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ABSTRACT

In the present work, the fluxon dynamics in long Josephson junction based on two-gap
superconductors like MgB, and iron-pnictides has been studied. The procedure has
been started by establishing the microscopic BCS Hamiltonian of the junction system in
terms of fermionic field operators. In order to enter in the long route of path integral
formalism, the Hamiltonian has been introduced into the quantum mechanical partition
function through the definition of Lagrangian density and then action functional. Some
important steps such as Hubbard-Stratonovich transformation for bosonization, Nambu
representation, reciprocal space transformation, saddle-point (mean-field approximation),
Goldston mode etc. have been followed in order to simplify the action and hence
Lagrangian density. The Lagrangian density, which are of solely the function of phase
differences across the junction barrier, is minimized to derive the system of perturbed
sine-Gordon equations which help to explain the phase dynamics of the junction system.
In the present work, the system of sine-Gordon equations are established for the stack
of long Josephson junction based on multi-gap superconductors and then applied for
two-gap superconductor like MgB,. The generalized sine-Gordon equations for stack of
LJJ are used to explain the phase dynamics in the single and double (coupled) LJJ. The
system of perturbed sine-Gordon equations, for single and double junctions, have been
solved numerically using the finite difference approximation, assuming the solution of
unperturbed sG equation as the initial condition. The Neumann boundary condition has
been maintained so that the kink or anti-kink can reflect at the boundary. The dynamics
of phase differences have been observed for different layer and junction thicknesses
and found that the motion of kink or anti-kink, which also represents the fluxon or
anti-fluxon, is found to be more complicated as time goes on. During the motion, it has
been observed that fluxons and anti-fluxon are created and superposed to each other. As
a result, phase locked and anti-locked situation have been observed. The Josephson part
of Lagrangian density has been computed and minimized in the domain length at each
time step. In order to study the phase frustration, the minimized energy is plotted as

the function of time in addition to the corresponding phase differences. It is found that

vi



the phase frustration occurs quickly for higher layer and junction thicknesses. It is also
observed that the phase frustration occurs at low time for higher tunnel voltage. The
current-voltage characteristics have also been studied by computing the average current
flowing out across the junction system at different tunnel voltages. The current-voltage
characteristics in coupled LJJ is found to be linear at very low tunnel voltage, slightly
non-linear with positive differential resistance up to certain tunnel voltage depending
on the junction geometry and completely non-linear for higher ones irrespective to
the junction geometry. But the nature of the non-linearity solely depends of junction
geometry i.e. thicknesses of the barrier and superconducting layer. In some non-linear
regions, the negative differential resistances are observed which confirms that the device
behaves as source or radiation chamber. The negative resistance may arise due to the
non-dissipative transition of quasi-particles (i.e. fluxons or anti-fluxons) in the system.
Due to this peculiar nature, the device is applicable to the low temperature electronic

devices which demands the negative resistance.
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CHAPTER 1

INTRODUCTION

1.1 Superconductivity

Superconductivity is the phenomenon of decreasing the resistance of a material to zero
by dropping its temperature below the certain value called critical temperature (7). At
the critical temperature, the transition of normal to superconducting state occurs. In
1911, Kamerling Onnes discovered the superconductivity first time while liquefying the
helium (Onnes, 1911). He found that mercury exhibits the superconducting nature when
it is cooled to the temperature below 4.2 K. After the discovery of superconductivity,
many other metals were used to perform the experiments observing their superconducting
nature and found that different metals have different critical temperature (Tinkham,
1975). The critical temperature was found to be significantly dependent on nature of
material. Another breakthrough arrived in 1933 and it was discovered that a normal
metal can expel the magnetic field when it is converted to superconducting state. It
was observed by Meissner and called as the Meissner effect (Meissner et al., 1933).
The superconductivity was first theoretically described in 1935 in the form of London
equations (London ef al., 1935). This theory based on the Drude model of free electrons,
which accurately described Ohm’s law and a superconducting electron density of particle
was introduced with an infinite time constant (Tinkham, 1975). There are two equations,
g—{ = ";: ’ E and V2B = %?)E, which can describe the local electrodynamics associated with

superconductivity. The magnetic penetration depth, 19 = //#

29
s€

of a superconductor

was first introduced by these equations.

The temperature dependent characteristics length was introduced by Ginzburg and Landau



in 1950 (Ginzburg et al., 1950). In 1953, The temperature independent coherence length
for low temperature was introduced by Pippard (Pippard et al., 1953). A breakthrough
for the theoretical explanation of superconductivity has been propounded in 1957
by three scientist Bardeen, Cooper and Schreiffer giving the microscopic theory of
superconductivity. This theory is known as BCS theory (Bardeen et al., 1957). In this
theory, the superconducting paired electrons also called Cooper pair can be represented
by a single wavefunction including a phonon mediated pair of electrons. This pair is
known as Cooper pair. The Cooper pair wavefunction consists of a spatial part and a
phase part containing the phase angle 8. The electrons near Fermi surface are likely to be
paired together leaving an energy gap in the electron density of states. The energy gap
coincides exactly with the pairing energy of the electrons and according to BCS theory,

the gap energy is given by (Bardeen et al., 1957)

A= —h‘”Dl (1.1)

sinh (

N(O)V)

where wp is the Debye frequency, N(0) is the density of state per electron spin at the
Fermi surface in normal state and V' is the bonding energy or coupling energy. All states
below this gap energy are empty because of containing of paired electrons. According
to the basic description of superconductivity based on BCS theory, a single electron
moving in a positively charged lattice can displace the lattice as a result of which the
lattice spacing locally shrinks slightly. This process results the transferring of momentum
between the electron and the lattice. The electron moves away from the region of lattice
deformation before the interaction with other electron took place but the smaller lattice
spacing increases the charge in the region. The second electron responses to the increase
of the charge and attracted toward the charged lattice. The second electron is now
bonded to the first. The distance between these two paired electrons is defined as the
coherence length as explained by Pippard (Pippard et al., 1953) at low temperature.
This distance was named as the characteristics length near to the critical temperature
(T.) by Ginzburg and Landau. Abrikosov could able to describe a situation where the
penetration depth and characteristics length has a relationship different than that was
explained by Ginzburg and Landau (Abrikosov, 1957). This explanation was formerly

known as Type II superconductivity comprising the two critical magnetic fields. Below



the lower critical field, the material exhibits perfectly diamagnetic superconductivity and
above the upper critical field, the superconductivity and diamagnetic will be destroyed.
In the intermediate critical field, the material can have zero electric resistance but no
longer perfect diamagnetic. On the other hand, type I superconductors have only one

critical magnetic field and do not have mixed state.

1.2 Josephson Junction

Josephson junction is a system in which two superconductors are layered one another
by means of a normal metal or an insulator (Josephson, 1962, 1964). The Cooper pairs
are the carriers of charge in the superconductors. Due to the anti-parallel spin and
angular momentum of electrons in a Cooper pair, it behaves as the bosonic nature and all
Cooper pairs are Bose-condensed into the electronic ground state of superconductor at
low temperature. There is the gap energy (A), between any two quasi-particle excited
states which are proportional to the effective binding energy of the Cooper pair, from the
superconducting ground state. The superconducting state can be given by an effective
macroscopic wave function with an amplitude proportional to the density of Cooper pair
p; and phase 6; as

W; = \/p; exp(i6)) (1.2)

where W; also called the superconducting order parameter. During the formation of
Josephson junction, the two superconductors are weakly coupled with one another. As
a result, there is a small overlap of the superconducting order parameter. The different
type of weak overlapping discussed in literature of authors cited as (Barone et al.,
1982; Poole et al., 1995; Giaever, 1960a; Solymer, 1972; Anderson et al., 1963). A
common type of Josephson junction is a system in which two superconducting layers are
coupled using a thin insulating barrier as the junction and the junction system is called a
superconductor-insulator-superconductor (SIS) tunnel junction. Cooper pairs are found
to tunnel through the barrier, even at a zero voltage, and give rise to a non-dissipative
current. The Cooper pairs (quasi-particles) follow the two steps during tunneling process.
Within voltage 0 < V < 2A/e, quasi-particle tunnel through the barrier gives rise to
Cooper pair sub-gap current. The voltage 2A/e is called gap voltage denoted by V,. At

voltage V > V,, Cooper pairs are broken into their constituent because the applied voltage



is sufficient to break the bonding.The consituent electrons then tunnel the barriers and

again Cooper pairs are formed in new superconducting layer.

1.3 Josephson Effect

The tunneling mechanism of Cooper pairs through the superconductor-insulator-
superconductor (SIS) junction was first explained by Josephson in 1962 (Josephson,
1962). The phenomenon was experimentally observed by Anderson and Rowell in 1963
(Anderson et al., 1963). Josephson found that the local superconducting tunneling current

density at zero voltage is given by

J=Josing (1.3)

with ¢ = 61 — 0, as the phase difference between the order parameters of the two
superconducting layers. Josephson used quantum mechanical problem of Cooper pairs
tunneling across a potential barrier in a point like junction in order to derive the Equation
(1.3). According to the Equation (1.3), a nonlinear current flows across the junction in
the absence of an applied voltage across the junction. This is called the dc Josephson
effect. The maximum super current density jo of the junction has been calculated by
Ambegaokar and Baratoff (Ambegaokar et al., 1963) from the macroscopic theory as

given by

0= XA on (A(T)) (1.4)

0= e 2k 5T
where A(T) is the energy gap of superconductor as the function of temperature and
p is the normal tunnel resistance of the insulating junction per unit area. Under the
application of a constant dc voltage across the junction, the phase difference ¢ varies

with time according to the ac Josephson effect described by the equation

dp 2n
— ==V 1.5
dt D (1.5)

where h and e are Planck’s constant and electronic charge, respectively; @ = % =
e

2.07 x 10~15 Wb is the flux quantum. At a constant voltage V, the super-current oscillates



with the characteristics frequency

dé 1 1
o _483.6 MHz/uV
di 27V~ @, 2

There are some constant voltage steps in the current-voltage characteristics of the junction
when the junction is irradiated by an electromagnetic radiation. These steps are called
Shapiro steps (Shapiro, 1963). When the magnetic field is applied to the short Josephson
junction, the phase difference between the order parameter across the junction can be

written as

¢:92_el+%’;/z-cﬁ (1.6)
where A is the magnetic vector potential. If we consider two points P and QO on the first
superconductor layer and P, and Q> in the second as shown in Fig 1, then the difference
in phase differences in between two points P and Q is

P, )
A(P) - Jz+/ A(Q) - jz]

¢(Q)—¢(P)=%[L [

If an external magnetic field is applied in the plane of the junction, the flux enclosed in

Py
|

)

|
Pl----1Q

Figure 1: Josephson effect and phase difference

the contour is given by

@:/E.Js:j{x.a’z
0, P, Pr or ,
:/ A-dl+/ A-dl+/ A-dl+/ A-dl (1.7)
0 0)) P Py

If the closed path is taken deeper than the London penetration depth, A7, which is the

characteristics screening length of magnetic field in a superconductor, the second and

5



fourth term of Equation (1.7) will vanish. The flux enclosed in the small section dx is
now given by
$(Q) - ¢(P) _dp _2n

= —>b,B
dx dx D

where b,, = b + 21} is the magnetic thickness of the junction and b is the thickness of
the junction. b,, B is the magnetic flux per unit length penetrating into a junction taking
account the screening of the magnetic field due to the superconductor. The generalized

form of gradient of ¢ can be expressed as (Shaju, 2002)
2 -
Vo= L puB x 2 (1.8)
o

where 7 is the unit vector normal to the plane of the junction. According to the Equation
(1.8), the field induces a constant gradient of the phase differences across the junction.
The local Josephson current oscillates with coordinate perpendicular to the field . The

total supercurrent is

2
I.(B) = / je sin (—"mex) ds (1.9)
s Dy

over the junction area S, where j. is the spatially homogeneous current density. For the

rectangular junction, the integral can be solved explicitly as

(&)

where @ = b,, BL is the total magnetic flux threading the junction length L. The Equation

1.(B) = 1(0) (1.10)

(1.10) is called the critical-current diffraction pattern of a rectangular junction.

1.4 Dynamic of a short Josephson junction

The characteristics screening length of magnetic field in a superconductor is called
London penetration depth, A7, and that in the junction is called Josephson length, A;
as shown in Fig 2. If the length of the junction is smaller than A; (i.e. L, < Ay),
then the junction system is called short Josephson junction (SJJ). In this situation, the
electrodynamics of the junction can be described by neglecting the variation of phase

differences across the junction area. The junction is now equivalent to the electrical
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Figure 2: Magnetic field penetration inside the superconducting and insulating layers

circuit and called the resistively and capacitively shunted junction (RCSJ) model (Barone

et al., 1982; Solymer, 1972). The total current through the junction is

% av
I=1I.sing+—+C— 1.11
sing+ g+ C (L.11)

where R is the resistance and C is the capacitance of the junction system. Introducing

the phase differences across the junction, above Equation (1.11) becomes

Oy dp DyC d*¢

I=1.sin¢+ +
Sng+ s Rar T on a2

(1.12)

This equation is equivalent to a driven and damped oscillator. The Eq. (1.12), reduces to
the damped oscillation for small ¢ and when the AC current is supplied then it reduces
to driven oscillation. In general, it produces the oscillating and damping type of phase

variation.

1.5 The Long Josephson Junction (L.JJ)

The characteristics length scale of the spatial variation of phase difference, ¢, equivalently
the magnetic flux in the junction is called the Josephson length, 4; as mentioned in Fig 2.

If the length of the junction is much larger than the Josephson length (L, > A;) and the



breadth as well as thickness are much shorter as compared to 4 (i.e. L, < Ay, L, < 4y),

then the junction is termed as long Josephson junction (LJJ) as shown in Fig 2.

The long Josephson junctions possess an extremely rich spectrum of linear and non-linear
electromagnetic excitation (Pedersen, 1993). The phase difference ¢ between the top and
bottom electrodes may vary in space as well as time. The spatial extension of the junction
gives rise to the existence of solitons (fluxons) (Poole et al., 1995; Ustinov, 1998; Bishop
et al., 1980), breather and other linear and nonlinear excitation. The fluxon dynamics
in LJJ can be explained by the well known sine-Gordon (sG) equation (Kivshar et al.,
1988). LJJ is one of the important physical system in which nonlinear phenomenon can

be studied experimentally. Some different type of LJJs are presented in Fig 3.

(a) Overlap junction (b) In-line junction (¢) Annular junction

Figure 3: Different type of LJJ

1.6 The Sine-Gordon Equation

The sine-Gordon (sG) equation in LJJ can be derived from the equivalent circuit describing
the junction. A LJJ with its equivalent discrete model in an external magnetic field B,,;

applied parallel to the dielectric barrier is given in Fig 4. The junction is modeled as

T

(-7

Dy
+ ¢

< -
Ax

Figure 4: Resistively, capacitively and inductively shunted equivalent circuit for LJJ (Shaju, 2002)



parallel connection of small resistive capacitive shunted junction (RCSJ) like Josephson
junction interconnected by a parallel connection of an inductance and resistance (Lomdahl
et al., 1982; Scott et al., 1973) considering an external bias current / ,f is injected to each
mode k and the external flux ®,,, threading the junction, the phase difference between

two modes for loop k and k + 1 can be derived from the flux quantization as

2n
Gr+1 — Pk = 50 ((I)ext - LI]%) (1.13)

where L is the inductance of the junction system. The flux threading the loop k due to
external magnetic field By for a small segment Ax of the junction can be expressed as

AD,,; = Bb,,Ax. Therefore,

Pi+1 — Pk 27T( 7L
Pt Pk & 7 By — L*I 1.14
o ® g (nBo- LT (1.14)

with L* = L/Ax is the inductance per unit junction length. Upon differentiating Equation

(1.14), we get

9’¢ 2n 0B or-
=—|b,— - L*— 1.1
ox2 Dy (b ox ox ) (1.15)

0B
Assuming the homogeneous magnetic field i.e. 8_0 = 0, The equation (1.15) reduces to
X

2 2 IL
Po_ o, a1t

—_— = 1.16
O0x? ®d) Ox (1.16)
Applying the Kirchhoff’s law, we can have
IS+ T+ I = IR + I + IRSY
oI- rcsy  OIF
_— — =g -7 [ — 1.17
0x I 0x ( )
with j = I/Ax and jRES) = [RCSJ | Ax. Therefore, Equation (1.16) takes the form
6* 2rL* aIR
9% _ 2k (i sress _ 91 (1.18)
0x?2 (ON) Ox



1 0V
Using IR = —— - we get

Ps OX
oy 9°¢ 1% oV 109°V
— =—j+jsing+—+C"— - ——— 1.19
Ll o . T sin ¢ 0 ot ps 0x? (1.19)
. . Dy o .
where p = RAx, ps = Ry/Ax, C* = C/Ax. Expressing the voltage V = o or and using
V4

the ac Josephson relation, we get perturbed one-dimensional sine-Gordon equation for

superconducting phase difference ¢(x, t) as

®) 9’9 DC*I*p . . Dy Dy 8¢
- — Jesing = —j + — -
2xL* 0x? 2r Ot? 2np  2mpg Ox20t

(1.20)

where L* is the specific inductance, C* is the specific capacitance, p is specific resistance of
quasi-particle and p; is the resistance per unit length on the surface of the superconducting

electrode. The electric and magnetic fields are related to the phase difference as

Vv oy 0o
E=—-= — 1.21
by 27by Of (1212
: B -
Since H = —, substituting B, we get
Ho
D 99
- 2mppd’ dx
Therefore,
Q) 9¢
= -— 1.21b
2nL’ Ox ( )
. . . . . go&, A
The inductance and capacitance of the junction are given by L = uod” and C = P
m

Here, b,, = 245+ b and d’ = 24} + d are the magnetic thicknesses of junction and

superconductor with b and d as their physical thicknesses respectively. Dividing Equation

(1.20) by j. and then introducing Josephson length 1; =

[27].
frequency w), = (Dﬂé* , the Equation (1.20) becomes
0

P 1P G 1 08 AL 9%
s R R v R L e pera P 320
X wy, 0t Je wyC*p ot ps Ox=0t

L. and the phase

(1.22)
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The phase velocity of linear wave in the system is

1 / 24;+b
—wily = = 1.23
Co = wWpay T c & (21, +d) ( )

where ¢ is termed as Swihart velocity (Swihart, 1961) and ¢ is the velocity of light

in vacuum. In the long Josephson junction, the Swihart velocity is only a few percent
of ¢ because the magnetic field penetrates into the superconductor on the length scale
d’" =211 +d, while the electric field is localized only in the junction of thickness b,, < d’.
Normalizing the time with phase frequency and space with Josephson length, i.e. f = w,t

and X = x /Ay, the Equation (1.23) becomes

P P . 0b 8¢

+y (1.24)

where y = j/j. is the normalized unit-less bias current, @ = 1/(pC*w,,) is the damping
term due to the quasi-particle resistance and 8 = w,L"/p; is the damping due to the

0
surface impedance of the superconducting electrode. a/a—(;_S represents the current flows
3

across the junction and 8 FrerT: that of along the junction.

%20
In the absence of magnetic field, the boundary condition that can be applied at the end
0 0
of the junction system is —({) = —Q_S = 0. This is called the Neumann boundary
OXleg  OX gy,

condition. In this condition, any trapped fluxon executes the oscillatory motion and can

not escape from the boundary. When an external magnetic field is applied parallel to the

0 0
barrier of the junction, the boundary condition becomes o¢ = 8—(]_5
=0 X

= H with
a)f W1

%=L,

-2
normalized field H = aﬂ Hob,, HAy. In this case, the fluxon nucleated at one end of the
0

junction and they are driven to the opposite end by the bias current. Neglecting all the
damping effect of perturbed sine-Gordon Equation (1.24), resulting equation is called
simply sine-Gordon equation which takes the form

¢ 0%°¢

— - — +sing =0 1.25

oz o T (1:29)
This equation can be solved analytically which gives rise the soliton solution (Rubinstein,

1970; Weiss, 1984; Ustinov, 1998; Bishop et al., 1980; Malomed, 1989; Gani et al., 2018;

11



Rajaraman, 1989) as

$(%,7) =4tan”!

X —ut —xg

Depending on the polarity of o, ¢(X, f) describe a kink (for o = +1) or an anti-kink (for
o = —1) (Vachaspati, 2006; Sugiyama, 1979; Goodman, 2005; Peyrard, 1983; Campbell
et al., 1986; Gani et al., 1999). The phase difference ¢ moves with normalized velocity
u which lies in between 0 and 1. Kink represents the variation of ¢ from O to 27 and
anti-kink from 27 to 0 (Alonso, 2018). Solitary waves (Mollenauer, 2006; Bishop et al.,
1980; Magyari, 1984; Malomed, 1988) exist in a dispersive system which leads to the
spreading of energy of the waveform in space and vice versa and the nonlinear effect

compensates each other.

1.6.1 Fluxon and Anti-fluxon

Only the quantized flux can enter the superconducting junction. A quantum of flux
®y = h/(2e) = 2.07 x 10~'> Wb has the property of particle and behaves as a soliton in
the junction. The solution of unperturbed sine-Gordon equation with o = +1 represents
a fluxon if the total phase difference (¢) along the junction varies from O to 27 as x varies
from —oo to +oc0. This phase variation represents a kink soliton or fluxon (Rajaraman,
1989; Ustinov, 1998; Rubinstein, 1970). On the other hand, if the quantum of flux makes
the phase variation from 27 to O as x varies from —oo to +oo, then it is said to be an
anti-kink soliton or anti-fluxon. The fluxon and anti-fluxon have the same magnetic
field value but have different polarities (Davidson et al., 1985) as shown in Fig 5. The
supercurrent associated with the fluxon flows along the junction within a penetration
depth Ay inside the superconductor (Poole et al., 1995). These supercurrents encircle flux
and the circulation is called vortex (Abrikosov, 1957). The supercurrent density is zero
at the center, hence there is no core for the Josephson vortex (Miller et al., 1985). The
supercurrent directions for fluxon and anti-fluxon are opposite to each other. Two fluxons

or two anti-fluxons repel to each other but a fluxon and an anti-fluxon attract one another.

12



Figure 5: A fluxon and an anti-fluxon .

1.6.2 Breather Solution

A bound pair of a fluxon and an anti-fluxon is called breather. The breather corresponds
to bound state of a soliton and an anti-soliton oscillates about the center of mass. There
can be various types of breather solution which satisfy the sine-Gordon equation. When
two solitons collide and form a bound state breather, then the solution of sine-Gordon

equation is given (Meszena, 2013) as

u sinh ==
V1-u?

uf

¢(x,t) = 4 arctan (1.27)

cosh

)

The corresponding breather resulting from the collision between a soliton and an

anti-soliton is B
sinh 24X

V1-u?
Xt

V1-u?

¢(x,f) = 4arctan (1.28)

u cosh
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A breather can also be possible without the collision of solitons or anti-solitons given by

: ut
Sin
Vi-u?

u cosh —=
V1-u?

¢(x,1) = 4arctan (1.29)

Breathers are unstable in case of perturbed situation and decay after some times.

1.6.3 Plasmons

In a long Josephson junction, there exists a small amplitude excitation of phase difference.
In this situation, the sine-Gordon equation takes the linear form as
¢ 9%

a?—%+¢:0 (1.30)

It has the linear wave solution of the form

o (fx, 1) = po exp(ikx — iwt) (1.31)

with spectrum w = V1 — k2 (Kivshar et al., 1989), where k is the normalized wave-vector

and w is the frequency. The linear excitation of the LJJ are called plasmon.

1.7 Magnesium Diboride (MgB,)

Magnesium diboride (MgB,) is a simple metallic compound which consists of hexagonal
boron planes separated by magnesium atom above the center of each hexagon as shown
in Fig 6. It has the highest critical temperature that has been experimentally observed till
date, of about (7, = 39 K) among the metallic superconductors with such a simple form.
The superconductivity is contributed by both o- and 7- bands of the boron electronic
structure. Due to this reason, the MgB, has two distinct energy gap with values of about
2.1 meV and 7.1 meV. This is the first simple superconductor which exhibits such multiple
(two) gaps (Pickett, 2002; Choi et al., 2002). The discovery of MgB, with multiple gaps
has leaded the physicist to search for other metallic compounds with multiple gaps and
highest 7,.. Since then, a new class of superconductors has been found in iron-based
materials also called iron-pnictides which seems to have multiple gaps within 7, up to

55 K (Stewart, 2011). The existence of two gaps is also declared by the experiment on
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Figure 7: The Fermi surface of MgB,. (Choi et al., 2002)

specific heat (Bouquet et al., 2001) as well as by Raman spectroscopy (Quilty et al.,
2002). The properties of MgB, as a superconductor can still be explained by BCS theory
(Takahashi et al., 2001; Karapetrov et al., 2001; Osborn et al., 2001). But the two gaps
and interaction between them (Eskildsen et al., 2003), gives the controversial result for
superconducting gaps A, and A, coherence length &j, and the magnetic penetration

depth A as described by BCS theory. The simple MgB, compound confirms the limitation
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of BCS theory and leads to develop new theory for high 7;.-superconductors. A theoretical
analysis has shown that scattering between the bands leads to the distribution of energy
gaps as opposed to the single value associated with classical superconductors. The
Fermi surface of MgB; is as shown in Fig 7. The quasi-2D superconducting o band is
represented by the concentric cylinder like shapes in the corner and the outer depicts
the 3D 7 bands. This is also verified experimentally using tunnel junction (Chen et al.,

2012).

Some band independent parameters which describe the physical and chemical properties
of MgB, are listed in Table 1 and the parameters which are influenced by the band
structure are listed in Table 2.

Table 1: Band independent properties of MgB,

Ref. (Buzea et al., 2001)

Parameters Values

Hexagonal lattice constants a =b = 3.086A, c =3.524A
3

Physical density p =2.55gm-cm™
Isotope effect ar = ap + amg = 0.3 +0.02
Volume of unit cell Veenn 2.9 % 107¥m?

Critical current densities J.(42K,0T)>10” A-cm™
J.(42K,4T)=10° A-cm™
J.(42K,10T)>10° A-cm™
J.(25 K, 0T)>5 x 10° A-cm™>
J.(25K,2T)>10° A-cm™2

Total density of states No=1.5x10% J"l.m™3

1.8 Iron-pnictides

Iron-pnictides belong to iron based superconductors (IBSC). The superconductivity
in iron-pnictides has been first reported at the end of February 2008 with transition
temperature at 26 K in F-doped LaOFeAs. After this discovery, many other iron-pnictides

have reported as the superconducting nature. They are categorized into six families 11,
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Table 2: The band dependent parameters of MgB,

Ref. (Buzea et al., 2001; Eisterer, 2007)

Parameters Symbol o-band m-band Units
Critical temperature T, 40 39 K
Pressure coeflicient dT./dP 2.0 -1.1 K/Gpa
GL parameter k(T) 7.5 2.8
k(0) 10 70
Coupling parameter Yy 4.55 1
Carrier density ng 2.8x10%3 1.7x10% cm™3
Resistivity near 7, p(40K) 16 0.4 171979 14!
Resistivity ratio (RR) 5500 27 1
Upper-critical field BZ;’ (0) 39 14
B¢, (0) 24 2
Lower Ceritical field B:1(0) 48 27 mT
Irreversibility field B (0) 35 6 T
Coherence length £ (0) 12 3.7 nm
£(0) 3.6 1.6 nm
Penetration depth Ar(0) 180 85 nm
Energy gap A(0) 7.5 2 meV
Debye temperature O 880 750 K
Density of states No(0) 8.415x10% 6.885x 1046 J7l.m™3
Depairing current density ~ J, 1.3x10'? 2x 10" A-m~2
Mean free path [ 38-90 37-84 nm
Fermi velocity vab 4.4x10° 5.35x10° m-s™!
Ve 0.72x10° 6.23x10° m-s~!
Plasma frequency wgb 4.14 5.89 eV
W), 0.68 6.85 eV

111,122, 1111, 32522 and 21311 with distinct characteristics. All of them contain unique

FeAs planes as the basic building layers, and they are sandwiched by other layer which

either donate charge or make the internal pressure to the FeAs layers in order to influence
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the electronic properties (Ren et al., 2008b; Wang et al., 2008a; Cheng et al., 2009). Some
iron-pnictides are listed in Table 3 with formula and transition temperature as reported in

different literatures. Iron-pnictide superconductors exhibit the unique properties such as

Table 3: Typical iron-pnictides superconductors with transition temperature.

Families Formula T. Reference

11 FeSe or FeTe (HP) <27 K  (Mizuguchi et al., 2008)

111 LiFeAs 18K (Wang et al., 2008b; Tapp et al., 2008)
NaFeAs 9-25 K (Parker et al., 2009; Chu et al., 2009)

1111 LaFeSiH 10K (Bernardini et al., 2018)

LaOg goF( 11 FeAs 26 K (Ishida et al., 2009)

LaOg oFyFeAs 28.5 K (Prakash er al., 2008)
CeFeAs)p.84Fo.16 41 K (Ishida et al., 2009)

SmFeAsOq oFy | 43 K (Ishida et al., 2009; Chen et al., 2008)
LapsYosFeAsOpg 43.1 K  (Shirage et al., 2008b)

NdFeAsOq g9Fo.11 52K (Ishida et al., 2009)

PrFeAsog goFo 11 52K (Ren et al., 2008b)

GdFeAsOy ss 535K (Yang et al., 2008)
Gd;_, Th,FeAsO 56 K (Wang et al., 2008a)
ErFeAsO,_y 45 K (Shirage et al., 2010b)
SmFeAsO. 35 55K (Ren et al., 2008a)

CaFe( 9Coq | AsF 22 K (Rotter et al., 2008)
Srg.sSmg sFeAsF 56 K (Wu et al., 2009)

122 BaFe; 3CogAs; 253K (Yin et al., 2009)
Bag ¢Kg 4FerAsy 38K (Rotter et al., 2008)
Cag ¢Nag 4Fer Asy 26 K (Shirage et al., 2008a)

32522 Ca3ALOs_ FeoAs; 30K (Shirage et al., 2011)
Ca3AlbOs_,Fe P 16.6 K (Shirage et al., 2011)

42622 CayAl,O¢_yFeoAsy  28.3 K (Shirage et al., 2010a)
CasAlbOg_,Fe, Py 17.2 K  (Shirage et al., 2010a)
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high H., and robustness to impurity with huge diversity of superconducting materials
originated from multiband and bonding nature of Fe and pnictogen (As and P) with
maximum transition temperature of about 55 K (Hosono et al., 2015, 2018). An IBSC
bulk can provide the powerful magnetic field of about 1 T at 5 K and 0.5 T at 20 K
(Weiss et al., 2015). Extensive research works have been carried out on IBSCs in the past
decade and clarified the rich varieties of superconducting materials and sophisticated
mechanism for pair production arising from the multi-orbital nature of Fe (i.e. five 3d
orbitals) (Aoki et al., 2015). There exists the strong hybridization between these five
3d orbitals and 4p orbitals of As (Chen et al., 2014). These orbitals strongly coupled
with each other contributing to both itinerant conducting electron and localized magnetic
moment. The pairing process occurs from electron correlation rather than explained by
BCS theory (Chen et al., 2014). The interesting and debatable properties of IBSC is
the coexistence of superconductivity and magnetism simultaneously (Kordyuk, 2012).
Most of the iron-pnictides have the momentum dependent superconducting multiple gaps
(Evtushinsky er al., 2009). The effectiveness of various modes of doping originate the
outstanding characteristics of IBSCs resulting a rich variety of superconducting material
(Hosono et al., 2018). Upon reviewing the various articles related to iron-pnictides from
its discovery to till date, many researchers were found to focus for obtaining the high 7,
in the candidates of iron-pnictides rather than investigating the key parameters such as

gap energy, penetration depth, coherence length, etc.

1.9 Stack of Josephson junctions

When a number of Josephson junctions are piled up one into another, then the compound
system is called stack of Josephson junction. The properties shown by a single junction
is enhanced in addition with new features. A number of studies regarding the phase
dynamics in a stack of long Josephson junction based on one-gap superconductors have
been carried out (Machida et al., 2000; Sharapov et al., 2002; Sakai et al., 1993, 1994,
2001; Kim et al., 2003). In the stack of L1J, the coupling due to magnetic induction
arises due to the induced magnetic field of a supercurrent in a superconducting layer
affect the magnetic field of adjacent superconducting layer. Therefore, the dynamics of
the phase difference in a stack of LJJ are determined by the conventional Josephson as

well as magnetic induced interaction between the junction. The coupling due to magnetic
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induction between the junctions results the collective dynamics of the fluxons in the
presence of the bias current. The capacitive coupling between the junction can also be
accounted, when the thickness of superconducting layer is comparable to the charge
screening length as the charge effect can not be negligibly small in this situation (Machida

et al., 2000; Sharapov et al., 2002; Sakai et al., 1993).

1.10 Second quantization

The method of second quantization is the basic framework for the formulation of many-
body quantum system. In this method, the state of many-particle system is associated with
the creation(annihilation), aT(a), operators also called the field operators. The creation
operator generates a particle in the given field or state while the annihilation operator
destroys the particle from there. In this method, the system Hamiltonian is expressed
in terms of these field operators proceeds for further treatments. One of the important
process is the path-integral formalism and can be treated in distinct way for fermionic
and bosonic field. In the fermionic field, the corresponding creation and annihilation

operators are anti-commute whereas they commute to each other in the bosonic field.

1.10.1 Path-integral for bosonic field

Bose gas in condensed matter can be described by complex scalar field operators a'(a)
creation(annihilation) for bosons and the path-integral can be solved when the action

functional is quadratic in the form

S/h:/dT/d%a*Aa (1.32)

where a is the row vector and A is the square matrix whose dimension is same as the

length of a”. Now, the partition function is

Z:/Z)[aj‘,a] exp (—S/h)

1
_ i _ 3040 o
—/Z)(a ,a)exp( /dT/d ra Aa) det(A) (1.33)

The proportionality implies every integration over a', a gives a (physically unimportant)

factor n that can be absorbed in the integration.
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1.10.2 Path-integral for fermionic fields

The fermionic field operators C(TT(C(T) are anti-commuting to each other, and they
are treated as Grassmann variables. For the Grassmann variables ¢;, we can have
$ip;+d;j0 =0 = ¢i¢p; = —¢;¢;. This means gbiz = (. the integration over

Grassmann variables are defined by

/d¢:o and /¢d¢:1 (1.34)

A quadratic action functional in Grassmann field can be written in general form as

S/h = / dr / d*rcTAC (1.35)

The partition function is now becomes

z:/D(C"‘,C)exp(—S/h)

= / D(CT,C) exp (— / drt / d3rcTAc) = det(A) (1.36)

1.11 The Ground State Time Reversal Symmetry Broken (TRSB)

There is no net current in the ground state of a LJJ in the absence of an external magnetic
field. A system of L]J is said to have phase frustration, if the phase difference between
the two condensates differs from either O or . At the instant of phase frustration, the
ground state persists non-zero current density in the absence of an external magnetic
field even though the system satisfies the condition of zero net current flow. This ground
state is called the time reversal symmetry broken (TRSB) state. In the LJJ with multi-gap
superconductors, the time reversal symmetry broken in the ground state is one of the
peculiar characteristics. If the phase difference at the ground state is O or 7 in the absence
of external magnetic field, the situation is called time reversal symmetry invariance
(TRSI) state. Tanaka and Lin separately studied the time reversal symmetry broken
in the LJJ with two-gap superconductor realizing that the TRSB occurs as a result of
competition between the inter-band Josephson and biquadratic interaction providing very

weak inter-band interaction as compared to intra-band interaction (Tanaka et al., 2010b;
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Lin, 2012). 0 or « relative phase lock situation results from the inter-band Josephson
interaction whereas the biquadratic interaction tends to lock the relative phase to +r/2.
It is claimed that when the inter-band coupling current density J is greater than zero,
the relative phase is locked to O by the Josephson interaction in the S.,-symmetry state
(Tanaka et al., 2010b), otherwise the Josephson interaction will lock the relative phase to
m in the S;_-symmetry state. If the phase difference between two condensates violets
the above mentioned phase-locked situations (i.e. relative phase differs from 0 or ),
then there is the phase frustration in the system leading to the ground state time reversal

symmetry broken (TRSB) as shown in Fig 8.
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Figure 8: (a) Josephson junctions between two-band with S, pairing symmetry and s-wave single-band
superconductors which shows the attractive interaction between condensates and persists the same phase in
the ground state as shown in (b). (c) Josephson junctions between two-band with the S;_ pairing symmetry
and s-wave single-band superconductors having repulsive interaction between condensates 6; and 6;.
Under appropriate conditions, the system is strongly frustrated, resulting in the ground state TRSB, as
shown in (d) (Lin, 2012).

1.12 Rationale of the present work

Among the many properties of the superconductors, Josephson tunneling is one of the
important characteristics. Many works have been done in the conventional Josephson
junction but the long Josephson junction (LJJ) with multi-gap superconductors is the
one in which some important features such as fluxon dynamics, collective oscillation,
interaction among the fluxon, phase frustration, non-linear nature of I-V characteristics,
emission of THz etc. still remain for studying. The study of fluxon dynamics in the
coupled LJJ and in stacked LJJ for some materials like MgB, and iron-pnictides are
the open problem due to the complicated phenomenon involved. Among many two-gap
superconductors, MgB, is the simplest metallic superconductor which has the highest

critical temperature of about 39 K. In LJJ with two gap superconductor, two channels
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for tunneling between the adjacent superconductor (S) layers as well as one interband
channel within each S layer are available for a Cooper pair. Due to this reason, the LJJ
can exhibit unusual phase dynamics. The number of conventional channel and interband
channel will be increased in case of stacked LJJ and the phase dynamics become more
complicated and there may be the possibility of occurring new consequences. After
completion of the present work some of the unusual features such as phase frustration

and I-V characteristics of single and coupled LJJ have been explained.

