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ABSTRACT

Many countries, including low and middle income countries like Nepal, are facing
many challenges in pursuing malaria elimination. Despite progress in reducing the
malaria burden significantly, these countries still struggle with low levels of malaria
transmission, making complete elimination difficult. Mathematical modeling of diseases
like malaria provides essential insights into disease dynamics. These insights help
develop effective public health strategies for allocating resources efficiently, and support

evidence-based policies to reduce endemic diseases like malaria.

In the global effort to eliminate malaria, human mobility and the relapse of Plasmodium
Vivax and Plasmodium ovale malaria pose significant challenges. In this thesis, first,
we develop a mathematical model of malaria transmission, integrating the cross-border
mobility of migrant workers from low-endemic countries like Nepal to high-endemic
countries like India. The model describes how migrant workers become infectious
abroad and bring malaria back to their home country as imported cases. Despite
complicated features with eight-dimensional nonlinear non-homogeneous systems, we
were able to derive three disease-free equilibria and three epidemic thresholds, Ry, Ry,
and Ry, which establish their local stability. In addition, we established the theorems
for global stability and uniform persistence. Our model simulations show that among
insecticide-treated nets (ITN), indoor residual spraying (IRS), border screening and
isolation (BSI), and migration reduction (MR), MR is the most effective strategy at
low mosquito biting rates, whereas ITN is the most effective at high mosquito biting

rates for malaria control and elimination.

Second, we conducted a thorough bifurcation analysis of our model to examine whether
migration can cause backward bifurcation phenomena, demonstrating bistability for
threshold values less than one. Along with theoretical derivations, we developed
MATLAB code to obtain different types of bifurcation diagrams associated with
various modes of mobility. Our backward bifurcation analysis revealed three major
results considering three different mobility conditions based on policies implemented
at home and abroad: (a) If the mobility of migrants is completely restricted, the home
country becomes free from malaria when a threshold Ry < 1 and the disease-induced
death rate falls below some threshold. (b) If the mobility of migrants continues with

complete protection from malaria transmission abroad, then both the home country
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and migrants abroad are free from malaria when the threshold R; < 1, provided the
mobility of infectious migrants is below the certain threshold. However, a backward
bifurcation occurs if the mobility exceeds the threshold. (c) If there is mobility of
migrants without protection abroad, the home country can only reduce the malaria
burden with local control strategies and by reducing the mobility rate of migrants
below some levels. However, elimination is only possible if the abroad region is free

from malaria.

Third, we developed a model incorporating delay in relapses to address the role of
Plasmodium vivax and ovale malaria relapses in malaria elimination programs in
low-endemic countries like Nepal. Our model analyses and simulations predict that in
the absence of imported cases, with less than 50% initial relapse rate of malaria and less
than 14% subsequent relapses within five months, malaria can potentially be eliminated
by 2025. However, the initial relapse rate above 28% and the subsequent relapses
above 25% stand as the obstacle to eliminating malaria by 2025. Also, shortening the
relapse interval to two months under an initial relapse rate below 50% enables malaria
elimination by 2024, while extending it to six months will cause a delay in elimination
beyond 2025. Furthermore, periodic outbreaks are observed via Hopf bifurcation when
the reproduction number exceeds unity.

Our study has made two major policy recommendations to ensure the successful

elimination of malaria in Nepal by 2026:

(1) Implementing a comprehensive awareness program to protect migrants from malaria
transmission abroad, coupled with rigorous border screening and isolation of infectious
migrants, to maintain the mobility rate of infectious migrants below the threshold. (2)
Establishing and enforcing a comprehensive radical cure treatment protocol, along
with a structured follow-up program, to keep relapse proportions below a critical level.

Keywords: Malaria Model- Cross-Border Mobility- Nepal- Forward and Backward
Bifurcations- Relapse- Hopf-Bifurcation.
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CHAPTER 1

1.INTRODUCTION

1.1 Background and Motivation

The Global Malaria Eradication Campaign (1955-1969), launched by WHO in 1955,
aimed to eradicate malaria using DDT for indoor spraying and antimalarial drugs.
Despite its challenges and discontinuation in 1969, it set the stage for future malaria
control efforts Najera et al. (2011)). Established in 1998, the Roll Back Malaria (RBM)
Partnership coordinates global efforts against malaria, focusing on bed nets, indoor
spraying, and improved diagnosis and treatment |Worrall et al. (2005). The Global Fund
to fight AIDS, Tuberculosis, and Malaria, established in 2002, provides crucial funding
for malaria control Kohler and Bowra| (2020). The President’s Malaria Initiative
(PMI), launched by the US in 2005, supports high-burden African countries with
prevention and control measures |(Oxborough/ (2016). WHO’s Global Technical Strategy
for Malaria (2016-2030) offers a framework for reducing malaria cases and deaths by

2030 through vector control, case management, and surveillance |Organization et al.
(2021]).

In 2022, 249 million malaria cases were reported in 85 countries, 5 million increase
from 2021. The WHO African Region had 233 million cases (94%), with Nigeria, the
Democratic Republic of the Congo, Uganda, and Mozambique contributing nearly half
of the global total cases. The incidence in this region decreased from 370 per 1,000
population at risk in 2000 to 223 per 1,000 in 2022. In the WHO South-East Asia
Region, India accounted for 66% of cases, with 46% of those cases due to P. vivax
WHO) (2023). Nepal’s malaria control efforts began in 1954 with support from USAID.
Initially aimed at eradication in 1958, the program shifted to control measures in 1978

due to various challenges.

The Roll Back Malaria Initiative started in 1998, focusing on high-incidence areas.
Nepal aims to eliminate malaria by 2025, updating risk classifications for all 77 districts.
In 2019, 3.62% of the population was high-risk, 9.79% moderate-risk, 34.52% low-
risk, and 52.05% no-risk. The open border policy with India poses public health
challenges, including a rise in imported malaria cases compared to indigenous ones

Rijal et al.| (2019a)); |[Epidemiology and disease control division Nepal| (2019). Recently,



the proportion of imported malaria cases has significantly increased compared to

indigenous cases, as shown in Figure a) Epidemiology and disease control division|
@019).

Plasmodium vivax poses significant challenges to malaria elimination in Nepal, ne-

cessitating targeted interventions for liver hypnozoites, asymptomatic carriers, and
sub-microscopic infections. Essential measures include community-based testing,
Glucose-6-Phosphate Dehydrogenase (G6PD) testing, and radical cure treatments.

Strategic efforts to completely stop P. vivax transmission are crucial and can serve as

a model for other regions [Epidemiology and disease control division Nepal (2019).
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Figure 1: Dominant proportion of imported and plasmodium vivax cases over the
respective indigenous and plasmodium falciparum cases of malaria in Nepal.

Global malaria eradication efforts have advanced, but imported cases still challenge
malaria-free and elimination-phase countries like Nepal. Travelers from endemic regions
introduce malaria, leading to diagnostic delays, high treatment costs, occasional local

transmission, and drug-resistant strains. Accurate tracking of international malaria

movements is crucial for effective eradication Tattem et al. (2017); Kain et al.| (1998).

In Europe, countries such as France, Germany, Italy, and the UK have seen increased

malaria cases, with underreporting and data variability Muentener et al. (1999).

Prompt diagnosis and treatment are vital |Askling et al.| (2012)). In China, almost

all malaria cases from 2012 to 2018 were imported, mainly by returning laborers,

necessitating targeted prevention strategies Feng et al. (2020)); [Liu et al. (2014)); |Zhoul
(2016).

The trend of malaria cases in Nepal, fluctuating since 1963, peaked in 1985 with over

42,321 cases, marking the highest recorded. Despite malaria elimination efforts starting
in 1958, significant decline began only after 1985, with transmission rates decreasing
to an annual parasite incidence (API) of 0.08 per 1000 at risk population by 2018
of Health and Population (2019)); Dhimal et al.| (2014al)); Epidemiology and disease,
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control division Nepal| (2019). Nepal aims for zero indigenous malaria by 2022 and
national elimination by 2026, but faces challenges due to porous borders with India.
While total cases declined 69% from 2009 to 2018, the proportion of imported cases
rose from 40% to 58%, predominantly from travelers to malaria-endemic parts of India
GoN and Population| (2016)); |[Epidemiology and disease control division Nepal (2019)).
This disparity underscores the persistent challenge of imported and relapse cases,
prompting research into effective strategies to achieve Nepal’s malaria elimination

goals.

1.2 Objectives

The general objectives of this dissertation are twofold: firstly, to develop and analyze
a malaria model that integrates cross-border mobility among migrant workers, aimed
at tracing the malaria burden in Nepal and proposing effective control strategies. This
model will assist policymakers in achieving elimination targets by providing insights into
the dynamics of malaria transmission influenced by population movements. Secondly,
to examine the relapse behavior of Plasmodium vivaxr and its specific impact on the
malaria elimination plan of Nepal and other similar countries. This research aims to
enhance understanding of how relapse affects sustained transmission and to propose
targeted interventions that support malaria elimination efforts.

Specific Objectives

e To develop and analyze a malaria transmission model incorporating cross-border

mobility from a low endemic country (Nepal) to a high endemic country (India).

e To investigate the role of cross-border mobility in the phenomenon of backward

bifurcation.

e To develop and analyze a delayed malaria model with relapse, examining the

impacts of relapse delays on Nepal’s malaria elimination plan by 2026.

