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ABSTRACT

In the present work, the fluxon dynamics in long Josephson junction based on two-gap

superconductors like MgB2 and iron-pnictides has been studied. The procedure has

been started by establishing the microscopic BCS Hamiltonian of the junction system in

terms of fermionic field operators. In order to enter in the long route of path integral

formalism, the Hamiltonian has been introduced into the quantum mechanical partition

function through the definition of Lagrangian density and then action functional. Some

important steps such as Hubbard-Stratonovich transformation for bosonization, Nambu

representation, reciprocal space transformation, saddle-point (mean-field approximation),

Goldston mode etc. have been followed in order to simplify the action and hence

Lagrangian density. The Lagrangian density, which are of solely the function of phase

differences across the junction barrier, is minimized to derive the system of perturbed

sine-Gordon equations which help to explain the phase dynamics of the junction system.

In the present work, the system of sine-Gordon equations are established for the stack

of long Josephson junction based on multi-gap superconductors and then applied for

two-gap superconductor like MgB2. The generalized sine-Gordon equations for stack of

LJJ are used to explain the phase dynamics in the single and double (coupled) LJJ. The

system of perturbed sine-Gordon equations, for single and double junctions, have been

solved numerically using the finite difference approximation, assuming the solution of

unperturbed sG equation as the initial condition. The Neumann boundary condition has

been maintained so that the kink or anti-kink can reflect at the boundary. The dynamics

of phase differences have been observed for different layer and junction thicknesses

and found that the motion of kink or anti-kink, which also represents the fluxon or

anti-fluxon, is found to be more complicated as time goes on. During the motion, it has

been observed that fluxons and anti-fluxon are created and superposed to each other. As

a result, phase locked and anti-locked situation have been observed. The Josephson part

of Lagrangian density has been computed and minimized in the domain length at each

time step. In order to study the phase frustration, the minimized energy is plotted as

the function of time in addition to the corresponding phase differences. It is found that
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the phase frustration occurs quickly for higher layer and junction thicknesses. It is also

observed that the phase frustration occurs at low time for higher tunnel voltage. The

current-voltage characteristics have also been studied by computing the average current

flowing out across the junction system at different tunnel voltages. The current-voltage

characteristics in coupled LJJ is found to be linear at very low tunnel voltage, slightly

non-linear with positive differential resistance up to certain tunnel voltage depending

on the junction geometry and completely non-linear for higher ones irrespective to

the junction geometry. But the nature of the non-linearity solely depends of junction

geometry i.e. thicknesses of the barrier and superconducting layer. In some non-linear

regions, the negative differential resistances are observed which confirms that the device

behaves as source or radiation chamber. The negative resistance may arise due to the

non-dissipative transition of quasi-particles (i.e. fluxons or anti-fluxons) in the system.

Due to this peculiar nature, the device is applicable to the low temperature electronic

devices which demands the negative resistance.
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CHAPTER 1

INTRODUCTION

1.1 Superconductivity

Superconductivity is the phenomenon of decreasing the resistance of a material to zero

by dropping its temperature below the certain value called critical temperature ()2). At

the critical temperature, the transition of normal to superconducting state occurs. In

1911, Kamerling Onnes discovered the superconductivity first time while liquefying the

helium (Onnes, 1911). He found that mercury exhibits the superconducting nature when

it is cooled to the temperature below 4.2 K. After the discovery of superconductivity,

many other metals were used to perform the experiments observing their superconducting

nature and found that different metals have different critical temperature (Tinkham,

1975). The critical temperature was found to be significantly dependent on nature of

material. Another breakthrough arrived in 1933 and it was discovered that a normal

metal can expel the magnetic field when it is converted to superconducting state. It

was observed by Meissner and called as the Meissner effect (Meissner et al., 1933).

The superconductivity was first theoretically described in 1935 in the form of London

equations (London et al., 1935). This theory based on the Drude model of free electrons,

which accurately described Ohm’s law and a superconducting electron density of particle

was introduced with an infinite time constant (Tinkham, 1975). There are two equations,
m ®9
mC
=
=B4

2

<
®� and ∇2 ®� = 1

_2
0

®�, which can describe the local electrodynamics associated with

superconductivity. The magnetic penetration depth, _0 =
√

<

`0=B42 , of a superconductor

was first introduced by these equations.

The temperature dependent characteristics length was introduced by Ginzburg and Landau
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in 1950 (Ginzburg et al., 1950). In 1953, The temperature independent coherence length

for low temperature was introduced by Pippard (Pippard et al., 1953). A breakthrough

for the theoretical explanation of superconductivity has been propounded in 1957

by three scientist Bardeen, Cooper and Schreiffer giving the microscopic theory of

superconductivity. This theory is known as BCS theory (Bardeen et al., 1957). In this

theory, the superconducting paired electrons also called Cooper pair can be represented

by a single wavefunction including a phonon mediated pair of electrons. This pair is

known as Cooper pair. The Cooper pair wavefunction consists of a spatial part and a

phase part containing the phase angle \. The electrons near Fermi surface are likely to be

paired together leaving an energy gap in the electron density of states. The energy gap

coincides exactly with the pairing energy of the electrons and according to BCS theory,

the gap energy is given by (Bardeen et al., 1957)

Δ =
ℏl�

sinh
(

1
# (0)+

) (1.1)

where l� is the Debye frequency, # (0) is the density of state per electron spin at the

Fermi surface in normal state and + is the bonding energy or coupling energy. All states

below this gap energy are empty because of containing of paired electrons. According

to the basic description of superconductivity based on BCS theory, a single electron

moving in a positively charged lattice can displace the lattice as a result of which the

lattice spacing locally shrinks slightly. This process results the transferring of momentum

between the electron and the lattice. The electron moves away from the region of lattice

deformation before the interaction with other electron took place but the smaller lattice

spacing increases the charge in the region. The second electron responses to the increase

of the charge and attracted toward the charged lattice. The second electron is now

bonded to the first. The distance between these two paired electrons is defined as the

coherence length as explained by Pippard (Pippard et al., 1953) at low temperature.

This distance was named as the characteristics length near to the critical temperature

()2) by Ginzburg and Landau. Abrikosov could able to describe a situation where the

penetration depth and characteristics length has a relationship different than that was

explained by Ginzburg and Landau (Abrikosov, 1957). This explanation was formerly

known as Type II superconductivity comprising the two critical magnetic fields. Below
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the lower critical field, the material exhibits perfectly diamagnetic superconductivity and

above the upper critical field, the superconductivity and diamagnetic will be destroyed.

In the intermediate critical field, the material can have zero electric resistance but no

longer perfect diamagnetic. On the other hand, type I superconductors have only one

critical magnetic field and do not have mixed state.

1.2 Josephson Junction

Josephson junction is a system in which two superconductors are layered one another

by means of a normal metal or an insulator (Josephson, 1962, 1964). The Cooper pairs

are the carriers of charge in the superconductors. Due to the anti-parallel spin and

angular momentum of electrons in a Cooper pair, it behaves as the bosonic nature and all

Cooper pairs are Bose-condensed into the electronic ground state of superconductor at

low temperature. There is the gap energy (Δ), between any two quasi-particle excited

states which are proportional to the effective binding energy of the Cooper pair, from the

superconducting ground state. The superconducting state can be given by an effective

macroscopic wave function with an amplitude proportional to the density of Cooper pair

d8 and phase \8 as

Ψ8 =
√
d8 exp(8\8) (1.2)

where Ψ8 also called the superconducting order parameter. During the formation of

Josephson junction, the two superconductors are weakly coupled with one another. As

a result, there is a small overlap of the superconducting order parameter. The different

type of weak overlapping discussed in literature of authors cited as (Barone et al.,

1982; Poole et al., 1995; Giaever, 1960a; Solymer, 1972; Anderson et al., 1963). A

common type of Josephson junction is a system in which two superconducting layers are

coupled using a thin insulating barrier as the junction and the junction system is called a

superconductor-insulator-superconductor (SIS) tunnel junction. Cooper pairs are found

to tunnel through the barrier, even at a zero voltage, and give rise to a non-dissipative

current. The Cooper pairs (quasi-particles) follow the two steps during tunneling process.

Within voltage 0 < + < 2Δ/4, quasi-particle tunnel through the barrier gives rise to

Cooper pair sub-gap current. The voltage 2Δ/4 is called gap voltage denoted by +6. At
voltage+ ≥ +6, Cooper pairs are broken into their constituent because the applied voltage
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is sufficient to break the bonding.The consituent electrons then tunnel the barriers and

again Cooper pairs are formed in new superconducting layer.

1.3 Josephson Effect

The tunneling mechanism of Cooper pairs through the superconductor-insulator-

superconductor (SIS) junction was first explained by Josephson in 1962 (Josephson,

1962). The phenomenon was experimentally observed by Anderson and Rowell in 1963

(Anderson et al., 1963). Josephson found that the local superconducting tunneling current

density at zero voltage is given by

9 = 90 sin q (1.3)

with q = \1 − \2 as the phase difference between the order parameters of the two

superconducting layers. Josephson used quantum mechanical problem of Cooper pairs

tunneling across a potential barrier in a point like junction in order to derive the Equation

(1.3). According to the Equation (1.3), a nonlinear current flows across the junction in

the absence of an applied voltage across the junction. This is called the dc Josephson

effect. The maximum super current density 90 of the junction has been calculated by

Ambegaokar and Baratoff (Ambegaokar et al., 1963) from the macroscopic theory as

given by

90 =
c

2
Δ())
d4

tanh
(
Δ())
2:�)

)
(1.4)

where Δ()) is the energy gap of superconductor as the function of temperature and

d is the normal tunnel resistance of the insulating junction per unit area. Under the

application of a constant dc voltage across the junction, the phase difference q varies

with time according to the ac Josephson effect described by the equation

3q

3C
=

2c
Φ0
+ (1.5)

where ℎ and 4 are Planck’s constant and electronic charge, respectively; Φ0 =
ℎ

24
=

2.07× 10−15 Wb is the flux quantum. At a constant voltage V, the super-current oscillates
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with the characteristics frequency

3q

3C

1
2c+

=
1
Φ0

= 483.6 MHz/`V

There are some constant voltage steps in the current-voltage characteristics of the junction

when the junction is irradiated by an electromagnetic radiation. These steps are called

Shapiro steps (Shapiro, 1963). When the magnetic field is applied to the short Josephson

junction, the phase difference between the order parameter across the junction can be

written as

i = \2 − \1 + 2c
Φ0

∫
®� · ®3; (1.6)

where ®� is the magnetic vector potential. If we consider two points %1 and &1 on the first

superconductor layer and %2 and &2 in the second as shown in Fig 1, then the difference

in phase differences in between two points % and & is

i(&) − i(%) = 2c
Φ0

[∫ %2

%1

®�(%) · ®3; +
∫ &2

&1

®�(&) · ®3;
]

If an external magnetic field is applied in the plane of the junction, the flux enclosed in

Figure 1: Josephson effect and phase difference

the contour is given by

Φ =

∫
®� · ®3( =

∮
®� · ®3;

=

∫ &2

&1

®� · ®3; +
∫ ?2

&2

®� · ®3; +
∫ %1

%2

®� · ®3; +
∫ &1

%1

®� · ®3; (1.7)

If the closed path is taken deeper than the London penetration depth, _! , which is the

characteristics screening length of magnetic field in a superconductor, the second and
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fourth term of Equation (1.7) will vanish. The flux enclosed in the small section 3G is

now given by
q(&) − q(%)

3G
≈ 3q
3G

=
2c
Φ0
1<�

where 1< = 1 + 2_! is the magnetic thickness of the junction and 1 is the thickness of

the junction. 1<� is the magnetic flux per unit length penetrating into a junction taking

account the screening of the magnetic field due to the superconductor. The generalized

form of gradient of q can be expressed as (Shaju, 2002)

∇q = 2c
Φ0
1< ®� × Î (1.8)

where Î is the unit vector normal to the plane of the junction. According to the Equation

(1.8), the field induces a constant gradient of the phase differences across the junction.

The local Josephson current oscillates with coordinate perpendicular to the field . The

total supercurrent is

�2 (�) =
∫
(

92 sin
(

2c
Φ0
1<�G

)
3( (1.9)

over the junction area (, where 92 is the spatially homogeneous current density. For the

rectangular junction, the integral can be solved explicitly as

�2 (�) = �2 (0)
sin

(
cΦ

Φ0

)
(
cΦ

Φ0

) (1.10)

whereΦ = 1<�! is the total magnetic flux threading the junction length !. The Equation

(1.10) is called the critical-current diffraction pattern of a rectangular junction.

1.4 Dynamic of a short Josephson junction

The characteristics screening length of magnetic field in a superconductor is called

London penetration depth, _! , and that in the junction is called Josephson length, _�
as shown in Fig 2. If the length of the junction is smaller than _� (i.e. !G < _�),

then the junction system is called short Josephson junction (SJJ). In this situation, the

electrodynamics of the junction can be described by neglecting the variation of phase

differences across the junction area. The junction is now equivalent to the electrical
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Figure 2: Magnetic field penetration inside the superconducting and insulating layers

circuit and called the resistively and capacitively shunted junction (RCSJ) model (Barone

et al., 1982; Solymer, 1972). The total current through the junction is

� = �2 sin q + +
'
+ � 3+

3C
(1.11)

where ' is the resistance and � is the capacitance of the junction system. Introducing

the phase differences across the junction, above Equation (1.11) becomes

� = �2 sin q + Φ0
2c'

3q

3C
+ Φ0�

2c
32q

3C2
(1.12)

This equation is equivalent to a driven and damped oscillator. The Eq. (1.12), reduces to

the damped oscillation for small q and when the AC current is supplied then it reduces

to driven oscillation. In general, it produces the oscillating and damping type of phase

variation.

1.5 The Long Josephson Junction (LJJ)

The characteristics length scale of the spatial variation of phase difference, q, equivalently

the magnetic flux in the junction is called the Josephson length, _� as mentioned in Fig 2.

If the length of the junction is much larger than the Josephson length (!G � _�) and the
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breadth as well as thickness are much shorter as compared to _� (i.e. !H � _� , !I � _�),

then the junction is termed as long Josephson junction (LJJ) as shown in Fig 2.

The long Josephson junctions possess an extremely rich spectrum of linear and non-linear

electromagnetic excitation (Pedersen, 1993). The phase difference q between the top and

bottom electrodes may vary in space as well as time. The spatial extension of the junction

gives rise to the existence of solitons (fluxons) (Poole et al., 1995; Ustinov, 1998; Bishop

et al., 1980), breather and other linear and nonlinear excitation. The fluxon dynamics

in LJJ can be explained by the well known sine-Gordon (sG) equation (Kivshar et al.,

1988). LJJ is one of the important physical system in which nonlinear phenomenon can

be studied experimentally. Some different type of LJJs are presented in Fig 3.

Figure 3: Different type of LJJ

1.6 The Sine-Gordon Equation

The sine-Gordon (sG) equation in LJJ can be derived from the equivalent circuit describing

the junction. A LJJ with its equivalent discrete model in an external magnetic field �4GC
applied parallel to the dielectric barrier is given in Fig 4. The junction is modeled as

Figure 4: Resistively, capacitively and inductively shunted equivalent circuit for LJJ (Shaju, 2002)
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parallel connection of small resistive capacitive shunted junction (RCSJ) like Josephson

junction interconnected by a parallel connection of an inductance and resistance (Lomdahl

et al., 1982; Scott et al., 1973) considering an external bias current �!
:
is injected to each

mode : and the external flux Φ4GC threading the junction, the phase difference between

two modes for loop : and : + 1 can be derived from the flux quantization as

q:+1 − q: = 2c
Φ0

(
Φ4GC − !�!:

)
(1.13)

where ! is the inductance of the junction system. The flux threading the loop : due to

external magnetic field �0 for a small segment ΔG of the junction can be expressed as

ΔΦ4GC = �1<ΔG. Therefore,

q:+1 − q:
ΔG

≈ 2c
Φ0

(
1<�0 − !∗�!

)
(1.14)

with !∗ = !/ΔG is the inductance per unit junction length. Upon differentiating Equation
(1.14), we get

m2q

mG2 =
2c
Φ0

(
1<
m�0
mG
− !∗ m�

!

mG

)
(1.15)

Assuming the homogeneous magnetic field i.e.
m�0
mG

= 0, The equation (1.15) reduces to

m2q

mG2 = −
2c
Φ0
!∗
m�!

mG
(1.16)

Applying the Kirchhoff’s law, we can have

�': + �!: + �: = �':+1 + �!:+1 + �'�(�:+1

=⇒ m�!

mG
= 9 − 9'�(� − m�

'

mG
(1.17)

with 9 = �/ΔG and 9'�(� = �'�(�/ΔG. Therefore, Equation (1.16) takes the form

m2q

mG2 = −
2c!∗

Φ0

(
9 − 9'�(� − m�

'

mG

)
(1.18)
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Using �' = − 1
dB

m+

mG
, we get

Φ0
2c!∗

m2q

mG2 = − 9 + 92 sin q + +
d
+ �∗ m+

mC
− 1
dB

m2+

mG2 (1.19)

where d = 'ΔG, dB = 'B/ΔG, �∗ = �/ΔG. Expressing the voltage + =
Φ0
2c

mq

mC
and using

the ac Josephson relation, we get perturbed one-dimensional sine-Gordon equation for

superconducting phase difference q(G, C) as

Φ0
2c!∗

m2q

mG2 −
Φ0�

∗

2c
m2q

mC2
− 92 sin q = − 9 + Φ0

2cd
− Φ0

2cdB
m3q

mG2mC
(1.20)

where !∗ is the specific inductance,�∗ is the specific capacitance, d is specific resistance of

quasi-particle and dB is the resistance per unit length on the surface of the superconducting

electrode. The electric and magnetic fields are related to the phase difference as

� =
+

1<
=

Φ0
2c1<

mq

mC
(1.21a)

Since � =
�

`0
, substituting �, we get

� =
Φ0

2c`03′
mq

mG

Therefore,

� =
Φ0

2c!′
mq

mG
(1.21b)

The inductance and capacitance of the junction are given by ! = `03
′ and � =

Y0YA�

1<
.

Here, 1< = 2_� + 1 and 3′ = 2_! + 3 are the magnetic thicknesses of junction and

superconductor with 1 and 3 as their physical thicknesses respectively. Dividing Equation

(1.20) by 92 and then introducing Josephson length _� =
√

Φ0
2c!∗ 92

and the phase

frequency l? =
√

2c 92
Φ0�∗

, the Equation (1.20) becomes

_2
�

m2q

mG2 −
1
l2
?

m2q

mC2
− sin q = − 9

92
+ 1
l2
?�
∗d
mq

mC
− _

2
�
!∗

dB

m3q

mG2mC
(1.22)
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The phase velocity of linear wave in the system is

20 = l?_� =
1√
!∗�∗

= 2

√
2_� + 1

YA (2_! + 3) (1.23)

where 20 is termed as Swihart velocity (Swihart, 1961) and 2 is the velocity of light

in vacuum. In the long Josephson junction, the Swihart velocity is only a few percent

of 2 because the magnetic field penetrates into the superconductor on the length scale

3′ = 2_! +3, while the electric field is localized only in the junction of thickness 1< � 3′.

Normalizing the time with phase frequency and space with Josephson length, i.e. C̄ = l?C

and Ḡ = G/_� , the Equation (1.23) becomes

m2q

mC̄2
− m

2q

mḠ2 + sin q = −Umq
mC̄
+ V m3q

mḠ2mC̄
+ W (1.24)

where W = 9/ 92 is the normalized unit-less bias current, U = 1/(d�∗l?) is the damping

term due to the quasi-particle resistance and V = l?!∗/dB is the damping due to the

surface impedance of the superconducting electrode. U
mq

mC̄
represents the current flows

across the junction and V
m3q

mḠ2mC̄
that of along the junction.

In the absence of magnetic field, the boundary condition that can be applied at the end

of the junction system is
mq

mḠ

����
Ḡ=0

=
mq

mḠ

����
Ḡ=!G

= 0. This is called the Neumann boundary

condition. In this condition, any trapped fluxon executes the oscillatory motion and can

not escape from the boundary. When an external magnetic field is applied parallel to the

barrier of the junction, the boundary condition becomes
mq

mḠ

����
Ḡ=0

=
mq

mḠ

����
Ḡ=!G

= �̄ with

normalized field �̄ =
2c
Φ0
`01<�_� . In this case, the fluxon nucleated at one end of the

junction and they are driven to the opposite end by the bias current. Neglecting all the

damping effect of perturbed sine-Gordon Equation (1.24), resulting equation is called

simply sine-Gordon equation which takes the form

m2q

mC̄2
− m

2q

mḠ2 + sin q = 0 (1.25)

This equation can be solved analytically which gives rise the soliton solution (Rubinstein,

1970; Weiss, 1984; Ustinov, 1998; Bishop et al., 1980; Malomed, 1989; Gani et al., 2018;
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Rajaraman, 1989) as

q(Ḡ, C̄) = 4 tan−1
[
exp

(
f
Ḡ − DC̄ − Ḡ0√

1 − D2

)]
(1.26)

Depending on the polarity of f, q(Ḡ, C̄) describe a kink (for f = +1) or an anti-kink (for

f = −1) (Vachaspati, 2006; Sugiyama, 1979; Goodman, 2005; Peyrard, 1983; Campbell

et al., 1986; Gani et al., 1999). The phase difference q moves with normalized velocity

D which lies in between 0 and 1. Kink represents the variation of q from 0 to 2c and

anti-kink from 2c to 0 (Alonso, 2018). Solitary waves (Mollenauer, 2006; Bishop et al.,

1980; Magyari, 1984; Malomed, 1988) exist in a dispersive system which leads to the

spreading of energy of the waveform in space and vice versa and the nonlinear effect

compensates each other.

1.6.1 Fluxon and Anti-fluxon

Only the quantized flux can enter the superconducting junction. A quantum of flux

Φ0 = ℎ/(24) = 2.07 × 10−15 Wb has the property of particle and behaves as a soliton in

the junction. The solution of unperturbed sine-Gordon equation with f = +1 represents

a fluxon if the total phase difference (q) along the junction varies from 0 to 2c as G varies

from −∞ to +∞. This phase variation represents a kink soliton or fluxon (Rajaraman,

1989; Ustinov, 1998; Rubinstein, 1970). On the other hand, if the quantum of flux makes

the phase variation from 2c to 0 as G varies from −∞ to +∞, then it is said to be an

anti-kink soliton or anti-fluxon. The fluxon and anti-fluxon have the same magnetic

field value but have different polarities (Davidson et al., 1985) as shown in Fig 5. The

supercurrent associated with the fluxon flows along the junction within a penetration

depth _! inside the superconductor (Poole et al., 1995). These supercurrents encircle flux

and the circulation is called vortex (Abrikosov, 1957). The supercurrent density is zero

at the center, hence there is no core for the Josephson vortex (Miller et al., 1985). The

supercurrent directions for fluxon and anti-fluxon are opposite to each other. Two fluxons

or two anti-fluxons repel to each other but a fluxon and an anti-fluxon attract one another.
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Figure 5: A fluxon and an anti-fluxon .

1.6.2 Breather Solution

A bound pair of a fluxon and an anti-fluxon is called breather. The breather corresponds

to bound state of a soliton and an anti-soliton oscillates about the center of mass. There

can be various types of breather solution which satisfy the sine-Gordon equation. When

two solitons collide and form a bound state breather, then the solution of sine-Gordon

equation is given (Meszena, 2013) as

q(Ḡ, C̄) = 4 arctan ©­«
D sinh Ḡ√

1−D2

cosh DC̄√
1−D2

ª®¬
(1.27)

The corresponding breather resulting from the collision between a soliton and an

anti-soliton is

q(Ḡ, C̄) = 4 arctan ©­«
sinh D ¯CG√

1−D2

D cosh ḠC√
1−D2

ª®¬
(1.28)
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A breather can also be possible without the collision of solitons or anti-solitons given by

q(Ḡ, C̄) = 4 arctan ©­«
sin DC̄√

1−D2

D cosh Ḡ√
1−D2

ª®¬
(1.29)

Breathers are unstable in case of perturbed situation and decay after some times.

1.6.3 Plasmons

In a long Josephson junction, there exists a small amplitude excitation of phase difference.

In this situation, the sine-Gordon equation takes the linear form as

m2q

mC̄2
− m

2q

m ¯CG
+ q = 0 (1.30)

It has the linear wave solution of the form

q( ¯CG, C̄) = q0 exp(8:Ḡ − 8lC̄) (1.31)

with spectrum l =
√

1 − :2 (Kivshar et al., 1989), where : is the normalized wave-vector

and l is the frequency. The linear excitation of the LJJ are called plasmon.

1.7 Magnesium Diboride (MgB2)

Magnesium diboride (MgB2) is a simple metallic compound which consists of hexagonal

boron planes separated by magnesium atom above the center of each hexagon as shown

in Fig 6. It has the highest critical temperature that has been experimentally observed till

date, of about ()2 = 39 K) among the metallic superconductors with such a simple form.

The superconductivity is contributed by both f- and c- bands of the boron electronic

structure. Due to this reason, the MgB2 has two distinct energy gap with values of about

2.1 meV and 7.1 meV. This is the first simple superconductor which exhibits such multiple

(two) gaps (Pickett, 2002; Choi et al., 2002). The discovery of MgB2 with multiple gaps

has leaded the physicist to search for other metallic compounds with multiple gaps and

highest )2. Since then, a new class of superconductors has been found in iron-based

materials also called iron-pnictides which seems to have multiple gaps within )2 up to

55 K (Stewart, 2011). The existence of two gaps is also declared by the experiment on
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Figure 6: Crystal structure of Magnesium Diboride (Buzea et al., 2001).

Figure 7: The Fermi surface of MgB2. (Choi et al., 2002)

specific heat (Bouquet et al., 2001) as well as by Raman spectroscopy (Quilty et al.,

2002). The properties of MgB2 as a superconductor can still be explained by BCS theory

(Takahashi et al., 2001; Karapetrov et al., 2001; Osborn et al., 2001). But the two gaps

and interaction between them (Eskildsen et al., 2003), gives the controversial result for

superconducting gaps Δf and Δc, coherence length b0, and the magnetic penetration

depth _ as described by BCS theory. The simple MgB2 compound confirms the limitation
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of BCS theory and leads to develop new theory for high)2-superconductors. A theoretical

analysis has shown that scattering between the bands leads to the distribution of energy

gaps as opposed to the single value associated with classical superconductors. The

Fermi surface of MgB2 is as shown in Fig 7. The quasi-2D superconducting f band is

represented by the concentric cylinder like shapes in the corner and the outer depicts

the 3D c bands. This is also verified experimentally using tunnel junction (Chen et al.,

2012).

Some band independent parameters which describe the physical and chemical properties

of MgB2 are listed in Table 1 and the parameters which are influenced by the band

structure are listed in Table 2.

Table 1: Band independent properties of MgB2

Ref. (Buzea et al., 2001)

Parameters Values

Hexagonal lattice constants 0 = 1 = 3.086Å, 2 = 3.524Å

Physical density d = 2.55 gm·cm−3

Isotope effect U) = UB + UMg = 0.3 + 0.02

Volume of unit cell +24;; ≈ 2.9 × 10−29m3

Critical current densities �2(4.2 K, 0 T)>107 A·cm−2

�2(4.2 K, 4 T)=106 A·cm−2

�2(4.2 K, 10 T)>105 A·cm−2

�2(25 K, 0T)>5 × 106 A·cm−2

�2(25 K, 2 T)>105 A·cm−2

Total density of states #0 = 1.5 × 1047 J−1·m−3

1.8 Iron-pnictides

Iron-pnictides belong to iron based superconductors (IBSC). The superconductivity

in iron-pnictides has been first reported at the end of February 2008 with transition

temperature at 26 K in F-doped LaOFeAs. After this discovery, many other iron-pnictides

have reported as the superconducting nature. They are categorized into six families 11,
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Table 2: The band dependent parameters of MgB2

Ref. (Buzea et al., 2001; Eisterer, 2007)

Parameters Symbol f-band c-band Units

Critical temperature )2 40 39 K

Pressure coefficient 3)2/3% 2.0 -1.1 K/Gpa

GL parameter ^()2) 7.5 2.8

^(0) 10 70

Coupling parameter W 4.55 1

Carrier density =B 2.8×1023 1.7×1023 cm−3

Resistivity near )2 d(40 ) 16 0.4 `Ωcm

Resistivity ratio (RR) d(40 )
d(300 ) 27 1

Upper-critical field �01
22 (0) 39 14 T

�2
22(0) 24 2 T

Lower Critical field �21(0) 48 27 mT

Irreversibility field �8AA (0) 35 6 T

Coherence length b01 (0) 12 3.7 nm

b2 (0) 3.6 1.6 nm

Penetration depth _! (0) 180 85 nm

Energy gap Δ(0) 7.5 2 meV

Debye temperature Θ 880 750 K

Density of states #0(0) 8.415×1046 6.885×1046 J−1· m−3

Depairing current density �3 1.3 × 1012 2 × 1012 A·m−2

Mean free path ; 38−90 37−84 nm

Fermi velocity E01
�

4.4×105 5.35×105 m·s−1

E2
�

0.72×105 6.23×105 m·s−1

Plasma frequency l01? 4.14 5.89 eV

l2? 0.68 6.85 eV

111, 122, 1111, 32522 and 21311 with distinct characteristics. All of them contain unique

FeAs planes as the basic building layers, and they are sandwiched by other layer which

either donate charge or make the internal pressure to the FeAs layers in order to influence
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the electronic properties (Ren et al., 2008b; Wang et al., 2008a; Cheng et al., 2009). Some

iron-pnictides are listed in Table 3 with formula and transition temperature as reported in

different literatures. Iron-pnictide superconductors exhibit the unique properties such as

Table 3: Typical iron-pnictides superconductors with transition temperature.

Families Formula )2 Reference

11 FeSe or FeTe (HP) <27 K (Mizuguchi et al., 2008)

111 LiFeAs 18 K (Wang et al., 2008b; Tapp et al., 2008)

NaFeAs 9-25 K (Parker et al., 2009; Chu et al., 2009)

1111 LaFeSiH 10 K (Bernardini et al., 2018)

LaO0.89F0.11FeAs 26 K (Ishida et al., 2009)

LaO0.9F0.2FeAs 28.5 K (Prakash et al., 2008)

CeFeAs)0.84F0.16 41 K (Ishida et al., 2009)

SmFeAsO0.9F0.1 43 K (Ishida et al., 2009; Chen et al., 2008)

La0.5Y0.5FeAsO0.6 43.1 K (Shirage et al., 2008b)

NdFeAsO0.89F0.11 52 K (Ishida et al., 2009)

PrFeAso0.89F0.11 52 K (Ren et al., 2008b)

GdFeAsO0.85 53.5 K (Yang et al., 2008)

Gd1−GThGFeAsO 56 K (Wang et al., 2008a)

ErFeAsO1−H 45 K (Shirage et al., 2010b)

SmFeAsO≈0.85 55 K (Ren et al., 2008a)

CaFe0.9Co0.1AsF 22 K (Rotter et al., 2008)

Sr0.5Sm0.5FeAsF 56 K (Wu et al., 2009)

122 BaFe1.8Co0.2As2 25.3 K (Yin et al., 2009)

Ba0.6K0.4Fe2As2 38 K (Rotter et al., 2008)

Ca0.6Na0.4Fe2As2 26 K (Shirage et al., 2008a)

32522 Ca3Al2O5−HFe2As2 30 K (Shirage et al., 2011)

Ca3Al2O5−HFe2P2 16.6 K (Shirage et al., 2011)

42622 Ca4Al2O6−HFe2As2 28.3 K (Shirage et al., 2010a)

Ca4Al2O6−HFe2P2 17.2 K (Shirage et al., 2010a)
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high �22 and robustness to impurity with huge diversity of superconducting materials

originated from multiband and bonding nature of Fe and pnictogen (As and P) with

maximum transition temperature of about 55 K (Hosono et al., 2015, 2018). An IBSC

bulk can provide the powerful magnetic field of about 1 T at 5 K and 0.5 T at 20 K

(Weiss et al., 2015). Extensive research works have been carried out on IBSCs in the past

decade and clarified the rich varieties of superconducting materials and sophisticated

mechanism for pair production arising from the multi-orbital nature of Fe (i.e. five 3d

orbitals) (Aoki et al., 2015). There exists the strong hybridization between these five

3d orbitals and 4p orbitals of As (Chen et al., 2014). These orbitals strongly coupled

with each other contributing to both itinerant conducting electron and localized magnetic

moment. The pairing process occurs from electron correlation rather than explained by

BCS theory (Chen et al., 2014). The interesting and debatable properties of IBSC is

the coexistence of superconductivity and magnetism simultaneously (Kordyuk, 2012).

Most of the iron-pnictides have the momentum dependent superconducting multiple gaps

(Evtushinsky et al., 2009). The effectiveness of various modes of doping originate the

outstanding characteristics of IBSCs resulting a rich variety of superconducting material

(Hosono et al., 2018). Upon reviewing the various articles related to iron-pnictides from

its discovery to till date, many researchers were found to focus for obtaining the high )2
in the candidates of iron-pnictides rather than investigating the key parameters such as

gap energy, penetration depth, coherence length, etc.

1.9 Stack of Josephson junctions

When a number of Josephson junctions are piled up one into another, then the compound

system is called stack of Josephson junction. The properties shown by a single junction

is enhanced in addition with new features. A number of studies regarding the phase

dynamics in a stack of long Josephson junction based on one-gap superconductors have

been carried out (Machida et al., 2000; Sharapov et al., 2002; Sakai et al., 1993, 1994,

2001; Kim et al., 2003). In the stack of LJJ, the coupling due to magnetic induction

arises due to the induced magnetic field of a supercurrent in a superconducting layer

affect the magnetic field of adjacent superconducting layer. Therefore, the dynamics of

the phase difference in a stack of LJJ are determined by the conventional Josephson as

well as magnetic induced interaction between the junction. The coupling due to magnetic
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induction between the junctions results the collective dynamics of the fluxons in the

presence of the bias current. The capacitive coupling between the junction can also be

accounted, when the thickness of superconducting layer is comparable to the charge

screening length as the charge effect can not be negligibly small in this situation (Machida

et al., 2000; Sharapov et al., 2002; Sakai et al., 1993).

1.10 Second quantization

The method of second quantization is the basic framework for the formulation of many-

body quantum system. In this method, the state of many-particle system is associated with

the creation(annihilation), 0†(0), operators also called the field operators. The creation
operator generates a particle in the given field or state while the annihilation operator

destroys the particle from there. In this method, the system Hamiltonian is expressed

in terms of these field operators proceeds for further treatments. One of the important

process is the path-integral formalism and can be treated in distinct way for fermionic

and bosonic field. In the fermionic field, the corresponding creation and annihilation

operators are anti-commute whereas they commute to each other in the bosonic field.

1.10.1 Path-integral for bosonic field

Bose gas in condensed matter can be described by complex scalar field operators 0†(0)
creation(annihilation) for bosons and the path-integral can be solved when the action

functional is quadratic in the form

(/ℏ =
∫

3g

∫
33A0†�0 (1.32)

where 0† is the row vector and � is the square matrix whose dimension is same as the

length of 0†. Now, the partition function is

/ =

∫
D[0†, 0] exp (−(/ℏ)

=

∫
D(0†, 0) exp

(
−

∫
3g

∫
33A0†�0

)
∝ 1

det(�) (1.33)

The proportionality implies every integration over 0†, 0 gives a (physically unimportant)

factor c that can be absorbed in the integration.
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1.10.2 Path-integral for fermionic fields

The fermionic field operators �†f (�f) are anti-commuting to each other, and they

are treated as Grassmann variables. For the Grassmann variables q8, we can have

q8q 9 + q 9q8 = 0 =⇒ q8q 9 = −q 9q8. This means q2
8
= 0. the integration over

Grassmann variables are defined by

∫
3q = 0 and

∫
q3q = 1 (1.34)

A quadratic action functional in Grassmann field can be written in general form as

(/ℏ =
∫

3g

∫
33A�†�� (1.35)

The partition function is now becomes

/ =

∫
D(�†, �) exp (−(/ℏ)

=

∫
D(�†, �) exp

(
−

∫
3g

∫
33A�†��

)
= det(�) (1.36)

1.11 The Ground State Time Reversal Symmetry Broken (TRSB)

There is no net current in the ground state of a LJJ in the absence of an external magnetic

field. A system of LJJ is said to have phase frustration, if the phase difference between

the two condensates differs from either 0 or c. At the instant of phase frustration, the

ground state persists non-zero current density in the absence of an external magnetic

field even though the system satisfies the condition of zero net current flow. This ground

state is called the time reversal symmetry broken (TRSB) state. In the LJJ with multi-gap

superconductors, the time reversal symmetry broken in the ground state is one of the

peculiar characteristics. If the phase difference at the ground state is 0 or c in the absence

of external magnetic field, the situation is called time reversal symmetry invariance

(TRSI) state. Tanaka and Lin separately studied the time reversal symmetry broken

in the LJJ with two-gap superconductor realizing that the TRSB occurs as a result of

competition between the inter-band Josephson and biquadratic interaction providing very

weak inter-band interaction as compared to intra-band interaction (Tanaka et al., 2010b;
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Lin, 2012). 0 or c relative phase lock situation results from the inter-band Josephson

interaction whereas the biquadratic interaction tends to lock the relative phase to ±c/2.
It is claimed that when the inter-band coupling current density � is greater than zero,

the relative phase is locked to 0 by the Josephson interaction in the (++-symmetry state

(Tanaka et al., 2010b), otherwise the Josephson interaction will lock the relative phase to

c in the (+−-symmetry state. If the phase difference between two condensates violets

the above mentioned phase-locked situations (i.e. relative phase differs from 0 or c),

then there is the phase frustration in the system leading to the ground state time reversal

symmetry broken (TRSB) as shown in Fig 8.