1.13 Objecitves of the research

The main objective of the present research work is to derive the generalized system of
perturbed sine-Gordon equations for the stack of long Jesephson junction (LLJJ) based on
multi-gap superconductors and apply it for the single and coupled LJJs for studying the
time variation of phase differences (which resemblance the fluxon dynamics) across the

different channels of the junction system.

As the general objectives, the present research work also focused on the phase frustration
leading to time reversal symmetry broken and I-V characteristics in the single and coupled

LJJs by solving the system of perturbed sG equations numerically.

1.14 Organization of the thesis

The thesis of the present work is organized as follow:

Chapter 1 gives the brief introduction about the superconductivity, Josephson junction,
long Josephson junction, sine-Gordon equations, second quantization, MgB,, iron-

pnictides etc.

Chapter 2 presents the thorough literature review in order to focus to the current

research entitled in this thesis.

Chapter 3 presents detailed theoretical development and be ended by deriving the
system of perturbed sine-Gordon equations for a single as well as double (coupled) long
Josephson junction. Some of the theoretical intermezzos will be presented in Appendix
section. The detailed numerical methods and the computational procedures are also

presented in the this chapter.
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Chapter 4 presents all the graphical data obtained from the numerical computation

with the discussions about the physical significance.
Chapter 5 gives the concluding remarks with further recommendation.

Chapter 6 gives the summary of overall works.
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CHAPTER 2

LITERATURE REVIEW

Since the discovery of the superconducting state by Kamerlingh Onnes in 1911, many
physicists worked on the field to develop the theory which describes the superconducting
phenomenon below critical temperature 7,. F. London and H. London have given
the explanation of electrodynamics at the superconducting state and could able to
establish an equation V2B =B / /l% which confirmed the exponential decay of magnetic
field applied parallel to the surface inside the superconductor with London penetration
depth 1.(0) = \/W at T — 0 (London et al., 1935). Below the penetration
depth, the magnetic field vanishes and the bulk of superconductor behaves as perfect
diamagnetic nature. London brothers could also able to establish the temperature
dependent penetration depth using the Gorter-Casimir theory (Gorter et al., 1934)
as A (T) = 2.(0)(1 — T4/Tc4)‘1/ 2. The result was found in close agreement with
experimental results and reflects the Meissner effect. London also made a prediction
that the magnetic flux penetrating a superconductor is in the quantized form in the unit
of h/e called quantum of flux. Later it was pointed out that the quantum of flux is
h/(2e) as suggested by Daever and Fairbank (Deaver ef al., 1961). The penetration
depth strongly affected by the inhomogeneities due to the presence of impurities on
the superconductor. In 1953, Pippard had worked on London theory for its non-local
generalization by assuming the supercurrent at a point to be related to an average of the
vector potential over a region &, around a point of concern (Pippard et al., 1953). &,
was named as Pippard coherence length. For the pure metal, the value of the coherence
length can be calculated as &y = a%’ where a is a constant and v is the Fermi velocity.

Taking / as the mean free path of the electron in the normal state, the ratio [ /£, determine

25



the purity of a superconductor as suggested by Pippard. A superconductor is said to be

clean if [/&y > 1 and it is in the dirty limit if [ /&) < 1.

Ginzburg and Landau proposed another theory as an extension of London theory
to describe spatial variation of condensed electron density, ng, due to the sample
inhomogeneity or magnetic field (Ginzburg et al., 1950). This theory based on the
quantum mechanical approach designing the effective wave function (7), such that,
|y (7)|*> = ns(¥) is the superconducting electron density at position 7.  (7) is treated as
the order parameter which measures the strength of superconducting state of a material at
any position 7. The order parameter varies slowly at the transition temperature (7 = T,)
or near the critical field (H = H.). This theory can be used for the treatment of type II

superconductors when both superconducting and normal phases co-exist. This theory also
h

\2ma(T) ’

where «(T) is the Ginzgburg-Landau coefficient. £(T) becomes the Pippard coherence

helps to obtain the temperature dependent coherence length in the form &(7) =

length for pure superconductor below 7,. The ratio of temperature dependent penetration
length to temperature dependent coherence length i.e. x = A(T")/&(T), is found to be
constant and called GL-parameter. This parameter determines the type of superconductors.
If k of a superconductor is less than 1/V?2, then it is called a type I superconductor and

otherwise, it is of type II.

The microscopic theory of superconductor was first described jointly by Bardeen,
Cooper and Schrieffer, considering the superconducting properties in weakly coupled
superconductors (Bardeen et al., 1957). This theory based on the idea that when an
electron passes its adjacent ion, the lattice polarizes and results the screening of repulsive
forces between them. Due to the lattice polarization, a space of higher positive charge
density will be created. This region will be propagated as the lattice wave carrying
momentum which was previously supplied by the electron. An electron in the region
sees the positive charge and experiences and attractive Coulomb force and absorbs the
momentum (phonon) from the lattice. The situation arrives at which two electrons are
co-related by such phonon exchange. The two electrons are linked leading to a weakly
bound electron pair, mediated by phonon, is called Cooper pair. In 1950, Frohlich
(Frohlich, 1950) predicted that attractive interaction between two electrons could occur

due to the phonon exchange which was confirmed after the discovery of isotope effect

M AT,

“T.AM® where
c

in Hg (Maxwll, 1950; Reynolds et al., 1950), according to which a5, =
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Qiso 18 the isotope coefficient and AT, is the change in critical temperature for the mass
difference AM between the isotopes. For conventional superconductor ajs, = % except
some elements like Zr and Ru for which a5, = 0. The zero isotope coeflicient indicates
the presence of complicated electron band structure. Schafroth suggested that charged
bosons in a superconductor are two-electron states and exhibits all essential features of

the superconductor (Schafroth, 1955).

BCS theory was the first microscopic theory describing the superconductor with weak
electron-phonon coupling and the parameters derived from the theory was in agreement
with experiment except for some metallic superconductors and alloys. McMillan
introduced a coupling constant A such that the superconductor could be classified as
strongly or weakly coupled (McMillan, 1968). The superconductor is said to be strongly
coupled for 4 > 1 and weakly coupled for A < 1. McMillan also found that the coupling
constant A depends on phonon frequency but does not depend on variation in density
of states. Cooper assumed that two electrons have equal and opposite momentum and
spin while they form a bound pair (Cooper, 1956). There exists a repulsive Coulomb
potential between the two electrons while coupling at low temperature in addition to the
phonon interaction potential. The first Coulomb potential is frequency independent and
the second potential depends on frequency as (w? — cué)‘1 with w and w,, are the electron
and phonon frequencies, respectively. The sum of these two potential is termed as the
screening interaction potential V,>(qg, w). At a certain frequency, the negative potential
can exist and the electrons can bind to form a pair. Cooper made an assumption that
Vi = =V for |Ey| < hwp and Vi = 0 for |Ey| > hiwp, wp is the Debye frequency and &
is the electron energy. Applying Born approximation, Cooper determined the scattering
potential which confirm the instability of ground state of a normal metal as a result of
interaction of electron on the opposite side of the Fermi surface. After pairing, two
electrons can have lower energy with wave vector greater than Fermi wave vector i.e.

k>kF.

In order to construct a single wave function of all pairs in compact form, the method of
second quantization (Berazin, 1966; Saxena, 2007; Atland et al., 2014; Kamenev, 2011;
Rammer, 2007; Ryndyk, 2016) can be used. In this method, creation and annihilation
operators are defined. The creation operator C/iT creates an electron with momentum k

and spin T at a given region (or site) or in state (r, T) while the annihilation operator Cy ¢

27



annihilates (destroys) this from the same state. After defining the Cooper pair Hamiltonian
in term of these operators and applying mean-field approximation, Cooper could able to
calculate the temperature dependent gap energy as A(T) ~ 1.74A(0)(1 — T /Tp). In the
bases of BCS theory, the temperature dependent coherence length and penetration depth

take the form as &(7T") = 0.74é0\ (T /(T, —T)) and A.(T) = 0.71A.(0)\T./(T. - T),

respectively.

Giaever used the tunneling technique to investigate the existence of energy gap and its
temperature dependence. He performed the experiment in 1960 and measured the current-
voltage characteristics in the system of normal metal (N) and metal superconductor (S)
separated by oxide insulator (I) (Giaever, 1960b). For the junction system Al/Al,O3/Pb,
he found no current to flow until the potential difference between N and S satisfies
V| > A/e. Giaever also studied tunneling in SIS junction with Al as S, Al,O3 as I and Pb
or Al as S taking the thickness of oxide layer as 15-20 A (Giaever, 1960a). He reported
that M#"T(CO) ~ 4.33, %‘“}?) ~ 3.63 and zig—‘T(co) ~ 3.15. Giaever experiments (Giaever,
1960a; Giaever et al., 1962) confirmed that phonon interaction in lead (Pb) is strong and

suggested for the modification of BCS theory to account for such strong couplings.

Superconductivity in magnesium diboride was first announced on January 10%, 2001
in the Symposium on Transition Metal Oxides (STMO2001) held in Sendai (Japan) by
Jun Akimitsu and co-workers (Koyama University, Tokyo) with critical temperature of
T, = 39 K. They could able to publish their finding two months later the event (Nagamutsu
et al., 2001). Its unit cell is in hexagonal shape with lattice parameters a = b = 3.096A
and ¢ = 3.524A. MgB, has a simple crystal structure with boron atoms are graphite-like
layered with Mg atoms at the center of the hexagonal cells formed by the boron structure.
MgB; is found to be having highest critical temperature among the non-cuprate (non
copper based) superconductors and highest 7. among the inter-metallic superconductors
known up to now. The previous highest 7, was reported for the metallic superconductor
Nb,Ge with 7, = 23.2 K. MgB,, as a simple structure metallic superconductor, can be a
potential candidate in power application due to low cost production, ease of fabrication
and metalworking for manufacturing the various kind of superconductor related devices.
Bud’ko studied the isotope effect of MgB, for two isotopes (!'B and '°B) of boron atom
and found the deviation of critical temperature by 1.0 K (Bud’ko et al., 2001a). The boron

isotope coefficient was observed as ap = 0.26 which suggested that superconductivity
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in MgB, is driven by a phonon mediated BCS mechanism. That was further confirmed
by neutron scattering studies (Osborn et al., 2001; Yildirim et al., 2001). But there are
many experimental results like energy gap value that lack the appropriate theoretical
explanation. Although it is simpler than other high temperature superconductors, it also
has a layer structure and shows the anisotropic effect like cuprate superconductor. The
anisotropy ratio varies from 1.1 to 9.0 (Handstein et al., 2001; de Lima et al., 2001b,a;
Kim ez al., 2002; Pathak et al., 2001; Xu et al., 2001; Lee et al., 2001). The energy gap
arises due to either anisotropic s-wave or possession of two different gap values in two
different directions (Placenik et al., 2002; Seneor et al., 2001; Giubileo et al., 2001).
Many methods have been incorporated for investigating the energy gap such as Raman
spectroscopy (Chen et al., 2001; Quilty et al., 2002), far infrared transmission (Kaindl
et al., 2001; Jung et al., 2002; Gorshunov et al., 2001), specific heat (Bouquet et al.,
2001; Wang et al., 2001; Bauer et al., 2001), high resolution photoemission (Takahashi
et al., 2001), tunneling (Placenik et al., 2002; Seneor et al., 2001; Giubileo et al., 2001;
Szabo et al., 2001; Giubileo et al., 2002; Laube et al., 2001; Rubio-Bollinger et al.,
2001; Karapetrov et al., 2001; Schmidt et al., 2001; Zhang et al., 2001; Gonnelli et al.,
2002c,b,a), scanning tunneling microscope (Giubileo et al., 2001; Rubio-Bollinger ef al.,
2001; Karapetrov et al., 2001; Iavarone et al., 2002; Suderow et al., 2002; Xu et al.,
2002), point contact (Szabo et al., 2001; Schmidt et al., 2001; Gonnelli et al., 2002b;
Kohen et al., 2001; Laube et al., 2001; Bugoslavsky et al., 2002; Gonnelli et al., 2002a;
Lee et al., 2002) and planar tunneling junction (Mohamed ef al., 2002; Saito et al., 2002;
Schmidt et al., 2003). The energy gaps values are reported as A = 2.8 meV and Ay = 7.5
meV by the many experimental researchers (Seneor et al., 2001; Szabo et al., 2001;

Karapetrov et al., 2001).

Although, MgB, has the similar electronic structure as graphite (An et al., 2001; Mazin
et al., 2003; Belashchenko et al., 2001; Kortus et al., 2001), there are vast differences in
the context of superconducting parameters. There are two three-dimensional metallic
m-bands contributed by the boron p, orbital. Among these two bands, one is electron
type and the other hole type. The covalent p,, orbital forms two o-bands which are
deep below the Fermi level in graphite whereas these bands cross the Fermi level in
case of MgB, (Eisterer, 2007). There occurs the transferring of the charges from o - to

m-band and holes can appear in o-band (An et al., 2001). The o-bands can exhibit the
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covalent nature which is a strange feature of MgB, (Mazin et al., 2003). The energy
gap corresponds to w-band is about 2 meV and that of corresponds to o--band is about
7.5 meV (Mazin et al., 2003). GL theory can be applied for such a two-band system by
considering GL free energy functional as the sum of two single-bands GL functional
with different order parameters and a Josephson coupling term (Zhitomirsky et al., 2004).
The two-band system can be treated as two coupled (single-band) model superconductors.
It has experimentally confirmed for MgB, that superconductivity appears always in both
bands simultaneously due to the finite inter-band coupling. The gaps are found to be very
close to each other at the same transition temperature (Giubileo et al., 2001; Bugoslavsky
et al., 2002; Gonnelli et al., 2002b; lavarone et al., 2002; Tsuda et al., 2001; Daghero
et al., 2003; Gonnelli et al., 2003) and they are detected up to the upper critical field
(Bugoslavsky et al., 2004). The superconducting in the 7-band is suppressed significantly
so that it is hard to detect it at higher magnetic fields (Bouquet et al., 2001; Gonnelli et al.,
2002b; Szabo et al., 2001; Daghero et al., 2003). MgB, exhibits the unconventional

vertex structure due to the presence of two gaps (Gallitto et al., 2004)

The superconductivity in MgB, is supposed to be the contribution of boron layers (Choi
et al., 2002). MgB, is a brittle material like HTS materials the polycrystal of which
has a grain size of 10 nm-10 um (Jin et al., 2001; Larbalestier et al., 2001; Hata et al.,
2006). MgB, has lower anisotropy of about 1.5-5 (de Lima et al., 2001b) as compared to
the other high 7, superconductors. The coherence length of MgB, is about 3.7-12 nm
and the penetration depth is about 85-180 nm with GL parameter 10-70 at absolute zero
(Finnemore et al., 2001). Due to the large coherence length as compared to inter-atomic
spacing, the weak link is suppressed in MgB,. The T, of MgB; is nearly double the
practically using superconductor Nb3Sn and four times that of NbTi. The normal state
conductivity of MgB, is much higher than that of other superconductors. In the pure
MgB; the lower critical field B, (0) is less than 50 mT (Takano et al., 2001) and upper
critical field B.>(0) 15-40 T and irreversibility field at 4.2 K is 12 T (Finnemore et al.,
2001; Canfield et al., 2001; Takano et al., 2001; Bud’ko et al., 2001b). The upper critical
field can be increased by doping SiC and recorded up to 33 T (Sumption et al., 2005).
The density of MgB, is 2.5 g-cm™ which much lower than other superconductors so it is

suitable for lightweight applications.

The specific heat measurement confirmed that around 55% of the density of state (Ny)
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comes from the m-band DOS and 45% from the o-band DOS (Bouquet et al., 2001).
Mazin suggested that main ingredient of electron transport in MgB, is due to the interband
impurity scattering (Mazin et al., 2003). The interband impurity scattering is small in the
o-band as compared to that of in the 7-band whereas the phonon scattering is stronger in

o-band than in 7-band.

Gurevich studied the anomalous effect of two-gap superconductivity in MgB, using the
Usadel equation as the function of gap energy (Gurevich, 2003). He also calculated
the interband phase texture (7, r) by considering the free energy with the contribution
of GL intra-band part and inter-band energy. By minimizing the free energy he could
able to establish the static sine-Gordon equation L§V29 = sign(—7y) sin 6, with Ly as the
decay length and vy as the interband coupling parameter. The equation has the single-
soliton similar to the vortex solution in long Josephson contact. These #-solitons do not
carry magnetic flux and therefore do not interact with magnetic field and supercurrent.
Therefore, they are not similar to the Josephson vertices. They are driven by the

non-equilibrium charge density presents in the normal electrodes.

Recently, many researchers are in race to discover the materials which are capable of
exhibiting superconductivity at operating temperature above 273 K. These materials are
called room-temperature superconductors. At atmospheric pressure, the copper based
superconductors (cuprates) have shown the superconductivity at temperature as high as
138 K (Dai et al., 1995). In 2007, a group of researchers published a results suggesting
the superconductivity in palladiam hydride (PdHy:x>1) can be seen at about 260 K
(Tripodi et al., 2007) but this work has not been corroborated by other groups. In 2012,
a graphite powder treated with pure water has been reported as a superconductor at
temperature as high as 300 K and above (Scheike et al., 2012) but the material is unable
to clearly exhibit some properties like Meissner phase. In 2015, a breakthrough in high
temperature superconductivity has been achieved by the discovery of superconductivity
in H,>S under the extremely high pressure at around 1.5 million times of atmospheric
pressure in a diamond anvil cell. At this pressure, H,S transits to H3S and exhibits the
superconductivity with critical temperature of about 203 K (Ge et al., 2016). This finding
leads the researcher to do work on the hydride based material at elevated pressure to
examine for superconductivity at room temperature. In 2019, lanthanium decahydride

(Lhjg) is found as the superconductor with highest transition temperature at about 250 K
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under the pressure of about 200 GPa (Somayazulu et al., 2019; Drozdov et al., 2019).
In October 2020, a carbonaceous sulfur hydride has been reported as the material with
room-temperature superconductor at 15 °C under very high pressure (267 GPa) triggered

into crystallization by green laser (Snider et al., 2020).

H. Asai and coworkers studied the interband phase fluctuation in microscopic quantum
tunneling (MQT) for a multi-gap hetero-junction by deriving the effective Lagrangian
density in term of interband and intra-band phase differences (Asai et al., 2014). The
Lagrangian density was found to be similar to that of Caldeira-Leggett model for
dissipative quantum tunneling (Caldeira et al., 1983). They concluded that the quantum
tunneling can be enhanced by lowering the tunneling barrier height and the tunneling can

be separated by quantum friction.

There are four channels for Cooper pair tunneling in a single junction LJJ based on
two-gap superconductor. Among these four channels, two of them are interband tunneling
and remaining two are intra-band tunneling channels. In addition to these tunneling
channels, there exists the interband coupling in the same layer which also results the
interband phase difference due to such coupling (Kim et al., 2012). The tunneling
phenomena and properties for the two-gap superconductor like MgB, are quite different
as compared to the conventional one-gap superconductors. For a particular Cooper pair
order parameter at a given band of a layer, there are two channels for tunneling: one
possibility is the tunneling between two s-band of adjacent layers and the other is the

tunneling from s-band of a layer to d-band of adjacent layer.

The superconductor order parameter plays important roles in the phase dynamics of a LJJ.
According to Ota and his coworkers, the Josephson current across the grain boundaries
as well as current-voltage (I-V) characteristics of the multi-gap superconductors are
affected by gap symmetry (Ota et al., 2009; Koyama et al., 2010b). There are two types
of pairing symmetries, (S++ and S;_), in two-gap superconductors. S, pairing symmetry
occurs when two s-wave pseudo-order parameters have the same phase in o- and 7-bands
resulting zero-phase locked between the electron and holes. When two bands have the
order parameters with opposite phases resulting the m-phase locked between electron
and hole, then the pairing symmetry is named as S,_. There exists the fluctuation in

the locked state of the two condensates. For the small fluctuation of the phase locked
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state, the interband Josephson effect produces the collective excitation (Leggett, 1966).
There are two small phase oscillations mode namely, in-phase and out-of-phase, in
multi-gap superconductors. The in-phase mode is called the Josephson phase mode and
out-of-phase mode is called Josephson-Leggett mode. The Josephson-Leggett mode in
MgB, was observed by Blumerg and coworkers using Raman scattering (Dahm, 2005).
The total energy of the two-gap superconductors depends on the relative phase of the two
condensates and the relative density of electrons. Due to this reason, the phase dynamics
of a LJJ are affected by the Josephson-Leggett mode as suggested by the theoretical

research on a hetero-Josephson junction.

There might be a large fluctuation in the phase-locked state. The amplitude of critical
current density can be changed by the excitation of a soliton when the amplitude of
relative phase fluctuation grows to non-linear region and becomes stable there (Tanaka,
2001). The growing phase fluctuation can produce a 27r-phase texture as a soliton-shaped
phase difference between the two condensates stable (Ota et al., 2009, 2011a). The
excitation of soliton represents the phase fluctuation due to interband Josephson effect

which is the important feature of multi-gap superconductors.

Using GL theory, Kuplevakhsky and coworkers described the soliton state in two-gap
superconductors in mesoscopic thin-walled cylinders under the application of external
magnetic field (Kuplevakhsky et al., 1997). A soliton does not carry magnetic flux but it
can carry a fraction of flux quantum at a situation for which one end of the soliton wall
is truncated by the fractional vortex while the other end is attached to the sample edge
(Tanaka, 2002). These fractional vortices can be observed in multi-gap superconductors

using magnetic force and scanning Hall probe microscopy (Tanaka et al., 2010a).

A Josephson vortex (i.e. fluxon) appears when the Cooper pairs tunnel between two
superconductors through the junction, whereas solitons are generated due to the interaction
between the particles within the same superconductor. A fluxon has one unit of magnetic
flux quantum (@), but a soliton does not carry any magnetic flux. However, a non-
equilibrium charge density or sufficiently strong superconducting current can form and
drive a soliton. The spontaneous appearance of soliton like phase texture indicates the
break down of phase-locked state that can be obtained under the application of current

density greater than its critical value along the superconducting layer (Gurevich et al.,
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2006). A soliton may change the phase dynamics of a L.JJ inducing a critical current
density modulation when the 2rr-phase texture exists in each superconducting layer (Kim
etal.,2012). A moving fluxon can emit electromagnetic waves as its speed varies due
to the bias current above its threshold value (Ota et al., 2011b; Tanaka et al., 2010a;
Gurevich et al., 2006; McLaughlin et al., 1978; Eckern et al., 1984; Kim et al., 2012).

A theoretical model was proposed for describing phase and charge dynamics in intrinsic
LJJ stacks by the author cited as (Machida et al., 2000) starting from the BCS Hamiltonian
and following various steps of quantum mechanical path integral formalism and accounting
for the low energy fluctuation in the very thin superconducting layers, Machida and
coworkers could able to derive effective Lagrangian density of the system. The Lagrangian
density is further minimized using Euler-Lagrange equation for relevant variable and

then the system of equations for the relative phase have been derived.

Fluxon dynamics in the stacks of long Josephson junction based on one-gap supercon-
ductors have been studied by the authors cited as (Kleiner et al., 1994, 2000, 2001) in
the zero magnetic field and later on they extended the same work in the presence of the
magnetic field. They observed the multiple branches of I-V characteristics in the zero
magnetic field. They also predicted that a large number of junctions can be phase locked
in large magnetic field via Fiske resonances excited in all junction. It has also been
observed that a large variety of fluxon and anti-fluxon modes, involving the excitation of

the collective Josephson plasma oscillations or cavity resonances.
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CHAPTER 3

MATERIALS AND METHODS

The aim of this Chapter is to derive the system of perturbed sine-Gordon equations
in the generalized form applicable for a stack of long Josephson junctions based on
multi-gap superconductors. The starting procedure is to define the microscopic BCS
Hamiltonian of the system in terms of creation and annihilation fermionic operators.
The steps are followed by writing the quantum mechanical partition function in terms
of the model Hamiltonian. The various intermediate steps are implemented in order to
reach the point of effective Lagrangian density. The Lagrangian density is minimized by
using Euler-Lagrange equation of motion to derive the generalized system of perturbed
sine-Gordon equation for phase differences between the consecutive superconducting
layers. The equations are then applied for single and double (coupled) L1Js for giving
rise up the various physical characteristics of the junction system through numerical

computation.

3.1 Microscopic BCS Hamiltonian of the system of stacked LJJ

based on multi-gap superconductor

The total Hamiltonian of the system comprises the free Hamiltonian (Hfee), pairing
Hamiltonian (Hp,jr) and tunneling Hamiltonian (Hr) (Sharapov et al., 2002; Kim et al.,
2012; Simanek, 1994; Atland et al., 2014; Chimouriya et al., 2017) i.e.

H= Hfree+Hpair+HT (3.1)
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3.1.1 Free Hamiltonian

Each site of a multi-band superconducting layer represented by a layer index / (or /") and
band index i (or i) at a given time consists of formions with spin up (T) and spin down

(). The total free (non-interacting) Hamiltonian of this site is defined as

- 1 . 2 [ -
Hiee = ) / &, (7,7) [—(th +eA) 4 eAY| CLio(FT) (32)
, oh 2m
Li,o
where, C;i (7> 7), is the creation operator for a Fermion of spin o~ = (7 or |) with the
position vector 7 at imaginary time 7 = —it with i = V-1 as the imaginary number.
Similarly, C;; (7, 7)) is the corresponding annihilation operator for the fermion. These
(F,7)

creates a fermion with spin o~ at the given site (7, 7) of a layer / with band i and C;; - (¥, )

operators are the function of spatial coordinate 7 and imaginary time 7 = —it. C;l. -
destroys the fermion from there. C ; ;o (7> 7) and Cy; (¥, 7) have the dimension of inverse
square root of volume (i.e. m~3/%) in a domain of total volume Q of the system. f_f; and
A?i are the magnetic vector potential and electric scalar potential respectively and are of
function of position vector (7) only. e is the electronic charge and m is the mass of an

electron. The operator —iiV — eg; is called the canonical momentum operator.

3.1.2 Pairing Hamiltonian

When two electron are so closed to each other with the region of screening, they can
interact through the mediation of phonon i.e lattice vibration. The pairing of any two
fermions with opposite spins is possible due to short or long range phonon mediated
attractive coupling. After the pairing process, the fermionic nature of particle will destroy
and the new bosonic particle forms which is called the Cooper pair (Bardeen et al., 1957).
For a conventional one-gap superconductor, the pairing is possible only between two
fermions of spin up and spin down. The pairing Hamiltonian in this case is (Tempere
etal.,2012)

Hpsir = — / d3rVC; (7, T)CI(?, 7)C\(F, 7)C1(F, 7) (3.3)

where V is the coupling strength with dimension of energy (Jm?). In spite of using a
complicated interaction potential, a contact pseudo-potential Vpse, (7) = VI(7) has been

used and adapted its strength such that the model potential has the same s-wave scattering
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length (ay) as the true potential. The scattering length can be tuned appropriately by
using Feshbach resonance (Feshbach, 1958). In this resonance, the energy of two atoms
scattering in an open channel coincides with the energy of a bound state in a closed
channel. The value and sign of scattering length determines the condition for BCS type of
interaction or Bose-Einstein condensation (BEC). For the negative scattering length, the
BCS scenario is expected to hold whereas the positive scattering length declares that the
bound pair are condensed. Therefore, for the good approximation, the scattering length
is chosen as —1 < (krag)~' < 1 (with kp the Fermi wave vector) (Holland et al., 2001).
The expression for the re-normalized coupling strength, V, up to the second order can be

derived using Lippmann-Schwinger equation as (Pethick et al., 2008; Stoof et al., 2009)

1 . m dk m
V  4xh2a, (27)3 h2k>

(3.4)

For a stack of one-gap superconductor, the pairing process may occur between two
different fermions of same layer (intra-layer pairing) and that of between two consecutive

different layers (inter-layer pairing). The total pairing Hamiltonian in this case is

HPair = - Z / dSer,l’CZT(?’ T)C[T,l(?’ T)Cl’,l(7’ T)Cl’,T(7’ T) (35)

LI
where, [(l’) is the layer index, [ = I’ for intra-layer pairing and [ # [’ for inter layer
pairing. In the case of multi-gap layered superconductor, the pairing takes place between
two fermions of same band (intra-band pairing) and that of between two different bands

(inter-band pairing). The total pairing Hamiltonian in this case is
Hpaie == ) / &Irv ClL (7 Cl (7 1) Co (Fo1) Cop (7o 7) (3.6)

where, i and i’ are band indices (for two-gap superconductor having s- and d-bands
i or i’ is equal to s,d). i = i’ refers intra-band pairing and i # i’ refers inter-band
pairing. Similarly, for stack of multi-gap superconducting junction system, the pairing

Hamiltonian is given as

Hpair = ) / v}y, ¢l (F o)) (Fa)Crp (R0 Crip(For) BT

LU
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For [ =1’ and i = ¢, pairing is intra-layer and intra-band, for [ # [’ and i = i’, the pairing
is inter-layer and intra-band, for / = /"’ and i # i’, the pairing is intra-layer and inter-band,
for [ # I’ and i # i, the pairing is inter-layer and inter-band. Vlll' is the interaction
coupling strength solely depends on the scattering length for the given layer and band.
For the homogeneous superconducting layers the scattering length depends only on the s-

and d-bands.

3.1.3 Tunnel Hamiltonian

Consider a conventional Josephson junction of one-gap superconductors separated by
an insulator junction, (SIS), system. The Cooper pairs break up into their fermionic
constituents as they reach the boundary of insulator and superconductor. The tunneling
process of the fermions have been taken place. After tunneling, they reach to the next
superconductor layer. The pairing process between the fermions occurs there and the
Cooper pairs reform. The tunnel Hamiltonian for the fermions during tunneling is defined

as
_ 3 T - - % T N N
Hr =) / &1 |[TiaC] (7, 1) Cor (7, 1) + T3, €L (7 1) 1o (7 7) (3.8)
o

The pair of operators in the first term of Equation (3.8) infers that a fermion of spin o
destroys in the second layer and creates in the first layer and the pair of operators in the
second term infers vice-versa of that. The summation is taken over the spin index o. 777
is the tunnel strength with dimension of energy. The tunneling strength depends on the
nature of the insulating material and geometry of the junction system. For the stack of

LJJ based on one-gap superconductors, the tunnel Hamiltonian is given by
_ 3 Poon > e T -
HT - Z / d r I:’Tl,l+lcl,o-(r’ T)Cl+],0'(r’ T) + Tvl-{-l,lcl_*_l’a-(r, T)CI,O'(r, T) (39)
Lo

Using the same token, the tunnel Hamiltonian for the stack of LJJ based on two-gap

superconductors separated by the insulating material as the junction is

HT = Z / d3r I:Ti’i/ CT (7’ T)Cl+],i’,0'(7’ T) + T*il’iCT (F» T)Cl,i,(T(?’ T) (3'10)

- Li+1 ™ Li, o 41,17 1+1,i 0
LU.,i,i",o
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3.2 Action functional

The statistical process in quantum mechanics rests on two axioms:

Axiom I The amplitude of any process is a weighted sum of amplitude of all possible
possibilities for the process to occur. For example, the amplitude for a particle to
go from a starting point A to a final point B is a weighted sum of the amplitude of

all paths that the particle can take to get to B from A.

Axiom II The weight in classical mechanics is defined by the complex value exp(iS/#),
where S is the action functional. For example, each path ¢ (7, t) that the particle
can take to go from A to B gets a weight exp (i W) The quantum statistical
averages are expressed as the same weighted averages but the weight is a real value

exp(—S/n) and the path is taken in imaginary time scale 7 = —ir.

Upon based on these axioms, the action functional is defined as

S:/Ldt (3.11)

where L is the Lagrangian given as

L:/d3r£ (3.12)

with £ as the Lagrangian density. In terms of total Hamiltonian, the action function is

defined as (Sharapov et al., 2002; Kleiner et al., 2000; Lin, 2012; Kim et al., 2012)

np ) 0
_ 3 T > . . = —
S _/0 dr[(/ d rz cl (7 T)haTc,,,,(,(r,r)) +H ,uN] (3.13)

Li,o

1

where, u is the chemical potential, and N is the total particle number, 5 = T with
B

kp as the Boltzmann constant and 7 as the absolute temperature. uN can be written in

terms of field operators as (Sharapov et al., 2002; Tempere et al., 2012; Simanek, 1994)

UN = Z/d3r'u§,0'ClT,i,(r(?’ T)Cl,i,o-(?, T) (3.14)

Li,o
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Using Equation (3.1), (3.13) and (3.14), we get the action functional as

"B o
S:/O dT[(/ derClT,i,a'(r’T) (hg—,u;,(,) Cl,i,o-(raT))

Li,o

+ Hfyee + Hpair + Hr | (3.15)

Substituting the general expressions for Hfyee, Hpair and Hr in above equation, the action

functional becomes

" 3 i = 0 1. A2 0i i =
S = 5 dr | d’r Z Cl’l.’(r(r,T) h% + %(th+eAl) +eA; — 1. o) | Cri,o (7, 7)

Li,o

Stree

hp .,
+ /0 dr [ @1 Y V] (. )Cr s (o) g (o)

LU’

Spair

g
+ / dr / & . [Y}i’;;lc;r[O_(F,T)CHL,'/,(,-(?,T)+h.C. (3.16)

0 Lii"o

St

Now the partition function of the system is

Z= / DICT, C] exp (—%) = / DICT, C] exp (—% _ Spair _ &) (3.17)

Here, C is a column vector with elements C;; - (7, T) and C" is a row vector with elements
CZTI. (7, 7) and f D[CT, C] represents the product of all integrals over the elements of
CTand C.

3.3 Hubbard-Stratonovich transformation

The action functional associated to the pair Hamiltonian is in quartic form of four fermionic
fields. In order to reduce this quartic form, the Hubbard-Stratonovich transformation
(HST) has been used (Hubbard, 1959; Stratonovich, 1958; Hoa et al., 2014; Kleinert,
2004). For the ease of derivation, the gauge transformations h;—T + eA?i — hi and

ot
ihV + e A} — iV are applied for gauge invariance fields A} and AY'. Hence the partition

40



function of (3.17) can be rewritten as

+ = d h* 2 i =
I G |h 5=V =1y o | CLio (7, 7)
1,00

1 "8
Z:fZ)[CT,C] exp{—%o/drfd% pol .