1.3 Literature Review

The first known contribution of mathematical modeling in epidemiology is Daniel

Bernoulli’s work on the inoculation against smallpox in 1760 Bernoulli (1760). Ross,



Halmer, Soper, Kermack and McKendrick all contributed to the application of com-
partment models to epidemiology between 1900 and 1935 Anderson and May, (1991b)).
Ross (1911)) introduced the first deterministic differential equation model of malaria by
dividing the human population into susceptible (S;,) and infected (I},) compartments,
with the infected class returning to susceptible class again leading to the SIS structure.
The mosquito population also has only two compartments (S,, I,), but they do not
recover from infection due to their short life span, and thereby follow the ST structure.
The malaria parasite spends approximately 10 days inside a mosquito during its life
cycle and Macdonald et al. (1950) made extension of Ross model in to (S, I, Sp) for

humans and (S, F,, I,) structure for mosquito population.

In a natural extension to the Ross and Macdonalds models, Anderson and May| (1991b))
considered about 21 days latency period of the parasite in humans, and introduced
the Exposed (F},) class in human population and extend the Ross-MacDonald model.
They divided the host population into three compartments (S, Ey, I,), along with
that in the mosquito population (S,, E,, I,). Therefore, (S, Ep, I, Sp) model for the
human population and (S,, E,, I,) for mosquito population. Malaria burden varies by
age and gender. In Africa, most malaria deaths occur in children under 5, while older
individuals develop partial immunity through continuous exposure, reducing their
risk. Outside Africa, where exposure is less frequent, adults also bear a significant
disease burden. David et al. (2010)) introduced age and immunity which are the key

interrelated factors in malaria transmission.

The importance of incorporation of immunity in malaria models is aptly described
by Koella) (1991)) incorporating immunity into malaria models is important for two
reasons. First, the neglect of immunity leads to unrealistic predictions. Incorporating
immunity can help to make models more realistic. Secondly, modeling immunity, and in
particular the effect of vaccines, can help to predict the outcome of vaccination programs.
Forouzannia and Gumel| (2014)); Anderson| (2013b)); [Filipe et al. (2007)); Dietz et al.
(1974) have focused on the important aspect by including immunity and age structure of
the human community in their malaria models. A malaria transmission model factoring
in acquired immunity variation in humans and temperature dependent parameters
for mosquitoes was developed in [Yang| (2000). Analysis using the basic reproduction
number (Ry) and derivation of an endemic equilibrium expression emphasized its
biological relevance when R, > 1, highlighting the critical role of immunity and

temperature in malaria dynamics.

Parham and Michael (2010), investigated a simple model that permitted valuable and



novel insights by considering the simultaneous effects of rainfall and temperature on
mosquito population dynamics, malaria invasion and the impact of seasonality on
transmission. Their result identified a temperature window of around 32°C — 33°C' is
optimal. Another key result on their finding is that by influencing vector abundance,
changes in rainfall patterns in particular strongly govern malaria endemicity, invasion,
and extinction. Martens et al.| (1995]) used a rules-based modeling approach to examine
how climate change might affect global malaria transmission. Their model consists
of several linked systems: the climate system, the malaria system (divided into a
human subsystem and a mosquito subsystem), and the impact system. They used
temperature and precipitation as the main climate factors that have a bearing on the

malarial transmission potential of the mosquito population.

Hoshen and Morse| (2004) formulated dynamic mathematical malaria model comprising
both the weather-dependent within-vector stages and the weather-independent within
host stages. Similarly, Lou and Zhao| (2010) presented a simple mathematical model
to investigate the effects of temperature on the ability of Anopheles Maculipennis to
transmit Plasmodium Vivax malaria and (Chitnis et al. (2008]) proposed a malaria
model by evaluating the sensitivity indices of the reproductive number, and the endemic
equilibrium to model parameters at the baseline values. In their study point out that,
the reproductive number and the equilibrium proportions of infectious humans are
both most sensitive to the mosquito biting rate in areas of low transmission, while
in areas of high transmission the equilibrium proportion of infectious humans is also
most sensitive to the human recovery rate. According to their study, controlling the

rate of mosquito bites and the human recovery rate is a successful control strategy.

Okosun and Makinde, (2011)) investigated the possible impact of optimal treatment
and control of drug resistance on the transmission of malaria disease by introducing a
class of drug resistant individuals into the population. Theoretically, they carried out
the stability properties of the model and determine conditions on the parameters for
the existence of equilibrium solutions. Rafikov et al.| (2009) proposed a mathematical
continuous model that considers the generation overlapping and variable environment
factors by using optimal control problem strategies. Their model considers interactions
between wild and transgenic mosquito populations in a variable environment. |Grithn
et al.| (2010) constructed individual-based simulation model for Plasmodium Falciparum
transmission in an African context incorporating the effect of the switch to artemisinin-
combination therapy (ACT) and increasing coverage of LLINs. Their findings explored

the possibility of available control measures to reduce parasite prevalence to a low



level as laid out in the control phase of the global elimination framework.

The time distribution of sulfadoxine-pyrimethamine protection from malaria studied in
Akbari et al.| (2012). |White et al.|(2011)) made significant contribution to the literature
by conducting a systematic review of the published works on the costs of all malaria
control interventions using electronic database. Result of the study identified 78%
of fifty-five studies of the costs and forty three studies of the cost-effectiveness of
malaria interventions in Sub-Saharan Africa. Economies of scale were observed in the
implementation of ITNs, IRS and IPT, with lower unit costs reported in their studies
with population level benefit, the median incremental cost effectiveness ratio per
disability adjusted life year averted was provided to inform rational resource allocation

by donors and domestic health budgets.

Smith et al.| (2009) used mathematical models to establish rationally defined endpoints,
timelines and criteria for monitoring and evaluation of I'TN programs. The model
predicts that over the period of 5-10 year endemic control will be stabilized and it is
also possible to transform malaria in the short to medium-term through high levels of
ITN ownership. Stuckey et al.| (2014)) introduced Open Malaria stochastic simulation
modeling to simulate the impact of case management and malaria control interventions
(singly and/or in combination of interventions) in western Kenya compared to the
corresponding simulated outputs of a case without interventions. Their results indicate
that increased coverage of vector control intervention has a huge impact compared to

adding an IST intervention to the current implementation strategy.

One of the important reasons for the failure of strategies to eradicate infectious disease
is because of their neglect of the mobility patterns of the host. The importance of
the role of human migration is evident in the recent increase in malaria incidence
not only in the endemic zones, but also in zones where malaria had been eradicated
Martens and Hall (2000)); [Sandia Mago| (1993); Aragon and Espinal (1992)); |[Bailey
(1982). Mainly two types of mobility patterns that can spread the infection to newer
areas, are considered migration, i.e., when the people move from one region to another
with no returns; and visitation, when the people return to their original region after

visiting other regions.

The effects of migration and visitation on transmission of malaria were shown in
Torres-Sorando and Rodriguez| (1997) by modifying the basic Ross model to include
space that is fragmented into number of patches. Only humans are assumed to move

among the patches and mosquitoes are evenly distributed. Impact of seasonal labor



migration to India on the dynamics of the HIV epidemic in Far-Western Nepal studied
in \Vaidya and Wu, (2011b). This is the main motivation for the development of malaria
models incorporating cross-border mobility. With this rich literature, we did not find
the mathematical modeling of malaria disease using system of ordinary differential
equation incorporating cross-border mobility Nepal and many other countries of world
are also in malaria elimination phase but mobility of cross-border workers becoming a
problem to achieve their elimination plan. Our study is focused on the mobility of

workers from Nepal and its impact on malaria elimination plan.

1.4 Research Outline

In this research, we propose a deterministic model of malaria that integrates cross-
border mobility of migrant workers from low to high malaria endemic countries like
Nepal and India. Also, it propose a delay malaria model integrating the relapse
proportions and relapse delays of Vivax and Ovale malaria. Through these models, we
aim to uncover insightful results regarding the humans mobility, and relapse cases and
persistence of malaria disease. Furthermore, we investigate the factors contributing
malaria persistence and significant challenges to achieving malaria elimination in
low-endemic countries like Nepal. The thesis is structured as follows. Chapter (1| covers
worldwide malaria eradication programs and their implications in addressing ultimate

public health challenges.

Additionally, it describes worldwide impact of imported cases of malaria through
human mobility and relapse issue to provide the rationale of the study, research
problems. It provides an overview of literature of mathematical models of malaria.
The objectives of the study are specifically presented, and the introductory chapter
concludes with an outline of the thesis structure. Chapter [2] start with the historical
background of malaria disease, its discoveries and the parasite life-cycle. It presents
definitions of key terminologies, theorems for stability analysis, persistence theory,
backward bifurcation analysis. It also covers details about data fitting and parameter
estimation using the principle of the least squares method. These concepts will be

essential for understanding the subsequent chapters.