Figure 8: (a) Josephson junctions between two-band with (++ pairing symmetry and s-wave single-band
superconductors which shows the attractive interaction between condensates and persists the same phase in
the ground state as shown in (b). (c) Josephson junctions between two-band with the (+− pairing symmetry
and s-wave single-band superconductors having repulsive interaction between condensates \1 and \2.
Under appropriate conditions, the system is strongly frustrated, resulting in the ground state TRSB, as
shown in (d) (Lin, 2012).

1.12 Rationale of the present work

Among the many properties of the superconductors, Josephson tunneling is one of the

important characteristics. Many works have been done in the conventional Josephson

junction but the long Josephson junction (LJJ) with multi-gap superconductors is the

one in which some important features such as fluxon dynamics, collective oscillation,

interaction among the fluxon, phase frustration, non-linear nature of I-V characteristics,

emission of THz etc. still remain for studying. The study of fluxon dynamics in the

coupled LJJ and in stacked LJJ for some materials like MgB2 and iron-pnictides are

the open problem due to the complicated phenomenon involved. Among many two-gap

superconductors, MgB2 is the simplest metallic superconductor which has the highest

critical temperature of about 39 K. In LJJ with two gap superconductor, two channels
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for tunneling between the adjacent superconductor (S) layers as well as one interband

channel within each S layer are available for a Cooper pair. Due to this reason, the LJJ

can exhibit unusual phase dynamics. The number of conventional channel and interband

channel will be increased in case of stacked LJJ and the phase dynamics become more

complicated and there may be the possibility of occurring new consequences. After

completion of the present work some of the unusual features such as phase frustration

and I-V characteristics of single and coupled LJJ have been explained.

1.13 Objecitves of the research

The main objective of the present research work is to derive the generalized system of

perturbed sine-Gordon equations for the stack of long Jesephson junction (LJJ) based on

multi-gap superconductors and apply it for the single and coupled LJJs for studying the

time variation of phase differences (which resemblance the fluxon dynamics) across the

different channels of the junction system.

As the general objectives, the present research work also focused on the phase frustration

leading to time reversal symmetry broken and I-V characteristics in the single and coupled

LJJs by solving the system of perturbed sG equations numerically.

1.14 Organization of the thesis

The thesis of the present work is organized as follow:

Chapter 1 gives the brief introduction about the superconductivity, Josephson junction,

long Josephson junction, sine-Gordon equations, second quantization, MgB2, iron-

pnictides etc.

Chapter 2 presents the thorough literature review in order to focus to the current

research entitled in this thesis.

Chapter 3 presents detailed theoretical development and be ended by deriving the

system of perturbed sine-Gordon equations for a single as well as double (coupled) long

Josephson junction. Some of the theoretical intermezzos will be presented in Appendix

section. The detailed numerical methods and the computational procedures are also

presented in the this chapter.
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Chapter 4 presents all the graphical data obtained from the numerical computation

with the discussions about the physical significance.

Chapter 5 gives the concluding remarks with further recommendation.

Chapter 6 gives the summary of overall works.
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CHAPTER 2

LITERATURE REVIEW

Since the discovery of the superconducting state by Kamerlingh Onnes in 1911, many

physicists worked on the field to develop the theory which describes the superconducting

phenomenon below critical temperature )2. F. London and H. London have given

the explanation of electrodynamics at the superconducting state and could able to

establish an equation ∇2 ®� = ®�/_2
!
which confirmed the exponential decay of magnetic

field applied parallel to the surface inside the superconductor with London penetration

depth _! (0) =
√
<22Y0/(=42) at ) → 0 (London et al., 1935). Below the penetration

depth, the magnetic field vanishes and the bulk of superconductor behaves as perfect

diamagnetic nature. London brothers could also able to establish the temperature

dependent penetration depth using the Gorter-Casimir theory (Gorter et al., 1934)

as _! ()) = _! (0) (1 − )4/)4
2 )−1/2. The result was found in close agreement with

experimental results and reflects the Meissner effect. London also made a prediction

that the magnetic flux penetrating a superconductor is in the quantized form in the unit

of ℎ/4 called quantum of flux. Later it was pointed out that the quantum of flux is

ℎ/(24) as suggested by Daever and Fairbank (Deaver et al., 1961). The penetration

depth strongly affected by the inhomogeneities due to the presence of impurities on

the superconductor. In 1953, Pippard had worked on London theory for its non-local

generalization by assuming the supercurrent at a point to be related to an average of the

vector potential over a region b0 around a point of concern (Pippard et al., 1953). b0

was named as Pippard coherence length. For the pure metal, the value of the coherence

length can be calculated as b0 = 0
ℏE�
:�)

, where 0 is a constant and E� is the Fermi velocity.

Taking ; as the mean free path of the electron in the normal state, the ratio ;/b0 determine
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the purity of a superconductor as suggested by Pippard. A superconductor is said to be

clean if ;/b0 � 1 and it is in the dirty limit if ;/b0 � 1.

Ginzburg and Landau proposed another theory as an extension of London theory

to describe spatial variation of condensed electron density, =B, due to the sample

inhomogeneity or magnetic field (Ginzburg et al., 1950). This theory based on the

quantum mechanical approach designing the effective wave function k(®A), such that,

|k(®A) |2 = =B (®A) is the superconducting electron density at position ®A. k(®A) is treated as
the order parameter which measures the strength of superconducting state of a material at

any position ®A . The order parameter varies slowly at the transition temperature () = )2)
or near the critical field (� = �2). This theory can be used for the treatment of type II

superconductors when both superconducting and normal phases co-exist. This theory also

helps to obtain the temperature dependent coherence length in the form b ()) = ℏ√
2<U())

,

where U()) is the Ginzgburg-Landau coefficient. b ()) becomes the Pippard coherence

length for pure superconductor below )2. The ratio of temperature dependent penetration

length to temperature dependent coherence length i.e. ^ = _())/b ()), is found to be

constant and called GL-parameter. This parameter determines the type of superconductors.

If ^ of a superconductor is less than 1/
√

2, then it is called a type I superconductor and

otherwise, it is of type II.

The microscopic theory of superconductor was first described jointly by Bardeen,

Cooper and Schrieffer, considering the superconducting properties in weakly coupled

superconductors (Bardeen et al., 1957). This theory based on the idea that when an

electron passes its adjacent ion, the lattice polarizes and results the screening of repulsive

forces between them. Due to the lattice polarization, a space of higher positive charge

density will be created. This region will be propagated as the lattice wave carrying

momentum which was previously supplied by the electron. An electron in the region

sees the positive charge and experiences and attractive Coulomb force and absorbs the

momentum (phonon) from the lattice. The situation arrives at which two electrons are

co-related by such phonon exchange. The two electrons are linked leading to a weakly

bound electron pair, mediated by phonon, is called Cooper pair. In 1950, Frohlich

(Frohlich, 1950) predicted that attractive interaction between two electrons could occur

due to the phonon exchange which was confirmed after the discovery of isotope effect

in Hg (Maxwll, 1950; Reynolds et al., 1950), according to which Uiso = −")2
Δ)2
Δ"

, where
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Uiso is the isotope coefficient and Δ)2 is the change in critical temperature for the mass

difference Δ" between the isotopes. For conventional superconductor Uiso = 1
2 except

some elements like Zr and Ru for which Uiso = 0. The zero isotope coefficient indicates

the presence of complicated electron band structure. Schafroth suggested that charged

bosons in a superconductor are two-electron states and exhibits all essential features of

the superconductor (Schafroth, 1955).

BCS theory was the first microscopic theory describing the superconductor with weak

electron-phonon coupling and the parameters derived from the theory was in agreement

with experiment except for some metallic superconductors and alloys. McMillan

introduced a coupling constant _ such that the superconductor could be classified as

strongly or weakly coupled (McMillan, 1968). The superconductor is said to be strongly

coupled for _ > 1 and weakly coupled for _ < 1. McMillan also found that the coupling

constant _ depends on phonon frequency but does not depend on variation in density

of states. Cooper assumed that two electrons have equal and opposite momentum and

spin while they form a bound pair (Cooper, 1956). There exists a repulsive Coulomb

potential between the two electrons while coupling at low temperature in addition to the

phonon interaction potential. The first Coulomb potential is frequency independent and

the second potential depends on frequency as (l2 −l2
@)−1 with l and l@ are the electron

and phonon frequencies, respectively. The sum of these two potential is termed as the

screening interaction potential +2(@, l). At a certain frequency, the negative potential
can exist and the electrons can bind to form a pair. Cooper made an assumption that

+B = −+ for |E0 | ≤ ℏl� and +B = 0 for |E0 | ≥ ℏl� , l� is the Debye frequency and E0

is the electron energy. Applying Born approximation, Cooper determined the scattering

potential which confirm the instability of ground state of a normal metal as a result of

interaction of electron on the opposite side of the Fermi surface. After pairing, two

electrons can have lower energy with wave vector greater than Fermi wave vector i.e.

: > :� .

In order to construct a single wave function of all pairs in compact form, the method of

second quantization (Berazin, 1966; Saxena, 2007; Atland et al., 2014; Kamenev, 2011;

Rammer, 2007; Ryndyk, 2016) can be used. In this method, creation and annihilation

operators are defined. The creation operator �†
:↑ creates an electron with momentum :

and spin ↑ at a given region (or site) or in state (A, ↑) while the annihilation operator �:,↑
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annihilates (destroys) this from the same state. After defining the Cooper pair Hamiltonian

in term of these operators and applying mean-field approximation, Cooper could able to

calculate the temperature dependent gap energy as Δ()) ≈ 1.74Δ(0) (1 − )/)0). In the
bases of BCS theory, the temperature dependent coherence length and penetration depth

take the form as b ()) = 0.74b0
√
()2/()2 − ))) and _! ()) = 0.71_! (0)

√
)2/()2 − )),

respectively.

Giaever used the tunneling technique to investigate the existence of energy gap and its

temperature dependence. He performed the experiment in 1960 and measured the current-

voltage characteristics in the system of normal metal (N) and metal superconductor (S)

separated by oxide insulator (I) (Giaever, 1960b). For the junction system Al/Al2O3/Pb,

he found no current to flow until the potential difference between N and S satisfies

|+ | ≥ Δ/4. Giaever also studied tunneling in SIS junction with Al as S, Al2O3 as I and Pb

or Al as S taking the thickness of oxide layer as 15-20 Å (Giaever, 1960a). He reported

that 2ΔPb (0)
:�)2

≈ 4.33, 2ΔIn (0)
:�)2

≈ 3.63 and 2ΔAl (0)
:�)2

≈ 3.15. Giaever experiments (Giaever,

1960a; Giaever et al., 1962) confirmed that phonon interaction in lead (Pb) is strong and

suggested for the modification of BCS theory to account for such strong couplings.

Superconductivity in magnesium diboride was first announced on January 10th, 2001

in the Symposium on Transition Metal Oxides (STMO2001) held in Sendai (Japan) by

Jun Akimitsu and co-workers (Koyama University, Tokyo) with critical temperature of

)2 = 39 K. They could able to publish their finding two months later the event (Nagamutsu

et al., 2001). Its unit cell is in hexagonal shape with lattice parameters 0 = 1 = 3.096Å

and 2 = 3.524Å. MgB2 has a simple crystal structure with boron atoms are graphite-like

layered with Mg atoms at the center of the hexagonal cells formed by the boron structure.

MgB2 is found to be having highest critical temperature among the non-cuprate (non

copper based) superconductors and highest )2 among the inter-metallic superconductors

known up to now. The previous highest )2 was reported for the metallic superconductor

Nb2Ge with )2 = 23.2 K. MgB2, as a simple structure metallic superconductor, can be a

potential candidate in power application due to low cost production, ease of fabrication

and metalworking for manufacturing the various kind of superconductor related devices.

Bud’ko studied the isotope effect of MgB2 for two isotopes (11B and 10B) of boron atom

and found the deviation of critical temperature by 1.0 K (Bud’ko et al., 2001a). The boron

isotope coefficient was observed as U� = 0.26 which suggested that superconductivity
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in MgB2 is driven by a phonon mediated BCS mechanism. That was further confirmed

by neutron scattering studies (Osborn et al., 2001; Yildirim et al., 2001). But there are

many experimental results like energy gap value that lack the appropriate theoretical

explanation. Although it is simpler than other high temperature superconductors, it also

has a layer structure and shows the anisotropic effect like cuprate superconductor. The

anisotropy ratio varies from 1.1 to 9.0 (Handstein et al., 2001; de Lima et al., 2001b,a;

Kim et al., 2002; Pathak et al., 2001; Xu et al., 2001; Lee et al., 2001). The energy gap

arises due to either anisotropic s-wave or possession of two different gap values in two

different directions (Placenik et al., 2002; Seneor et al., 2001; Giubileo et al., 2001).

Many methods have been incorporated for investigating the energy gap such as Raman

spectroscopy (Chen et al., 2001; Quilty et al., 2002), far infrared transmission (Kaindl

et al., 2001; Jung et al., 2002; Gorshunov et al., 2001), specific heat (Bouquet et al.,

2001; Wang et al., 2001; Bauer et al., 2001), high resolution photoemission (Takahashi

et al., 2001), tunneling (Placenik et al., 2002; Seneor et al., 2001; Giubileo et al., 2001;

Szabo et al., 2001; Giubileo et al., 2002; Laube et al., 2001; Rubio-Bollinger et al.,

2001; Karapetrov et al., 2001; Schmidt et al., 2001; Zhang et al., 2001; Gonnelli et al.,

2002c,b,a), scanning tunneling microscope (Giubileo et al., 2001; Rubio-Bollinger et al.,

2001; Karapetrov et al., 2001; Iavarone et al., 2002; Suderow et al., 2002; Xu et al.,

2002), point contact (Szabo et al., 2001; Schmidt et al., 2001; Gonnelli et al., 2002b;

Kohen et al., 2001; Laube et al., 2001; Bugoslavsky et al., 2002; Gonnelli et al., 2002a;

Lee et al., 2002) and planar tunneling junction (Mohamed et al., 2002; Saito et al., 2002;

Schmidt et al., 2003). The energy gaps values are reported as Δ1 = 2.8 meV and Δ2 = 7.5

meV by the many experimental researchers (Seneor et al., 2001; Szabo et al., 2001;

Karapetrov et al., 2001).

Although, MgB2 has the similar electronic structure as graphite (An et al., 2001; Mazin

et al., 2003; Belashchenko et al., 2001; Kortus et al., 2001), there are vast differences in

the context of superconducting parameters. There are two three-dimensional metallic

c-bands contributed by the boron ?I orbital. Among these two bands, one is electron

type and the other hole type. The covalent ?GH orbital forms two f-bands which are

deep below the Fermi level in graphite whereas these bands cross the Fermi level in

case of MgB2 (Eisterer, 2007). There occurs the transferring of the charges from f- to

c-band and holes can appear in f-band (An et al., 2001). The f-bands can exhibit the
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covalent nature which is a strange feature of MgB2 (Mazin et al., 2003). The energy

gap corresponds to c-band is about 2 meV and that of corresponds to f-band is about

7.5 meV (Mazin et al., 2003). GL theory can be applied for such a two-band system by

considering GL free energy functional as the sum of two single-bands GL functional

with different order parameters and a Josephson coupling term (Zhitomirsky et al., 2004).

The two-band system can be treated as two coupled (single-band) model superconductors.

It has experimentally confirmed for MgB2 that superconductivity appears always in both

bands simultaneously due to the finite inter-band coupling. The gaps are found to be very

close to each other at the same transition temperature (Giubileo et al., 2001; Bugoslavsky

et al., 2002; Gonnelli et al., 2002b; Iavarone et al., 2002; Tsuda et al., 2001; Daghero

et al., 2003; Gonnelli et al., 2003) and they are detected up to the upper critical field

(Bugoslavsky et al., 2004). The superconducting in the c-band is suppressed significantly

so that it is hard to detect it at higher magnetic fields (Bouquet et al., 2001; Gonnelli et al.,

2002b; Szabo et al., 2001; Daghero et al., 2003). MgB2 exhibits the unconventional

vertex structure due to the presence of two gaps (Gallitto et al., 2004)

The superconductivity in MgB2 is supposed to be the contribution of boron layers (Choi

et al., 2002). MgB2 is a brittle material like HTS materials the polycrystal of which

has a grain size of 10 nm-10 `m (Jin et al., 2001; Larbalestier et al., 2001; Hata et al.,

2006). MgB2 has lower anisotropy of about 1.5-5 (de Lima et al., 2001b) as compared to

the other high )2 superconductors. The coherence length of MgB2 is about 3.7-12 nm

and the penetration depth is about 85-180 nm with GL parameter 10-70 at absolute zero

(Finnemore et al., 2001). Due to the large coherence length as compared to inter-atomic

spacing, the weak link is suppressed in MgB2. The )2 of MgB2 is nearly double the

practically using superconductor Nb3Sn and four times that of NbTi. The normal state

conductivity of MgB2 is much higher than that of other superconductors. In the pure

MgB2 the lower critical field �21(0) is less than 50 mT (Takano et al., 2001) and upper

critical field �22(0) 15-40 T and irreversibility field at 4.2 K is 12 T (Finnemore et al.,

2001; Canfield et al., 2001; Takano et al., 2001; Bud’ko et al., 2001b). The upper critical

field can be increased by doping SiC and recorded up to 33 T (Sumption et al., 2005).

The density of MgB2 is 2.5 g·cm−3 which much lower than other superconductors so it is

suitable for lightweight applications.

The specific heat measurement confirmed that around 55% of the density of state (#0)
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comes from the c-band DOS and 45% from the f-band DOS (Bouquet et al., 2001).

Mazin suggested that main ingredient of electron transport in MgB2 is due to the interband

impurity scattering (Mazin et al., 2003). The interband impurity scattering is small in the

f-band as compared to that of in the c-band whereas the phonon scattering is stronger in

f-band than in c-band.

Gurevich studied the anomalous effect of two-gap superconductivity in MgB2 using the

Usadel equation as the function of gap energy (Gurevich, 2003). He also calculated

the interband phase texture \ (®A, C) by considering the free energy with the contribution
of GL intra-band part and inter-band energy. By minimizing the free energy he could

able to establish the static sine-Gordon equation !2
\
∇2\ = sign(−W) sin \, with !\ as the

decay length and W as the interband coupling parameter. The equation has the single-

soliton similar to the vortex solution in long Josephson contact. These \-solitons do not

carry magnetic flux and therefore do not interact with magnetic field and supercurrent.

Therefore, they are not similar to the Josephson vertices. They are driven by the

non-equilibrium charge density presents in the normal electrodes.

Recently, many researchers are in race to discover the materials which are capable of

exhibiting superconductivity at operating temperature above 273 K. These materials are

called room-temperature superconductors. At atmospheric pressure, the copper based

superconductors (cuprates) have shown the superconductivity at temperature as high as

138 K (Dai et al., 1995). In 2007, a group of researchers published a results suggesting

the superconductivity in palladiam hydride (PdHx:x>1) can be seen at about 260 K

(Tripodi et al., 2007) but this work has not been corroborated by other groups. In 2012,

a graphite powder treated with pure water has been reported as a superconductor at

temperature as high as 300 K and above (Scheike et al., 2012) but the material is unable

to clearly exhibit some properties like Meissner phase. In 2015, a breakthrough in high

temperature superconductivity has been achieved by the discovery of superconductivity

in H2S under the extremely high pressure at around 1.5 million times of atmospheric

pressure in a diamond anvil cell. At this pressure, H2S transits to H3S and exhibits the

superconductivity with critical temperature of about 203 K (Ge et al., 2016). This finding

leads the researcher to do work on the hydride based material at elevated pressure to

examine for superconductivity at room temperature. In 2019, lanthanium decahydride

(Lh10) is found as the superconductor with highest transition temperature at about 250 K
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under the pressure of about 200 GPa (Somayazulu et al., 2019; Drozdov et al., 2019).

In October 2020, a carbonaceous sulfur hydride has been reported as the material with

room-temperature superconductor at 15 ◦C under very high pressure (267 GPa) triggered

into crystallization by green laser (Snider et al., 2020).

H. Asai and coworkers studied the interband phase fluctuation in microscopic quantum

tunneling (MQT) for a multi-gap hetero-junction by deriving the effective Lagrangian

density in term of interband and intra-band phase differences (Asai et al., 2014). The

Lagrangian density was found to be similar to that of Caldeira-Leggett model for

dissipative quantum tunneling (Caldeira et al., 1983). They concluded that the quantum

tunneling can be enhanced by lowering the tunneling barrier height and the tunneling can

be separated by quantum friction.

There are four channels for Cooper pair tunneling in a single junction LJJ based on

two-gap superconductor. Among these four channels, two of them are interband tunneling

and remaining two are intra-band tunneling channels. In addition to these tunneling

channels, there exists the interband coupling in the same layer which also results the

interband phase difference due to such coupling (Kim et al., 2012). The tunneling

phenomena and properties for the two-gap superconductor like MgB2 are quite different

as compared to the conventional one-gap superconductors. For a particular Cooper pair

order parameter at a given band of a layer, there are two channels for tunneling: one

possibility is the tunneling between two s-band of adjacent layers and the other is the

tunneling from s-band of a layer to d-band of adjacent layer.

The superconductor order parameter plays important roles in the phase dynamics of a LJJ.

According to Ota and his coworkers, the Josephson current across the grain boundaries

as well as current-voltage (I-V) characteristics of the multi-gap superconductors are

affected by gap symmetry (Ota et al., 2009; Koyama et al., 2010b). There are two types

of pairing symmetries, ((++ and (+−), in two-gap superconductors. (++ pairing symmetry

occurs when two s-wave pseudo-order parameters have the same phase in f- and c-bands

resulting zero-phase locked between the electron and holes. When two bands have the

order parameters with opposite phases resulting the c-phase locked between electron

and hole, then the pairing symmetry is named as (+−. There exists the fluctuation in

the locked state of the two condensates. For the small fluctuation of the phase locked
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state, the interband Josephson effect produces the collective excitation (Leggett, 1966).

There are two small phase oscillations mode namely, in-phase and out-of-phase, in

multi-gap superconductors. The in-phase mode is called the Josephson phase mode and

out-of-phase mode is called Josephson-Leggett mode. The Josephson-Leggett mode in

MgB2 was observed by Blumerg and coworkers using Raman scattering (Dahm, 2005).

The total energy of the two-gap superconductors depends on the relative phase of the two

condensates and the relative density of electrons. Due to this reason, the phase dynamics

of a LJJ are affected by the Josephson-Leggett mode as suggested by the theoretical

research on a hetero-Josephson junction.

There might be a large fluctuation in the phase-locked state. The amplitude of critical

current density can be changed by the excitation of a soliton when the amplitude of

relative phase fluctuation grows to non-linear region and becomes stable there (Tanaka,

2001). The growing phase fluctuation can produce a 2c-phase texture as a soliton-shaped

phase difference between the two condensates stable (Ota et al., 2009, 2011a). The

excitation of soliton represents the phase fluctuation due to interband Josephson effect

which is the important feature of multi-gap superconductors.

Using GL theory, Kuplevakhsky and coworkers described the soliton state in two-gap

superconductors in mesoscopic thin-walled cylinders under the application of external

magnetic field (Kuplevakhsky et al., 1997). A soliton does not carry magnetic flux but it

can carry a fraction of flux quantum at a situation for which one end of the soliton wall

is truncated by the fractional vortex while the other end is attached to the sample edge

(Tanaka, 2002). These fractional vortices can be observed in multi-gap superconductors

using magnetic force and scanning Hall probe microscopy (Tanaka et al., 2010a).

A Josephson vortex (i.e. fluxon) appears when the Cooper pairs tunnel between two

superconductors through the junction, whereas solitons are generated due to the interaction

between the particles within the same superconductor. A fluxon has one unit of magnetic

flux quantum (Φ0), but a soliton does not carry any magnetic flux. However, a non-

equilibrium charge density or sufficiently strong superconducting current can form and

drive a soliton. The spontaneous appearance of soliton like phase texture indicates the

break down of phase-locked state that can be obtained under the application of current

density greater than its critical value along the superconducting layer (Gurevich et al.,
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2006). A soliton may change the phase dynamics of a LJJ inducing a critical current

density modulation when the 2c-phase texture exists in each superconducting layer (Kim

et al., 2012). A moving fluxon can emit electromagnetic waves as its speed varies due

to the bias current above its threshold value (Ota et al., 2011b; Tanaka et al., 2010a;

Gurevich et al., 2006; McLaughlin et al., 1978; Eckern et al., 1984; Kim et al., 2012).

A theoretical model was proposed for describing phase and charge dynamics in intrinsic

LJJ stacks by the author cited as (Machida et al., 2000) starting from the BCS Hamiltonian

and following various steps of quantummechanical path integral formalism and accounting

for the low energy fluctuation in the very thin superconducting layers, Machida and

coworkers could able to derive effective Lagrangian density of the system. The Lagrangian

density is further minimized using Euler-Lagrange equation for relevant variable and

then the system of equations for the relative phase have been derived.

Fluxon dynamics in the stacks of long Josephson junction based on one-gap supercon-

ductors have been studied by the authors cited as (Kleiner et al., 1994, 2000, 2001) in

the zero magnetic field and later on they extended the same work in the presence of the

magnetic field. They observed the multiple branches of I-V characteristics in the zero

magnetic field. They also predicted that a large number of junctions can be phase locked

in large magnetic field via Fiske resonances excited in all junction. It has also been

observed that a large variety of fluxon and anti-fluxon modes, involving the excitation of

the collective Josephson plasma oscillations or cavity resonances.
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CHAPTER 3

MATERIALS AND METHODS

The aim of this Chapter is to derive the system of perturbed sine-Gordon equations

in the generalized form applicable for a stack of long Josephson junctions based on

multi-gap superconductors. The starting procedure is to define the microscopic BCS

Hamiltonian of the system in terms of creation and annihilation fermionic operators.

The steps are followed by writing the quantum mechanical partition function in terms

of the model Hamiltonian. The various intermediate steps are implemented in order to

reach the point of effective Lagrangian density. The Lagrangian density is minimized by

using Euler-Lagrange equation of motion to derive the generalized system of perturbed

sine-Gordon equation for phase differences between the consecutive superconducting

layers. The equations are then applied for single and double (coupled) LJJs for giving

rise up the various physical characteristics of the junction system through numerical

computation.

3.1 Microscopic BCS Hamiltonian of the system of stacked LJJ

based on multi-gap superconductor

The total Hamiltonian of the system comprises the free Hamiltonian (�free), pairing
Hamiltonian (�pair) and tunneling Hamiltonian (�) ) (Sharapov et al., 2002; Kim et al.,

2012; Simanek, 1994; Atland et al., 2014; Chimouriya et al., 2017) i.e.

� = �free + �pair + �) (3.1)
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3.1.1 Free Hamiltonian

Each site of a multi-band superconducting layer represented by a layer index ; (or ;′) and

band index 8 (or 8′) at a given time consists of formions with spin up (↑) and spin down
(↓). The total free (non-interacting) Hamiltonian of this site is defined as

�free =
∑
;,8,f

∫
33A�†

;,8,f
(®A, g)

[
1

2<
(8ℏ∇ + 4 ®�8;)2 + 4�08

;

]
�;,8,f (®A, g) (3.2)

where, �†
;,8,f
(®A, g), is the creation operator for a Fermion of spin f = (↑ or ↓) with the

position vector ®A at imaginary time g = −8C with 8 =
√
−1 as the imaginary number.

Similarly, �;,8,f (®A, g)) is the corresponding annihilation operator for the fermion. These

operators are the function of spatial coordinate ®A and imaginary time g = −8C. �†
;,8,f
(®A, g)

creates a fermion with spin f at the given site (®A, g) of a layer ; with band 8 and�;,8,f (®A, g)
destroys the fermion from there. �†

;,8,f
(®A, g) and�;,8,f (®A, g) have the dimension of inverse

square root of volume (i.e. <−3/2) in a domain of total volume Ω of the system. ®�8
;
and

�08
;
are the magnetic vector potential and electric scalar potential respectively and are of

function of position vector (®A) only. 4 is the electronic charge and < is the mass of an

electron. The operator −8ℏ∇ − 4 ®�8
;
is called the canonical momentum operator.

3.1.2 Pairing Hamiltonian

When two electron are so closed to each other with the region of screening, they can

interact through the mediation of phonon i.e lattice vibration. The pairing of any two

fermions with opposite spins is possible due to short or long range phonon mediated

attractive coupling. After the pairing process, the fermionic nature of particle will destroy

and the new bosonic particle forms which is called the Cooper pair (Bardeen et al., 1957).

For a conventional one-gap superconductor, the pairing is possible only between two

fermions of spin up and spin down. The pairing Hamiltonian in this case is (Tempere

et al., 2012)

�pair = −
∫

33A+�†↑ (®A, g)�
†
↓ (®A, g)�↓(®A, g)�↑(®A, g) (3.3)

where + is the coupling strength with dimension of energy (Jm3). In spite of using a

complicated interaction potential, a contact pseudo-potential +pseu(®A) = +X(®A) has been
used and adapted its strength such that the model potential has the same s-wave scattering
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length (0B) as the true potential. The scattering length can be tuned appropriately by

using Feshbach resonance (Feshbach, 1958). In this resonance, the energy of two atoms

scattering in an open channel coincides with the energy of a bound state in a closed

channel. The value and sign of scattering length determines the condition for BCS type of

interaction or Bose-Einstein condensation (BEC). For the negative scattering length, the

BCS scenario is expected to hold whereas the positive scattering length declares that the

bound pair are condensed. Therefore, for the good approximation, the scattering length

is chosen as −1 < (:�0B)−1 < 1 (with :� the Fermi wave vector) (Holland et al., 2001).

The expression for the re-normalized coupling strength, + , up to the second order can be

derived using Lippmann-Schwinger equation as (Pethick et al., 2008; Stoof et al., 2009)

1
+
=

<

4cℏ20B
−

∫
3:

(2c)3
<

ℏ2:2 (3.4)

For a stack of one-gap superconductor, the pairing process may occur between two

different fermions of same layer (intra-layer pairing) and that of between two consecutive

different layers (inter-layer pairing). The total pairing Hamiltonian in this case is

�pair = −
∑
;,; ′

∫
33A+;,; ′�

†
;,↑(®A, g)�

†
;,↓(®A, g)�; ′,↓(®A, g)�; ′,↑(®A, g) (3.5)

where, ; (;′) is the layer index, ; = ;′ for intra-layer pairing and ; ≠ ;′ for inter layer

pairing. In the case of multi-gap layered superconductor, the pairing takes place between

two fermions of same band (intra-band pairing) and that of between two different bands

(inter-band pairing). The total pairing Hamiltonian in this case is

�pair = −
∑
8,8′

∫
33A+ 8,8

′
�
†
8,↑(®A, g)�

†
8,↓(®A, g)�8′,↓(®A, g)�8′,↑(®A, g) (3.6)

where, 8 and 8′ are band indices (for two-gap superconductor having s- and d-bands

8 or 8′ is equal to B, 3). 8 = 8′ refers intra-band pairing and 8 ≠ 8′ refers inter-band

pairing. Similarly, for stack of multi-gap superconducting junction system, the pairing

Hamiltonian is given as

�pair =
∑
;,; ′,8,8′

∫
33A+ 8,8

′
;,; ′�

†
;,8,↑(®A, g)�

†
;,8,↓(®A, g)�; ′,8′,↓(®A, g)�; ′,8′,↑(®A, g) (3.7)
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For ; = ;′ and 8 = 8′, pairing is intra-layer and intra-band, for ; ≠ ;′ and 8 = 8′, the pairing

is inter-layer and intra-band, for ; = ;′ and 8 ≠ 8′, the pairing is intra-layer and inter-band,

for ; ≠ ;′ and 8 ≠ 8′, the pairing is inter-layer and inter-band. + 8,8
′

;,; ′ is the interaction

coupling strength solely depends on the scattering length for the given layer and band.

For the homogeneous superconducting layers the scattering length depends only on the s-

and d-bands.

3.1.3 Tunnel Hamiltonian

Consider a conventional Josephson junction of one-gap superconductors separated by

an insulator junction, (SIS), system. The Cooper pairs break up into their fermionic

constituents as they reach the boundary of insulator and superconductor. The tunneling

process of the fermions have been taken place. After tunneling, they reach to the next

superconductor layer. The pairing process between the fermions occurs there and the

Cooper pairs reform. The tunnel Hamiltonian for the fermions during tunneling is defined

as

�) =
∑
f

∫
33A

[
)1,2�

†
1,f (®A, g)�2,f (®A, g) + )∗2,1�†2,f (®A, g)�1,f (®A, g)

]
(3.8)

The pair of operators in the first term of Equation (3.8) infers that a fermion of spin f

destroys in the second layer and creates in the first layer and the pair of operators in the

second term infers vice-versa of that. The summation is taken over the spin index f. )1,2

is the tunnel strength with dimension of energy. The tunneling strength depends on the

nature of the insulating material and geometry of the junction system. For the stack of

LJJ based on one-gap superconductors, the tunnel Hamiltonian is given by

�) =
∑
;,f

∫
33A

[
);,;+1�†;,f (®A, g)�;+1,f (®A, g) + )∗;+1,;�†;+1,f (®A, g)�;,f (®A, g)

]
(3.9)

Using the same token, the tunnel Hamiltonian for the stack of LJJ based on two-gap

superconductors separated by the insulating material as the junction is

�) =
∑

;,;′,8,8′,f

∫
33A

[
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g) + )∗8

′,8
;+1,;�

†
;+1,8′,f (®A, g)�;,8,f (®A, g)

]
(3.10)
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3.2 Action functional

The statistical process in quantum mechanics rests on two axioms:

Axiom I The amplitude of any process is a weighted sum of amplitude of all possible

possibilities for the process to occur. For example, the amplitude for a particle to

go from a starting point A to a final point B is a weighted sum of the amplitude of

all paths that the particle can take to get to B from A.

Axiom II The weight in classical mechanics is defined by the complex value exp(8(/ℏ),
where ( is the action functional. For example, each path q(®A, C) that the particle
can take to go from A to B gets a weight exp

(
8
([q(®A, C)]

ℏ

)
. The quantum statistical

averages are expressed as the same weighted averages but the weight is a real value

exp(−(/ℏ) and the path is taken in imaginary time scale g = −8C.

Upon based on these axioms, the action functional is defined as

( =

∫
!3C (3.11)

where ! is the Lagrangian given as

! =

∫
33AL (3.12)

with L as the Lagrangian density. In terms of total Hamiltonian, the action function is

defined as (Sharapov et al., 2002; Kleiner et al., 2000; Lin, 2012; Kim et al., 2012)

( =

∫ ℏV

0
3g

[(∫
33A

∑
;,8,f

�
†
;,8,f
(®A, g)ℏ m

mg
�;,8,f (®A, g)

)
+ � − `#

]
(3.13)

where, ` is the chemical potential, and # is the total particle number, V =
1
:�)

, with

:� as the Boltzmann constant and ) as the absolute temperature. `# can be written in

terms of field operators as (Sharapov et al., 2002; Tempere et al., 2012; Simanek, 1994)

`# =
∑
;,8,f

∫
33A`8;,f�

†
;,8,f
(®A, g)�;,8,f (®A, g) (3.14)
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Using Equation (3.1), (3.13) and (3.14), we get the action functional as

( =

∫ ℏV

0
3g

[(∫
33A

∑
;,8,f

�
†
;,8,f
(®A, g)

(
ℏ
m

mg
− `8;,f

)
�;,8,f (®A, g)

)

+ �free + �pair + �)
]

(3.15)

Substituting the general expressions for �free, �pair and �) in above equation, the action

functional becomes

( =

∫ ℏV

0
3g

∫
33A

∑
;,8,f

�
†
;,8,f
(®A, g)

(
ℏ
m

mg
+ 1

2<
(8ℏ∇ + 4 ®�8;)2 + 4�08

; − `8;,f)
)
�;,8,f (®A, g)

︸                                                                                                               ︷︷                                                                                                               ︸
(free

+
∫ ℏV

0
3g

∫
33A

∑
;,; ′,8,8′

+
8,8′
;,; ′�

†
;,8,↑(®A, g)�

†
;,8,↓(®A, g)�; ′,8′,↓(®A, g)�; ′,8′,↑(®A, g)

︸                                                                                       ︷︷                                                                                       ︸
(pair

+
ℏV∫

0

3g

∫
33A

∑
;,8,8′,f

[
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g) + h.c.

]
︸                                                                      ︷︷                                                                      ︸

()

(3.16)

Now the partition function of the system is

/ =

∫
D[�†, �] exp

(
−(
ℏ

)
=

∫
D[�†, �] exp

(
−(free
ℏ
− (pair

ℏ
− ()
ℏ

)
(3.17)

Here,� is a column vector with elements�;,8,f (®A, g) and�† is a row vector with elements

�
†
;,8,f
(®A, g) and

∫
D[�†, �] represents the product of all integrals over the elements of

�† and �.