- Y VEC (FOC, o) Crin (1) Cr g (7o)

N
i’ At = > i it > >
+ Z (T'l,l+1Cl,i,O'(r’ T)Cl+1,i’,0'(r9 T) + T'l+1,lCl+l,i/,O'(r’ T)Cl,i,()'(r’ T))]} (318)
Li,i’ o
Let’s define the pairing operator P;;(7, 1) = Cp; | (7, 7)Cp;1(F, T)
and PL(?, T) = ClT,i,T(F’ T)CZLL(?’ 7). Then

2 .y T - T N N N i o K
>ovicl FC R Crp () Crig (o) = ) VP Pry = PTVP
LI i’ LI i’
where P is a row vector containing P,Tl.(F, 7) as the elements and P is a column vector
with elements P;;(7, 7). V is a square matrix of dimension Ny N; X Ny N; where Ny, is the
total number of bands in each layer and Nj is the total number of superconducting layers

in the junction system. Hubbard-Stratonovich transformation is defined as (Simanek,

1994; Atland et al., 2014)

np
exp /dr'/dz’rPTVP
0
ng
:/@[A,A] exp —/dT/d3r [A(V'HA+AP+PTA]| (3.19)
0

Here, A(A) are the new fields which are bosonic in nature. A is a row vector containing
the elements A ; (7, 7) and A is a column vector containing the elements A;;(7, 7). The
transformation defined by equation (3.19) is also called bosonization. Using this relation

the partition function becomes

o= [ o5 [ oiccreaf L [ [

o7 9 n 2 i =
ZCl,i,a(r’T) hE—EV M Crio(7,7)

Li,o
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+ 3 BV Ay + B Cli (7,0 Clig (o) + Ay (R0 C (o0

LU’

) (T,i’;';lcz,.,cﬁ,T)C1+1,l-/,o-<?,r)+T,i’}f',cgl,,.,,(,(aT>cz,l-,o-<7,r))]} (3.20)

Lii"o

3.4 Nambu notation

The combination of a spin up and a spin down fermionic fields of a given band and a
given layer is expressed in terms of spinors, and called Nambu notation. This notation
plays the important role in the field theory by introducing the inverse Green’s function
(Curtright et al., 2003; Nambu, 1973). The Nambu spinors in terms of creation and

annihilation operators are defined as

Crir(F,7)
GRS E and y! (F,7) =

CZL G%)

ClT,i,T(F’ ) Cuiy (7, T)) (3.21)

In terms of these Nambu spinor, we can write

Pon o " o, ,
ch’w(rﬁ) hg—%v ~ Mo | Clio(F,7)
Li,o

+ 3 (B1iCuiy (7.0 CLig (7, 1) + Al (R0 C (7.0
i

= > U], (F.0)Go) i (F.r) (3.22)
L,i

where
2
hi — h_vz _ /J;T Al,l
Goli=| 97 m ’ ) (3.23)
” - 0 h .
Ar h—+ —V%+ul
: ot 2m Hiy

To obtain Equation (3.22), we have used the rules for interchanging the fermionic fields
(Grassmann variables) across the derivatives. For the two fermionic fields ¢ and ,
which are anti-commute i.e. ¥y = —yy T, the integral over them reads [ dy =0 and
f wdy = 1. These properties lead that there is no sign change when the two Grassmann
variables are interchanged across the odd derivatives and there is change of sign when they

are interchanged across the even derivatives (e.g. ¥ 0;¢ = Yau ", ¥ 0ty = =02y

42



and similar operation holds for V). G % ; is the inverse Green’s function in the matrix

representation over the spin index. Now, the partition function reduces to

z:/@[A,A]/z)[w,w]/z)[cic*] exp{—% /hﬁdr/d3r[A(V'l)A
0

T o1 ii’ -~ = =
+ Dl Gatnet (11l 7.0t 7o
Li

Li,i’ o

+ T C L (R0 Clig (F, r))] } (3.24)

Again
ii’ T - - *i' 0~ > -
Z (Tl,l+1 Cl,w(r, T)Cly1,ir.0(F, T) + Tl+1,lCl+1,i’,o-(r’ 7)Crio (7, T))
Lii’,or
i’ o= - ¥ -
=> [T,,,:1 (€)1 (P D) Crving 1) + €, (R 1) iy (o)
Lii’
wi'i [ ~t > = f - o
+ Tl+1,1 (Cl+1,i’,T(r’ T)Cl,i,T(ra T) + Cl+1,i’,l(r’ T)Cl,i,l(ra T))]
— Al ) T ol
- Z [l/’l,iTl,lHl//“U' i T Y (3.25)
Lii’
where
i’ s’ i
NG Tvl,l+1 0 Asi’ i Tvl+1,l 0
1) = and 7)./, = (3.26)
i I
0 Ty 0 Ty

Hence, the partition function further reduces to

np
Z:/@[A,A]/D[w,w] exp{—%/dT/d3rlA(V_l)A+ZI/ILG(;}JI//U
0 Li

o3 Wit + vl A || 020

Lii’

Up to now, we are able to express the partition function in terms of bosonic fields A;; (7, )

and Nambu spinors ¢ (7, 7) and ¢ (7, 7).
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3.5 Introducing the phase factor

Here, all the fermionic fields and bosonic fields are complex. Hence, they can be written

in terms of phase angle (7, ) as

0L (7,0)/2 0
Y (F,7) = Y (7, 1) and  A(F 1) = A (F, 1) 0
0 e—ie]i(7,T)/2

(3.28)
After this transformation, the bosonic and fermionic fields only represent the amplitude
functional. We have to be noticed that all the fields after this transformation are real but
still the function of 7 and 7. After completing some mathematical operation as mentioned

in the Appendix A, the partition function becomes

n 1 ; i (61
Z:fD[A, A]fD[WT,l//] eXp{—ﬁodefaGr[ D Al,i(v_l)l:l,Al’,i’e_l(‘)l»l_gl’,i’)

LU,i,i’

T (-1 T pid’ T i
+ Z lﬁl,i (G(),[,,' + Fli) wl,i + Z (wl,i]}71+1wl+l,i/ + wl+1,i’7}+l,lwl’i)]} (329)
1 i
where

i o5 (011, =01,0)
Tl,l+le2 R 0

/\l"l'/

LI+1 — (3.30)

_7i" o= (011, =010)
0 YR IEN

3.6 Transformation to the reciprocal space

The goal of this section is to rewrite the partition function of Equation (3.29) in reciprocal
space i.e. wave vector-frequency space. For this purpose, we use the Fourier transform

for the fermionic fields C;; (7, 7) as well as bosonic fields A;; (7, 7) as

1 T T
Ciig(F, 7) = —= > e ™7y (K, n) (3.31a)
\/ﬁ k.n
cl (#,7)= L jwnr-ik7 (k,n) (3.31b)
lic\"° \/ﬁ lic ’
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for fermionic fields and

Al,i(7, T) — Z e—ime+ié'?q)li(E]>, m) (3310)
q.m

Ri(F7) = ) €078y (G, m) (3.31d)
q,m

for bosonic fields. The Fourier transformed bosonic fields ®;; still has the dimension
of energy and the transformed fermionic fields c¢;; are dimensionless. The following

properties of delta-function are also used.

np
1 . ,— . ",_“ 7 - -
750 / dt / dPre i Ow =) THK =T — s} _ [, (3.32)
0
and
1 . N T (2 .
iwy (t=7")+ik-(F-r’) _ = _ _
—hm;;e =6(F-)(r - 1) (3.33)

where, w,, is called the Matshubara frequency (Matsubara, 1955; Wu et al., 2019) given

by
2 1
(nh;)ﬂ for fermions
w, = B (3.34)
2nm
—_— for bosons
hp

It is assumed that the phase factor 6;; and its derivatives do not take part in the
transformation (Simanek, 1994; Atland et al., 2014; Sharapov et al., 2002). Defining the

Nambu spinor in the reciprocal space as

N CliT(l_{)’ I’l) N . R
nii(k,n) = . and n,; = C;LiT(k’ n) Clil(k, n) (3.35)
Clil(k’ n)

and using the Equations (B.6), (B.7), (B.8) and (B.9) mentioned in Appendix B, we can

write

hg
[ar [ @ oGiun@.o=n 3, ol GnGolm@n) 336
0

k.n,k’,n’
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where the inverse Green’s function G(;lli is 2 X 2 matrix in reciprocal space and given by

(<inpuwn -+ Bec = By ) 6k = )6 pu(k+ R m+1)

Gy = (3.37)
ﬁd_)l,-(lz + lg’, n+n') (ih,Bwn — Bek +ﬁ,uj l) 6(12 - E’)énn’
where
nk?
€ = —— (3.38)
2m

is the free energy of a fermion. By the Equation (3.37), the newly obtained Green’s
function is completely gets ride of its operator version of G, lli' It gives the opportunity to
take determinant, inverse, etc. of newly defined inverse Green’s function G_6115' Every

element of this inverse Green’s function is dimensionless. Again

hB
[ar [ @l ommwn.o =0 Y nEn Fun (.39
0 k.n

with

. 1 O - 10
_ ihB oo, ph? ,  Bh*- iBh* _,
Fj=|——+—(V0;)) "+ —k - Vo — | —V-4; 3.40
! [ 2 Ot Sm( 1) 2m ! 4dm ! ( )
0 -1 01
also
g
/d‘r/d3r (w;:.(?,T)Tlifl/+1l//1+1,i'(7,T)+lﬁjﬂ,i/(?,T)ﬁjﬁll//li(ﬂﬂ)
0
=1 (n;(k,n)T;,’{HmH,I-f(k,n) + n,THJ,(k,n)ﬂ’fi{lnzi(k,n)) (3.41)
k,n
with
i 5 (O41.—01)
i _ BT}, €2 0 310
Li+1 — ' ( : )
0 _ﬁTl’l’;] e~ 3 Oir=010)
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Using Equations (B.5), (3.36), (3.39) and (3.41) the partition function in reciprocal space

can be written as

2= [ Dia.0) [ Dt mee|-; |10, Y Su@mo e @.mx

q.m Llii’

Ot NN (K, )Gl (R, ')+ 1 Y gt (K, m) Faimi (K, )

k.nk’.n’ i k.an Li
1y 3 (b G e o) + 0] (BT (R, n))]} (3.43)

ko Lii’

3.7 Saddle-point approximation

Here, the path-integral over the bosonic fields ®; is so difficult and almost impossible
analytically. In order to tackle this difficulty, a simple approximation can be made in
which all the bosonic fields ®;;(g, m) and ®;;(§, m) are condensed in the state § = 0,

m = 0 state and the two pair fields as

D;;(g,m) = D016 (§)0m,0 (3.44)

Dy (g, m) = Ay;6(§)0m,0 (3.45)
where Ag;; still has the unit of energy and constant for the path-integral process. Now
D @G, m)(Vi D (G, m)
q,m
=" A6 (@m0 (V)5 Ao
q,m

= A5, (V)i Ao (3.46)
and

Z CD[,'(]_() + ];’, n+ n/)C;fl.T(]_C), n)cjil(]:/’ n’)

k.n,k’,n’

= D Dok +K)Spwochy (K, )l (K, ')
k,n,k’,n’

= > Aoic) (K, me (=, —n) (3.47)
k,n

47



and

Z By (kk + k', n+n')eyy (k, n)eip (K, n')

k,n,k’.n’

= Z A?)z,'é(l—<> + E’)5n+n/,oclil(l_€), n)CliT(lg’, n')
k.n,k’,n’

- Z Ay iy (=K', =) epg (k' n')
k’.n’

= Z Agliclil(_l_é’ —H)Cm(/;, n) (3.48)
k,n

Re-defining the Nambu spinor as

‘o ciip (k. n) ‘o R R
n,;(k,n) = and 17, (k, n) = c}:.T(k,n) ciif(—k,—n) (3.49)
ClTiL(_k’_n)

and using relations (3.46), (3.47) & (3.48), the partition function (3.43) reduces to

1 * —1yii’ —i i—0Oprir
Z:/D[HT’U] eXp{—%[hﬁQ Z AO[i(V l)ll/A()l’l"e (61 0[1)

LUt

wh Y > mkom) (Gat+ Fir) ma(km)

kn Li

0 3 (i Eom T s o) B T o) [ 350

k.n Lii’

with new inverse Green’s function

W k> .
_ _ihﬁwn + l82— - ﬁﬂ;’T ﬁAOIi
Goii = m - (3.51)
* . lBh i
ﬁAOli _lhﬁa)n - W +ﬁ'ul,l

Up to now only the path-integral over the Nambu spinor ml-(l_c), n) is left.

3.8 Performing the Grassmann integral

Let N; be the total number of superconducting layers in the system and N; be the total

number of bands in each layer. n(l_c), n) is a column vector that contains the Nambu
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spinors mi(lz, n) as sub-vectors with ascending order of first / and then followed by /.
Similarly, nT(lz, n) is the row vector with Hermitian transpose of n(lz, n).

Let, (_;5[1 is 2N; X 2N; matrix which contains sub-matrices G_alll. as the diagonal elements
in ascending order of i and all other elements are zero. Similarly, G_o_1 is 2N;N; X 2N N;
matrix containing sub-matrices G_all as the diagonal elements in ascending order of / and
all other elements are zero.

Let, F; is 2N; X 2N; matrix which contains sub-matrices Fj; as the diagonal elements
in ascending order of i and all other elements are zero. Similarly, F is 2N;N; X 2N,N;
matrix containing sub-matrices F; as the diagonal elements in ascending order of / and
all other elements are zero.

Let, TLM is 2N; x 2N; matrix which contains sub-matrices T as the elements and

LI+1
Tl”;u is 2N; x 2N; matrix which contains sub-matrices 7_";11']’1 as the elements. 7 is the
2N;N; X 2N;N; matrix which contains sub-matrices Tl,m as the upper first diagonal
elements and sub-matrices T[:l ; as the lower first diagonal elements and all other elements
are zero.

These considerations lead us to write
Do) (Goh+ B muk,m) =0 (B (G5! + Fln(K.m)  (3.52)
1i
and

> (n,*,.(/?, T, e (eon) + ), G )T (K, n)) =n'(k.m)Tn(k.n) (3.53)

Lii’
Hence, the partition function (3.50) reduces to

. 1 . o1l Ot
Z:/Z)[n},n] exp{—£[hﬁg Z Ay (V 1)11;IAOI,Z,,€ i(01;—0;1;7)

LU ,ii

+7 Z nt(k,n)[Gy' + F +Tn(k, )]} (3.54)
k.,n

After performing the path-integral over fermionic fields (Grassmann variables, " and 1),

we get

Z= exp{—£ [h,gszl S Ay (VI AgpyreH O 0r) — g kz In(det[G,' + F +T1)
5 N

’ 5 5!
U,i,i

} (3.55)
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Hence, the action functional is

S = 1pQ Z Ny (VO Agprire 1 Ci=0rir) _ Z In(det[G,' + F+T])  (3.56)
LI i’ k,n
Since the logarithm of determinant of a matrix is equal to the trace of logarithm of the
matrix i.e.

In(det[Gy' + F +T]) = e (In[G,' + F +T)) (3.57)

Here the trace is taken over layer, band and spin indices. Therefore, the action functional

becomes

S = npQ Z N (VI Agyrre ™ Oi=0rir) [ In[Gy' + F +T] (3.58)
g ka7

After performing some matrix manipulation as mentioned in Appendix C and using the

results obtained, the action of Equation (3.58) takes a form as

S = hpQ Z AS”(V_l);f:AOl/[re_iw”_el'i') - h Z(Z tr In Gal + Z it(l;_(G_()lFl)
n V0 T

LU i’

1 o L
~3 Z it(I;[GOlFZGOZFl +GoiT11+1Go 411410 + Go,z+1Tz+1,1GozT1,Z+1]) (3.59)
i,

For two gap superconductor, the band index 7 and its prime represents s- or d-band i.e

~ [ 7SS 7sd
. ) . Gus O | _ |Fs O] _ T T
i=s,dori’ =s,d. Sothat Go; = L F = 041 =
~ - 7 7 dd
0 Gow 0 Fuq T T
CC el d
_ Tffl,z sz+1,z
and 7j41; = , therefore
Fds  pdd
Tl+1,l Tl+1,l
itg_(GOlFl) =tr [GoisFis + GoraFia| (3.60)
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We have

5 S sd ~ 7 ~ 7isd
— GoisTyp,y GosTy - _ GouisTi  GopisTr
Gy = and Go 17741, =
S Fd S Fdd ~ 7d ~ 7dd
GowT}y,y GodT}fy, Gogr1aT)yy, GogrrdT),

Hence, the action of Equation (3.59) is further expanded to

S=npQ SHUFUﬁAmme4@wﬁW>—h§:[u1nG;
k,n

IR L Lio
L 1 o
+ Z g(Gostls +GoaFia) - 3 Z tr GoisFisGoisFis + GoraFraGoiaFia
7 7
= TS = =~ msd A =4
+GoisT) 11 Goarrs Ty + GoisT) [ GogradTly)

~ Fds Fsd ~ Fdd S Fdd ~ FSS 7SS
+ GOldTlJHGO,Hl,sTHLl + GOldTlJHGO,lH,dTHU + GO,Z+1,sT1+1’1G01sTl,l+1

— Y ) ~ cds A msd A ~dd A dd
+Gors T GodTy fyy + Gosrral () (GoisT) 1y + G0,1+1,d7}+1,1Goszl,l+1)] (3.61)

Under the basis of Equation (3.61), the generalized form of action applicable to the

multi-gap system is

tr In G_al + Z E(GOIiFli)

Li,o
T Li

S =hpe Z 31,-(V_l)ff:Aoz'i'e_i(H’i‘g”i’) - hz
k.n

LU’

1 - - - - 1 - = =
k) Z t(GoiFiiGoiFir) = 3 Z g(Gozﬂ}lfmG0,1+1,i'T;+lu
I

Lii’

+ G_O,l+1,ir _zlfl,l Goii _lil},+1) (3.62)
We have
2k2 ‘
_ —ihBw, + - ﬁ:u; 0 BAoi
G_1~ 2 ’
ﬁASH _lhﬁwn - 'm + ﬁ:u;’l
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So that

2k2 )
_ 1 —ihfw, - e + By —BAoii
Goji = ——— (3.63)
de t(GOIz . . Bk i
—BAy; —ihBw, + o _'B'UI,T
_ [inBa6y B n2 - L0 pign? bo
Fi = 2'8 o ! g—m(VQﬁ)z + Ig_mk : VGU} - [f_mvzeli] (3.64)
0 -1 01
e%(gm,i'—gl,i) 0
Ty = BT | (3.65)
0 —e~ 3 O,i=010)
Now, using Equations (3.63) and (3.64), we can have
ihB a0y Ph? 7
B B 24 B,
GoiiFii = = X
det(Gozz'
, hk? :
—lhﬁa)n - W +ﬁﬂ;’l IBAOH
. gk
IBAOlz - (—lh,BU)n + m - lgﬂm
ih’ oI
[Wv 9”] ~ihpwn == B ~hho (3.66)
T det(G1 _ B2k '
o ~BA:, =i + = —— = i} ;

Hence, the trace over spin indices can be expanded as

- 1 PR k> : , )
tr(Go, Fji) = — - + b ) X
tr(Gori Fii) 4G {( - By |+ Hyq)
inB 30y ,8h2 2, B -
[ > o7 (VGI) 2mk Vo,

h2
(21h,8wn+ﬁ(,ull #/T)) [zﬁ vm,,]} (3.67)

and

52



gr(G_OliFliGOliFli)

1 . ﬁhzkz i 2 ) IBthZ i 2
W{[(—zhﬁwn T o +,3,U,,L) + (—zhﬁwn+ e _'B'ul,T)

ihB a0, B2 > 2 _ R2 k2 T\
— 2(BAo)* |x 1hp 06 ﬁ (Vo )2+ﬂ—k VO | +||-inBw, - p +Buy,
2 0t 2m
212 2 2
k , 72
+ (ingon+ B _ g |+ 20880002 x | L2,
2m 1l 4m
ihB 06, Bh? h? - iBh?
2[7'8 al Nl (Vglz) 'B—k Vell] P —— V%0, | x
ﬁh2k2 2 2,2 2
(—ihﬁwn—WﬁBu}’l) +(—ih,8a)n+ . _'B'UE,T) } (3.68)
Again, using Equations (3.63) and (3.65), we can have
= il ﬁTl”l 1
Goil))y = —+X
de t(Gozl
252 . i i
—ihBw, — S +’8’u;,l) e2O1e1,i7=010) ﬁAOlie_i(elH,i’_gli)
22 (3.69)
_IBAglie%(QlH’i,_eH) _ (_ihﬁwn + ﬁz—m — ’B’ulT e 2(91+1 i7—=01)
and
= =i ﬁTll+ll l
Gou1, 1}, = —=—F—
det(Gom )
2k2 . i i
—ihfw, — . +’B'u;,l) e~ 2 Orir=01i) BAos1 e Orerir=01)
22 (3.70)
'BAOHI e 5 (041,07 —0011) _(_l‘hlgwn ﬁ _,B.Ul )e%(gz+1,i’—915)
Therefore,
2
Zﬁ Tl”l+1Tll+lll

tr| Gou T}y Gor i Ty, + Gorsri Tl GouT, )
( L ll+1 > >l l+1,l ’ i l+1 1 L ll+1 det(G ) det(GO 1+1 /)

h2 k>
2m

2 2
. 12 k2 .
(o= )+ [+ B i) -

B 801y e~ 00 —,BZASHAOHLWei(el*"i'_gli)] (3.71)
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3.9 Goldstone mode

To make the action symmetric which is the principal characteristics of microscopic model,
Goldstone proposed the following principles to be adopted for the expansion of action
(Atland et al., 2014; Nambu, 1960; Goldstone, 1961; Goldstone et al., 1962; Salam et al.,
1974).

1. The action cannot contain terms that do not vanish in the limit phase angle 8 —

const.

2. The gradients acting on the phase 6 and the electromagnetic potentials are assumed
to be small. Due to this assumption, the action can be written in the lowest order

of these quantities.

3. The action must not contain terms with an odd number of derivatives or mixed
00
gradient of the type a—VG in order to preserve the rotationally symmetric character
T
of it.

h oo
4. The action must be invariant under local gauge transformationi.e. ¢ — ¢ + P
e ot

and A > A+ —Vé
e
After making the action symmetric, conservation principle is preserved. According to

the principles of Goldstone mode, the Equation (3.67) reduces to

B2 B k>
~—1
8m det(G; m

tr(GoiiFii) = + By +u;',T>) (VOi)* (3.72)

Equation (3.68) reduces to

g(éonFliGouFli)

! e\ P
)2 { [(‘ihﬁ”” S +ﬁ/~t3,¢) ' (_ihﬁwn - ﬁﬂm)

- (det(Gy: 2m
hB oo, \> [ BH®- 2
—2(BAo)* | x 1B 90\ (B¢ vg, (3.73)
2 0Tt 2m
For any two constant vectors a and [3
Fk)(k-a)(k-b)dk = Qb fk)dk (3.74)
3
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holds for summation too (Griffiths, 2014).

Using this relation, Equation (3.73) becomes

2 2
tr(G F1iGoiFri) =
tr(GonFGoni Fi) = @et(G-] ))2{ ( ,B,Ull)
7k m2B2\ (06,
+ | —ihBw, + '8 — Bu; —z(ﬁAOh) P (L
4 ot
2
: B 2k prck>
+ (—lhﬁwn— . +ﬁ/vtl’l zhﬁwn+7—ﬁum -
25412
k
2(BAoi)* | % (ﬁ1 )(Vez» } (3.75)
Hence, the action in Equation (3.62) takes the form
S=hBQ D Ay (Vi Aoy @) lfro_lnGO
LI

g e .
' lzz: 8m det(Gy; (_ o TB L * '“m)) (Vi)
s I TR Y PR
— E 121 (det(GOh))2 { [(_lhﬁwn - m +,8/J]’l) + (—lhﬁ(un + _B/Jl"r)

2m
26\ (96u\" [(_. pr2i ’
()G (e S o)

—2(BAoi)*

212 2 ) K> )
+ | —ihBwn + —— = By | —2(BAor)” | X > | (VOui)
12m
1 2182T1”1+1Tzl+11 I . BR*k? i 2
Y _lhﬁwn - + ﬁ/’lll
det(G )det(Gomz ) 2m :

. R\ e
' (“hﬁw" B Bl
- ﬁzAZ}liAom,i/ei(91+1,i’—91i)]] (3.76)

This can be written in standard form as

S = nBQ Z A (VI Agpryre @imtrn)
LU’

86, \°
hi ZQH (a—;) +ZRH (VOi)*

* —i(0141.i7—01i 1(0141.i7—01i
+ Z (Xl,i,i'AOIiAOHU/e Wi =08) 4 Xy o NGBt gre' 147 =00) 4 Ul,i,i’) (3.77)
Liy

55



where

h2ﬂ2 . Bh2k2 [ 2
Ci = 82<det(c >>2{[(_’hﬁ O o P “l’l)

212

2
+ (—ihﬁwn + - ﬂu;',T) - 2(/3Aozl->2] (3.78)

,th ( ﬁh2 k2 ; ; ) ﬁ2h4 k2
R ;| — — _ + +
g ]Z‘[Sm det(G) \~ m Bl +mp) |+ 5o 2(det(Gh)?

BI2K> 2 272 2 5
[(—ihﬁwn -5 +/3u;¢) + (—ihﬁwn e —ﬁu;,T) ~2(BAon) ] (3.79)
'82 I, l+1Tll+ll l
kn et(G 01+1 )

A2 k2 2 A2 k2 \?
[(—ihﬁwn - 'Bz—m +,8,u§’l) + (—ihﬁwn + IBZm —IBME,T) ” (3.80)

,84T” Tl i
Xl,i,i’ _ Z LI+171+1,1 (381)

det(G )det(GOHll )

The action obtained at this stage does not satisfy the condition for invariance under the
local gauge transformation. But it can be made invariance under such the transformation

by introducing the electromagnetic potential (A%, X;) as

1 016 3911 *AOI
S = hﬁQ Z Oll(v )ll,AOl/ e —i(01;— i /) Z Qll

LI ii’
"2 R

e*Al ?

0141076 041,76

Vo, - —| + § (Xlzz’AOleol+1 e =i(O141,i l')+Xlu'A01,AOI+1 L ot 011, =01)
Li,i’

+ Ul,,',,'f) (382)

where e* = 2e is the charge of bosonic Cooper pair. Qy;, R;;, U;;;» and X ;;» are constants

with respect to the phase angle 6;;. These constants can be determined by taking the
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Matshubara sum over the frequency domain and summation over k-space. The summation
3

d’k
(27T)3/2
This theoretical formalism has been established under the deep study of books and

sign )} in k-space can be replaced by Q f in order to integrate over the k-space.
k

journals listed in the reference section (Atland et al., 2014; Simanek, 1994; Tempere

et al., 2012; Sharapov et al., 2002; Lin, 2012). The general formula for evaluating the

Matshubara sum is given by (Arfken et al., 2012)

Z f(n)=- Z(residues of f(z)mcot(nz) at singularites of f) (3.83)

n=—oo

Z f(n+ %) = Z(residues of f(z)mtan(xz) at singularites of f) (3.84)

n=—oo
Equation (3.83) can be used for the bosonic variable whereas Equation (3.84) for the
fermionic fields. The complete evaluations of the Matshubara sum and integration over
reciprocal space for the constants Qy;, Rj;, Uy ;i and X;; ;» presented in Appendix D and
E, respectively, using the methods described by the authors cited as (Neito, 1995; Kumar,
2017). After completing the task in Appendix D for Matshubara sum and Appendix E for

integration over reciprocal space, the coefficients Q;;, R;;, Uj;;» and Xj;;» are evaluated as

K2QN(0
0y =-ET2N0) (355)
R2QN (0) !
I = _ARRN O (3.86)
o6m
Ui = 2BQN (0)hiwp i 6iir + BN (0) (iwp ) >S5 (3.87)
_ 28T, T, /2N (0) 1 Aor+1,7
liir = A2 A2 n A (3.88)
0l+1.i" — Boui 0li

Hence, the action functional reduces to

2

Z (i _ RQN(0)\ (86, €AY
S = hBQ A~ V_1 LA —i(01i=0pr) _ fi _ﬁ i l
B o 01,( )11 ori’é lgi 1 o + -

* D

i

BRAQN (0) ) e*Al
em VT
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BT T QON(O) [ Agpyy s
+Z( Li+iling ln( 0l+1,7

A? — A?

) Ao1iAoi+1,i €08 (O141,i — 01;)
0l+1,i’ 0li

Li,i’

+2BQN (0)iwp{|6i + BN (0) (th)Z(si,-,ﬂ (3.89)

The corresponding Lagrangian density is given by

* rr KN (0
L= 37 Ay (VO AgppeCiérn )+Z( ( ))

LIii’ ot h

hZN(O),ul e*gé ?
+ Z V@l,’ 7

2T TV N(O)
T

LI+171+1,1
2 2
AOl+1 i’ AOli

o\ 2
00;; e* AV
l + ] )

-2

Lii’

' ‘ ) AoiiBor+1,ir €Os(O141,ir = 611)
+2N(0)iwplisir + N(0)(hwp)?ir | (3.90)

At low temperature, the chemical potential ,uj is equal to the Fermi energy i.e. ,uj = e;
and ¢ l’ = 0 since #;T = ,u;' Ik Now above expression for Lagrangian density i.e Equation

(3.90) reduces to

.\ 2
N 72N (0 00 e* AV
L= E, AOh(" l)ll/AOl re (61~ 9”’)+ E ( ( )) ( 67{ + hl

LIii’
72N (0)€! e* Al ?
F [
E — ||V — —
* ( 6m ) ( li /) )

1,
2T T N(0)
-2l d
Lii’

LI+171+1,1
2 2
AOl+1 i’ AOli

Ao+,
Aoii

) AoiiAor+1,ir €08(Op41,i0 — 61;)
+N(0)(hwp)?6ir|  (3.91)

We also have (Simanek, 1994),

3n _3(kr)® 2m _ mkp

4€i. 4 3n% (hkp)?  2n2h?

N(0) = (3.92)

with kr as the Fermi wave vector and » is the electron density for i"-band. Hence,

Equation (3.91) takes the form
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- Rmkr\ 4¢* ( h 96 2
— * —1\ii e —1(91,«—9 ’i’) F ll 0f
L_z;i'AOH(V )i Bovice ! +Z(8n2h2) = (e A )

Rn\ 4e* [ h L\ 2
+ v, — A
> (5 (v
[2T1”1+1T11+11 AN (

In
A2

2
A01+11

Aot
Aoy

-2

) AoiiAor+1,ir €08(Op41,i7 — 61;)
17

+N(0) (th)Z(sl-,-/]

1yii’ (01,6 e’mkp\ (1 00 0i 2
= L= Z Ny (V)i Boprire ™ Oi=0rin) 4 Z ( ) (— +Al’)
Li

. 212h? | \e* OT
LU’

+Z ne’ hVH- Xi2
o 2m | \e* li !
2Tll Tll N(O)

| |

LI+171+1,1
2 2
AOl+1 i’ AOli

-2

. ) AotiAor+1,i7 €08(O141,i7 — O1i)
Lid

+N(0) (th)zaf,-/]

: h 96 2
= L= Z Agzi(V_1)zlf,Aoz/,ve"(e”'el’i’)+Z £0 ( adll AO’)

2
LU0 i’ o 2 et ot
2 2
goc” [ h =
+ Z W (EVQZ, - Al)
Li L
2T TV N(0) Aqyat i
LI+17 1+1,1 0l+1,
- Z [ e 111( A+ - )AOZzAOlH ir €08(641,7 — O1;)
G b Boers = Bou Ol
+ N(0)(fiwp)?6iir | (3.93)
eomh?
where, Arp = Ik is the Thomas-Fermi charge screening length (Ota et al.,
e“MKp
2011a; Lin, 2012; Sharapov et al., 2002; Machida et al., 2000; Tinkham, 1975) and
2
ﬂiL = somzc is the London penetration depth for the i"-band. The effective Lagrangian
ne
is given by
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2

.£ _Z PX)) h691i+A0i2+Zé‘oC hV@' A’iz
Moo e T T e

+ Z A?)li(V_l);;fAOI/i'e_i(eli_el'[')
1
i’ i'i
~ Z [2T1,1+1Tz+1,1N(0) n (AOI+1,i’

2 A2 .
A1 = Doui Ao

) AoiiAoi+1,ir €08(Or41,7 — 6;i) + N(O)(hwip)zdii’]

Li,i’

2
8}‘80 i 2 8,-80C i 2
+ZZ[ SH(EDT+ T (B (3.94)

where E ; and E; at electric and magnetic fields at layer / and i band.

3.10 Effective Lagrangian density for the long Josephson junction

Consider the stack of long Josephson junction with length along the x-direction and
junction system along the z-direction. External magnetic fields are applied along the
y-direction which introduce the homogeneous phase difference along the x-direction.
The system is assumed to be uniform along the y-direction and the problem becomes two
dimensional. The system can be biased with an external potential difference across the
junction i.e. the electric field is along z-direction or by applying the external magnetic

field. Now, the Lagrangian density in two dimensional system becomes.

. 2 : 2
god (R OO, . goc’d [ 1 00, :
- LD A% LD g
R o A KDk

+ Z ;Jﬁ cos(6y; — buir) — Z [;J}fm cos (041, — O1) + N(O)(th)2d5ii']

Lii’ Lii’

2
e&€0b . iv o ErE0CTD it 5
+ Z [ > (Ep)™ + > (B} 111 (3.95)
Li i’

where d is the thickness of the superconducting layer and b is the thickness of junction
material. &, is the dielectric constant of the junction material. The inter-band Josephson
coupling constant is

e*d

Tji = == 8Vl Ao (3.96)

and Josephson tunneling coupling constant
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J-ii’ _
Li+1 — 2 A2
h AOl+1,i’ AOli

g 2T TUT N(0) [ Agay o
e Li+ttie ln( O+ Li )AoliAOHI,i’

etd

* —1\it’
+ 7 Aoli(V )1,1+1A0,l+1,i’

The z-component of electric field in between [™ and (I + /)™ layer is

Insulator

Superconductor

Figure 9: A typical stack of LJJ

LY

0’ 0i
LI+1 oF b Al+1 - Al )

and the y-component of magnetic field in between [ and (I + [)™ layer is

) AZ
B _ l( - A - OA) 14
1,1+1 b I+1 [ Ox

with

., 1 +b/2
AT = A*(2)d
Li+1 b[b/z (2)dz

The gauge invariant phase difference go’l"" can be introduced as

J+1

s =’ : be* i1’
il _ni 0 _ Zil
i1 =01 — 0 7 Az,1+1
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, . " be*
Then, we can have the freedom to write cos (9;+1 - 8;) = COS (907,1+1 + 7AIZJ+1) =
cos go}’l .1 for the inter-layer phase differences and 9;" - 9; = )(;; for the intra-layer
inter-band phase difference. Hence, the Equation (3.95) for effective Lagrangian takes

the form as

. 2 . 2
god (R 06, goc’d [ 1 00, :
= — + AV + —— - A7
Leﬂ Z 2/12 (6* ot l ; 2/1% e* Ox l

h P! Y h i’ =y 2
+ ) i cosxiy = ) [Z Jincos @il |+ N(0)d (hwp) 5,-,-,]

Lii’ Lii’

i’ 2 (2
aAle, 2 aAZ”
er &b L+t L or g0 grepe™b (1w i) 0L
+ Z [ 2 ( ot +E (Al+l Al ) + 2 E (Al+1 Az ) Ox (3102)
Lii’

Let the position along length is measured in average Fermi wave vector kr and the time

is measured in average Fermi frequency wp such that X = xkr and T = Twr. Hence,

effective Lagrangian density in terms of normalized position and time can be rewritten as

. 2 . 2
solitwsd (068 _ gocth?k2d (068
Leﬂ — E 0 F _l +AOL + E 0 F _l — AX

= 205 e | 0T : = 2 | 0% :

+ EJ”, cos y!I' —
gl Xl

Lii’ Lii’

. 2 e \2
&Er 8()bh2 w% aAlZ’lllH 1 (<o ~0i &r 8()C2bh2 k%; U (it xxi 6Ail;+1
+ E [ S kg (AN - AY) |+ T | (A - A - ke (3.103)

2e*2
Lii’

2y cos ¢l + MO hop) |

w
where the electric scalar potential is measured in —*F and magnetic vector potential is
e

hkp
measured in —— in order to normalized them.
e

3.11 Derivation of generalized sine-Gordon equation for LJJ with

multi-band superconductors

The Lagrangian density equation (3.103) can be minimized using the Euler-Lagrange
equation. Applying the Euler-Lagrange equation with respect to Agj and Ag{:l with k as

new layer index and j, j* as new band indices, we get

eohzw%d (80; _0.)
> o | L+ A% 61adi
7 =+ A 0LkOi,
1 227 €%\ 0T
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greoh’wsb aAfl; ! il 1
+ r—FZZ krp = (Al+1 — A% Z(5l+1,k5i',j - 0140;,;) =0

2e*2 ot

Li,i’

d agj 10/
_— — 67- +A ZE11+1(51+1 kal’] _61166!]) -
1,ii’

a0, _
= bd (a_rk + Agf) e Z Bl +ecdip Y EZL =0 (3.104)

h
Here, the electric field is measured in the unit of % Replacing j by j’ and replacing k
e

by k + 1 of equation (3.104), we get

867
k+1 07
bd ( S+ A

2 ~zij’ =z2)'i’
— e G Y B +erd] Z EZ = (3.105)
i

Subtracting equation (3.104) from (3.105), we get

1

a(91{+1 ) £0j 2 paif 2 i)
bd( 97 (Ak+1 A | e Z (/lTFEIi,kH - ATFElzc—l,k)

2 gzl 32 peji
+"3rZ (ATFEk+1,k+2 ArrEy k+1) 0

i’

Using Equation (3.101), we get

8(,0“-/ aAzu
— bd k,k+1 + bk K k+1

_OJ
(Ak+1 — Ay )

2 Zij 2 zij 2 i 2 i —
—&r Z (/lTFEk 1~ ArFER, k) +&r Z (/lTFEkH k2 ~ArrEy k+1) =0
i 7

Using Equation (3.98), we get

a 7’
P k+1 =2J )’ 2 iy’ 2 Fzij
= bd o7 —El i _SVZ AFE e — TFE

i

2 gzl 2 pEji
"'SFZ (ATFEk+1,k+2 ArrEy k+1) 0

i’

Upon rearranging
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2 zij 2 5aj
kk+l T Z (ﬂTFEk e ~ArrEL k)

ot -
2 i 2 i
t & § , (ATFEIZI k+2 /lTFEIiJk 1) =0 (3.1006)

l‘l

opl
bd—EX gl

Similarly, applying the Euler-Lagrange equation of motion with respect to A;” and A

k
and measuring the magnetic field in the unit of — b P we get
e*

d (667 .
_( k _ A% ) ZBllll+l(6l+1 k0irj — 01.k6ij) =0

E ‘ Lii’
bd il A7 2B B 3.107
= B _SFZ k1k+8’Z okl = (3.107)
Replacing j by j” and k by k + 1 of Equation (3.107), we get
bd i1 _ AT e > (B, + Z(a 2B/ (3.108)
EY: ket | T Er LA Bl T8 L) B2 = :
1

Subtracting equation (3.107) from (3.108), we get

ket _AY 4 ij — & Z((JL)ZB%M - /l%BiZ—JLk)
i

bd(T it
tér Z((AL)ZBLH w2~ AL Byﬂ+1)
l'/

Using Equation (3.101)

a 7’ 0AZ“
k;+l bk akxk+1 (Aiil'l'ij)

= bd

pJ'i’ 2 pyji’
B - GBY,) =

2 pyij’ 2 Ayij 2
& E (L) By gy = ALB ) + & E (L) By 1o
. -

Using Equation (3.99)

agojj/ .
el B |- zl((/1 )2Bil{c+1 - J%lejl,k)

2 5"t 2 pyil’
tér Z((AL) By ~AB ) =
l'/
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Upon rearranging

JJ’
00y kw1
X

bd

de{clkH &r Z((AL)ZEX;M - 1B iljl v
i

+8rZ<<ﬂL>2Bk+1k+2 BB ) =0 (3.109)

Applying the Euler-Lagrange equation of motion for Ai] ]i |» we have

ho ereohtwibky 9 | OATLL
2 F + 0j i
= |5 ks SO ‘Pk ket (5 bkF)) - D) a7 kr o7 b (Ak+1 — 4y )
24212 x2iJ’
srgoc fi k bkF 9 11 . (9Akk 1
e gw [p A~ A ke ) =
Using Equations (3.98) and (3.99), we have
0 ergohwh (9E_,ij,{+1 &,80C° Tk, 3Eij,{+1
—j sing) L+ — + — =0
e aal be* ot be* ox
Upon rearranging, we obatin
oo} OELLy WL OBY
het 97 T por or Jkka S = 0 (3.110)

Applying the Euler-Lagrange equation for Lagrangian density (3.103) with respect to 0!,

we get

eoh de o 89; —oi sgczhzkzd o 89’ .
LAY e+ Y LT[ L A
Z (me )? ar( o ,Z (e ox

i’ I i I
+ Jzz Sln/\/u 5lk5t’1 EJH sinyy; O1k0ij — oL+ Sin @) 1,1 014+1,k01
Lii’ 1,i,i’ Lii’

+ Z Jz 141 81D 901 1+151k511 =0

1,i,i’

After using the properties of Kronecker delta, we get
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ij ij
Z o sinx

_ Jit i i . ij .ji’ . Jji’ _
Z Sk SIX i Z Ji—1, SIM@p it Z i st SNy =0 G111
7 i 7

e* O0x

sohiwid § (96, L +goc%hk;d 9 (n 6;% .
A per 0T | 0T (2))2e* 0x

Replacing k by k + 1 and j by j’ in equation (3.111), we get

sohwid & 06!, 207 eoc’fikzd § ‘991+1_ij'
et 0T\ 07 kel Aer 0%\ 0% el

ij’ ij’
+ Z St S g 1 — Z k+1 k+1s’”Xk+1 k+1 Z Jk k41 SID 9"k k1

+Z‘]k+l k+2 Sln90k+1 k2 0 (3112)

Replacing j by j’ only of equation (3.111), we get

sohw%di aei AN 80c2hk2d 0 89’ B _xj Z sin)(ij’
/l%Fe* ot | ot k (/IJ )2 * ax kk

J'i _
_Z‘]kk S’”ka ka lksm(’ok 1k+Z]kk+l SmQ"km 0 (3.113)
7

3.11.1 Perturbed sine-Gordon equation for intra-layer inter-band phase differ-

ences for multi-gap LJJ

The scalar and vector potentials for the different bands in the same layer (intra-layer) are

assumed to be the same. Subtracting equation (3.111) from (3.113), we get

ot ot 0x 0x

sohwld o (00 96, | coc’hkid o a6, 30,
Az et 0T Aer  Ox

T ) A VAN JV G i i
+Z(Jkk sinx;, —J s1n)(kk) Z(Jkk sin ., — Jik s1n/\/kk)
i i’

_ Qj )
Z(]k lksm"ok Lk~ Jk-1k Sm""k—Lk)

Ji’ Ji i I —
+ Z (Jk ke SN a1 ~ Sk SID ‘Pk,k+1) =0
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Introducing the intra-layer inter-band phase difference, Hi — 9£ = X,J({(

2 792,00 2522 792
sohwyd 0 x;;  &oc hkyd 0 ka G i
Az pet 072 ¥ et 0x? ¥ Z (Jkk R Skak)

1

N sin T — Y sin ) = ST sine . — A sing
Z (Jkk sin X, — Jik Skak) Z (Jk LSk T Tk Sm""k—l,k)
l'/

+ Z (Jk K+l Sm‘)"k K+l _]k k1 SN k+1) =0

Since, T = —if and introducinng

(3.114)

(3.115)

we can have,

82yl % y!
Tk ka _Z(JU

2 JLTaa kksm/\/kk_‘];c]ksm)(;c]k)
ot Ox -

N O R I Z ) ) B
+Z (']kk Sin Y ~ S Skak) T S Cp e = J 1 i S Pk
l'/
- sin 0 sing!” ) =0 (3.116)
Jk k1 90k ket ~ Jh 1 ST P ki :

The Equation (3.116) is the perturbed sine-Gordon equation for the intra-layer inter-band
phase differences in the stack of LJJ based on multi-gap superconductors like MgB, and
iron-pnictides. The intra-layer inter-band phase difference determines how the the phase
of Cooper pair order parameter changes while it forms after band to band crossing within

the same superconducting layer.

