G(X, Y), with G(X, 0) = 0, where X € R® and Y € R* represent the
uninfected and infected compartments, respectively. Then satisfying the following two conditions implies the global
asymptotically stability of the system around disease-free equilibrium point E® = (X*, 0):
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1. For dX/dt = F(X, 0), X* is globally stable, (where X* € R® at disease free state) and
2. G(X,Y) =BY - G(X,Y) >0, for (X,Y) R™2, where B is the Jacobian of the infected system at the disease-free equilibrium

Clearly, the system

A=Sc(u+éim+Eu+v¥)

Sc ¥ — uSa
Scéy — UL (u+ny +¥)
dx UEY — Uy (1 +1a)
dr — §aSa — Valu +ma),

Scém — ME (i + )
MEny — Inc (1 + V) + Uy
(Ux + Va)na — s + Imc ¥

is globally asymptotically stable at X*. The matrix of the infected compartments is given as:

(Ic +1a)BcSc + (e +1a)BcUle — (6 + p+ )Ec
(Ic +14)84Sa + (Ic +1a)BaUj € + Ecy — Ea(6 + 1)
Eco—Ic(y+d+u+v)

Ead +Icy — Iy(y +d + )

G=

The Jacobian of the matrix G at the disease-free equilibrium is B =

Sbop-y 0 Be(S® +Be(UY) e Be(so® +Be(UL) e

12 ~0—p Ba(Sa)° +Ba UX)OE Ba(Sa +5A< )06
0 0 -y —d- 0
0 0 ¢ —v—d-p
Ec
E
Y= I? ,
Iy
0 v\0
—Ec(d+ 1+ ¥) + (e + In)Be(S0)° + e + 1a)Be (UE) e
BY = | ~Ea(0-+m)+ (Ic + InBalsa)° + (e + Wa(UY) e+ Ecw |,

Eco—Ic(y+d+pu+y)
—IA(’Y+d+H)+EA5+Icl//

where Yis a (4 x 1) matrix with elements (Ec, Ea, Ic, Ia). Then BY — G or G =

(IC+IA)6C((m_SC)+E(Z(M+ ,\j/,xiuéfu+¢) Ug))

Ayéy v Ay
(e +IA)‘8A(€(Z(7,A AT S ) N UA) i ((u+EA)(u+EM +Eu+9) _SA) )
0
0

From the system of equations 1—12, we ultimately obtain
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A AY v Ay
S S et B VA S G G G ) S T e+ B D)
< Ay
“Za+m)(u+im+Eu+Y)

and UY

Clearly (BY — G) is the non-negative matrix for R, < 1, so the disease free equilibrium point is globally asymptotically stable
whenR, < 1.

Epidemiologically, our theorem establishing the global stability of the disease-free equilibrium implies that the disease
can't establish sustained transmission within the population for any, even significantly large, initial number of infections as
long as R, < 1. The global stability of the disease-free equilibrium point of our model helps to maintain and implement
preventive strategies such as vaccination programs for disease control.

3.4. Endemic equilibrium

Obtaining the endemic point in the infectious disease modeling is crucial to understanding the long-term disease dy-
namics. For many situations with imperfect vaccination programs, which is likely the current condition in Nepal, the endemic
equilibrium provides the epidemic's severity. The epidemic level, at least, informs important policy guidelines for disease
control if not eradicated.

suppose E* = (S¢, Sh, (UE), (UX)", Va, (MY)', Ec, Ex, I¢, Iy Inc, Iya) be an endemic equilibrium of the system. Let,

I' = IE + I:Z,. Then solving system (1—12), we get

¢ A
¢ - Bl +u+éy+Ey+v
s AV
A Bal" + p+4)(Bcla* + p+ &y +Ey +¥)
(Uv)* _ ALy
¢ Bl +u+im+Ey+V)(Bcl e+ 2y
(UV)* _ AYy
A (a + Bal" e+ ) Bl + u+Em + 8y + V) (Bl e+ Z)
v - Ay
A (A + 1) (BT + u+E) (Bl + p+Ey +Ey + )
(e) - o
(4 Bel™ +u+Epm+Eu+¥)
E* _ ﬁcl*A(ﬁcl*€+€ fu +Z)
¢ O+u+Y)(Bel™ +p+Ey+Ey+ V) (Bl e+Z)
- BOl" A(Bcl™e + € £y +Z)