3.3 Hubbard-Stratonovich transformation

The action functional associated to the pair Hamiltonian is in quartic form of four fermionic

fields. In order to reduce this quartic form, the Hubbard-Stratonovich transformation

(HST) has been used (Hubbard, 1959; Stratonovich, 1958; Hoa et al., 2014; Kleinert,

2004). For the ease of derivation, the gauge transformations ℏ
m

mg
± 4�08

;
→ ℏ

m

mg
and

8ℏ∇ ± 4 ®�8
;
→ 8ℏ∇ are applied for gauge invariance fields ®�8

;
and �08

;
. Hence the partition
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function of (3.17) can be rewritten as

/ =
∫
D[�†, �] exp

{
−1
ℏ

ℏV∫
0
3g

∫
33A

[ ∑
;,8,f

�
†
;,8,f
(®A, g)

(
ℏ
m

mg
− ℏ2

2<
∇2 − `8

;,f

)
�;,8,f (®A, g)

−
∑
;,; ′,8,8′

+
8,8′
;,; ′�

†
;,8,↑(®A, g)�

†
;,8,↓(®A, g)�; ′,8′,↓(®A, g)�; ′,8′,↑(®A, g)

+
∑
;,8,8′,f

(
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g) + )∗8

′,8
;+1,;�

†
;+;,8′,f (®A, g)�;,8,f (®A, g)

)]}
(3.18)

Let’s define the pairing operator %;,8 (®A, g) = �;,8,↓(®A, g)�;,8,↑(®A, g)
and %†

;,8
(®A, g) = �†

;,8,↑(®A, g)�
†
;,8,↓(®A, g). Then

∑
;,; ′,8,8′

+
8,8′
;,; ′�

†
;,8,↑(®A, g)�

†
;,8,↓(®A, g)�; ′,8′,↓(®A, g)�; ′,8′,↑(®A, g) =

∑
;,; ′,8,8′

+
8,8′
;,; ′%

†
;,8
%; ′,8′ = %

†+%

where %† is a row vector containing %†
;,8
(®A, g) as the elements and % is a column vector

with elements %;,8 (®A, g). + is a square matrix of dimension #1#B ×#1#B where #1 is the
total number of bands in each layer and #B is the total number of superconducting layers

in the junction system. Hubbard-Stratonovich transformation is defined as (Simanek,

1994; Atland et al., 2014)

exp
©­­«
ℏV∫

0

3g

∫
33A%†+%

ª®®¬
=

∫
D[Δ̄,Δ] exp

©­­«
−

ℏV∫
0

3g

∫
33A

[
Δ̄(+−1)Δ + Δ̄% + %†Δ]ª®®¬

(3.19)

Here, Δ̄(Δ) are the new fields which are bosonic in nature. Δ̄ is a row vector containing

the elements Δ̄;,8 (®A, g) and Δ is a column vector containing the elements Δ;,8 (®A, g). The
transformation defined by equation (3.19) is also called bosonization. Using this relation

the partition function becomes

/ =

∫
D[Δ̄,Δ]

∫
D[�†, �] exp

{
−1
ℏ

ℏV∫
0

3g

∫
33A×

[∑
;,8,f

�
†
;,8,f
(®A, g)

(
ℏ
m

mg
− ℏ2

2<
∇2 − `8;,f

)
�;,8,f (®A, g)
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+
∑
;,; ′,8,8′

(
Δ̄;,8 (+−1)8,8′

;,; ′Δ; ′,8′ + Δ̄;,8�;,8,↓(®A, g)�;,8,↑(®A, g) + Δ;,8�†;,8,↑(®A, g)�
†
;,8,↓(®A, g)

)

+
∑
;,8,8′,f

(
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g) + )∗8

′,8
;+1,;�

†
;+1,8′,f (®A, g)�;,8,f (®A, g)

)]}
(3.20)

3.4 Nambu notation

The combination of a spin up and a spin down fermionic fields of a given band and a

given layer is expressed in terms of spinors, and called Nambu notation. This notation

plays the important role in the field theory by introducing the inverse Green’s function

(Curtright et al., 2003; Nambu, 1973). The Nambu spinors in terms of creation and

annihilation operators are defined as

k;,8 (®A, g) =
©­­­­«
�;,8,↑(®A, g)

�
†
;,8,↓(®A, g)

ª®®®®¬
and k

†
;,8
(®A, g) =

(
�
†
;,8,↑(®A, g) �;,8,↓(®A, g)

)
(3.21)

In terms of these Nambu spinor, we can write

∑
;,8,f

�
†
;,8,f
(®A, g)

(
ℏ
m

mg
− ℏ2

2<
∇2 − `8;,f

)
�;,8,f (®A, g)

+
∑
;,8

(
Δ̄;,8�;,8,↓(®A, g)�;,8,↑(®A, g) + Δ;,8�†;,8,↑(®A, g)�

†
;,8,↓(®A, g)

)

=
∑
;,8

k
†
;,8
(®A, g)�−1

0,;,8k;,8 (®A, g) (3.22)

where

�−1
0,;,8 =

©­­­­«
ℏ
m

mg
− ℏ2

2<
∇2 − `8

;,↑ Δ;,8

Δ̄;,8 ℏ
m

mg
+ ℏ

2

2<
∇2 + `8

;,↓

ª®®®®¬
(3.23)

To obtain Equation (3.22), we have used the rules for interchanging the fermionic fields

(Grassmann variables) across the derivatives. For the two fermionic fields k† and k,

which are anti-commute i.e. k†k = −kk†, the integral over them reads
∫
3k = 0 and∫

k3k = 1. These properties lead that there is no sign change when the two Grassmann

variables are interchanged across the odd derivatives and there is change of sign when they

are interchanged across the even derivatives (e.g. k†mgk = kmgk†, k†mggk = −kmggk†
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and similar operation holds for ∇ ). �−1
0,;,8 is the inverse Green’s function in the matrix

representation over the spin index. Now, the partition function reduces to

/ =

∫
D[Δ̄,Δ]

∫
D[k†, k]

∫
D[�†, �] exp

{
−1
ℏ

ℏV∫
0

3g

∫
33A

[
Δ̄(+−1)Δ

+
∑
;,8

k
†
;,8
�−1

0,;,8k;,8 +
∑
;,8,8′,f

(
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g)

+ )∗8′,8
;+1,;�

†
;+1,8′,f (®A, g)�;,8,f (®A, g)

)]}
(3.24)

Again

∑
;,8,8′,f

(
)
8,8′
;,;+1�

†
;,8,f
(®A, g)�;+1,8′,f (®A, g) + )∗8

′,8
;+1,;�

†
;+1,8′,f (®A, g)�;,8,f (®A, g)

)

=
∑
;,8,8′

[
)
8,8′
;,;+1

(
�
†
;,8,↑(®A, g)�;+1,8′,↑(®A, g) + �

†
;,8,↓(®A, g)�;,8,↓(®A, g)

)

+ )∗8′,8
;+1,;

(
�
†
;+1,8′,↑(®A, g)�;,8,↑(®A, g) + �

†
;+1,8′,↓(®A, g)�;,8,↓(®A, g)

)]

=
∑
;,8,8′

[
k
†
;,8
)̂
8,8′
;,;+1k;+1,8′ + k†;+1,8′)̂∗8

′,8
;+1,;k;,8

]
(3.25)

where

)̂
8,8′
;,;+1 =

©­­­­«
)
8,8′
;,;+1 0

0 −) 8,8′
;,;+1

ª®®®®¬
and )̂

∗8′,8
;+1,; =

©­­­­«
)
∗8′,8
;+1,; 0

0 −)∗8′,8
;+1,;

ª®®®®¬
(3.26)

Hence, the partition function further reduces to

/ =

∫
D[Δ̄,Δ]

∫
D[k†, k] exp

{
−1
ℏ

ℏV∫
0

3g

∫
33A

[
Δ̄(+−1)Δ +

∑
;,8

k
†
;,8
�−1

0,;,8k;,8

+
∑
;,8,8′

(
k
†
;,8
)̂
8,8′
;,;+1k;+1,8′ + k†;+1,8′)̂∗8

′,8
;+1,;k;,8

)]}
(3.27)

Up to now, we are able to express the partition function in terms of bosonic fields Δ;,8 (®A, g)
and Nambu spinors k;,8 (®A, g) and k†;,8 (®A, g).
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3.5 Introducing the phase factor

Here, all the fermionic fields and bosonic fields are complex. Hence, they can be written

in terms of phase angle \ (®A, g) as

k;,8 (®A, g) =
©­­­­«
48\;,8 (®A,g)/2 0

0 4−8\;8 (®A,g)/2

ª®®®®¬
k;,8 (®A, g) and Δ;,8 (®A, g) = Δ;,8 (®A, g)48\;,8 (®A,g)

(3.28)

After this transformation, the bosonic and fermionic fields only represent the amplitude

functional. We have to be noticed that all the fields after this transformation are real but

still the function of ®A and g. After completing some mathematical operation as mentioned

in the Appendix A, the partition function becomes

/ =
∫
D[Δ̄,Δ]

∫
D[k†, k] exp

{
−1
ℏ

ℏV∫
0
3g

∫
33A

[ ∑
;,;′,8,8′

Δ̄;,8 (+−1)8,8′
;,;′Δ;′,8′4

−8 (\;,8−\;′,8′ )

+
∑
;,8

k
†
;,8

(
�−1

0,;,8 + �;8
)
k;,8 +

∑
;,8,8′

(
k
†
;,8
)̂
8,8′
;,;+1k;+1,8′ + k†;+1,8′)̂∗8

′,8
;+1,;k;,8

)]}
(3.29)

where

)̂
8,8′
;,;+1 =

©­­­­«
)
8,8′
;,;+14

8
2 (\;+1,8′−\;,8) 0

0 −) 8,8′
;,;+14

− 82 (\;+1,8′−\;,8)

ª®®®®¬
(3.30)

3.6 Transformation to the reciprocal space

The goal of this section is to rewrite the partition function of Equation (3.29) in reciprocal

space i.e. wave vector-frequency space. For this purpose, we use the Fourier transform

for the fermionic fields �;,8,f (®A, g) as well as bosonic fields Δ;,8 (®A, g) as

�;8f (®A, g) = 1√
Ω

∑
:,=

4−8l=g+8®: ·®A2;8f ( ®:, =) (3.31a)

�
†
;8f
(®A, g) = 1√

Ω
48l=g−8®: ·®A2†

;8f
( ®:, =) (3.31b)
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for fermionic fields and

Δ;,8 (®A, g) =
∑
@,<

4−8l<g+8 ®@·®AΦ;8 ( ®@, <) (3.31c)

Δ̄;8 (®A, g) =
∑
@,<

48l<g−8 ®@·®AΦ̄;8 ( ®@, <) (3.31d)

for bosonic fields. The Fourier transformed bosonic fields Φ;8 still has the dimension

of energy and the transformed fermionic fields 2;8 are dimensionless. The following

properties of delta-function are also used.

1
ℏVΩ

ℏV∫
0

3g

∫
33A4−8(l=′−l=)g+8( ®:

′−®:)·®A = X( ®: − ®:′)X==′ (3.32)

and
1
ℏVΩ

∑
:,=

48l= (g−g
′)+8®: ·(®A−®A ′) = X(®A − ®A′)X(g − g′) (3.33)

where, l= is called the Matshubara frequency (Matsubara, 1955; Wu et al., 2019) given

by

l= =




(2= + 1)c
ℏV

for fermions

2=c
ℏV

for bosons
(3.34)

It is assumed that the phase factor \;8 and its derivatives do not take part in the

transformation (Simanek, 1994; Atland et al., 2014; Sharapov et al., 2002). Defining the

Nambu spinor in the reciprocal space as

[;8 ( ®:, =) =
©­­­­«
2;8↑( ®:, =)

2
†
;8↓( ®:, =)

ª®®®®¬
and [

†
;8
=

(
2
†
;8↑( ®:, =) 2;8↓( ®:, =)

)
(3.35)

and using the Equations (B.6), (B.7), (B.8) and (B.9) mentioned in Appendix B, we can

write

ℏV∫
0

3g

∫
33Ak†

;8
(®A, g)�−1

0;8k;8 (®A, g) = ℏ
∑

:,=,: ′,=′
[
†
;8
( ®:, =)�̄−1

0;8[;8 ( ®:′, =′) (3.36)
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where the inverse Green’s function �̄−1
0;8 is 2 × 2 matrix in reciprocal space and given by

�̄−1
0;8 =

©­­­­«

(
−8ℏVl= + Vn: − V`8;,↑

)
X( ®: − ®:′)X==′ VΦ;8 ( ®: + ®:′, = + =′)

VΦ̄;8 ( ®: + ®:′, = + =′)
(
8ℏVl= − Vn: + V`8;,↓

)
X( ®: − ®:′)X==′

ª®®®®¬
(3.37)

where

n: =
ℏ2:2

2<
(3.38)

is the free energy of a fermion. By the Equation (3.37), the newly obtained Green’s

function is completely gets ride of its operator version of �−1
0;8. It gives the opportunity to

take determinant, inverse, etc. of newly defined inverse Green’s function �̄−1
0;8. Every

element of this inverse Green’s function is dimensionless. Again
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with

�̄;8 =

[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

] ©­­­­«
1 0

0 −1

ª®®®®¬
−

[
8Vℏ2

4<
∇2\;8

] ©­­­­«
1 0

0 1

ª®®®®¬
(3.40)

also
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with
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Using Equations (B.5), (3.36), (3.39) and (3.41) the partition function in reciprocal space

can be written as

/ =

∫
D[Φ̄,Φ]

∫
D[[†, [] exp

{
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ℏ
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ℏVΩ
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′8
;+1,;[;8 ( ®:, =)

)]}
(3.43)

3.7 Saddle-point approximation

Here, the path-integral over the bosonic fields Φ;8 is so difficult and almost impossible

analytically. In order to tackle this difficulty, a simple approximation can be made in

which all the bosonic fields Φ̄;8 ( ®@, <) and Φ;8 ( ®@, <) are condensed in the state ®@ = 0,

< = 0 state and the two pair fields as

Φ;8 ( ®@, <) = Δ0;8X( ®@)X<,0 (3.44)

Φ̄;8 ( ®@, <) = Δ∗0;8X( ®@)X<,0 (3.45)

where Δ0;8 still has the unit of energy and constant for the path-integral process. Now

∑
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and
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=
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Δ0;82
†
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and

∑
:,=,: ′,=′

Φ̄;8 (: ®: + ®:′, = + =′)2;8↓( ®:, =)2;8↑( ®:′, =′)

=
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=
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Δ∗0;82;8↓(−®:,−=)2;8↑( ®:, =) (3.48)

Re-defining the Nambu spinor as
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)
(3.49)

and using relations (3.46), (3.47) & (3.48), the partition function (3.43) reduces to

/ =
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D[[†, [] exp
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Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′)

+ ℏ
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(
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)
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+ ℏ
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′8
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)]}
(3.50)

with new inverse Green’s function

�̄−1
0;8 =

©­­­­«
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑ VΔ0;8

VΔ∗0;8 −8ℏVl= − Vℏ
2:2

2<
+ V`8

;,↓

ª®®®®¬
(3.51)

Up to now only the path-integral over the Nambu spinor [;8 ( ®:, =) is left.

3.8 Performing the Grassmann integral

Let #; be the total number of superconducting layers in the system and #8 be the total

number of bands in each layer. [( ®:, =) is a column vector that contains the Nambu
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spinors [;8 ( ®:, =) as sub-vectors with ascending order of first 8 and then followed by ;.

Similarly, [†( ®:, =) is the row vector with Hermitian transpose of [( ®:, =).
Let, �̄−1

0; is 2#8 × 2#8 matrix which contains sub-matrices �̄−1
0;8 as the diagonal elements

in ascending order of 8 and all other elements are zero. Similarly, �̄0
−1 is 2#;#8 × 2#;#8

matrix containing sub-matrices �̄−1
0; as the diagonal elements in ascending order of ; and

all other elements are zero.

Let, �̄; is 2#8 × 2#8 matrix which contains sub-matrices �̄;8 as the diagonal elements

in ascending order of 8 and all other elements are zero. Similarly, �̄ is 2#;#8 × 2#;#8
matrix containing sub-matrices �̄; as the diagonal elements in ascending order of ; and

all other elements are zero.

Let, )̄;,;+1 is 2#8 × 2#8 matrix which contains sub-matrices )̄ 88′
;,;+1 as the elements and

)̄∗
;+1,; is 2#8 × 2#8 matrix which contains sub-matrices )̄ 8′8

;+1,; as the elements. )̄ is the

2#;#8 × 2#;#8 matrix which contains sub-matrices )̄;,;+1 as the upper first diagonal

elements and sub-matrices )̄∗
;+1,; as the lower first diagonal elements and all other elements

are zero.

These considerations lead us to write
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(
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)
[;8 ( ®:, =) = [†( ®:, =) [�̄−1
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and
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( ®:, =))̄ 88′;,;+1[;+1,8′ ( ®:, =) + [†;+1,8′ ( ®:, =))̄∗8

′8
;+1,;[;8 ( ®:, =)

)
= [†( ®:, =))̄[( ®:, =) (3.53)

Hence, the partition function (3.50) reduces to

/ =

∫
D[[†, [] exp

{
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ℏ

[
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∑
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Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
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+ ℏ
∑
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[†( ®:, =) [�̄−1
0 + �̄ + )̄][( ®:, )

]}
(3.54)

After performing the path-integral over fermionic fields (Grassmann variables, [† and [),

we get

/ = exp
{
−1
ℏ

[
ℏVΩ

∑
;,;′,8,8′

Δ∗0;8 (+−1)88′
;;′Δ0;′8′4

−8 (\;8−\;′8′ ) − ℏ ∑
:,=

ln(det[�̄−1
0 + �̄ + )̄])

]}
(3.55)
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Hence, the action functional is

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

∑
:,=

ln(det[�̄−1
0 + �̄ + )̄]) (3.56)

Since the logarithm of determinant of a matrix is equal to the trace of logarithm of the

matrix i.e.

ln(det[�̄−1
0 + �̄ + )̄]) = tr

;,8,f
(ln[�̄−1

0 + �̄ + )̄]) (3.57)

Here the trace is taken over layer, band and spin indices. Therefore, the action functional

becomes

( = ℏVΩ
∑
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Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

∑
:,=
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;,8,f

ln[�̄−1
0 + �̄ + )̄] (3.58)

After performing some matrix manipulation as mentioned in Appendix C and using the

results obtained, the action of Equation (3.58) takes a form as

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
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− 1
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)
(3.59)

For two gap superconductor, the band index 8 and its prime represents s- or d-band i.e

8 = B, 3 or 8′ = B, 3. So that �̄0; =
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0 �̄0;3

ª®®®®¬
, �̄; =

©­­­­«
�̄;B 0

0 �̄;3

ª®®®®¬
, )̄;,;+1 =

©­­­­«
)̄ BB
;,;+1 )̄ B3

;,;+1

)̄ 3B
;,;+1 )̄ 33

;,;+1

ª®®®®¬
and )̄;+1,; =

©­­­­«
)̄ BB
;+1,; )̄ B3

;+1,;

)̄ 3B
;+1,; )̄ 33

;+1,;

ª®®®®¬
, therefore

tr
8,f
(�̄0; �̄;) = tr

;

[
�̄0;B�̄;B + �̄0;3 �̄;3

]
(3.60)

50



We have

�̄0;)̄;,;+1 =
©­­­­«
�̄0;B)̄

BB
;,;+1 �̄0;B)̄

B3
;,;+1

�̄0;3)̄
3B
;,;+1 �̄0;3)̄

33
;,;+1

ª®®®®¬
and �̄0,;+1)̄;+1,; =

©­­­­«
�̄0,;+1,B)̄ BB;+1,; �̄0,;+1,B)̄ B3;+1,;

�̄0,;+1,3)̄ 3B;+1,; �̄0,;+1,3)̄ 33;+1,;

ª®®®®¬
Hence, the action of Equation (3.59) is further expanded to

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

∑
:,=

[
tr
;,8,f

ln �̄−1
0

+
∑
;

tr
f
(�̄0;B�̄;B + �̄0;3 �̄;3) − 1

2

∑
;

tr
f

(
�̄0;B�̄;B�̄0;B�̄;B + �̄0;3 �̄;3�̄0;3 �̄;3

+ �̄0;B)̄
BB
;,;+1�̄0,;+1,B)̄ BB;+1,; + �̄0;B)̄

B3
;,;+1�̄0,;+1,3)̄ 3B;+1,;

+ �̄0;3)̄
3B
;,;+1�̄0,;+1,B)̄ B3;+1,; + �̄0;3)̄

33
;,;+1�̄0,;+1,3)̄ 33;+1,; + �̄0,;+1,B)̄ BB;+1,1�̄0;B)̄

BB
;,;+1

+ �̄0,;+1,B)̄ B3;+1,1�̄0;3)̄
3B
;,;+1 + �̄0,;+1,3)̄ 3B;+1,1�̄0;B)̄

B3
;,;+1 + �̄0,;+1,3)̄ 33;+1,1�̄0;3)̄

33
;,;+1

)]
(3.61)

Under the basis of Equation (3.61), the generalized form of action applicable to the

multi-gap system is

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

∑
:,=

[
tr
;,8,f

ln �̄−1
0 +

∑
;,8

tr
f
(�̄0;8 �̄;8)

− 1
2

∑
;,8

tr
f
(�̄0;8 �̄;8�̄0;8 �̄;8) − 1

2

∑
;,8,8′

tr
f

(
�̄0;8)̄

88′
;,;+1�̄0,;+1,8′)̄ 8

′8
;+1,;

+ �̄0,;+1,8′)̄ 8
′8
;+1,1�̄0;8)̄

88′
;,;+1

)]
(3.62)

We have

�̄−1
0;8 =

©­­­­«
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑ VΔ0;8

VΔ∗0;8 −8ℏVl= − Vℏ
2:2

2<
+ V`8

;,↓

ª®®®®¬
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So that

�̄0;8 =
1

det(�̄−1
0;8)

©­­­­«
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓ −VΔ0;8

−VΔ∗0;8 −8ℏVl= + Vℏ
2:2

2<
− V`8

;,↑

ª®®®®¬
(3.63)

�̄;8 =

[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

] ©­­­­«
1 0

0 −1

ª®®®®¬
−

[
8Vℏ2

4<
∇2\;8

] ©­­­­«
1 0

0 1

ª®®®®¬
(3.64)

)̄
8,8′
;,;+1 = V)

8,8′
;,;+1

©­­­­«
4
8
2 (\;+1,8′−\;,8) 0

0 −4− 82 (\;+1,8′−\;,8)

ª®®®®¬
(3.65)

Now, using Equations (3.63) and (3.64), we can have

�̄0;8 �̄;8 =

[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

]
det(�̄−1

0;8)
×

©­­­­«
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓ VΔ0;8

−VΔ∗0;8 −
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)
ª®®®®¬

−

[
8Vℏ2

4<
∇2\;8

]
det(�̄−1

0;8)

©­­­­«
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓ −VΔ0;8

−VΔ∗0;8 −8ℏVl= + Vℏ
2:2

2<
− V`8

;,↑

ª®®®®¬
(3.66)

Hence, the trace over spin indices can be expanded as

tr
f
(�̄0;8�;8) = 1

det(�̄−1
0;8)

{(
− Vℏ

2:2

<
+ V(`8

;,↓ + `8;,↑)
)
×

[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

]

+
(
−28ℏVl= + V(`8;,↓ − `8;,↑)

) [
8Vℏ2

4<
∇2\;8

]}
(3.67)

and
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tr
f
(�̄0;8�;8�0;8�;8)

=
1

(det(�−1
0;8))2

{[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
]
×

[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

]2

+
[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

+ 2(VΔ0;8)2
]
×

[
8Vℏ2

4<
∇2\;8

]2

+ 2
[
8ℏV

2
m\;8

mg
+ Vℏ

2

8<
(∇\;8)2 + Vℏ

2

2<
®: · ∇\;8

] [
8Vℏ2

4<
∇2\;8

]
×[(

−8ℏVl= − Vℏ
2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2]}
(3.68)

Again, using Equations (3.63) and (3.65), we can have

�̄0;8)̄
88′
;,;+1 =

V) 88
′

;,;+1
det(�̄−1

0;8)
×

©­­­­­«

(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)
4
8
2 (\;+1,8′−\;8) VΔ0;84

− 82 (\;+1,8′−\;8)

−VΔ∗0;84
8
2 (\;+1,8′−\;8) −

(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)
4−

8
2 (\;+1,8′−\;8)

ª®®®®®¬
(3.69)

and

�̄0,;+1,8)̄ 8
′8
;+1,; =

V) 8
′8
;+1,;

det(�̄−1
0,;+1,8′)

×

©­­­­­«

(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)
4−

8
2 (\;+1,8′−\;8) VΔ0;+1,8′4

8
2 (\;+1,8′−\;8)

−VΔ∗0;+1,8′4−
8
2 (\;+1,8′−\;8) −

(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)
4
8
2 (\;+1,8′−\;8)

ª®®®®®¬
(3.70)

Therefore,

tr
f

(
�̄0;8)̄

88′
;,;+1�̄0,;+1,8′)̄ 8

′8
;+1,; + �̄0,;+1,8′)̄ 8

′8
;+1,1�̄0;8)̄

88′
;,;+1

)
=

2V2) 88
′

;,;+1)
8′8
;+1,;

det(�̄−1
0;8) det(�̄−1

0,;+1,8′)
×

[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

−

V2Δ0;8Δ
∗
0;+1,8′4

−8(\;+1,8′−\;8) − V2Δ∗0;8Δ0;+1,8′48(\;+1,8′−\;8)
]

(3.71)
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3.9 Goldstone mode

To make the action symmetric which is the principal characteristics of microscopic model,

Goldstone proposed the following principles to be adopted for the expansion of action

(Atland et al., 2014; Nambu, 1960; Goldstone, 1961; Goldstone et al., 1962; Salam et al.,

1974).

1. The action cannot contain terms that do not vanish in the limit phase angle \ →
const.

2. The gradients acting on the phase \ and the electromagnetic potentials are assumed

to be small. Due to this assumption, the action can be written in the lowest order

of these quantities.

3. The action must not contain terms with an odd number of derivatives or mixed

gradient of the type
m\

mg
∇\ in order to preserve the rotationally symmetric character

of it.

4. The action must be invariant under local gauge transformation i.e. q→ q + ℏ
4

m\

mg

and ®�→ ®� + 8ℏ
4
∇\

After making the action symmetric, conservation principle is preserved. According to

the principles of Goldstone mode, the Equation (3.67) reduces to

tr
f
(�̄0;8�;8) = Vℏ2

8< det(�̄−1
0;8)

(
− Vℏ

2:2

<
+ V(`8

;,↓ + `8;,↑)
)
(∇\;8)2 (3.72)

Equation (3.68) reduces to

tr
f
(�̄0;8�;8�0;8�;8)

=
1

(det(�−1
0;8))2

{[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
]
×

[(
8ℏV

2
m\;8

mg

)2
+

(
Vℏ2

2<
®: · ∇\;8

)2]}
(3.73)

For any two constant vectors ®0 and ®1,

∫
5 (:) ( :̂ · ®0) ( :̂ · ®1)33: =

®0 · ®1
3

∫
5 (:)33: (3.74)
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holds for summation too (Griffiths, 2014).

Using this relation, Equation (3.73) becomes

tr
f
(�̄0;8�;8�0;8�;8) = 1

(det(�−1
0;8))2

{[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
] (
−ℏ

2V2

4

) (
m\;8

mg

)2

+
[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

−

2(VΔ0;8)2
]
×

(
V2ℏ4:2

12<2

)
(∇\;8)2

}
(3.75)

Hence, the action in Equation (3.62) takes the form

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

∑
:,=

[
tr
;,8,f

ln �̄−1
0

+
∑
;,8

Vℏ2

8< det(�̄−1
0;8)

(
− Vℏ

2:2

<
+ V(`8

;,↓ + `8;,↑)
)
(∇\;8)2

− 1
2

∑
;,8

1
(det(�−1

0;8))2
{[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
]
×

(
−ℏ

2V2

4

) (
m\;8

mg

)2
+

[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
]
×

(
V2ℏ4:2

12<2

)
(∇\;8)2

}

− 1
2

∑
;,8,8′

2V2) 88
′

;,;+1)
8′8
;+1,;

det(�̄−1
0;8) det(�̄−1

0,;+1,8′)
×

[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− V2Δ0;8Δ
∗
0;+1,8′4

−8(\;+1,8′−\;8)

− V2Δ∗0;8Δ0;+1,8′48(\;+1,8′−\;8)
] ]

(3.76)

This can be written in standard form as

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

[∑
;,8

&;8

(
m\;8

mg

)2
+

∑
;,8

';8 (∇\;8)2

+
∑
;,8,8′

(
-;,8,8′Δ0;8Δ

∗
0;+1,8′4

−8(\;+1,8′−\;8) + -;,8,8′Δ∗0;8Δ0;+1,8′48(\;+1,8′−\;8) +*;,8,8′
)]

(3.77)
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where

&;8 =
1
8

∑
:,=

ℏ2V2

(det(�−1
0;8))2

{[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
]

(3.78)

';8 =
∑
:,=

[
Vℏ2

8< det(�̄−1
0;8)

(
− Vℏ

2:2

<
+ V(`8

;,↓ + `8;,↑)
)
+ V2ℏ4:2

24<2(det(�−1
0;8))2

×
[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2

− 2(VΔ0;8)2
] ]

(3.79)

*;,8,8′ =
∑
:,=

[
X88′ ln det(�̄−1

0;8) −
V2) 88

′
;,;+1)

8′8
;+1,;

det(�̄−1
0;8) det(�̄−1

0,;+1,8′)
×

[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2] ]
(3.80)

-;,8,8′ =
∑
:,=

V4) 88
′

;,;+1)
8′8
;+1,;

det(�̄−1
0;8) det(�̄−1

0,;+1,8′)
(3.81)

The action obtained at this stage does not satisfy the condition for invariance under the

local gauge transformation. But it can be made invariance under such the transformation

by introducing the electromagnetic potential (�08
;
, ®�8

;
) as

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

[∑
;,8

&;8

(
m\;8

mg
+ 4
∗�08

;

ℏ

)2

+
∑
;,8

';8

(
∇\;8 −

4∗ ®�8
;

ℏ

)2

+
∑
;,8,8′

(
-;,8,8′Δ0;8Δ

∗
0;+1,8′4

−8(\;+1,8′−\;8)+-;,8,8′Δ∗0;8Δ0;+1,8′48(\;+1,8′−\;8)

+*;,8,8′
)]

(3.82)

where 4∗ = 24 is the charge of bosonic Cooper pair. &;8, ';8,*;,8,8′ and -;,8,8′ are constants

with respect to the phase angle \;8. These constants can be determined by taking the
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Matshubara sum over the frequency domain and summation over k-space. The summation

sign
∑
:

in k-space can be replaced by Ω
∫ 33:

(2c)3/2 in order to integrate over the k-space.

This theoretical formalism has been established under the deep study of books and

journals listed in the reference section (Atland et al., 2014; Simanek, 1994; Tempere

et al., 2012; Sharapov et al., 2002; Lin, 2012). The general formula for evaluating the

Matshubara sum is given by (Arfken et al., 2012)

∞∑
==−∞

5 (=) = −
∑
(residues of 5 (I)c cot(cI) at singularites of 5 ) (3.83)

∞∑
==−∞

5 (= + 1
2
) =

∑
(residues of 5 (I)c tan(cI) at singularites of 5 ) (3.84)

Equation (3.83) can be used for the bosonic variable whereas Equation (3.84) for the

fermionic fields. The complete evaluations of the Matshubara sum and integration over

reciprocal space for the constants &;8, ';8,*;,8,8′ and -;,8,8′ presented in Appendix D and

E, respectively, using the methods described by the authors cited as (Neito, 1995; Kumar,

2017). After completing the task in Appendix D for Matshubara sum and Appendix E for

integration over reciprocal space, the coefficients &;8, ';8,*;88′ and -;88′ are evaluated as

&;8 = − Vℏ
2Ω# (0)

4
(3.85)

';8 = −
Vℏ2Ω# (0)`8

;

6<
(3.86)

*;88′ = 2VΩ# (0)ℏl�Z 8; X88′ + VΩ# (0) (ℏl�)2X88′ (3.87)

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω# (0)

Δ2
0;+1,8′ − Δ2

0;8
ln

(
Δ0;+1,8′
Δ0;8

)
(3.88)

Hence, the action functional reduces to

( = ℏVΩ
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) − ℏ

[∑
;,8

(
− Vℏ

2Ω# (0)
4

) (
m\;8

mg
+ 4
∗�08

;

ℏ

)2

+
∑
;,8

(
− Vℏ

2Ω# (0)`8
;

6<

) (
∇\;8 −

4∗ ®�8
;

ℏ

)2
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+
∑
;,8,8′

(2V) 88′
;,;+1)

8′8
;+1,;Ω# (0)

Δ2
0;+1,8′ − Δ2

0;8
ln

(
Δ0;+1,8′
Δ0;8

)
Δ0;8Δ0;+1,8′ cos(\;+1,8′ − \;8)

+ 2VΩ# (0)ℏl�Z 8; X88′ + VΩ# (0) (ℏl�)2X88′
)]

(3.89)

The corresponding Lagrangian density is given by

L =
∑
;,; ′,8,8′

Δ∗0;8 (+−1)88′;; ′Δ0; ′8′4
−8(\;8−\;′8′) +

∑
;,8

(
ℏ2# (0)

4

) (
m\;8

mg
+ 4
∗�08

;

ℏ
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+
∑
;,8

(
ℏ2# (0)`8

;

6<

) (
∇\;8 −

4∗ ®�8
;

ℏ
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−
∑
;,8,8′

[2) 88′
;,;+1)

8′8
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Δ2
0;+1,8′ − Δ2

0;8
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Δ0;+1,8′
Δ0;8
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Δ0;8Δ0;+1,8′ cos(\;+1,8′ − \;8)

+ 2# (0)ℏl�Z 8; X88′ + # (0) (ℏl�)2X88′
]

(3.90)

At low temperature, the chemical potential `8
;
is equal to the Fermi energy i.e. `8

;
= n 8

�

and Z 8
;
= 0 since `8

;↑ = `
8
;↓. Now above expression for Lagrangian density i.e Equation

(3.90) reduces to

L =
∑
;,; ′,8,8′
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−8(\;8−\;′8′) +

∑
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ℏ
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+
∑
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(3.91)

We also have (Simanek, 1994),

# (0) = 3=
4n 8
�

=
3
4
(:�)3
3c2

2<
(ℏ:�)2

=
<:�

2c2ℏ2 (3.92)

with :� as the Fermi wave vector and = is the electron density for 8th-band. Hence,

Equation (3.91) takes the form
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∑
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(3.93)

where, _)� =

√
Y0c

2ℏ2

42<:�
is the Thomas-Fermi charge screening length (Ota et al.,

2011a; Lin, 2012; Sharapov et al., 2002; Machida et al., 2000; Tinkham, 1975) and

_8
!
=

√
Y0<2

2

=42 is the London penetration depth for the 8th-band. The effective Lagrangian

is given by
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∑
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(3.94)

where ®� 8
;
and ®�8

;
at electric and magnetic fields at layer ; and 8 band.

3.10 Effective Lagrangian density for the long Josephson junction

Consider the stack of long Josephson junction with length along the x-direction and

junction system along the z-direction. External magnetic fields are applied along the

y-direction which introduce the homogeneous phase difference along the x-direction.

The system is assumed to be uniform along the y-direction and the problem becomes two

dimensional. The system can be biased with an external potential difference across the

junction i.e. the electric field is along z-direction or by applying the external magnetic

field. Now, the Lagrangian density in two dimensional system becomes.
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∑
;,8

Y03

2_2
)�

(
ℏ

4∗
m\8

;

mg
+ �08

;

)2

+
∑
;,8

Y02
23

2_2
!

(
ℏ

4∗
m\8

;

mG
− �G8;

)2

+
∑
;,8,8′

ℏ

4∗
�88
′

;; cos(\;8 − \;8′) −
∑
;,8,8′

[
ℏ

4∗
9 88
′

;,;+1 cos(\;+1,8′ − \;8) + # (0) (ℏl�)23X88′
]

+
∑
;,8,8′

[
YAY01

2
(� I88′
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;,;+1)2
]

(3.95)

where 3 is the thickness of the superconducting layer and 1 is the thickness of junction

material. YA is the dielectric constant of the junction material. The inter-band Josephson

coupling constant is

�88
′

;; =
4∗3
ℏ
Δ∗0;8 (+−1)88′;; Δ0;8′ (3.96)

and Josephson tunneling coupling constant
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9 88
′

;,;+1 =
4∗3
ℏ
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8′8
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0;+1,8′ − Δ2

0;8
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Δ0;+1,8′
Δ0;8

)
Δ0;8Δ0;+1,8′

+ 4
∗3
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Δ∗0;8 (+−1)88′;,;+1Δ0,;+1,8′ (3.97)

The z-component of electric field in between ;th and (; + ;)th layer is

Figure 9: A typical stack of LJJ

� I88
′

;,;+1 = −
m�I88

′
;,;+1
mḡ

− 1
1

(
�08′
;+1 − �08

;

)
(3.98)

and the y-component of magnetic field in between ;th and (; + ;)th layer is

�
H88′
;,;+1 =

1
1

(
�G8

′
;+1 − �G8;

)
−
m�I88

′
;,;+1
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(3.99)

with

�I88
′

;,;+1 =
1
1

∫ +1/2

−1/2
�I (I)3I (3.100)

The gauge invariant phase difference i88′
;,;+1 can be introduced as

i88
′
;,;+1 = \

8′
;+1 − \8; −

14∗

ℏ
�I88

′
;,;+1 (3.101)
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Then, we can have the freedom to write cos
(
\8
′
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)
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inter-band phase difference. Hence, the Equation (3.95) for effective Lagrangian takes

the form as
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(3.102)

Let the position along length is measured in average Fermi wave vector :� and the time

is measured in average Fermi frequency l� such that Ḡ = G:� and ḡ = gl� . Hence,

effective Lagrangian density in terms of normalized position and time can be rewritten as
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(3.103)

where the electric scalar potential is measured in
ℏl�

4∗
and magnetic vector potential is

measured in
ℏ:�

4∗
in order to normalized them.