3.11.2 Perturbed sine-Gordon equation for inter-layer phase difference for multi-

gap LJJ

Subtracting equation (3.111) from (3.112), we get

2 J J
sothdi 80k+1 0/ % 0
/l%Fe* ot | ot kil g k
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eoc’hkid o 90/, s a6, e

,lie* ox | Ox k+l 9%

ij
+ Z ( K+l k+1 Sln)(k+1 k1 ™ i Sm/\/kk)
j . Jj'i’ _ ji'o. Jji’ _ i’ . ij’ _ ] . ij
Z (Jk+1 ket Sk ~ Tk Skak) Z (Jk,k+1 SN G k1 ~ Te-1,k Smk—l,k)
v i

i N O /Y R
+ Z (Jk+1,k+2 SIND) vt k2 ™ Jhpe1 ST ‘10k,k+1) =0
l'/

Using Equation (3.101)

Ji’ A2’
807160%(1& a‘ﬁk,kﬂ + bk aAk k+1 +A0] _A()]
()2 ot| of "ot el
127
soczhk%di a‘Pk k+l + bk aAk k+1 _ij +ij
Lo x| ox S el

ij
+ Z ( k1, k+1 Sln)(k+1 k1 ik szkk)

J T N CAA e [ AJT e S i i]
Z(Jkﬂ ket S Skak) Z(Jk,lm SN G et T -1,k Smk—l,k)

i’ i

i g git i _
+ Z (Jk+1,k+2 Sy k2 ~ Tk k1 SN ‘10k,k+1) =0
l’/
Using Equations (3.98) and (3.99)

2 2] )’ 2
sothd d SOk k+l sohw%d 5E,i{,f+1 8002ha)Fd a SOk K+l

- +
2 * 2 * - 2
A7 pe ot? Az e ot A;e* 0x?
24712 pYJiJ’
soc*hkyd 0By, Jir’ T i v
T T e o k+1k+1 Sm)(k+1k+1 Kk STLX iy
L

i

J N AN N ij
Z (Jk+1 ket St ~ Tk Sln/\/kk) Z (Jk,k+1 SINQE et T Tk S k)
i i

N A R A
+ (Jk+1,k+2 SNyt ka2 ~ Jhkrr SO 90k,k+1) =0 G.17)
l'/

bd
Multiplying equation (3.110) by Z and equation (3.117) by &, then adding, we get
TF

3viJ 2 2
ereoc’kyd (1 1 \9Biin  ereohwidd 90k kel Ergochikyd 0 "Dk k+1

— T = = 4
e* /12L A%F 0x A%Fe* 012 /lZLe* 0x2
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J Ji
+er i ( k+1,k+1 Sln/‘(k+1 R Skak) &r Lir ( k+1,k+1 SlnXk+1 a1~ Thr Skak)

_ .JJj . JJ _ [ ] . ij i ij

2 Jioke1 STPY pi — &r Z (Jk,k+1 SINQ oy~ Jok S0 k)

TF i
i N Y O 11

+&r Z (]k+1,k+2 SIM Gt k2~ Thoker S SZ’k,k+1) (3.118)

l‘/

1 1 1

Introducing the quantity A, such that — = — - /12 , the Equation 3.118 can be written
r TF

as

&gre0c’k%d 03?{],{“ &re0hwdA? 52<Pk ko1 Er80C kA (92<Pk 1
— — +
e* ox 2. e* ot? A3 e* 0x2

2 i i
+&rd; Z( Kt k+1 Sln)(1<+1 st ~ i Sm)(kk)

_ 2 j'i . j'i’ 7L ji’
&rd; Z (‘]k+1 ket SO X gt 1~ ik SIDX 1
l'l

bd/lr .Jj’ /l 0] . 0j
/12 Jik+1 SID 90k k+1 — Er Jk k41 S0 "Dk ket~ Jhe—1, Sy &
TF

) i it i
+e&rd; Z (Jk+1,k+2 SINPy 1 k42 ™ Tk ST SZ’k,k+1) (3.119)
l'/

bd
Similarly, multiplying equation (3.110) by Fol and equation (3.117) by &, then adding,

L
we get

srgohw%d 6E1?k+1 B 8,80thd/12 3290k k4l srgoczhkz da? 629% ksl

= +
e* ot /12 pe* 012 /l%e 0x?

2 P T i L
+erd; Z ( kL1 SIOX ey e — Tk Sm/\’kk)
2 J'i P M Ji
- &rd; Z (Jk+1 ket SIX it e ~ ik Skak)
l'/

2
roagi’ Y % Qj i
22 Tk k1 SID ‘Pk k1~ Erdy Z (Jk k41 SID 90k kel ~ Jk-1k Smk—l,k)

2 ]/ ’ ~jl" . jll
+&rd; Z (Jk+1 k2 SIVP 1  T Tj g SID 90k,k+1) (3.120)
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For a homogeneous layers of superconductor, the summations over band indices are the

same and the Equation (3.106) becomes

bd ‘9‘Pk k+1 bd i . ; l
2. 0t 2 Bl —er Z (ZEi b1 B k- Efl k+2) 0 GI2h
TF TF

i

Similarly, Equation (3.109) becomes

690 _
bd T kin de” erZ(zBW _BY Bl (3.122)

/l% ax /lL k,k+1 k,k+1 k—1,k k+1 k+2) 0

i

Equation (3.118) becomes

2
ere0hwd (9Ek il &re0hwdA? 0 ‘Pk K+l

* = - 2
e ot A% e 012
ere0ck2dA20%¢)) L bd2 i
/lie* o /li Tk k+1 Sm@"kkn

2 N T T i G
- &rd; Z (sz,ku SINCp ka1 ™ Jk—14 ST Pk ™ S ka1 ka2 S0 90k+1,k+2) (3.123)
i
and (3.120) becomes

srsoc2hk%d aEZ,JkJH B srgohw dA} ‘9290k k+1
* Y - 2 * 2
e ox A pe ot

grgoczhk%dﬂ% az‘pi{kﬂ bd/lzjjj sin 90
5 > 2 kk+1 k k+1
/lLe ax /l

Y NI ) B . g
erdy Z (sz,kn SINPp 1 ~ J—1 4 SO 90k-1,k ]k+1,k+2 Sin 90/<+1,k+2 (3.124)
i

Using either equation (3.121) and (3.124) or (3.122) and (3.123), we can obtain the

equation of phase dynamics. Replacing j by i equation (3.124), we get

sraohczk%d 3E:2/+1
e* ot
_ sregho} Q20 0 hkidR 6L bar? .
L 02 | e a2 A2, ik S0

Y

2 i . i j'i
—&rd; Z (ka k41 510 ‘pk Kl ~ ko SNl g Jk+1 k42 SID 90k+1 k+2) (3.125)
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Replacing in index only j” by j and k by k — 1 in equation (3.124), we get

212 71 0B 2 112 5244
greolic’kzd 0B _ ereohwidd; "0 1k
e 0x 2 et at?

grsoczhk%d/l% 5290113_1,;( bdA?

ro.ij
2« = 2
e o0x Arp

+ Ji—1 4 810 "Dk 1.k
2 i’ j . i'j 0’0 . i'i .ji’ . Jji’
—&rd; Z (2Jk—1,k SINQ "k T Jk=2,k—1 S P g1 = T k41 SID 9”k,k+1) (3.126)
i/

Changing j — j’, j’ — i and k — k + 1 of equation (3.123), we get

212 pzJ'i 2 Jiv2 92,0t 2572 7¢371\2 52,0F
ereohc?k:d OB (1o arsothd(/l )20 Criker  ErE0CPTkEA(AL)? 0701 ) kan

e* ox (,11 P )2e 07?2 A3 e 0x2
_ bdi;
roLjli J'in2 .0f . ij
/12 Jk+1.k+2 sin 90k+1 k+2 & (4 ) Z Jk+1 42 SIN 90k+1 k2 7 k1 ST P k4
TF i/
— i sing (3.127)
Ji42,k43 ST P12 k43 :
Now,

ZBzz] _Bzz] _Bz]z

sraohczkzd 0
( ko k+1 k—1,k k+1 k+2)

e* 0%

ij’ ij T
Prrl ~ Pr—1.k ~ Phal k42

srsoha)Fd/l% 9?2 (
B /I%Fe* 072
8,30c2hk%d/l$ 92 (
+
/l%e* 0x?

ij’ ij A
Prjert ~ Ph—1,k 90k+1,k+2)

_bd/l2 Y B i i
/12 ]kk+1 Sm‘/’kk+1 Jk lksm‘pk 1k~ Tkt k2 S P ka2

_ 2 N A (Y i o

28,4, Z (ij k41 SID 90k k1~ Jh=16 S Py &~ Jjat ka2 ST Pp ka2
2 NG NG Jit i

—&rd; Z (2Jk ¢ Sin (’Dk 1k~ Jk=2,k—1 Sy 5 k1 T T g1 S ‘Pk,k+1)

_ 2 i . _ iy P ¥ Y i il
erdy L (2Jk+l,k+zsm‘pk+l,k+2 Tic et S peat ™ Tha2, k43 Sm90k+2,k+3) (3.128)

Differentiating equation (3.122) with respect to X and multiplying the result with

srsohczk%d
———  then using Equations (3.124) and (3.128), we get

e*
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2, jJ’ 2,07
8,80bd27’l02k% 0 P k+1 grgobdzha)%/l%a Pr k1

2 % =2 292 o« =
e 0x A7 Az e ot
20 2502 12 9200
B ErENC bd hkF/lr 0 QDk,k+1 4 bzdz/lz i . ij
Vo o2 22 ke S0 P
L LTF
egbd 2 (n G e . 7' N X
+ L2 Z A (ij,k+1 SINQ it T Jh—1,k S Pp 1 g = Tl ka2 SII ‘Pk+1,k+2)
L 7
2 2 12 ’
~ greohwydA; 0 g i
2 o 972 Pkt T Pi—1k T Prl k2
TF 7
2 25712 192 ’
_ &80 hkpdl; D 9 (z‘pij' TR )
P 2 \“Pri+1 T Pr-1.k T Phalks2
e - ox
bdA2 g .
r L[] . ij i . ij .j'1 . j'i
+ 2 Z 2J et SV ey = Timg ke SN T Tt a2 SN P o
TF 7

1

+262 % 2 (2717 singh =i singlt L~ singl !
r r \“Jkk+1 90k7k+1 Jik=1.k Pr—1.k ]k+l,k+2 ¢k+l,k+2
0’
2 2(n ' a S i L it i
+ &) Z/lr (2],(_1’,( Sing, L = Jiloa-1 SN0 k1 T Sln(’ok,k+1)
i
t & Z A7 (21 a2 SN QY g — Jic ket SIPp 1
0’

.y

.] . i’ _
- ]k+2,k+3 Sin g0k+2,k+3) =0 (3-129)
Changing to real time using T = —i7, the above equation becomes

2 Ji’ 2 Ji’
B er80bd*hwi A2 0701 1, B &r80c*bd° k22 070y
2 32 =2 2 2 =2
A Arpe” or A Arpe” 0x
sgaoha)%d/l% 52 ij ij i
- Z 972 \“Phkst T Ptk T Prrl k2

)
e/lTF

i

sleoc?hk2.dA? 92 5 il i i
: 52 (ol =l
Lo o952 \ Pkt = Protk T Phal ke
2
erbdi; T MPN f N R (] J'T T
e Z (sz,kn SINPr ka1 ™ k=14 S Ptk ™ a2 510 ‘70k+1,k+2)
L

ii’

B | ) B i i
12 Z 2J et SIVP ey = Ty g SN e F T g STD 90k+1,k+2)
TF 7

_ 2 2 N . i’y il . i'i _ j'’ . j'i’

2¢; Z Ay (ij,k+1 SINPp kw1 =1k S Ptk ~ Jper g2 S 9"k+1,k+2)

i
- &? 2 2'i/j sin S sin ¢! _ sin i
r P\l e SP g k T Jk=2k-1 S Pr 2 ko1 T Tk 1 ST kp1

i,i’
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J'iN2 i j PN ¥ Y 4 N
-8 Z(/l ) (2Jk+l k+2sm9"k+1 k2 T kgt S P kgt Jk+2,k+3sm9"k+2,k+3)

20292
DA’ i sin =0 (3.130)
B E kel ‘/’k k+1
TF'L
Introducing the quantity Jy defined as
hdc?
Jo= 22 (3.131)
A2 2%et
TFL®

having the unit of current per square meter, the Equation (3.130) takes the form

2 92,07 2,292
6'2 5;2 bdcz ' 61_‘2 k,k+1 k—1,k k+1,k+2

- srk2

2
0 Sok k+1 %ATFkIZV Z i VP A B
0x? bd 972 Prjer1 ~ Ptk ~ Phrl k42

i P i’
Z (sz k1 510 9"k ki1~ Ji=1k ST PR ¢ = Jia gan SID 90k+1 k+2)

2
J /lL i’
! 27
+ Tod2 Z Jk k+1 Sm‘Pk k+1 Jk 1ksm90k 1k+Jk+1 k+2 Sln‘»Dk+1 k+2
TF i
2
28, 277 singt Y i sin b /T sin
Jobd k1 S Py jv1 ~ k-1, S Py — Jk+1 k+2 ‘pk+1 k+2
i
&2
A 27 sing' /. — i sin @' ! sin
Tobd JkZ1 xSk T Jk—2k-1 S Pp 0 g1 T Jk k+1 ‘/’k k+1

r i . i’'i 0] . i NK X i’
Jobd (2Jk+1,k+2 SIN P i1 k42 7 Skt SVP pi1 — Jha2 k43 S 90k+2,k+3)
G

bd
+J/1%F/l%]k k+1 sm‘)"k k+1

=0 (3.132)

Equation (3.132) is the generalized equation of the inter-layer phase dynamics applicable
to the stack of LJJ based on homogeneous multi-gap superconducting layers like MgB,
and iron-pnictides with insulating junction of dielectric constant &,. The inter-layer
phase difference determines how the phase of Cooper pair order parameter changes after
layer to layer tunneling across the junction barrier. There may be inter-layer intra-band

tunneling or the inter-layer inter-band tunneling.
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3.12 Implementation of generalized sG equation to the two-gap su-

perconductors like MgB,

3.12.1 For single LJJ

The single junction LJJ consists two superconducting layers separated by an insulating

layer as shown in Fig 10. Due to the two-gap nature of the superconducting layers, they

z

L

s snd
T Ajyetts Ade'?

d
IZ

Figure 10: A typical single LJJ based on MgB, superconductor

Alilelﬁ’l’ Layer 1

contains two bands designated as s and d. So, there are two interband intra-layer coupling
and four inter-layer tunneling channels in the junction system. After tunneling, there are

the possibilities of intra- or inter-band coupling. Taking layer index k = 1 in (3.132), we

get
2 a2 jJ’ 2232 2 ij’ 2 JJ’ 2792 1,2 2 ij’
&rwp 07¢1) N ErwpdL Z "¢, _ e k2 9"¢13 & ArpkE Z 0°¢i,
2 0P bdc? orr T ox? bd L4 9x2
Lo Z (Zji/j/ sin tpi’j,) + _L Z(Zjij’ sin goij’) + 2¢; Z (2ji,j’ sin SOi/j/)
2 12 12 2 12 12 12 12
Jod] 7 Jodgp 5 Jobd G
2 2
&r ( i ji’) & ( dj i_/’) bd ;i .y
- sin - sin +— sin =0
Jobdizi; Jip SM@Y, Jobd; Jip S @y, Jo/l%F/l%Ju 12
(3.133)
Taking j = s and j’ = s of equation (3.133)
srwp 09y EWpA] D Oty 2000 ki D Gt
T bdc? or E ox2 bd dx2
2
+ o Z (2]’“ sin (p"/s) + —1 Z 27 sin ¢ ) + —28r Z (2j"/5 sin goi/s)
Jo/li - 12 12 Jo/l%F i 12 12) % G hd - 12 12
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2 2
& ( .si’ si’) & 0S s is bd -SS s ss
- sin - — sin + ———— 7, sin =0 (3.134a)
Jobd; J12 Sl @y Jobd; (/73 sin @) JO/l%F/l%]IZ %12
Taking j = s and j’ = d of equation (3.133)
2 92 sd 2,232 2 id 2 sd 292 12 2 id
&rwy 07¢15 N &wpdy 0 0¥ o k2 071y & drpke < 9761
2 o bdc® 4 oor T ox2 bd 44 952
+ o Z (Zji/d sin goi/d) + —1 Z 2jid sin cpid) + —28% Z (2ji/ sin <pi/d)
Joﬂ% - 12 12 Jo/l%p i 12 2] " g bd - 12 12
2 2
&y (-si’ . si’ Ey gl . ij’ bd sd sd
- J12 Sm%z) - (112 Sm‘plz)"' Jiz singy; =0
Jobd 4= Jobd ; Jod7pd]
(3.134b)
Taking j = d and j’ = s in Equation (3.133)
2 92 d 2,292 2 i 2 d 292 12 2 i
&rwy 07¢1 N &rwpdL Z ¢l o k2 "¢y & dpky Z 0”9,
2 o bdc? orr T ax2 bd 0x2

1
Joi2 & 12 12 —Jo/l%p i 12 2] " G bd . 12 12
2

L ii’
2
gy di’ di') &y s e s bd 4 .
_ _ L bd 0
Jobd A (]12 SI @y J()bd Z (_]12 Sln‘,ﬂlz) Joﬂ%F/l%]n SIn @7,
(3.134¢)

Taking j = d and j" = d, in equation (3.133), we get

2 92,dd 22 92 2,,id 2,dd 232 2 2,,id
&rwy 07¢1 N & wpdy o 07¢15 _ e k2 0”¢13 & ek Z 091
2 0P bdc* 4o T a2 bd ox?

2
Er id oo dy, L id . id 2¢; ( id i’d)
+ Jo/lz Z (2J12 Sln8012) + Jo/lz 2(2]12 Slntplz) + Jobd ; 2]12 SIN @,

L i TF i
2 2
" Jobd ; (115 Smﬁollz) " Jobd ; (]llz sin 80112) + —Joﬂ%F/li]lz singp; =0
(3.1344d)
The Equation (3.134) can be restructured in the compact matrix form as
9y 9% -
Mtz = Msrmy + Mscjssing =0 (3.135)
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. T z . . e
with ¢ = (goisz goi‘zi , gog, go‘lig ) as the column vector. jg is the diagonal matrix with j 7,

j l‘g . J ldg, and j flzd as the diagonal elements. The matrices Mg, Mgy, and Mg, are defined

as
2
grw
r2F+a/t 0 a; 0
c
2
&rw
0 —L oty 0 2
MSt: ¢ 2
Erwy
(07} 0 > + a; 0
c
2
&rw
O a; 0 r2F+CY[
c
6,k%+0¢x 0 ay 0
0 srk%+ax 0 Qy
MSx:
Uy 0 srk%+ax 0
0 ay 0 8rk%+ax
@ Be ye O
Be ac 0 Ye
MSC:
Ye 0 ac B
0 v PBe ac
2722 272 1.2
with @, = 28,45 wg v = 2e; A7k E
Y7 bd
26, 2 +2s’f+ bd
Qe =+ o v T 5 2
A, Agp bd Arpdy,
5 _2%, 2 4¢?
cT 2 2
A, A bd
3 28%
Yo = "ha

In addition to these four coupled perturbed sine-Gordon equations, there exists the two

other equations regarding the intra-layer inter-band phase differences can derived using
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Equation (3.116) as

aZXsd aZXsd
Jrr—mt = Ji—gt + iy singls + i singld ~ jisings ~ i singff (3.1362)
aZXsd 62Xsd
22 2 ss sd ds dd
Jrr -Jr — 15 siny) + ]fgl sin 39 — j sin @ + j% sin o4 (3.136b)

Ox?

3.12.2 For coupled LJJ

In the double (coupled) long Josephson junction of two-gap superconductors, there are
eight channels available for Cooper pair tunneling and afterward coupling as shown in

Fig 11. These channels are associated to the inter-layer tunneling mechanism. In addition
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Figure 11: A typical double (coupled) long Josephson junction based on MgB, superconductor

to these channels, the three channels for intra-layer inter-band coupling without any
tunneling are also available. Therefore, there are altogether system of eleven perturbed
sine-Gordon equations which are interlinked to each other. Putting k = 1 and k = 2

successively in Equation (3.132). For k = 1, we have

2 a2 Jjj’ 2,272
&rwp 079y, L &Rl Z > ol — o
2o | bdc2 Lugp \“12T %

i

2 JJ’ 272 12
—& kz‘9 Y12 _‘9r/lTFkFZ 0 20—
TS bd o2 \"Fi2 T ¥

i
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iy /12 Z (2112 singyy — jjy sin sog) o2, Z(ZJ;JZ sin ¢, + j sm%;)

L ii’ -
282
(21 sin @3 — j3; sin] ) ( ~Ji; sinso”)
Jobd 12 12 23 23 T bd 2 1

ij’ i7’ bd T 77 )
.1] . 1] .jj . ii
]ObdZ(zm sin gl — /1) singl) ) + e A’;Fﬂihz sing’) =0 (3.137a)

For k = 2, we have

2 2 2,232
c2 o2 bdc2 Zagp \“¥3 7 %12
1
2 Ji’ 2 2 12
k26 $23 r/lTFkFZ 0? 20— ol
Fox2 bd g2 73 T %
1

J/lz Z(Z]B sms023 J’lzl sincplié) J/lz 2(2]23 smgo23 ]12 Slngolz)
L i -

257 A i
+ Tobd . (2]23 SIN @53 ]112 sin (,0’12) Jo bd Z (2]12 Slncp12 ]23 sin (,023)

2
&r dj i bd s
T Jobd Z (‘st Sm%) NEE A%F/l%]” singy; =0 (3.137b)

Using the same ways as mentioned in previoues section, the system of sine-Gordon

equation (3.137a) and (3.137b) can be written in matrix form as

32 92
MDt MDX ()D + Mpcjpsing =0 (3.138)
MSt MOt MSx MOx MOC Mlc
Where? MD[ = ’ MDX = ’ MDC =
Mo Ms; My, My -Mie Mo
-0 —5Q 0 0 —%a/x -3 0 0
0 0 -3 —%a, 0 0 —%ax —%ax
MO[ = ) MO}C =
1o, 1o, 0 0 —lay -fax 0 0
0 0 _%at —Ea; 0 0 —%ax —%Qx
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Yoo O aoc Poc
0 Yoc ,BOC Q¢
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ﬁOC = _ﬁ
2¢, 2 32
Yoo =" T 5
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Yic

Yic

ﬁlc

,Blc

Yic

Jp is the diagonal matrix with normalized current densities by Jj in tunneling channels

as the diagonal elements, ¢ is the column vector of phase differences in the tunneling

channels.

Using Equation (3.116), three intra-layer sine-Gordon equations correspond to the

inter-band coupling can be obtained as

JrF
2.d
JTFa X5
or?
and

Jrr

Oxi)

Oxi)

o7 Lox

2. d 2 d
X3 07Xz

l'/

gd . id N is
(112 SIN @5 = J1p SIN ‘Plz)

o7 a2 T4

1

-2

i’
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-di’

J23

i’ s dif ssi’ s si’
- Z (112 SINgy; ~J12 Sm‘Plz) =0

+ Z (jé‘é sin (p% - J% sin goés:,;) =0

(3.139a)

sin gl — j35 sin ) =0 (3.139)

(3.139¢)



3.13 Numercal approximation and computation

The perturbed sine-Gordon Equations (3.135), (3.136), (3.138) and (3.139) which have

been derived in Section 3.12 can be written in more general form as

3%y 3%
— = A1 - F 3.140a
P 155 1(¢) ( )
%y %y
—— = - h 3.140b
P 250 2(¢) ( )
where,
ss sd ds  dd T :
(9012, 90‘12’ "20) ‘P]z) P for smgle LJJ

¢ = ;
(wii,soi‘z’,QO‘f;,so‘fg,so;%,soi‘;,go‘z’;;,go‘g) . for coupled LJJ

The superscript T refers transpose here.

Mgtl Msy,  for single LJJ

A =
MB%MDX, for coupled LJJ,

Jsd
A, = —= for both single and coupled LJJs

Jsd

TF
M;l] Msejssing,  for single LJJ

Fi(p) =

MptMp,jp sing,  for coupled LIJ

| |2 Uiasingis - iy singys)

yz ! , for single LJJ
TF oof s i odi - i
> (jfa sineh ~ 7 singfh)
l
72(9) = % (7 sin e = s sin o))
o | Z (713 sin gl — jid singfd + sk sin i — j3isinggs) | for coupled LIJ
TF | i

o7 . .. .'d o d
% (/2 sin gl - Jjid sin i)

1
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Many numerical methods have been developed for solving nonlinear partial differential
equations like sine-Gordon equation. Some of the methods are Adomain Decomposition
Method (Kaya, 2003, 2004; Ray, 2006; Wang, 2006), the Exp-Function Method (Bekir
et al.,2007), the Homotopy Perturbation Method (Aslanov, 2015), the Homotopy Analysis
Method (Yucel, 2008), the Variable Separated ODE Method (Wazwaz, 2007; Kuo et al.,
2009), the variational Iteration Method (Batiha et al., 2007a,b), the Differential Transform
Method (Mirzaee, 2011; Biazar et al., 2010), Generalized Differential Transform Method
(Kenmogne, 2015), Reduced Differential Transform Method (Keskin et al., 2010, 2011;
Wang et al., 2014). Almost all of these methods demand some theoretical enhancement

in order to ease computational effort.

In the present context, a familiar Finite Difference Approximation technique has been
used. This method is very simple for handling the computational task (DeVries et al.,
2011). This method demands initial as well as boundary conditions (Reynolds, 1978;
Langtangen, 2014) which so imposed to control the particle (i.e. kink or anti-kink in the
present case) in the spatial domain at the given time. Special care should be taken for
choosing the appropriate step sizes for time and position otherwise the solution may not

be stable.

3.13.1 Initial Conditions

Providing the initial conditions means supplying the initial information to the system at
the starting time. In the present problem, the initial information is the kink (or anti-kink)
solution of unperturbed sine-Gordon equation which can be generated by appropriate
electronic device which produces it as the trigger signal. The solution of unperturbed

sine-Gordon equation is

¢(%,7) = x(%,7) =4tan”!

X —ut — Xy
_ 3.141
exp(o- V1 — u? )] ( )

where, u is the normalized speed of the kink (o~ = +1) or anti-kink (o- = —1) and Xy is the

initial position of it. Hence, the initial condition for all channels of the junction system is

¢(%,0) = y(%,0) = 4tan™! [exp (0' %)] (3.142)
—Uu
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and

0y Ox u ( X — Xo )
—| === =-20 sech (o (3.143)
Otlg 0l V1 —u? V1 —u?

3.13.2 Boundary Conditions

There are different boundary conditions that can be imposed on the system in order to
control the state of kink or anti-kink. When ¢(x,7) = y(x,f) = 0 for ¥ = +L,, then
this condition will mirror the kink (anti-kink) and is known as homogeneous Dirichlet
boundary condition. The effect of moving ¢ or y shall be demonstrated at the boundary
X = —L, to feed the domain with the incoming kink(anti-kink). The boundary condition

then reads

-L, - uf—xo)]

@(—Ly,T) = y(~Ly,7) =4 tan™! [exp (O‘
' V1 —u?

If the kink/anti-kink is to let reflecting from the boundary, then Neumann boundary
0 0
condition, a—('f =0= a—)f for x = L, can be applied. If the kink/anti-kink is to let
X X
traveling through the boundary without being disturbed, the boundary condition at this

situation is named as open boundary condition given by

0p _ 7,9¢ _

57 1§—Oforx——Lx
de de _ -
§+ﬂ1§ =0forx =+L,

Similarly, it can be imposed for y replacing A; by Aj,. This type of boundary condition
is called radiation condition or an artificial boundary condition (Langtangen, 2014). The

boundary conditions are summarized in Table 4.
3.13.3 Approximation of the sine-Gordon equation
A uniform mesh in space and time is introduced with spacing dx and d¢, respectively at
each point (x;, 1)
Xi=—Ly+iox, withi=0,------ , Ny (3.144)
ty =ndt, withn=0,------ , Ny (3.145)

82



Table 4: Different boundary condition for sine-Gordon equation (Langtangen, 2014; Reynolds, 1978)

Condition Formula Effect
Dirichlet  @(xLy,f) = y(xLy, 1) =0 Mirror kink/anti-kink
Dirichlet  @(xL,,f) = x(£Ly, ) = @o(7) Feed incoming kink/anti-kink
0 0
Neumann —(’f = a—)_( =0forx = =L, Reflect kink/anti-kink
X X
@ de _
Open i Ay ETs =0forx =—-Ly Let the kink/anti-kink
t of the bound
22 A ZE = 0for ¥ = +L, out of the boundaty
ot ox

similarly for y replacing A; by A

here N, and N, are the total number of the points in space and time, respectively. The

sine-Gordon equation is approximated by second-order finite differences as

1_1+1

’p(Fint) ¢ =24 + o)

~ 3.146

or? o1? ( )
02X, Tn)  Pi — 200 + o)

i~ > (3.147)

where ¢! is the numerical approximation of the exact solution at (x;, 7,). Applying these

approximation the perturbed sine-Gordon equation reads

_ ﬂlétz
SD?H = -y = 2¢] + Sx2 (¢ =297 + ¢ )) - &2?1(90?) (3.148)

Ar612

ox?

n

/\/II'HI — _Xi_l +2Xln +

(i, = 2x"+ X)) = 62 F (o) (3.149)

3.13.4 Approximation of initial and boundary conditions

The initial condition

(P()E,O) :X()E’ 0) = 4tan_1 [exp (O' X — %o )]

can be approximated as

_ _ Xi — Xo
0(x;,0) = SDQ = 4tan”! exp (0'—)] (3.150)
l V1 —u?
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and

_ _ Xi — Xo
x(%,0) = x; =4tan™! [eXp (0 )] (3.151)
l V1 —u?

Using central difference formula, we can have

dyp ol — 7! 20u [ X; — Xo ]

—| Y =- sech |0 (3.152)
and

Ox X —x;! 20u [ )Ei_)EO]

= = sech |oco—— (3.153)

The Dirichlet boundary condition for the fixed kink/anti-kink solution is approximated as
¢ =0=¢}, (3.154)
and
Xo = 0= xy, (3.155)

For the feeding kink/anti-kink from the left boundary ¥ = —L,, the approximation is

- _ =L, — ut, — Xo
on = @o(t,) = 4tan 1 [exp (o‘—) (3.156)
’ ! V1 —u?
and
_ _ —-L, —ut, — Xy
Xo = xo(f,) = 4tan 1 [exp (o’—) (3.157)
’ ! V1 —u?

No flux or Neumann boundary condition are approximated by central finite difference

which yields

¢} =¢",, atx =-L,, and ‘/’an+1 = ‘Pan—l’ atx = +L, (3.158)
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and
X{=x",,atx=-L,, and XXJXH :XX,X_I, atx = +L, (3.159)

Open boundary conditions are discretized by first-order forward difference in time. For
the spatial discretization, the forward difference is applied at the left and backward

difference is applied at the right ends i.e.

Aot

il = o 4 = (¢} = ¢p) . atxr=-L, (3.160)
and
ol =g+ % (go"Nx - go”Nx_l) atx=+L, (3.161)
Similarly,
Xt =X +A§Z(X? —x8), atx=—L, (3.162)
and
XN = X+ ”?;fl (1, =) - aE = L (3.163)

In the present context, the kink/anti-kink is fed from the left end and allowed to flow out

from the right end in order to study the dynamics of the phase differences.

Putting n = 0 in Equations (3.148) and (3.149) and using Equation (3.152) and (3.153),

we get
g A, 61 1
1 0 0 0 0 2 0
I _ 5t =2 : ( —20Y + ¢ )——5;? . 3.164
vi 07 |y 11T 2gx2 Pl T TS T 1) ©G.164)
and
Ox Aot 1
1 0 0 0 0 2 0
S =0t == +x + ( -2y, + x; )——5t . 3.165
Xi FHI Xi+ s Wit — 20 + X | = 5 F2(x;) ( )

The Courant-Friedrichs-Lewy stability criteria has to be maintained in order to get the
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stability of the kink/anti-kink solution. The criteria reads

A, 612 Ar61>
! < 1, and 2

<1 (3.166)

ox? ox?

This criteria suggest us to take very small time step as compared to position step as far as
possible. It is mandatory to pay the computational cost for the time steps to obtain the
approximately calculated values reach the close agreement with those of theoretical ones

(Wang et al., 2014).

The most straightforward way to proceed the computational task is to introduce one array
to hold ¢ or y at all x; at the time 7,,, a second array to hold all the ¢ or y at the time #,,_;
and a third to hold newly computed result at #,,.1. Then it is looped through the code

incrementing the time and shuffling the arrays appropriately (DeVries et al., 2011).