O+p+Y)(y +d+u+Y)Bel” +p+ v + Sy +¥) Bl e +2)

Here, Ej, Iy, I,c, I,4 are positive when R, > 1 (see supplementary file). After manipulating the equations of the system at
diseased equilibrium we obtained the equation given as:

AT + A3 + Ay (T + AT + Al =0, (13)

where,

Ay = BEBREO+p)(y+d+p),
Ay = (1=R)(O0+u)ma+m)Ga+m)(y+d+u(u+ny+)(u+ém+éu+v),

and Ay, Ay, Az are provided in supplementary file. Note that I* = 0 corresponds to the disease-free equilibrium E°. Since Ag <
0whenR, > 1and A4 > 0, then by Vieta's Theorem, there exists at least one positive I* and the system has at least one endemic
equilibrium when R, > 1.

We can compute the magnitude of endemic equilibrium by solving Eq. (13). We were unable to establish the stability of the
endemic equilibrium analytically due to the complexity brought by the higher-order equations with nonlinearity. However,
we performed numerical analysis for the stability of the endemic equilibrium and presented results as a bifurcation diagram

1016



A. Pokharel, K. Adhikari, R. Gautam et al. Infectious Disease Modelling 9 (2024) 1007—1026

with the existence and stability of the endemic equilibrium for R, > 1 (Fig. 3), for which the disease-free equilibrium is
unstable.

4. Numerical simulations
4.1. Data fitting, model validation, and parameter estimation

Since measles cases were found only in ten districts of Nepal (Fig. 1), we considered the population corresponding to only
these ten districts with a total of N(0) = 6, 564, 070 (N. S. Office, 2021). Moreover, as the cases appeared only in a few villages
of these ten districts, the whole population is less likely to be in the contact network. Therefore, we assume « is a portion of
the total population, so only «N(0) is in the measles transmission contact network. In Nepal, the children population aged up
to 14 years is 27.4% (Statista, 2023), so we assumed 29% of the total population aged up to 15 years and took N{0) = 0.29aN(0)
and N4(0) = 0.71aN(0).

The vaccinated population in Nepal is about 87—93% (WHO, 2023c), and assuming children are more vaccinated than
adults, we took 91% of children and 89% of adults were vaccinated. Thus, we took 9% and 11% of unvaccinated children and
adults as respective susceptibles, i.e., S{(0) = 0.09aN0) and S4(0) = 0.11aN4(0). Since there was no adequately monitored

vaccination or catch-up program for adult vaccination in Nepal, we took MX(O) =50, V4 = 0. Since vaccine effectiveness for
measles is 77—86% (Ichimura et al., 2022; Kumar et al., 2023; Lochlainn et al., 2019), we took 89% as the immune population,

giving I;,4(0) = 0.79aN4(0) and I;,(0) = 0.81aNH0). The remaining populations are taken as UX(O) and UX(O). Following the
magnitude of data, we assume that the outbreak begins with a small number of exposed and infected individuals and took
EH0) = 5, Ea(0) = 3, I{0) = 2, 4(0) = 1.

For this study, individuals under 15 were categorized as children, giving the maturation rate of = 1/(15 x 52) = 0.0013
per week. Since the average lifespan for Nepal in 2023 is approximately 72 years (Macrotrends), we took the natural death
rate as 1/(72 x 52) per week. During the period of data collected, no immunization program was in place for adults, so we took
both the rate of adult vaccination (£4) and the rate of being immune through adult vaccination (74) as zero. We also assume
the rate of adults being immune through un-monitored vaccination (n4) to be zero.

We considered the incubation period for measles to be 10 days (range: 10—14 days) (WHO, 2023a), implying 6 = 0.7 per
week. Considering the recovery period from the disease is around 15 days (range: 7—23 days) (WHO-Nepal, 2023b), we obtain

v = 1/2 per week. Using the Case Fatality Rate (CFR) of 0.14% in Nepal (Dall, 2023; WHO-Nepal, 2023a) in the disease-induced

death rate formula d = w given in the previous study (Pantha, Giri, Joshi, & Vaidya, 2021) with T = 15 weeks, we

obtain d = 9.3399 x 10~ per week.