Chapter [3| covers the formulation of the malaria model with cross-border mobility.
Model fitting validation and simulations are presented to address the malaria elimi-
nation program of Nepal by 2026. Also, it covers stability of disease free equilibria

and persistence theory. Chapter |4 delves into backward bifurcation analysis, exploring



various possibilities of the cross-border mobility. Taking two real world scenarios
regarding human mobility, we did extensive backward bifurcation analysis to evalu-
ate the impact of mobility parameters and human mosquito parameters in malaria
persistence and elimination. Chapter |5| addresses the relapse problem using a system
of delay differential equations. It includes extensive equilibria analysis and theory of
hopf bifurcation. With wide simulations, it predicts malaria status in Nepal due to
impact of relapse proportion and relapse delay to achieve the malaria free condition in
absence of imported cases. Chapter [0 serves as a summary and conclusion, presenting

insights drawn from the previous chapters. It also outlines future research directions.



CHAPTER 2

2. PRELIMINARIES

This chapter provides fundamentals of infectious disease modeling, focusing specifically
on malaria. The chapter commences by explaining history and life cycle of parasite in
malaria disease. In addition, it covers fundamental terminologies and subsequently, it
delves into methodologies for obtaining various equilibrium solutions of the system. It
also describes the next-generation method to derive the pivotal parameter known as the
basic reproduction number. Furthermore, the chapter elucidates techniques to study
stability analysis of equilibrium, encompassing forward and backward bifurcations as
well as Hopf-bifurcation. Finally, it discusses the tools and techniques of data fitting

using the principle of the least squares method.

2.1 Background of Malaria Disease

2.1.1 History of Malaria

Malaria has been a significant health concern for humans for thousands of years.
Hippocrates, often called the ”Father of Medicine,” documented the symptoms of
malaria as early as the 4th or 5th century BC. The disease continued to affect many
throughout history, including notable figures such as Alexander the Great, who is
believed to have died from malaria at the age of 32. The term ”malaria” was introduced
in 1718 by the Italian physician Francisco Torti. Derived from the Italian words "mala
aria,” meaning ”"bad air,” this name reflected the ancient belief that the disease was
caused by the noxious air of swamps |Smith| (1999)); |Jones and Brown| (2005). Because
of the scientific community’s research, our understanding of malaria disease dynamics

has increased over time.

The discovery of malaria protozoan parasites is attributed to Charles Louis Alphonse
Laveran, a French army surgeon, who in 1880 observed the presence of Plasmodium
parasites within the blood of malaria patients, pioneering the understanding of the
disease’s causative agent Laveran| (1881). By 1890, scientists identified three species:
Camillo Golgi, an Italian physician and Nobel laureate, played a significant role in the

discovery of Plasmodium vivax (Golgi (1886). Ettore Marchiafava and Angelo Celli,



Italian physicians and researchers, made significant contributions to the identification
and characterization of Plasmodium falciparum and Plasmodium malariae Marchiataval
and Cellil (1885). Subsequently, in 1897, a noteworthy breakthrough was made by
William MacCallum, who observed and studied the sexual reproduction of a malaria-like
parasite found in birds, specifically Haemoproteus columbae (Cox F| (2010); MacCallum
(1897). In the same year the crucial role of mosquitoes in malaria transmission was
unveiled by Sir Ronald Ross, a British medical doctor. Ross’s experiments, conducted
in India, demonstrated that malaria parasites were transmitted through the bite of
infected female mosquitoes of the Anopheles genus, a discovery that earned him the
Nobel Prize in Physiology or Medicine in 1902 |Ross| (1897). In 1922, John Stephens in
West Africa discovered a fourth species, Plasmodium ovale. Later in Southeast Asia,
clinicians identified Plasmodium knowlesi malaria as the fifth human malaria parasite.
These discoveries revolutionized our understanding of malaria and contributed to

advancements in its prevention and treatment Antinori et al.| (2012)); Beier| (1998).

2.1.2 Life Cycle of Malaria Parasite

The life cycle of malaria parasites (Plasmodium spices) begins when an infected
female Anopheles mosquito injects sporozoites into a human during a blood meal.
These sporozoites travel to the liver where they invade hepatocytes and undergo
asexual replication (schizony), producing thousands of merozoites for 7-10 days |for
Disease Control et al.| (2018). In the erythrocytic cycle, these merozoites invade and
infect red blood cells, developing first into ring-shape tropozoites, then mature and
finally schizonts, which release new merozoites upon Red Blood Cell (RBC) rupture,
causing clinical symptoms of malaria |(Cornelio and Seriano| (2011). Some merozoites
differentiate into sexual forms called gametocytes, which are ingested by another
musquito during a subsequent blood meal. In mosquito’s midgut, gametocytes mature
into gametes, fuse to form zygotes, and develop into motile ookinetes that panetrate the
midgut wall, forming oocysts. These oocysts produce sporozoites through replication,
and when they brust, sporozoites migrate to the mosquito’s salivary glands, ready to
infect a new human host perpetuating the cycle |Antinori et al.|(2012)). The parasite
spends around 15 days in the mosquito and 15 days in the human liver before a 72-hour
period in the blood, with the cycle repeating upon subsequent mosquito bites |Cornelio
and Seriano| (2011)).

Understanding the different stages of the malaria parasite’s life cycle and its transmis-

sion between humans and mosquitoes is crucial for developing effective strategies to

10



treat, prevent and control of malaria (2018).
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Figure 2: Female Anopheles mosquito (vector of malaria disease) and life-cycle of
plasmodium parasite in human.

2.1.3 Diagnosis, Control Tools and Treatment of Malaria

Malaria diagnosis typically occurs during the blood stage of the parasite cycle. Mi-
croscopy of blood smears is the ”gold standard,” detecting 20 to 50 parasites per
microliter with skilled technicians, or 100 parasites per microliter more commonly
Smith and Brown| (2015); |Jones and White (2014). This method requires trained
personnel, quality control, and appropriate equipment. PCR and qPCR are highly

sensitive, detecting 0.05 to 10 parasites per microliter, but require costly equipment
and take about three hours to process. Rapid Diagnostic Tests (RDTs) are low-cost
tools that generally detect infections at 200 parasites per microliter or more, but
may miss lower-level infections, leading to false negatives. Loop-mediated isothermal
DNA Amplification (LAMP) shows a sensitivity of 5 parasites per microliter, with a
processing time of one hour |Smith and Brown| (2015); Williams and Johnson, (2014);
Harris and White| (2015]). Selecting the appropriate diagnostic tool is crucial, especially

in resource-limited settings. However, relying on less sensitive methods like RDTs can

leave many infections undetected, contributing to the infectious reservoir.

11



Malaria control methods include Insecticide-Treated Bed Nets (ITNs), Indoor Residual
Spraying (IRS), larviciding, and Mass Drug Administration (MDA), targeting specific
areas or groups like infants and pregnant women (Intermittent Preventative Treat-
ment, IPT). Mass Screen and Treat (MSAT) and Mass Fever Treatment (MFT) are
other strategies (Green and Thompson, (2020). The WHO recommends Artemisinin-
based combination therapies (ACTSs) as the first-line treatment for uncomplicated
Plasmodium falciparum malaria. Common ACTs include artemether-lumefantrine,
artesunate-amodiaquine, artesunate-mefloquine, and dihydroartemisinin-piperaquine.
Chloroquine is used for Plasmodium vivax, Plasmodium ovale, and Plasmodium malar-
tae infections, with primaquine for preventing relapses. Quinine and atovaquone-

proguanil are used for severe malaria and both treatment and prevention, respectively
Roberts and Johnson| (2016); Miller and Clark| (2018).

12
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Figure 3: Diagnosis and treatment process of malaria disease.

2.2 Basic Terminologies in the Disease Modeling

13

2.2.1 Basic Terminologies in Malaria Modeling

Susceptible Human: The class of human individuals who have no immunity to the

infectious agent, so might become infected from malaria if bitten by an infectious



female Anopheles mosquito.

Exposed Human: When susceptible humans to malaria disease bitten by infectious
female Anopheles mosquito, they are considered exposed. Being exposed does not
necessarily mean they will get sick, and usually, these individuals are not capable of
spreading the disease to others. In mathematical representations, it is common to
simplify by assuming that all exposed individuals will eventually contract the disease,

although this may not always be the case in reality.

Infected and Infectious Human: If the malaria parasites establish themselves in
an exposed individual, then that individual becomes infected. Infected individuals
who can transmit the disease are called infectious. Infected individuals may not be

infectious during the entire time of being infected.

Recovered Human: The recovered human population includes individuals who have
successfully cleared both the liver-stage and blood-stage malaria parasites from their
bodies, indicating an effective immune response and immunity against future malaria
infections. In the case of malaria disease, these individuals may lose immunity over

time and could be susceptible again.

Latent Human: Individuals in the latent class have previously been infected with
the malaria and have successfully cleared parasites in their bloodstream, and they do
not exhibit symptoms of malaria. However, the parasite may persist in their liver in a
dormant form can reactivate and cause a relapse of the disease at a later time. Latent
individuals are not infectious to others unless the dormant parasite is reactivated,

leading to a new episode of active infection.

Susceptible Mosquito: Female Anopheles mosquitoes that do not carry malaria
parasites but are at risk of acquiring the parasites when they feed on the blood of

infectious humans with malaria are called susceptible mosquito.

Exposed Mosquito: When a susceptible mosquito bites an infectious human individ-
ual, this bite may transmit malaria disease, and the susceptible mosquito may become

exposed. An exposed mosquito may or may not develop the malaria disease.