The overall computational procedures have been performed using the OCTAVE version
5.2 programming language under the supercomputer platform available at Kathmandu
University, Dhulikhel, Nepal. After computing the phase differences, the normalized
Josephson tunneling current density and the net Josephson energy can be calculated as

(Kleiner et al., 2001; Simanek, 1994; Atland et al., 2014)

A2
= TF D dasingl, (3.167)
0 i T+
£, = Z zjii’ _ Z z i’ cos i’ + NI(O)dhz((l)l )25“/ (3 168)
J pdl e*]l,l+1 Pri+1 p/) YCii :

Lii’ Lii’
The first term of Equation (3.168) is the inter-band Josephson energy, the second term
represents the tunneling Josephson energy and the third term is the free energy. The net
Josephson energy is minimized at each temporal point over whole space domain and the
relative phase differences correspond to minimized energy are extracted. These phase
differences are plotted against the time in the same figure in order to study the phase

frustration which ultimately leads the time reversal symmetry broken.

The current that is flowing across each tunneling channel can be calculated as (Koyama
et al.,2010b) )
gohcz 8"07,I+1

e* 0x

i’ _
Li+1 —

(3.169)

86



These current are average out over space, time and channels then the result is plotted
against input voltages (which affect the tunneling strength) to study the current-voltage

(I-V) characteristics of the junction system.

Although, the generalized sine-Gordon equation derived in the present work is applicable
for the stack of LJJs based on multi-gap superconductors like MgB; and iron-pnictides,
the computational task has been done only for MgB, because of the availability of
sufficient data regarding the various parameters needed to the computational procedure.
Since most of the researchers involving in the study of superconductivity in iron-pnictides
only focus to search for the candidates of high 7, superconductors, the various parameters
like superconducting energy gap, penetration depth, coherence length, Fermi velocity etc.
are still underway for investigations. The present computational work can be done for
iron-pnictides as the future project once the required parameters will be calculated or

determined by any means.
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CHAPTER 4

RESULTS AND DISCUSSION

For the numberical computation purpose, a high level programming language named as
OCTAVE version 5.2 has been used. It is the interpreter language like MATLAB which
is commercial programming language where as OCTAVE is freely available and runs in
the Linux operating system. All the finite difference equations of perturbed sine-Gordon
equation explained in the Section 13 of Chapter 3 are written in the OCTAVE M-files as
the algorithmic codes. The codes have been executed in the command prompt to obtained
the required parameters such as phase differences, Josephson energy, current etc. For
generating quality graphs of the computed data which eases the analysis, the PYTHON3
programming language with MATPLOTLIB module has been used.

The various parameters of MgB, used as the input of algorithms are listed in the Table 5

and 6

Table 5: Some useful band independent properties of MgB, used for computation

Ref. (Buzea et al., 2001)

Parameters Values

Hexagonal lattice constants a =b = 3.0861&, ¢ =3.524A

Physical density p =2.55 gm-cm™
Volume of unit cell Veerr 2.9 x 107¥m3
Total density of states No=15x10*J-I.m~3

In the present Chapter, a number of plots have been generated to study the various

phenomenon regarding the phase dynamics in LJJ based on MgB,, a two-gap supercon-
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Table 6: Some useful band dependent parameters of MgB, used for computatiOn

Ref. (Buzea et al., 2001; Eisterer, 2007)

Parameters Symbol o-band m-band Units
Critical temperature T, 40 39 K
Carrier density Ny 2.8x10% 1.7x10% cm™3
Coherence length  £9%(0) 12 3.7 nm
£(0) 3.6 1.6 nm
Penetration depth Ar(0) 180 85 nm
Energy gap A(0) 7.5 2 meV
Debye temperature S 880 750 K
Density of states No(0) 8.415x10% 6.885x10%0 J7l.m™3
Fermi velocity vab 4.4x10° 5.35%10° m-s~!
Ve 0.72x10° 6.23x10° m-s~!
Plasma frequency wf,b 4.14 5.89 eV
W', 0.68 6.85 eV

ductor. The plots are generated for both single layered and double layered (coupled)
LJJs with different junction thicknesses as well as superconducting layer thicknesses
maintaining the various tunneling voltages. The Josephson part of Lagrangian density
is also calculated as a function of time and position in the domain and minimum of
which has been extracted for each time step in the domain. The minimum energy is
plotted against time in order to study the dynamics of the equilibrium condition. At
each time step, the phase differences correspond to the minimum Josephson energy has
been searched and plotted against the normalized time. Various information about the
phase frustration have been drawn from these graphs. If the phase difference is other
than 0 and 7 at the situation of minimized Josephson energy, then the phase is said to be
frustrated leading to the time reversal symmetry broken on the channel containing the
phase. Otherwise, the phases are said to be phase locked or anti-locked in the domain

leading to the time reversal symmetry invariant state.

In order to study the current-voltage (I-V) characteristics, the net currents that flowing

out from system have been calculated for different tunneling voltages and plotted against
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it. The detailed explanation are given in the following two sections.

Even though, a system of generalized sine-Gordon equation has been derived for N-stack
of LJJ based on two-gap superconductors like MgB,, the computations have been done
for single junction (N = 1 with two superconducting layers) and coupled LJJ (N = 2
with three superconducting layers). The properties of the junction system is expected to
be completely different as N is increased. So the study of fluxon dynamics for N = 3
and higher could not be completed during the present project and can be enhanced
in the future project. The same simulation can be done for the LJJ with hetero-gap
superconducting layers like mixture of MgB, and candidates of iron-pnictides. Since the
superconductivity in iron-pnictides has been observed in 2008 for LaFeAs and most of
the researchers have been involved to observed the 7. of different candidates of it till date,
the present simulation can not be performed for them due to the unavailability of the
value of required input parameters. The simulation task can be performed using similar

model as soon as the data of any candidate of iron-pnictides will have been available.

In order to analyze the phase dynamics and phase frustration, a number of plots have
been generated for the layer thicknesses 6 A, 9 A, 12 A and 15 A as well as the junction
thicknesses 3 A, 6 A, 9 A and 12 A at different tunnel voltage. The thickness of the
superconducting layer cannot be less than 3 A because the lattice parameters of MgB, is
greater than 3 A. For the ease of analysis, only the figures for equal junction and layer

thicknesses are presented.

4.1 Results and discussion for single LJJ

4.1.1 Phase dynamics in single LJJ

A number of figures (Fig 12 to 23) have been generated to study the phase dynamics
at different junction parameters for a single junction system. Fig 12 gives the phase
differences at junction and layer thicknesses of 6 A each under the application of tunnel
voltage of 0.05 V. The phase variations are shown for normalized times 7 = 0.0 to 4.98
which are measured in the unit of inverse of Fermi frequency i.e. (w;l) and shown on the
top of the figures as the title label. The normalized position is measured in the unit of
inverse of Fermi wave vector i.e. (k;l). Each row of the figure is labeled as the phase

differences in various channels. The phase differences between the first superconducting
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Figure 12: Phase differences for b = 6 A, d =6 A and tunnel voltage =0.05 V in single LJJ

layer to the second layer are shown in the first to fourth rows. The last two rows give
the information about inter-band phase differences in the two superconducting layers.
These all phases are interlinked to each other by the system of perturbed sine-Gordon
equations. From Fig 12, it is shown that the inter-layer intra/inter-band phase differences
(¥}5 go‘i‘zl), that are initially represented by the kink solution of unperturbed sine-Gordon
equation, remain in the collective phase variation. On the other hand, the inter-layer

dd
12

inter/intra-band phase differences (90‘113, ¢99), which are initially represented by the kink,
are found to be almost with collective motion in the direction opposite to those in the
previous channels. The inter-band phase differences )(ff in the first layer and that of )(ggl
in the second layer are found collective behavior as shown in Fig 12. When the tunnel
voltage is increased to 0.5 V, maintaining the same junction geometry (i.e. » =6 A and
d = 6 A ) as shown in Fig 13, it has been observed that kink deform significantly as the
time goes on. Here, the phase differences (¢7, <p§521) are in collective motion in one way
and (go‘ll;, go‘llg ) are also in collective motion in the different way. The inter-band phase
differences Xﬁl and /\(ég slightly show the competitive and non-collective motion. The

d

inter-band phase difference y;5 deforms at higher time. This might be due to the higher

probability of tunneling activity. The degree of deformation is higher for higher tunnel
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voltages i.e. 1 V and 2V, as depicted in Fig 14 and Fig 15, even though the junction and
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layer thicknesses are maintained as 6 A.
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Figure 13: Phase differences for b = 6 A, d =6 A and tunnel voltage =0.5 V in single LJJ
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Figure 14: Phase differences for b =6 A, d = 6 A and tunnel voltage =1 V in single LJJ
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Figure 15: Phase differences for b =6 A, d = 6 A and tunnel voltage =2 V in single LJJ

At the tunnel voltage of 2 V, collective behavior of intra- and inter-band phase differences
corresponds to Josephson tunneling exhibits the similar nature as for the voltages 0.05
V and 0.5 V, the inter-band phase differences in the first and second layers completely
violet the collective behavior. The phase difference X;El seems to be deformed quickly as
compared to the previous lower voltage cases. As the time goes on, the phase differences
exceed the limits O and 7 indicating the chance of phase frustration which will be
discussed later on. During the motion of the kink, fluxons and anti-fluxons (kink and
anti-kink) are generated and superposed to each other forming the bound pairs which

contribute to the kink deformation.

As the junction geometry has been changed by setting the layer thickness d = 9 A and
junction thickness b = 9 A, the profiles of the intra- and inter-band phase differences
exhibit completely different behavior as compared to the previous junction geometry.
With the tunnel voltage of 0.05 V, the phase differences ¢}’ and goi”zl are found almost

collective variation as time goes on whereas (pf; and goilg

do not exhibit the collective
motion even at lower time e.g. 1.66 of unit as shown in Fig 16. From Fig 16, it is also
observed that the inter-band phase difference in second layer i.e. )(55" does not show the

competitive collective nature with that in the first layer i.e. )(f‘li which was collective
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Figure 16: Phase differences for b =9 A, d = 9A and tunnel voltage =0.05 V in single LJJ

nature in the previous geometry at the same tunnel voltage. A peculiar behavior has been

observed in tunnel voltage of 0.5 V as shown in Fig 17. Here, the phase differences
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Figure 17: Phase differences for b =9 A, d = 9A and tunnel voltage =0.5 V in single LIJ

(pfé and go‘lig completely violet the collection behavior at 1.66 unit of time but eventually
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exhibit almost collective nature at time 4.98 unit. As a result, inter-band coupling in the

d

isolated layers is affected due to which the phase difference x3) deforms significantly

even at lower time. At the tunnel voltage of 1 V maintaining the same junction geometry
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Figure 18: Phase differences for b =9 A, d =9 A and tunnel voltage =1 V in single LJJ

(ie.d=b=9 10%) as shown in Fig 18, the collection motion of phase differences (go{sz,go‘ig)

and (gofé,gofg ) almost reappears, but the collective nature of inter-band phase differences
in first and second layers are completely violated. This declared that the collective motion
of the fluxons or anti-fluxons in the different channels is highly influenced by the tunnel
voltage. This is also confirmed by Fig 19 for tunnel voltage of 2 V. Similarly, Figs 20
to 23, it can also be seen that the variation of phase differences significantly depends
on the junction and layer thickness. A number of figures have generated for different
tunnel voltages as well as the junction and layer thicknesses. Only some selected figures
are depicted here. From the observation of a number of figures, it is found that the
phase texture is so complicated to study the fluxon motion. All the figures (Fig 12 to Fig
23) help for the comparative study of the variation of phase differences. Some results
regarding to the phase dynamics have been published in the journals cited as (Chimouriya

et al., 2018, 2019)
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4.1.2 Phase Frustration in single LJJ

Phase frustration is one of the important phenomenon observed in the long Josephson
junction. This phenomenon confirms the time reversal symmetry broken on the system.
If the phase difference between two superconducting electrodes across the junction is
either O or 7 for the minimum Josephson energy that is ground state, then the phase
is said to be invariance under the gauge transformation. If the phase difference at this
situation is 0, then the phase is said to in-phase locked and if the value is 7 then it is
out-of-phase locked. In this situation, the time reversal symmetry is invariance. If the
phase difference between the two superconducting electrodes across the junction is other
than O or 7 under the condition of minimum Josephson energy, then the phase is said to

be frustrated and hence the ground state time reversal symmetry is said to be broken.

In order to study the phase frustration for different situations, the Josephson part of
Lagrangian density is minimized at every time step and the minimum of which has been
extracted. At the same time step, the corresponding phase difference at each channel has
been recorded. The minimum energy and the corresponding relative phases are plotted
against time. Various types of such plots (Fig 24 to Fig 35) are generated for different
junction geometry and tunnel voltage to study the phase frustration. In Fig 24, the upper
graph gives the minimum energy vs time plot and the lower one is plots of corresponding
phase differences across the different channels of the junction system. The plots are
generated up to normalized time of 5 unit where the unit is w;l. The Fig 24 gives the
plot for phase frustration with the junction geometry b = d = 6 A under the application
of tunnel voltage of 0.05 V. From this figure, the phase differences across all the channels
are found to be very closed to zero below the time 4.4 unit. Above the time, the phase
differences ¢}’ and goig crosses the limit r and the phase differences <pf; and gofg acquire
the value less than 0. All these phase differences are in the state of phase frustration,
but in different manner. ¢}3 and (pi‘zi show the collective phase frustration with phase
differences greater than 7 and at the same time, gof% and <pfg show the collective phase
frustration with phase differences less than zero. When the tunnel voltage is increased
to 0.5 V, as shown in Fig 25, the phase frustration has been started at about 2.3 unit of
time. From the graph, it can also be observed that the phase differences collectively
come at the situation of phase locked for some time i.e. from 3.5 to 4.1 unit of time.

The stabilization energy is higher at the situation of phase frustration and lower at the
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Figure 24: Minimum Josephson energy versus time for b = 6 A, d = 6 A at tunnel voltage = 0.05 V in
single LJJ

phase locked condition. As the tunnel voltage has been increased for the same junction
geometry, as shown in Fig 26 and Fig 27, the phase frustration starts quickly i.e. about

1.1 unit of time for 1 V and 0.9 unit of time for 2 V.

If the junction geometry has been changed by making the electrode and junction
thicknesses as 9 A each, then a new type the phase frustration has been observed. For the
tunnel voltage, 0.05 V, as in Fig 28, the phase frustration is started at about 1.5 unit of
time. After this time, the phase differences ¢}’ and goi”é are in phase frustration with value
greater than 7 whereas the phase differences <p‘11§ and gpfg are in phase frustration with
the values less than zero. This situation remains until the time about 3.9 unit. Beyond the
time, the phase frustration situation is interchanged among these two sets. That means,
the phase differences ¢}’ and <p§‘21 are in phase frustration with the values less than zero
and the remaining phase differences go‘f; and go‘lig are in phase frustration with the value
greater than 7. As the tunnel voltage has been increased, the phase frustration starts
quickly and the transferring of the frustrated states among the two channels occur in the

short period of time. There is the periodic excitation and de-excitation of the stabilization
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Figure 25: Minimum Josephson energy versus time for b = 6 A, d = 6 A at tunnel voltage = 0.5 V in
single LJJ

energy. The phase frustration nature not only depends on the tunnel voltage but also on
the junction geometry as shown in Fig 29 to Fig 35. In Fig 29, the junction geometry is
differed by setting » = 9 A and d = 9 A maintaining the tunnel voltage of 0.5 V. The
phase textures seem to be slightly different from before but still in the situation of phase
locked and no phase frustration occurs. When the tunnel voltage has been jumped to 1
V for the same junction geometry, the phase differences corresponds to the minimum
Josephson energy is dramatically changed. The phase differences almost remain at the
phase locked situation till 2 unit of normalized time and then start to increase leading the
phase frustration. From the graphs i.e. Fig 30 and Fig 31, it can also be seen that the
phase frustration is competitive between the two junctions. It is also observed that all
phases are at the situation of phase frustration after the time about 2 unit but not in the

same way.

The scenario is completely different for the tunnel voltages 1 Vand2 V withb =d =9
A as shown in Figs 30 and 31 in which the phase frustration starts even quickly. In these

situations, the system is not equilibrium because the minimum energy curve does not
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Figure 26: Minimum Josephson energy versus time for b = 6 A, d = 6 A at tunnel voltage = 1 V in single
L1

seem to be flattened in the region of phase frustration.

For the junction geometry (b = d = 12 A) with tunnel voltage of 0.5 V, as shown in Fig 33
the phase frustration starts near about 1 unit of time and the minimum Josephson energy
beyond the time remains almost constant which shows the stable equilibrium condition.
For higher voltages, 1 V and 2 V, in the same junction geometry as shown in Fig 34
and Fig 35, the phase frustration starts near about 0.3 and 0.2 unit of times. Beyond the
time, the minimum energy remains almost flat with some interference. The collective
oscillation also called Legget’s mode (Ghimire et al., 2020) and phase frustration leading
to time reversal symmetry broken situations explained in the present work are reported

on the journal cited as (Ghimire et al., 2018; Chimouriya et al., 2019)
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4.1.3 I-V Characteristics in the single L.JJ

The current-voltage (I-V) characteristics is one of the important behavior of the Josephson
junction. The I-V characteristics reveals the power application of any devices. It has been
observed that the I-V characteristics of any type of Josephson junctions, either fabricated
from conventional and non-conventional superconductors, are non-linear types. In the
present context, the I-V characteristics have been observed by calculating the current at
every tunnel voltages from 0 to 1 V with stepping 0.01 V using the equation (3.169). The
plots for electrode thicknesses 6 A, 9 A, 12 A and 15 A are plotted in the same figure.
(Koyama et al., 1996, 2008; Lin, 2012). The I-V characteristics in single long Josephson
junction seems to be unusual as compared to the other electronic devices. There exist
the negative as well as positive differential resistance in the system. Fig 36 shows the
I-V characteristics for the junction thickness of 3 A. According to the graphs, the I-V
characteristics for electrode thickness d = 6 A is almost linear with negative resistance.
For the electrode thicknesses d = 9, 12, and 15 A the characteristics seem to be nonlinear

with differential resistance. For d =9 A, the I-V characteristics is nonlinear with negative
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Figure 36: The current-voltage characteristics in single LJJ with junction thickness of 3 A up to the tunnel
voltave of 1 V

differential resistance within the voltage 0 to 1 V. For the electrode thicknesses d = 12 A
and 15 A, there exist the differential negative resistances up to the voltages 0.6 V and 0.8

V respectively. Beyond these voltages, there is the positive differential resistances.

For the junction thickness of b =6 A, as shown in Fig 37 the scenario seems to be different.
For the electrode thickness d = 6 A the current decreases up to the voltage 0.6 V persisting
the negative resistance then the current remains constant up to 1 V beyond which there is
positive differential resistance. For d = 9 A, the current decreases up to 1 V with negative
differential resistance and then increases with positive differential resistance. Similarly,
for d = 12 A the negative differential resistance occurs up to 0.8 V. In the case of d = 12
and 15 A, there exist many peaks and valley in the non-linear curve showing the existence
of negative and positive differential resistance alternatively. Similarly, for the junction
thicknesses b =9 and 12 A, as shown in Fig 38 and 39, the positive resistance nature is
predominant at low voltages and then complicated non-linear activity are observed for
higher voltage. The existence of non-linear nature of I-V characteristics might be due to

the collision and excitation of quasi-particles (kinks or anti-kinks) creating an unstable
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Figure 39: The current-voltage characteristics in single LJJ with junction thickness of 12 A up to the
tunnel voltave of 1 V

meta-stable states as predicted by author cited as (Koyama et al., 1996) . The transition
may occurs over there which results the absorption and radiation of electro-magnetic
radiation. In the region of negative resistance the device can serve as the energy storage

or oscillator.

4.2 Results and discussion for coupled LJJ

4.2.1 Phase dynamics in coupled LJJ

Figs 40 to 47 have been generated to study the phase dynamics at different junction
parameters. Fig 40 gives the phase differences at junction and layer thicknesses of 6 A
each under the application of tunnel voltage of 0.05 V. The phase variations are shown
for normalized times 7 = 0.0 to 4.98 which are measured in the unit of inverse of Fermi
frequency i.e. (a);l) and shown on the top of the figure as the title label. The normalized
position is measured in the unit of inverse of Fermi wave vector i.e. (k;l). Each row of

the figures are labeled as the phase differences in various channels. The phase differences
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Figure 40: Phase differences for b =6 A, d = 6 A and tunnel voltage =0.05 V in coupled LJJ
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Figure 41: Phase differences for b =6 A, d = 6 A and tunnel voltage =0.5 V in coupled LJJ
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between the first superconducting layer to the second layer are shown in the first to fourth
rows. The fifth to eighth rows represents the phase differences between second and third
layers. The last three rows gives the information about inter-band phase differences in
the three superconducting layers. These all phases are interlinked to each other by the
system of perturbed sine-Gordon equations. All the figures from 40 to 47 help for the
comparative study of the variation of phase differences. From Fig 40, it is shown that the
inter-layer intra-band phase differences (¢75, go‘lig s 535 gogg ), that are initially represented
by the kink solution of unperturbed sine-Gordon equation, remains stationary with respect
to time. On the other hand, the inter-layer inter-band phase differences (goi‘z’, gafé, 905‘31 ,
cp‘g) which are initially represented by the kink, are found to be slightly deformed in the
shape. When the tunnel voltage is increased maintaining the same junction geometry
(i.e. b=6 A and d = 6 A), it has been observed that kink deforms as the time goes on.
In contrast to the single LJJ, the fluxon motion in the coupled LJJ is found to be more
complicated. The intra-layer inter-band phase differences ( )(ff , )(;g , )(;g) are found to be
collective motion at 0.05 V and the collective behavior has been violated as the voltage
increased as shown in Fig 41, 42 and 43. The degree of deformation is higher for higher
tunnel voltages. As the time goes on, the phase differences exceed the limits O and 7
indicating the chance of phase frustration which will be discussed later on. During the
motion of the kink, fluxons and anti-fluxons are generated and superposed to each other
forming the bound pairs which contribute to the kink deformation. The inter-layer phase
differences are found to be competitive in the two junctions as shown in the figures. In
order to remove the confusions, the solid lines represent the phase differences between

the first and second layers and dash-dot lines with corresponding color represents those

between second and third superconducting layers.

When the junction geometry has been changed to b = d =9 A, the violation of collective
behavior starts quickly as shown in Figs 44 to 47. This would affect the intra-band
coupling in the respective layers. So, it can be said that the variation of phase differences
significantly depends on the junction and layer thicknesses. A number of figures have
generated for different tunnel voltages as well as the junction and layer thicknesses. Only
some selected figures are depicted here. From the observation of a number of figures, it

is found that the phase texture is so complicated to study the fluxon motion.
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Figure 42: Phase differences for b =6 A, d = 6 A and tunnel voltage =1 V in coupled LJJ
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Figure 44: Phase differences for b =9 A, d = 9A and tunnel voltage =0.05 V in coupled LJJ
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Figure 45: Phase differences for b =9 A, d = 9A and tunnel voltage =0.5 V in coupled LJJ
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Figure 47: Phase differences for b =9 A, d =9 A and tunnel voltage =2 V in coupled LJJ
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4.2.2 Phase Frustration in coupled LJJ

As in the case of single junction, the phase frustration plays important role in the stack of
long Josephson junction to confirm the time reversal symmetry broken on the system.
If the phase difference between two superconducting electrodes across the junction is
either 0 or & for the minimum Josephson energy, then the phase is said to be time reversal
invariant state. If the phase difference at this situation is 0, then the phase is said to locked
and if the value is 7 then it is anti-locked. At this situation the time reversal symmetry is
invariance. If the phase difference between the two superconducting electrodes across
the junction is other than O or 7 under the condition of minimum Josephson energy, then
the phase is said to be frustrated and hence the ground state time reversal symmetry is

said to be broken.

In order to study the phase frustration at different situations, the Josephson part of
Lagrangian density is minimized at every time step and the minimum of which has been
extracted. At the same time step, the corresponding phase difference at each channel
has been recorded. The minimum energy and relative phases are plotted against time.
Many such plots are generated for various junction geometry and tunnel voltage to study
the phase frustration. Some relevant graphs are depicted from Fig 48 to Fig 59 whose
description are presented in the following paragraph. The upper graph in each figure
gives the minimum energy vs time plot and the lower one is the plots of corresponding

phase differences across the different channels of the junction system. All the plots are

generated up to normalized time of 5 unit where the unit is w;l.
For b = d = 6 A and tunnel voltage of 0.05 V, as shown in Fig 48, the phase differences

correspond to the minimum energy across all the channels are found to be in between 0

sd
12°

and 7 up to 4 unit of time. Beyond the time, the phase differences ¢ 505‘31 and 90‘2% are in
phase frustration with phase differences less than 0 and the phase differences on the other
channels almost remain with phase locked situation. When the tunnel voltage is increased
to 0.5V, 1V, and 2 V maintaining the same junction and electrode thicknesses, the phase
frustration start quickly i.e. near about 2.3 unit of time for 0.5 V as shown in Fig 49, 1.5

unit for 1 V as shown in Fig 50 and 0.9 unit of time for 2 V as shown in Fig 51.

In Fig 53, the junction geometry is differed by setting » =9 A and d = 9 A maintaining

the tunnel voltage of 0.05 V. The phase frustration is found to be started at about 3.3 unit
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Figure 52: Minimum Josephson energy versus time for b =9 A, d = 9 A at tunnel voltage = 0.05 V in
coupled LJJ
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Figure 54: Minimum Josephson energy versus time for b = 9 A, d = 9 A at tunnel voltage = 1 V in
coupled LJJ
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Figure 56: Minimum Josephson energy versus time for b = 12 A, d = 12 A at tunnel voltage = 0.05 V in
coupled LJJ
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Figure 57: Minimum Josephson energy versus time for b = 12 A, d = 12 A at tunnel voltage = 0.5 V in
coupled LJJ
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Figure 58: Minimum Josephson energy versus time for b = 12 A, d = 12 A at tunnel voltage = 1 V in
coupled LJJ
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of time. In this case, the phase difference ¢}3 remains at the phase locked situation. The
inter-band phase differences <p12, 9012’ g023 and (,0 5 are in phase frustration with phase
differences greater than 7 whereas intra-band phase differences ¢ 12, @55 and 9023 are
in phase frustration with phase differences less than 0. When the tunnel voltage has
been jumped to 0.5 V for the same junction geometry, the phase frustration seems to
occur at about 1.8 unit of time. The phase differences almost remain at the phase locked
situation till 1.8 unit of normalized time and then start to increase leading the phase
frustration. From the graphs, it can also be seen that the phase frustration is competitive
between the two junctions. It is also observed that all phases are at the situation of phase
frustration after the time about 1.8 unit but not in the same way. The inter-band phase
differences, (9012, (,012) of the first junction and those of (<p23, (,023) of second junction are
in competitive phase frustration with the phase differences greater than . On the other
hand, the intra-band phase differences (¢73, i 12, o33 cpzd) are in phase frustration with
phase differences below 0. As in the previous case, the phase frustration starts at shorter
time for higher voltage i.e. 1.8 unit for 0.5 V as shown in Fig 53, 1.1 unit for 1 V as

shown in Fig 54 and 0.6 unit for 2 V as shown in Fig 55.

For the junction geometry (b = d = 12 A) with tunnel voltage of 0.05 V, as shown in
Fig 56 the phase frustration starts near about 2.6 unit of time. For higher voltages, 0.5
V, 1V and 2V, in the same junction geometry as shown in Fig 57 to Fig 59, the phase
frustration starts near about 2, 0.8 and 0.5 unit of times, respectively. The three phase
differences (¢33, gogg, (p‘li;) are competitively phase frustration situation in one direction
and the remaining are in opposite direction. In all the graphs, the phase differences, ¢33,
goiz and gos in the situation of competitive phase frustration with the phase differences
greater than 7. On the other hand, the intra-band phase differences, go 5 and <,0 5 are in

the situation of competitive phase frustration with phase differences less than zero.

4.2.3 I-V Characteristics in the coupled LJJ

The I-V characteristics in double (coupled) long Josephson junction is completely different
from that of observed in single long Josephson junction for the same junction and electrode

thicknesses maintaining the same tunnel voltages.

Fig 60 shows the plot of I-V curves for various electrode thicknesses at tunnel voltage
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Figure 60: The current-voltage characteristics in coupled LJJ with junction thickness of 3 A up to the
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Figure 61: The current-voltage characteristics in coupled LJJ with junction thickness of 6 A up to the

tunnel voltave of 1 V
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Figure 63: The current-voltage characteristics in coupled LJJ with junction thickness of 12 A up to the

tunnel voltave of 1 V
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up to 1 V with junction thickness of 3 A. From this graph, it is observed that there exist
the positive differential resistance for the electrode thicknesses 6 A and 9 A with the
slope for higher thickness is larger than that of lower thickness. When the thickness of
the superconducting layer is increased to 12 A, a non-linear I-V characteristics has been
observed with both positive and negative differential resistances. The negative resistance
on this curve begins at the tunnel voltage of 1.2 V and remains continue till about 1.3 V
then after the positive resistance begins. The positive and negative differential resistance
occurs alternatively without any finite periodicity. The peaks and valleys of I-V curves

becomes more prominent as the electrode thickness has been increased.

For the junction thickness of 6 A, as shown in Fig 61, the I-V curves for all the electrode
thickness (6 A,9A 124,15 A) show the non-linear nature with both negative and
positive differential resistances. Here the first peaks starts at above 1 V for d = 6 A, at
about 1.0 V for d =9 A, at about 0.7 V for d = 12 A and at about 0.6 V for d = 15 A.
Beyond these voltages, the peaks and valley are observed without any defined rules. For
higher junction thicknesses, as shown in Fig 62 and 63 it is observed that non-linearity
in I-V curves even more dominant than in the previous cases. The first peaks of all the
curves occurs at lower tunnel voltage for higher junction thicknesses. Similar non-linear
characteristics of [-V curves have been appears in the article cited as (Chimouriya et al.,

2021)

The non-linear nature of I-V curve for single junction, seems to be close agreement with
results observed by Koyama and Tachiki Koyama et al. (1996, 2008, 2010b,a), who have
done the work on Bi-2122 as the superconducting electrode using the RCSJ electronic

circuit method.
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CHAPTER 5

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

Starting from the generalized microscopic BCS Hamiltonian given by equation (3.1),
the effective Lagrangian density, equation (3.103) has been derived by following the
various steps of path integral formalism including partition function, action, Hubbard-
Stratonovich transformation, Nambu notation, Grassmann integration, Matsubara sum,
saddle-point approximation, Glodston mode, etc. for the stack of long Josephson junction
based on multi-gap superconductor like MgB, and Iron-pnictides. In the multi-gap
superconductors, there are large number of channels for Cooper pair tunneling. There
can be the inter-band tunneling as well as intra-band tunneling in addition with coupling.
In one-gap conventional superconducting junction there is only one channel across two
electrodes for Cooper pair tunneling. In the case of two-gap superconductor, like MgB,,
there are four channels for this purpose. Similarly, there are nine channels available for
Cooper pair tunneling in case of three-gap superconductor. The number of channels
can be multiplied further by designing the stack of the junctions. The Lagrangian
density derived in the present context is found to be the close agreement with the result
obtained for the conventional Josephson junction based on one-gap superconductor
upon setting the indices appropriately. The Lagrangian density consists of three parts:
(i) the potential energy part containing the time derivative of order parameter phase,
(ii) the kinetic energy part containing the space derivative of the phase, and (iii) the
Josephson energy which contains the terms of cosine of phases of order parameters.

The Lagrangian density has been minimized by applying the Euler-Lagrange equation
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of motion and a system of generalized sine-Gordon equation is derived as in equation
(3.116) in term of intra-layer inter-band phase differences and equation (3.132) in term of
inter-layer phase differences. In case of conventional one-gap superconducting junction,
the intra-layer inter-band phase difference does not exist and only the equation (3.132)
contribute for the study of phase dynamics. For the single long Josephson junction

based on one-gap superconductors, the equation (3.132) is found to be reduced as
9% ¢ o2 8,0)% 8%(1)%-/1% _ 5 s%/l%Fk%
, Ay = SrkF + T

a— — —(’0+fcsin50:0witha1: , and

or? a2 0x? c? bdc?
. _ed[2 2 28  bd
f=Gi\e e e T e
with the result obtained by other researchers (Simanek, 1994; Lin, 2012; Koyama et al.,

TF'L
2008; Sharapov et al., 2002; Shaju, 2002; Kleiner et al., 2000) using different techniques.

AZ
(T122N (0) + —) and found to be close agreement
\%

5.1.1 Fluxon dynamics

The fluxon dynamics in the single and coupled long Josephson junction have been
studied by solving the perturbed sine-Gordon equation under the application of Neumann
boundary condition. Initially, the fluxon is represented by the kink which is the solution
of unperturbed sine-Gordon equation. All the inter- and intra-band channels are injected
by the same kinks solution at the normalized time 7 = 0. As the time goes on, it is
found that the kink deforms significantly in all channels with different ways. Due to the
Neumann boundary condition, the kink reflects as it reaches to the ends. It is investigated
that, the fluxons in some of the channels flow in phase showing the collective oscillation.
During the flow, the new kinks and anti-kinks are generated which are also called solitons
or anti-solitons. They move along the same or opposite direction. They may also be
superimposed to form the bound pairs. The fluxon motion seems to be more complicated
in coupled junction as compared to the single junction. The deformation of kink is
significantly sensitive in inter-layer coupling resulting from tunneling as compared to the
inter-band coupling without tunneling. The fluxon dynamics are found to be sensitive to
the junction and layer thicknesses as well as tunnel voltage for both single and coupled

LJJ.
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5.1.2 Phase frustration

The phase frustration, which is one of the important phenomenon on the long Josephson
junction based on two gap superconductors, has been studied by minimizing the Josephson
part of the relative phase dependent Lagrangian density also called Josephson energy.
The corresponding phase differences for each channel are plotted as a function of the
normalized time. The phase frustration helps to declare whether there is the situation of
time reversal symmetry broken (TRSB) or not. It has been observed that phase frustration
occurs more quickly in coupled junction as compared to that of in single junction due to
the higher degree of freedom for Cooper pairs tunneling. Before the phase frustration,
there is the situation of time reversal symmetry invariance (TRSI) and all the fluxons are
found to be either in- or out-phase locked situation. At the time of phase frustrations,
the ground state time reversal symmetry is said to be broken. In the vicinity of the
time reversal symmetry broken (TRSB) transition point, the properties of these types of
junction are the same as for the junctions between s+ and s-wave superconductors as
explained by the author cited as (Lin, 2012). In case of the coupled LJJ, it is noted that
there exist the metastable states resulting from the sufficiently strong coupling between
the bands of the superconductors. These metastable states display the TRSB even though
there is no TRSB in the ground state. It is also investigated that every tunneling channel
does not permit phase frustration in the same manner. In case of single junction, two
channels among the four, permit the phase frustration with phase differences greater
than © whereas the remaining two with phase differences of zero. Such a behavior is
significantly different in coupled junction. In this case, some channels also permits phase
locked situation with TRSI. The phase frustration is also sensitive to the junction and
layer thicknesses as well as tunnel voltages. The time of phase frustration and hence

TRSB decreases as any one of the parameters is increased.

5.1.3 I-V characteristics

I-V characteristics is one of the most important behavior to explain the applicability of
the junction system as electronic devices. The I-V characteristics has been studied by
calculating the current in each channel and then averaged out over space and time. The
net current is calculated for different tunnel voltages and plotted as the function of voltage.

The I-V curves are found to non-linear for both the single and coupled junction but the
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nature of non-linearity is found to be quite different. Below the first peak of the curve,
the resistive nature is more dominant in coupled junction as compared to that of single
junction. For the large tunnel voltage, the I-V curves are found to be noisy. The noisy
structure in the I-V characteristics may disappear, if the number of junction is increased
which results the device more resistive. At this situation, the resistance of junction
material counteract the quasi-particle activities such as collisions and excitation. The
non-linear nature of the I-V characteristics arises due to the existence of the metastable
states with different voltage distribution or with the different number of the junction
being in the resistive state. It may be possible that some of such metastable states are
energetically very close to the stable state. In such cases, the voltage distribution inside the
junction array as well as various channels will be greatly changed with a slight variation
of tunnel voltage. This change may cause the rapid oscillation of the dc current. The
non-linearity nature is found to be dependent on the junction thickness. If the junction
thickness is increased, the first peak of the I-V curve shifted toward the lower voltage.
The same type of behavior also occurs for the layer thickness. The non-linear nature
of the I-V curve has found to be almost similar to that observed by other researchers
using different methods (Koyama et al., 1996, 2010b). The shape of the non-linear I-V
curve could not exactly coincide with the result they obtained because of the different
material they have used as well as the method they implemented. But, both the works
confirms the non-linear nature of the I-V curves. Since there exist both negative and
positive differential resistance at the different segments of the I-V curve the devices can
be used for the superconductor electronic devices. The positive resistance consumes
power from the current passing through it and negative resistance produces the power.
In the region of negative differential resistance, the junction system can be used in the

oscillators, switching & memory circuit and active filters.