In line with WHO guidelines, children receive their first vaccine dose at 9 months of age and the second dose at 15 months
(MoHP, 2024), with a six-month interval between two doses. Accounting for an average vaccine effectiveness of 80 % (Min-Shi
et al., 2009; WHO-Measles, 2019), we adopted ¢ = 1 — 0.8 = 0.2. Since the outbreaks usually remain for a short term of 15
weeks only, as revealed in the data, we can assume that the birth and the death balance each other, i.e., A = u x N.

We estimate the parameters G¢, 84, £u, nu, 1m, and «a by fitting the model with the measles case data from Nepal. From the
model, weekly new infections at time t are given by h(t) = §0E(t), which we obtain using the numerical solutions of system (1-

80

Stable EE

Endemic equilibrium (I¥)
o D
) o

o
]

Unstable DFE
Stable DFE

0 0.5 1 1.5

Vaccinated Reproduction Number (R )
Fig. 3. Forward bifurcation at R, = 1. The disease free equilibrium is stable for R, < 1. The disease free is unstable and endemic equilibrium is stable for R, > 1.
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Fig. 4. Data fitting and model validation. (a) The recorded weekly cases of measles in Nepal (filled circle) along with the best fit of the model (line). (b) The
cumulative recorded measles cases in Nepal (filled circle) along with the model prediction of the cumulative cases (line).

12). Here, 6 represents the portion of the infection recorded. Then, we estimate the parameters with the help of the nonlinear
regression method (Motulasky & Arthur, 2003) that minimizes the following sum of the square residuals:

15 -

> (h—hy)?,

k=1

where hy denotes the model predicted weekly new infection and h ;, denotes weekly new infection data. All the computations
are carried out in MATLAB (The Math Works. Inc.) using its various routines, including “ode45” (ODE solver) and “fmincon”
(minimizer).

Our model can fit the data of weekly incidence cases in Nepal well (Fig. 4a). In addition, we also show that the model
prediction of the cumulative cases agrees well with the cumulative data (Fig. 4b), thereby validating our model. The values of
state variables and parameters are given in Table 2 and Table 3, respectively. From our estimation, the transmission rate in
children (8¢ = 0.00188) is higher than in adults (84 = 1.00 x 10~>). Despite the low transmission rate among adults, it may still
be sufficient to spread the disease and cause obstacles to achieving the mission of measles eradication. Similarly, we obtained
the monitored vaccination rate (£ = 4.777 x 10~%) is less than the un-monitored vaccination rate (éy = 0.0087), and the rate
of being immune from monitored vaccination (7, = 0.0167) is higher than the un-monitored vaccination (7y = 3 x 10~°). Our
estimates indicate that about 15% of the measles cases were recorded in Nepal (i.e., § = 0.15) (Table 3).

4.2. Parameter sensitivity analysis

4.2.1. Sensitivity of Ry
We quantify the local sensitivity of R, to each of the parameters f¢, Ba, ¥, ¥, d, 0, €, i, 14, MU, v Em» Eu, and E4. For this, we
obtained the sensitivity index, Sy, for each parameter x using the relationship:

= () ()

Based on the sensitivity index Sy, we found that the parameter v affects R, the most compared to the other parameters. The
second parameter affecting Ry, is 8¢, followed by the parameters ¢, ¥, u, £y, and (4, while the effects of d, 9, na, 7m, &4, nv and €y
to Ry are negligible (Fig. 5a).

We also performed the global sensitivity analysis by using the Latin Hypercube Sampling (LHS) technique (Simeone,
Hogue, Ray, & Kirschner, 2008) with 1000 samples of parameter sets from a wider parameter range of +25% of the base
value of each parameter. We compute the partial rank correlation coefficients (PRCC) to identify the most influential
parameter to R,. We observed that the parameters v, (¢, ¢, and y are the most sensitive parameters for R,, which are followed
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Table 2
State variables.
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State Variables Values State Variables Values
MY (0) 50 Va(0) 0
EA0) 5 EA(0) 3
1{0) 2 14(0) 1
SA0) 2142 Sa(0) 6408
U¢(0) 2382 UY (0) 5703
I;mn(0) 19,271 I;ma(0) 46,145
NA0) 23,795 Nyx(0) 58,256
Table 3
Model parameters.
Symbols of Parameters Values Source
Eu Em 0.087,4.77 x 107> Data fitting
B Ba 0.00188, 1.00 x 10> Data fitting
I 1/(72 x 52) Calculated
v 1/2 WHO-Nepal (2023b)
Y 1/(15 x 52) Calculated
€ 0.2 [46, 47]
A 0 Assumed
M, MM 3 x 1075, 0.167 Data fitting
6 0.7 WHO-Nepal (2023b)
0 0.15 Data fitting
d 9.3399 x 107%° Calculated
éa 0 Assumed
o 0.01253 Data fitting
EA I
EU r
£M r
I]M -
nyrt
2 15F 0
g A 5
Q ur 1 ©
X e
& €T i I
@ ot 1 &
d L 4
~y