3.11 Derivation of generalized sine-Gordon equation for LJJ with

multi-band superconductors

The Lagrangian density equation (3.103) can be minimized using the Euler-Lagrange

equation. Applying the Euler-Lagrange equation with respect to �̄0 9
:

and �̄0 9 ′
:+1 with : as

new layer index and 9 , 9 ′ as new band indices, we get
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Here, the electric field is measured in the unit of
ℏl�

4∗1
. Replacing 9 by 9 ′ and replacing :

by : + 1 of equation (3.104), we get
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Subtracting equation (3.104) from (3.105), we get
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Using Equation (3.101), we get
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Using Equation (3.98), we get
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Upon rearranging
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Similarly, applying the Euler-Lagrange equation of motion with respect to �̄G 9
:

and �̄G 9
′
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and measuring the magnetic field in the unit of
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Replacing 9 by 9 ′ and : by : + 1 of Equation (3.107), we get
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Subtracting equation (3.107) from (3.108), we get

13

(
m (\ 9 ′

:+1 − \
9

:
)

mḠ
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Upon rearranging
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Applying the Euler-Lagrange equation of motion for �̄I 9 9
′

:,:+1, we have
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mḠ


(−1) = 0

Using Equations (3.98) and (3.99), we have
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mḡ

+ YAY02
2ℏ:2

�

14∗
m�̄

H 9 9 ′
:,:+1
mḠ
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Applying the Euler-Lagrange equation for Lagrangian density (3.103) with respect to \ 9
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we get
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After using the properties of Kronecker delta, we get
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Replacing : by : + 1 and 9 by 9 ′ in equation (3.111), we get
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Replacing 9 by 9 ′ only of equation (3.111), we get

Y0ℏl
2
�
3

_2
)�
4∗

m

mḡ
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3.11.1 Perturbed sine-Gordon equation for intra-layer inter-band phase differ-
ences for multi-gap LJJ

The scalar and vector potentials for the different bands in the same layer (intra-layer) are

assumed to be the same. Subtracting equation (3.111) from (3.113), we get
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Introducing the intra-layer inter-band phase difference, \ 9
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we can have,
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The Equation (3.116) is the perturbed sine-Gordon equation for the intra-layer inter-band

phase differences in the stack of LJJ based on multi-gap superconductors like MgB2 and

iron-pnictides. The intra-layer inter-band phase difference determines how the the phase

of Cooper pair order parameter changes while it forms after band to band crossing within

the same superconducting layer.

3.11.2 Perturbed sine-Gordon equation for inter-layer phase difference for multi-
gap LJJ

Subtracting equation (3.111) from (3.112), we get
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mḠ
+ �G 9

:

)

+
∑
8

(
�
8 9 ′
:+1,:+1 sin j8 9

′
:+1,:+1 − �

8 9

: :
sin j8 9

: :

)

−
∑
8′

(
�
9 ′8′
:+1,:+1 sin j 9

′8′
:+1,:+1 − �

98′
::

sin j 98
′

::

)
−

∑
8

(
9
8 9 ′
:,:+1 sin i8 9

′
:,:+1 − 9

8 9

:−1,: sin8 9
:−1,:

)

+
∑
8′

(
9
9 ′8′
:+1,:+2 sin i 9

′8′
:+1,:+2 − 9

98′
:,:+1 sin i 98

′
:,:+1

)
= 0

Using Equation (3.101)

=⇒ Y0ℏl
2
�
3

(4∗)2
m

mḡ
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Multiplying equation (3.110) by
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Introducing the quantity _A such that
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Similarly, multiplying equation (3.110) by
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and equation (3.117) by YA then adding,

we get
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For a homogeneous layers of superconductor, the summations over band indices are the

same and the Equation (3.106) becomes
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Similarly, Equation (3.109) becomes
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Equation (3.118) becomes
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and (3.120) becomes
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mḡ2

+ YAY02
2ℏ:2

�
3_2

A

_2
!
4∗

m2i
9 9 ′
:,:+1
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Using either equation (3.121) and (3.124) or (3.122) and (3.123), we can obtain the

equation of phase dynamics. Replacing 9 by 8 equation (3.124), we get
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Replacing in index only 9 ′ by 9 and : by : − 1 in equation (3.124), we get
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Changing 9 → 9 ′, 9 ′→ 8 and : → : + 1 of equation (3.123), we get
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Now,
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Differentiating equation (3.122) with respect to Ḡ and multiplying the result with
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Changing to real time using ḡ = −8C̄, the above equation becomes
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Introducing the quantity �0 defined as
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having the unit of current per square meter, the Equation (3.130) takes the form
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Equation (3.132) is the generalized equation of the inter-layer phase dynamics applicable

to the stack of LJJ based on homogeneous multi-gap superconducting layers like MgB2

and iron-pnictides with insulating junction of dielectric constant YA . The inter-layer

phase difference determines how the phase of Cooper pair order parameter changes after

layer to layer tunneling across the junction barrier. There may be inter-layer intra-band

tunneling or the inter-layer inter-band tunneling.
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3.12 Implementation of generalized sG equation to the two-gap su-

perconductors like MgB2

3.12.1 For single LJJ

The single junction LJJ consists two superconducting layers separated by an insulating

layer as shown in Fig 10. Due to the two-gap nature of the superconducting layers, they

Figure 10: A typical single LJJ based on MgB2 superconductor

contains two bands designated as B and 3. So, there are two interband intra-layer coupling

and four inter-layer tunneling channels in the junction system. After tunneling, there are

the possibilities of intra- or inter-band coupling. Taking layer index : = 1 in (3.132), we

get
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mḠ2

+ YA

�0_
2
!

∑
8,8′

(
2 9 8

′ 9 ′
12 sin i8

′ 9 ′
12

)
+ 1
�0_

2
)�

∑
8

(
2 9 8 9

′
12 sin i8 9

′
12

)
+ 2Y2

A

�013

∑
8,8′

(
2 9 8

′ 9 ′
12 sin i8

′ 9 ′
12

)

− Y2
A

�013

∑
8,8′

(
9
98′
12 sin i 98

′
12

)
− Y2

A

�013

∑
8,8′

(
9
8 9 ′
12 sin i8 9

′
12

)
+ 13

�0_
2
)�
_2
!

9
9 9 ′
12 sin i 9 9

′
12 = 0

(3.133)

Taking 9 = B and 9 ′ = B of equation (3.133)
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Taking 9 = B and 9 ′ = 3 of equation (3.133)
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Taking 9 = 3 and 9 ′ = B in Equation (3.133)
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Taking 9 = 3 and 9 ′ = 3, in equation (3.133), we get
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The Equation (3.134) can be restructured in the compact matrix form as

M(C

m2i

mC̄2
−M(G

m2i
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with i =
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as

M(C =

©­­­­­­­­­­­­­«

YAl
2
�

22 + UC 0 UC 0

0
YAl

2
�

22 + UC 0 UC

UC 0
YAl

2
�

22 + UC 0

0 UC 0
YAl

2
�

22 + UC

ª®®®®®®®®®®®®®¬

M(G =

©­­­­­­­­­­­­­«

YA :
2
�
+ UG 0 UG 0

0 YA :
2
�
+ UG 0 UG

UG 0 YA :
2
�
+ UG 0

0 UG 0 YA :
2
�
+ UG

ª®®®®®®®®®®®®®¬

M(2 =

©­­­­­­­­­­­­­«

U2 V2 W2 0

V2 U2 0 W2

W2 0 U2 V2

0 W2 V2 U2

ª®®®®®®®®®®®®®¬
with UC =

2Y2
A_

2
!
l2
�

1322 , UG =
2Y2

A_
2
)�
:2
�

13
,

U2 =
2YA
_2
!

+ 2
_2
)�

+ 2Y2
A

13
+ 13

_2
)�
_2
!

V2 =
2YA
_2
!

+ 2
_2
)�

+ 4Y2
A

13

W2 = −
2Y2

A

13

In addition to these four coupled perturbed sine-Gordon equations, there exists the two

other equations regarding the intra-layer inter-band phase differences can derived using
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Equation (3.116) as
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3.12.2 For coupled LJJ

In the double (coupled) long Josephson junction of two-gap superconductors, there are

eight channels available for Cooper pair tunneling and afterward coupling as shown in

Fig 11. These channels are associated to the inter-layer tunneling mechanism. In addition
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Figure 11: A typical double (coupled) long Josephson junction based on MgB2 superconductor

to these channels, the three channels for intra-layer inter-band coupling without any

tunneling are also available. Therefore, there are altogether system of eleven perturbed

sine-Gordon equations which are interlinked to each other. Putting : = 1 and : = 2

successively in Equation (3.132). For : = 1, we have
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For : = 2, we have
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Using the same ways as mentioned in previoues section, the system of sine-Gordon

equation (3.137a) and (3.137b) can be written in matrix form as

M�C

m2i

mC̄2
−M�G

m2i
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9̄� is the diagonal matrix with normalized current densities by �0 in tunneling channels

as the diagonal elements, i is the column vector of phase differences in the tunneling

channels.

Using Equation (3.116), three intra-layer sine-Gordon equations correspond to the

inter-band coupling can be obtained as
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3.13 Numercal approximation and computation

The perturbed sine-Gordon Equations (3.135), (3.136), (3.138) and (3.139) which have

been derived in Section 3.12 can be written in more general form as
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3B
12, i

33
12 , i

BB
23, i

B3
23, i

3B
23, i

33
23

))
, for coupled LJJ

The superscript ) refers transpose here.

A1 =



M−1

(CM(G , for single LJJ

M−1
�CM�G , for coupled LJJ,

A2 =
�B3
!

�B3
)�

, for both single and coupled LJJs

F1(i) =


M−1

(CM(2 9̄( sin i, for single LJJ

M−1
�CM�2 9̄� sin i, for coupled LJJ

F2(i) =




1
�B3
)�

©­­­­«

∑
8

(
9 3812 sin i3812 − 9 B812 sin iB812

)
∑
8

(
9 B812 sin iB812 − 9 3812 sin i3812

)
ª®®®®¬
, for single LJJ

1
�B3
)�

©­­­­­­­­­«

∑
8

(
9 3812 sin i3812 − 9 B812 sin iB812

)
∑
8

(
9 8B12 sin i8B12 − 9 8312 sin i8312 + 93823 sin i3823 − 9 B823 sin iB823

)
∑
8

(
9 8B23 sin i8B23 − 9 8323 sin i8323

)

ª®®®®®®®®®¬

, for coupled LJJ

80



Many numerical methods have been developed for solving nonlinear partial differential

equations like sine-Gordon equation. Some of the methods are Adomain Decomposition

Method (Kaya, 2003, 2004; Ray, 2006; Wang, 2006), the Exp-Function Method (Bekir

et al., 2007), the Homotopy PerturbationMethod (Aslanov, 2015), the Homotopy Analysis

Method (Yucel, 2008), the Variable Separated ODE Method (Wazwaz, 2007; Kuo et al.,

2009), the variational Iteration Method (Batiha et al., 2007a,b), the Differential Transform

Method (Mirzaee, 2011; Biazar et al., 2010), Generalized Differential Transform Method

(Kenmogne, 2015), Reduced Differential Transform Method (Keskin et al., 2010, 2011;

Wang et al., 2014). Almost all of these methods demand some theoretical enhancement

in order to ease computational effort.

In the present context, a familiar Finite Difference Approximation technique has been

used. This method is very simple for handling the computational task (DeVries et al.,

2011). This method demands initial as well as boundary conditions (Reynolds, 1978;

Langtangen, 2014) which so imposed to control the particle (i.e. kink or anti-kink in the

present case) in the spatial domain at the given time. Special care should be taken for

choosing the appropriate step sizes for time and position otherwise the solution may not

be stable.

3.13.1 Initial Conditions

Providing the initial conditions means supplying the initial information to the system at

the starting time. In the present problem, the initial information is the kink (or anti-kink)

solution of unperturbed sine-Gordon equation which can be generated by appropriate

electronic device which produces it as the trigger signal. The solution of unperturbed

sine-Gordon equation is

i(Ḡ, C̄) = j(Ḡ, C̄) = 4 tan−1
[
exp

(
f
Ḡ − DC̄ − Ḡ0√

1 − D2

)]
(3.141)

where, D is the normalized speed of the kink (f = +1) or anti-kink (f = −1) and Ḡ0 is the

initial position of it. Hence, the initial condition for all channels of the junction system is

i(Ḡ, 0) = j(Ḡ, 0) = 4 tan−1
[
exp

(
f
Ḡ − Ḡ0√
1 − D2

)]
(3.142)
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and
mi

mC̄

����
C̄=0
=
mj

mC̄

����
C̄=0
= −2f

D√
1 − D2

sech
(
f
Ḡ − Ḡ0√
1 − D2

)
(3.143)

3.13.2 Boundary Conditions

There are different boundary conditions that can be imposed on the system in order to

control the state of kink or anti-kink. When i(Ḡ, C̄) = j(Ḡ, C̄) = 0 for Ḡ = ±!G , then
this condition will mirror the kink (anti-kink) and is known as homogeneous Dirichlet

boundary condition. The effect of moving i or j shall be demonstrated at the boundary

Ḡ = −!G to feed the domain with the incoming kink(anti-kink). The boundary condition

then reads

i(−!G , C̄) = j(−!G , C̄) = 4 tan−1
[
exp

(
f
−!G − DC̄ − G0√

1 − D2

)]

If the kink/anti-kink is to let reflecting from the boundary, then Neumann boundary

condition,
mi

mḠ
= 0 =

mj

mḠ
for Ḡ = ±!G can be applied. If the kink/anti-kink is to let

traveling through the boundary without being disturbed, the boundary condition at this

situation is named as open boundary condition given by

mi

mC̄
− A1

mi

mḠ
= 0 for Ḡ = −!G

mi

mC̄
+ A1

mi

mḠ
= 0 for Ḡ = +!G

Similarly, it can be imposed for j replacing A1 by A2. This type of boundary condition

is called radiation condition or an artificial boundary condition (Langtangen, 2014). The

boundary conditions are summarized in Table 4.

3.13.3 Approximation of the sine-Gordon equation

A uniform mesh in space and time is introduced with spacing XG and XC, respectively at

each point (Ḡ8, C̄=)

Ḡ8 = −!G + 8XG, with 8 = 0, · · · · · · , #G (3.144)

C̄= = =XC, with = = 0, · · · · · · , #C (3.145)
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Table 4: Different boundary condition for sine-Gordon equation (Langtangen, 2014; Reynolds, 1978)

Condition Formula Effect

Dirichlet i(±!G , C̄) = j(±!G , C̄) = 0 Mirror kink/anti-kink

Dirichlet i(±!G , C̄) = j(±!G , C̄) = i0(C̄) Feed incoming kink/anti-kink

Neumann
mi

mḠ
=
mj

mḠ
= 0 for Ḡ = ±!G Reflect kink/anti-kink

Open
mi

mC̄
− A1

mi

mḠ
= 0 for Ḡ = −!G Let the kink/anti-kink

out of the boundarymi

mC̄
+ A1

mi

mḠ
= 0 for Ḡ = +!G

similarly for j replacing A1 by A2

here #G and #C are the total number of the points in space and time, respectively. The

sine-Gordon equation is approximated by second-order finite differences as

m2i(Ḡ8, C̄=)
mC̄2

≈ i
=+1
8
− 2i=

8
+ i=−1

8

XC2
(3.146)

m2i(Ḡ8, C̄=)
mḠ2 ≈ i

=
8+1 − 2i=

8
+ i=

8−1
XG2 (3.147)

where i=
8
is the numerical approximation of the exact solution at (Ḡ8, C̄=). Applying these

approximation the perturbed sine-Gordon equation reads

i=+18 = −i=−1
8 + 2i=8 +

A1XC
2

XG2
(
i=8+1 − 2i=8 + i=8−1

) − XC2F1(i=8 ) (3.148)

j=+18 = −j=−1
8 + 2j=8 +

A2XC
2

XG2
(
j=8+1 − 2j=8 + j=8−1

) − XC2F2(i=8 ) (3.149)

3.13.4 Approximation of initial and boundary conditions

The initial condition

i(Ḡ, 0) = j(Ḡ, 0) = 4 tan−1
[
exp

(
f
Ḡ − Ḡ0√
1 − D2

)]

can be approximated as

i(Ḡ8, 0) = i0
8 = 4 tan−1

[
exp

(
f
Ḡ8 − Ḡ0√
1 − D2

)]
(3.150)
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and

j(Ḡ8, 0) = j0
8 = 4 tan−1

[
exp

(
f
Ḡ8 − Ḡ0√
1 − D2

)]
(3.151)

Using central difference formula, we can have

mi

mC̄

����
C̄=0
≈ i

1
8
− i−1

8

2XC
= − 2fD√

1 − D2
sech

[
f
Ḡ8 − Ḡ0√
1 − D2

]
(3.152)

and

mj

mC̄

����
C̄=0
≈ j1

8
− j−1

8

2XC
= − 2fD√

1 − D2
sech

[
f
Ḡ8 − Ḡ0√
1 − D2

]
(3.153)

The Dirichlet boundary condition for the fixed kink/anti-kink solution is approximated as

i=0 = 0 = i=#G (3.154)

and

j=0 = 0 = j=#G (3.155)

For the feeding kink/anti-kink from the left boundary Ḡ = −!G , the approximation is

i=0 = i0(C̄=) = 4 tan−1
[
exp

(
f
−!G − DC̄= − Ḡ0√

1 − D2

)]
(3.156)

and

j=0 = j0(C̄=) = 4 tan−1
[
exp

(
f
−!G − DC̄= − Ḡ0√

1 − D2

)]
(3.157)

No flux or Neumann boundary condition are approximated by central finite difference

which yields

i=1 = i
=
−1, at Ḡ = −!G , and i=#G+1 = i=#G−1, at Ḡ = +!G (3.158)
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and

j=1 = j
=
−1, at Ḡ = −!G , and j=#G+1 = j=#G−1, at Ḡ = +!G (3.159)

Open boundary conditions are discretized by first-order forward difference in time. For

the spatial discretization, the forward difference is applied at the left and backward

difference is applied at the right ends i.e.

i=+10 = i=0 +
�1XC

XG

(
i=1 − i=0

)
, at Ḡ = −!G (3.160)

and

i=+1#G
= i=#G +

A1XC

XG

(
i=#G − i=#G−1

)
, at Ḡ = +!G (3.161)

Similarly,

j=+10 = j=0 +
�2XC

XG

(
j=1 − j=0

)
, at Ḡ = −!G (3.162)

and

j=+1#G
= j=#G +

A2XC

XG

(
j=#G − j=#G−1

)
, at Ḡ = +!G (3.163)

In the present context, the kink/anti-kink is fed from the left end and allowed to flow out

from the right end in order to study the dynamics of the phase differences.

Putting = = 0 in Equations (3.148) and (3.149) and using Equation (3.152) and (3.153),

we get

i1
8 = XC

mi

mC̄

����
C̄=0
+ i0

8 +
A1XC

2

2XG2

(
i0
8+1 − 2i0

8 + i0
8−1

)
− 1

2
XC2F1(i0

8 ) (3.164)

and

j1
8 = XC

mj

mC̄

����
C̄=0
+ j0

8 +
A2XC

2

2XG2

(
j0
8+1 − 2j0

8 + j0
8−1

)
− 1

2
XC2F2(j0

8 ) (3.165)

The Courant-Friedrichs-Lewy stability criteria has to be maintained in order to get the
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stability of the kink/anti-kink solution. The criteria reads

A1XC
2

XG2 < 1, and
A2XC

2

XG2 < 1 (3.166)

This criteria suggest us to take very small time step as compared to position step as far as

possible. It is mandatory to pay the computational cost for the time steps to obtain the

approximately calculated values reach the close agreement with those of theoretical ones

(Wang et al., 2014).

The most straightforward way to proceed the computational task is to introduce one array

to hold i or j at all G8 at the time C=, a second array to hold all the i or j at the time C=−1

and a third to hold newly computed result at C=+1. Then it is looped through the code

incrementing the time and shuffling the arrays appropriately (DeVries et al., 2011).

The overall computational procedures have been performed using the OCTAVE version

5.2 programming language under the supercomputer platform available at Kathmandu

University, Dhulikhel, Nepal. After computing the phase differences, the normalized

Josephson tunneling current density and the net Josephson energy can be calculated as

(Kleiner et al., 2001; Simanek, 1994; Atland et al., 2014)

9� =
_2
�

�0

∑
8,8′,;,;+1

9
8,8′
;,;+1 sin i8,8

′
;,;+1 (3.167)

�� =
∑
;,8,8′

ℏ

4∗�
88′
;; −

∑
;,8,8′

(
ℏ

4∗
9 88
′

;,;+1 cos i88
′
;,;+1 + # 8 (0)3ℏ2(l8�)2X88′

)
(3.168)

The first term of Equation (3.168) is the inter-band Josephson energy, the second term

represents the tunneling Josephson energy and the third term is the free energy. The net

Josephson energy is minimized at each temporal point over whole space domain and the

relative phase differences correspond to minimized energy are extracted. These phase

differences are plotted against the time in the same figure in order to study the phase

frustration which ultimately leads the time reversal symmetry broken.

The current that is flowing across each tunneling channel can be calculated as (Koyama

et al., 2010b)

�88
′

;,;+1 =
Y0ℏ2

2

4∗
mi88

′
;,;+1
mG

(3.169)
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These current are average out over space, time and channels then the result is plotted

against input voltages (which affect the tunneling strength) to study the current-voltage

(I-V) characteristics of the junction system.

Although, the generalized sine-Gordon equation derived in the present work is applicable

for the stack of LJJs based on multi-gap superconductors like MgB2 and iron-pnictides,

the computational task has been done only for MgB2 because of the availability of

sufficient data regarding the various parameters needed to the computational procedure.

Since most of the researchers involving in the study of superconductivity in iron-pnictides

only focus to search for the candidates of high )2 superconductors, the various parameters

like superconducting energy gap, penetration depth, coherence length, Fermi velocity etc.

are still underway for investigations. The present computational work can be done for

iron-pnictides as the future project once the required parameters will be calculated or

determined by any means.
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CHAPTER 4

RESULTS AND DISCUSSION

For the numberical computation purpose, a high level programming language named as

OCTAVE version 5.2 has been used. It is the interpreter language like MATLAB which

is commercial programming language where as OCTAVE is freely available and runs in

the Linux operating system. All the finite difference equations of perturbed sine-Gordon

equation explained in the Section 13 of Chapter 3 are written in the OCTAVE M-files as

the algorithmic codes. The codes have been executed in the command prompt to obtained

the required parameters such as phase differences, Josephson energy, current etc. For

generating quality graphs of the computed data which eases the analysis, the PYTHON3

programming language with MATPLOTLIB module has been used.

The various parameters of MgB2 used as the input of algorithms are listed in the Table 5

and 6
Table 5: Some useful band independent properties of MgB2 used for computation

Ref. (Buzea et al., 2001)

Parameters Values

Hexagonal lattice constants 0 = 1 = 3.086Å, 2 = 3.524Å

Physical density d = 2.55 gm·cm−3

Volume of unit cell +24;; ≈ 2.9 × 10−29m3

Total density of states #0 = 1.5 × 1047 J−1·m−3

In the present Chapter, a number of plots have been generated to study the various

phenomenon regarding the phase dynamics in LJJ based on MgB2, a two-gap supercon-
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Table 6: Some useful band dependent parameters of MgB2 used for computati0n

Ref. (Buzea et al., 2001; Eisterer, 2007)

Parameters Symbol f-band c-band Units

Critical temperature )2 40 39 K

Carrier density =B 2.8×1023 1.7×1023 cm−3

Coherence length b01 (0) 12 3.7 nm

b2 (0) 3.6 1.6 nm

Penetration depth _! (0) 180 85 nm

Energy gap Δ(0) 7.5 2 meV

Debye temperature Θ 880 750 K

Density of states #0(0) 8.415×1046 6.885×1046 J−1· m−3

Fermi velocity E01
�

4.4×105 5.35×105 m·s−1

E2
�

0.72×105 6.23×105 m·s−1

Plasma frequency l01? 4.14 5.89 eV

l2? 0.68 6.85 eV

ductor. The plots are generated for both single layered and double layered (coupled)

LJJs with different junction thicknesses as well as superconducting layer thicknesses

maintaining the various tunneling voltages. The Josephson part of Lagrangian density

is also calculated as a function of time and position in the domain and minimum of

which has been extracted for each time step in the domain. The minimum energy is

plotted against time in order to study the dynamics of the equilibrium condition. At

each time step, the phase differences correspond to the minimum Josephson energy has

been searched and plotted against the normalized time. Various information about the

phase frustration have been drawn from these graphs. If the phase difference is other

than 0 and c at the situation of minimized Josephson energy, then the phase is said to be

frustrated leading to the time reversal symmetry broken on the channel containing the

phase. Otherwise, the phases are said to be phase locked or anti-locked in the domain

leading to the time reversal symmetry invariant state.

In order to study the current-voltage (I-V) characteristics, the net currents that flowing

out from system have been calculated for different tunneling voltages and plotted against
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it. The detailed explanation are given in the following two sections.

Even though, a system of generalized sine-Gordon equation has been derived for N-stack

of LJJ based on two-gap superconductors like MgB2, the computations have been done

for single junction (# = 1 with two superconducting layers) and coupled LJJ (# = 2

with three superconducting layers). The properties of the junction system is expected to

be completely different as # is increased. So the study of fluxon dynamics for # = 3

and higher could not be completed during the present project and can be enhanced

in the future project. The same simulation can be done for the LJJ with hetero-gap

superconducting layers like mixture of MgB2 and candidates of iron-pnictides. Since the

superconductivity in iron-pnictides has been observed in 2008 for LaFeAs and most of

the researchers have been involved to observed the )2 of different candidates of it till date,

the present simulation can not be performed for them due to the unavailability of the

value of required input parameters. The simulation task can be performed using similar

model as soon as the data of any candidate of iron-pnictides will have been available.

In order to analyze the phase dynamics and phase frustration, a number of plots have

been generated for the layer thicknesses 6 Å, 9 Å, 12 Å and 15 Å as well as the junction

thicknesses 3 Å, 6 Å, 9 Å and 12 Å at different tunnel voltage. The thickness of the

superconducting layer cannot be less than 3 Å because the lattice parameters of MgB2 is

greater than 3 Å. For the ease of analysis, only the figures for equal junction and layer

thicknesses are presented.

4.1 Results and discussion for single LJJ

4.1.1 Phase dynamics in single LJJ

A number of figures (Fig 12 to 23) have been generated to study the phase dynamics

at different junction parameters for a single junction system. Fig 12 gives the phase

differences at junction and layer thicknesses of 6 Å each under the application of tunnel

voltage of 0.05 V. The phase variations are shown for normalized times C̄ = 0.0 to 4.98

which are measured in the unit of inverse of Fermi frequency i.e. (l−1
�
) and shown on the

top of the figures as the title label. The normalized position is measured in the unit of

inverse of Fermi wave vector i.e. (:−1
�
). Each row of the figure is labeled as the phase

differences in various channels. The phase differences between the first superconducting
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Figure 12: Phase differences for 1 = 6 Å, 3 =6 Å and tunnel voltage =0.05 V in single LJJ

layer to the second layer are shown in the first to fourth rows. The last two rows give

the information about inter-band phase differences in the two superconducting layers.

These all phases are interlinked to each other by the system of perturbed sine-Gordon

equations. From Fig 12, it is shown that the inter-layer intra/inter-band phase differences

(iBB12, i
B3
12), that are initially represented by the kink solution of unperturbed sine-Gordon

equation, remain in the collective phase variation. On the other hand, the inter-layer

inter/intra-band phase differences (i3B12, i
33
12 ), which are initially represented by the kink,

are found to be almost with collective motion in the direction opposite to those in the

previous channels. The inter-band phase differences jB311 in the first layer and that of jB322

in the second layer are found collective behavior as shown in Fig 12. When the tunnel

voltage is increased to 0.5 V, maintaining the same junction geometry (i.e. 1 = 6 Å and

3 = 6 Å ) as shown in Fig 13, it has been observed that kink deform significantly as the

time goes on. Here, the phase differences (iBB12, i
B3
12) are in collective motion in one way

and (i3B12, i
33
12 ) are also in collective motion in the different way. The inter-band phase

differences jB311 and jB322 slightly show the competitive and non-collective motion. The

inter-band phase difference jB322 deforms at higher time. This might be due to the higher

probability of tunneling activity. The degree of deformation is higher for higher tunnel
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Figure 13: Phase differences for 1 = 6 Å, 3 =6 Å and tunnel voltage =0.5 V in single LJJ

voltages i.e. 1 V and 2 V, as depicted in Fig 14 and Fig 15, even though the junction and

layer thicknesses are maintained as 6 Å.

0

5

φ
ss 1
2

̄t= 0.0 ω−1
F

−10
0

10

̄t= 1.66 ω−1
F

−25

0

25

̄t= 3.32 ω−1
F

−25

0

25

̄t= 4.98 ω−1
F

0

5

φ
sd 1
2

−10
0

10

−25

0

25

−25

0

25

0

5

φ
d
s

1
2

0

10

0

25

0

25

0

5

φ
d
d

1
2

0

10

0

25

0

25

0

5

χ
sd 1
1

0

5

0

5

0

5

−5 0 5

̄x (k−1F ) 

0

5

χ
sd 2
2

−5 0 5

̄x (k−1F ) 

0

5

−5 0 5

̄x (k−1F )

2.5

5.0

−5 0 5

̄x (k−1F ) 

2.5

5.0

Figure 14: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage =1 V in single LJJ
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Figure 15: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage =2 V in single LJJ

At the tunnel voltage of 2 V, collective behavior of intra- and inter-band phase differences

corresponds to Josephson tunneling exhibits the similar nature as for the voltages 0.05

V and 0.5 V, the inter-band phase differences in the first and second layers completely

violet the collective behavior. The phase difference jB322 seems to be deformed quickly as

compared to the previous lower voltage cases. As the time goes on, the phase differences

exceed the limits 0 and c indicating the chance of phase frustration which will be

discussed later on. During the motion of the kink, fluxons and anti-fluxons (kink and

anti-kink) are generated and superposed to each other forming the bound pairs which

contribute to the kink deformation.

As the junction geometry has been changed by setting the layer thickness 3 = 9 Å and

junction thickness 1 = 9 Å, the profiles of the intra- and inter-band phase differences

exhibit completely different behavior as compared to the previous junction geometry.

With the tunnel voltage of 0.05 V, the phase differences iBB12 and i
B3
12 are found almost

collective variation as time goes on whereas i3B12 and i
33
12 do not exhibit the collective

motion even at lower time e.g. 1.66 of unit as shown in Fig 16. From Fig 16, it is also

observed that the inter-band phase difference in second layer i.e. jB322 does not show the

competitive collective nature with that in the first layer i.e. jB311 which was collective
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Figure 16: Phase differences for 1 = 9 Å, 3 = 9Å and tunnel voltage =0.05 V in single LJJ

nature in the previous geometry at the same tunnel voltage. A peculiar behavior has been

observed in tunnel voltage of 0.5 V as shown in Fig 17. Here, the phase differences
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Figure 17: Phase differences for 1 = 9 Å, 3 = 9Å and tunnel voltage =0.5 V in single LJJ

i3B12 and i
33
12 completely violet the collection behavior at 1.66 unit of time but eventually
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exhibit almost collective nature at time 4.98 unit. As a result, inter-band coupling in the

isolated layers is affected due to which the phase difference jB322 deforms significantly

even at lower time. At the tunnel voltage of 1 V maintaining the same junction geometry
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Figure 18: Phase differences for 1 = 9 Å, 3 = 9 Å and tunnel voltage =1 V in single LJJ

(i.e. 3 = 1 = 9 Å) as shown in Fig 18, the collection motion of phase differences (iBB12,i
B3
12)

and (i3B12,i
33
12 ) almost reappears, but the collective nature of inter-band phase differences

in first and second layers are completely violated. This declared that the collective motion

of the fluxons or anti-fluxons in the different channels is highly influenced by the tunnel

voltage. This is also confirmed by Fig 19 for tunnel voltage of 2 V. Similarly, Figs 20

to 23, it can also be seen that the variation of phase differences significantly depends

on the junction and layer thickness. A number of figures have generated for different

tunnel voltages as well as the junction and layer thicknesses. Only some selected figures

are depicted here. From the observation of a number of figures, it is found that the

phase texture is so complicated to study the fluxon motion. All the figures (Fig 12 to Fig

23) help for the comparative study of the variation of phase differences. Some results

regarding to the phase dynamics have been published in the journals cited as (Chimouriya

et al., 2018, 2019)
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Figure 19: Phase differences for 1 = 9 Å, 3 =9 Å and tunnel voltage =2 V in single LJJ
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Figure 20: Phase differences for 1 = 12 Å, 3 = 12Å and tunnel voltage =0.05 V in single LJJ

96



0

5
φ
ss 1
2

̄t= 0.0 ω−1
F

0

5

̄t= 1.66 ω−1
F

0

10

̄t= 3.32 ω−1
F

−10
0

10
20

̄t= 4.98 ω−1
F

0

5

φ
sd 1
2

0

5
0

20

−25

0

25

0

5

φ
d
s

1
2

0

5

0

10

−10
0

10

0

5

φ
d
d

1
2

0

5

0

5

0

5

0

5

χ
sd 1
1

0

5

0

5

0

5

−5 0 5

̄x (k−1F ) 

0

5

χ
sd 2
2

−5 0 5

̄x (k−1F ) 

0

5

−5 0 5

̄x (k−1F )

0

5

−5 0 5

̄x (k−1F ) 

1
2
3
4

Figure 21: Phase differences for 1 = 12 Å, 3 = 12Å and tunnel voltage =0.5 V in single LJJ
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Figure 22: Phase differences for 1 = 12 Å, 3 = 12 Å and tunnel voltage =1 V in single LJJ
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Figure 23: Phase differences for 1 = 12 Å, 3 =12 Å and tunnel voltage =2 V in single LJJ
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4.1.2 Phase Frustration in single LJJ

Phase frustration is one of the important phenomenon observed in the long Josephson

junction. This phenomenon confirms the time reversal symmetry broken on the system.

If the phase difference between two superconducting electrodes across the junction is

either 0 or c for the minimum Josephson energy that is ground state, then the phase

is said to be invariance under the gauge transformation. If the phase difference at this

situation is 0, then the phase is said to in-phase locked and if the value is c then it is

out-of-phase locked. In this situation, the time reversal symmetry is invariance. If the

phase difference between the two superconducting electrodes across the junction is other

than 0 or c under the condition of minimum Josephson energy, then the phase is said to

be frustrated and hence the ground state time reversal symmetry is said to be broken.

In order to study the phase frustration for different situations, the Josephson part of

Lagrangian density is minimized at every time step and the minimum of which has been

extracted. At the same time step, the corresponding phase difference at each channel has

been recorded. The minimum energy and the corresponding relative phases are plotted

against time. Various types of such plots (Fig 24 to Fig 35) are generated for different

junction geometry and tunnel voltage to study the phase frustration. In Fig 24, the upper

graph gives the minimum energy vs time plot and the lower one is plots of corresponding

phase differences across the different channels of the junction system. The plots are

generated up to normalized time of 5 unit where the unit is l−1
�
. The Fig 24 gives the

plot for phase frustration with the junction geometry 1 = 3 = 6 Å under the application

of tunnel voltage of 0.05 V. From this figure, the phase differences across all the channels

are found to be very closed to zero below the time 4.4 unit. Above the time, the phase

differences iBB12 and i
B3
12 crosses the limit c and the phase differences i3B12 and i

33
12 acquire

the value less than 0. All these phase differences are in the state of phase frustration,

but in different manner. iBB12 and iB312 show the collective phase frustration with phase

differences greater than c and at the same time, i3B12 and i
33
12 show the collective phase

frustration with phase differences less than zero. When the tunnel voltage is increased

to 0.5 V, as shown in Fig 25, the phase frustration has been started at about 2.3 unit of

time. From the graph, it can also be observed that the phase differences collectively

come at the situation of phase locked for some time i.e. from 3.5 to 4.1 unit of time.

The stabilization energy is higher at the situation of phase frustration and lower at the
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Figure 24: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 0.05 V in
single LJJ

phase locked condition. As the tunnel voltage has been increased for the same junction

geometry, as shown in Fig 26 and Fig 27, the phase frustration starts quickly i.e. about

1.1 unit of time for 1 V and 0.9 unit of time for 2 V.