5.2 Rcommendations

As the future scope, the present work can be enhanced for the stack of LJJ with N > 2
number of junction system for the same MgB, and other multi-gap superconductors like
iron-pnictides which could not be completed now. Using the same procedure, one can
involve to study the fluxon dynamics in the case of stack of hetero-gap superconducting

junction types of LJJ.
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CHAPTER 6

SUMMARY

In the present research work, the microscopic BCS Hamiltonian is defined for the stack
of LJJ based on multi-gap superconductors. The quantum mechanical partition function
is written in term of this Hamiltonian and then simplified using the rigorous steps of path
integral formalism. As a result, the effective Lagrangian density has been derived in
term of phase differences of Cooper pair order parameter between various coupling and
tunneling channels. The effective Lagrangian density is minimized using Euler-Lagrange
equation and the system of perturbed sine-Gordon equations has been derived for the stack
of LJJ based on multi-gap superconductors like MgB, (two-gap) and iron-pnictides (two
or more than two-gap) superconductors. The generalized form of system of sine-Gordon
equation has been used to analyze the fluxon dynamics in single and couple LJJ based
on two-gap superconductor like MgB,. Due to the insufficient data availability for
iron-pnictides, the analysis could not be done for such material in the present context.
The analysis can be done for these material as the future work once the required data are
available. The phase textures for different channels are found to be more complicated in
both single and coupled LJJ. The phase frustration has also been observed and found that
it starts faster for larger junction and layer thicknesses for both single and coupled LJJ
due to the presence of large number of Cooper pairs. The I-V characteristics is found to
be non-linear and completely different in single and coupled LJJ. It is almost impossible
to write a single program for the stack of LJJ using generalized system of sine-Gordon
equation. Therefore, the study of fluxon dynamics for the stack of LJJ beyond the coupled

LJJ has been left as the future work.
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APPENDIX A

Introducing the phase factor

Here, all the fermionic fields and bosonic fields are complex. Hence, they can be written

in term of phase angle 6(7, 7) as

i1 (F.0) 2 0
Yui(F,7) = Yii(F.1) and AR 1) = A(F, 7)e %D
0 o=i0i(7.0) 2

(A.1)
After this transformation, the bosonic and fermionic fields only represent the amplitude
functional. We have to be noticed that all the fields after this transformation are real but

still the function of 7 and . We also have, for Grassmann variable ¢ (Atland et al., 2014)
9 ( siof ) sig)2 [ 0 1,06
— le* =e” h— + —h—
ot (e °)=¢ ot 2 ot ¢
and
V2 (eiiO/ZC) -V. (eiiﬁ/z [V + £V6:| C)
-2
=0/ [(%V@) : (Vc + %(V@)c) +V. (Vc + %(V@)c)]

. 1 ]
=¢*10/2 [VZ - Z(V@)Z +iVe-V + %vza] c
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Using these relation

2
e—ieli/z 0 hi _ h_VZ _ /l;»r Al 619“
fa=lr | ot 2m
¥, Gotii = Cm Cliy , PR 2
191 19, _ - i
0 e'’! Aje h(?‘r+2mv +
el0ii/2 0 Clit
X
02 || o
0 el \Cy
=y} (Go + Fi)pui (A.2)

where G, 111' is same as in Equation (3.23) except in this case auxiliary fields A;; are real

and

' in’_,

—V6,; - V+—V0, (A.3)
4dm

And
AV A= 3 AV A e Ot

LU
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APPENDIX B

Reciprocal space transformation

Fourier transform for the fermionic fields C;; (7, ) as well as bosonic fields A;; (7, 7)

as
- 1 1 7 7
Ciir (7, 7) = \/—5 Z e lonTHkT o) (K, n) (B.1a)
k.n
N 1 . 7o -
Cl (Fo1) = —=e kTt (K, n) (B.1b)

for fermionic fields and

ALi(F,7) = ) e Dy (G, m) (B.10)
q,m

Ri(F,7) = ) e 07y (G, m) (B.1d)
q.m

for bosonic fields. The Fourier transformed bosonic fields ®;; still has the dimension
of energy and the transformed fermionic fields ¢;; are dimensionless. The following

properties of delta-function are also used.

p
1 * . _>, N = - -
750 / dr / dPre  Cn=enTHERT = 5k — k)6 (B.2)
0
and
1 : ’ 7z ) - - ’
B kZ TG = 5(F — )6 (r = 7) (B.3)
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where, w,, is called the Matshubara frequency (Matsubara, 1955; Wu et al., 2019) given
by
2n+ )
np

2nm

B

for fermions
Wy =

(B.4)
for bosons

Under these transformation
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Similarly
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also
hp
/ dr / &ri (7, 7)ClL (P, 7)C (7, 7)
0
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APPENDIX C
Some matrix manipulation

Here, Gy' + F+T = G [1+ Go(F +T)] = G, (1 + GoF + GoT), therefore

tr In[Gy'(1+GoF +GoT)] = ur InGy' + In(1+ GoF + GoT)
51,0 1,0

Li,o

=tr lnG_a1 + tr

Li,o Li,o

-3 E GoF+ Gy
-

_ - - - 1 - - -
=tr In Gal + lt_r (GoF +GoT) - Elt_r (GoF + GoT)? + higher order terms  (C.1)
1,0 1,0

Li,o

Since the inverse of a diagonal matrix is equal to the diagonal matrix of inverse of the

diagonal elements. So

Gor O 0 0

0 G O 0

Go 0 0 Goz O - (C.2)
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We also have

et

Il
-}
-
]

Hence

and

From equations (C.4) and (C.5), we have

tr (GoF +GoT) = tr (GoF) + tr (GoT) = Z tr (GoF))
Li,o Li,o Li,o 7 1,00
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Again
Goi Fi
Gl
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Therefore
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APPENDIX D

Evaluation of Matsubara sum

We have,
, 72k .
—ihpw, + prL Bu; BAwi
G—l _ 2 Z’T
IBASH —ihpw, — m +ﬁ:u;,l
Therefore,
272 27,2

det(Gyh) = |=ihBw, +

i : ﬁ i
m _ﬁlum) (_lﬂhwn T o +ﬁ/ll,l _IBZA(z)li (D.1)

Let y; = E(ME,T_'_/J;J)’ and {; = E(ME,T_'MEJ)’ which lead 'UE,T = u;+{; and ,u}’l ==

nz . . .
We also have w,, = —, withz=n+ % for fermions. Now equation (D.1) becomes
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Hence equation (3.78), becomes

n2p32 Z 2(2miz + L)) +2B7EL — 4B7AY,

Qui = 8 ~ 167%(z — 71)%(z — 22)?
hZﬁZ
s 2 (R )+ Res 1 ey
with .
_ Qriz+ L)+ PEL - 282},
f@) = (z—121)%(z - 22)?
Now,

Res () = lim -[(z - 1) (Dm an(ro)]

2ni )2+ BPE2 - 282A2,
o tim L[ ZRA PG A BEL 2B By
>z dz (z—22)?
| iz B A BEL 2N o
(z1 — 22)?
. 2(2miz + L) (2mi) 2(27rizl +,8§ll)2 +,82E,% - ZﬁZA%Zi tan (7TZ1)]
(z1 — 22)? (z1 = 22)°
[(—ﬁEk)2+ﬁ2Ei “ 2885 o[BG+ ED)
- _ msec” [i————
(BEey2 ?

|

2(-BEy) (i) (=BEW)* +B*E; = 2B°A, iB(Ll+Ex)
¥ sy -2 (BExy3 tan | ————

169



2E7 - 2A} I+ Ep
:ﬂ4[_ Ol o oh2 ('8(51 )

2
E? 2

; 4Ey B 4E2 4A(2)zl h ﬁ(fll"‘Ek) ]
2 3
BE;, BE; 2
2E7 - 2A} ) 4N? '+ E
:ﬂ4[_ 0l o 2 'B(fl k) ozz tanh :3(41 k) ]
E? 2 - BE3 3 2

Similarly,

2 2 i
2E 2A01, sech2 (ﬁ(gl - Ey)

2
E; 2

4N2 i_E
+ —2 tanh (ﬁ—(gl 2

3
E} 2

|

Res f(z)mtan(nz) = 7| -
=22

Hence,

2E7 - 2A2 i+ E i _ [
,l._4_ﬁzk: [ 0li (sechz'B(Q; k)+sech2'8({lz k)

|

3
E} 2

4A2,. ) i_E
- Ol (tanh B(gl; k) — tanhlml_k)

722 E} - A}, B(L} + Ex) B(Z} - Ex)
Qi = 3—§ ; [——1301 (sechZZT + sechZIT
2A2 i+ E i E
Oé’ tanh ﬁ({l 0 —tanhﬂ({l—k) ] D.5)
E} 2 2
We have,
1 + cosh2x cosh 2y
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sech”(x +y) + sech(x =) (cosh 2x + cosh 2y)? D.6)
and
2sinh 2
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cosh 2x + cosh 2y

Using these relations equation (D.5) becomes
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Equation (3.79) can be written as
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Equation (3.80) can be rewritten as

Uiiir=8S1-5 (D.10)
where
S| = 2[5”" Indet(Gy)] (D.11)
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To find S;, we have
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Therefore
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(2miz3 + BL)* + BPE}
(z3 — z1)(23 — 22)(23 — 24)
(2miz4 + BL)* + B2E;
(za — 21)(z4 — 22) (24 — 23)
BT T Z[ (-BEQ) + B¢} o B ED)
8t (L2 (ENVE - ED (L) (B + E) 2

Ve

S mtan(7mzy)

mtan(mzy)

mtan(mrzs)

mtan(mwzy)

k
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(BEx)* + B4} iB(¢] - Ex)
t e B N iB ;T tan 2
() () (—Ex — E)(5;)(—Ex + E})
(=BE})* + B*&2 iB({]+Ep)
+ - - iBE rtan 5
(L) (E, - E0) (L) (B} + En) (5
(BE})* + B&; iB({] - E})
iB , iB , iBE] 7 tan >
(3:)(—E; — Ex)(5;) (—E + Ex)(——5)
BTITH E} + £ B+ Ey) B - Ex)
_TZ[—W T—tanhT

k

+

anh

E?+¢&2
K TSk
h
an 5 a :

tanh w — tanh w

|

E?+¢& sinh BE} B E?+¢& sinh BE], ]
Ex  cosh Bl + cosh BE; E;  coshB{ +cosh BE;

T (B2 _ B2y
E (ES - E)
AT Ty Z
= - -
8(E, —E)) 7
[+ E’ L
tanhM - tanhw

2 2
Ep+¢&;
Ey

/2 2
ESHE
E,

_ ﬁ]y,ll+17}l+ll,l Z
= 2 3
4(E” - E})

k

Therefore,

i’ i'i

. BT E2 4+ £2 inh BE
Ui = Zéii/(coshﬁg +cosh BEy) + l’f” 1.1 Z PRy sn'.l BE;
k 4(E2-E} 44| Er  coshpBZl +cosh BE;

_ EZ+& sinh BE;

E/ i B (D14)
x  coshBZ; +cosh BE)
Using the same technique as for Uy;;», the Matshubara sum of Xj;;- is
X0 = ’% Z[i sinh BE}
" (El,cz - E,%) — | Ex cosh B¢ + cosh BEy
1 sinh BE’,
P (D.15)

- E_,'C cosh B4} + cosh BE],
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Performing the integration over k-space

In Appendix D, the Matshubara sum for the expression of all coefficients Qy;, Rj;, Ujiir

and Xj;;» are evaluated. In the limit 7 — 0, § — oo and

1+ coshﬁ{; cosh BE

im : ~ (E.1)
p—e (cosh BL] + cos BE})?
inh BE ~
lim SIMMAEL ) for By > ¢ (E.2)
B—eo cosh B¢; + cos BEy
1 . .
ﬁlim 3 In(cosh B¢} + cosh BEy) = E + (| (E.3)

Under these approximation the Equations (D.8), (D.9), (D.14) and (D.15) reduce to

BHIA2 1

Qii=——2) — (E.4)
2202
" 8m T Ey 3mEz
- BTLTH E2+& EZX+&
Uiir = ) 6ir(Ex+{)+ —= ’ - y (E.6)
Zk: 4(E?-E}) Zk: Ey E;
B Tliil’+1 Tzlfl I 1 1
k K Tk k
Again, we have
dk +th
1
5 Z — / P N(0) / déx (E.8)
k
—hwp

where, N(0) is the density of state per spin at the Fermi level and wp is the Debye

frequency. Both of them are band dependent parameters. €2 is the volume of the junction
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system. Introducing the transformation (E.8), the equations (E.4) to (E.7) becomes

o1 - _ﬁthghQNl(O) /
’ (& +A0h>3/2

_hl

~ ﬁthghQN’(O)
- / (§2+A01,)3/2 =

+hw
,BhZQN’ (0) 3 SN Y BIRQNI(0) [ 2(&x +1)A2,
Rjj=——F—— - 3 = e ——5 ¢k
3mE;, _ 3E
—h(uD —hu)’
_ thNl(o):“Aozz / d&x (E.10)
(& + A5,
Again, for Uj;;», we can have
+ha)£)
Uyiir =BQN'(0) / Sivr (Ex + £})déx
~hw,
,BT” Tll .Q.NZ(O) +hwb EZ 2 E’2 2
L P T / K te Elt+& dé
4(E? - E?) _ Ey E ¢
—hw’D
hwiD
=2BQN' (0)hw', (i 57 + 2BQN'(0) / E2+ A2 dég
,BT” 1 oNi(0) 7 22 A2, 260+
Lt 1e /[ §+ A 5k oz+1z]d§ E1D)
Y > 2 ¢ '
Ol+1 l Oll fk + Aoll é‘:k + A01+1 l
and using the same token as for Uj;;/
QBT T QNi0) "R
Li+1tie1 1
Xiir = A2+ . Y / [ ]dfk (E.12)
O+~ Dot \/fk + A2 \/fk - A(Z)H] i
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To complete the integration of equations (E.9) and (E.10), let & = Ag;tany and
hwi
dér = Agisec’ ydy. As & — 0,y — 0 and as & — hw ,y — tan”! A —D = yo (say).
0li
Now equation (E.9) reduces to

Y
ﬁthz QNI(O) / AOll NV & ydy ,BhZQN(O) /0

;= cos vd
Qi A secy ydy
QN (0 BREQN (0 hw'y
—ﬁT()Siny():— 4 ( ) (E13)
i 2
(hw D)2 + Ay,
Similarly,

KON (0) il hot
B 0y " (E.14)

6m i 2
(th)2 + AOll

li=—

To complete the integration of equations (E.11) and (E.12), let & = Agy; sinh y, and

1

. hw
d& = Agiicoshydy. As & — 0,y — 0 and as § — Tiw),, y = sinh~! ﬁ = Yo (say).
1

Similarly, for another integral term letting y’ instead of y for transforming &;. Now

Yo
Ui ZZﬁQNi(O)hwiDgf5[[' + ZﬁQNi(O)A(Z)Héii’ / COSh2 ydy
0

. Y0 %
BT T QN'(0)
Ll B [Afm / (2sinh® y + 1)dy = Agy,, / (2sinh y'+1)dy']
2(A01+11 Agii) 0 0

=2BQN (0)hw'y 16 + BAN' (0)AS, 6 / (1 + cosh2y)dy

’

; Yo Yo
ﬁTll Tll QNI(O)
e [Agh / cosh2ydy — A2, / cosh2y'dy']
2(AOI+1 i’ AOlt) 0 0
. - : sinh 2
=2BQN' (0)iw', {16 + BRN' (0) Ay, i (yo = Y 0)

ﬁTl”l+1 Tll+ll IQNI (O)
A2

4(A Oll)

0l+1,i"

=2BQN' (0)hiw', £} + BAN' (O)AOllcS,, (yo + sinh yq cosh yq)
ﬁTl”l+1Tll+ll IQNI (0)

2
2(A51r = A)

[A(Z)li sinh yo cosh yo — A%,H’i, sinh y;, cosh yé]
0l+1,i"
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Usir =2BQN' (0)hw'y {6

hw'y + [ (hwh)? + AG,. . hw'y A (hw')? + A

+ BAN'(0)AZ,6:iv | In

Ao A%,
ﬁj}il{nﬁfl QN (0)hw], ~ :
b, \/(w 2+ A2 — [(hwi )2+ A2 ] (E.15)
2 2 D 0li D 0l+1,i
2(A01+1,i' a AOli) \/ *
and
il it iy ¢ 0 Yo
2'BTl,l+1Tl+1,lQ]\] (0) ’
Xiiir = 3 3 dy— [ dy
A A
0l+1,i’ 0li 0 0
_ZﬁY}l,’znnﬁngN “(0) 7y0 y’]
- 2 2 —J0
AOl+l,i’ - Aozi
on T j i 2
. 287510 2N (0) n hwp + 4 (hw'p)? + AG,
i’ = 2 2 .
Al = Do Ao
hwp, + \/(h“’iD)2 + A1
—In
Aois1,ir
T~ i , i i 2
BT}, T QN'(0) [ Ao (R + [ (hw})? + AG)
X[,‘,'/ = 5 5 In . = (E16)
Abrrir = Do Agii (ha'y, + \/(hw’D)z +AZ, )
As we know, hwg > Ay below critical 7., then we can have
QN (0
Qi = —ﬁ—4 © (E.17)
H2QN(0)
i = _ARONT O (E.18)
6m
Ui = 2N (0)hw', 16 + BN (0) (hw',) 6 (E.19)
2BT T QNY(0) (Ao s
X = 1,12+1 I+1,] : n ( ZH, ) (E.20)
Abrrir = Do 0li
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In the present work, the current-voltage (I-V) characteristics in a coupled long Josephson junction based on
magnesium diboride are studied by establishing a system of equations of phase differences of various inter-
and intra-band channels starting from the microscopic Hamiltonian of the junction system and simplifying it
through the phenomenological procedures such as action, partition function, Hubbard-Stratonovich transfor-
mation (bosonization), Grassmann integral, saddle-point approximation, Goldstone mode, phase dependent
effective Lagrangian and, finally, Euler-Lagrange equation of motion. The system of equations are solved us-
ing finite difference approximation for which the solution of unperturbed sine-Gordon equation is taken as the
initial condition. Neumann boundary condition is maintained at both the ends so that the fluxon is capable of re-
flecting from the end of the system. The phase dependent current is calculated for different tunnel voltage and
averaged out over space and time. The current-voltage characteristics are almost linear at low voltage and non-
linear at higher voltage which indicates that the more complicated physical phenomena at this situation may
occur. At some region of the characteristics, there exist a negative resistance which means that the junction
system can be used in specific electronic devices such as oscillators, switches, memories etc. The non-linearity
is also sensitive to the layer as well as to the junction thicknesses. Non-linearity occurs for lower voltage and for
higher junction and layer thicknesses.

Key words: two-gap superconductor, coupled long Josephson junction, Hubbard-Stratonovich transformation,
perturbed sine-Gordon equation

1. Introduction

Superconductivity of magnesium diboride (MgB,) was discovered in 2001 with transition temperature
of about 39 K [1]. Since its discovery as a superconductor, it has attracted the attention of the many
researchers in the related fields because of its higher transition temperature than that of other metallic
compounds. The two-gap nature of MgB, offers different types of physical phenomena which urges the
researchers to work in the context of both theoretical and experimental prospects. The electronic structure
of MgB, is similar to graphite which consists of honeycomb boron layers separated by magnesium
layers [2]. The energy gaps are about A; = 2 meV which corresponds to two m-bands and about
A, = 7 meV which corresponds to o-band. The state of Cooper pair corresponds to the gaps and are
designated by the order parameters: ¢; = Ae'?! for the first gap and y» = Ae'® for the second gap. The
internal degree of freedom is the inter-band phase difference 6(7, t) = 6, — 6, [3]. The degree of freedom
can be increased by forming the stack of MgB, interlocked with the insulator such as SiO,, Al,Os etc.,
which is referred to as stacked Josephson junction. As a result, the Cooper pairs tunnel through the
junction and the inter-band as well as intra-band phase textures are quite complicated.

In the present work, we derived a system of perturbed sine-Gordon equations for the coupled long

This work is licensed under a Creative Commons Attribution 4.0 International License. Further distribution 13101-1
of this work must maintain attribution to the author(s) and the published article’s title, journal citation, and DOL.
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Josephson junction. Starting from the microscopic BCS model Hamiltonian of the system and undertaking
a number of steps of phenomenological path integral formalism, the phase dependent effective action
and, hence, the effective Lagrangian density are derived. The system of equations of phase dynamics
is derived by using Euler-Lagrange equation of motion to minimize the effective Langrangian density.
The system of equations are then solved numerically using the finite difference approximation imposing
the Neumann boundary condition. The solution of unperturbed sine-Gordon equation is supplied as the
initial condition. The computation is performed using OCTAVE 4.4 programming language. The present
work is ended by giving the concluding remarks drawn from the computation.

2. Theoretical development

2.1. Model Hamiltonian

The starting point of the present work is to write microscopic BCS Hamiltonian which is the total
Hamiltonian of the system comprising the free Hamiltonian (Hfec), pairing Hamiltonian (Hp;r) and
tunneling Hamiltonian (Hr) [4-6], that is

H = Higee + Hpair + Hr, (2-1)
where
= 1 . * Al * 1 4
Hree = Z Jd3rCZi,(r(r’ T) %(lhv te A;)z +e A(I)I}Cl,i,a'(r’ T)s (2-2)
Li,o
o 3 i~ o S = =z
szur - Z d r‘/l,l' Cl,i,T(r’ T)Cl,i,l(r’ T) X Cl',ﬂ,l("» T)Cl',l/,T(r’ T)’ (23)
LU,i,i
Hr= ) Jd% [T,f’;';]czi,(,@ OCpivine 7 1) + T, CL (R 0CLio 7, T)}. (2.4)

Li,i’,o

Here, Czi’g(?’, T)(Cyi,o- (7, 7)) is the creation(annihilation) operator for fermion with spin o = (T or |)
for a given layer index [ and band index i. These operators are the function of spatial coordinate 7 and
the imaginary time 7 = —it. Cziﬂ(?, 7) creates a fermion with spin o at the given site (7, 7) and Co-(7, )
destroy the fermion therefrom. er (7, 7) and C,- (7, T) have the dimension of inverse square root of volume
(i.e. Q7172), with Q being the total volume of the system. A; and A? are the magnetic vector potential
and electric scalar potential, respectively. e* = 2e and e is the electronic charge and m is the mass of a
fermion. The operator —iAiV — e* A, is called the canonical momentum operator.

Short-range or long-range phonon mediated fermions of oppsite spins form a syster of the pair of
fermions. However, after the paring of such fermions, the fermionic nature is destroyed and a bosonic

particle is formed. Such phonon mediated fermions having a bosonic property are called Cooper pair. ‘/llll"

is the coupling constant with the dimension of energy-volume (Jm?®). For the two-gap superconductor
having s- and d-bands i or i’ is equal to (s,d). i = i’ refers to intra-band pairing and i # i’ refers to
inter-band pairing. Similarly, [ = I’ refers to intra-layer and [ # [’ refers to inter-layer pairing.

The first term of equation (2.4) infers that a fermion of spin o is destroyed in (I + 1) layer and i
band and is created in /™ layer and i’" band, while the second term is the complex conjugate of the first
term. 7741 is the tunnel matrix element with the dimension of energy.

2.2. Action functional

According to the path-integral formalism of quantum mechanics, the action functional is defined as

S = sz I &’rL 2.5)
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with £ being the Lagrangian density. In terms of the total Hamiltonian, the action is defined as [5]

ng
d
B 3 - >
S = J dr {“d r Z Cl’w(r, T)hgcl,i,(r(r’ 7)

0 Li,o

+H- ,uN} . (2.6)

1

Here, u is the chemical potential, and N is the total particle number, 5 = T where kg is the Boltzmann
B

constant and 7 is absolute temperature. uN is given as

/lN = Z Jd3rﬂ§,ﬁczi,g(?’ T)Cl,i,O'(F7 T)‘ (27)

Li,o

Using equation (2.1), (2.2), (2.3), (2.4), (2.6) and (2.7), we get the action functional as

S = Sfree + Spair + 87, (2.8)
B
[ [ 3 ¥ = 9 1 * A0\2 * 400 i -
Spee = | dr |3 Z Clio @O\ + 5=V + & A + AV — i, |Clior (7. ),
'(‘) Y Li,o
hB
[ " 3 Li'~t o o - -
Spair = dT d‘ r Z ‘/l,’l’ Cl,i,T(r7 T)Cl,l',l(r’ T) X Cl/,i',l(r’ T)Cl’,i/,T(ra T),
0 Y LU,i,i
np
[ [ 3 R P > i i T > >
Sto= |dr | & YT O EOChne )+ T CL, L R DCLe (7).
. Y Li,i",o
0 sbsl s

Now, the quantum mechanical partition function of the system can be written as
_ T Stree
Z=|D[C,Clexp|-——— - — - —]. 2.9)

Here, C is a column vector with elements C;; (7, ), and C" is a row vector with elements Cji (r(?, T)
while f D|C", C] represents the product of all integrals over the elements of C' and C.

2.3. Hubbard-Stratonovich transformation

The action functional associated with the pair Hamiltonian is in quartic form of four fermionic fields.

Since f_\); and A‘l)i are invariant under gauge transformation, the partition function of (2.9) can be rewritten
as follows:

B
1 . o ; .
Z= ID[CT, C] exp{—E Id‘rJdSr[Z CZi,O'(r’ T) X (ha - %Vz - ,ul,g) CrLio(r,7)
0

Li,o

- > VG LG DC FCr i (F T)Cr i ()

LU,ii’

+ Z (Y}t’ll+1CZi,a(7’ T)Cl+1,i',()'(?9 T) + ]}ﬁl’,llcltl,i’,()'(?’ T)Cl,i,(r(?a T))

Lii’,o

}. (2.10)
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Under the application of Hubbard-Stratonovich transformation, the quartic term of the pairing interaction
can be reduced to quadratic, and the partition function becomes

B
- 1
Z = JD[A, A]JD[CT, C] exp{—£ Jdrjd%» (2.11)
0
o W ; .
X [l; Cl i a_(r, T) (hg - %Vz - ”l,o-) Crio(7,7)
+

Z (Al,i(v_l);':;/Al’,i' + A, Cri | (R 0)CLin (R ) + A€ (R 0C, ((F, T))
L

+ Z (lelllﬁLlclI l O'(r’ T)Cl+1,i/,0'(7’ T) + ]Tl*:lllClLl i’ O‘(r’ T)Cl,i,O'(Fs T)):| }’

Li,i’,o

where, A(A) is the new fields which are bosonic in nature. A is a row vector containing the elements
A;;(7,7) and A is a column vector containing the elements Ay ;(, 7). Applying special techniques of path
integral formalism in this partition function and performing some matrix manipulation we could obtain
the Lagrangian density as follows:

i\ 2
ro= E : £ y=1yil! ~i(0i-0p) 72N(0) 96, e*A?’
- AOli(v )II/AOl'i’e E ) 67- + -

LU,i,i’

Z RN (0)u} Vo, 5*25 7}111+17}l+11 lN(O) In Aor+1,iv
6m B l” Aoii

Li Ol+1 i

X AgiDor+1,i €08(Op41,7 — 1) + 2N(OVhwp [ 8ir + N (0)7120)%)51‘1'/}. (2.12)

At low temperature, the chemical potential /,15 is equal to the Fermi energy, i.e., /,15 = ep and {li = 0 since
1 = uy. We also have,
3n  3ki 2m _ mkg

NO)=——=-_FE " _ .
©) 4ep  43m2 h2k§ 2m2h?

The effective Lagrangian is given by
2 2 2
€0 fi (391,' 0i &pcC h el
= — +A" + ) —— |Vl - A
Lot ; 202, (e* ot ! Z 222 \e* li

27 i N(O) Aot

Listli1, 0l+1,i"

+ E \a ),A()[/ pe i Oi=0rir) _ E [ ln( - )
LG Ao ! Lot 01+11 Aoii

+Z[S’§S°(E;')2 ‘9”’8”6 Erb 2% (i )2] (2.13)

XAori Ao 1,7 080141, — 01i) + N(OYR2wh i

8Qﬂ2h2

> is the
e’mKkg

where, n is the concentration of electronic charge, kp is the Fermi wave vector, Atp =

gomc?
2

Thomas-Fermi charge screening length and Ap, = is the London penetration depth, E l’ and ﬁ;
ne

are electric and magnetic fields at layer / and i band.
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2.3.1. Application to the long Josephson junction

Consider the stack of long Josephson junction with the lenght along x-direction and junction sys-
tem along z-direction. External magnetic fields are applied along the y-direction, which introduces a
homogeneous phase difference along the x-direction. The system is assumed to be uniform along the
y-direction and the problem becomes two dimensional. The electric field is along z-direction. Now, the
Lagrangian density in two-dimensional system becomes, as follows:

2 .
_ eod n oo, soc’d oo, ”
Leg = 2 Z (e aT A + W IZ e—a - A Z Jll COS(H], — 0y )

TF L Li,i’

oy
- Z [E]l,llﬂ cos(Op41,i — O1i) + N(O)dhzw%)fsii'}

Li, i’

Z [5rb50b(Ele )2 8rbsoc b(Byli/ )2]’ (2.14)

Li+1 Li+1
Li,i!
where d is the thickness of the superconducting layer and b is the thickness of the junction material. &,
is the dielectric constant of the junction material. The inter-band Josephson coupling constant is

-, ed
=SSNV Ao (2.15)

and Josephson tunneling coupling constant

o+d 2T T N(0) (
In

3k

i Li+111+1,0

Jl I+1 — 2 2
h AOl+l i AOll

d
A (Vi Do (2.16)

- )AOIiA01+1,i' o

The z-component of the electric field in between /™ and (I + I)!" layer is

HAZY 1
i’ Li+1 0 0i
Efl = - — (AN - V) @.17)
and the y-component of the magnetic field in between /™ and (I + 1) layer is
T ; aA?ll-i-l
Bl = 7 (AN - AY) - 5 (2.18)
with
+b/2
1
Af‘lﬂrl =3 J A%(2)dz. (2.19)
-b/2
We can introduce the gauge invariant phase difference <pl 11 &
. . be*
PrLiel = 9;+1 0) - 7 L+l (2.20)

Then, we can have cos (91 o 9;) = cos¢!’  and 7 — 0} = y!!" is the intra-layer inter-band phase
difference. Hence, the equation (2.14)

2 . 2
&od h 69 0i 80C2d h 69; .
— A 1 - ___t Axl
Leg 2/12 Z (e (97' * 202 Zl e* 0x !

Li

grpEob
+ Z Jl’l’ coSs x;; — Z [ ]l 1,1 COS tpl o1t N(O)dhzw%)csi,-/ + Z [%
Li,i’ 1,i,i’ 1,i,i’
aAle 2 ) 9 zii’ 2
AN (AO’ —AO‘) . Erb&oC b l(Ax"' —A’”) RN 2.21)
ot b I+1 2 b I+1 1 Ox . .
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Figure 1. (Colour online) A typical coupled LJJ

The Lagrangian density equation (2.21) can be mlnlmlzed using the Euler-Lagrange equation. Applying
the Euler- Lagrange equation with respect to A Azfﬂ, A;(” , Aii " Aijli ., and 6‘J with k as a new layer
index and j, j’ as a new band index, we get the generalized equation for the phase dynamics applicable

for homogeneous superconducting layers

2 2
Srbbd% Z S0], _‘pij _QDj,i Srbbda on k+1
,1% or2 rb 972 \ " Tk k41 k-1,k k+1,k+2 /l% T
ij’ [ j i b d ‘2 .
_ 2 v ij i i i . |
Erb Z dx2 (z‘pk,kﬂ Pr-1k S‘711<+1,k+2) 22 5277 ket S0P
f LTF

erpbd | 1 1 i’ . if .ij . i .j'i . i
T |z T2 Z 2t S0P et = T SV g T T ke S0 P g
T L) T

28 Z 2j sin i singlt T singa’.,i,
7o Jkk+1 50kk+1 Jk=1,k SMPp_1 k0 ~ Jit1 k42 kL k+2

ii’

+

2
8 . - LY . Y ! LRy
rb 1] . iy i . i i . i
+ 7o (2Jk—1,k SINQ "y p T Ik k=1 SV P o k1~ Ji gy1 SIN ¢{<,k+l)
P

rb . i o _
7o Z (21k+1 k2 SN GLL Jk ket ST P 1 = Ty ez S ‘1"k+2,k+3) =0. (2.22)

i,i’

2.3.2. Coupled long Josephson junction system

In the coupled long Josephson junction, as shown in figure 1, there are eight channels for Cooper pair
tunneling. The equations of phase dynamics can be obtained from the generalized equation (2.22) as

890 6290

FEarT) MOdMFd(]SIH(,D) (2.23)
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with
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Lr AL pdie

In order to study the plasmon mode, the equation (2.23) can be linealized as

8290 8290
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Figure 2. Dispersion relation for (a) b = 3 A,d=6A, V=05V, b)b=3 A,d=6A V=1V, (©)
b=6A,d=9A,V=05Vand(d)b=6A,d=9A,V =1V.The plots show that the plasma wave

is at the excited state as the junction and layer thicknesses are increased. The excitation also depends on
the applied voltages.

for small phase differences . The equation (2.24) has the solution ¢ = ¢ exp[i(@wf + k)] with dispersion

relation
@ = [MoIMraj + K2, (2.25)

where @ and k are the normalized frequency and wave vector, respectively.

3. Numerical computation and analysis

In order to perform the numerical computation, the equation (2.23) is discretized using the finite
difference approximation. For this purpose, a uniform mesh in space and time is introduced with spacing
dx and 61, respectively. At each point (X;, f,,)

%= —Ly +i6x, withi =0,..., Ny, 3.1)
t, = nét, withn=20,...,N;, (3.2)
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where N, and N; are the total number of the points in space and time, respectively. The sine-Gordon
equation is approximated by the second-order finite differences as

PeEnt) G =24+ 23
PR o612 ’ G-3)
Po(Xitn) ¥ =267 oL 34
a2 5x2 ’ 4

where ¢! is the numerical approximation of the exact solution at (¥;,#,). Applying this approximation,
the perturbed sine-Gordon equation reads

2
n+l _

- ot
¢ = e 20+

e (@, = 20" + @) = S MGt Mpa(J singl). (3.5)

Providing the initial conditions to the junction system means supplying the initial information to the
system at the starting time. In the present problem, the initial information is the kink (or anti-kink) solution
of unperturbed sine-Gordon equation which can be generated by the appropriate electronic device which
produces it as the trigger signal [7]. The solution of unperturbed sine-Gordon equation is

B _ X —uf — Xo
@(x,7) = 4tan™! [exp (0’—)} (3.6)
V1 —u?
where u is the normalized speed of the kink (o = +1) or anti-kink (o = —1) and Xj is its initial position.

Hence, the initial condition for all channels of the junction system is

o(%,0) = 4tan”! [exp (o-jl__xoz)] 3.7
—u
and
9

u
=20
=0 V1 - u?

The initial condition is approximated as

ot

sech (0' jl_——iz;) . (3.8)

_ - Xi — Xo
o(x;,0) = gp? =4tan™! [exp (0' )] , (3.9
V1 —u?
B J0) ol — 7! 20u X — %o ]
—= == = sech |o . (3.10)

There are different boundary conditions that can be imposed on the system in order to control the state
of kink or anti-kink. When ¢(X, f) = 0 for X = =L, then this condition will mirror the kink (anti-kink) and
is known to be homogeneous Dirichlet boundary condition. The effect of moving ¢ will be demonstrated
at the boundary ¥ = —L, to feed the domain with the incoming kink(anti-kink). The boundary condition

then reads _
—L, —uf — x )]

V1 —u?

0
If the kink/anti-kink is to let reflecting from the boundary, then Neumann boundary condition, a—sf =0
X

@(—Ly,7) = 4tan™! [exp (a’

for ¥ = +L, can be used [8].
In the present context, Neumann boundary condition is imposed which is approximated by central
finite difference and yields

g1 =¢", at X=-Ly, and ¢y, =¢y |, at I=+Ly. 3.11)

13101-9



S.P. Chimouriya, B.R. Ghimir, J.H. Kim

t=0.0 wi?t t=1.66 wg?t t=332 wp?t t=4.98 wp?t
5.0 - 5.0 - 5.0 - 37
$ 25 - 25 - 2.5
0 -
0.0 0.0 1 0.0 1 20 A
5.0 101
39 >
S 25 1 0- 0 01
0.0 1 .
16 3 104
5.0 5
€ s
D ] . 01
o 0
0.0
5.0 5.0 5
3y 4
S 25 1 2.5 ) 4
0 -
0.0 —=1001 —— | Ve
50 /. 5.0 - / 5.0 - ./.\ / 5.0 —/, \’ '/.\
§ 25 ! 2.5 - /‘\,i 254 1N 1259 \
/ ’ / \ I 0.0 1 \ /]
0.0 +—=-—" 01% 1.7 0.0 v/ v :
- ~, ‘ 2 ~
5.0 - / [ ~-q 101 [ M 10- /
°m . . . ;
25 - / oL ! o~ ! 0 !
Y N/ P NS
0.0 4=2= 10 v —101~~Z —10 ™./
— Y . r
507 / s I_I ~-y 101 / \.| 104 1
TN
S 2.5 1 / : 01 ! 0 /
/ 0T\ ! ™\ TN
0.0 === v 1642 -10 P/
./‘— /-—— /1 5 .
5.0 1 / 5.0 /. N VAN
bm ; . \
S 25 / 254 5 ] /'/ \ \
/ S . \/ 0 /
0'0 _—I-/ T T 0'0 _—I- T T 0 /I T T T T \I.
-5 0 5 -5 0 5 -5 0 5 -5 0 5
X (ki'h) % (ki1 % (ki'h) X (ki'h)

Figure 3. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 3 A and layer thickness of 6 A under the application of bias
voltage of 0.5 V.
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Figure 4. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 3 A and layer thickness of 6 A under the application of bias
voltage of 1 V.
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Figure 5. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 6 A and layer thickness of 9 A under the application of bias
voltage of 0.5 V.
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Figure 6. (Colour online) Spatial-temporal variation of phase differences in various channels in the
coupled LJJ with junction thickness of 6 A and layer thickness of 9 A under the application of bias
voltage of 1 V.
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Putting n = 0 in equation (3.5) and using equation (3.10), we get

dp 512 1 _ -
o =0 G| relegs (601 =260 + ¢, ) = 3P MGIMEa(sing)).  (B.12)
=
o R N .
The Courant-Friedrichs-Lewy stability criteria, 532 < 1 should be maintained in order to get the stability
X

of the kink/anti-kink solution. This criteria suggest us to take a very small time step as compared to the
position step as far as possible. It is mandatory to pay the computational cost for the time steps to obtain
the approximately calculated values, and reach a close agreement with those of theoretical values [9].