Infectious Mosquito: Infectious mosquitoes are female Anopheles mosquitoes that
have accumulated a sufficient number of malaria parasites in their salivary glands.
When these mosquitoes bite susceptible humans, they have the potential to transmit
the malaria parasite, thereby exposing these humans to the risk of acquiring the

disease.
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Disease Induced Mortality: Disease-induced mortality refers to the number of
individuals who have died from a specific disease within a defined period, such as a

year, divided by the total population.

Latency Period: Latency is the period between exposure to a disease-causing agent,

like a virus or bacterium, and the onset of infectiousness.

Incubation Period: The incubation period is the span of time from the initial
exposure to an infectious agent to the emergence of the first signs or symptoms of a

disease.

Prevalence or Active Number of Cases: Prevalence indicates the total count of
individuals with a disease at a particular moment. Occasionally, it is calculated as the

number of people with the disease at that time divided by the total population size.

Indigenous Malaria Cases : Any case contracted within the country, with no

evidence of a direct link to an imported case.

Imported Malaria Cases : An imported case is one that is due to mosquito-borne
transmission and is acquired in another country. The National Malaria Program has
standardized the initial classification of 'imported’ malaria as a confirmed case of

malaria detected within 1 month of return from an endemic area outside the country.

Introduced Malaria Cases : Any case contracted locally, with strong epidemiolog-
ical evidence linking it directly to a known imported case (first generation from an
imported case; i.e., the mosquito was infected by a patient classified as an imported
case). In areas where transmission is known to be ongoing, there is limited practical

value in classifying cases as introduced.

Cumulative Number of Cases: The total number of individuals affected by a

disease from the start to the present or over a specific period.

Incidence or New Cases: Incidence refers to the count of individuals who develop
an illness within a set timeframe, such as a year. Occasionally, it is calculated as
the number of people falling ill in a specific period divided by the total population.
Typically, it is based on clinical cases alone, potentially underreporting the actual

incidence as it does not account for subclinical cases.
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2.2.2 State of Infectious Diseases

Endemic: An infection is termed endemic in a population when it persists at a consis-
tent baseline level within a specific geographic region, without external introductions.

This is seen in diseases like the flu, common cold, and malaria.

Epidemic: This occurs when the number of cases of a disease increases above what
is normally expected in that population in that area. It is typically a sudden outbreak

that spreads rapidly and affects many individuals.

Outbreak: An outbreak is a sudden surge in new disease cases in a specific area.
COVID-19 began as an outbreak in Wuhan, China, in December 2019 when numerous

cases of unexplained pneumonia were confirmed.

Annual Parasitic Index (API): The Annual Parasite Index (API) is a public
health metric used to assess the prevalence and burden of certain parasitic diseases,
particularly malaria. It is commonly used in epidemiology and public health to monitor
and evaluate the impact of control measures and interventions aimed at reducing the

transmission of parasitic diseases.

The API is calculated as WHO| (2019):

Number of new cases of the disease in a year x 1000

API =

Risk population in the year

To introduce SIR-SI human-mosquito malaria model [Zhilan and Dominik (2003)),
we define the following parameters and state variables. Ay, A, are the human and
mosquito recruitment from birth respectively. Sy, I, Ry are susceptible, infectious and
recovered human population respectively and S, I, are the susceptible and infectious
mosquito populations respectively. uy, i, are the natural death rates of human and

mosquito respectively and -, is the human recovery rate. The incidence rate of humans
ﬁthv d /thjh

— anld ——  res eCtivel .
S, + 1, + Ry S+ 1+ Ry, P ¥

and mosquito are
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Figure 4: Malaria transmission from infected human to susceptible mosquito and
from infected mosquito to susceptible human.

Then the system of equations:

R 2
% = ﬁm% — (9 + pn) I, (2.2)
% = I — dp Ry, (2.3)
il e =

Equilibrium of the System: In a disease model, an equilibrium solution refers to a
state where the number of individuals in each compartment (Susceptible, Infectious,
etc.) remains relatively constant over time. Equilibrium solutions can provide insights
into the long-term behavior of the disease within a population. In this research, we

used two types of equilibrium.

Disease-free Equilibrium: A disease-free equilibrium is a state in a population
with no exposed, infected and infectious individuals. At the disease-free equilibrium,

there are no infected individuals in the population I;, = 0, I, = 0. Also, at equilibrium
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ditshzo

equilibrium is (ﬂ, 0,0, Ax O).
Hh Hov

dy, = O,%Rh =0

v d5 =0, d%[” = 0. If follows that the disease free

" dy

Endemic Equilibrium: An endemic equilibrium is a state where the disease is
consistently present at a steady, unchanging level within a population. At the endemic
equilibrium I, > 0, I, > 0, together with d%Sh =0, ditlh = O,d%Rh = O,%SU =
0,41, =0.

Density Dependent Contact: In density-dependent contact, the contact rate
(biting rate in vector-borne disease like malaria) and hence the transmission of a
disease is depend on population density, i.e., the number of individuals per unit
area or volume. As population density increases, the chances of contact between
individuals also increase, which can lead to higher incidence rate. In this case, if b is
average biting rate per mosquito per time and N} is human population then per time

number of bites that can each mosquito made is bN;, and incidence rate in human
bNpaun, il

Ny,
since average mosquito biting rate b is fixed.

= ba,,Spl,. In the case of malaria, density dependent is not rational

Frequency Dependent Contact: In frequency-dependent contact, contact rate
(biting rate) and hence disease transmission is vary with frequency of interactions
regardless of population density. In this case average biting rate is independent with

available human population and the incidence rate of malaria in human is given by
bOéUhShIU

Ny,

2.3 Autonomous and Non-Autonomous Nonlinear
Systems in SIR Models

2.3.1 Autonomous System

An autonomous system is one where the system of differential equations does not
explicitly depend on time. This means the coefficients in the system are constants or

functions of the state variables only, but not directly of time ¢ .

2.3.2 Non-Autonomous System

A non-autonomous system is one where the system of differential equations explicitly

depends on time. This means the coefficients or the forcing terms in the system are
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functions of time t.

2.3.3 Solution of Linear Homogeneous System

X
Theorem 2.3.1 In a linear equation of one-dimension — = AX, where A is con-

dt
stant then X (t) = Ce? is a solution of the system |Strang (2016)).

dX
Theorem 2.3.2 In the linear system of two dimension: T AX,X € R? and

At Aot

A is 2 X 2 matriz, if, u = vie’ and v = v9e’?* are two independent solutions of
homogeneous linear system then their linear combination ciu + cov is also a solution
of the system.

Ak

The sum Y7, cvre™! is the solution in n-dimensional linear system.

Jacobian of a system at equilibrium: In some cases, behavior of nonlinear system
can be analyzed from the corresponding linear system. The Jacobian of the system
(2.1H2.5)) at the equilibrium is

J = Ofs Ofs f3 f3 f3
- oS, 09I ORn, 0Sy 0l
Ofs Ofa Ofs Ofs Ofa

oS, I, OR, 0S, 0L,

at equilibrium, where f; are right hand side of the system (2.112.5) .
Non-hyperbolic and hyperbolic equilibrium: Non-hyperbolic equilibrium point
of a dynamical system where the Jacobian matrix has at least one eigenvalue with
a real part equal to zero. This contrasts with a hyperbolic equilibrium, where all
eigenvalues have non-zero real parts. Non-hyperbolic equilibria are significant because
their stability cannot be determined using linearization alone, necessitating more
advanced methods like the Central Manifold Theorem Hirsch et al.| (2012]).

Theorem 2.3.3 (Hartman-Grobman Theorem) |Grobman, (1959);|Hartman, (1960)

Consider a system evolving in time with state u(t) € R™ that satisfies the differential

d
equation d_th = f(u) for some smooth map f : R" — R™. Now suppose the map
has a hyperbolic equilibrium state u* € R" i.e. f(u*) = 0 and the Jacobian matrix

A =[0f;/0x;] of f at states u* has no eigenvalue with real part equal to zero. Then
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there exists a neighbourhood N of the equilibrium u* and a homeomorphism g : N — R"

d
such that g(u*) = 0 and such that in the neighbourhood N the flow of d—TZ = f(u) is

topologically conjugate by the continuous map U = g(u) to the flow of its linearisation

aUu

— = AU.

dt

Remarks: Real-world problems are often nonlinear, and obtaining exact analytical
solutions is generally impractical. The Hartman-Grobman Theorem provides a local
characterization of the behavior of dynamical systems near a hyperbolic equilibrium
point (no eigenvalue is with real part zero). It states that near such a point, the

nonlinear system behaves qualitatively like its linearization.

Basic Reproduction Number (Ry): It is the average number of new infections
produced by an infectious individual in his/her infectious period in a completely
susceptible population. It is denoted by Ry. Normally given by Ry = (number of
contacts per time) x (probability of infection in a contact) x (duration of infectiousness
during epidemics). For complicated models that includes seasonality methods or
heterogeneity the next generation matrix (NGM) method is used in computing the
Ry. In the field of epidemiology, Ry serves as a critical threshold. When Ry is greater
than one, it indicates the potential for epidemics, while an R less than one suggests
the absence of epidemics. The basic reproduction number (Ry) plays a pivotal role in
guiding public health interventions and control strategies to prevent and manage disease
outbreaks. The reproduction number over the time is called effective reproduction

number.