N N
Bl ol gk gk 9 Rl B

QT O O O

Sensitivity Index Sx

Fig. 5. (a) Local sensitivity of parameters to R,. The sensitivity index, Sy, showing the level of change in R, with respect to the parameters. Note that the
sensitivity index Sy of d, 6, na, nu, v, £4 and &y are negligible and difficult to visualize in the figure. (b) Global sensitivity of R,. Partial Rank Correlation Co-

efficients for R, from LHS method.

by u, v, and B4, and the rest of the parameters are less effective (Fig. 5b). Both local and global analyses show that R, is mostly

influenced by the parameters v, 8¢, and e.

4.2.2. Sensitivity of measles dynamics

We also used the Latin Hypercube Sampling (Simeone, Hogue, Ray, & Kirschner, 2008) method to explore the global
sensitivity of the measles dynamics represented by the peak infection and the time to peak in adults, children, and combined.
The computed partial rank correlation coefficient corresponding to each parameter is presented in Fig. 6. Our analysis shows
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Fig. 6. Sensitivity of measles dynamics. Global sensitivity of the parameters to peak value and time to peak infection for adult I, (a, d), children I¢ (b, e), and
combined child and adult (c, f). The partial rank correlation coefficients for sensitivity are based on 1000 Latin Hypercube Sample sets of parameters.

that the peak value of the infected class I is highly influenced by v, a4, ¢, and 6 followed by ¢ and then by &y while the
remaining parameters are less effective (Fig. 6a). Also, the peak value of the infected class I¢ is highly influenced by S, ¢, 4, and
v, followed by £y and other parameters are less effective (Fig. 6b). Similarly, the peak value of the infected class of children and
adults combined is influenced by the parameters f, ¢, 9, v, followed by £y. In contrast, the remaining parameters are less
effective (Fig. 6¢).

The time to peak infection is mostly affected by the parameters f, 9, and v, followed by e and £y The rest of the parameters
in I4 and I¢ less influences it. Similarly, the time to peak for combined infection is mainly affected by 6, 8¢, v, and ¢, followed by
&M, while the remaining parameters are less effective (Fig. 6f).

4.3. Impact of the contact network on infection

While we estimated the base contact network in the data context, the contact network may change depending on the
situation. Therefore, we now explore the effects of the contact network on the total number of infections and its peak value for
each infected class. An increase in children's contact network by 5, 10, and 15 times the base case results in the rise of peak
infection of children by 8, 16, and 21 times, respectively, and an increase in the total children infection by 4, 7, and 8 times,
respectively (Fig. 7a). Similarly, the same increment level in the adult contact network results in the increment of the total
infection by 28, 85, and 133 times and the peak infection by 28, 92, and 166 times, respectively (Fig. 7b). An increment in the
contact network of all populations by 5, 10, and 15 times results in an increment of approximately 8, 17, and 23 times in the
peak infection and 7, 16, and 23 times in the total infection, respectively (Fig. 7c).

4.4. Impact of monitored vaccine program
4.4.1. On disease increase-decrease trend

Here, we examine the profound role of vaccine coverage in the increase-decrease trend of the disease, i.e., reducing the
effective reproduction number (R.) below one. We evaluate the effect of both timeliness and extension of vaccination
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coverage in achieving the goal of R, < 1 (decreasing trend). Our findings show that complete vaccine coverage within the first
two weeks of outbreaks yields remarkable outcomes in lowering the effective reproduction number. Achieving a vaccination
coverage of over 90% among children within two weeks decreases the effective reproduction number to below 1 in just two
weeks. In contrast, when vaccine coverage is limited to only 20%, this critical threshold is reached only after six weeks
(Fig. 8a).