If the junction geometry has been changed by making the electrode and junction

thicknesses as 9 Å each, then a new type the phase frustration has been observed. For the

tunnel voltage, 0.05 V, as in Fig 28, the phase frustration is started at about 1.5 unit of

time. After this time, the phase differences iBB12 and i
B3
12 are in phase frustration with value

greater than c whereas the phase differences i3B12 and i
33
12 are in phase frustration with

the values less than zero. This situation remains until the time about 3.9 unit. Beyond the

time, the phase frustration situation is interchanged among these two sets. That means,

the phase differences iBB12 and i
B3
12 are in phase frustration with the values less than zero

and the remaining phase differences i3B12 and i
33
12 are in phase frustration with the value

greater than c. As the tunnel voltage has been increased, the phase frustration starts

quickly and the transferring of the frustrated states among the two channels occur in the

short period of time. There is the periodic excitation and de-excitation of the stabilization
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Figure 25: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 0.5 V in
single LJJ

energy. The phase frustration nature not only depends on the tunnel voltage but also on

the junction geometry as shown in Fig 29 to Fig 35. In Fig 29, the junction geometry is

differed by setting 1 = 9 Å and 3 = 9 Å maintaining the tunnel voltage of 0.5 V. The

phase textures seem to be slightly different from before but still in the situation of phase

locked and no phase frustration occurs. When the tunnel voltage has been jumped to 1

V for the same junction geometry, the phase differences corresponds to the minimum

Josephson energy is dramatically changed. The phase differences almost remain at the

phase locked situation till 2 unit of normalized time and then start to increase leading the

phase frustration. From the graphs i.e. Fig 30 and Fig 31, it can also be seen that the

phase frustration is competitive between the two junctions. It is also observed that all

phases are at the situation of phase frustration after the time about 2 unit but not in the

same way.

The scenario is completely different for the tunnel voltages 1 V and 2 V with 1 = 3 = 9

Å as shown in Figs 30 and 31 in which the phase frustration starts even quickly. In these

situations, the system is not equilibrium because the minimum energy curve does not

101



−800

−750

−700

−650

(E
J)
m
in

  (
J⋅

 m
−
2
)

0 1 2 3 4 5

̄t (ω−1
F )

−10

0

10

20

P
ha

se
 f

or
 (
E
J)
m
in

φss
12

φsd
12

φds
12

φdd
12

Figure 26: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 1 V in single
LJJ

seem to be flattened in the region of phase frustration.

For the junction geometry (1 = 3 = 12 Å) with tunnel voltage of 0.5 V, as shown in Fig 33

the phase frustration starts near about 1 unit of time and the minimum Josephson energy

beyond the time remains almost constant which shows the stable equilibrium condition.

For higher voltages, 1 V and 2 V, in the same junction geometry as shown in Fig 34

and Fig 35, the phase frustration starts near about 0.3 and 0.2 unit of times. Beyond the

time, the minimum energy remains almost flat with some interference. The collective

oscillation also called Legget’s mode (Ghimire et al., 2020) and phase frustration leading

to time reversal symmetry broken situations explained in the present work are reported

on the journal cited as (Ghimire et al., 2018; Chimouriya et al., 2019)
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Figure 27: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 2 V in single
LJJ
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Figure 28: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 0.05 V in
single LJJ
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Figure 29: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 0.5 V in
single LJJ
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Figure 30: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 1 V in single
LJJ
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Figure 31: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 2 V in single
LJJ
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Figure 32: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 0.05 V in
single LJJ
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Figure 33: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 0.5 V in
single LJJ
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Figure 34: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 1 V in
single LJJ
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Figure 35: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 2 V in
single LJJ

4.1.3 I-V Characteristics in the single LJJ

The current-voltage (I-V) characteristics is one of the important behavior of the Josephson

junction. The I-V characteristics reveals the power application of any devices. It has been

observed that the I-V characteristics of any type of Josephson junctions, either fabricated

from conventional and non-conventional superconductors, are non-linear types. In the

present context, the I-V characteristics have been observed by calculating the current at

every tunnel voltages from 0 to 1 V with stepping 0.01 V using the equation (3.169). The

plots for electrode thicknesses 6 Å, 9 Å, 12 Å and 15 Å are plotted in the same figure.

(Koyama et al., 1996, 2008; Lin, 2012). The I-V characteristics in single long Josephson

junction seems to be unusual as compared to the other electronic devices. There exist

the negative as well as positive differential resistance in the system. Fig 36 shows the

I-V characteristics for the junction thickness of 3 Å. According to the graphs, the I-V

characteristics for electrode thickness 3 = 6 Å is almost linear with negative resistance.

For the electrode thicknesses 3 = 9, 12, and 15 Å the characteristics seem to be nonlinear

with differential resistance. For 3 = 9 Å, the I-V characteristics is nonlinear with negative
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Figure 36: The current-voltage characteristics in single LJJ with junction thickness of 3 Å up to the tunnel
voltave of 1 V

differential resistance within the voltage 0 to 1 V. For the electrode thicknesses 3 = 12 Å

and 15 Å, there exist the differential negative resistances up to the voltages 0.6 V and 0.8

V respectively. Beyond these voltages, there is the positive differential resistances.

For the junction thickness of 1 = 6 Å, as shown in Fig 37 the scenario seems to be different.

For the electrode thickness 3 = 6 Å the current decreases up to the voltage 0.6 V persisting

the negative resistance then the current remains constant up to 1 V beyond which there is

positive differential resistance. For 3 = 9 Å, the current decreases up to 1 V with negative

differential resistance and then increases with positive differential resistance. Similarly,

for 3 = 12 Å the negative differential resistance occurs up to 0.8 V. In the case of 3 = 12

and 15 Å, there exist many peaks and valley in the non-linear curve showing the existence

of negative and positive differential resistance alternatively. Similarly, for the junction

thicknesses 1 = 9 and 12 Å, as shown in Fig 38 and 39, the positive resistance nature is

predominant at low voltages and then complicated non-linear activity are observed for

higher voltage. The existence of non-linear nature of I-V characteristics might be due to

the collision and excitation of quasi-particles (kinks or anti-kinks) creating an unstable
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Figure 37: The current-voltage characteristics in single LJJ with junction thickness of 6 Å up to the tunnel
voltave of 1 V
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Figure 38: The current-voltage characteristics in single LJJ with junction thickness of 9 Å up to the tunnel
voltave of 1 V
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Figure 39: The current-voltage characteristics in single LJJ with junction thickness of 12 Å up to the
tunnel voltave of 1 V

meta-stable states as predicted by author cited as (Koyama et al., 1996) . The transition

may occurs over there which results the absorption and radiation of electro-magnetic

radiation. In the region of negative resistance the device can serve as the energy storage

or oscillator.

4.2 Results and discussion for coupled LJJ

4.2.1 Phase dynamics in coupled LJJ

Figs 40 to 47 have been generated to study the phase dynamics at different junction

parameters. Fig 40 gives the phase differences at junction and layer thicknesses of 6 Å

each under the application of tunnel voltage of 0.05 V. The phase variations are shown

for normalized times C̄ = 0.0 to 4.98 which are measured in the unit of inverse of Fermi

frequency i.e. (l−1
�
) and shown on the top of the figure as the title label. The normalized

position is measured in the unit of inverse of Fermi wave vector i.e. (:−1
�
). Each row of

the figures are labeled as the phase differences in various channels. The phase differences
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Figure 40: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage =0.05 V in coupled LJJ
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Figure 41: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage =0.5 V in coupled LJJ
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between the first superconducting layer to the second layer are shown in the first to fourth

rows. The fifth to eighth rows represents the phase differences between second and third

layers. The last three rows gives the information about inter-band phase differences in

the three superconducting layers. These all phases are interlinked to each other by the

system of perturbed sine-Gordon equations. All the figures from 40 to 47 help for the

comparative study of the variation of phase differences. From Fig 40, it is shown that the

inter-layer intra-band phase differences (iBB12, i
33
12 , i

BB
23, i

33
23 ), that are initially represented

by the kink solution of unperturbed sine-Gordon equation, remains stationary with respect

to time. On the other hand, the inter-layer inter-band phase differences (iB312, i
3B
12, i

B3
23,

i3B23) which are initially represented by the kink, are found to be slightly deformed in the

shape. When the tunnel voltage is increased maintaining the same junction geometry

(i.e. 1 = 6 Å and 3 = 6 Å ), it has been observed that kink deforms as the time goes on.

In contrast to the single LJJ, the fluxon motion in the coupled LJJ is found to be more

complicated. The intra-layer inter-band phase differences (jB311 , j
B3
22 , j

B3
33 ) are found to be

collective motion at 0.05 V and the collective behavior has been violated as the voltage

increased as shown in Fig 41, 42 and 43. The degree of deformation is higher for higher

tunnel voltages. As the time goes on, the phase differences exceed the limits 0 and c

indicating the chance of phase frustration which will be discussed later on. During the

motion of the kink, fluxons and anti-fluxons are generated and superposed to each other

forming the bound pairs which contribute to the kink deformation. The inter-layer phase

differences are found to be competitive in the two junctions as shown in the figures. In

order to remove the confusions, the solid lines represent the phase differences between

the first and second layers and dash-dot lines with corresponding color represents those

between second and third superconducting layers.

When the junction geometry has been changed to 1 = 3 = 9 Å, the violation of collective

behavior starts quickly as shown in Figs 44 to 47. This would affect the intra-band

coupling in the respective layers. So, it can be said that the variation of phase differences

significantly depends on the junction and layer thicknesses. A number of figures have

generated for different tunnel voltages as well as the junction and layer thicknesses. Only

some selected figures are depicted here. From the observation of a number of figures, it

is found that the phase texture is so complicated to study the fluxon motion.
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Figure 42: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage =1 V in coupled LJJ
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Figure 43: Phase differences for 1 = 6 Å, 3 = 6 Å and tunnel voltage = 2 V in coupled LJJ
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Figure 44: Phase differences for 1 = 9 Å, 3 = 9Å and tunnel voltage =0.05 V in coupled LJJ

116



0

5

φ
ss 1
2

̄t= 0.0 ω−1
F

0

5

̄t= 1.66 ω−1
F

0

5
̄t= 3.32 ω−1

F

0

10

̄t= 4.98 ω−1
F

0

5

φ
sd 1
2

−10

0

10

−25

0

25

0

50

0

5

φ
d
s

1
2

0

10

−20

0

20

−25

0

25

0

5

φ
d
d

1
2

0

5

0

10

−25

0

25

0

5

φ
ss 2
3

0

5

0

5

−5

0

5

0

5

φ
sd 2
3

−10
0

10
20

−25

0

25

0

50

0

5

φ
d
s

2
3

−10

0

10

−25

0

25

−25

0

25

0

5

φ
d
d

2
3

0

5

−10

0

10

−20

0

20

0

5

χ
sd 1
1

0

5

0

5

0

5

0

5

χ
sd 2
2

0

5

0.0

2.5

5.0

2

4

−5 0 5

̄x (k−1F ) 

0

5

χ
sd 3
3

−5 0 5

̄x (k−1F ) 

0

5

−5 0 5

̄x (k−1F ) 

0

5

−5 0 5

̄x (k−1F ) 

0

5

Figure 45: Phase differences for 1 = 9 Å, 3 = 9Å and tunnel voltage =0.5 V in coupled LJJ
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Figure 46: Phase differences for 1 = 9 Å, 3 = 9 Å and tunnel voltage =1 V in coupled LJJ
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Figure 47: Phase differences for 1 = 9 Å, 3 =9 Å and tunnel voltage =2 V in coupled LJJ
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4.2.2 Phase Frustration in coupled LJJ

As in the case of single junction, the phase frustration plays important role in the stack of

long Josephson junction to confirm the time reversal symmetry broken on the system.

If the phase difference between two superconducting electrodes across the junction is

either 0 or c for the minimum Josephson energy, then the phase is said to be time reversal

invariant state. If the phase difference at this situation is 0, then the phase is said to locked

and if the value is c then it is anti-locked. At this situation the time reversal symmetry is

invariance. If the phase difference between the two superconducting electrodes across

the junction is other than 0 or c under the condition of minimum Josephson energy, then

the phase is said to be frustrated and hence the ground state time reversal symmetry is

said to be broken.

In order to study the phase frustration at different situations, the Josephson part of

Lagrangian density is minimized at every time step and the minimum of which has been

extracted. At the same time step, the corresponding phase difference at each channel

has been recorded. The minimum energy and relative phases are plotted against time.

Many such plots are generated for various junction geometry and tunnel voltage to study

the phase frustration. Some relevant graphs are depicted from Fig 48 to Fig 59 whose

description are presented in the following paragraph. The upper graph in each figure

gives the minimum energy vs time plot and the lower one is the plots of corresponding

phase differences across the different channels of the junction system. All the plots are

generated up to normalized time of 5 unit where the unit is l−1
�
.

For 1 = 3 = 6 Å and tunnel voltage of 0.05 V, as shown in Fig 48, the phase differences

correspond to the minimum energy across all the channels are found to be in between 0

and c up to 4 unit of time. Beyond the time, the phase differences iB312, i
B3
23 and i

3B
23 are in

phase frustration with phase differences less than 0 and the phase differences on the other

channels almost remain with phase locked situation. When the tunnel voltage is increased

to 0.5 V, 1 V, and 2 V maintaining the same junction and electrode thicknesses, the phase

frustration start quickly i.e. near about 2.3 unit of time for 0.5 V as shown in Fig 49, 1.5

unit for 1 V as shown in Fig 50 and 0.9 unit of time for 2 V as shown in Fig 51.

In Fig 53, the junction geometry is differed by setting 1 = 9 Å and 3 = 9 Å maintaining

the tunnel voltage of 0.05 V. The phase frustration is found to be started at about 3.3 unit
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Figure 48: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 0.05 V in
coupled LJJ
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Figure 49: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 0.5 V in
coupled LJJ
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Figure 50: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 1 V in
coupled LJJ
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Figure 51: Minimum Josephson energy versus time for 1 = 6 Å, 3 = 6 Å at tunnel voltage = 2 V in
coupled LJJ
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Figure 52: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 0.05 V in
coupled LJJ
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Figure 53: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 0.5 V in
coupled LJJ
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Figure 54: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 1 V in
coupled LJJ
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Figure 55: Minimum Josephson energy versus time for 1 = 9 Å, 3 = 9 Å at tunnel voltage = 2 V in
coupled LJJ
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Figure 56: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 0.05 V in
coupled LJJ

−800

−600

−400

−200

0

200

(E
J)
m
in

  (
J⋅

 m
−
2
)

0 1 2 3 4 5

̄t (ω−1
F )

−40

−20

0

20

40

60

P
ha

se
 f

or
 (
E
J)
m
in

φss
12

φsd
12

φds
12

φdd
12

φss
23

φsd
23

φds
23

φdd
23

Figure 57: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 0.5 V in
coupled LJJ
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Figure 58: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 1 V in
coupled LJJ
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Figure 59: Minimum Josephson energy versus time for 1 = 12 Å, 3 = 12 Å at tunnel voltage = 2 V in
coupled LJJ
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of time. In this case, the phase difference iBB12 remains at the phase locked situation. The

inter-band phase differences iB312, i
3B
12, i

B3
23 and i3B23 are in phase frustration with phase

differences greater than c whereas intra-band phase differences i3312 , i
BB
23 and i3323 are

in phase frustration with phase differences less than 0. When the tunnel voltage has

been jumped to 0.5 V for the same junction geometry, the phase frustration seems to

occur at about 1.8 unit of time. The phase differences almost remain at the phase locked

situation till 1.8 unit of normalized time and then start to increase leading the phase

frustration. From the graphs, it can also be seen that the phase frustration is competitive

between the two junctions. It is also observed that all phases are at the situation of phase

frustration after the time about 1.8 unit but not in the same way. The inter-band phase

differences, (iB312, i
3B
12) of the first junction and those of (iB323, i

3B
23) of second junction are

in competitive phase frustration with the phase differences greater than c. On the other

hand, the intra-band phase differences (iBB12, i
33
12 , i

BB
23, i

33
23 ) are in phase frustration with

phase differences below 0. As in the previous case, the phase frustration starts at shorter

time for higher voltage i.e. 1.8 unit for 0.5 V as shown in Fig 53, 1.1 unit for 1 V as

shown in Fig 54 and 0.6 unit for 2 V as shown in Fig 55.

For the junction geometry (1 = 3 = 12 Å) with tunnel voltage of 0.05 V, as shown in

Fig 56 the phase frustration starts near about 2.6 unit of time. For higher voltages, 0.5

V, 1 V and 2 V, in the same junction geometry as shown in Fig 57 to Fig 59, the phase

frustration starts near about 2, 0.8 and 0.5 unit of times, respectively. The three phase

differences (iBB23, i
3B
23, i

3B
12) are competitively phase frustration situation in one direction

and the remaining are in opposite direction. In all the graphs, the phase differences, iBB12,

iB312 and i
B3
23 in the situation of competitive phase frustration with the phase differences

greater than c. On the other hand, the intra-band phase differences, i3B12 and i
3B
23 are in

the situation of competitive phase frustration with phase differences less than zero.

4.2.3 I-V Characteristics in the coupled LJJ

The I-V characteristics in double (coupled) long Josephson junction is completely different

from that of observed in single long Josephson junction for the same junction and electrode

thicknesses maintaining the same tunnel voltages.

Fig 60 shows the plot of I-V curves for various electrode thicknesses at tunnel voltage
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Figure 60: The current-voltage characteristics in coupled LJJ with junction thickness of 3 Å up to the
tunnel voltave of 2 V
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Figure 61: The current-voltage characteristics in coupled LJJ with junction thickness of 6 Å up to the
tunnel voltave of 1 V
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Figure 62: The current-voltage characteristics in coupled LJJ with junction thickness of 9 Å up to the
tunnel voltave of 1 V
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Figure 63: The current-voltage characteristics in coupled LJJ with junction thickness of 12 Å up to the
tunnel voltave of 1 V
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up to 1 V with junction thickness of 3 Å. From this graph, it is observed that there exist

the positive differential resistance for the electrode thicknesses 6 Å and 9 Å with the

slope for higher thickness is larger than that of lower thickness. When the thickness of

the superconducting layer is increased to 12 Å, a non-linear I-V characteristics has been

observed with both positive and negative differential resistances. The negative resistance

on this curve begins at the tunnel voltage of 1.2 V and remains continue till about 1.3 V

then after the positive resistance begins. The positive and negative differential resistance

occurs alternatively without any finite periodicity. The peaks and valleys of I-V curves

becomes more prominent as the electrode thickness has been increased.

For the junction thickness of 6 Å, as shown in Fig 61, the I-V curves for all the electrode

thickness (6 Å, 9 Å, 12 Å, 15 Å) show the non-linear nature with both negative and

positive differential resistances. Here the first peaks starts at above 1 V for 3 = 6 Å, at

about 1.0 V for 3 = 9 Å, at about 0.7 V for 3 = 12 Å and at about 0.6 V for 3 = 15 Å.

Beyond these voltages, the peaks and valley are observed without any defined rules. For

higher junction thicknesses, as shown in Fig 62 and 63 it is observed that non-linearity

in I-V curves even more dominant than in the previous cases. The first peaks of all the

curves occurs at lower tunnel voltage for higher junction thicknesses. Similar non-linear

characteristics of I-V curves have been appears in the article cited as (Chimouriya et al.,

2021)

The non-linear nature of I-V curve for single junction, seems to be close agreement with

results observed by Koyama and Tachiki Koyama et al. (1996, 2008, 2010b,a), who have

done the work on Bi-2122 as the superconducting electrode using the RCSJ electronic

circuit method.
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CHAPTER 5

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

Starting from the generalized microscopic BCS Hamiltonian given by equation (3.1),

the effective Lagrangian density, equation (3.103) has been derived by following the

various steps of path integral formalism including partition function, action, Hubbard-

Stratonovich transformation, Nambu notation, Grassmann integration, Matsubara sum,

saddle-point approximation, Glodston mode, etc. for the stack of long Josephson junction

based on multi-gap superconductor like MgB2 and Iron-pnictides. In the multi-gap

superconductors, there are large number of channels for Cooper pair tunneling. There

can be the inter-band tunneling as well as intra-band tunneling in addition with coupling.

In one-gap conventional superconducting junction there is only one channel across two

electrodes for Cooper pair tunneling. In the case of two-gap superconductor, like MgB2,

there are four channels for this purpose. Similarly, there are nine channels available for

Cooper pair tunneling in case of three-gap superconductor. The number of channels

can be multiplied further by designing the stack of the junctions. The Lagrangian

density derived in the present context is found to be the close agreement with the result

obtained for the conventional Josephson junction based on one-gap superconductor

upon setting the indices appropriately. The Lagrangian density consists of three parts:

(i) the potential energy part containing the time derivative of order parameter phase,

(ii) the kinetic energy part containing the space derivative of the phase, and (iii) the

Josephson energy which contains the terms of cosine of phases of order parameters.

The Lagrangian density has been minimized by applying the Euler-Lagrange equation
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of motion and a system of generalized sine-Gordon equation is derived as in equation

(3.116) in term of intra-layer inter-band phase differences and equation (3.132) in term of

inter-layer phase differences. In case of conventional one-gap superconducting junction,

the intra-layer inter-band phase difference does not exist and only the equation (3.132)

contribute for the study of phase dynamics. For the single long Josephson junction

based on one-gap superconductors, the equation (3.132) is found to be reduced as

01
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and found to be close agreement

with the result obtained by other researchers (Simanek, 1994; Lin, 2012; Koyama et al.,

2008; Sharapov et al., 2002; Shaju, 2002; Kleiner et al., 2000) using different techniques.

5.1.1 Fluxon dynamics

The fluxon dynamics in the single and coupled long Josephson junction have been

studied by solving the perturbed sine-Gordon equation under the application of Neumann

boundary condition. Initially, the fluxon is represented by the kink which is the solution

of unperturbed sine-Gordon equation. All the inter- and intra-band channels are injected

by the same kinks solution at the normalized time C̄ = 0. As the time goes on, it is

found that the kink deforms significantly in all channels with different ways. Due to the

Neumann boundary condition, the kink reflects as it reaches to the ends. It is investigated

that, the fluxons in some of the channels flow in phase showing the collective oscillation.

During the flow, the new kinks and anti-kinks are generated which are also called solitons

or anti-solitons. They move along the same or opposite direction. They may also be

superimposed to form the bound pairs. The fluxon motion seems to be more complicated

in coupled junction as compared to the single junction. The deformation of kink is

significantly sensitive in inter-layer coupling resulting from tunneling as compared to the

inter-band coupling without tunneling. The fluxon dynamics are found to be sensitive to

the junction and layer thicknesses as well as tunnel voltage for both single and coupled

LJJ.
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5.1.2 Phase frustration

The phase frustration, which is one of the important phenomenon on the long Josephson

junction based on two gap superconductors, has been studied byminimizing the Josephson

part of the relative phase dependent Lagrangian density also called Josephson energy.

The corresponding phase differences for each channel are plotted as a function of the

normalized time. The phase frustration helps to declare whether there is the situation of

time reversal symmetry broken (TRSB) or not. It has been observed that phase frustration

occurs more quickly in coupled junction as compared to that of in single junction due to

the higher degree of freedom for Cooper pairs tunneling. Before the phase frustration,

there is the situation of time reversal symmetry invariance (TRSI) and all the fluxons are

found to be either in- or out-phase locked situation. At the time of phase frustrations,

the ground state time reversal symmetry is said to be broken. In the vicinity of the

time reversal symmetry broken (TRSB) transition point, the properties of these types of

junction are the same as for the junctions between B± and B-wave superconductors as

explained by the author cited as (Lin, 2012). In case of the coupled LJJ, it is noted that

there exist the metastable states resulting from the sufficiently strong coupling between

the bands of the superconductors. These metastable states display the TRSB even though

there is no TRSB in the ground state. It is also investigated that every tunneling channel

does not permit phase frustration in the same manner. In case of single junction, two

channels among the four, permit the phase frustration with phase differences greater

than c whereas the remaining two with phase differences of zero. Such a behavior is

significantly different in coupled junction. In this case, some channels also permits phase

locked situation with TRSI. The phase frustration is also sensitive to the junction and

layer thicknesses as well as tunnel voltages. The time of phase frustration and hence

TRSB decreases as any one of the parameters is increased.

5.1.3 I-V characteristics

I-V characteristics is one of the most important behavior to explain the applicability of

the junction system as electronic devices. The I-V characteristics has been studied by

calculating the current in each channel and then averaged out over space and time. The

net current is calculated for different tunnel voltages and plotted as the function of voltage.

The I-V curves are found to non-linear for both the single and coupled junction but the
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nature of non-linearity is found to be quite different. Below the first peak of the curve,

the resistive nature is more dominant in coupled junction as compared to that of single

junction. For the large tunnel voltage, the I-V curves are found to be noisy. The noisy

structure in the I-V characteristics may disappear, if the number of junction is increased

which results the device more resistive. At this situation, the resistance of junction

material counteract the quasi-particle activities such as collisions and excitation. The

non-linear nature of the I-V characteristics arises due to the existence of the metastable

states with different voltage distribution or with the different number of the junction

being in the resistive state. It may be possible that some of such metastable states are

energetically very close to the stable state. In such cases, the voltage distribution inside the

junction array as well as various channels will be greatly changed with a slight variation

of tunnel voltage. This change may cause the rapid oscillation of the dc current. The

non-linearity nature is found to be dependent on the junction thickness. If the junction

thickness is increased, the first peak of the I-V curve shifted toward the lower voltage.

The same type of behavior also occurs for the layer thickness. The non-linear nature

of the I-V curve has found to be almost similar to that observed by other researchers

using different methods (Koyama et al., 1996, 2010b). The shape of the non-linear I-V

curve could not exactly coincide with the result they obtained because of the different

material they have used as well as the method they implemented. But, both the works

confirms the non-linear nature of the I-V curves. Since there exist both negative and

positive differential resistance at the different segments of the I-V curve the devices can

be used for the superconductor electronic devices. The positive resistance consumes

power from the current passing through it and negative resistance produces the power.

In the region of negative differential resistance, the junction system can be used in the

oscillators, switching & memory circuit and active filters.

5.2 Rcommendations

As the future scope, the present work can be enhanced for the stack of LJJ with # > 2

number of junction system for the same MgB2 and other multi-gap superconductors like

iron-pnictides which could not be completed now. Using the same procedure, one can

involve to study the fluxon dynamics in the case of stack of hetero-gap superconducting

junction types of LJJ.
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CHAPTER 6

SUMMARY

In the present research work, the microscopic BCS Hamiltonian is defined for the stack

of LJJ based on multi-gap superconductors. The quantum mechanical partition function

is written in term of this Hamiltonian and then simplified using the rigorous steps of path

integral formalism. As a result, the effective Lagrangian density has been derived in

term of phase differences of Cooper pair order parameter between various coupling and

tunneling channels. The effective Lagrangian density is minimized using Euler-Lagrange

equation and the system of perturbed sine-Gordon equations has been derived for the stack

of LJJ based on multi-gap superconductors like MgB2 (two-gap) and iron-pnictides (two

or more than two-gap) superconductors. The generalized form of system of sine-Gordon

equation has been used to analyze the fluxon dynamics in single and couple LJJ based

on two-gap superconductor like MgB2. Due to the insufficient data availability for

iron-pnictides, the analysis could not be done for such material in the present context.

The analysis can be done for these material as the future work once the required data are

available. The phase textures for different channels are found to be more complicated in

both single and coupled LJJ. The phase frustration has also been observed and found that

it starts faster for larger junction and layer thicknesses for both single and coupled LJJ

due to the presence of large number of Cooper pairs. The I-V characteristics is found to

be non-linear and completely different in single and coupled LJJ. It is almost impossible

to write a single program for the stack of LJJ using generalized system of sine-Gordon

equation. Therefore, the study of fluxon dynamics for the stack of LJJ beyond the coupled

LJJ has been left as the future work.
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APPENDIX A

Introducing the phase factor

Here, all the fermionic fields and bosonic fields are complex. Hence, they can be written

in term of phase angle \ (®A, g) as

k;,8 (®A, g) =
©­­­­«
48\;,8 (®A,g)/2 0

0 4−8\;8 (®A,g)/2

ª®®®®¬
k;,8 (®A, g) and Δ;,8 (®A, g) = Δ;,8 (®A, g)48\;,8 (®A,g)

(A.1)

After this transformation, the bosonic and fermionic fields only represent the amplitude

functional. We have to be noticed that all the fields after this transformation are real but

still the function of ®A and g. We also have, for Grassmann variable 2 (Atland et al., 2014)

m

mg

(
4±8\/22

)
= 4±8\/2

(
ℏ
m

mg
± 8

2
ℏ
m\

mg

)
2

and

∇2
(
4±8\/22

)
=∇ ·

(
4±8\/2

[
∇ ± 8

2
∇\

]
2

)

=4±8\/2
[(
± 8

2
∇\

)
·
(
∇2 ± 8

2
(∇\)2

)
+ ∇ ·

(
∇2 ± 8

2
(∇\)2

)]

=4±8\/2
[
∇2 − 1

4
(∇\)2 ± 8∇\ · ∇ ± 8

2
∇2\

]
2
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Using these relation

k
†
;8
�−1

0;8k;8 =

(
�
†
;8↑ �;8↓

) ©­­­­«
4−8\;8/2 0

0 48\;8/2

ª®®®®¬

©­­­­«
ℏ
m

mg
− ℏ2

2<
∇2 − `8

;,↑ Δ;84
8\;8

Δ̄;84
−8\;8 ℏ

m

mg
+ ℏ

2

2<
∇2 + `8

;,↓

ª®®®®¬
×

©­­­­«
48\;8/2 0

0 4−8\;8/2

ª®®®®¬

©­­­­«
�;8↑

�
†
;8↓

ª®®®®¬
=k
†
;8
(�−1

0;8 + �;8)k;8 (A.2)

where �−1
0;8 is same as in Equation (3.23) except in this case auxiliary fields Δ;8 are real

and

�;8 =

[
8ℏ

2
m\;8

mg
+ ℏ

2

8<
(∇\;8)2

] ©­­­­«
1 0

0 −1

ª®®®®¬
−

[
8ℏ2

2<
∇\;8 · ∇ + 8ℏ

2

4<
∇2\;8

] ©­­­­«
1 0

0 1

ª®®®®¬
(A.3)

And

Δ̄+−1Δ =
∑
;,; ′,8,8′

Δ̄;,8 (+−1)8,8′
;,; ′Δ; ′,8′4

−8(\;,8−\;′,8′)
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APPENDIX B

Reciprocal space transformation

Fourier transform for the fermionic fields �;,8,f (®A, g) as well as bosonic fields Δ;,8 (®A, g)
as

�;8f (®A, g) = 1√
Ω

∑
:,=

4−8l=g+8®: ·®A2;8f ( ®:, =) (B.1a)

�
†
;8f
(®A, g) = 1√

Ω
48l=g−8®: ·®A2†

;8f
( ®:, =) (B.1b)

for fermionic fields and

Δ;,8 (®A, g) =
∑
@,<

4−8l<g+8 ®@·®AΦ;8 ( ®@, <) (B.1c)

Δ̄;8 (®A, g) =
∑
@,<

48l<g−8 ®@·®AΦ̄;8 ( ®@, <) (B.1d)

for bosonic fields. The Fourier transformed bosonic fields Φ;8 still has the dimension

of energy and the transformed fermionic fields 2;8 are dimensionless. The following

properties of delta-function are also used.

1
ℏVΩ

ℏV∫
0

3g

∫
33A4−8(l=′−l=)g+8( ®:

′−®:)·®A = X( ®: − ®:′)X==′ (B.2)

and
1
ℏVΩ

∑
:,=

48l= (g−g
′)+8®: ·(®A−®A ′) = X(®A − ®A′)X(g − g′) (B.3)
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where, l= is called the Matshubara frequency (Matsubara, 1955; Wu et al., 2019) given

by

l= =




(2= + 1)c
ℏV

for fermions

2=c
ℏV

for bosons
(B.4)

Under these transformation
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Similarly
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also

ℏV∫
0
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Similarly
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APPENDIX C

Some matrix manipulation

Here, �̄−1
0 + �̄ + )̄ = �̄−1

0 [1 + �̄0(�̄ + )̄)] = �̄−1
0 (1 + �̄0�̄ + �̄0)̄), therefore

tr
;,8,f

ln[�̄−1
0 (1 + �̄0�̄ + �̄0)̄)] = tr

;,8,f
ln �̄−1

0 + tr
;,8,f

ln(1 + �̄0�̄ + �̄0)̄)
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;,8,f

ln �̄−1
0 + tr

;,8,f

(
−
∞∑
==1

(−1)=
=
(�̄0�̄ + �̄0)̄)=

)
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;,8,f

ln �̄−1
0 + tr

;,8,f
(�̄0�̄ + �̄0)̄) − 1

2
tr
;,8,f
(�̄0�̄ + �̄0)̄)2 + higher order terms (C.1)

Since the inverse of a diagonal matrix is equal to the diagonal matrix of inverse of the

diagonal elements. So

�̄0 =

©­­­­­­­­­­­­­­­­­­«

�̄01 0 0 0 · · ·

0 �̄02 0 0 · · ·

0 0 �̄03 0 · · ·
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...

...
...

...
. . .

ª®®®®®®®®®®®®®®®®®®¬

(C.2)
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We also have

�̄ =

©­­­­­­­­­­­­­­­­­­«

�̄1 0 0 0 · · ·

0 �̄2 0 0 · · ·
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. . .
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(C.3)

Hence
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and
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(C.5)

From equations (C.4) and (C.5), we have
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;,8,f
(�̄0�̄ + �̄0)̄) = tr

;,8,f
(�̄0�̄) + tr

;,8,f
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∑
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Again

�̄0�̄ + �̄0)̄ =

©­­­­­­­­­­­­­­­­­­«

�̄01�̄1 �̄01)̄12 0 0 · · ·

�̄02)̄21 �̄02�̄2 �̄02)̄23 0 · · ·
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...
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...
. . .
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(C.7)

Therefore
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;,8,f
(�̄0�̄ + �̄0)̄)2 =

∑
;

tr
8,f
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APPENDIX D

Evaluation of Matsubara sum

We have,

�−1
>;8 =

©­­­­«
−8ℏVl= + Vℏ
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− V`8

;,↑ VΔ0;8
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Let `8
;
=

1
2
(`8

;,↑+`8;,↓), and Z 8; =
1
2
(`8

;,↑−`8;,↓), which lead `8;,↑ = `8; + Z 8; and `8;,↓ = `8; − Z 8; .