Spectral Radius or Spectral Bound: The spectral radius of a square matrix A is

the maximum absolute value of its eigenvalues. It is denoted by p(A).

Next Generation Matrix Method for Ry,: Here an outline of this method is
given, the proof and further details can be found in |Van den Driessche and Watmough
(2002) and Van den Driessche and Watmough! (2008). Let z = (z;)", i = 1,2,3,...,m

represent vector of disease state variables (exposed and infectious compartments) and
dl’i

= Fi(z) — Vi(z),i = 1,2,...,m is a system of models for the disease compartments.
In this splitting, F;(z) is the rate of appearance of new infections in compartment i,
and V;(x) is the rate of other transitions between compartment ¢ and other infected
compartments. It is assumed that both Fj(z) and V;(z) are in C?. Then F and V
are the Jacobian of f;(x) and V;(x) at the disease-free equilibrium z*. F' is entry wise
non-negative and V' is non-singular M-matrix Berman and Plemmons (1994). The

basic reproduction number is the spectral radius of FV~! Anderson and May| (1992).
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2.4 Stability of Equilibrium

Local stability: A system is locally stable if small perturbations from an equilibrium
point lead to trajectories that return to the equilibrium point over time. Mathe-
matically, for a system to be locally stable, all eigenvalues of the Jacobian matrix
evaluated at the equilibrium point must have negative real parts. This ensures that
any perturbation from the equilibrium decays over time, eventually returning the
system to its equilibrium state. Eigenvalues with zero real parts indicate a different
kind of behavior, possibly involving sustained oscillations or other complex dynamics,

which are not characteristic of local stability.

Asymptotic Stability: A system is asymptotically stable if, in addition to being
locally stable, trajectories converge to the equilibrium point as time goes to infinity.
This means that the system not only returns to equilibrium after small disturbances

but also stays at the equilibrium as time progresses.

Global Stability: A system is globally stable if the desired stability properties hold
for all initial conditions in the entire state space, not just in a local neighborhood
of the equilibrium point. It requires demonstrating stability over the entire state
space. Global stability often involves proving that the system’s behavior is stable for
all possible initial conditions, which is a stronger condition than local or asymptotic
stability.

Theorem 2.4.1 Martcheva (2015) A necessary and sufficient condition for an equi-
librium to be locally asymptotically stable is that all eigenvalues of the Jacobian at
the equilibrium have negative real part. i.e., for starting the dynamics with the initial
condition near the equilibrium point eventually converge to the equilibrium point. But

if the eigenvalue are pure imaginary, then the stability is only local.

Routh-Hurwitz Criteria: In higher-dimensional models, the Jacobian at the disease-
free equilibrium yields a characteristic polynomial of degree three or higher. The
reproduction number is derived from the constant term, and its relationship to 1 indi-
cates disease spread direction. To assess stability, the Routh-Hurwitz criterion provides

necessary and sufficient conditions for ensuring negative real parts of eigenvalues.

Theorem 2.4.2 Martcheva (2015) Consider the nth-degree polynomial with real con-
stant coefficients P(\) = A" + a; A" 1 + axA" 2 + ... + a, = 0. Define n Hurwitz

matrices using the coefficients a; of characteristic polynomial:
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where a; = 0 if j > n. All roots of the polynomial P(X\) are negative or have negative
real part if and only if the determinants of all Hurwitz matrices are positive i.e.,
Det(H;) > 0,7 =1,2,3,...,n.

Theorem 2.4.3 (Krasovskii-LaSalle Theorem Martcheva (2015)): Consider the
autonomous system & = f(x), where x* is an equilibrium point such that f(x*) = 0.
Suppose there exists a continuously differentiable function V : R™ — R that is positive
definite, radially unbounded, and satisfies V($) <0 forallt >0 and all x € R™.
Define the invariant set S = {x € R" | V(z) = 0}. If S contains only the equilibrium
x*, then x* is globally asymptotically stable. This implies that every solution x(t) of

the system & = f(x), starting sufficiently close to x*, converges to x* as t — oo.

2.4.1 Bifurcation

A qualitative change in the behavior of a system due to a change in a parameter is

called bifurcation. Here we discuss three types of bifurcations:

1. Forward Bifurcation: This is a simple phenomenon where disease becomes
endemic in a population when Ry > 1 whereas disease die-out from the population
when Ry < 1. i.e., there is simple exchange of stability of disease-free equilibrium

and endemic equilibrium below and above 1.

2. Backward Bifurcation: This is a complex phenomenon, where even if the
reproduction number is below one, multiple endemic equilibria exist. In this case,

a bistability phenomenon exists, indicating lower and higher endemic levels.

3. Hopf Bifurcation: This is also a complex phenomenon, where endemic equi-
libria lose their stability at some time when Ry > 1, and periodic oscillations

occur, indicating periodic outbreaks Brauer et al.| (2008).
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Castillo-Chavez and Song Bifurcation Theorem Martcheval (2015))

Tlleorem 2.4.4 Consider the following general system of ODEs with a parameter ¢ :
Z—i = f(:i", b), fiR"xR >R, fe C?*(R™ x R), where 0 is an equilibrium point of
the system, that is, f(0,¢) =0 for all ¢. Assume the following: A is the linearization
matriz of system around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple
eigenvalue of A , and other eigenvalues have negative real parts. The matriz A has
a nonnegative right eigenvector w and a left eigenvector U each corresponding to the
zero eigenvalue. Let fi, be the kth component off and
n 2 n 2
a= Z vmuiuj;T‘g’;j(O, 0), b= Z vmui%m, 0), (2.6)

m,i,j=1 m,i=1

where fn, be the m™ component of f. If a > 0 and b > 0, then a backward bifurcation

occurs at ¢ = 0. However, for b > 0 and a < 0 is the case of forward bifurcation.

2.5 Data Fitting and Model Validation

In mathematical modeling, especially with ordinary differential equation (ODE) mod-
els, accurately estimating unknown parameters is essential for the model to reflect
real-world dynamics. MATLAB provides powerful tools to achieve this by combining
its ODE solvers with optimization functions. The process involves defining an objective
function that measures the difference between the model’s predictions and the observed
data. Optimization algorithms then adjust the model’s parameters to minimize this
difference. The result is a set of parameters that make the model closely match the

real system’s behavior, allowing for accurate predictions and analysis [Moler| (2004)).

Complex-step Derivative approximation technique: We used the complex-step
derivative approximation technique described in [Rahman et al.| (2019) to identify
parameters that can be estimated from the available data and to obtain the 95%
confidence interval of the estimated parameters. J(¢) = >;_; (L, (¢) — L_tk)Z, L,
and L;, are the model solution and available data and ¢ = (¢, ¢a, ..., &) is the set of

parameters to be estimated.

In order to derive confidence intervals for the estimated parameters, we compute
standard errors for ¢ using a method outlined in Banks et al.| (2014)); Rahman et al.

(2019). For this, we first compute the sensitivity matrix S of the parameters,
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Since we are unable to formulate the closed form of - q;ff, 7 = 1,2,...,m, and
J

k= 1,2,...,n from the model, we use the following complex-step approximation

to compute the partial derivatives. We employ a Taylor series expansion of L;, using
a complex step ih, where h is a small positive constant (h = 107° in our calculations),

and ¢ is the imaginary unit. The expansion can be written as:

h2
Ly (¢j +ih) = Ly (¢;) +ihLy, (6;) — ngk(ﬁbj) + ...

By isolating the imaginary part of this expression and dividing by h, we arrive at:

0L,  Tm[Ly (¢; +ih
(o)) = e ~ Bl 2 o),

where O(h?) represents the terms of second-order and higher. Thus, the partial

derivatives can be approximated by:

9Ly, Im[L;, (¢; + ih)]
0, I ’

Using these derivatives, we construct an approximation of the sensitivity matrix 5,

zD;?(Ltk): forj=1,2,... o mand k=1,2,...,n.

which we denote as S. The standard deviation for each parameter ¢;, for j = 1,2,...,m,

\/ (gz {@9}1)“,

where 02 ~ 62 = 29 and ¢ represents the estimated parameter values.

n—m’

is then given by:

2.6 Limitations of Ordinary Differential Equation

Ordinary Differential Equations (ODESs) effectively model the spread of diseases like
malaria but assume instantaneous interactions, which can miss key time delays in
biological processes. Delay Differential Equations (DDEs) address this by incorporating
latency periods, offering a more accurate framework for disease dynamics [Keeling and
Rohani| (2008). In Chapter , we will introduce delay differential equation to describe

various delays in the malaria transmission process.
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2.7 Delay Differential Equation Models of Vector-
Borne Diseases

Delay Differential Equations (DDEs) extend ordinary differential equations by incorpo-
rating time delays, where the rate of change at a given time depends on both current

and past states. The simplest form of a DDE is
(t) = F(t,z(t),z(t — m),z(t — 72),...,x(t — 71)),

where 7; are time delays. z(t) is the state of the system at the current time ¢. It
represents the value of the function z at the present time. DDEs require an initial
history function to specify the system’s state prior to ¢ = 0 and z(t — 7;) is the state
of the system at a previous time ¢ — 7;. It represents the value of the function z at a
time delayed by 7; units from the current time ¢ and 7; is the time delay associated
with this term. In modeling vector-borne diseases like malaria, DDEs account for
delays such as the incubation periods of the pathogen in both the vector and the host.