The most straightforward way to proceed the computational task is to introduce one array to hold ¢
at all x; at the time 7,,, a second array to hold all the ¢ at the time 7,—; and a third array to hold a newly
computed result at 7, ;. Then, it is looped through the code incrementing the time and shuffling the arrays
appropriately [10].

The current can be calculated using [11-13]

I figgc? O
B 26/117 6)2

(3.13)

The current is averaged out over space and time as well as channel at different tunnel voltage which
includes the element of equation (2.16) in the tunneling matrix. For the particular junction geometry, the
tunneling matrix element is proportional to the bias voltage or tunnel voltage [14]. When the bias voltage
is changed, then the tunnel matrix element also changes resulting in the change of the tunneling coupling
constant of equation (2.16). This variation in the tunneling coupling constant significantly contributes to
the soliton motion represented by the phase differences in various channels.

The simulations were performed for a typical junction system of MgB, with superconducting layer
thicknesses of 61&, 91&, 12A and 15A for different junction thicknesses 31&, 6A, 9A and 12A of Si0s.
The junction and superconducting layer thicknesses are taken in the range of molecular dimension (i.e.,
Angstrom) as suggested by Giaever [15]. The dielectric constant of SiO; is taken as 3.7 and Fermi velocity
of MgB; is taken as 4.7x10° m/s [16]. The computations were done using OCTAVE 4.4 programming
language and the figures are generated using PY THON3 in the Linux operating system on supercomputer
platform.

To study the plasmon excitation, the dispersion relation defined by equation (2.25) is plotted and
presented in figure 2. The figures 2a to 2d show that the band spectrum significantly depends on the
junction and layer thicknesses. They appear in higher frequency states as the junction as well as the
layer thicknesses are increased. The excited states can also be reached by increasing the bias-voltage that
affects the tunneling matrix element. Hence, the tunneling coupling constant of equation (2.16) is also
altered.

In order to study the soliton motion, the phase differences ¢ for all 8-channels are plotted against the
normalized space and time. For this purpose, the LJJ of length 14 units was taken. The length is measured
in the unit of inverse of Fermi wave vector (i.e. k;l). The simulation was done up to the normalized
time of 5 unit. Here, the time is measured in the inverse of Fermi frequency (i.e. wy 1. From figures 3
to 6, it is observed that the initial kink in each channel greatly deforms its shape as the time lapses. As
the kink reaches the boundary, it reflects back due to the application of Neumann boundary condition.
As it reflects, there is a chance of producing the anti-kink or another kink. As a result, kink-kink or
kink-anti-kink superposition may take place forming a complicated phase texture as time lapses. Some
channels also show the collective behavior. The figures also show that the phase texture is highly sensitive
to the junction and layer thicknesses as well as to the tunnel voltages. They become more complicated as
the junction parameters are increased.

The I-V characteristics were studied by applying the voltage across the junction system. Since the
tunneling matrix element is directly proportional to the bias voltage for the given junction and layer
thicknesses [14], the tunneling coupling constant and hence the phase differences for all channels were
computed for different applied voltages. Using the equation (3.13), the current for each channel can be
computed at the given applied voltage as the function of space and time. The current is then averaged
out over space and time as well as the channels for the given applied voltage and junction geometry. In
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Figure 7. (Colour online) Current-Voltage characteristics for junction thickness (a) 3 A, ()64, ()9 A,
and (d) 12 A for different layer thicknesses.

this way, the current is calculated for each applied voltage ranging from 0 V to 1 V with the step of
0.01 V. The current is plotted against voltage as shown in figures 7a to 7d. The I-V characteristics for
the junction thickness of b = 3 A are presented in figure 7a. The figure contains four curves for layer
thicknesses of 6, 9, 12, and 15 A. These curves seem to of be of non-ohmic nature with the existence
of differential resistance. This resistive nature indicates that the applied voltage was consumed in order
to proceed the tunneling of Cooper pairs. As the Cooper pairs reach the junction, they break into the
normal charge carrier and they collide with the lattice in the junction. The junction system behaves as a
conventional resistor. The graph shows that the positive differential resistance increases as the increment
of the layer thickness. As the layer thickness increases, the population of Cooper pair also increases. For
this reason, the collision frequency of the carriers was increased and a greater resistance persisted for the
same applied voltage.

When the junction thickness was changed to 6 A, an unusual type of I-V characteristics is obtained.
For the given superconducting layer thickness, the I-V curve shows a positive differential resistance up
to a certain applied voltage and then it shows a negative differential resistance. This peculiar behavior
of the junction system indicates that there exists a complicated phenomenon. Due to the existence of a
negative resistance at a certain voltage range, the device can be used as the energy stroage and oscillator.
The origin of the noisy I-V characteristics may be interpreted in the following way. When the voltage
is applied to the junction system, there are a lot of ways of dividing the value of this voltage into the
voltages on those junctions. For this reason, there exist a lot of meta-stable states with different voltage
distributions. Furthermore, it is quite possible that some meta-stable states are energetically very close to
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the stable state [11]. In such a case, the voltage distribution will be greatly changed and will cause a rapid
oscillation of the dc current. For the junction thicknesses of 9 A and 12 A, the I-V curve showed even
a complicated non-linear nature with the existence of a series of N-shaped differential resistances. The
N-shaped differential resistance is the charanteristics of Gunn diode. Hence, the present junction system
is also applicable to the low temperature electronic devices demanding the Gunn diode charactersitics.
Another reason for the negative differential resistance is electromagnetic radiation due to the fluxon-
antifluxon (kink-antikin) transition between the plasmon excitation states during the soliton motion. As
shown in the band spectrum (depicted in figure 2), the plasma wave is at the excited state causing the
plasmon radiation. Therefore, the junction system in a particular voltage range can be used as a radiation
chamber.

4. Conclusion

We conclude that the collision of fluxon and anti-fluxon as well as the in-phase or the out-phase of
collective motion is more active for higher tunnel voltage. The current voltage characteristics are almost
linear up to a certain tunnel voltage and then become non-linear. The non-linearity starts at a lower
tunnel voltage for higher junction thicknesses as well as layer thicknesses. The linear region indicates
that the junction system demonstrates a resistive nature while the non-linear condition confirms the
existence of other complicated phenomena. Some nonlinear regions confirm the existence of a negative
differential resistance so that the the junction system can be used in the electric devices that demand a
negative resistance. One of the phenomena is the emission of electromagnetic radiation (e.g., microwave,
THz etc.) due to the formation of meta-stable states as predicted by Koyama [13] and fluxon-antifluxon
transition between them. The device can be used as a switching device, a memory device that operates
in non-linear region. This might be the main region of THz radiation.
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TeopeTuuHe paocnigkeHHs I-V xapakTepncTumk y 38’s3aHux
AOBIrnx Ako3edpCoHiBCbKUX Nepexosax Ha OCHOBI
HaAnpoBigHMKaA AN6opunay MarHito

C.N. Yimoypia'?, B.P. Timipe?, Ix.X. Kim*
T Pisnunnii dakynbTer, yHiBepcuTeT KatmaHay,Henan
2 QisnuHmii dakynbTeT, TprbXyaHCbKNA yHiBepcuTeT, KaTMaHay, Henan

3 Konemx nprvpogHnumx Hayk Ta iHxeHepii, yHiBepcuTeT X'toctoHa Kniep Jleiik, TX, CLLA

Y cTatTi gocnigkeHo BosnbT-amnepHi (I-V) xapakTepucTvku y 3B'A3aHOMY AOBromy AXo3edpCOHiBCbKOMY mne-
pexoAi Ha OCHOBi AMGOPWAY MarHito LUASXOM BCTaHOBNEHHS CUCTeMU PiBHSHb PisHMLi ¢a3 pi3HMX iHTep-
Ta IHTPa-30HHMX KaHaiB, MOYMHAKUM 3 MIKPOCKOMIYHOrO ramiNbTOHIaHa CIUCTEMW nepexody Ta CrpOLLeHHS
ii 3a fonoMoroto Takux ¢peHoMeHONOriYHUX NpoLeayp, K Ais, GyHKUia po3noginy, nepeTBopeHHs Mabapaa-
CtpaToHoBMYa (6030Hi3aLis), iHTerpan pacMaHa, MeTo/4 mepesany, rONACTOYHIBCbKAa MoAa, da3o3anexHuii
edeKTUBHWI NarpaHXiaH i, HapeLTi, piBHAHHA pyxy Eiinepa-/larpaHxa. CucteMa piBHAAHb PO3B'A3YETLCSA 3 BU-
KOPUCTaHHAM CKiHY4EHHO-Pi3HULLEBOro Hab/VKEHHS, ANS AKOrO 3a MOYaTKOBY YMOBY MPUIAMAETLCA PO3B'A30K
He36ypeHOoro CMHYC-ropA0HIBCLKOro PiBHAHHSA. IpaHMYHa yMoBa HeliMaHa NiagTPUMYETLCA Ha 060X KiHLAX Tak,
Lo GNaKCoH 3A4aTHW BifbMBaTNCA Bij KiHUA cncTeMun. Pa303aneXHNA CTPYM PO3PaxoBYETbLCS ANSA Pi3HOT Ty-
HeNbHOI Hanpyru i ycepeAHIOETLCS 3a NPOCTOPOM i YacoM. BosibT-amnepHi XxapakTepucTnkn Maiixe AiHiliHI npu
HU3bKI Hanpy3i Ta HeNiHifHI Npy 6inbLU BUCOKIA Hanpys3i, Lo BKa3ye Ha Te, L0 B i CUTyaLlii MOXYTb BUHW-
KHYTW 6inbLl cknagHi Gi3nyHi aBuULLa. Y AeSK1X 06nacTax XxapaKTepuUCTUK iCHye HeraTMBHWIA ONip, L0 03HAYaE,
|0 cucTeMa MepexoAiB Moxe 6yTu BMKOPMCTaHa B MEBHUX eNeKTPOHHMX MPUCTPOSX, TakUX K reHepaTopw,
nepemukayi, NPUCTPOi NaM'ATi TOLLO. HeniHifHICTb TakoX YyTAMBa A0 Lapy, a TakoX A0 nepexoay TOBLLMHWU.
HeniHilHicTb BUHMKAE NPW MEHLLIA Hanpy3i, a TakoX Mpu BiNbLUiA TOBLLMHI Nepexosis i Wwapis.
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When electrons of two electronic bands participate in superconducting
phenomena, it is said to be two gap superconductor. There are two set of cooper
pairs in different energy gap with different energy. The observation of Leggett’s
mode in two band superconductor provides an additional information about
superconductor. By using the effective action, the thermodynamic potential in the
case of neutral and charged two gap superconductor are calculated. Using phase
dependent action, we investigate a collective excitation (Leggett’s mode)
corresponding to small fluctuations of the relative phase of two condensates in
two band superconductor. We consider the possibility of observing Leggett’s
mode in MgB, superconductor and conclude that for the known values of two
band model parameters for MgB,, Leggett’s mode rises above the two particle

threshold.
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1. Introduction

Superconductivity was first discovered by Dutch
Physicist H .Kamerlingh Onnes , three years after
he liquefied helium. He found that the resistance of
mercury dropped to almost zero when the sample
was sufficiently cooled to low temperature. Cooper
pairs are responsible for the phenomenon of
superconductivity. The electrons with opposite
momentum and spin undergo Bose-Einstein
condensation to form cooper pair. Exchange of
phonon between electrons seems to have an
attraction between electrons thus forming cooper
pairs [1].

In the presence of weak uniform magnetic field,
number of cooper pairs and their internal structure
is unaltered. It leads to the vanishing of magnetic
field in the interior of bulk superconductor. A
superconductor in an external magnetic field carries
an electric current near its surface. This current is
of magnitude such that it cancels the external
magnetic field. Thus there is no field inside
superconductor [2]. This is called Meissner effect.

If the electrons of single electronic band are
participating for superconducting state, material is
said to be one gap superconductor. Energy required
to break cooper pairs is same if all the pairs are
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formed with same energy and hence shows only
one gap. If the electrons of two electronic bands are
participating for the superconducting state, material
is said to be two gap superconductor. There are two
set of cooper pairs in different energy bands and
energy required to break the pairs is also different.
Interestingly cooper pairs of both bands are created
at same critical temperature. The Josephson effect
occurs if two superconductors are separated by a
thin insulator. The tunneling of cooper pairs
through the insulator was first introduced by
Josephson [3, 4, 5].

The study of multiband superconductors started
from the works of Moskalenko, Suhl, Peretti and
Kando, as a generalization of Bardeen-Cooper-

Schrieffer (BCS) theory to a multi gap
superconductors. In the case of multi gap
superconductors, coulomb repulsive interaction

turns the one plasma mode into a gapped plasma
mode. These modes are massive due to Josephson
interactions. There is a possibility that some of
these modes become massless Nambu-Goldstone
modes when the Josephson couplings are frustrated.
The Josephson couplings between different bands
will bring about attractive phenomena: they are
time reversal symmetry breaking and existence of
gapless modes. The phase difference mode between
two gaps is called Leggett’s mode [6].This mode
yields
superconductors. The Leggett’s mode is realized as
a Josephson Plasma layered
superconductors.

new excitation modes in multi-gap

oscillation in

The fluctuation of the inter band phase difference
in the multi-gap superconductor is Leggett‘s mode.
This fluctuation can elevate the superconducting
transition temperature. According to conventional
superconducting microscopic BCS theory, the
Leggett’s mode is not implemented and their
entropy is not taken into account. The formation of
pair means the loosing of entropy. The competition
between the gain of the energy due to gap evolution
and the cost due to missing entropy determines if
BCS gap opens or not. If the pair still has entropy
after the formation, the cost due to missing entropy

is reduced. This reduction assists the evolution of
gap. The entropy, which Leggett’s mode has
corresponds to entropy of the pair [7].

2. Theory

Microscopic BCS theory for development of
Hamiltonian of the system

We consider two electron system in Fermi sea
which aren’t interacting with each other. The
electrons have equal and opposite spin so that the
lowest energy state have total momentum zero [4].
The Hamiltonian gives the total energy of the
system. Hamiltonian can be expressed as

N 1 n
ﬁ = Z T(Xk) + E z V(Xk, X])
k=1

k=1=1

where T is kinetic energy and V is potential energy
of interaction between particles , X, describes the
coordinate of kth particle. Similarly, x; denotes the
co-ordinate of Ith particle.

In case of two gap superconductor, Hamiltonian is ,

ﬁ = Z ﬁTB,l + ﬁT
1
where, I’—\ITBJ is Hamiltonian for two band
superconductor in ith layer and Hamiltonian Hy
describes the electron tunneling between two
adjacent S layers through the insulator.
This can be expressed as,
Ar= ) (Tyelhich, +h.c)
ij,o

where, Tj; is the tunneling matrix element for an
electron from i to j band. Also, C?l and Cz,’l denote
the operator which create and destroy an electron
with spin o in the i-band. In the absence of
magnetic field,

~ _ i it i 3 pair
Hrp) = Z Elcgicor + Hy

i=s,d
where, Ei is the energy of electron in i-band (i =s
or d band) about Fermi energy. H}D s

Hamiltonian for interaction between electrons.
According to Leggett, BCS wave function in terms
of pairing operator can be expressed as,
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i it it
Y1 = c)cy)

By using this concept, Pairing Hamiltonian can be

written as

fypair _ st st s s dt .dt .d .d
HP = =VssCrpericiicrn = VaaCr €1 CLicr)

st st .d .d
— Vsa(cqycycpicry +hc)

Here, Vj is the strength of pairing interaction
potential. Interband pairing interaction between two
electrons in s and d band is described by the

Hamiltonian HPaIr which is the last term of the

inter,l
above relation. This can be expressed as,
it it j j
_VSd CkT,l C—kl«,l C—k,l,l Cle'l
kK’
Here, i and j can take same value. By using this
Leggett concept, total Hamiltonian for our system

[5, 9] will be
H= Z Eﬁclt'c Cko + Z Eﬂcl’c Cro
ko ko

ss .t .t
- Viek! Skt €k C—K/1CK/1
KK/
dd gt 4t
- Z Vi dird e Aoy iy
KK/
sd (.t .t
- Z View (Gl dopndir
kK
T 4t
+dyd’ ) d ey dier )

rypair
Hinter,l -

Collective Excitation

Bogolyubov and Anderson discovered that density
oscillation can couple for oscillation of the phase of
superconducting order parameter through pairing
action. In neutral system, these collective sound
like oscillation are known as Bogolyubov Anderson
Goldstone (BAG mode). In charged system, the
frequency of the mode is pushed into plasma
frequency due to coulomb interaction [8]. A main
idea beyond this approach is rather simple since the
collective modes present low energy degree of
freedom.

Physically, Leggett’s mode 1is a collective
excitation corresponding to a small fluctuation of
the relative phase of two band superconductor.

Leggett’s mode is obtained using the modulus of
phase variables in the path integral formalism.
The action integral is given by,
B s .

S= fo dT[Zi,O’,k Cll<,0 atcll(,c +
H()]
The effective action can be written as,

S= Spair + Scoulomb
Using Hubbard - Stratonovich transformation and
Nambu notation, the effective action becomes,

st s dt . d
S:J'B ¢§¢p+¢§¢g
0o [4=]| 8ss 8dd

8sd st ,s -1
— B9 (43¢ | - TrinG
8ss8dd k Tk °
— TrinGg*

Now, the thermodynamic potential can be written

as,
1 B

Q=—fd‘r
B Jo

|AkS|? N |Ak9 |2
8dd

gSS
_ 2559 | AKs||AKY | cos (6%

8ss8dd
1
- ed)] - E(TrlnGs_l — TrinGz1)

Here, () can be written as the sum of (Q;, and

Qpot as,

(4, 6;,4)
ont(Ai: ei' q))
where, Qi is the sum of energies of phase
fluctuations in each band and (), is responsible
for the appearance of Leggett’s mode term in the
Josephson coupling energy of the condensates in
two bands. This term explicitly depends on relative
phase ( 8; — 6, ) of two condensates.

= Oyin(4,0;, ) +

If we minimize Q with respect to 85 — 89, we get
da

d(es — o9)
1 B
= ELdT

=0

From this we obtain,

ngd

AkS||Ak9] sin(0S — 64
8ss8dd | || |Sm( )
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A5 — 258 pd g ASNGF(S,) = 0
8dd
and,
Ad — i—d AS — gqqAIN,F(8,) =0.
where, N; = nzlfzfi is the density of states in ith

band.

In case of neutral superconductor, the terms with
electric potential disappear from the equations
w? = wi+ v?k? for
positive solution and w? = c?k? for negative
2 _ N;C3+N,C3 2

= —"——""% and v°=
N;+N,

above, and we can get

solution  where

N;CZ+ N,C2

N;+N,
The positive solution corresponds to Leggett’s
mode whereas negative solution corresponds to
BAG mode. The collective mode is only possible if
w3 > 0 since V;; > 0 (H. Goldstein et al. 2011).
This implies that Leggett’s mode exists for V|V, —
V2, >0.
But in case of charged superconductor, long
distance coulomb interaction has a drastic influence
on BAG mode transforming in the plasma mode.
Here we get,

w? =

wi + vZk?

(N1+Np)C3C3

N;C2+ N,C2

This represents that the equation for collective

mode has only solution describing Leggett’s mode.

where, v =

3. Results and Discussion

Recently discovered MgB, superconductor can be
described by the classical two gap model which
convincingly fits the specific heat and penetration
depth To be
experimentally, Leggett’s mode should have the
value of w, in a well separated from two particle
threshold given by smallest gap &;. Here we
estimate the value of wg using recently suggested
values of the coupling constants, introducing the

measurement. observed

dimensionless coupling constants, A;; = N;Vj; that
are often used for description of two band model.
We may rewrite equation of w in the form as,

2 _ 402t 221)014,

}‘11)‘22 - }‘12}\21
For specific value of coupling constants A;; =
096, )\22 = 028, )\12 = 016, )\21 =0.22 making

A; = 1.8 MeV fixed we get, wg = 3.42,/A,

Wo
9

8

2 3 4 5 6

Fig. 1: Variation of ® as a function of gap
parameter A2 for A;; = 0.96 Ay, = 0.28, A, = 0.16,
A1 = 0.22 and varying A, from 1.11 mev

The Fig. 2 represents a parabola with vertex at
origin. Here, A;= 1.8 MeV so 2A;= 3.6 MeV. If
A,=1 MeV, wy = 3.42 Hz, which in turn implies

that the ratio ;)TO > 1. This is the reason why we
1

exclude A,=1 MeV and Leggett’s mode is
unlikely to be observed in MgB,.

Making A,= 8 MeV, we get wy = 4.26,/A; and
the graph is plotted as,

wO
135
13.0

125

9.5 100"
Fig. 3: Variation of frequency ® as a function of
gap parameter A; for A1 =2 A =2, Ap=1,Ap=

1 and varying A; from 8 mev.

8.5 9.0
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Here we fix A,= 8 MeV, the nature of the curve is
a straight line. If A;=8 MeV, wy = 13.07 Hz,

which implies ;)TO < 1 and explains that Leggett’s
1

mode is likely to be observed in MgB..

The results suggest that for the values of two band
model parameters known at present for the two
band model of MgB,, Leggett’s mode arises above
the two particle threshold and unlikely to be

observed.

We don’t exclude however, that Leggett’s mode
can be observed in MgB, if the values of coupling
constants A, and A,; would become smaller. The
observation of Leggett’s mode provides an
additional insight to the underlying physics of such

a superconductor.

4. Conclusion

Leggett’s mode is a collective excitation
corresponding to a small fluctuation of the relative
phase of two band superconductor. Leggett’s mode
is obtained using the modulus of phase variables in
the path integral formalism. This work presents
the study of validity of Leggett’s mode in the two-
gap superconductor like magnesium-diboride.
Starting from the microscopic BCS Hamiltonian of
the system we derived effective action of the

system and thermodynamic potential. We obtained

the condition if the ratio ;TO <1 Leggett’s mode is
1

likely to be observed on the other hand when

;)TO > 1 Leggett’s mode is unlikely to be observed
1

in MgB..
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In the present work, a system of perturbed sine-Gordon equations has been derived in a system of superconductor-insulator-
superconductor (SIS) long Josephson junction as an extension of the Ambegaokar-Baratoff relation. For this purpose a long route
of path integral formalism is implemented starting from the model Hamiltonian in microscopic field. A computer simulation has
been performed by the discretization of the equations using finite difference approximation and applied to the MgB:>
superconductor with SiOz as the junction material. The solution of unperturbed sine-Gordon equation is taken as the initial profile
for the simulation and observed how the perturbation terms play the role to modify it. It is found initial profile deformed as time
goes on. It is also found that, the perturbation terms play the role for phase frustration leading the rime reversal symmetry broken.
The competitive inter-band and intra-band phase frustrations achieve quicker for high tunneling voltages.

1. Introduction

Among the known metallic compounds, MgB, has
the highest transition temperature of about 39 K [1].
It has two three-dimensional metallic n-bands arise
from the boron p, orbitals, among which one is
electron type and the other is hole type. It also has
two two-dimensional o-bands formed by the covalent
pxy orbital deep beneath the Fermi level [2]. Due to
such type of band structure the MgB, has two energy
gaps and hence is called two-gap superconductor.
The energy gap corresponds to o-band is =7.2 meV
and that of corresponding to m-band is =2.3 meV [3].
There are two weakly coupled s-wave order

parameters Y/, = Aleie' andly, = Azelﬂz ,  the

internal degree of freedom is the inter-band phase
differences @(7,¢) = 6, — 6,. Due to the existence

of phase difference between two conventional
superconductors, spontaneous super-current flows
from one superconductor to the other as they are
brought together to form a Josephson junction [4]. In
case of one-gap superconducting junction, there is
only one channel for supercurrent tunneling, but there
are four channels available for this purpose in a two-
gap superconducting junction [5].

In the present work, a system of generalized
equations of motion for gauge invariant phase
differences in the stack of long Josephson junctions
has been derived following the phenomenological
path integral formalism starting from the model
Hamiltonian in microscopic field of the system. The

90

system of phase equations is numerically solved for
the case of single long Josephson junction system for
MgB; superconductor with SiO» as junction material.
The phase differences correspond to each channel are
computed in space-time domain. The ground state is
obtained by minimizing the Josephson energy and
observed the variation of minimum Josephson energy
with time.

2. Theoretical Formulation

The starting point of the present work is to write total
model Hamiltonian in microscopic field of the system
which consists the free Hamiltonian (Hgee), pairing
Hamiltonian (Hpair) and tunneling Hamiltonian (Hr).
H=H

+H__+H, 1)

free pair

with

lic

H,.=> I d3rCZG[ﬁ (hV +e*Al)? +e*A]C )

lic

Hpair = z-[dSVI/I;f’CZTCILCI’i’J«CﬁT (3)
mn'ii'
H,y = YT €l G + TCL sG] @)

lic ~I+l,i'\o 1+1,0
mii'

Here, Cj,(CG) is the creation (annihilation) operator

for fermion with spino =(Tory). These

operators are the function of spatial coordinate 7 and
imaginary time 7 = —if . Their dimension is inverse
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square root of volume. A, and Al0 are the magnetic

vector potential and electric scalar potential
respectively. e* =2e, and eis the electronic charge

and mis the mass of the electron. The operator

—ihV —e* 4;is called the canonical momentum

operator. V,'"is the coupling constant and 7}’ is

the tunneling matrix element.

L.

I Ape'™

| AN
(=

Figure 1 A typical single long Josephson junction

d_iod
Appe'™

d bl
Ape™

Using the special techniques of path integral
formalism [6-9], first defining the action functional
and then quantum mechanical partition function
followed by Hubbard-Stratonovich transformation

(one of the step of bosonization), Grassman
integration,  Matsubara  sum, saddle point
approximation,  Euler-Lagrange  equation  for

minimizing Lagrngian density, Goldston mode etc., a
system of equations for the phase dynamic for a
typical single long Josephson junction as shown in
Figure 1 can be obtained as

2 2
LA +M,; M, (jsing)=0 (5

or’ ox’
with
a 0 2 0
M, = o2 a 0 2&
26, 0 q 0
0 2, 0 q
a 2& a 0
M, = -2& q 0 a22
a, 0 Q, 2¢e,
0 a, 2&, q

91

&,bd )
a,=—">5—+2¢,
F

L°TF TF

b*d’ 1 1
a, = —1222 + 28rbbd [74‘7 + 46",2b

1 1 ]
a, :2€rbbd (—24‘—2}4‘683]) and ] ZL
ﬂ'TF ﬂ'L Jo
i.e., the current densities are measured in the unit of
g,dc’h
J,= 20—2. Ay and A, are the Thomas-Fermi
ApAre™

screening length and London penetration depth.
o= (05,05, 05, 0% is the column vectors
with phase differences as the elements and ]_’is a
diagonal matrix with ]_1‘2\, z;d , Z?, ]_éd as the
dis the

superconducting layer and b is that of junction. &, 18

diagonal  elements, thickness  of

the dielectric constant of the junction material.
The Josephsion energy of the system is
h 58 58 S S8
E, = ;[‘]11 +J1d1d +Jn +szzd +2COS(¢1? -o05)

S SS 185 SS 6
+2C05(¢71dz —Ph) = i cos gy, )
sd ds

osd «ds -dd dd
—Ji12 COSPpy — )1 COS Py, — Jip COSPyy ]

3. Numerical Computation

Eqn. (5) is discretized using the finite difference
approximation for both space and time. The
discretized system of equations are numerically
solved for the different time steps. The solution of
unperturbed sine-Gordon equation, ie.,

0,p—0 @+sing =0 is given by

@ =4tan""exp(x) and considered as the initial

profile [10] for our perturbed sine-Gordon equation
(5). The Neumann boundary condition i.e.,

axq) = 0[4] is applied at the two ends of the system

so that the kink/anti-kink solution can reflect from
the boundary.

The numerical computation has been performed
using OCTAVE 4.4 programming language under the
supercomputer platform with Linux operating
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system. The Josephson energies have been computed
at every space and time steps and the minimum of the
energies are extracted at every time step. At the same
time step the intra-band and inter-band phase
differences are also extracted. The plot of minimum
energy versus time and corresponding phases versus
time are obtained. The computation was done for
MgB,. The simulation have been performed for the
typical junction system of MgB, (Fig. 1) with

superconductor layer of thickness 15A and SiO,

junction thickness of 10 A . The dielectric constant of
SiO; is taken as 3.7 and Fermi velocity of MgB: is

taken as 4.7x10° m/s [11]. The various plots for
different tunnel voltage are shown in the figure
below.

100

S

3

Hh o o

(B )min(md/m?)

&
3

c
Phase for (Ey)min

2

S
N
S

Fig. 2. The first figures gives the plot of minimum
Josephson energy versus time graph and the second plot
gives corresponding phase differences versus time for the
tunnel voltage of 0.2 V.
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Fig. 3. The first figures gives the plot of minimum
Josephson energy versus time graph and the second plot
gives corresponding phase differences versus time for the
tunnel voltage of 0.4 V.
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Fig. 4. The first figures gives the plot of minimum
Josephson energy versus time graph and the second plot
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gives corresponding phase differences versus time for the
tunnel voltage of 0.8 V.

4. Results and Conclusion

Fig. 2 shows plot of minimum Josephson energy
versus time in the unit of(ﬂF / ¢), where /1F is the

Fermi wave length and cis the velocity of light in
vacuum. Second graph of the same figure gives the
variation phase differences under the condition of
minimum energy with respect to the same time scale.
Both the graph are taken from the simulation with the
tunnel voltage of 0.2 V. The situation at which the
phase differences correspond to minimum energy
becomes less than zero or greater than 77 is the called
the phase frustration. According to Fig. 2, the phase
differences exceed the limit near about 7.5 unit of
time. That means the phase frustration occurs at
about 7.5 unit of time. Similarly, Fig. 3 and Fig. 4
show that the phase frustrations occur at about 6 and
4.5 unit of time when the tunnel voltages are taken as
0.4 V and 0.8 V, respectively. From these figures it is
concluded that the phase frustration reaches quicker
as the tunnel voltage increases.

We have also performed the simulation for
different junction and layer thickness and found the
phase frustration is also sensitive to the geometry and
reaches quicker as they are increased. The phase
frustration might be due to collision of fluxon and
another fluxon or anti-fluxon. This phase frustration
situation is one of the key cause of time reversal
symmetry broken.
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Abstract: In the present work, a system of perturbed sine Gordon equations has been derived for a
superconductor-insulator-superconductor (SIS) long Josephson junction, following the long route of path
integral formalism. The system of equations has been solved numerically by the discretization of the equations
using finite difference approximation and applied to the MgB$_2$ superconductor with SiO$_2$ as the junction
material. The solution of unperturbed sine-Gordon equation has been considered as the initial profile for the
simulation. It is observed that the perturbation terms play the role to deform the profile as time goes on. It is
also observed that, the perturbation terms play the role for alternative phase frustration leading the time
reversal symmetry broken. The competitive inter-band and intra-band phase frustrations occur faster for high
tunneling potential.
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I. Introduction
Among the known metallic compounds, MgB, has the highest critical temperature of about T, =39 K
[1], It has two three-dimensional and two two-dimensional bands [2]. Due to such type of band structure the
MgB , has two energy gap and hence is called two-gap superconductor with energies =~ 7.2 meV associated to
o0 -band and = 2.3 meV associated to 7 -band [3]. Since there are two weakly coupled s-wave order
parameters V', = Ae"* and ¥, = A,e"*, the internal degree of freedom is the inter-band phase differences

6(r,t) = 6, — 6, . When the two superconducting layers are brought together to form a Josephson junction,

spontaneous super-current flows from one superconductor to the other due to the existence of phase difference
between the layers as well as bands [4]. There are four channels available for cooper pair tunneling in a two-gap
superconducting junction [5].

In the present work, first of all, the Hamiltonian of the system is defined. A phenomenological path
integral formalism has been proceeded up to the derivation Lagrangian density of the system. Using the Euler-
Lagrange equation of motion, a system of generalized equations of motion for gauge invariant phase differences
in the stack of long Josephson junctions has been derived. The system of phase equations is numerically solved

for the case of single junction system for MgB , superconductor with SiO, as junction material. The phase

differences correspond long Josephson to each channel are plotted in space-time domain. The ground state is
obtained by minimizing the Josephson energy and observed the variation of minimum Josephson energy with
time.

Il. Theoretical Formulation

The total Hamiltonian of the system comprises the free Hamiltonian (H (..), pairing Hamiltonian (H pair)

and tunneling Hamiltonian (H-) i.e.
H = H free + H pair + HT (1)
Where
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CI 1 .. =\ 2 < 0
Hm:;‘fd’rﬂm{%(zh'\?#e@) +e' A }aﬁa} N
_ Z Id3r l,i;, Aa YT 3)
LIif
Hr = Z _[d r u+1asmas+1m+Ts+1 ae’+1:crae'!cr] (4)

Lii.c

Here, a'(a_) is the creation(annihilation) operator for fermion with spin o = (Tord). These

operators are the function of spatial coordinate F and imaginary time 7 = —it. aj,(?,r) creates a fermion

with spin o at the given site (F,7) and aa(F, 7) destroy the fermion from there. These are with dimension

of inverse square root of volume. ,&1 and A1° are the magnetic vector potential and electric scalar potential
respectively. e"=2e and € is the electronic charge and M is the mass of a fermion. The operator

—ihV—e A is called the canonical momentum operator. VII is the coupling constant and TI L1 Is tunneling

matrix elements.

Using the special techniques of path integral formalism [6-8], first the action functional has been
defined and then quantum mechanical partition function can be obtained. Then the procedure has been followed
by Hubbard-Stratonovich transformation, Grassman integration, Matsubara sum, saddle point approximation,
Goldston mode etc. As a result of which Lagrangian density can be obtained. The Lagrangian density has been
minimized using Euler-Lagrange equation of motion. A system of equations for the phase dynamic for a typical
single long Josephson junction has been obtained as

oo &
S5 +(By) P (fsing) =0 ®)
with
B 0 2¢ O B 2 B 0
0 B 0 26 2&2 B 0 B &,bd
0 PYCRI i 0 | P ﬁb 0 B per | PomThE 2
rb 0 2 1 rb F
0 2 O B 0 B 2e B
2
P = b°d ———+2¢,,bd [ 12 J +4g, B, =2¢,0d [iz + izj +6&5
M A VE S e A
2
j= l, i.e. the current densities are measured in the dimension of J =M, ¢ and A are the
0 2 72
Jo A e

;
Thomas-Fermi screening length an London penetration depth respectively. ¢ = ((pfj(pff(/)fzs(pf;) is the

column vector with elements as the phase differences and j is a diagonal matrix with le , le , j12 , Il‘;" as

the diagonal elements. d is the thickness of the superconducting layer and b is that of for the junction material.
&, Iis the dielectric constant of the junction material. The Josephson tunneling coupling constant i.e. current

density is
il 2e dT|I:+1T|I+I1|N 0)A,A 0,141, 0I+1,i’ ea d i’
JI,I+1 h(AS o A(Z)h ) I \\ 0|| (V )I,I+1 0,1+1,i" (2)

oli

The gauge invariant phase difference qo,if;+1 has been introduced as

DOI: 10.9790/4861-1005023844 www.iosrjournals.org 39 | Page



Collective Phase Frustration and Time Reversal Symmetry Broken on Single Long Josephson....

ii' _ i i zif'
Prin = 6.,—0, - A (7

The Josephson energy of the system is
h 55 h ad ﬁ 55 h dd ﬁ sd ak 55 h sd sd 55
E,==Jy+=Jy +=Jn+=Jyn +2=J; ':05(@2 _‘?712)4‘2_*‘}22 COS(Q’Q _‘?712)
e e e e e e (8)
h - h— - d d ﬁ/ .& & ﬁ .dd d:l‘
_?JIISES CosQ;; _?J’fz Cos @, _?J’lz Cos @y, _?J'u Cos @y,

The Josephson energy of the system is

I11. Numerical Computation
The finite difference technique has been implemented for solving the Equation
Error! Reference source not found.. For this purpose the equation has been discretized in the space-time
domain. The discretized system of equations are numerically solved for the different time steps. The solution of

unperturbed sine-Gordon equation i.e. go:4tan’1exp(7) is considered as the initial profile [9]. The
boundary condition at the left end is maintained as @(—L) =0 and that of at the right end is maintained as

@(L) = 27 . The computation has been done for MgB , . The simulations have been performed for the typical
junction system of MgB , as shown in Figure 1 with superconducting layer thickness of 4 A and Sio,
junction thickness of 3 A as suggested by Abrikosov [10]. The dielectric constant of SiO , is taken as 3.7 and

Fermi velocity of MgB , is taken as 4.7 x10° mis [11]. The Josephson energies have been computed at every

space and time step and the minimum of the energy is extracted at every time step. At the same time step the
intra-band and inter-band phase differences are computed. The plots of minimum energy versus time and
corresponding phases versus time have been displayed on the respective graphs.