We also have l= =
2cI
ℏV

, with I = = + 1
2 for fermions. Now equation (D.1) becomes
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Here, we have supposed �: =
√
b2
:
+ Δ2

0;8, b: =
ℏ2:2
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;
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Hence equation (3.78), becomes
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Similarly,
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Hence,
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(D.5)

We have,

sech2(G + H) + sech2(G − H) = 4
1 + cosh 2G cosh 2H
(cosh 2G + cosh 2H)2 (D.6)

and

tanh(G + H) − tanh(G − H) = 2 sinh 2H
cosh 2G + cosh 2H

(D.7)

Using these relations equation (D.5) becomes
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)
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− Δ
2
0;8

V�3
:

(
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(D.8)

Equation (3.79) can be written as
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2

)

− 2Δ2
0;8

V�3
:

(
tanh

V(Z 8
;
+ �: )
2

− tanh
V(Z 8

;
− �: )
2

)] ]

=
∑
:

[
− V

2ℏ4:2(�2
:
− Δ2

0;8)
96<2�2

:

(
sech2 V(Z 8; + �: )

2
+ sech2 V(Z 8; − �: )

2

)

+
(
Vℏ2b:

16<�:
− Vℏ

4:2Δ2
0;8

48<2�3
:

) (
tanh

V(Z 8
;
+ �: )
2

− tanh
V(Z 8

;
− �: )
2

)]

';8 =
∑
:

[
− V

2ℏ4:2(�2
:
− Δ2

0;8)
24<2�2

:

(
1 + cosh VZ 8

;
cosh V�:

(cosh VZ 8
;
+ cosh V�: )2

)

+
(
Vℏ2b:
8<�:

− Vℏ
4:2Δ2

0;8

24<2�3
:

)
sinh V�:

cosh VZ 8
;
+ cosh V�:

]
(D.9)
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Equation (3.80) can be rewritten as

*;,8,8′ = (1 − (2 (D.10)

where

(1 =
∑
:,=

[
X88′ ln det(�̄−1

0;8)
]

(D.11)

and

(2 =
∑
:,=

[
V2) 88

′
;,;+1)

8′8
;+1,;

det(�̄−1
0;8) det(�̄−1

0,;+1,8′)
×

[(
−8ℏVl= − Vℏ

2:2

2<
+ V`8

;,↓

)2

+
(
−8ℏVl= + Vℏ

2:2

2<
− V`8

;,↑

)2] ]
(D.12)

To find (1, we have

(1 =
∑
:,=

X88′ ln[(−4c2) (I − I1) (I − I2)]

=
∑
:,=

X88′ [ln(−4c2) + ln(I − I1) + ln(I − I2)]

Now,

3(1
3�:

=
∑
:,=

X88′

[
1

I − I1

8V

2c
+ 1
I − I2

(−8V)
2c

]

=
8V

2c
X88′

∑
:,=

I1 − I2
(I − I1) (I − I2)

=
8V

2c
X88′

∑
:

[
Res
I=I1

(I1 − I2)c tan(cI)
(I − I1) (I − I2) + ResI=I2

(I1 − I2)c tan(cI)
(I − I1) (I − I2)

]

=
8V

2c
X88′

∑
:

[c tan(cI1) − c tan(cI2)]

=
8V

2
X88′

∑
:

[
tan

8V(Z 8
;
+ �: )

2
− tan

8V(Z 8
;
− �: )
2

]

= − V
2
X88′

∑
:

[
tanh

V(Z 8
;
+ �: )
2

− tanh
V(Z 8

;
− �: )
2

]

= − VX88′
∑
:

sinh V�:
cosh VZ 8

;
+ cosh V�:
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Therefore

(1 = − VX88′
∑
:

∫
sinh V�:

cosh VZ 8
;
+ cosh V�:

3�:

=X88′
∑
:

∫
3 (cosh VZ 8

;
+ cosh V�: )

cosh VZ 8
;
+ cosh V�:

(1 =
∑
:

X88′ ln(cosh VZ 8; + cosh V�: ) (D.13)

Again,

(2 =
∑
:,=

[
V2) 88

′
;,;+1)

8′8
;+1,;

(−4c2) (I − I1) (I − I2) (−4c2) (I − I3) (I − I4)
×

[(
−2c8I − Vℏ

3:2

2<
+ V`8; − VZ 8;

)2

+
(
−2c8I + Vℏ

2:2

2<
− V`8; − VZ 8;

)2] ]

=
V2) 88

′
;,;+1)

8′8
;+1,;

16c4

∑
:,=

(2c8I + VZ 8
;
+ Vb: )2 + (2c8I + VZ 8; − Vb: )2

(I − I1) (I − I2) (I − I3) (I − I4)

=
V2) 88

′
;,;+1)

8′8
;+1,;

8c4

∑
:,=

(2c8I + VZ 8
;
)2 + (Vb: )2

(I − I1) (I − I2) (I − I3) (I − I4)

=
V2) 88

′
;,;+1)

8′8
;+1,;

8c4

∑
:,=

(2c8I + VZ 8
;
)2 + V2b2

:

(I − I1) (I − I2) (I − I3) (I − I4)

where, I1 =
8V

2c (Z 8; + �: ), I2 =
8V

2c (Z 8; − �: ), I3 =
8V

2c (Z 8; + �′: ), I4 =
8V

2c (Z 8; − �′: ),
�: =

√
b2
:
+ Δ2

0;8 and �
′
:
=

√
b2
:
+ Δ2

0;+1,8′. Hence

(2 =
V2) 88

′
;,;+1)

8′8
;+1,;

8c4

∑
:

[ (2c8I1 + VZ 8; )2 + V2b2
:

(I1 − I2) (I1 − I3) (I1 − I4) c tan(cI1)

+ (2c8I2 + VZ 8; )2 + V2b2
:

(I2 − I1) (I2 − I3) (I2 − I4) c tan(cI2)

+ (2c8I3 + VZ 8; )2 + V2b2
:

(I3 − I1) (I3 − I2) (I3 − I4) c tan(cI3)

+ (2c8I4 + VZ 8; )2 + V2b2
:

(I4 − I1) (I4 − I2) (I4 − I3) c tan(cI4)
]

=
V2) 88

′
;,;+1)

8′8
;+1,;

8c4

∑
:

[ (−V�: )2 + V2b2
:

( 8V�:
c
) ( 8V2c ) (�: − �′: ) (

8V

2c ) (�: + �′: )
c tan

8V(Z 8
;
+ �: )

2
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+ (V�: )2 + V2b2
:

( −8V�:
c
) ( 8V2c ) (−�: − �′: ) (

8V

2c ) (−�: + �′: )
c tan

8V(Z 8
;
− �: )
2

+ (−V�′
:
)2 + V2b2

:

( 8V2c ) (�′: − �: ) (
8V

2c ) (�′: + �: ) (
8V� ′

:

c
)
c tan

8V(Z 8
;
+ �′

:
)

2

+ (V�′
:
)2 + V2b2

:

( 8V2c ) (−�′: − �: ) (
8V

2c ) (−�′: + �: ) (−
8V� ′

:

c
)
c tan

8V(Z 8
;
− �′

:
)

2

]

=
V) 88

′
;,;+1)

8′8
;+1,;

8

∑
:

[
− �2

:
+ b2

:

�: (�2
:
− � ′2

:
)

(
tanh

V(Z 8
;
+ �: )
2

− tanh
V(Z 8

;
− �: )
2

)

− �
′2
:
+ b2

:

�′
:
(� ′2

:
− �2

:
)

(
tanh

V(Z 8
;
+ �′

:
)

2
− tanh

V(Z 8
;
− �′

:
)

2

)]

=
V) 88

′
;,;+1)

8′8
;+1,;

8(� ′2
:
− �2

:
)
∑
:

[
�2
:
+ b2

:

�:

(
tanh

V(Z 8
;
+ �: )
2

− tanh
V(Z 8

;
− �: )
2

)

− �
′2
:
+ b2

:

�′
:

(
tanh

V(Z 8
;
+ �′

:
)

2
− tanh

V(Z 8
;
− �′

:
)

2

)]

=
V) 88

′
;,;+1)

8′8
;+1,;

4(� ′2
:
− �2

:
)
∑
:

[
�2
:
+ b2

:

�:

sinh V�:
cosh VZ 8

;
+ cosh V�:

− �
′2
:
+ b2

:

�′
:

sinh V�′
:

cosh VZ 8
;
+ cosh V�′

:

]

Therefore,

*;88′ =
∑
:

X88′ (cosh VZ 8; + cosh V�: ) +
V) 88

′
;,;+1)

8′8
;+1,;

4(� ′2
:
− �2

:
)
∑
:

[
�2
:
+ b2

:

�:

sinh V�:
cosh VZ 8

;
+ cosh V�:

− �
′2
:
+ b2

:

�′
:

sinh V�′
:

cosh VZ 8
;
+ cosh V�′

:

]
(D.14)

Using the same technique as for*;88′, the Matshubara sum of -;88′ is

-;88′ =
V) 88

′
;,;+1)

8′8
;+1,;

(� ′2
:
− �2

:
)
∑
:

[
1
�:

sinh V�:
cosh VZ 8

;
+ cosh V�:

− 1
�′
:

sinh V�′
:

cosh VZ 8
;
+ cosh V�′

:

]
(D.15)
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APPENDIX E

Performing the integration over k-space

In Appendix D, the Matshubara sum for the expression of all coefficients &;8, ';8,*;88′

and -;88′ are evaluated. In the limit ) → 0, V→∞ and

lim
V→∞

1 + cosh VZ 8
;

cosh V�:
(cosh VZ 8

;
+ cos V�: )2

≈ 0 (E.1)

lim
V→∞

sinh V�:
cosh VZ 8

;
+ cos V�:

≈ 1 for �: � Z 8; (E.2)

lim
V→∞

1
V

ln(cosh VZ 8; + cosh V�: ) ≈ �: + Z 8; (E.3)

Under these approximation the Equations (D.8), (D.9), (D.14) and (D.15) reduce to

&;8 = −
Vℏ2Δ2

0;8
8

∑
:

1
�3
:

(E.4)

';8 =
Vℏ2

8<

∑
:

(
b:

�:
− ℏ

2:2Δ2
0;8

3<�3
:

)
(E.5)

*;88′ = V
∑
:

X88′ (�: + Z 8; ) +
V) 88

′
;,;+1)

8′8
;+1,;

4(� ′2
:
− �2

:
)
∑
:

[
�2
:
+ b2

:

�:
− �

′2
:
+ b2

:

�′
:

]
(E.6)

-;88′ =
V) 88

′
;,;+1)

8′8
;+1,;

(� ′2
:
− �2

:
)
∑
:

[
1
�:
− 1
�′
:

]
(E.7)

Again, we have

1
Ω

∑
:

→
∫

3:

(2c)3 → # (0)
+ℏl�∫
−ℏl�

3b: (E.8)

where, # (0) is the density of state per spin at the Fermi level and l� is the Debye

frequency. Both of them are band dependent parameters. Ω is the volume of the junction
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system. Introducing the transformation (E.8), the equations (E.4) to (E.7) becomes

&;8 = −
Vℏ2Δ2

0;8Ω#
8 (0)

8

ℏl8
�∫

−ℏl8
�

3b:

(b2
:
+ Δ0;8)3/2

= − Vℏ
2Δ2

0;8Ω#
8 (0)

4

ℏl8
�∫

0

3b:

(b2
:
+ Δ0;8)3/2

(E.9)

';8 =
Vℏ2Ω# 8 (0)

8<

ℏl8
�∫

−ℏl8
�

(
b:

�:
− ℏ

2:2Δ2
0;8

3<�3
:

)
3b: = − Vℏ

2Ω# 8 (0)
8<

+ℏl8
�∫

−ℏl8
�

2(b: + `)Δ2
0;8

3�3
:

3b:

= − Vℏ
2Ω# 8 (0)`Δ2

0;8
6<

ℏl8
�∫

0

3b:

(b2
:
+ Δ2

0;8)3/2
(E.10)

Again, for*;88′, we can have

*;88′ =VΩ#
8 (0)

+ℏl8
�∫

−ℏl8
�

X88′ (�: + Z 8; )3b:

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
4(� ′2

:
− �2

:
)

+ℏl8
�∫

−ℏl8
�

[
�2
:
+ b2

:

�:
− �

′2
:
+ b2

:

�′
:

]
3b:

=2VΩ# 8 (0)ℏl8�Z 8; X88′ + 2VΩ# 8 (0)X88′
ℏl8

�∫
0

√
b2
:
+ Δ2

0;8 3b:

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
2(Δ2

0;+1,8′ − Δ2
0;8)

+ℏl8
�∫

0

[ 2b2
:
+ Δ2

0;8√
b2
:
+ Δ2

0;8

−
2b2

:
+ Δ2

0;+1,8′√
b2
:
+ Δ2

0;+1,8′

]
3b: (E.11)

and using the same token as for*;88′

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

ℏl8
�∫

0

[
1√

b2
:
+ Δ2

0;8

− 1√
b2
:
+ Δ2

0;+1,8′

]
3b: (E.12)
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To complete the integration of equations (E.9) and (E.10), let b: = Δ0;8 tan H and

3b: = Δ0;8 sec2 H3H. As b: → 0, H → 0 and as b: → ℏl8
�
, H → tan−1 ℏl

8
�

Δ0;8
= H0 (say).

Now equation (E.9) reduces to

&;8 = −
Vℏ2Δ2

0;8Ω#
8 (0)

4

H0∫
0

Δ0;8 sec2 H3H

Δ3
0;8 sec3 H

= − Vℏ
2Ω# (0)

4

H0∫
0

cos H3H

= − Vℏ
2Ω# 8 (0)

4
sin H0 = − Vℏ

2Ω# 8 (0)
4

ℏl8
�√

(ℏl8
�
)2 + Δ2

0;8

(E.13)

Similarly,

';8 = −
Vℏ2Ω# 8 (0)`8

;

6<
ℏl8

�√
(ℏl8

�
)2 + Δ2

0;8

(E.14)

To complete the integration of equations (E.11) and (E.12), let b: = Δ0;8 sinh H, and

3b: = Δ0;8 cosh H3H. As b: → 0, H → 0 and as b: → ℏl8
�
, H = sinh−1 ℏl

8
�

Δ0;8
= H0 (say).

Similarly, for another integral term letting H′ instead of H for transforming b: . Now

*;88′ =2VΩ# 8 (0)ℏl8�Z 8; X88′ + 2VΩ# 8 (0)Δ2
0;8X88′

H0∫
0

cosh2 H3H

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
2(Δ2

0;+1,8′ − Δ2
0;8)

[
Δ2

0;8

H0∫
0

(2 sinh2 H + 1)3H − Δ2
0;+1,8′

H′0∫
0

(2 sinh2 H′ + 1)3H′
]

=2VΩ# 8 (0)ℏl8�Z 8; X88′ + VΩ# 8 (0)Δ2
0;8X88′

H0∫
0

(1 + cosh 2H)3H

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
2(Δ2

0;+1,8′ − Δ2
0;8)

[
Δ2

0;8

H0∫
0

cosh 2H3H − Δ2
0;+1,8′

H′0∫
0

cosh 2H′3H′
]

=2VΩ# 8 (0)ℏl8�Z 8; X88′ + VΩ# 8 (0)Δ2
0;8X88′

(
H0 + sinh 2H0

2

)

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
4(Δ2

0;+1,8′ − Δ2
0;8)

[
Δ2

0;8 sinh 2H0 − Δ2
0;+1,8′ sinh 2H′0

]

=2VΩ# 8 (0)ℏl8�Z 8; X88′ + VΩ# 8 (0)Δ2
0;8X88′ (H0 + sinh H0 cosh H0)

+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)
2(Δ2

0;+1,8′ − Δ2
0;8)

[
Δ2

0;8 sinh H0 cosh H0 − Δ2
0;+1,8′ sinh H′0 cosh H′0

]
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*;88′ =2VΩ# 8 (0)ℏl8�Z 8; X88′

+ VΩ# 8 (0)Δ2
0;8X88′

©­­«
ln


ℏl8

�
+

√
(ℏl8

�
)2 + Δ2

0;8

Δ0;8


+
ℏl8

�

√
(ℏl8

�
)2 + Δ2

0;8

Δ2
0;8

ª®®¬
+
V) 88

′
;,;+1)

8′8
;+1,;Ω#

8 (0)ℏl8
�

2(Δ2
0;+1,8′ − Δ2

0;8)

[√
(ℏl8

�
)2 + Δ2

0;8 −
√
(ℏl8

�
)2 + Δ2

0;+1,8′

]
(E.15)

and

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

[ H0∫
0

3H −
H′0∫

0

3H′
]

=
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

[
H0 − H′0

]

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

[
ln

©­­«
ℏl8

�
+

√
(ℏl8

�
)2 + Δ2

0;8

Δ0;8

ª®®¬
− ln

©­­«
ℏl8

�
+

√
(ℏl8

�
)2 + Δ2

0;+1,8′

Δ0;+1,8′
ª®®¬
]

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

ln
©­­«
Δ0;+1,8′ (ℏl8� +

√
(ℏl8

�
)2 + Δ2

0;8)

Δ0;8 (ℏl8� +
√
(ℏl8

�
)2 + Δ2

0;+1,8′)
ª®®¬

(E.16)

As we know, ℏl8
�
� Δ0;8 below critical )2, then we can have

&;8 = − Vℏ
2Ω# 8 (0)

4
(E.17)

';8 = −
Vℏ2Ω# 8 (0)`8

;

6<
(E.18)

*;88′ = 2VΩ# 8 (0)ℏl8�Z 8; X88′ + VΩ# 8 (0) (ℏl8�)2X88′ (E.19)

-;88′ =
2V) 88′

;,;+1)
8′8
;+1,;Ω#

8 (0)
Δ2

0;+1,8′ − Δ2
0;8

ln
(
Δ0;+1,8′
Δ0;8

)
(E.20)
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In the present work, the current-voltage (I-V) characteristics in a coupled long Josephson junction based on
magnesium diboride are studied by establishing a system of equations of phase differences of various inter-
and intra-band channels starting from the microscopic Hamiltonian of the junction system and simplifying it
through the phenomenological procedures such as action, partition function, Hubbard-Stratonovich transfor-
mation (bosonization), Grassmann integral, saddle-point approximation, Goldstone mode, phase dependent
effective Lagrangian and, finally, Euler-Lagrange equation of motion. The system of equations are solved us-
ing finite difference approximation for which the solution of unperturbed sine-Gordon equation is taken as the
initial condition. Neumann boundary condition is maintained at both the ends so that the fluxon is capable of re-
flecting from the end of the system. The phase dependent current is calculated for different tunnel voltage and
averaged out over space and time. The current-voltage characteristics are almost linear at low voltage and non-
linear at higher voltage which indicates that the more complicated physical phenomena at this situation may
occur. At some region of the characteristics, there exist a negative resistance which means that the junction
system can be used in specific electronic devices such as oscillators, switches, memories etc. The non-linearity
is also sensitive to the layer as well as to the junction thicknesses. Non-linearity occurs for lower voltage and for
higher junction and layer thicknesses.
Key words: two-gap superconductor, coupled long Josephson junction, Hubbard-Stratonovich transformation,
perturbed sine-Gordon equation

1. Introduction
Superconductivity ofmagnesiumdiboride (MgB2) was discovered in 2001with transition temperature

of about 39 K [1]. Since its discovery as a superconductor, it has attracted the attention of the many
researchers in the related fields because of its higher transition temperature than that of other metallic
compounds. The two-gap nature of MgB2 offers different types of physical phenomena which urges the
researchers to work in the context of both theoretical and experimental prospects. The electronic structure
of MgB2 is similar to graphite which consists of honeycomb boron layers separated by magnesium
layers [2]. The energy gaps are about ∆1 = 2 meV which corresponds to two π-bands and about
∆2 = 7 meV which corresponds to σ-band. The state of Cooper pair corresponds to the gaps and are
designated by the order parameters: ψ1 = ∆1eiθ1 for the first gap and ψ2 = ∆2eiθ2 for the second gap. The
internal degree of freedom is the inter-band phase difference θ(®r, t) = θ1 − θ2 [3]. The degree of freedom
can be increased by forming the stack of MgB2 interlocked with the insulator such as SiO2, Al2O3 etc.,
which is referred to as stacked Josephson junction. As a result, the Cooper pairs tunnel through the
junction and the inter-band as well as intra-band phase textures are quite complicated.

In the present work, we derived a system of perturbed sine-Gordon equations for the coupled long

This work is licensed under a Creative Commons Attribution 4.0 International License . Further distribution
of this work must maintain attribution to the author(s) and the published article’s title, journal citation, and DOI.
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Josephson junction. Starting from themicroscopic BCSmodelHamiltonian of the system and undertaking
a number of steps of phenomenological path integral formalism, the phase dependent effective action
and, hence, the effective Lagrangian density are derived. The system of equations of phase dynamics
is derived by using Euler-Lagrange equation of motion to minimize the effective Langrangian density.
The system of equations are then solved numerically using the finite difference approximation imposing
the Neumann boundary condition. The solution of unperturbed sine-Gordon equation is supplied as the
initial condition. The computation is performed using OCTAVE 4.4 programming language. The present
work is ended by giving the concluding remarks drawn from the computation.

2. Theoretical development
2.1. Model Hamiltonian

The starting point of the present work is to write microscopic BCS Hamiltonian which is the total
Hamiltonian of the system comprising the free Hamiltonian (Hfree), pairing Hamiltonian (Hpair) and
tunneling Hamiltonian (HT) [4–6], that is

H = Hfree + Hpair + HT, (2.1)

where
Hfree =

∑
l,i,σ

∫
d3rC†

l,i,σ
(®r, τ)

[
1

2m
(i~∇ + e∗ ®Ai

l)2 + e∗A0i
l

]
Cl,i,σ(®r, τ), (2.2)

Hpair =
∑

l,l′,i,i′

∫
d3rV i,i′

l,l′ C
†
l,i,↑(®r, τ)C

†
l,i,↓(®r, τ) × Cl′,i′,↓(®r, τ)Cl′,i′,↑(®r, τ), (2.3)

HT =
∑

l,i,i′,σ

∫
d3r

[
T i,i′
l,l+1C

†
l,i,σ
(®r, τ)Cl+1,i′,σ(®r, τ) + T∗i

′,i
l+1,lC

†
l+1,i′,σ(®r, τ)Cl,i,σ(®r, τ)

]
. (2.4)

Here, C†
l,i,σ
(®r, τ)(Cl,i,σ(®r, τ)) is the creation(annihilation) operator for fermion with spin σ = (↑ or ↓)

for a given layer index l and band index i. These operators are the function of spatial coordinate ®r and
the imaginary time τ = −it. C†

l,i,σ
(®r, τ) creates a fermion with spin σ at the given site (®r, τ) and Cσ(®r, τ)

destroy the fermion therefrom. C†σ(®r, τ) and Cσ(®r, τ) have the dimension of inverse square root of volume
(i.e. Ω−1/2), with Ω being the total volume of the system. ®Al and A0

l
are the magnetic vector potential

and electric scalar potential, respectively. e∗ = 2e and e is the electronic charge and m is the mass of a
fermion. The operator −i~∇ − e∗ ®Al is called the canonical momentum operator.

Short-range or long-range phonon mediated fermions of oppsite spins form a syster of the pair of
fermions. However, after the paring of such fermions, the fermionic nature is destroyed and a bosonic
particle is formed. Such phononmediated fermions having a bosonic property are called Cooper pair.V i,i′

l,l′

is the coupling constant with the dimension of energy-volume (Jm3). For the two-gap superconductor
having s- and d-bands i or i′ is equal to (s, d). i = i′ refers to intra-band pairing and i , i′ refers to
inter-band pairing. Similarly, l = l ′ refers to intra-layer and l , l ′ refers to inter-layer pairing.

The first term of equation (2.4) infers that a fermion of spin σ is destroyed in (l + 1)th layer and ith

band and is created in l th layer and i′th band, while the second term is the complex conjugate of the first
term. Tl,l+1 is the tunnel matrix element with the dimension of energy.

2.2. Action functional
According to the path-integral formalism of quantum mechanics, the action functional is defined as

S =
∫

dt
∫

d3rL (2.5)
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with L being the Lagrangian density. In terms of the total Hamiltonian, the action is defined as [5]

S =

~β∫
0

dτ

{[∫
d3r

∑
l,i,σ

C†
l,i,σ
(®r, τ)~ ∂

∂τ
Cl,i,σ(®r, τ)

]
+ H − µN

}
. (2.6)

Here, µ is the chemical potential, and N is the total particle number, β =
1

kBT
, where kB is the Boltzmann

constant and T is absolute temperature. µN is given as

µN =
∑
l,i,σ

∫
d3rµil,σC

†
l,i,σ
(®r, τ)Cl,i,σ(®r, τ). (2.7)

Using equation (2.1), (2.2), (2.3), (2.4), (2.6) and (2.7), we get the action functional as

S = Sfree + Spair + ST , (2.8)

Sfree =

~β∫
0

dτ
∫

d3r
∑
l,i,σ

C†
l,i,σ
(®r, τ)

(
~
∂

∂τ
+

1
2m
(i~∇ + e∗ ®Ai

l)2 + e∗A0i
l − µil,σ

)
Cl,i,σ(®r, τ),

Spair =

~β∫
0

dτ
∫

d3r
∑

l,l′,i,i′
V i,i′
l,l′ C

†
l,i,↑(®r, τ)C

†
l,i,↓(®r, τ) × Cl′,i′,↓(®r, τ)Cl′,i′,↑(®r, τ),

ST =

~β∫
0

dτ
∫

d3r
∑

l,i,i′,σ

[
T i,i′
l,l+1C

†
l,i,σ
(®r, τ)Cl+1,i′,σ(®r, τ) + T∗i

′,i
l+1,lC

†
l+1,i′,σ(®r, τ)Cl,i,σ(®r, τ)

]
.

Now, the quantum mechanical partition function of the system can be written as

Z =
∫
D[C†,C] exp

(
−Sfree
~
− Spair
~
− ST
~

)
. (2.9)

Here, C is a column vector with elements Cl,i,σ(®r, τ), and C† is a row vector with elements C†
l,i,σ
(®r, τ)

while
∫
D[C†,C] represents the product of all integrals over the elements of C† and C.

2.3. Hubbard-Stratonovich transformation
The action functional associated with the pair Hamiltonian is in quartic form of four fermionic fields.

Since ®Ai
l
and A0i

l
are invariant under gauge transformation, the partition function of (2.9) can be rewritten

as follows:

Z =
∫
D[C†,C] exp

{
−1
~

~β∫
0

dτ
∫

d3r
[∑
l,i,σ

C†
l,i,σ
(®r, τ) ×

(
~
∂

∂τ
− ~

2

2m
∇2 − µil,σ

)
Cl,i,σ(®r, τ)

−
∑

l,l′,i,i′
V i,i′
l,l′ C

†
l,i,↑(®r, τ)C

†
l,i,↓(®r, τ)Cl′,i′,↓(®r, τ)Cl′,i′,↑(®r, τ)

+
∑

l,i,i′,σ

(
T i,i′
l,l+1C

†
l,i,σ
(®r, τ)Cl+1,i′,σ(®r, τ) + T∗i

′,i
l+1,lC

†
l+l,i′,σ(®r, τ)Cl,i,σ(®r, τ)

)]}
. (2.10)
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Under the application of Hubbard-Stratonovich transformation, the quartic term of the pairing interaction
can be reduced to quadratic, and the partition function becomes

Z =

∫
D[∆̄,∆]

∫
D[C†,C] exp

{
−1
~

~β∫
0

dτ
∫

d3r (2.11)

×
[∑
l,i,σ

C†
l,i,σ
(®r, τ)

(
~
∂

∂τ
− ~

2

2m
∇2 − µil,σ

)
Cl,i,σ(®r, τ)

+
∑

l,l′,i,i′

(
∆̄l,i(V−1)i,i′

l,l′∆l′,i′ + ∆̄l,iCl,i,↓(®r, τ)Cl,i,↑(®r, τ) + ∆l,iC†l,i,↑(®r, τ)C
†
l,i,↓(®r, τ)

)

+
∑

l,i,i′,σ

(
T i,i′
l,l+1C

†
l,i,σ
(®r, τ)Cl+1,i′,σ(®r, τ) + T∗i

′,i
l+1,lC

†
l+1,i′,σ(®r, τ)Cl,i,σ(®r, τ)

)]}
,

where, ∆̄(∆) is the new fields which are bosonic in nature. ∆̄ is a row vector containing the elements
∆̄l,i(®r, τ) and ∆ is a column vector containing the elements ∆l,i(®r, τ). Applying special techniques of path
integral formalism in this partition function and performing some matrix manipulation we could obtain
the Lagrangian density as follows:

L =
∑

l,l′,i,i′
∆∗0li(V−1)ii′ll′∆0l′i′e−i(θli−θl′i′ ) +

∑
l,i

(
~2N(0)

4

) (
∂θli
∂τ
+

e∗A0i
l

~

)2

+
∑
l,i

(
~2N(0)µi

l

6m

) (
∇θli −

e∗ ®Ai
l

~

)2

−
∑
l,i,i′

[2T ii′
l,l+1T i′i

l+1,lN(0)
∆2

0l+1,i′ − ∆2
0li

ln
(
∆0l+1,i′

∆0li

)

× ∆0li∆0l+1,i′ cos(θl+1,i′ − θli) + 2N(0)~ωDζ
i
l δii′ + N(0)~2ω2

Dδii′

]
. (2.12)

At low temperature, the chemical potential µi
l
is equal to the Fermi energy, i.e., µi

l
= εF and ζ i

l
= 0 since

µ↑ = µ↓. We also have,

N(0) = 3n
4εF
=

3
4

k2
F

3π2
2m

~2k2
F
=

mkF

2π2~2 .

The effective Lagrangian is given by

Leff =
∑
l,i

ε0

2λ2
TF

(
~

e∗
∂θli
∂τ
+ A0i

l

)2
+

∑
l,i

ε0c2

2λ2
L

(
~

e∗
∇θli − ®Ai

l

)2

+
∑

l,l′,i,i′
∆∗0li(V−1)ii′ll′∆0l′i′e−i(θli−θl′i′ ) −

∑
l,i,i′

[2T ii′
l,l+1T i′i

l+1,lN(0)
∆2

0l+1,i′ − ∆2
0li

ln
(
∆0l+1,i′

∆0li

)

×∆0li∆0l+1,i′ cos(θl+1,i′ − θli) + N(0)~2ω2
Dδii′

]
+

∑
l,i

[
εrbε0

2
(E i

l )2 +
εrbε0c2

2
(Bi

l )2
]
, (2.13)

where, n is the concentration of electronic charge, kF is the Fermi wave vector, λTF =

√
ε0π

2~2

e2mkF
is the

Thomas-Fermi charge screening length and λL =
√
ε0mc2

ne2 is the London penetration depth, ®E i
l
and ®Bi

l

are electric and magnetic fields at layer l and i band.
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2.3.1. Application to the long Josephson junction
Consider the stack of long Josephson junction with the lenght along x-direction and junction sys-

tem along z-direction. External magnetic fields are applied along the y-direction, which introduces a
homogeneous phase difference along the x-direction. The system is assumed to be uniform along the
y-direction and the problem becomes two dimensional. The electric field is along z-direction. Now, the
Lagrangian density in two-dimensional system becomes, as follows:

Leff =
ε0d
2λ2

TF

∑
l,i

(
~

e∗
∂θi

l

∂τ
+ A0i

l

)2

+
ε0c2d
2λ2

L

∑
l,i

(
~

e∗
∂θi

l

∂x
− Axi

l

)2

+
∑
l,i,i′

~

e∗
Jii
′

ll cos(θli − θli′)

−
∑
l,i,i′

[
~

e∗
jii
′

l,l+1 cos(θl+1,i′ − θli) + N(0)d~2ω2
Dδii′

]

+
∑
l,i,i′

[
εrbε0b

2
(Ezii′

l,l+1)2 +
εrbε0c2b

2
(Byii′

l,l+1)2
]
, (2.14)

where d is the thickness of the superconducting layer and b is the thickness of the junction material. εrb
is the dielectric constant of the junction material. The inter-band Josephson coupling constant is

Jii
′

ll =
e∗d
~
∆∗0li(V−1)ii′ll ∆0li′ (2.15)

and Josephson tunneling coupling constant

jii
′

l,l+1 =
e∗d
~

2T ii′
l,l+1T i′i

l+1,lN(0)
∆2

0l+1,i′ − ∆2
0li

ln
(
∆0l+1,i′

∆0li

)
∆0li∆0l+1,i′ +

e∗d
~
∆∗0li(V−1)ii′l,l+1∆0,l+1,i′ . (2.16)

The z-component of the electric field in between l th and (l + l)th layer is

Ezii′
l,l+1 = −

∂Azii′
l,l+1

∂t
− 1

b

(
A0i′
l+1 − A0i

l

)
(2.17)

and the y-component of the magnetic field in between l th and (l + l)th layer is

Byii
′

l,l+1 =
1
b

(
Axi′
l+1 − Axi

l

)
−
∂Azii′

l,l+1

∂x
(2.18)

with

Azii′
l,l+1 =

1
b

+b/2∫
−b/2

Az(z)dz. (2.19)

We can introduce the gauge invariant phase difference ϕii′
l,l+1 as

ϕii
′

l,l+1 = θ
i′
l+1 − θil −

be∗

~
Azii′
l,l+1. (2.20)

Then, we can have cos
(
θi
′
l+1 − θil

)
= cos ϕii′

l,l+1 and θi′
l
− θi

l
= χii

′
ll

is the intra-layer inter-band phase
difference. Hence, the equation (2.14)

Leff =
ε0d
2λ2

TF

∑
l,i

(
~

e∗
∂θi

l

∂τ
+ A0i

l

)2

+
ε0c2d
2λ2

L

∑
l,i

(
~

e∗
∂θi

l

∂x
− Axi

l

)2

+
∑
l,i,i′

~

e∗
Jii
′

ll cos χii
′

ll −
∑
l,i,i′

[
~

e∗
jii
′

l,l+1 cos ϕii
′

l,l+1 + N(0)d~2ω2
Dδii′

]
+

∑
l,i,i′

[
εrbε0b

2

×
(
∂Azii′

l,l+1

∂t
+

1
b

(
A0i′
l+1 − A0i

l

))2

+
εrbε0c2b

2

(
1
b

(
Axi′
l+1 − Axi

l

)
−
∂Azii′

l,l+1

∂x

)2]
. (2.21)
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Figure 1. (Colour online) A typical coupled LJJ

The Lagrangian density equation (2.21) can be minimized using the Euler-Lagrange equation. Applying
the Euler-Lagrange equation with respect to A0j

k
, A0j′

k+1, Ax j
k
, Ax j′

k+1, Az j j′
k,k+1 and θ j

k
with k as a new layer

index and j, j ′ as a new band index, we get the generalized equation for the phase dynamics applicable
for homogeneous superconducting layers

εrbbd
λ2
F

∂2ϕ
j j′
k,k+1

∂ t̄2 + ε2
rb

∑
i

∂2

∂ t̄2

(
2ϕi j

′
k,k+1 − ϕ

i j
k−1,k − ϕ

j′i
k+1,k+2

)
− εrbbd

λ2
F

∂2ϕ
j j′
k,k+1

∂ x̄2

−ε2
rb

∑
i

∂2

∂ x̄2

(
2ϕi j

′
k,k+1 − ϕ

i j
k−1,k − ϕ

j′i
k+1,k+2

)
+

b2d2

λ2
Lλ

2
TFJ0

j j j
′

k,k+1 sin ϕ j j′
k,k+1

+
εrbbd

J0

(
1
λ2
TF
+

1
λ2
L

) ∑
i

(
2 ji j

′
k,k+1 sin ϕi j

′
k,k+1 − ji j

k−1,k sin ϕi j
k−1,k − j j

′i
k+1,k+2 sin ϕ j′i

k+1,k+2

)

+
2ε2

rb

J0

∑
i,i′

(
2 ji

′ j′
k,k+1 sin ϕi

′ j′
k,k+1 − ji

′i
k−1,k sin ϕi

′i
k−1,k − j j

′i′
k+1,k+2 sin ϕ j′i′

k+1,k+2

)

+
ε2
rb

J0

∑
i,i′

(
2 ji

′ j
k−1,k sin ϕi

′ j
k−1,k − ji

′i
k−2,k−1 sin ϕi

′i
k−2,k−1 − j ji

′
k,k+1 sin ϕ ji′

k,k+1

)

+
ε2
rb

J0

∑
i,i′

(
2 ji

′i
k+1,k+2 sin ϕi

′i
k+1,k+2 − ji j

′
k,k+1 sin ϕi j

′
k,k+1 − j j

′i
k+2,k+3 sin ϕii

′
k+2,k+3

)
= 0. (2.22)

2.3.2. Coupled long Josephson junction system
In the coupled long Josephson junction, as shown in figure 1, there are eight channels for Cooper pair

tunneling. The equations of phase dynamics can be obtained from the generalized equation (2.22) as

∂2ϕ

∂ t̄2 −
∂2ϕ

∂ x̄2 +M
−1
0dMFd( j̄ sin ϕ) = 0 (2.23)
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with

ϕ =

(
ϕ12
ϕ23

)
, ϕ12 =

©­­­«

ϕss12
ϕsd12
ϕds12
ϕdd12

ª®®®¬
, ϕ23 =

©­­­«

ϕss23
ϕsd23
ϕds23
ϕdd23

ª®®®¬
,

j̄ =
(

j̄12 0
0 j̄23

)
, j̄12 =

©­­­«

j̄ss12 0 0 0
0 j̄sd12 0 0
0 0 j̄ds12 0
0 0 0 j̄dd12

ª®®®¬
,

j̄23 =
©­­­«

j̄ss23 0 0 0
0 j̄sd23 0 0
0 0 j̄ds23 0
0 0 0 j̄dd23

ª®®®¬
, j̄ss12 =

jss12
J0
, and so on.

M0d =
(M0 M1
M1 M0

)
, M0 =

©­­­«

α0 0 2ε2
rb

0
0 α0 0 2ε2

rb
2ε2

rb
0 α0 0

0 2ε2
rb

0 α0

ª®®®¬
,

M1 =
©­­­«

−ε2
rb
−ε2

rb
0 0

−ε2
rb
−ε2

rb
0 0

0 0 −ε2
rb
−ε2

rb
0 0 −ε2

rb
−ε2

rb

ª®®®¬
,

MFd =

( MF1 MF2
−MF2 MF1

)
,

MF1 =
©­­­«

β0 −ε2
rb

β1 0
−ε2

rb
β0 0 β1

β1 0 β0 −ε2
rb

0 β1 −ε2
rb

β0

ª®®®¬
,

MF2 =
©­­­«

−β2 −β2 2ε2
rb

2ε2
rb

−β2 −β2 2ε2
rb

2ε2
rb

2ε2
rb

2ε2
rb
−β2 −β2

2ε2
rb

2ε2
rb
−β2 −β2

ª®®®¬
,

α0 =
εrbbd
λ2
F

+ 2ε2
rb ,

β0 =
b2d2

λ2
Lλ

2
F

+ 2εrbbd

(
1
λ2
TF
+

1
λ2
L

)
+ 2ε2

rb ,

β1 = εrbbd

(
1
λ2
TF
+

1
λ2
L

)
+ 3ε2

rb ,

β2 = εrbbd

(
1
λ2
TF
+

1
λ2
L

)
, and J0 =

ε0dc2~

λ2
TFλ

2
Le∗

.

In order to study the plasmon mode, the equation (2.23) can be linealized as

∂2ϕ

∂ t̄2 −
∂2ϕ

∂ x̄2 +M
−1
0dMFd( j̄ϕ) = 0 (2.24)
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Figure 2. Dispersion relation for (a) b = 3 Å, d = 6 Å, V = 0.5 V, (b) b = 3 Å, d = 6 Å, V = 1 V, (c)
b = 6 Å, d = 9 Å, V = 0.5 V and (d) b = 6 Å, d = 9 Å, V = 1 V. The plots show that the plasma wave
is at the excited state as the junction and layer thicknesses are increased. The excitation also depends on
the applied voltages.

for small phase differences ϕ. The equation (2.24) has the solution ϕ = ϕ0 exp[i(ω̄t̄± k̄ x̄)]with dispersion
relation

ω̄ =
√
M−1

0dMFd j̄ + k̄2 , (2.25)

where ω̄ and k̄ are the normalized frequency and wave vector, respectively.