Our model predicts that a vaccination campaign focused only on adults may not be sufficient to reduce the effective
reproduction number to below one within a reasonable time frame. As depicted in Fig. 8b, the complete vaccine coverage of
adults within two weeks slightly lowers the effective reproduction number in about seven weeks. The vaccination distributed
among the combined population is less effective than the vaccination entirely given to children. In this case, the threshold can
be lowered to below one in one week by 90% of vaccine coverage within three weeks, while it takes six weeks for 30% of
coverage within two weeks (Fig. 8c).

4.4.2. On the reduction of disease burden

We also explore the impact of vaccine coverage over a specific period on reducing measles cases and the maximum weekly
cases. Our modeling reveals a significant variation in the effects of vaccine coverage across distinct age groups (Fig. 9). 20% of
children vaccination within two weeks can reduce about 85% of the total measles cases and 85% of the maximum weekly
cases, while 90% of children vaccination within six weeks can reduce more than 90% of the total measles cases and more than
90% of the maximum weekly cases (Fig. 9a and b). In contrast, 20% of adult vaccinations within two weeks can reduce only 10%
of the total cases and only 5% of the maximum weekly cases. Even 90% of the adult vaccinations within six weeks can reduce
only 12% of the total cases and only 7% of the maximum weekly cases (Fig. 9c and d).

90% of combined adult-child vaccination within two weeks reduces about 80% of the total measles cases and 80% of the
maximum weekly cases (Fig. 9e and f). These results highlight that the effectiveness of vaccination in diminishing measles
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prevalence is notably more pronounced in vaccination programs focused on children (Fig. 9a) than adults (Fig. 9c). However, it
is worth noting that even though the adult vaccination may reduce the burden negligibly compared to childhood vaccination,
it still plays a vital role in controlling the disease, especially for eradication, since adults may act as a potential reservoir source
for persistent disease transmission.

4.5. Infections in adults: implications to disease eradication

As found above, vaccination focused on adults only has the negligible benefit of reducing the disease burden compared to
vaccination focused on children. However, persistent infection in adults may pose an obstacle to measles eradication.
Therefore, we further performed a deeper analysis to explore whether a realistic adult infection-related parameter range
exists that may cause an obstacle to eradication. To examine this, we identified the region corresponding to the disease
eradication (R, < 1) and disease persistence (R, > 1) in the £y-£4 parameter space of children and adults vaccination rates
(Fig. 10).

As illustrated in Fig. 10, with the parameter range 3 < £y < 17( x 107>) and 0 < £4 < 10( x 10~%), we observe that there
exists a realistic parameter range (space below R, = 1 curve in Fig. 10) for which R, > 1. This indicates that unless the child
vaccination rate is sufficiently large, the value of R, may remain above one due to some persistent infection in adults. In this
case, introducing adult vaccination on top of the child vaccination can reduce R, below one. Therefore, in the situation when
children-focused vaccination is not sufficiently large enough, which is likely the case in developing countries like Nepal,
persistent infection in adults can be a major hurdle for disease eradication, and considering adult-focused vaccination along
with children's vaccination becomes critical for global disease eradication.

5. Discussion

In recent years, measles outbreaks have occurred frequently in many places of the globe. The threat of measles is growing
due to the expansion of immunity gaps, COVID-19's disruption of routine immunization, and the lack of planned global
vaccination campaigns. The reduction of vaccination is also attributed to various factors, including societal and educational
impacts and religious barriers. In Nepal, the decline in vaccination coverage corresponds to the patterns of measles epidemics.
While a higher proportion of cases are observed in young infants and older children, a small number of cases have frequently
been observed in Nepalese adults (WHO, 2023d), implying that the unvaccinated adults may serve as a virus reservoir to
cause obstacles to WHO's eradication goal. The model developed in this study with both children and adult groups is essential
to identify the ideal monitored vaccination strategy for both adults and children to ensure the global eradication of measles.