IV. Result and Discussion
Figure 2 and Figure 3 show that the phase differences (pf; and gofg vary with same manner in the space-time

region. Similarly, the phase differences (oldzs and (oldzd also show the same behavior. This means one

inter-band and one intra-band phase differences are in collective phase fluctuation. Figure 4 and Figure 6 show
the plots of minimum Josephson energy and the corresponding phase differences vs time for the tunnel voltage
of 0.08V. According to this figure, the energy minimization occurs with the phase differences 0 to 7z up to time
7 units. Within this limit the phase difference is found to be gauge invariant. Above the time of about 7 units,
energy minimization occurs only for the phase difference greater than 7 . If the energy is minimum for the
phase difference does not belong to the range from 0 to 7, then the phase frustration is said to be occurred
[4,5,12,13]. The phase frustration has been obtained at about 5 units of time for the tunnel voltage of 0.12V as
shown in Figure 5 and Figure 7 . This phase frustration leads the time reversal symmetry broken for the
Josephson energy of the system.

Among four phase differences @53, @5 , @l , and @5 , when two of them (@55 and @y ) are in

phase frustration, the remaining two (goldzs and goldzd ) are not and vice-versa. The time for starting the phase

frustration decreases with increase in tunnel voltage. The transferring of the phase frustration situation occurs

alternatively between the two sets { @53, @55 }and {@5>°, @.s } as time goes on. During the transferring of the

phase frustration between the two sets of phase differences, the minimum of Josephson energy abruptly
increases and decreases immediately as the transferring ends. The collision of fluxon and anti-fluxon which
appears during Cooper pairs tunneling through the various channels may cause the phase frustration. The fluxon
or anti-fluxon may flow along the junction either in phase or out of phase during this process which leading the
appearance and disappearance of phase frustration as time goes on. More simulation for higher tunnel voltages
have also been performed, but not shown here, and found that the phase frustration is quicker as the tunnel
voltage is increased. The results conclude that the collision of fluxon and anti-fluxon as well as in- or out-phase
of collective motion is more active for higher tunnel voltage.
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Figure 1: A typical single long Josephson junction system
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Figure 2: (color online) The plot of phase differences on space-time domain for tunnel voltage of 0.08 V. The
red color represents the maximum value and blue represents the minimum value of phase differences. The time

is taken in the unit of A_ / Cand position is taken in the unit of A,
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Figure 3: (color online) The plot of phase differences on space-time domain for tunnel voltage of 0.12 V. The
red color represents the maximum value and blue represents the minimum value of phase differences. The time

is taken in the unit of A / Cand position is taken in the unit of A
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Figure 4: The plot of minimum Josephson energy versus time taken in the unit of A / C for tunnel voltage of

0.08 V. The peaks reflect the transferring the phase frustration situation between the two set of intra and inter-
band phase differences.

-4 Y T Y
~ 0T .
a
2
=6t -
&
S
iR -
-
— 8t |
-9 : : :
0 5 10 15

Figure 5: The plot of minimum Josephson energy versus time taken in the unit of A, / ¢ for tunnel voltage of

0.12 V. The peaks reflect the transferring the phase frustration situation between the two set of intra and inter-
band phase differences.
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Figure 6: The plot of phase differences corresponds to minimum Josephson energy versus time taken in the unit
of A / Cfor tunnel voltage of 0.08 V. The phase frustration approximately starts at about 7 time units.
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Figure 7: The plot of phase differences corresponds to minimum Josephson energy versus time taken in the unit
of A / Cfor tunnel voltage of 0.08 V. The phase frustration approximately starts at about 7 time units.
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Abstract. A system of perturbed sine Gordon equations is derived to a superconductor-insulator-superconductor (SIS) long Joseph-
son junction as an extension of the Ambegaokar-Baratoff relation, following the long route of path integral formalism. A computer
simulation is performed by discretizing the equations using finite difference approximation and applied to the MgB, superconduc-
tor with SiO, as the junction material. The solution of unperturbed sG equation is taken as the initial profile for the simulation and
observed how the perturbation terms play the role to modify it. It is found initial profile deformed as time goes on. The variation
of total Josephson current has also been observed. It is found that, the perturbation terms play the role for phase frustration. The
phase frustration achieves quicker for high tunneling current.

INTRODUCTION

MgB; has the highest transition temperature of about 39 K among the known metallic compounds [1]. It has two
three-dimensional metallic 7-bands arise from the boron p; orbitals, among which one is electron type and the is hole
type. It also has two two-dimensional o-bands formed by the covalent p,, orbital deep beneath the Fermi level. The
o-bands retain their covalent character which is strong feature of MgB, [2]. The electronic structure is simplified by
effective two-band model with only one n-band and one o-band. Due to such type of band structure the MgB, has two
energy gap and hence is called two-gap superconductor. The energy gap corresponds to o-band is ~ 7.2 meV and that
of corresponds to 7-band is ~ 2.3 meV [3]. There are two weakly coupled s-wave order parameters | = A;e”" and
Wy = Aye™®, the internal degree of freedom is the interband phase differences 6(7, 1) = 6, —6,. When a phase difference
exist between two conventional superconductors, spontaneous super-current flows from one superconductor to other
as they are brought together to form a Josephson junction [4]. In case of one-gap superconducting junction, there
is only one channel for supercurrent tunneling, but there are four channels available for this purpose in two-gap
superconducting junction [5].

In the present work, we derive the generalized equation of motion for gauge invariant phase difference in the stack
of long Josephson junction following the phenomenological path integral formalism starting form the Hamiltonian of
the system. The system of phase equations is numerically solved for the case of single long Josephson junction system
for MgB, superconductor with SiO; as junction material. The phase differences correspond to each channel are plotted
in space-time domain. The ground state is obtained by minimizing the Josephson energy and observed the variation
of minimum Josephson energy with time.
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THEORETICAL FORMULATION

The starting point of the present work is to write total Hamiltonian of the system which comprises the free Hamiltonian
(H free), pairing Hamiltonian (H ;) and tunneling Hamiltonian (Hr) i.e.

H = Hpee + Hpair + Hr (D
where
— 3~ - 1. % P2 P N
Hiee = IZ a'rC; (F,7) E(lhv +e’A) + e Al Crio(F,7) 2)
L1L,0

Hiyie = ) f Srvy L OC], (F)Cr i (B TICr i () 3)

LI i
Hr= ) f (T, Cl POl 0B T) + TICL L (R DCLig (7 7)) )

Lii’ o

Here, Cf,(?, 7)(Co(7, 7)) is the creation(annihilation) operator for fermion with spin o= = (T or |). These operators are
the function of spatial coordinate 7 and imaginary time 7 = —it. Cl(7 1) creates a fermion with spin o at the given site
(7, 7) and C,(7, 1) destroy the fermion from there. C (% 7) and C,(7,7) have the dimension of inverse square root of
volume (i.e. Q7'/%), with Q as the total volume of the system. A; and A? are the magnetic vector potential and electric
scalar potential respectively. e* = 2e and e is the electronic charge and m is the mass of a fermion. The operator
—ihV — ¢*A} is called the canonical momentum operator. V;; is the coupling constant and T;,il' +1 18 tunneling matrix
elements.

Using the special techniques of path integral formalism [6, 7, 8, 9], first defining the action functional and then quan-
tum mechanical partition function followed by Hubbard-Stratonovich transformation, Grassman integration, Matsub-
ara sum, saddle point approximation, we obtained the effective Lagrangian for a LJJ of multi-gap superconductors
as

2

. 2 .
_&od Z I 06, 0i soc’d z : h 96, xi z ‘ b i z : R il 2,2
Lo = 2’@1? Li (; ot HA) Z/Ii Ti ¢ ox ) Lid’ ;J” o= Lid’ [;j]'m cos gl + NO)dh wDéii,]

b (OAZT 1 2 (1 ATV
Erp&0 Li+1 o’ 0i ErpEQC xi' xi LI+1
+ Z l 2 ( ot + z (Al+l _Al )] + 2 [Z (AHI - Al ) - Ox ] :| (5)

Lii’

where d is the thickness of the superconducting layer and b is the thickness of junction material. €, is the dielectric
constant of the junction material. The inter-band Josephson coupling constant is

e'd

Ji = TAgli(V_l)Z/Aow (6)
and Josephson tunneling coupling constant
i e*d 2T} T NO) [ Agr s ed . 1
Just = 57 A; +—’A2 In A;I_’l Aoriborer.r + =BV D ot 7
0l+1ir 2ol i

. . . . i
We have introduced the gauge invariant phase difference ¢ | as

L i . be* i’
Grlie1 = Oy — 0 — ?Aillﬂ ¥

and 9}” - 9; = XZ is the intra-layer inter-band phase difference. After minimizing the effective Lagrangian using Euler-
Lagrange equation of motion, we could obtain the system of perturbed sine-Gordon equation for a typical single long
Josephson junction as

e o

FrarT) + (Mo) "M (jsing) = 0 )
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with

@ 0 22, 0 a 28, 0
10 g 0 2 |2, o 0 s
Mo = 2% 0 a0 | Me=1 o, 0 a —26%
0 28317 0 g 0 a —283b )
bbd b*d® 1 1 1 1 - .
ap= 2% 102 a0y = 24 og bd| —— + — |+ 462 and an = 26pbd| —— + — | + 662 and j = L i.e. the
/12 rb /12 /12 2 2 rb /12 2 rb J
F LT TF L ) TF L 0
dc°h
current densities are measured in the dimension of Jy = %, Arp and Ay are the Thomas-Fermi screening length
e*

TFL
a}nd London penetration de;ith. ¢ = ggoﬁ_go;‘é @5, go‘ll‘zl) is the column vectors with elements of phase differences and
J is a diagonal matrix with 75, 49, j%. 7% as the diagonal elements. The Josephson energy of the system is

h h h h
_ s dd s dd sd ds X3 sd sd s
E;= ;Ju +—Ji+ e_*J22 + ;Jzz + 267J11 cos(¢|, — 1) + 2;]22 cos(p); — @15

e*
h h h
.5 s -sd sd «ds ds «dd dd
- ;le COs ¢y, — (;112 Cos @y — ;lecos%z - e_*le cos¢yy  (10)

NUMERICAL COMPUTATION AND ANALYSIS

The Equation (9) is discretized using the finite difference approximation for both space and time. The discretized sys-
tem of equations are numerically solved for the different time step. The solution of unperturbed sine-Gordon equation
is considered as the initial profile[10]. The Josephson energy is calculated at every time step and the minimum of the
energy is extracted at that time step. At the same time step the intra-band phase difference correspond to the s-band is
also extracted. The simulations have been performed for typical junction system of MgB, with superconducting layer

x1073

-3 T T 10 T T
9 - ’
-3.2 £
_E
w8y
r:‘“ [
34+ S
c
Aé é 6
o 36 &
~ ©
B Sy
3.8} £
) 4l
-4 s ‘ 3 - .
0 5 10 15 0 5 10 15
Time (/\F/c) Time ()\F/c)
(@) (b)

FIGURE 1: (a) The plot of minimum Josephson energy vs time, (b) the plot of the phase differences corresponds to
minimum Josephson energy vs time for the tunnel voltage of 0.08 V.

thickness of 4A and SiO, junction thickness of 3A. The dielectric constant of SiO, is taken as 3.7 and Fermi velocity
of MgB» is taken as 4.7x10° m/s [11]. Figure 1 shows the plots of minimum Josephson energy and the corresponding
phase difference vs time for the tunnel voltage of 0.08V. According to this figure the energy minimization is possible
with the phase differences 0 to & up to time 7 units. Within this limit the phase difference is gauge invariant. Above
the time of about 7 units, energy minimization is possible only for the phase differences greater than x. If the energy is
minimum for the phase difference either less than 0 or greater than x, then the situation is said to be phase frustration
[4, 5, 12, 13]. The phase frustration has been achieved at about 6 unit of time for the tunnel voltage of 0.1V as shown
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FIGURE 2: (a) The plot of minimum Josephson energy vs time, (b) the plot of the phase differences corresponds to
minimum Josephson energy vs time for the tunnel voltage of 0.1 V.

in Figure 2. The phase frustration is due to the collision of fluxon and anti-fluxon which appears during Cooper pairs
tunneling through the various channels. During this process the fluxon or anti-fluxon may flow along the junction ei-
ther in phase or out of phase. This collective in or out phase motion of the fluxon(anti-fluxon), results the appearance
and disappearance of phase frustration as time goes on. We have performed the more simulation for higher tunnel
voltages, but not shown here, and found that the phase frustration is quicker as the tunnel voltage is increased. We
conclude that the collision of fluxon and anti-fluxon as well as in or out phase of collective motion is more active for
higher tunnel voltage.
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ABSTRACT: In the present work, we study the phase dynamics of long Josephson junction (LJJ) with stack of multi-
gap superconductors like iron pnictides, MgB,, etc. This is an extension of the Ambegaoker-Baratoff relation for a
Josephson junction of single gap superconductor to the stack of multi-gap junctions. The starting point of our deriva-
tion is to develop the quantum mechanical Hamiltonian of the system and then to write the corresponding partition
function. The partition function is further simplified through the phenomenological procedure followed by Hubbard-
Stratonovich transformation, Grassmann integration, and saddle-point approximation. We then obtain the action
functional which is further simplified using Goldston mode. Finally the equation for phase dynamics can be derived
using Euler-Lagrange equation of motion. Our generalized theoretical result has been compared to other’s for two-

gap junctions and found to be close agreement to each other.

Keywords: Model Hamiltonian; action functional; hubbard-stratonovich transformation and goldston mode.

INTRODUCTION: Superconductivity was discov-
ered in 1911 by H. Kamarlingh Onnes [1] in Leiden,
just 3 year after he had first liquefied helium. In 1986,
a new class of high temperature superconductor was
discovered by Bednorz and Mueler [2]. The perfect
diamagnetic characteristics of the superconductor was
discovered by Meissner and Ochsenfeld [3] in 1933.
In 1935, the brothers F. and H. London [4] proposed
the two electrodynamics equations to govern the mi-
croscopic electric and magnetic field. Pippard [5]
introduced the coherence length while proposing a
nonlocal generalization of the London equations.

The next step in the evolution of superconductor was
the establishment of the existence of the energy gap

A, of the order KT, between the ground state and

guasi-particle excitation of the system by Daunt and
Mendelssohn [6]. In 1957, Bardeen, Cooper and
Schrieffer [7] propounded a pairing theory of super-
conductivity, which was named as BCS theory, accord-
ing to which electron-phonon interaction causes an
instability of the ordinary Fermi-sea ground state of
the electron gas with respect to the formation of bound
pairs electrons occupying sate with equal and opposite
momentum and spin. These pairs are called Cooper
pairs and behave as boson particles. Josephson [8]
predicted that Cooper pairs should be able to tunnel
between two superconductors even at zero voltage
difference giving a super-current density. This is called
the Josephson effect and is one of the most important

and drastic phenomenon in superconductivity [9].
Many experimental and theoretical researches have

been done on tunneling between one-gap superconduc-
tors [10-12], but the Josephson effect in the multi-gap
superconductors is the quite interesting due to pres-
ence of some important phenomena such as collective
oscillation of fluxons, time reversal symmetry (TRS)
breaking, emission of THz frequencies etc. [13-16].
Multi-gap superconductors have been observed since

the discovery of iron-based high T, superconductors

[17,18]. In this type of superconductor, 3rd electrons
of the iron atom form multi-bands whose Cooper pairs
condense into a multi-gap superconducting state [15].
The phase difference may be understood in term of the
interplay between the inter-band and intra-band Jo-
sephson effects. Inter-band Josephson effect describes
tunneling between the two electronic bands in each
layer of superconductors whereas intra-band Joseph-
son Effect describes tunneling between two adjacent
superconducting layers. These effects can be reflected
into the dynamics of the phase difference between the
condensates within the same superconducting layer
and across two adjacent superconducting layers, re-
spectively [14]. Recently, various types of Josephson
junctions with iron-based superconductors have been
fabricated and typical Josephson effects have been
confirmed.

The present paper deals about the development of
equation of phase dynamics of fluxons while flowing
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at the junction under the application of external mag-
netic field with appropriate biasing voltage. This will
discuss in details in the following section. The ob-
tained equations will be compared to those developed
by others for some special cases such as two-gap junc-
tions. The work will be ended by drawing some con-
clusions.

Theoretical Development:

Defining the model Hamiltonian of the system: The
starting point of the present work is to write total Ha-
miltonian of the system which comprises the free Ha-

miltonian (Hy..), pairing Hamiltonian (H ;) and
tunneling Hamiltonian (H-) i.e.
H= Hfree + Hpalr + H (1)

Each site of a superconducting system consists of for-
mions with spin up (T) and spins down (). The total

free (non-interacting) Hamiltonian of this site is de-
fined as

Hpeo = Zjd rc!

Li,o

|:—(IhV+e A) +eA} Lo )

Here, C' (C,;,) is the

operator for fermion with spin o= (T ord) at |-
layer and i —band. These operators are the function of
spatial coordinate T and imaginary time 7 =-—it.
CI'"_ creates a fermion with spin o at the given site

(fr,7) and C

and C_ have the dimension of inverse square root of
-1/2

creation(annihilation)

destroy the fermion from there. C’

lLi,o

volume (i.e. Q
system. A and AO are the magnetic vector potential

), with €2 as the total volume of the

and electric scalar potential respectively. e” = 2e and
e is the electronic charge and m is the mass of a

fermion. The operator —iZV—ge'A is called the

canonical momentum operator.

The pairing of any two fermions with opposite spins is
possible due to short or long range phonon mediated
attractive coupling. After the pairing process, the fer-
mionic nature of particle will destroy and the new
bosonic particle forms which is called the Cooper pair.
The Hamiltonian associated for this is

Hae = 2 Id3rV|iii"C|T,i,TclT,i.¢C|f,r,¢Cr,r,¢ 3)

LI

For I =I" and i =1, pairing is intra-layer and intra-
band, for | #1" and i=i', the pairing is inter-layer
and intra-band, for 1=1" and i=1', the pairing is

intra-layer and inter-band, for 11" and i#1i’, the
pairing is inter-layer and inter-band.
Similarly, the Hamiltonian associated for tunneling is

HT = Z J.d I’[TIII:—lCI i, 0C|+1i Ned +TI):-Il:CHlI o’CI,i,a:| (4)

Liji'o

The first term of Equation (4) infers that the a fermion
of spin o destroys in the i'™ band of 1+1" layer
and creates in the i"™ band of Ith layer and the second
term infers vice-versa of this. T, is the tunnel matrix

1,1+
element.

Action functional and path-integral formalism
The action functional is defined as

S= j Ldt (5)
where L is the Lagrangian given as [19-21]
L= jd 3rL (6)

with L as the Lagrangian density.
In term of total Hamiltonian, the action function is
defined as [16]

S= jhﬂd{“d > CLins C,IUJ+H—,UN} @

li,o

Here, u is the chemical potential, and N is the total

1
p=1=

gl
Boltzmann constant and T is absolute temperature.

4N is given as

particle number, where kg is the

Id r/ucr 1i o‘CI,i,cr (8)

Li,o
Using Equations (1), (7) and (8), we get the action
functional as
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S= j dT[[J‘d ry Cl,(h

li,o

Substituting the general expressions for He,.., H

_/uo-)CI,i,Uj

free

+H +Hpa”+HT} 9

and H; in above equation, the action functional becomes

S = I drjd rz Clla(h—+—(|hv+e A +e'A’ ya)jc,m

li,o

Sfree

(10)

+J- dTIdl' ZV”C,%C'NC Lo ot J. dTJ.d r Z T|I|I+1C|‘|a 1410 +T|:I1:C|L1| chI,i,cr]

S

pair
Now the partition function of the system is
. S
Z = |D[C',Clexp| —=
jore’ cle| - |

Here, C is a column vector with elements C,; = and

(11)

C' is a row vector with elements C/,~ and
ID[CJ’,C] represents the product of all integrals over
the elements of C* and C.

z=[p[c", C]exp{——j drfdr[Y C..U(

Li,o

- SVICLCL Gyt 2 (TiCl oCraaio

LI Liji'o

h—_h—vz /’lcrjcllo'

St
Hubbard-Stratonovich transformation: The action
functional associated to the pair Hamiltonian is in
quartic form of four fermionic fields. The partition
function of equation (11) can be rewritten as (applying

haiie*Ao Sl and

the transformation
T or

inV+e A —inV, since A and A’ are invariant
under gauge transformation)

2m

1+1,1 CI,i,o’)]}

(12)
+TT 'CT

The quartic terms of fermionic fields can be reduced by using Hubbard-Stratonovich transformation [22,23] and

the partition function takes the form

o I

Z= jD[A A]jD[c C]exp{——j dr jd r[z c,,a[ - Z—VZ uajc..a

+ > (A AL +AC L Cs+AC L CT

LI

Here, A(A) is the new fields which are bosonic in
nature. A is a row vector containing the elements
A,;(F,7) and A is a column vector containing the
elements A, ;(T, 7). This step is called bosonization.

Nambu notation: This notation combines a spin up
and a spin down fermionic fields oa a given band and
of a given layer into a new Nambu spinor as
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or
) - ( (N |"| Clatio +T|T1|IC|{+1| acl,i,n)]}

(13)

— Cl’i'T d o CT C
Y9ii= C:i,i ana y,; —( it |,i,¢) (14)
In term of these Nambu spinor, we can write the parti-
tion function as
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Z = [D[A Alf D[w,w]exp{—% [ defarr[AV A+ Y wiGolw,

o (15)
+Z:(‘/ﬁ |T|I|I+1‘/’|+1,i' + l//ltl,i'THIl,,lll//I,i )]}
Lii’
where
2
h ai = zh_ V2, A,
Gyl =| ¢ M SO (16)
Zl,i hajLﬁszﬁui
.. (T 0 T 0
-I-I|I,|+1 _ 1,1+1 i and -I-I|+,1|I — 1+1,1 L (17)
’ 0 TI 1+1 Y 0 _T|+i,|

Introducing the phase factor: Here, all the fermionic fields and bosonic fields are complex. Hence they can be
written in term of phase angle €(F,7) as

e
v — 0

Under these unitary transformations, the partition function becomes

i0,/2

-i6) /zjl//n and A = A, ieif)m (18)
e li ' , )

2= [D[A,AI ol wlew{-1 [ drfar[ 3 &, )iga,e RONZACHEL I

LI (19)
Z(‘/’n W +‘//|+1|T|+1|'//||)]}
Li i’
with
i 2 1 0 i7? in’ 10
Fi = ﬂae h_( ‘9“) - iv‘9“ .V+EV2,9" (20)
2 Ot 0 -1 2m 4m 01
and
T o (ﬂmv—ﬂ,i) 0
AV lA Z AI |(V ) AI |e ) TIIII+1 = ”+1 (21)
LI il ('9|+1,i'*9|.i)
O TI I+l
for the fermionic fields C,, = and as well as bosonic
Transformation to the reciprocal space . "
The goal of this section is to rewrite the partition func-  fields Ay as
tion on in reciprocal space i.e. wave vector-frequency
space. For this purpose, we use the Fourier transform
1 o ik e 1 o ik —
C, (F,r)=—=) e ¢ (k,n) and C/ (F,7)=—= e ¢/ (k,n 22
|IO'( ) \/5 ; |IU( ) |IO'( ) \/5 ; |IU( ) ( )

for fermionic fields and
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A(F7) = Ze @, (dm) and  A(F,7) =D e D, (G, m) (23)

q,m

for bosonic fields. The Fourier transformed bosonic fields @, still has the dimension of energy and the trans-
formed fermionic fields c,; are dimensionless. where, @, is called the Matshubara frequency given by
2n+1 .
@n+lz for fermions
W, = (24)

Zn—” for bosons
hp

The phase factor 8, and its derivatives do not take part in the transformation. Now, the partition function in reci-
procal space is

z=[D[®,®][D[y’ n]exp{——[hﬂQZ 2 Bu@mV iy (6. m)x

@ 3 DGy, () + hggn.:(k,n)ﬁ.m.i Kn) (@)
+h§,§,(m.(k DT s (K1) 77 (K )T (K, ) 3
with the Nambu spinor in the reciprocal space as
7, (k,n) = C:T‘Iik ™ e mh=(ch(n) ¢ (kim) (26)

and the inverse Green's function C_So’ﬁ is 2x2 matrix in reciprocal space and given by

5 [(ihﬂwn + = i) (K =K B, (K+Knm) J o

SD, (k +k',n+n) (inBew, — By + Pu, ) S(k —k)snn’

21,2

Where ¢, = hzk
m

is the free energy of a fermion. We are completely get rid of the operator version of Go’ﬁ. Every

element of this inverse Green's function is dimensionless. Again

- {mﬂae.. P way PR W“}(l Oj {iﬂhzvze“}[l Oj 28)
2 0 8m 2m 0 -1 4m 01

and
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i
i E(alﬂ.i’_el,i)
Tl 141

LI+l — s

0 —ATie

Saddle-point approximation: Here, the path-integral
over the bosonic fields @ is so difficult and almost

impossible analytically. In order to tackle this difficul-
ty, a simple approximation can be made in which all

@,(g,m) = Ay;0(0)6,,

=60)

(29)

the bosonic fields @, (G,m) and @, (g, m) are con-

densed in the state =0, m=0 state and the two
pair fields as

and @, (d,m) = Ag;5(G)S,, (30)

where A, still has the unit of energy and constant for the path-integral process. Using this approximation, the

partition function is

L= ID[U U]eXp{__[hIBQ Z Aon(v_1 It Aoneil(ﬂiiﬂ’i') + hZZﬁﬁ(R, n) (G_O_I: +

Fi )77" (k,n)
kn T (31)

+hZZ(n|l (k r-])TIIII+177I+1| (k n) + 77I+1| (k n)T|+1|77||(k,n))]}

k,n Lii"

with new inverse Green's function
21,2

—inhpfo, +ﬂh - P,

Goi =

ﬂAOIi

(32)

. : n’k?
P -inpo, L+ pu

Performing the Grassmann integral: The partition function Equation (31) can be written even simpler form as

z= ol n]eXp{——[hﬁQ 2 AV a4 Y ()G, + o+ Tn(k )} (33)

where, G, F and T  are

N x N

(with N number of bands in the

system) matrices the elements of which are Gy;;, F; and T,'f,, . After performing the path-integral over fermionic

fields (Grassmann variables, 1" and 77), we get

- exp{——[hﬁQ Z AgyV ) A€ @4 > In(det[ Gy + F +T1)] } (34)

Hence the action functional is

S= hﬁQ Z A0I| (V_l 1§ A0I| e_l(eli_aw)

—thrl,i,aln[Go‘lJr F+T] (35)
k,n
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Here the trace is taken over layer, band and spin indices. After investing some times for matrix manipulation and
applying the Goldston mode, the action in Equation (35) takes the form

S= hﬂQ Z AOll(\/7l 1 AOIle_I(oII ) h[Z[

ph sin)j[ " A°j2

or fi

o 6m

#2 /N ()0, + AN (O30, ]

The corresponding Lagrangian density is given by

+Z( ph QN(O),U](VQII_ﬂJ Z(ZﬂT.'LlT.L'“QN(O)

2
Lii’ A0I+1|

Agll

Agai
( . jAo.iAo.ﬂ,vcos(ew—0“) (30)
Oli

L= Z Agi (V7 Ay 47 +Z[h2l\‘ll(0)J[ae'i

+e*AO]2+Z(h2N(O),UJ(V9-_ﬂ]z
h —~\  6m " on
’ (37)

2T T N(0 .
_Z[ TN ) n( — ]AOIiAOHl,i’ cos(8,,; — ;) + 2N (0)hw, g6, + N(O)hza’éé‘ii']

2 2
Li,i’ A0I+l| A0I|

Oli

At low temperature, the chemical potential 4 is equal to the Fermi energy i.e. 1£=Q- and ¢ =0 since g, = g, .

We also have,

3n 3 k?

N(0) =

40 437 1K

The effective Lagrangian is given by

2m  mkg

2

At 2ty A

205,

2TII TII

N,

* N —i(6i-6) LI+ 1410
+Z Agi (V)i Ag _Z[ —
WOt

2
Li,i’ A

0l+1,i"

+N(O)h2 ]+Z{80 et 2 B|2|+1:|

A;Il

In { 2“1"’ ]AonAom,r C0(6.1 — &) (38)
oli

232
. . . . . e .
where, n is the concentration of electronic charge, k. is the Fermi wave vector, A, =, [ is the Tomas
F
= me2 direction. External magnetic fields are applied along
Fermi charge screening length and A, =,[=2 -— is  the y-direction, which introduce the homogeneous
ne

the London penetration depth, E,,, and B, are

electric and magnetic fields between layer | and
I+1.

Application to the long Josephson junction: Consid-
er the stack of long Josephson junction with length
along x-direction and junction system along z-

phase difference along the x-direction. The system is
assumed to uniform along the y-direction and the
problem becomes two dimensional. The system is
biased with an external potential difference across the
junction i.e. the electric field is along z-direction. Now
the Lagrangian density in two dimensional system
becomes.
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L, - o Z(h 06 OJZ

(= W

_Z[ * JI 1+1 CoS(0I+1| 9“) +N (O)h2

where d is the thickness of the superconducting layer
and b is the thickness of junction material. The inter-
band Josephson coupling constant is

i’ & v on, i’
‘]n :%Aon(\/ ' i Aoy (40)

and Josephson tunneling coupling constant

i ¢ 2T|I:+1T|I+I1|N (0) Agpap
. In = AGA L (41
JI,I+1 h A(Z)Hll Agh Oli—=0l+1,i ( )

Oli

The z-component of electric field in between 1™ and
(1+ 1™ layer is
\
z aAZ,Hl 1 0 0
EI,I+l:_ ot _B(AH_A ) (42)

and the y-component of magnetic field in between 1"

i)

e&x

Z J|I|I cos(8; — 6
. (39)
2 80 N2 EOC b y
a)Dé‘ii’]+z 7(E|) (B, )?
Nm: " K (2)dz (44)

-b/2
We can introduce the gauge invariant phase difference

i
Dr)q 8S

i i be” .
D = 9I+1_6I 7A1,I+l (45)

Then we can have
i’ i i’ be* i
COS(9|+1 -6 ) = COS(@l,m + Y A1Z,|+1J =COSQy 1

and 6 —6 = 7
difference.

Under these conditions, the Lagrangian density equa-
tion (39) can be minimized using the Euler-Lagrange
equation. Applying the Euler-Lagrange equation with

is the intra-layer inter-band phase

ANya i
respect to , , =6 with k
and (I+1)" layer is P AL AL AL A x
5AZ as new layer index and j and new band index, then
B\ = (A+1 AX)—ﬁ (43)  simplifying the system of equations, we get
with
201 A2 i i ) i
s i(';" 9 Z'z‘k -> ‘]kk “Kegin y ‘]isin 7o Z T sm;( —‘]isin 7
otr x24I, J, J,
(46)
"'Z[ Jk ~Esing, P 1x J'j]lksm(Pk 1kJ Z(JGM Sm(”k e JGM sing| k+1\]:0
0 i’ 0 0
azgokj?l’(ﬂ _ aqukul’Hl _ 1 azwk k+1 + 62% k+1
ot* ox* Ny Ny 57 ot’ NNy 07 X’
1 1 jii' sino . + jii' sino’ + ﬁ_@ jii’ sino"
230 2N, , ik SN Py 1 o kerk+2 NN Dy ki2 ﬂ'TZF /1L2 Kk N Dy g
(47)
_ ‘JILJ+1,k+1 ‘]Iljk H ij k+1k+1 ‘]kjll : i’
Do TSI 2 — s g Z — 7SI e — = SIN 2
L Jo Jo Jo

+Z[ Jk k+1 Sln kk+1 Jlj]lk Sln(ﬂk 1kJ Z( szjll.,kJrZ .

0 i’

i
sin (Dk+1,k+2

B
'i]k ~sin g k+1] =0

0
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where, N, and N, , are the number of bands in

k™ and (k+1)" layers respectively, t_:;i—t and
L

X

=
Equations (46) and (47) jointly describe the complete
phase dynamics of stack of long Josephson junction of
multi-band superconductors.

X =

RESULTS AND DISCUSSION: Consider a two-gap
superconductor like MgB , , which contains two bands
s and d act as two channels for condensates. Now
the band index is i=s5,d . Equations (46) and (47)
becomes

2 _sd 2 _sd sd §ss +ds +dd
0 7_(;“ 9 fgk + i sin g | Jea sing?,, — s S2sing, |+ Jak g o°, Sk gin o
ot OX J, J, ’ 0 J, ’ J, '
. (48)
_ Jks,sk+1 H SS Jk k+1 Jk k+1 Jk k+1 O
SIN@, 1 — Sm(”k kel S'n(”k kel T S|n¢k kel
Jo 0 Jo 0
and
82% k+l ag”ksfku 1 z azq’k ka1 Z 82% k+l
ot? ox° AL at? 44 &
i—s.d i—s.d
1 1. . 1. S i do db).i . |
+2_J0 = 5 JeaxSINgy_q + 5 Sk SNP g pin T+ K - i_f Sk SNy
i=s,d - (49)
k+1 k+1 |s ‘] Vkk k+1 k+l 5| ‘]ksli, H si’
- z Xkl ~ 3 sin Z Z Xisiks1 — J_Sln Xk
i=s,d 0 i'=s,d 0
J J|S . jSl ) J
+ Z < sin (Dk k1 <L sin ¢|I<S-1,k - Z =22 sin (Diil,mz =Lsin (Dk wa | =0
i=s,d o 0 i'=s,d ‘]0 ‘JO
and
82@?&1 _ a(/’fiu 1 Z 82% 1, 1 Z a(”k k+l
ot? ox* 45 ot ot 4 S ox?
i=s.d i=s.d
1 1 -ii’ - Ii’ 1 -ii' - “' db db -ii’ - "'
+2—‘Joi:s,d 5 Jeax SINQ g +E Jerake2 SN P ig i T Z_l_f Jekna SM Py
i=sd (50)
k+1 k+1 ‘] k+1 k+1 di’ Jﬂ: H di’
_Z ——siny k+1k+1 ] ~Hesin gy z —SIN Y — =8I0 2
i=s,d 0 i'=s,d 0
Jk K+l Jk—l,k s id jk|+1,k+z N jk,k+1 ino® =0
+ z —==sin (Pk kel T SN@ x|~ Z —  SIN@ 1y — SIN@y e | =
i=s,d 0 0 i'=s,d Jo ‘]0
248

Proceedings of National Conference on Advances in Basic and Applied Sciences (ABAS-2017)



[(CPUH-Research Journal: 2017, 2(2), 240-250) Derivation of Equations of Phase Dynamics in a Stack ................ ]

Since s and d bands are identical in all the layers, we can assume xS = y and JS =J . Thus

sd

We have, @} + @k = P + P With 9, =@, + 1 and @, = ¢, -z Hence the equations
(48), (49) and (50) for a typical LJJ with single layer barrier becomes.

oy 0y 4

jss J‘dS de
sy = Ssingg + Jesin(pl - p) - Ssing + )+

otr  ox? 1, J, J,

Opp _Oeh _oph  oph  db (L_ 1

j( 2 singE + J2 sin(p® + 7)+ [ sines - 1)+ & sing®)

- dd
S

0 0

singy =0 (51)

dd

oot X X I\ A (52)
4 2 ids 2 jsd
+ e g o5+ Jio sin(ps — 7)) + th sin(p + ) =0
0 0 0
oY pS ¥ eS db( 1 1)« . & s s i
6t_122 — at_éz — 6722 + 87;2 +J—0 E—l—f (hz Singy, + Jlg Sm(%dzd +x)+ Jldz sin(e;; — )+ Jldzd Sm(pldzd) (53)
- dd -ds =sd
+—4JJ12 singf? + 202 sin(p3 —z)+—2JJ“ sin(ey; +2)=0
0 0 0

Therefore, equations (51), (52) and (53) completely
describe the phase dynamics in LJJ of two-gap super-

conductor like MgB , for single layer barrier. These

equations almost identical to those derived by Kim and
Ghimire \cite{kim2012} with some perturbation term
which they have not considered. Similarly we can
apply our generalized equations of phase dynamic i.e.
equations (46) and (47) can be applied for higher band
and multi-layered LJJ.

CONCLUSIONS: As discussed in the above section,
it is predicted that, our generalized equations for phase
dynamics can describe the complete phase dynamic in
the system of LJJ. These equations are called per-
turbed sine-Gordon equations. The analytical solution
of this system of equations are impossible. They can
be solved numerically imposing some appropriate
boundary condition and initial profile of phases. The
appropriate boundary conditions are the external mag-
netic field and biasing voltage. After solving this sys-
tem of equations, we can obtained intra-band phase
difference y (assume same for all layers) and inter-
band phse difference ¢ (which are different for each
interplay). Knowing these parameter, many phenome-
na in the system of LJJ can be explained such as col-
lective oscillation, THz frequency emission, TRS
breaking etc.
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