3. Numerical computation and analysis
In order to perform the numerical computation, the equation (2.23) is discretized using the finite

difference approximation. For this purpose, a uniform mesh in space and time is introduced with spacing
δx and δt, respectively. At each point (x̄i, t̄n)

x̄i = −Lx + iδx, with i = 0, . . . , Nx, (3.1)
t̄n = nδt, with n = 0, . . . , Nt , (3.2)
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where Nx and Nt are the total number of the points in space and time, respectively. The sine-Gordon
equation is approximated by the second-order finite differences as

∂2ϕ(x̄i, t̄n)
∂ t̄2 ≈ ϕn+1

i − 2ϕni + ϕ
n−1
i

δt2 , (3.3)

∂2ϕ(x̄i, t̄n)
∂ x̄2 ≈ ϕn

i+1 − 2ϕni + ϕ
n
i−1

δx2 , (3.4)

where ϕni is the numerical approximation of the exact solution at (x̄i, t̄n). Applying this approximation,
the perturbed sine-Gordon equation reads

ϕn+1
i = −ϕn−1

i + 2ϕni +
δt2

δx2
(
ϕni+1 − 2ϕni + ϕ

n
i−1

) − δt2M−1
0dMFd( j̄ sin ϕni ). (3.5)

Providing the initial conditions to the junction system means supplying the initial information to the
system at the starting time. In the present problem, the initial information is the kink (or anti-kink) solution
of unperturbed sine-Gordon equation which can be generated by the appropriate electronic device which
produces it as the trigger signal [7]. The solution of unperturbed sine-Gordon equation is

ϕ(x̄, t̄) = 4 tan−1
[
exp

(
σ

x̄ − ut̄ − x̄0√
1 − u2

)]
, (3.6)

where u is the normalized speed of the kink (σ = +1) or anti-kink (σ = −1) and x̄0 is its initial position.
Hence, the initial condition for all channels of the junction system is

ϕ(x̄, 0) = 4 tan−1
[
exp

(
σ

x̄ − x̄0√
1 − u2

)]
(3.7)

and
∂ϕ

∂ t̄

����
t̄=0
= −2σ

u√
1 − u2

sech
(
σ

x̄ − x̄0√
1 − u2

)
. (3.8)

The initial condition is approximated as

ϕ(x̄i, 0) = ϕ0
i = 4 tan−1

[
exp

(
σ

x̄i − x̄0√
1 − u2

)]
, (3.9)

∂ϕ

∂ t̄

����
t̄=0
≈ ϕ1

i − ϕ−1
i

2δt
= − 2σu√

1 − u2
sech

[
σ

x̄i − x̄0√
1 − u2

]
. (3.10)

There are different boundary conditions that can be imposed on the system in order to control the state
of kink or anti-kink.When ϕ(x̄, t̄) = 0 for x̄ = ±Lx , then this condition will mirror the kink (anti-kink) and
is known to be homogeneous Dirichlet boundary condition. The effect of moving ϕ will be demonstrated
at the boundary x̄ = −Lx to feed the domain with the incoming kink(anti-kink). The boundary condition
then reads

ϕ(−Lx, t̄) = 4 tan−1
[
exp

(
σ
−Lx − ut̄ − x0√

1 − u2

)]
.

If the kink/anti-kink is to let reflecting from the boundary, then Neumann boundary condition,
∂ϕ

∂ x̄
= 0

for x̄ = ±Lx can be used [8].
In the present context, Neumann boundary condition is imposed which is approximated by central

finite difference and yields

ϕn1 = ϕ
n
−1, at x̄ = −Lx, and ϕnNx+1 = ϕ

n
Nx−1, at x̄ = +Lx . (3.11)
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Figure 3. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 3 Å and layer thickness of 6 Å under the application of bias
voltage of 0.5 V.
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Figure 4. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 3 Å and layer thickness of 6 Å under the application of bias
voltage of 1 V.
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Figure 5. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 6 Å and layer thickness of 9 Å under the application of bias
voltage of 0.5 V.
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Figure 6. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 6 Å and layer thickness of 9 Å under the application of bias
voltage of 1 V.
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Putting n = 0 in equation (3.5) and using equation (3.10), we get

ϕ1
i = δt

∂ϕ

∂ t̄

����
t̄=0
+ ϕ0

i +
δt2

2δx2

(
ϕ0
i+1 − 2ϕ0

i + ϕ
0
i−1

)
− 1

2
δt2M−1

0dMFd( j̄ sin ϕni ). (3.12)

The Courant-Friedrichs-Lewy stability criteria,
δt2

δx2 < 1 should be maintained in order to get the stability
of the kink/anti-kink solution. This criteria suggest us to take a very small time step as compared to the
position step as far as possible. It is mandatory to pay the computational cost for the time steps to obtain
the approximately calculated values, and reach a close agreement with those of theoretical values [9].

The most straightforward way to proceed the computational task is to introduce one array to hold ϕ
at all x̄i at the time t̄n, a second array to hold all the ϕ at the time t̄n−1 and a third array to hold a newly
computed result at t̄n+1. Then, it is looped through the code incrementing the time and shuffling the arrays
appropriately [10].

The current can be calculated using [11–13]

I =
~ε0c2

2eλF

∂ϕ

∂ x̄
. (3.13)

The current is averaged out over space and time as well as channel at different tunnel voltage which
includes the element of equation (2.16) in the tunneling matrix. For the particular junction geometry, the
tunneling matrix element is proportional to the bias voltage or tunnel voltage [14]. When the bias voltage
is changed, then the tunnel matrix element also changes resulting in the change of the tunneling coupling
constant of equation (2.16). This variation in the tunneling coupling constant significantly contributes to
the soliton motion represented by the phase differences in various channels.

The simulations were performed for a typical junction system of MgB2 with superconducting layer
thicknesses of 6Å, 9Å, 12Å and 15Å for different junction thicknesses 3Å, 6Å, 9Å and 12Å of SiO2.
The junction and superconducting layer thicknesses are taken in the range of molecular dimension (i.e.,
Angstrom) as suggested byGiaever [15]. The dielectric constant of SiO2 is taken as 3.7 and Fermi velocity
of MgB2 is taken as 4.7×105 m/s [16]. The computations were done using OCTAVE 4.4 programming
language and the figures are generated using PYTHON3 in the Linux operating system on supercomputer
platform.

To study the plasmon excitation, the dispersion relation defined by equation (2.25) is plotted and
presented in figure 2. The figures 2a to 2d show that the band spectrum significantly depends on the
junction and layer thicknesses. They appear in higher frequency states as the junction as well as the
layer thicknesses are increased. The excited states can also be reached by increasing the bias-voltage that
affects the tunneling matrix element. Hence, the tunneling coupling constant of equation (2.16) is also
altered.

In order to study the soliton motion, the phase differences ϕ for all 8-channels are plotted against the
normalized space and time. For this purpose, the LJJ of length 14 units was taken. The length is measured
in the unit of inverse of Fermi wave vector (i.e. k−1

F ). The simulation was done up to the normalized
time of 5 unit. Here, the time is measured in the inverse of Fermi frequency (i.e. ω−1

F ). From figures 3
to 6, it is observed that the initial kink in each channel greatly deforms its shape as the time lapses. As
the kink reaches the boundary, it reflects back due to the application of Neumann boundary condition.
As it reflects, there is a chance of producing the anti-kink or another kink. As a result, kink-kink or
kink-anti-kink superposition may take place forming a complicated phase texture as time lapses. Some
channels also show the collective behavior. The figures also show that the phase texture is highly sensitive
to the junction and layer thicknesses as well as to the tunnel voltages. They become more complicated as
the junction parameters are increased.

The I-V characteristics were studied by applying the voltage across the junction system. Since the
tunneling matrix element is directly proportional to the bias voltage for the given junction and layer
thicknesses [14], the tunneling coupling constant and hence the phase differences for all channels were
computed for different applied voltages. Using the equation (3.13), the current for each channel can be
computed at the given applied voltage as the function of space and time. The current is then averaged
out over space and time as well as the channels for the given applied voltage and junction geometry. In

13101-14



Theoretical study of I-V characteristics

0.0 0.2 0.4 0.6 0.8 1.0
V (V)

1.1

1.2

1.3

1.4

1.5

I 
(m

A
)

b= 3 Å

d= 6 Å

d= 9 Å

d= 12 Å

d= 15 Å

(a)

0.0 0.2 0.4 0.6 0.8 1.0
V (V)

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

I 
(m

A
)

b= 6 Å

d= 6 Å

d= 9 Å

d= 12 Å

d= 15 Å

(b)

0.0 0.2 0.4 0.6 0.8 1.0
V (V)

1.0

1.2

1.4

1.6

1.8

I 
(m

A
)

b= 9 Å

d= 6 Å

d= 9 Å

d= 12 Å

d= 15 Å

(c)

0.0 0.2 0.4 0.6 0.8 1.0
V (V)

1.0

1.2

1.4

1.6

1.8

2.0

2.2

I 
(m

A
)

b= 12 Å

d= 6 Å

d= 9 Å

d= 12 Å

d= 15 Å

(d)

Figure 7. (Colour online) Current-Voltage characteristics for junction thickness (a) 3 Å, (b) 6 Å, (c) 9 Å,
and (d) 12 Å for different layer thicknesses.

this way, the current is calculated for each applied voltage ranging from 0 V to 1 V with the step of
0.01 V. The current is plotted against voltage as shown in figures 7a to 7d. The I-V characteristics for
the junction thickness of b = 3 Å are presented in figure 7a. The figure contains four curves for layer
thicknesses of 6, 9, 12, and 15 Å. These curves seem to of be of non-ohmic nature with the existence
of differential resistance. This resistive nature indicates that the applied voltage was consumed in order
to proceed the tunneling of Cooper pairs. As the Cooper pairs reach the junction, they break into the
normal charge carrier and they collide with the lattice in the junction. The junction system behaves as a
conventional resistor. The graph shows that the positive differential resistance increases as the increment
of the layer thickness. As the layer thickness increases, the population of Cooper pair also increases. For
this reason, the collision frequency of the carriers was increased and a greater resistance persisted for the
same applied voltage.

When the junction thickness was changed to 6 Å, an unusual type of I-V characteristics is obtained.
For the given superconducting layer thickness, the I-V curve shows a positive differential resistance up
to a certain applied voltage and then it shows a negative differential resistance. This peculiar behavior
of the junction system indicates that there exists a complicated phenomenon. Due to the existence of a
negative resistance at a certain voltage range, the device can be used as the energy stroage and oscillator.
The origin of the noisy I-V characteristics may be interpreted in the following way. When the voltage
is applied to the junction system, there are a lot of ways of dividing the value of this voltage into the
voltages on those junctions. For this reason, there exist a lot of meta-stable states with different voltage
distributions. Furthermore, it is quite possible that some meta-stable states are energetically very close to

13101-15



S.P. Chimouriya, B.R. Ghimir, J.H. Kim

the stable state [11]. In such a case, the voltage distribution will be greatly changed and will cause a rapid
oscillation of the dc current. For the junction thicknesses of 9 Å and 12 Å, the I-V curve showed even
a complicated non-linear nature with the existence of a series of N-shaped differential resistances. The
N-shaped differential resistance is the charanteristics of Gunn diode. Hence, the present junction system
is also applicable to the low temperature electronic devices demanding the Gunn diode charactersitics.
Another reason for the negative differential resistance is electromagnetic radiation due to the fluxon-
antifluxon (kink-antikin) transition between the plasmon excitation states during the soliton motion. As
shown in the band spectrum (depicted in figure 2), the plasma wave is at the excited state causing the
plasmon radiation. Therefore, the junction system in a particular voltage range can be used as a radiation
chamber.

4. Conclusion
We conclude that the collision of fluxon and anti-fluxon as well as the in-phase or the out-phase of

collective motion is more active for higher tunnel voltage. The current voltage characteristics are almost
linear up to a certain tunnel voltage and then become non-linear. The non-linearity starts at a lower
tunnel voltage for higher junction thicknesses as well as layer thicknesses. The linear region indicates
that the junction system demonstrates a resistive nature while the non-linear condition confirms the
existence of other complicated phenomena. Some nonlinear regions confirm the existence of a negative
differential resistance so that the the junction system can be used in the electric devices that demand a
negative resistance. One of the phenomena is the emission of electromagnetic radiation (e.g., microwave,
THz etc.) due to the formation of meta-stable states as predicted by Koyama [13] and fluxon-antifluxon
transition between them. The device can be used as a switching device, a memory device that operates
in non-linear region. This might be the main region of THz radiation.

5. Acknowledgement
We would like to acknowledge our gratitude to our colleagues of Central Department of Physics,

Tribhuvan University, Nepal for their valuable suggestions. We would also like to thank the Supercom-
puter team of Kathmandu University, Dhulikhel, Nepal for providing the computational facilities since
otherwise the work could not be completed.

References
1. Nagamutsu J., NakagawaN.,Muranka T., Zenitani Y., Akimitsu J., Nature, 2001, 410, 63, doi:10.1038/35065039.
2. Mazin I.I., Antropov V.P., Physica C, 2003, 385, 49, doi:10.1016/S0921-4534(02)02299-2.
3. Gurevich A., Brazilian J. Phys., 2003, 33, 700, doi:10.1590/S0103-97332003000400012.
4. Ambegaokar V., Baratoff B., Phys. Rev. Lett., 1963, 10, 486, doi:10.1103/PhysRevLett.10.486.
5. Sharapov S.G., Gusynin V., Beck H., Eur. Phys. J. B, 2002, 30, 45–51, doi:10.1140/epjb/e2002-00356-9.
6. Kim J.H., Ghimire B.R., Tsai H.Y., Phys. Rev. B, 2012, 85, 134511, doi:10.1103/PhysRevB.85.134511.
7. Krasnov V.M., Winkler D., Phys. Rev. B, 1997, 56, 9106, doi:10.1103/PhysRevB.56.9106.
8. Langtangen H.P., On the Impack of Boundary Condition in a Wave Equation, Department of Informatics,

University of Oslo, 2014.
9. Wang D., Jung J.H., Biondini G., J. Eng. Math., 2014, 87, 167–186, doi:10.1007/s10665-013-9678-x.

10. DeVries P.L., Hasbun J.E., A First Course in Computational Physics, Jones and Bartlett India
Pvt. Ltd., India, 2011.

11. Koyama T., Tachiki M., Phys. Rev. B, 1996, 54, 16183, doi:10.1103/PhysRevB.54.16183.
12. Koyama T., Machida M., Physica C, 2008, 468, 695, doi:10.1016/j.physc.2007.11.033.
13. Koyama T., Ota Y., Machida M., Physica C, 2010, 470, 1481, doi:10.1016/j.physc.2010.05.143.
14. Chen C.J., Phys. Rev. B, 1990, 42, 8841–8857, doi:10.1103/PhysRevB.42.8841.
15. Giaever I., Phys. Rev. Lett., 1960, 5, 464–466, doi:10.1103/PhysRevLett.5.464.
16. Buzea C., Yamashita T., Supercond. Sci. Technol., 2001, 14, R115, doi:10.1088/0953-2048/14/11/201.

13101-16



Theoretical study of I-V characteristics

Теоретичне дослiдження I-V характеристик у зв’язаних
довгих джозефсонiвських переходах на основi
надпровiдника дибориду магнiю
С.П. Чiмоурiя1,2, Б.Р. Гiмiре2, Дж.Х. Кiм3

1 Фiзичний факультет, унiверситет Катманду,Непал
2 Фiзичний факультет, Трибхуанський унiверситет, Катманду, Непал
3 Коледж природничих наук та iнженерiї, унiверситет Х’юстона Клiер Лейк, TX, США
У статтi дослiджено вольт-ампернi (I-V) характеристики у зв’язаному довгому джозефсонiвському пе-
реходi на основi дибориду магнiю шляхом встановлення системи рiвнянь рiзницi фаз рiзних iнтер-
та iнтра-зонних каналiв, починаючи з мiкроскопiчного гамiльтонiана системи переходу та спрощення
її за допомогою таких феноменологiчних процедур, як дiя, функцiя розподiлу, перетворення Габарда-
Стратоновича (бозонiзацiя), iнтеграл Грасмана, метод перевалу, голдстоунiвська мода, фазозалежний
ефективний лагранжiан i, нарештi, рiвняння руху Ейлера-Лагранжа. Система рiвнянь розв’язується з ви-
користанням скiнченно-рiзницевого наближення, для якого за початкову умову приймається розв’язок
незбуреного синус-гордонiвського рiвняння. Гранична умова Неймана пiдтримується на обох кiнцях так,
що флаксон здатний вiдбиватися вiд кiнця системи. Фазозалежний струм розраховується для рiзної ту-
нельної напруги i усереднюється за простором i часом. Вольт-ампернi характеристики майже лiнiйнi при
низькiй напрузi та нелiнiйнi при бiльш високiй напрузi, що вказує на те, що в цiй ситуацiї можуть вини-
кнути бiльш складнi фiзичнi явища. У деяких областях характеристик iснує негативний опiр, що означає,
що система переходiв може бути використана в певних електронних пристроях, таких як генератори,
перемикачi, пристрої пам’ятi тощо. Нелiнiйнiсть також чутлива до шару, а також до переходу товщини.
Нелiнiйнiсть виникає при меншiй напрузi, а також при бiльшiй товщинi переходiв i шарiв.
Ключовi слова: двозонний надпровiдник, зв’язаний довгий джозефсонiвський перехiд, перетворення
Габарда-Стратоновича, збурене рiвняння синус-Гордона
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ABSTRACT 

When electrons of two electronic bands participate in superconducting 

phenomena, it is said to be two gap superconductor. There are two set of cooper 

pairs in different energy gap with different energy. The observation of Leggett’s 

mode in two band superconductor provides an additional information about 

superconductor. By using the effective action, the thermodynamic potential in the 

case of neutral and charged two gap superconductor are calculated.  Using phase 

dependent action, we investigate a collective excitation (Leggett’s mode) 

corresponding to small fluctuations of the relative phase of two condensates in 

two band superconductor. We consider the possibility of observing Leggett’s 

mode in MgB2 superconductor and conclude that for the known values of two 

band model parameters for MgB2, Leggett’s mode rises above the two particle 

threshold. 

  
 

 

 
1. Introduction 

 

Superconductivity was first discovered by Dutch 

Physicist H .Kamerlingh Onnes , three years after 

he liquefied helium. He found that the resistance of 

mercury dropped to almost zero when the sample 

was sufficiently cooled to low temperature. Cooper 

pairs are responsible for the phenomenon of 

superconductivity. The electrons with opposite 

momentum and spin undergo Bose-Einstein 

condensation to form cooper pair. Exchange of 

phonon between electrons seems to have an 

attraction between electrons thus forming cooper 

pairs [1]. 

In the presence of weak uniform magnetic field, 

number of cooper pairs and their internal structure 

is unaltered. It leads to the vanishing of magnetic 

field in the interior of bulk superconductor. A 

superconductor in an external magnetic field carries 

an electric current near its surface. This current is 

of magnitude such that it cancels the external 

magnetic field. Thus there is no field inside 

superconductor [2]. This is called Meissner effect.  

If the electrons of single electronic band are 

participating for superconducting state, material is 

said to be one gap superconductor. Energy required 

to break cooper pairs is same if all the pairs are 

This work is licensed under the Creative Commons CC  BY-NC License. https://creativecommons.org/licenses/by-nc/4.0/
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formed with same energy and hence shows only 

one gap. If the electrons of two electronic bands are 

participating for the superconducting state, material 

is said to be two gap superconductor. There are two 

set of cooper pairs in different energy bands and 

energy required to break the pairs is also different. 

Interestingly cooper pairs of both bands are created 

at same critical temperature. The Josephson effect 

occurs if two superconductors are separated by a 

thin insulator. The tunneling of cooper pairs 

through the insulator was first introduced by 

Josephson [3, 4, 5]. 
 

The study of multiband superconductors started 

from the works of Moskalenko, Suhl, Peretti and 

Kando, as a generalization of Bardeen-Cooper-

Schrieffer (BCS) theory to a multi gap 

superconductors. In the case of multi gap 

superconductors, coulomb repulsive interaction 

turns the one plasma mode into a gapped plasma 

mode. These modes are massive due to Josephson 

interactions. There is a possibility that some of 

these modes become massless Nambu-Goldstone 

modes when the Josephson couplings are frustrated. 

The Josephson couplings between different bands 

will bring about attractive phenomena: they are 

time reversal symmetry breaking and existence of 

gapless modes. The phase difference mode between 

two gaps is called Leggett’s mode [6].This mode 

yields new excitation modes in multi-gap 

superconductors. The Leggett’s mode is realized as 

a Josephson Plasma oscillation in layered 

superconductors. 
 

The fluctuation of the inter band phase difference 

in the multi-gap superconductor is Leggett‘s mode. 

This fluctuation can elevate the superconducting 

transition temperature. According to conventional 

superconducting microscopic BCS theory, the 

Leggett’s mode is not implemented and their 

entropy is not taken into account. The formation of 

pair means the loosing of entropy. The competition 

between the gain of the energy due to gap evolution 

and the cost due to missing entropy determines if 

BCS gap opens or not. If the pair still has entropy 

after the formation, the cost due to missing entropy 

is reduced. This reduction assists the evolution of 

gap. The entropy, which Leggett’s mode has 

corresponds to entropy of the pair [7]. 
  

2. Theory 
 

Microscopic BCS theory for development of 

Hamiltonian of the system 
 

We consider two electron system in Fermi sea 

which aren’t interacting with each other. The 

electrons have equal and opposite spin so that the 

lowest energy state have total momentum zero [4]. 

The Hamiltonian gives the total energy of the 

system. Hamiltonian can be expressed  as  

 Ĥ =  ∑ T(xk) + 
1

2

N

k=1

 ∑ V(xk, xl)

n

k=l=1

 

where T is kinetic energy and V is potential energy 

of interaction between particles , xk describes the 

coordinate of kth particle. Similarly, xl denotes the 

co-ordinate of lth particle.  

In case of two gap superconductor, Hamiltonian is ,  

Ĥ =  ∑ĤTB,l + ĤT

l

 

where,    ĤTB,l is Hamiltonian for two band 

superconductor in ith layer and Hamiltonian ĤT 

describes the electron tunneling between two 

adjacent S layers through the insulator. 

This can be expressed as,  

 ĤT = ∑(Tijcσ,1
i† cσ,2

j
+ h. c. )

i,j,σ

 

where,  Tij  is the tunneling matrix element for an 

electron from i to j band. Also, cσ,l
i†  and cσ,l

i  denote 

the operator which create and destroy an electron 

with spin σ in the i-band. In the absence of 

magnetic field,  

ĤTB,l = ∑ Eicσ,l
i† cσ,l

i + Ĥl
pair

i=s,d

 

where,  Ei is the energy of electron in i-band (i = s 

or d band) about Fermi energy. Hl
pair

 is 

Hamiltonian for interaction between electrons. 

According to Leggett, BCS wave function in terms 

of pairing operator can be expressed as,  
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ψl
i = c↑,l

i†c↓,l
i†

 

By using this concept, Pairing Hamiltonian can be 

written as 

Ĥl
pair

= −Vssc↑,l
s†c↓,l

s†c↓,l
s c↑,l

s − Vddc↑,l
d†c↓,l

d†c↓,l
d c↑,l

d

− Vsd(c↑,l
s†c↓,l

s†c↓,l
d c↑,l

d + h. c. )  

 

Here, Vij is the strength of pairing interaction 

potential. Interband pairing interaction between two 

electrons in s and d band is described by the 

Hamiltonian Hinter,l
pair

 which is the last term of the 

above relation. This can be expressed as, 

Ĥinter,l
pair

= −Vsd ∑ck↑,l
i†  c−k↓,l

i†  c
−k′↓,l

j
 c

k′↑,l

j

k,k′

 

Here, i and j can take same value. By using this 

Leggett concept, total Hamiltonian for our system 

[5, 9] will be 

                       Ĥ = ∑Ek
sck,σ

†

k,σ

ck,σ + ∑Ek
dck,σ

†

k,σ

ck,σ

− ∑Vk,k′
ss ck↑

† c−k↓
† c−k′↓ck′↑  

k,k′

− ∑Vk,k′
dd dk↑

† d−k↓
† d−k′↓dk′↑  

k,k′

− ∑Vk,k′
sd (ck↑

† c−k↓
† d−k′↓dk′↑  

k,k′

+ dk↑
† d−k↓

† d−k′↓dk′↑  )  

 

Collective Excitation 
 

Bogolyubov and Anderson discovered that density 

oscillation can couple for oscillation of the phase of 

superconducting order parameter through pairing 

action. In neutral system, these collective sound 

like oscillation are known as Bogolyubov Anderson 

Goldstone (BAG mode). In charged system, the 

frequency of the mode is pushed into plasma 

frequency due to coulomb interaction [8]. A main 

idea beyond this approach is rather simple since the 

collective modes present low energy degree of 

freedom. 

Physically, Leggett’s mode is a collective 

excitation corresponding to a small fluctuation of 

the relative phase of two band superconductor. 

Leggett’s mode is obtained using the modulus of 

phase variables in the path integral formalism. 

The action integral is given by,  

  S =  ∫ dτ[ ∑ ck,σ
i  ∂tck,σ

i +i,σ,k
β

0

 Ĥ(c)] 

The effective action can be written as,  

   S =  Spair + Scoulomb 

Using Hubbard - Stratonovich transformation and 

Nambu notation, the effective action becomes,  

S =  ∫ {∑[
ϕ

k⃗⃗ 
s†ϕ

k′⃗⃗⃗⃗ 
s

gss
+

ϕ
k⃗⃗ 
d†ϕ

k′⃗⃗⃗⃗ 
d

gdd
k⃗⃗ k′⃗⃗⃗⃗ 

β

0

− 
gsd

gssgdd
 (ϕ

k⃗⃗ 
s†ϕ

k′⃗⃗⃗⃗ 
s )  ] − TrlnGs

−1

− TrlnGd
−1}  

Now, the thermodynamic potential can be written 

as,  

Ω = 
1

β
 ∫ dτ [

|Δks|2

gss
+ 

|Δkd|2

gdd

β

0

− 2
gsd

gssgdd
|Δks||Δkd|cos (θs

− θd)] − 
1

β
(TrlnGs

−1 − TrlnGd
−1) 

Here,  Ω can be written as the sum of Ωkin and 

Ωpot as,  

                        Ω(Δi, θi,ϕ) =  Ωkin(Δi, θi, ϕ) +

 Ωpot(Δi, θi, ϕ) 

where, Ωkin is the sum of energies of phase 

fluctuations in each band and Ωkin is responsible 

for the appearance of Leggett’s mode term in the 

Josephson coupling energy of the condensates in 

two bands. This term explicitly depends on relative 

phase ( θ1 − θ2 ) of two condensates. 

If we minimize Ω with respect to θs − θd, we get 

dΩ

d(θs − θd)

=  
1

β
 ∫ dτ

β

0

∑
2gsd

gssgdd
 |Δks||Δkd| sin(θs − θd)

= 0 

From this we obtain,  



Bal Ram Ghimire et al / BIBECHANA 17 (2020) 75-79  

78 
 

Δs − 
gsd

gdd
 Δd − gssΔ

sN1F(δ1) = 0 

                            and,    

Δd − 
gsd

gss
 Δs − gddΔ

dN2F(δ2) = 0. 

where, Ni = 
mipfi

2π2  is the density of states in ith 

band. 

In case of neutral superconductor, the terms with 

electric potential disappear from the equations 

above, and we can get  ω2 = ω0
2 + v2k2 for 

positive solution and ω2 = c2k2 for negative 

solution where c2 = 
N1C1

2+ N2C2
2

N1+N2
 and v2 =  

N1C2
2+ N2C1

2

N1+N2
. 

The positive solution corresponds to Leggett’s 

mode whereas negative solution corresponds to 

BAG mode. The collective mode is only possible if 

ω0
2 > 0 since V12 > 0 (H. Goldstein et al. 2011). 

This implies that Leggett’s mode exists for V11V22 – 

V12
2  > 0. 

But in case of charged superconductor, long 

distance coulomb interaction has a drastic influence 

on BAG mode transforming in the plasma mode. 

Here we get,  

ω2 = ω0
2 + v2k2 

  where, v =  
(N1+N2)C1

2C2
2

N1C1
2+ N2C2

2    

This represents that the equation for collective 

mode has only solution describing Leggett’s mode. 
 

3. Results and Discussion 
 

Recently discovered MgB2 superconductor can be 

described by the classical two gap model which 

convincingly fits the specific heat and penetration 

depth measurement. To be observed 

experimentally, Leggett’s mode should have the 

value of ω0 in a well separated from two particle 

threshold given by smallest gap  δ1. Here we 

estimate the value of ω0 using recently suggested 

values of the coupling constants, introducing the 

dimensionless coupling constants, λij = NiVij that 

are often used for description of two band model. 

We may rewrite equation of ω in the form as,  

   ω2 = 
4(λ12+ λ21)Δ1Δ2

λ11λ22− λ12λ21
 

For specific value of coupling constants λ11 =

0.96,  λ22 = 0.28, λ12 = 0.16, λ21 = 0.22 making 

Δ1 = 1.8 MeV fixed we get, ω0 = 3.42√Δ2 

 

 
Fig. 1: Variation of ω as a function of gap 

parameter ∆2 for λ11 = 0.96 λ22 = 0.28, λ12 = 0.16, 

λ21 = 0.22 and varying ∆2 from 1.11 mev  

 

The Fig. 2 represents a parabola with vertex at 

origin. Here, ∆1= 1.8 MeV so 2∆1= 3.6 MeV. If 

∆2= 1 MeV, ω0 = 3.42 Hz, which in turn implies 

that the ratio 
ω0

2∆1
 > 1.  This is the reason why we 

exclude ∆2= 1 MeV and Leggett’s mode is 

unlikely to be observed in MgB2. 

Making ∆2= 8 MeV, we get ω0 = 4.26√∆1 and 

the graph is plotted as, 

 

 

 
Fig. 3: Variation of frequency ω as a function of 

gap parameter ∆1  for  λ11 = 2 λ22 = 2, λ12 = 1, λ12 = 

1 and varying ∆1 from 8 mev. 
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Here we fix ∆2= 8 MeV, the nature of the curve is 

a straight line. If ∆1= 8 MeV, ω0 = 13.07 Hz, 

which implies 
ω0

2∆1
 < 1 and explains that Leggett’s 

mode is likely to be observed in MgB2. 

The results suggest that for the values of two band 

model parameters known at present for the two 

band model of MgB2, Leggett’s mode arises above 

the two  particle threshold and unlikely to be 

observed. 
 

We don’t exclude however, that Leggett’s mode 

can be observed in MgB2 if the values of coupling 

constants λ12 and λ21 would become smaller. The 

observation of Leggett’s mode provides an 

additional insight to the underlying physics of such 

a superconductor. 
 

4.  Conclusion 
 

Leggett’s mode is a collective excitation 

corresponding to a small fluctuation of the relative 

phase of two band superconductor. Leggett’s mode 

is obtained using the modulus of phase variables in 

the path integral formalism. This  work  presents  

the study of validity of Leggett’s mode in the two-

gap superconductor like magnesium-diboride. 

Starting from the  microscopic BCS Hamiltonian of 

the system we derived effective action of the 

system and thermodynamic potential. We obtained 

the condition if the ratio   
ω0

2∆1
 < 1 Leggett’s mode is 

likely to be observed on the other hand when  
ω0

2∆1
 > 1  Leggett’s mode is unlikely to be observed 

in MgB2. 
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In the present work, a system of perturbed sine-Gordon equations has been derived in a system of superconductor-insulator-
superconductor (SIS) long Josephson junction as an extension of the Ambegaokar-Baratoff relation. For this purpose a long route 
of path integral formalism is implemented starting from the model Hamiltonian in microscopic field. A computer simulation has 
been performed by the discretization of the equations using finite difference approximation and applied to the MgB2 
superconductor with SiO2 as the junction material. The solution of unperturbed sine-Gordon equation is taken as the initial profile 
for the simulation and observed how the perturbation terms play the role to modify it. It is found initial profile deformed as time 
goes on. It is also found that, the perturbation terms play the role for phase frustration leading the rime reversal symmetry broken. 
The competitive inter-band and intra-band phase frustrations achieve quicker for high tunneling voltages. 

 

 
1. Introduction 

 
Among the known metallic compounds, MgB2 has 
the highest transition temperature of about 39 K [1]. 
It has two three-dimensional metallic π-bands arise 
from the boron pz orbitals, among which one is 
electron type and the other is hole type. It also has 
two two-dimensional -bands formed by the covalent 
pxy orbital deep beneath the Fermi level [2]. Due to 
such type of band structure the MgB2 has two energy 
gaps and hence is called two-gap superconductor. 
The energy gap corresponds to -band is ≈7.2 meV 
and that of corresponding to π-band is ≈2.3 meV [3].                
    There are two weakly coupled s-wave order 

parameters 1
1 1

ie   and 2
2 2

ie    , the 

internal degree of freedom is the inter-band phase 

differences 1 2( , )r t   


. Due to the existence 

of phase difference between two conventional 
superconductors, spontaneous super-current flows 
from one superconductor to the other as they are 
brought together to form a Josephson junction [4]. In 
case of one-gap superconducting junction, there is 
only one channel for supercurrent tunneling, but there 
are four channels available for this purpose in a two-
gap superconducting junction [5]. 
     In the present work, a system of generalized 
equations of motion for gauge invariant phase 
differences in the stack of long Josephson junctions 
has been derived following the phenomenological 
path integral formalism starting from the model 
Hamiltonian in microscopic field of the system. The 

system of phase equations is numerically solved for 
the case of single long Josephson junction system for  
MgB2 superconductor with SiO2 as junction material. 
The phase differences correspond to each channel are 
computed in space-time domain. The ground state is 
obtained by minimizing the Josephson energy and 
observed the variation of minimum Josephson energy 
with time. 

 
2. Theoretical Formulation 

 
The starting point of the present work is to write total 
model Hamiltonian in microscopic field of the system 
which consists the free Hamiltonian (Hfree), pairing 
Hamiltonian (Hpair) and tunneling Hamiltonian (HT). 

 free pair T+HH H +H=   (1) 

with 
 
 3 † i 2 0i

l l

1
(i e*A )d rC [ e*A ]C

2free
l

li
i

lim
H  



 


   (2) 

 
'

† †

'

3 ii

ll ii
pair ll li li l i li

H d C C C CrV 
         (3) 

 3 † * †
, 1 1,

'
, 1, 1

'
, 1,C[ ]ii i i

T l l li l i
ll ii

l l l i l iH d C T C Cr T    
 

          (4) 

Here, † ( )C C   is the creation (annihilation) operator 

for fermion with spin ( or )    . These 

operators are the function of spatial coordinate r


and 
imaginary time it   . Their dimension is inverse 



The African Review of Physics (2019) 14: 0012 

 

91 

 

square root of volume. lA


 and 0
lA are the magnetic 

vector potential and electric scalar potential 

respectively. * 2e e , and e is the electronic charge 
and m is the mass of the electron. The operator 

* li e A  


 is called the canonical momentum 

operator. n
n

ii
llV is the coupling constant and n

, 1
ii

l lT  is 

the tunneling matrix element.  

 

Figure 1 A typical single long Josephson junction 

     Using the special techniques of path integral 
formalism [6–9], first defining the action functional 
and then quantum mechanical partition function 
followed by Hubbard-Stratonovich transformation 
(one of the step of bosonization), Grassman 
integration, Matsubara sum, saddle point 
approximation, Euler-Lagrange equation for 
minimizing Lagrngian density, Goldston mode etc., a 
system of equations for the phase dynamic for a 
typical single long Josephson junction as shown in 
Figure 1 can be obtained as 
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i.e., the current densities are measured in the unit of 
2

0
0 2 2 *TF L
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J

e


 


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. TF and L are the Thomas-Fermi 

screening length and London penetration depth. 

12 12 12 12( , , , )ss sd ds dd T     is the column vectors 

with phase differences as the elements and j is a 

diagonal matrix with 12
ssj , 12

sdj , 12
dsj , 12

ddj as the 

diagonal elements, d is the thickness of 

superconducting layer and b is that of junction. rb is 

the dielectric constant of the junction material. 

The Josephsion energy of the system is  

 
11 11 12 12

12 12 12 12

12 12 12 12 12 12

22 22[ 2cos( )
*

2cos( ) j

j j

cos

cos cos coj s ]

ss ss sd ss
J

ds ss ss ss

sd sd ds d

dd dd

dd ds d

E J J J J
e

 

  

  

     

  

  



  (6) 

  

3. Numerical Computation 
 
Eqn. (5) is discretized using the finite difference 
approximation for both space and time. The 
discretized system of equations are numerically 
solved for the different time steps. The solution of 
unperturbed sine-Gordon equation, i.e., 

sin 0tt xx        is given by 

14 tan exp( )x   and considered as the initial 

profile [10] for our perturbed sine-Gordon equation 
(5). The Neumann boundary condition i.e., 

0x  [4] is applied at the two ends of the system 

so that the kink/anti-kink solution can reflect from 
the boundary.  
    The numerical computation has been performed 
using OCTAVE 4.4 programming language under the 
supercomputer platform with Linux operating 
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system. The Josephson energies have been computed 
at every space and time steps and the minimum of the 
energies are extracted at every time step. At the same 
time step the intra-band and inter-band phase 
differences are also extracted. The plot of minimum 
energy versus time and corresponding phases versus 
time are obtained. The computation was done for 
MgB2. The simulation have been performed for the 
typical junction system of MgB2 (Fig. 1) with 

superconductor layer of thickness 15 Å and SiO2 

junction thickness of 10 Å . The dielectric constant of 
SiO2 is taken as 3.7 and Fermi velocity of MgB2 is 

taken as 4.7 510 m/s [11]. The various plots for 
different tunnel voltage are shown in the figure 
below. 

  

Fig. 2. The first figures gives the plot of minimum 
Josephson energy versus time graph and the second plot 
gives corresponding phase differences versus time for the 
tunnel voltage of 0.2 V. 