Using our model validated by the measles case data of different regions of Nepal from November 24, 2022, to March 10,
2023 (WHO-Nepal, 2023a), we estimated the measles-vaccinated reproduction number in Nepal to be R, = 11.677. The value
of Ry is much higher than one, indicating that significant efforts need to be put into the vaccination program in Nepal to meet
WHO's global eradication goal. Most notably, our model predicts a critical adult vaccination level required in combination
with a partially successful children's vaccination program to bring Ry less than one. Therefore, our study underscores the need
for combined adult and children vaccination for measles eradication, in contrast to the often ignored adult group in vacci-
nation programs.
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We explored the effect of the contact network size on measles epidemics. We found that increasing contact networks
ultimately increases the total and weekly measles cases in children and adults. Interestingly, the increase in measles burden is
more pronounced due to the rise of contact networks among adults than children, mainly when the increased level is more
than ten times the base case. This result further highlights the importance of adult vaccination, which lowers the adult
susceptible population, thereby reducing the total infection and weekly infection.

We also examined the impact of vaccine coverage on disease trends (Fig. 8) and the disease burden (Fig. 9). Our model
helps identify a reasonable level of child-adult vaccine coverage to ensure the decreasing trend of measles (i.e., R, < 1). For
example, 90% in three weeks or 30% in two weeks of vaccine coverage can bring R, less than one in one day or six days,
respectively. Similarly, our model allows us to properly evaluate the vaccination program for reducing the disease burden. For
example, an 80% reduction in the total measles cases and an 80% reduction in the maximum weekly cases can be achieved by
covering 90% adult and child population within two weeks of vaccination. Our results show that the vaccine focused entirely
on children can reduce the disease burden more than that distributed among both children and adults, highlighting the
significance of prioritizing childhood vaccine coverage as a primary strategy for reducing disease burden. However, as dis-
cussed above, adult vaccination should not be overlooked as it may have a critical role in disease eradication. Our result is
consistent with the previous studies (Dipo & Dinda, 2019; Garba et al., 2017; Jaharuddin, 2020; Lessler et al., 2016; Pokharel
et al., 2022).

We acknowledge some limitations of our study. The parameter estimations were based on the limited data of weekly
incidence cases. The lack of granular data and information could have hindered the achievement of more accurate outcomes.
Although we successfully derived the closed form of the distinct endemic equilibrium, we were unable to complete a
thorough analysis of this equilibrium due to model complexities. For example, we couldn't achieve the stability condition of
endemic equilibrium, while we only explored the stability of endemic equilibrium through numerical methods. We have
ignored the potential effects of spatial heterogeneity on disease transmission and assumed a homogenous mixed population.
Spatial heterogeneity may play a role in disease transmission, especially in the spread of measles in some specific districts of
Nepal. Further study on the cost-effectiveness analysis based on the country's financial status would benefit the optimal
policy design to achieve the measles eradication goal.

In summary, we developed a novel model of measles transmission in the context of Nepal, incorporating the two different
age groups, children (15 and under) and adults (above 15). Our model demonstrates that the adult group is a potential
reservoir of measles, causing obstacles to eradicating the disease. Our results suggest that implementing the adult vaccines
along with the children's vaccine is critical for achieving WHOQ's global measles eradication goal. A well-planned adult-child
combination of monitored vaccination programs may be necessary to facilitate the ambitious objective of eradicating measles
from Nepal.
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Existence of Endemic Equilibrium.
We have vaccinated reproduction number

R = 0(BcSc + BaSa + BcUce + BaUae)
’ 6+ m)(y+d+p)

R A (Boe€u (na + 1) (§a + p) + Bavely (Ea + 1) + BoZ (na + 1) (Ea + p) + BavZ (na + 1))
! ZO6 4+ ) (ma+m) (Ea+p) (Y +d+p) (u+ & +Eu +1) ’
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Z=(p+nu+).
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Solving the system of equtions: The equations of the dynamical system:

dS
TtC=A—(/H—€M+§U+1/))Sc—ﬁc(fc-i—fA)Sc,
ds
7:=¢SC—5A(10+IA)SA—MSA—§A5A7
AUy v %
Tzfusc—fﬁc(fc—I—fA)Uc—(/H-??U-i-w)Uc,
ﬂ_ vV _ v _ Vv _ 1%
7 =9Ugs —naUy — Bae(lo+1a)UpUy — pUy,
dav,