These delays are crucial as they significantly impact disease dynamics.

Theorem 2.7.1 (Hopf BifurcationMartcheval (2015)) Consider the delay-differential

equation
(t) = F(x(t),x(t = 711),...,x(t — Tue1), 1), (2.7)

where 1 1s a parameter. Assume the following conditions are satisfied:

1. F is analytic in both x and p in the neighborhood of (x*, o) in R™ x R.

2. F(z*,pu) =0 for p in an open interval around pg, and x(t) = z* is an isolated

stationary solution of Fq. .

3. The characteristic equation of Fq. has a pair of complex conjugate eigen-
values X and X such that \(u) = b(p) + iw(p), where w(pg) = wo > 0, b() = 0,

and %(Mo) # 0.

4. The other eigenvalues of the characteristic equation have strictly negative real

parts.

Then, the delay-differential equation Eq. admits a family of periodic solutions

bifurcating from x*, known as Hopf periodic solutions.
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CHAPTER 3

3. MODELING MALARIA TRANSMISSION IN NEPAL:
IMPACT OF IMPORTED CASES THROUGH CROSS-BORDER
MOBILITY

In this chapter, we develop a novel mathematical model to study how the imported
malaria cases through the Nepal-India open-border affect the Nepal government’s goal
of eliminating malaria by 2026. Mathematical analyses and numerical simulations
of our model, validated by malaria case data from Nepal, indicate that eliminating
malaria from Nepal is possible if strategies promoting the absence of cross-border
mobility, complete protection of transmission abroad, or strict border screening and
isolation are implemented. For each strategy, we establish the conditions for the
elimination of malaria. We further use our model to identify the control strategies
that can help maintain a low endemic level. Our results show that the ideal control
strategies should be designed according to the average mosquito biting rates that may

depend on the location and season.

3.1 Introduction

In the literature of malaria modeling, the studies |Anderson| (2013a); Ngwal (2004);
Anderson and May| (1991a)); Jeffrey and Pial (2002)); Chiyaka et al.| (2009); Hastings
(1997)); Torres-Sorando and Rodriguez (1997)); Koutou et al.; |Arik et al.| (2017)); Ngwa
and Shu| (2000); H. Juliette et al.| (2020) extended the basic Ross-MacDonald-Anderson
and May model by incorporating age structure, loss of immunity, the effect of social,
economic, and environmental factors, human migration, drug resistance of vector, the
impact of bed-nets, multi-groups, and multi patches. Even though some mathematical
models Le Menach et al.| (2011); Sturrock Hugh et al.| (2013); Thomas et al.| (2014));
Bradley et al.| (2015); [Isobel et al. (2018) include cross-border mobility, there remains
uncertainty on the various aspects of the role of imported cases in vector-borne
disease, particularly malaria transmission. Except for some descriptive, analytical,
and retrospective studies EDCD) (2020); Organization| (2018]); |Dhimal et al.| (2014b));
Shanker et al. (2019); Smith et al. (2009), none of the previous models focused on the

dynamics of indigenous and imported malaria cases in the context of Nepal, which is

26



in critical condition of achieving the 2026 malaria elimination goal due to cross-border

mobility of migrant workers.

Motivated from a previous study [Vaidya and Wu| (2011a), which addressed the
impact of cross-border mobility on HIV-AIDS epidemics in Nepal, we develop a novel
transmission dynamics model of malaria by incorporating the imported cases through
the cross-border mobility into a basic malaria model. Using the data of malaria cases
in Nepal, we estimate the critical parameters of malaria dynamics in Nepal. We
thoroughly analyze our model to study the impact of cross-border mobility on disease
eradication and threshold dynamics. We further use our model to predict the future
trend of imported and indigenous malaria cases and evaluate the different control

strategies to achieve the malaria elimination goal by 2026.

3.2 Method

3.2.1 Data Source

In this study, we used the data containing both indigenous and imported malaria
cases in Nepal. Since the total cases were not classified as imported and indigenous
before 2009, we considered the data only from 2009 to 2019 for our model fitting.
The primary data sources related to malaria cases in Nepal are the National Malaria
Surveillance Guidelines 2019 published by the Government of Nepal, Ministry of
Health and Population Department of Health Services Epidemiology and Disease
Control Division (EDCD) jof Health and Population| (2019); Dhimal et al. (2014b). In
addition, we also obtained the data of Annual Parasitic Incidence (API) of India from
the Malaria Site India of Health and Family Welfare| (2020)); National Vector Borne
Disease Control Programme| (2020)).

3.2.2 Model Formulation

To develop a transmission dynamics model of malaria, we divide the total population
of the home country into two groups: the population living in the home country (Nyz)
and the population living abroad as migrant workers (Ny5s). Each of these groups is
further divided into three subgroups: susceptible (Syx), infectious (I,z), and recovered
(Rpy) in the home country and susceptible (Syas), infectious (1), and recovered

(Rpar) living abroad as migrant workers. Moreover, we consider susceptible and
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infectious mosquito populations in the home country (S,x, [,) and abroad (Sya, 1,4).
We note that the migrant workers, Ny,,, are included in the total human population
abroad (Np4) and thus the corresponding abroad groups, susceptible (Sy4), infectious

(Ina), and recovered (Rp4) include Sy, Inar, and Ry, respectively.

In our model, malaria transmission occurs from infected mosquitoes to susceptible
humans and from infected humans to susceptible mosquitoes through mosquito bites.
We assume that b and O’ are the per capita biting rates of mosquitoes in the home
country and abroad, respectively. a,, and o/, are the probability in the home country
and abroad, respectively, that an infectious mosquito transmit malaria to a susceptible
human in a single bite. Similarly, ay, and o), are the probability in the home country
and abroad, respectively, that the malaria is transmitted from infectious human to
a susceptible mosquito in a single infectious bite. For the home country, the total
number of bites (per time) from all the infectious mosquitoes is bl,y (infectious bites).
Among these bites, the susceptible humans get % infectious bites. Therefore, the
incidence rate of humans (i.e., the new human infections per unit time) is %
Xing et al.| (2020); Brauer| (2011); Wairimu et al.| (2018); Wan and Cui (2009)); Chitnis
et al. (2008); Xiulei et al.| (2020)). Similarly, the incidence rate for humans in abroad

b/a;thAShA
Npa
mosquitoes in the home country is bS, 5. Among these bites, the total number of bites

. Also, the total number of bites (per time) made by the susceptible

from the infectious humans (infectious bites) is %{% Therefore, the incidence rate

bapy IngS

of mosquitoes (i.e., the new mosquito infections per unit time) is viL - Similarly,

h
bla/hv InaSua

the incidence rates for mosquitoes in abroad is Nt

The infectious humans recover with the rate v,, and the recovered individuals lose
their immunity and move back to the susceptible class at the rate ¢q. Because of the
short lifespan of mosquitoes, we do not consider the recovered class for the mosquitoes
population. The parameters A and dj represent the recruitment rate and the natural
death rate of humans, respectively, while the parameters ¢ and d, represent the
recruitment rate and the death rate of mosquitoes, respectively. We assume that
1 represents the per capita cross-border mobility rate for susceptible populations
(Shm, Shar) and recovered populations (Rpy, Ruar). Since infected individuals may
behave differently in their travels from and to the home country, we take p and 6 as
the cross-border mobility rate for infectious individuals from and to the home country,
respectively. In the model, 81,,; and % represent the imported and indigenous

malaria incidence at home country, respectively.

The schematic diagram of our model is presented in Figure [5} The system of ordinary
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Figure 5: Malaria transmission dynamics with cross-border mobility. The upper
SI-SIRS (inside red dashed line) and lower SI-SIRS (inside blue dashed line) represent
the dynamics of malaria abroad and in the home country. The solid arrows represent
the transfer of populations, and the dotted arrows represent the interaction between
the susceptible human and infectious female Anopheles mosquitoes and infectious
humans with susceptible female Anopheles mosquitoes. Here, subscripts H, A, and M
refer to home, abroad, and migrant, respectively, and the subscript h and v refer to
human and vector (mosquito), respectively.

differential equations describing the transmission dynamics of malaria discussed above
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is as follows:

bay 1,
Shar = N +1Sw + qRum — N}; 2 Spu — (0 + di) S, (3.1)
H
bayp 1,
[hH N};HHShH‘i‘@[hM - (p+dh+5h+7h)[hH, (32)
it = Ynlner + 0B — (1 + di + q) Rum, (3.3)
ba, 1,
S i a]}\lf " Sun — duSom, (3.4)
hH
ba, 1
Iy = S = d T, (3.5)
hH
vol, I,
Star = 0Shat + qRnar = —o A Sar — (dn + 1) Shat, (3.6)
b C(Uh VA
Ty = N1 Shm + I — (04 05 + dp + Y1) Inm, (3.7)
Ryvr = I +nRrg — (0 + di + @) Ru,s (3.8)
b’a;thA
vA - ¢ - N—SUA - devA7 (39)
hA
baj I
oA = MSUA — dylya. (3.10)
Nha

Since the detailed dynamics of malaria abroad makes the model extremely complex
and uncertain, we introduce an index 1 (¢) called Annual Parasite Incidence (API),
for which the data are publicly available. We introduce this index into the model to

approximate the incidence rate abroad. Here () is defined as the number of positive
Tna(t)

. The incidence
Npa(t)

cases of malaria per population under surveillance, i.e., ¥(t) =

rate of humans in abroad is given by

bal, I,a(t) _ bal, L,a(t)
Npa(t) Ina(t)

Both Vo, I,4(t) and Iy4(t) are differentiable functions in the interval (0,7), where T'
is the final time of the disease dynamics considered. Assuming that I, 4(t) #0, YVt €

A = »(t).