  

Fig. 3. The first figures gives the plot of minimum 
Josephson energy versus time graph and the second plot 
gives corresponding phase differences versus time for the 
tunnel voltage of 0.4 V. 

 

  

Fig. 4. The first figures gives the plot of minimum 
Josephson energy versus time graph and the second plot 

gives corresponding phase differences versus time for the 
tunnel voltage of 0.8 V. 

 
4. Results and Conclusion 

 
Fig. 2 shows plot of minimum Josephson energy 

versus time in the unit of ( /F c ), where F is the 

Fermi wave length and c is the velocity of light in 
vacuum. Second graph of the same figure gives the 
variation phase differences under the condition of 
minimum energy with respect to the same time scale. 
Both the graph are taken from the simulation with the 
tunnel voltage of 0.2 V. The situation at which the 
phase differences correspond to minimum energy 
becomes less than zero or greater than  is the called 
the phase frustration. According to Fig. 2, the phase 
differences exceed the limit near about 7.5 unit of 
time. That means the phase frustration occurs at 
about 7.5 unit of time. Similarly, Fig. 3 and Fig. 4 
show that the phase frustrations occur at about 6 and 
4.5 unit of time when the tunnel voltages are taken as 
0.4 V and 0.8 V, respectively. From these figures it is 
concluded that the phase frustration reaches quicker 
as the tunnel voltage increases.  
    We have also performed the simulation for 
different junction and layer thickness and found the 
phase frustration is also sensitive to the geometry and 
reaches quicker as they are increased. The phase 
frustration might be due to collision of fluxon and 
another fluxon or anti-fluxon. This phase frustration 
situation is one of the key cause of time reversal 
symmetry broken. 
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Abstract: In the present work, a system of perturbed sine Gordon equations has been derived for a 

superconductor-insulator-superconductor (SIS) long Josephson junction, following the long route of path 

integral formalism. The system of equations has been solved numerically by the discretization of the equations 

using finite difference approximation and applied to the MgB$_2$ superconductor with SiO$_2$ as the junction 

material. The solution of unperturbed sine-Gordon equation has been considered as the initial profile for the 

simulation. It is observed that the perturbation terms play the role to deform the profile as time goes on. It is 

also observed that, the perturbation terms play the role for alternative phase frustration leading the time 

reversal symmetry broken. The competitive inter-band and intra-band phase frustrations occur faster for high 
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I. Introduction  

Among the known metallic compounds, MgB2 has the highest critical temperature of about 39cT   K 

[1], It has two three-dimensional and two two-dimensional bands [2]. Due to such type of band structure the 

MgB 2  has two energy gap and hence is called two-gap superconductor with energies   7.2 meV associated to 

 -band  and   2.3 meV associated to  -band [3]. Since there are two weakly coupled s-wave order 

parameters 1

1 1

ie     and 2

2 2

ie    , the internal degree of freedom is the inter-band phase differences 

1 2( , )r t   


 . When the two superconducting layers are brought together to form a Josephson junction, 

spontaneous super-current flows from one superconductor to the other due to the existence of phase difference 

between the layers as well as bands [4]. There are four channels available for cooper pair tunneling in a two-gap 

superconducting junction [5]. 

In the present work, first of all, the Hamiltonian of the system is defined. A phenomenological path 

integral formalism has been proceeded up to the derivation Lagrangian density of the system. Using the Euler-

Lagrange equation of motion, a system of generalized equations of motion for gauge invariant phase differences 

in the stack of long Josephson junctions has been derived. The system of phase equations is numerically solved 

for the case of single junction system for MgB 2  superconductor with SiO 2  as junction material. The phase 

differences correspond long Josephson to each channel are plotted in space-time domain. The ground state is 

obtained by minimizing the Josephson energy and observed the variation of minimum Josephson energy with 

time.    

 

II. Theoretical Formulation 

The total Hamiltonian of the system comprises the free Hamiltonian ( )freeH , pairing Hamiltonian ( )pairH  

and tunneling Hamiltonian ( )TH  i.e.   

 free pair TH H H H                         (1) 

Where 
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Here, 
† ( )a a   is the creation(annihilation) operator for fermion with spin ( or )    . These 

operators are the function of spatial coordinate r


 and imaginary time it   . 
† ( , )a r 


 creates a fermion 

with spin   at the given site ( , )r 


 and ( , )a r 


 destroy the fermion from there. These are with dimension 

of inverse square root of volume. 
lA


 and 
0

lA  are the magnetic vector potential and electric scalar potential 

respectively. 
* 2e e  and e  is the electronic charge and m  is the mass of a fermion. The operator 

*

li e A 


  is called the canonical momentum operator. 
ii

llV


  is the coupling constant and 
, 1

ii

l lT



 is tunneling 

matrix elements. 

Using the special techniques of path integral formalism [6–8], first  the action functional has been 

defined and then quantum mechanical partition function can be obtained. Then the procedure has been followed 

by Hubbard-Stratonovich transformation, Grassman integration, Matsubara sum, saddle point approximation, 

Goldston mode etc. As a result of which Lagrangian density can be obtained. The Lagrangian density has been 

minimized using Euler-Lagrange equation of motion. A system of equations for the phase dynamic for a typical 

single long Josephson junction has been obtained as 

 
   

with 
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0

j
j

J
 , i.e. the current densities are measured in the dimension of 

2

0
0 2 2 *

TF L

dc
J

e



 



, TF  and L  are the 

Thomas-Fermi screening length an London penetration depth respectively.  12 12 12 12, , ,
T

ss sd ds dd      is the 

column vector with elements as the phase differences and j  is a diagonal matrix with 12

ssj , 12

sdj , 12

dsj , 12

ddj  as 

the diagonal elements. d  is the thickness of the superconducting layer and b is that of for the junction material. 

rb  is the dielectric constant of the junction material. The Josephson tunneling coupling constant i.e. current 

density is 

 
 

 
* *

, 1 1, 0 0, 1, 0, 1, * 1

, 1 0 0, 1,2 2 , 1
00, 1, 0

\
0

l \
2 ( )

n

ii i i
ii

ii l l l l li l i l i

l l li l il l
lil i li

e dT T N e d
j V

 


      

 


   
    

     
         (2) 

 

The gauge invariant phase difference 
, 1

ii

l l 


 has been introduced as 
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The Josephson energy of the system is 

   

III. Numerical Computation 
The finite difference technique has been implemented for solving the Equation 

Error! Reference source not found.. For this purpose the equation has been discretized in the space-time 

domain. The discretized system of equations are numerically solved for the different time steps. The solution of 

unperturbed sine-Gordon equation i.e. 
14 tan exp( )x   is considered as the initial profile [9]. The 

boundary condition at the left end is maintained as ( ) 0L    and that of at the right end is maintained as 

( ) 2L  . The computation has been done for MgB 2 . The simulations have been performed for the typical 

junction system of MgB 2  as shown in  Figure 1 with superconducting layer thickness of 4 Å   and SiO 2  

junction thickness of 3 Å   as suggested by Abrikosov [10]. The dielectric constant of SiO 2  is taken as 3.7 and 

Fermi velocity of MgB 2  is taken as 4.7
510  m/s [11]. The Josephson energies have been computed at every 

space and time step and the minimum of the energy is extracted at every time step. At the same time step the 

intra-band and inter-band phase differences are computed. The plots of minimum energy versus time and 

corresponding phases versus time have been displayed on the respective graphs. 

 

IV. Result and Discussion  

 Figure 2 and Figure 3 show that the phase differences 12

ss  and 12

sd  vary with same manner in the space-time 

 region. Similarly, the phase differences 12

ds  and 12

dd  also show the same behavior. This means one 

inter-band and one intra-band phase differences are in collective phase fluctuation. Figure 4 and Figure 6 show 

the plots of minimum Josephson energy and the corresponding phase differences vs time for the tunnel voltage 

of 0.08V. According to this figure, the energy minimization occurs with the phase differences 0 to   up to time 

7 units. Within this limit the phase difference is found to be gauge invariant. Above the time of about 7 units, 

energy minimization occurs only for the phase difference greater than  . If the energy is minimum for the 

phase difference does not belong to the range from  0 to  , then the phase frustration is said to be occurred 

[4,5,12,13]. The phase frustration has been obtained at about 5 units of time for the tunnel voltage of 0.12V as 

shown in Figure 5 and Figure 7 . This phase frustration leads the time reversal symmetry broken for the 

Josephson energy of the system. 

 

Among four phase differences 12

ss , 12

sd , 12

ds , and 12

dd , when two of them ( 12

ss  and 12

sd ) are in 

phase frustration, the remaining two ( 12

ds  and 12

dd ) are not and vice-versa. The time for starting the phase 

frustration decreases with increase in tunnel voltage. The transferring of the phase frustration situation occurs 

alternatively between the two sets { 12

ss , 12

sd } and { 12

dss , 12

dd } as time goes on. During the transferring of the 

phase frustration between the two sets of phase differences, the minimum of Josephson energy abruptly 

increases and decreases immediately as the transferring ends. The collision of fluxon and anti-fluxon which 

appears during Cooper pairs tunneling through the various channels may cause the phase frustration. The fluxon 

or anti-fluxon may flow along the junction either in phase or out of phase during this process which leading the 

appearance and disappearance of phase frustration as time goes on. More simulation for higher tunnel voltages 

have also been performed, but not shown here, and found that the phase frustration is quicker as the tunnel 

voltage is increased. The results conclude that the collision of fluxon and anti-fluxon as well as in- or out-phase 

of collective motion is more active for higher tunnel voltage. 
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Figure 1: A typical single long Josephson junction system 
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e  

Figure 2: (color online) The plot of phase differences on space-time domain for tunnel voltage of 0.08 V. The 

red color represents the maximum value and blue represents the minimum value of phase differences. The time 

is taken in the unit of /F c and position is taken in the unit of F  

 
Figure 3: (color online) The plot of phase differences on space-time domain for tunnel voltage of 0.12 V. The 

red color represents the maximum value and blue represents the minimum value of phase differences. The time 

is taken in the unit of /F c and position is taken in the unit of F  
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Figure 4: The plot of minimum Josephson energy versus time taken in the unit of /F c  for tunnel voltage of 

0.08 V. The peaks reflect the transferring the phase frustration situation between the two set of intra and inter-

band phase differences. 

 

 

Figure 5: The plot of minimum Josephson energy versus time taken in the unit of /F c  for tunnel voltage of 

0.12 V. The peaks reflect the transferring the phase frustration situation between the two set of intra and inter-

band phase differences. 
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Figure 6: The plot of phase differences corresponds to minimum Josephson energy versus time taken in the unit 

of /F c for tunnel voltage of 0.08 V. The phase frustration approximately starts at about 7 time units. 

 

 
Figure 7: The plot of phase differences corresponds to minimum Josephson energy versus time taken in the unit 

of /F c for tunnel voltage of 0.08 V. The phase frustration approximately starts at about 7 time units. 
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Abstract. A system of perturbed sine Gordon equations is derived to a superconductor-insulator-superconductor (SIS) long Joseph-
son junction as an extension of the Ambegaokar-Baratoff relation, following the long route of path integral formalism. A computer
simulation is performed by discretizing the equations using finite difference approximation and applied to the MgB2 superconduc-
tor with SiO2 as the junction material. The solution of unperturbed sG equation is taken as the initial profile for the simulation and
observed how the perturbation terms play the role to modify it. It is found initial profile deformed as time goes on. The variation
of total Josephson current has also been observed. It is found that, the perturbation terms play the role for phase frustration. The
phase frustration achieves quicker for high tunneling current.

INTRODUCTION

MgB2 has the highest transition temperature of about 39 K among the known metallic compounds [1]. It has two
three-dimensional metallic π-bands arise from the boron pZ orbitals, among which one is electron type and the is hole
type. It also has two two-dimensional σ-bands formed by the covalent pxy orbital deep beneath the Fermi level. The
σ-bands retain their covalent character which is strong feature of MgB2 [2]. The electronic structure is simplified by
effective two-band model with only one π-band and one σ-band. Due to such type of band structure the MgB2 has two
energy gap and hence is called two-gap superconductor. The energy gap corresponds to σ-band is ≈ 7.2 meV and that
of corresponds to π-band is ≈ 2.3 meV [3]. There are two weakly coupled s-wave order parameters ψ1 = ∆1eiθ1 and
ψ2 = ∆2eiθ2 , the internal degree of freedom is the interband phase differences θ(~r, t) = θ1−θ2. When a phase difference
exist between two conventional superconductors, spontaneous super-current flows from one superconductor to other
as they are brought together to form a Josephson junction [4]. In case of one-gap superconducting junction, there
is only one channel for supercurrent tunneling, but there are four channels available for this purpose in two-gap
superconducting junction [5].

In the present work, we derive the generalized equation of motion for gauge invariant phase difference in the stack
of long Josephson junction following the phenomenological path integral formalism starting form the Hamiltonian of
the system. The system of phase equations is numerically solved for the case of single long Josephson junction system
for MgB2 superconductor with SiO2 as junction material. The phase differences correspond to each channel are plotted
in space-time domain. The ground state is obtained by minimizing the Josephson energy and observed the variation
of minimum Josephson energy with time.
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THEORETICAL FORMULATION

The starting point of the present work is to write total Hamiltonian of the system which comprises the free Hamiltonian
(H f ree), pairing Hamiltonian (Hpair) and tunneling Hamiltonian (HT ) i.e.

H = Hfree + Hpair + HT (1)

where

Hfree =
∑

l,i,σ

∫
d3rC†l,i,σ(~r, τ)

[
1

2m
(i~∇ + e∗ ~Ai

l)
2 + e∗A0i

l

]
Cl,i,σ(~r, τ) (2)

Hpair =
∑

l,l′,i,i′

∫
d3rV i,i′

l,l′C
†
l,i,↑(~r, τ)C†l,i,↓(~r, τ)Cl′,i′,↓(~r, τ)Cl′,i′,↑(~r, τ) (3)

HT =
∑

l,i,i′,σ

∫
d3r

[
T i,i′

l,l+1C†l,i,σ(~r, τ)Cl+1,i′,σ(~r, τ) + T ∗i
′,i

l+1,lC
†
l+1,i′,σ(~r, τ)Cl,i,σ(~r, τ)

]
(4)

Here, C†σ(~r, τ)(Cσ(~r, τ)) is the creation(annihilation) operator for fermion with spin σ = (↑ o r ↓). These operators are
the function of spatial coordinate ~r and imaginary time τ = −it. C†σ(~r, τ) creates a fermion with spin σ at the given site
(~r, τ) and Cσ(~r, τ) destroy the fermion from there. C†σ(~r, τ) and Cσ(~r, τ) have the dimension of inverse square root of
volume (i.e. Ω−1/2), with Ω as the total volume of the system. ~Al and A0

l are the magnetic vector potential and electric
scalar potential respectively. e∗ = 2e and e is the electronic charge and m is the mass of a fermion. The operator
−i~∇ − e∗ ~Al is called the canonical momentum operator. V ii′

ll′ is the coupling constant and T ii′
l,l+1 is tunneling matrix

elements.
Using the special techniques of path integral formalism [6, 7, 8, 9], first defining the action functional and then quan-
tum mechanical partition function followed by Hubbard-Stratonovich transformation, Grassman integration, Matsub-
ara sum, saddle point approximation, we obtained the effective Lagrangian for a LJJ of multi-gap superconductors
as

Leff =
ε0d

2λ2
T F

∑

l,i

(
~
e∗
∂θi

l

∂τ
+ A0i

l

)2

+
ε0c2d
2λ2

L

∑

l,i

(
~
e∗
∂θi

l

∂x
− Axi

l

)2

+
∑

l,i,i′

~
e∗

Jii′
ll cos χii′

ll −
∑

l,i,i′

[ ~
e∗

jii′
l,l+1 cosϕii′

l,l+1 + N(0)d~2ω2
Dδii′

]

+
∑

l,i,i′


εrbε0b

2


∂Azii′

l,l+1

∂t
+

1
b

(
A0i′

l+1 − A0i
l

)
2

+
εrbε0c2b

2


1
b

(
Axi′

l+1 − Axi
l

)
−
∂Azii′

l,l+1

∂x


2 (5)

where d is the thickness of the superconducting layer and b is the thickness of junction material. εrb is the dielectric
constant of the junction material. The inter-band Josephson coupling constant is

Jii′
ll =

e∗d
~

∆∗0li(V
−1)ii′

ll ∆0li′ (6)

and Josephson tunneling coupling constant

jii
′

l,l+1 =
e∗d
~

2T ii′
l,l+1T i′i

l+1,lN(0)

∆2
0l+1,i′ − ∆2

0li

ln
(
∆0l+1,i′

∆0li

)
∆0li∆0l+1,i′ +

e∗d
~

∆∗0li(V
−1)ii′

l,l+1∆0,l+1,i′ (7)

We have introduced the gauge invariant phase difference ϕii′
l,l+1 as

ϕii′
l,l+1 = θi′

l+1 − θi
l −

be∗

~
Azii′

l,l+1 (8)

and θi′
l − θi

l = χii′
ll is the intra-layer inter-band phase difference. After minimizing the effective Lagrangian using Euler-

Lagrange equation of motion, we could obtain the system of perturbed sine-Gordon equation for a typical single long
Josephson junction as

∂2ϕ

∂t̄2 −
∂2ϕ

∂x̄2 + (M0)−1MF( j̄ sinϕ) = 0 (9)
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with

M0 =



α0 0 2ε2
rb 0

0 α0 0 2εrb2

2ε2
rb 0 α0 0

0 2ε2
rb 0 α0


, MF =



α1 −2ε2
rb α2 0

−2ε2
rb α1 0 α2

α2 0 α1 −2ε2
rb

0 α2 −2ε2
rb α1



α0 =
εrbbd
λ2

F

+ 2ε2
rb, α1 =

b2d2

λ2
Lλ

2
T F

+ 2εrbbd


1
λ2

T F

+
1
λ2

L

 + 4ε2
rb and α2 = 2εrbbd


1
λ2

T F

+
1
λ2

L

 + 6ε2
rb and j̄ =

j
J0

i.e. the

current densities are measured in the dimension of J0 =
ε0dc2~
λ2

T Fλ
2
Le∗

, λT F and λL are the Thomas-Fermi screening length

and London penetration depth. ϕ =
(
ϕss

12, ϕ
sd
12, ϕ

ds
12, ϕ

dd
12

)T
is the column vectors with elements of phase differences and

j̄ is a diagonal matrix with j̄ss
12, j̄sd

12, j̄ds
12, j̄dd

12 as the diagonal elements. The Josephson energy of the system is

EJ =
~
e∗

J ss
11 +

~
e∗

Jdd
11 +

~
e∗

J ss
22 +

~
e∗

Jdd
22 + 2

~
e∗

J sd
11 cos(ϕds

12 − ϕss
12) + 2

~
e∗

J sd
22 cos(ϕsd

12 − ϕss
12)

− ~
e∗

jss
12 cosϕss

12 −
~
e∗

jsd
12 cosϕsd

12 −
~
e∗

jds
12 cosϕds

12 −
~
e∗

jdd
12 cosϕdd

12 (10)

NUMERICAL COMPUTATION AND ANALYSIS

The Equation (9) is discretized using the finite difference approximation for both space and time. The discretized sys-
tem of equations are numerically solved for the different time step. The solution of unperturbed sine-Gordon equation
is considered as the initial profile[10]. The Josephson energy is calculated at every time step and the minimum of the
energy is extracted at that time step. At the same time step the intra-band phase difference correspond to the s-band is
also extracted. The simulations have been performed for typical junction system of MgB2 with superconducting layer

(a) (b)

FIGURE 1: (a) The plot of minimum Josephson energy vs time, (b) the plot of the phase differences corresponds to
minimum Josephson energy vs time for the tunnel voltage of 0.08 V.

thickness of 4Å and SiO2 junction thickness of 3Å. The dielectric constant of SiO2 is taken as 3.7 and Fermi velocity
of MgB2 is taken as 4.7×105 m/s [11]. Figure 1 shows the plots of minimum Josephson energy and the corresponding
phase difference vs time for the tunnel voltage of 0.08V. According to this figure the energy minimization is possible
with the phase differences 0 to π up to time 7 units. Within this limit the phase difference is gauge invariant. Above
the time of about 7 units, energy minimization is possible only for the phase differences greater than π. If the energy is
minimum for the phase difference either less than 0 or greater than π, then the situation is said to be phase frustration
[4, 5, 12, 13]. The phase frustration has been achieved at about 6 unit of time for the tunnel voltage of 0.1V as shown
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(a) (b)

FIGURE 2: (a) The plot of minimum Josephson energy vs time, (b) the plot of the phase differences corresponds to
minimum Josephson energy vs time for the tunnel voltage of 0.1 V.

in Figure 2. The phase frustration is due to the collision of fluxon and anti-fluxon which appears during Cooper pairs
tunneling through the various channels. During this process the fluxon or anti-fluxon may flow along the junction ei-
ther in phase or out of phase. This collective in or out phase motion of the fluxon(anti-fluxon), results the appearance
and disappearance of phase frustration as time goes on. We have performed the more simulation for higher tunnel
voltages, but not shown here, and found that the phase frustration is quicker as the tunnel voltage is increased. We
conclude that the collision of fluxon and anti-fluxon as well as in or out phase of collective motion is more active for
higher tunnel voltage.
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ABSTRACT: In the present work, we study the phase dynamics of long Josephson junction (LJJ) with stack of multi-

gap superconductors like iron pnictides, MgB2, etc. This is an extension of the Ambegaoker-Baratoff relation for a 

Josephson junction of single gap superconductor to the stack of multi-gap junctions. The starting point of our deriva-

tion is to develop the quantum mechanical Hamiltonian of the system and then to write the corresponding partition 

function. The partition function is further simplified through the phenomenological procedure followed by Hubbard-

Stratonovich transformation, Grassmann integration, and saddle-point approximation. We then obtain the action 

functional which is further simplified using Goldston mode. Finally the equation for phase dynamics can be derived 

using Euler-Lagrange equation of motion. Our generalized theoretical result has been compared to other’s for two-

gap junctions and found to be close agreement to each other. 

 

 Keywords: Model Hamiltonian; action functional; hubbard-stratonovich transformation and goldston mode. 

 

 

 

INTRODUCTION: Superconductivity was discov-

ered in 1911 by H. Kamarlingh Onnes [1] in Leiden, 

just 3 year after he had first liquefied helium.  In 1986, 

a new class of high temperature superconductor was 

discovered by Bednorz and Mueler [2]. The perfect 

diamagnetic characteristics of the superconductor was 

discovered by Meissner and Ochsenfeld  [3] in 1933. 

In 1935, the brothers F. and H. London [4] proposed 

the two electrodynamics equations to govern the mi-

croscopic electric and magnetic field. Pippard  [5] 

introduced the coherence length while proposing a 

nonlocal generalization of the London equations. 

The next step in the evolution of superconductor was 

the establishment of the existence of the energy gap 

 , of the order B ck T  between the ground state and 

quasi-particle excitation of the system by Daunt and 

Mendelssohn  [6]. In 1957, Bardeen, Cooper and 

Schrieffer  [7] propounded a pairing theory of super-

conductivity, which was named as BCS theory, accord-

ing to which electron-phonon interaction causes an 

instability of the ordinary Fermi-sea ground state of 

the electron gas with respect to the formation of bound 

pairs electrons occupying sate with equal and opposite 

momentum and spin. These pairs are called Cooper 

pairs and behave as boson particles. Josephson [8] 

predicted that Cooper pairs should be able to tunnel 

between two superconductors even at zero voltage 

difference giving a super-current density. This is called 

the Josephson effect and is one of the most important  

 

 

and drastic phenomenon in superconductivity  [9]. 

Many experimental and theoretical researches have  

been done on tunneling between one-gap superconduc-

tors  [10–12], but the Josephson effect in the multi-gap 

superconductors  is the quite interesting due to pres-

ence of some important phenomena such as collective 

oscillation of fluxons, time reversal symmetry (TRS) 

breaking, emission of THz frequencies etc.  [13–16]. 

Multi-gap superconductors have been observed since 

the discovery of iron-based high cT  superconductors 

[17,18]. In this type of superconductor, 3rd electrons 

of the iron atom form multi-bands whose Cooper pairs 

condense into a multi-gap superconducting state [15]. 

The phase difference may be understood in term of the 

interplay between the inter-band and intra-band Jo-

sephson effects. Inter-band Josephson effect describes 

tunneling between the two electronic bands in each 

layer of superconductors whereas intra-band Joseph-

son Effect describes tunneling between two adjacent 

superconducting layers. These effects can be reflected 

into the dynamics of the phase difference between the 

condensates within the same superconducting layer 

and across two adjacent superconducting layers, re-

spectively [14]. Recently, various types of Josephson 

junctions with iron-based superconductors have been 

fabricated and typical Josephson effects have been 

confirmed. 

The present paper deals about the development of 

equation of phase dynamics of fluxons while flowing 
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at the junction under the application of external mag-

netic field with appropriate biasing voltage. This will 

discuss in details in the following section. The ob-

tained equations will be compared to those developed 

by others for some special cases such as two-gap junc-

tions. The work will be ended by drawing some con-

clusions. 

Theoretical Development: 
Defining the model Hamiltonian of the system: The 

starting point of the present work is to write total Ha-

miltonian of the system which comprises the free Ha-

miltonian free( )H , pairing Hamiltonian pair( )H  and 

tunneling Hamiltonian ( )TH  i.e. 

free pair TH H H H     (1) 

Each site of a superconducting system consists of for-

mions with spin up ( )  and spins down ( ) . The total 

free (non-interacting) Hamiltonian of this site is de-

fined as 

 

, ,

3 † * 2 * 0

free , ,

, ,

1
( )

2l i l l l i

l i

H d rC i e A e A C
m 



 
    



   (2) 

 

 

Here, 
, ,

†

, ,( )
l i l iC C

   is the creation(annihilation) 

operator for fermion with spin (  o r )     at l -

layer and i  band. These operators are the function of 

spatial coordinate r


 and imaginary time it   . 

, ,

†

l i
C


 creates a fermion with spin   at the given site 

( , )r 


 and , ,l iC   destroy the fermion from there. 
†C  

and C  have the dimension of inverse square root of 

volume (i.e. 
1/2 ), with   as the total volume of the 

system. lA


 and 
0

lA  are the magnetic vector potential 

and electric scalar potential respectively. 
* 2e e  and 

e  is the electronic charge and m  is the mass of a 

fermion. The operator 
*

li e A 


  is called the 

canonical momentum operator. 

The pairing of any two fermions with opposite spins is 

possible due to short or long range phonon mediated 

attractive coupling. After the pairing process, the fer-

mionic nature of particle will destroy and the new 

bosonic particle forms which is called the Cooper pair.  

The Hamiltonian associated for this is 

 

 
3 , † †

pair , , , , , , , , ,
, , ,

i i

l l l i l i l i l i
l l i i

H d rV C C C C


       
 

             (3) 

For l l  and i i , pairing is intra-layer and intra-

band, for l l  and i i , the pairing is inter-layer 

and intra-band, for l l  and i i , the pairing is 

intra-layer and inter-band, for l l  and i i , the 

pairing is inter-layer and inter-band. 

Similarly, the Hamiltonian associated for tunneling is  

 
3 , † * , †

, 1 , , 1, , 1, 1, , , ,

, , ,

i i i i

T l l l i l i l l l i l i

l i i

H d r T C C T C C   



 

    



          (4) 

 

 

The first term of Equation (4) infers that the a fermion 

of spin   destroys in the 
thi  band of 

th1l   layer  

and creates in the 
thi  band of 

thl  layer and the second 

term infers vice-versa of this. 
,

, 1

i i

l lT


  is the tunnel matrix 

element. 

Action functional and path-integral formalism 

The action functional is defined as 

S Ldt    (5) 

where L  is the Lagrangian given as  [19–21] 
3L d r  L   (6) 

with L  as the Lagrangian density. 

In term of total Hamiltonian, the action function is 

defined as  [16] 

 

3 †

, , , ,
0

, ,

l i l i

l i

S d d r C i C H N
t



 



 
  

    
  

 


                          (7)

   

Here,   is the chemical potential, and N   is the total 

particle number, 
1

Bk T
  , where Bk  is the 

Boltzmann constant and T  is absolute temperature. 

N  is given as 

3 †

, , , ,

, ,

l i l i

l i

N d r C C  



    (8) 

Using Equations (1), (7) and (8), we get the action 

functional as 
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3 †

, , , , free pair
0

, ,

( )l i l i T

l i

S d d r C C H H H


  



 


  
      

  
 



                             (9)

   

Substituting the general expressions for freeH , pairH  and TH  in above equation, the action functional becomes 

   

free

pair

3 † * 2 * 0

, , , ,
0

, ,

3 , † † 3 ,

, , 1, , , , , , , ,0
, , , 0

1
( ) )

2
l i l l l i

l i

S

i i i

l l l ll i l i l i l i
l l i i

S

S d d r C i e A e A C
m

d dr V C C C C d d r T



  






 


 

       
 

 
      

 

 

 

   







 





† * , †
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          (10)

   

Now the partition function of the system is 

†[ , ]exp
S

Z C C
 

  
 

 
D   (11) 

Here, C  is a column vector with elements , ,l iC   and 

†C  is a row vector with elements 
†

, ,l iC   and 

†[ , ]C CD  represents the product of all integrals over 

the elements of 
†C  and C . 

Hubbard-Stratonovich transformation: The action 

functional associated to the pair Hamiltonian is in 

quartic form of four fermionic fields. The partition 

function of equation (11) can be rewritten as (applying 

the transformation 
* 0

le A
 

 
 

 
   and 

*

li e A i  


  , since lA


 and 
0

lA  are invariant 

under gauge transformation) 
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                                (12)

 

The quartic terms of fermionic fields can be reduced by using Hubbard-Stratonovich transformation  [22,23] and 

the partition function takes the form 
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(13)

  

 Here, ( )   is the new fields which are bosonic in 

nature.   is a row vector containing the elements 

, ( , )l i r 


 and   is a column vector containing the 

elements , ( , )l i r 


. This step is called bosonization. 

Nambu notation: This notation combines a spin up 

and a spin down fermionic fields oa a given band and 

of a given layer into a new Nambu spinor as 

 , , † †

, ,† , , , ,

, ,

and
l i

l i l i l i l i

l i

C
C C

C
 



 



 
  
 
 

  (14) 

In term of these Nambu spinor, we can write the parti-

tion function as 
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where 
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Introducing the phase factor: Here, all the fermionic fields and bosonic fields are complex. Hence they can be 

written in term of phase angle ( , )r 


 as 

,

,
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0
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                                (18) 

Under these unitary transformations, the partition function becomes 
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with 

 

2 2 2
2 2

1 0 1 0
( )

0 1 0 12 8 2 4

li
li li li li

i i i
F

m m m


  



      
                    

   
                               (20)

   

and 
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Transformation to the reciprocal space 

The goal of this section is to rewrite the partition func-

tion on in reciprocal space i.e. wave vector-frequency 

space. For this purpose, we use the Fourier transform 

for the fermionic fields , ,l iC   and as well as bosonic 

fields ,l i  as 
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for fermionic fields and 



[(CPUH-Research Journal: 2017, 2(2), 240-250) Derivation of Equations of Phase Dynamics in a Stack …………….] 

 

 

Proceedings of National Conference on Advances in Basic and Applied Sciences (ABAS-2017)                      244 

 

,

, ,

( , ) ( , )  and ( , ) ( , )m mi iq r i iq r

l i li li li

q m q m

r e q m r e q m
        

      
      

                                   (23)

 

  

for bosonic fields. The Fourier transformed bosonic fields li  still has the dimension of energy and the trans-

formed fermionic fields lic  are dimensionless. where, n  is called the Matshubara frequency given by 
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The phase factor li  and its derivatives do not take part in the transformation. Now, the partition function in reci-

procal space is 
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with the Nambu spinor in the reciprocal space as 
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and the inverse Green's function 
1

0liG
 is 2 2  matrix in reciprocal space and given by 
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Where 

2 2

2
k

k

m



ò is  the free energy of a fermion. We are completely get rid of the operator version of 
1

0liG
. Every 

element of this inverse Green's function is dimensionless. Again  
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 and 



[(CPUH-Research Journal: 2017, 2(2), 240-250) Derivation of Equations of Phase Dynamics in a Stack …………….] 

 

 

Proceedings of National Conference on Advances in Basic and Applied Sciences (ABAS-2017)                      245 

1, ,

1, ,

( )
, 2

, 1,

, 1
( )

, 2
, 1

0

0

l i l i

l i l i

i

i i

l li i

l l i

i i

l l

T e
T

T e

 

 















 





 
 

  
  

                                                                  (29)

   

Saddle-point approximation: Here, the path-integral 

over the bosonic fields li  is so difficult and almost 

impossible analytically. In order to tackle this difficul-

ty, a simple approximation can be made in which all 

the bosonic fields ( , )li q m


 and ( , )li q m


 are con-

densed in the state 0q 


, 0m   state and the two 

pair fields as 
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where 0li  still has the unit of energy and constant for the path-integral process. Using this approximation, the 

partition function is 
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with new inverse Green's function 
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Performing the Grassmann integral: The partition function Equation (31) can be written even simpler form as 
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where, 
1

0G
, F  and T  are N N  (with N  number of bands in the 

system) matrices the elements of which are 
1

0liG
, liF  and , 1

ii

l lT


 . After performing the path-integral over fermionic 

fields (Grassmann variables, 
†  and  ), we get 
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Hence the action functional is  
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Here the trace is taken over layer, band and spin indices. After investing some times for matrix manipulation and 

applying the Goldston mode, the action in Equation (35) takes the form 
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The corresponding Lagrangian density is given by 
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At low temperature, the chemical potential   is equal to the Fermi energy i.e. F  ò  and 0   since  
 
 . 

We also have,  
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The effective Lagrangian is given by 
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(38) 

  

where, n  is the concentration of electronic charge, Fk  is the Fermi wave vector, 

2 2

0

2TF

Fe mk

 
 


 is the Tomas

Fermi charge screening length and 

2

0

2L

mc

ne


   is 

the London penetration depth,  , 1l lE 


 and , 1l lB 


 are 

electric and magnetic fields between layer l  and 

1l  . 

Application to the long Josephson junction: Consid-

er the stack of long Josephson junction with length 

along x-direction and junction system along z-

direction. External magnetic fields are applied along 

the y-direction, which introduce the homogeneous 

phase difference along the x-direction. The system is 

assumed to uniform along the y-direction and the 

problem becomes two dimensional. The system is 

biased with an external potential difference across the 

junction i.e. the electric field is along z-direction. Now 

the Lagrangian density in two dimensional system 

becomes. 
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where d  is the thickness of the superconducting layer 

and b  is the thickness of junction material. The inter-

band Josephson coupling constant is 
*
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and Josephson tunneling coupling constant  
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The z-component of electric field in between  
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and the y-component of magnetic field in between  
thl   

and 
th( )l l  layer is 
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We can introduce the gauge invariant phase difference 

, 1

ii
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  as  
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Then we can have 
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and 
i i ii

l l ll   
   is the intra-layer inter-band phase 

difference.  

Under these conditions, the Lagrangian density equa-

tion (39) can be minimized using the Euler-Lagrange 

equation. Applying the Euler-Lagrange equation with 

respect to 
0

kA , 
0

1kA  , 
x
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x

kA  , 
, 1

z

k kA

x
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, 

j

k  with k  

as new layer index and j  and new band index, then 

simplifying the system of equations, we get 
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where, ,b kN  and , 1b kN   are the number of bands in 

thk  and 
th( 1)k   layers respectively, 

L

ct
t


  and 

TF

x
x


 . 

Equations (46) and (47) jointly describe the complete 

phase dynamics of stack of long Josephson junction of 

multi-band superconductors.  

 

RESULTS AND DISCUSSION: Consider a two-gap 

superconductor like MgB 2 , which contains two bands 

s  and d  act as two channels for condensates. Now 

the band index is ,i s d . Equations (46) and (47) 

becomes 
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Since s  and d  bands are identical in all the layers, we can assume 
sd

kk   and 
sd

kkJ J . Thus 

We have, , 1 , 1 , 1 , 1

sd ds ss dd

k k k k k k k k          with , 1 , 1

sd dd

k k k k      and , 1 , 1

ds ss

k k k k     . Hence the equations 

(48), (49) and (50) for a typical LJJ with single layer barrier becomes.  
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Therefore, equations (51), (52) and (53) completely 

describe the phase dynamics in LJJ of two-gap super-

conductor like MgB 2  for single layer barrier. These 

equations almost identical to those derived by Kim and 

Ghimire \cite{kim2012} with some perturbation term 

which they have not considered. Similarly we can 

apply our generalized equations of phase dynamic i.e. 

equations (46) and (47) can be applied for higher band 

and multi-layered LJJ. 

 

CONCLUSIONS: As discussed in the above section, 

it is predicted that, our generalized equations for phase 

dynamics can describe the complete phase dynamic in 

the system of LJJ. These equations are called per-

turbed sine-Gordon equations. The analytical solution 

of this system of equations are impossible. They can 

be solved numerically imposing some appropriate 

boundary condition and initial profile of phases. The 

appropriate boundary conditions are the external mag-

netic field and biasing voltage. After solving this sys-

tem of equations, we can obtained intra-band phase 

difference   (assume same for all layers) and inter-

band phse difference   (which are different for each 

interplay). Knowing these parameter, many phenome-

na in the system of LJJ can be explained such as col-

lective oscillation, THz frequency emission, TRS 

breaking etc. 
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