(T::&SA—VA(/HFWA),

dMY

dtc =&uSc — (u+na) MY,

dEc 1%
W:ﬂc(fc+IA)Sc+ﬂc€(Ic+IA)Uc*(5+M+¢)EC,
dFE

7th =PBaIc+1a)Sa+ Bac(lc+1a) UXJFZZ)EC — (04 p)Ea,
dl,

= 9Ec—(y+d+p+ i),

dl

W:5EA+¢EC*('Y+d+H)IAa

dRci 1% 14

e =vlc+nuMe — (p+v)Re +nuU¢,

dR 4

—== na(UY 4+ Va) +~Ia — pRa + YRc.



we obtained the solution at the presence of disease is given

A

Sc_ﬂcl*+u+§M+§U+1/J’
o AY
AT (Bal* + p+Ea) (Bel* + p+ &y + &0+ )
(UV)*: AéU
“ (BoT* + p+ Ear + o + ) (Bel e + Z)
(UX)*: Az/}fU
(na + Bal*e+ p) (Bol* + p+ & + & + ) (Bel e+ Z)’
* Ang
© (ma+p) (Bal* + p4Ea) (Bel* + p+ & + S+ )]
(M) = =
(+na) Bel* +p+ & +Eu + 1)
B Bel*N(Bol e+ e &y + Z)
CT 0 n+9)Bel +p+bu+ o+ ) (Bole+ Z)
. A" N1
EA: D1 )
I ﬂcéI*A(ﬂcf*E-l-GfU-i-Z)
ST tpt) (v +d+p+) Belt + p+ b + v + ) (Belte+ Z)
. SAAYN2
IA: D2 )
)

Where expression for Ny, No, N3, Ny, D1, Do, D3, and D, are given as:

N1=BgI*e(a+ Bal* + 1) (na + Bal*e+ p)+
Ba(ma+ p) O+p+v) (u+nu + ) +Ba(0+pu+v) €Sy (§a + p)+Bal*e (n+nu + v + ) +
Be (€a+p) (na+ Bal*e+p) (n+nu + ey + ) +
BeBal™ (ma+ Bal™e+ p) (e(6 + p+ 1) + (nu + e€v + 1)),

Dl =0+ p)(6+p+ 1) (a+Bal™ +p)

(na + Bal*e+p) (Bel™ +p+&u +8u +9) (Bel e+ p+nu + )

N2 =BEI"e(Ea+ Bal* +p) (Y +d+ 6+ 20+ ) (na + Bal*e + p)

840 + p+ D)y +d+p+ ) at+p)(pt+nu+¥) + eu(fatp) +
Bal*e(p+nu +&u + ) +Bc (na + Bal"e + p) (§a + p) (yHd+0+2u+¢) (0 + nu + e€u +¢)
+BcBal™ (na+ Pal*e+p) (v(e + 1)(u + ¥) + de(y + d) + d(e + 1)(p + )
+BcBal*(n+ ) (e +1)(6 + ) 4 ple +2))) (na + fal*e+ p)
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+Bc (na + Bal*e+p) (Bal™nu(y+d+0+2u+¢) +e§u(y+d+ 0 +2p+9))
D2=(G+p)(y+d+p)0+p+o)(y+d+p+v)

(€a+Bal* +p) na + Bal* e+ p) (BeT* + p+&n + o + ) (Bel e+ p+nu +¢),
N3 = 270 (u+num)+ (6 + p+ ) (v +d+ p+v)

(ar (€ (1 + o + ) +nuéo) + pnuée)

@ +p+)(v+d+p+¢) (v (Eum (0 + o + ) +nuéo) + pnuéo) +

Bol*nar (€€n (6 + p+ ) (y +d+ p+ ) +vonu +70 (1 + v +v)) ,
D3=(G+p)v+d+p)0+p+d)(y+d+p+v)

(Ea+Bal* +p) (na+ Bal e+ p) (Bel* + p+ & +E&u + ) (Bel™ e+ p+nu + 1),
N4 = 26T 2e((0+ 20+ ) (y + d+ p+9) + p(6 +9)) (na + Bal*e + ) +

(4 nar) (a4 Bal* + p) + BeydI* (§a + p) (042p+9) (y+d+p+p) +p(d+

¥)) (na + Bal*e + 1) (mmu + €éar + i (w4 nu + v +¥) + (1 + by + 1)) + BaBeydI** u(p+