[0, T, the mean value theorem of integral calculus allows us to approximate the integral

b'al, I,a(t bl Loa(t
of the continuous function %h—m with a constant ( = Yon OT Al )dt R~
Tna(t) T Ina(t)
I, : o
val, ]hig ; for some ¢y € (0,7). Thus, we approximate the incidence rate abroad by

A, = C(t) and estimate the value of ¢ from the data fitting. With this approximation,

30



the system (§3.143.10)) reduces to the system of the following eight differential equations.

bayp 1,
Shi = N+ 1S + q Ry — };HHShH — (n +dp)Sha, (3.11)
b v ‘['U
Ly = aN};HHShH‘i‘e[hM — (p+dn+ o+ ) Inm, (3.12)
Ry = Wlne +nRuar — (1 + dp + ¢) R, (3.13)
bop, I
zl)H = ¢ - ahh;H S’UH - devHa (314)
bay, I
IzI)H = o hHSvH - dv[vHa (315)
Nuu
Shar = 15w + qRuar — CO()Shar — (d + 1) Sha, (3.16)
Iyng = CO)Shar 4 pIne — (0 + 64 + di + 1) Inar, (3.17)
Ryn = Yndon + nRum — (0 + din + ) Raur. (3.18)

3.3 Results

3.3.1 Estimation of Parameters and Population Size

The population of Nepal was estimated to be 23,151,423 in 2001 Wiki| (2001)) and
26,494,504 in 2011 |Wiki (2011)). Taking the average population growth per year from
2001 to 2011, we estimated the population of Nepal in 2009 (the base year of our
dynamics, i.e., t = 0) to be 25,825,888. About 5.5 million Nepalese, including 1.9
million male workers, were living abroad |of Labour and Employment| (2020), mostly in
India. These migrant workers bring malaria upon their return home, contributing the
significant number of imported malaria cases in Nepal GoN and Population| (2016).
Note that the majority of Nepalese migrants working in India are male [Vaidya and
Wu (2011a)). Therefore, we took Nyar(0) = 1.9 million. With 5.5 million living abroad,
the population inside Nepal is approximately 20,325,888. Since most of the hilly and
mountainous regions of Nepal are considered risk free zone of malaria, leaving only about
48% of Nepalese residing in other regions in high, moderate or low risk area Rijal et al.
(2019b), we estimated Npg(0) =9, 756,426. Moreover, we used the information from
the data and divided the total population into different compartments and obtained
Sk (0) = 9,754,000, Iz (0) = 2,000, Ry (0) = 426, Spar(0) = 1,898,300, I (0) =
1,400, Rpp(0) = 300, S,x(0) = 9,754,176, and I,5(0) = 2,250. About 37.5% of the
total migrant workers (~ 179,464) traveled from Nepal to India in 2009 jof Labour

and Employment| (2018]). This allows us to estimate per capita annual mobility rate of
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migrants from Nepal to India as:

_ Number of migrants from Nepal to India 179,464 0.0183
= Total risk population of malaria in Nepal ~ 9,756,426

per human per year.

The Crude Birth Rate (CBR), i.e., the number of live birth per year per 1,000 people,

of Nepal for the year 2009 was 23.189 Wiki (2011)), which implies the human recruitment
23.189 x 25,825,888

rate per year for the population in the risk area is A = 48% of 1000
287,460. Since the average life expectancy of Nepalese individuals in 2009 was 67.178
years [Rijal et al. (2019a)), the natural death rate of humans per year is taken as
dy, = 0.0149 (per year). The number of deaths due to malaria in the base year TNH
(2012)) was 6, so we calculated 0, = 0.0017 per year. The duration of immunity for
recovered people varies widely from region to region, and we took the immunity period
to be 3 months, i.e., ¢ = 4 per year |Chitnis et al. (2008)). For model fitting, we assumed
that all the cases are recorded and that malaria-infected Nepalese do not move to

India as workers while sick. Therefore, we took p=0.

The population of female Anopheles mosquitoes has been estimated to be 1-10 times
the human population (Chitnis et al. (2008]); Xiulei et al.| (2020); (Chamchod and Britton
(2011). Thus we took the mosquito population equal to base year human population
9,756,426. Based on the previous studies (Chitnis et al.| (2008)); Xiulei et al.| (2020));
Castillo-Chavez and Song| (2004)); Chamchod and Britton| (2011); /Abu-Raddad et al.
(2006)), we took the probability of disease transmission, per bite, from an infectious
mosquito to a susceptible human as a,;, = 0.0195, and from an infectious human to
a susceptible mosquito as ay, = 0.63. Similarly, the human recovery rate and the
mosquito death rate were obtained from previous studies as v, = 1.85 per year and
d, = 27.9113 per year (Chitnis et al. (2008)); Xiulei et al.| (2020)); (Castillo-Chavez and
Song (2004); Chamchod and Britton| (2011); Abu-Raddad et al.| (2006). The remaining

parameters, 0, ¢, and b, were estimated from the data fitting.

3.3.2 Model Fitting to the Data

As per the national planning of malaria elimination by 2026, the Government of Nepal
introduced the strategic plan in 2014, which includes the distribution of Long Lasting
Insecticide Treated Nets (LLINs) and Indoor Residual Spraying (IRS) intended to
reduce mosquito bites (GoN and Population| (2016). Thus in our model fitting, we
allow the different biting rates for the period before (b = by) and after (b = by) 2014.
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The available data are the yearly indigenous malaria incidence, the yearly imported
malaria incidence, and the total malaria incidence in Nepal. From the solution of
our model, the indigenous, the imported, and the total malaria incidences at time ¢,
denoted by L(t), I(t), and T'(t), respectively, can be computed using the following

expressions:

. baun S Lom

L(t) N

L I(t) =0y, T(t) = L(t) + I(t). (3.19)

The model system of differential equations was solved numerically using the fourth-
order Runge-Kutta method. Using the solutions, we obtained the best-fit parameters
using the nonlinear least-squares regression method that minimizes the following sum

of the squared residuals:

n

J(¢) = Z [(L(tx) = L(tx))* + (I(ts) — I(tx))* + (T(ty) — T(tx))?] , (3.20)
k=1

where L(t;), I(ty), T(tx) and L(ty), I(ty), T(t;) are the model predicted incidences
and those given in the available data. In our data fitting, we used the total 30 data
points to estimate four parameters ¢ = (0, (, by, by). The ratio of data to the free
parameters used in our model, i.e., 7:1 , is well within the recommended range of 5:1
to 10:1 |Schunn et al. (2005). Also, three types of data (indigenous, imported, and
total) included in fitting provide additional feature of malaria infection. To obtain the
confidence limits for the estimated parameters, we computed standard errors from the
sensitivity matrix S using the techniques described previously Rahman et al.| (2019).
Furthermore, we computed the rank of the matrix S7S and found the matrix to be
of the full rank (rank = 4), which ascertain the identifiability of these parameters
of the model Hongyu et al. (2011). i.e., the matrix STS is square matrix of order 4
with linearly independent columns and hence is invertible. All computations were
carried out in MATLAB 2018A (The MathWorks, Inc.). In Figure [0 we present
the model prediction, along with the data, of the indigenous, the imported, and the
total malaria incidence. The model fits have captured the dynamics pattern of the
multiple data well, and the model prediction is also consistent with the cumulative
data (Figure @, thereby validating the model. All estimated parameters, as well
as the fixed parameters, are provided in Table[2 As indicated by the data|GoN and
Population| (2016), the model solutions also show the decreasing trend of the malaria
cases from 2009, with the indigenous case being more than the imported case until
2014. However, after 2014, the imported case overtook the indigenous case, indicating

the alarming situation originating from the imported cases. Our estimates show that
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Figure 6: Model fitting to the data. (a) Solution of the fitted model along with the
data of indigenous, imported, and total malaria incidences in Nepal, and (b) Model
prediction of cumulative indigenous, cumulative imported, and cumulative total cases
in Nepal.