V) (ma+ Bal*e+p) (v +d+ p+)(0e+ 0+ 2u+ b + pe + he) + p(d + p)+

10 (042 +9) (v + d+ p+ ) + p(6 + )+ BaBel"*((6+2u+ ) (v +d+p+

V) + 10 + 1)) (na + Bal*e + p) (vonarmu + e€u) +

BaBeydI I (p + ¥)nm (na + Bal*e+p) (v + d + p+)(de + 0 + 2 + p +

pe +pe) + (8 + )+ BaBoydI* I*enn&u (8 + 2p + ) (v +d + p+ 1) + p(d +

V) (na+Bale+p)+ (6 +p)(Catp)(y+d+p)0+p+9)(y+d+p+

V) (nar (Ear (na + ) (e +mu +9) + & (na (e +nu +¥) + pnw)) + péo (na (0 + 0o + ) + pn))

BT pe(S+ut) (v+d+p) (nu (8 (i + ) + (0 + w)éu (v + d + ) +78(1+ ) (n+ v + 1))

+BAT 2 ennmu (0+u4) (V+d+ut4) (Y6 + ) + (6 + p) (v + d + p) (€ + E0)) +

BAT 2 (A ) (5+pu+9) (YHd+p) (6 + p)ém (v + d + ) + 76 (p + & + )

BaBal*I'nanm (6 + p+ ) (v +d+p+9) (1 +nu + )

(vo(p+ ) + (6 + p)éar (v +d+ p) + (8 + p)éu (v +d + p)+

Bal*n(0 +p+ ) (v +d+p+1p)

Bal* (8 + p+ ) (v +d+p+)

nu (0 + p) (v +d+ ) (Ear +&u) (€€a + p+ pe) +you(p + ) + Bal* (6+m) (u+

V)€ (Y + d+ 1) (0 + 4 ¥) (€a+ p+pe) (Y +d+ p+ )

+Bav6 I (6 + p+ ) (v +d+ p+ 1) (e€u (a + p) + plp+ 1)),
Dad=p(6+p)(p+ )y +d+p)0 + p+ ) (n+nu) (v +d+ p+ 1)

(a+Bal* +p) (na+ Bal*e+p) (Bel* + p+8&m +&u +9) (Bl e+ p+nu + ).
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Since I* = I + 14, we obtained polynomial equation of degree 5 in I*:
Ay(I) + Ag(I*)* + Ax (1) + Ay (IF)? 4 AgI* = 0.

gives one of the zeros of the equation (I* = 0) provided that DFE of the system.
And Ay, Ay, Ay, A3z, A, are given as
Ag= (04 p) na+p)(Ea+p)(v+d+p) (p+nu+v) (+ & + &+ )
=B (na+ p) (Ea+ p) (u+nu + €Sy + 1)
—Ba0AY (na (n+nu + ) + eau + i + b + pnu + peu)
Ao = (1= Ry) (0+p) (na + ) (§a + p) (vd+p) (0 +nu +¢) (04 Eur + &u + )
Ay = —BZ0Ae (na + p) (Ea + p) +
Ba((0+p)(v+d+p) (p+nu+ 1) (na+e€a+p+pe) (n+ & + o + ) — BadApe (n+nu + Su + 1))
FBc(0 + 1) (na+p) (Ea+p) (v + d + p) (1 + e + 10 + €€u + 9 + pe + e)
+BaBCON (peéa + peba + i + pp + pPe + 2pupe) +
BaBedAny (26aku +na (1 +nu + €y + ¥ + Ve) + (e€a + 1+ pe) + pe*ly + pely)
Az = B2e((0+ ) (na + ) (a + p) (v + d + i) — BadA (na + €€a + pu + pie))
+8%e(0+p) (y+dp) (p+nu + ) (n+ & + Eu + ) —BeBaBadle (u+nu + v + 1 + e)
+BcBa(6+u)(y+d+p) (na + €§a + p+ pe) (1 + em +nu + €€u + P + pe + e)
Az = BoBaBoe (6 + p)(v +d+ p) (na + e€a + p+ pe) — BadAe) +BoBaBae(d+
(v +d+ p) (1 + e +nu + e€u + 1+ pe + e)
Ay = BEBA 0+ p)(v +d + p).
Clearly A4 > 0 and Ag < 0 for R, > 1 implies that existence of at least one

positive I* provided that existence of at least one endemic point.
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