\ Description | State variables | Base Value (References) |
Risk humans population in Nepal Npw(0) 9,756,426 (Calculated)
Susceptible humans in Nepal Shu(0) 9,754,000 ( Calculated)
Infectious humans in Nepal Im(0) 2,000 ( Assumed)
Recovered humans in Nepal Rui(0) 426( Assumed)
Susceptible Migrants in India Sha(0) 1,898,300
GoN and Population| (2016])
Infectious Migrants in India Inar(0) 1,400 ( Assumed)
Recovered Migrants in India Rp(0) 300( Assumed)
Susceptible mosquitoes in Nepal Sy (0) 9,754,176( Assumed)
Infectious mosquitoes in Nepal I,1(0) 2,250 ( Assumed)

Table 1: Base value of demographic variables of malaria in Nepal

the biting rate of mosquitoes is by = 48.0 (95% CI: [38.13, 57.87]) before 2014, and
by = 39.5 (95% CI: [29.63, 49.37]) after 2014. These estimated values are consistent
with the values provided in many previous studies |Chitnis et al.| (2008); Xiulei et al.
(2020). Similarly, we estimated the disease import rate § = 0.98 (95% CI: [0.42, 1.54])
and the

parameter corresponding to the incidence rate in India ¢ = 0.00105 (95% CI: [0.0005,
0.0016]).
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Description

‘ Param.

Base value (References)

Probability of malaria transmission
from an infectious mosquito (per bite)
to a susceptible human
Probability of malaria transmission
from an infectious human to
a susceptible mosquito (per bite)
Humans recruitment rate

Per capita recovery
rate of humans
Per capita natural birth and
death rate of mosquitoes
Per capita disease induced
death rate of humans
Per capita natural death
rate of humans
Per capita mobility rate
of healthy humans
Per capita disease import
rate of humans

Per capita disease export
rate of humans
Per capita rate of Immunity
loss of humans
Parameter related with
incidence rate in India

Per capita biting rate of mosquitoes
at home country up to 2014

Per capita biting rate of mosquitoes
at home country after 2014

Qyh

Qhy

Yh

On

dy,

by

by

0.0195 |Abu-Raddad et al.| (2006))

0.63 |Castillo-Chavez and Song| (2004))
287,460 Number x yr—1
(Calculated)

1.85 yr~YAbu-Raddad et al.| (2006)
27.9 yr~! |Chamchod and Britton| (2011))
0.00171yr~1(Calculated)
0.0149yr~! (Calculated)

0.0183yr~! (Calculated)

0.98 yr—! Estimated
[0.4172, 1.5428]

0 yr—! (Assumed)
4 yr=! |Chitnis et al. (2008)

0.00105 yr~! (Estimated)
[0.0005, 0.0016]

48 yr~!(Estimated)
39.6537, 66.3463]

39.5 yr~!(Estimated)
[29.6318, 49.3682]

Table 2: Model parameters of incidence of malaria in Nepal

3.3.3 Model Analysis

Note that our model is non-autonomous due to the presence of time-dependent

parameter 1(t).

Since 9 (t) depends on the policy implemented abroad, the time-

dependent nature of this parameter remains unknown, and the analysis of this non-
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autonomous model is complicated and uncertain. Therefore, for the purpose of
analysis, we consider the autonomous form of the model by taking a constant k =

(¢/T) fo t)dt as an approximation to the incidence rate abroad.

3.3.4 Positivity and Boundedness of Solutions

In this section, we show that the solutions of all the state variables are non-negative
and bounded in order to demonstrate that the model is well-posed and biologically
valid for describing malaria transmission dynamics. The results are presented in the

following theorem.

Theorem 3.3.1 If ShH(O) > 0, IhH(O) > O, RhH(O) > O, ShM(O) > 0, IhM(O) >
0, R (0) >0, Sy (0) >0, I,5(0) > 0, then the solution set

{ShH(t), IhH(t), RhH(t), ShM(t), ]hM(t), RhM(t), SUH(t), [qu(t)} Of the system
- 1s positive and bounded for all t > 0.

Proof: First we show that if S, (0) > 0 then S,x(t) > 0 for all ¢ > 0. From the Eq.
bavy 1,
3.14), we get Spx(t) > Spr(0)Exp { I ( Qohlhi +dv> dt} > 0.

Now we prove that if S,y (0) > 0, then ShH(t) > 0 for t > 0. Suppose if possible
Spi(t) > 0 for all t > 0 is not possible. Then there exists first time point ¢t =
ts > 0 such that Spu(ts) = 0. From Eq. SOt =1ts) = A4+ nShm(ts) +
qRpu(ts). We claim that Spar(ts), Rum(t ) both can not be negative. If possible,
min{ Suar(ts), Rum(ts)} = Sha(ts) < 0, then there exist ¢, > 0, t,, < ts be the first
time point such that Sy (¢,,) = 0. From Eq. SOt =tm) = Sy (tm) +
qRuy (tn). Again, we claim that Rpp(f,,) can not be negative. If possible, assume
that there exists first time point ¢, > 0, 0 < ¢, < t,,, such that Ry (¢,) = 0. Then
from Eq. Ry vyt =1t.) = ydpm(ty) + nRup(t,). Now we claim Iy (t,) can
not be negative. If possible there exist first time point ¢, > 0, ¢, < t,. such that
Inn(ty) = 0. Then from Eq. I oyl(t =th) = ESunm(tn) + Plru(ty). Again we
claim Iy (t,) can not be negative. If possible, there exist first time point 0 < t;, t; < 5,
such that I,y (t;) = 0. From Eq. , I 4|t =t;) > 0 when I,5(t;) is not negative.
If possible there exist first time point 0 < ; with ¢, < ¢; such that I,y (tx) = 0. It
follows from Eq. that I} ;|(t = tx) > 0. Then there exist small enough ¢ > 0
with ¢, — ( < t <t} such that I,zt) < 0. Which is contradiction to t is the first
time point such that I,y (tx) = 0. Thus, going back we must have Sy, (t) > 0 for all
t > 0. In this way we can show that S,y > 0 and Iy, Iny, Ry > 0 and L,y > 0 for
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t > 0. Thus human population are always positive for ¢ > 0. Also, adding the system

(3-1143.13) and the system (3.16H3.18|), we get % < A —dpNy(t), which implies that

limy o Np(t) < %. Again, adding the system (3.1443.15)), we get %’Jt(t) = ¢ —d,N,(t),

which implies that lim; ., N, (t) < %. O

Using the above conditions, we derive that for any € > 0, there exists ¢, > 0 such that

the solution of the system with ¢t > t, lies in the compact set €2 = ), x €, where
A
Qp = {(ShHa]hH7RhH75’hMa]hMa Ruv) €ERS 1Ny, < T + e}
h

and

QU = {(SvH7IvH) eRi—:Nv < dﬂ—f-E}

3.3.5 Existence of Equilibria

For convenience, we let S,y =z, Ing =y, Rpg = 2, Swvy = X, Inpy =Y, Ry =
Z, Sy =1, and I,y = m, and we take (x*,y*, z*, I*,m*, X*, Y* Z*) to represent the
equilibrium point of the system . For simplicity, we assume that also for
the infectious compartments, the mobility rate is equal in both ways, from home to

abroad and vice versa, i.e., § = p. Taking,

A= mN%H, A = 5Ny—hH Bo = b, B = borur, (3.21)
the system ((3.1143.18)) provides
= P Y = Q1 + Qa2 S Q3 + QA
K+ Ky \; K+ Ky \; K+ Ky \;
o St + S2A; x _ Ty + 1o\, * _ Uy + U \j, (3.22)
K+ Ky A; K+ Ky \; Ky + Ky \; )

where P, Q1, Q2, Qs, Qu, 51, S2, Th, Tz, Uy, Uz, Ki, K, are non-negative
constants with the combination of model parameters computed using Wolfram Mathe-
matica. The closed-forms of these expressions are provided in Supplementary Material

of Gautam et al.| (2022). With some algebraic manipulation, we obtain

NF = P+ Q1+ Qs+ X (Q2+ Qu) A — Bu(Q1 4+ Q2A})
hH K+ Ky X Y P+ Qi+ Qs+ N (Qe+ Q)
mt — PBu(Q1 + Q2>\Z>
dy (Bu@Q1 + dyP + Q1dy + Q3dy + (Qady + Qudy + B,Q2)N;)’
I = W. (3.23)
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Then, from the Eq. (3.21]) and Eq. (3.23)), we obtain
*3 *2 * _
CL(]Ah + al)‘h + CLQ)\h + a3 — O, (324)
where,

@ = Q2Qady By + 2Q2Qud} + Q3d, B, + Q35 + Q32 > 0,

a1 = PQadyfy + 2PQad; 4+ 2PQud’ + Q2Qsdy B, + Q1Quady Sy + 2Q2Qsd.
+2Q1Qud2 + 2Q1Q2d, By + 2Q1Q2d; + 2Q3Qud> — K2Q2¢645,,

ay = P?’d? + PQ.d,B, + 2PQ.d> 4+ 2PQ3d> + Q1Q3d,B, + 2Q:1Q3d> + Q7d, 3,
+ Q3d} + Q32 — KoQ10815y — K1Q2054 0,

az = —K1Q10016, < 0.

Since the primary focus of our study is to evaluate the impact of imported cases via
cross-border mobility on the local malaria transmission and control, we now analyze
the existence of equilibria for four important cases stated based on the mobility
and outside transmission parameters 1, ¢, and k. The cases we consider are: (I)
n =0, 0=0, k+# 0 (absence of cross-border mobility); (II) n # 0, § # 0, k =0
(complete protection of transmission abroad); (III) n # 0, 6 = 0, k # 0 (strict border
screening and isolation); and (IV) n # 0, § # 0, k # 0 (presence of cross-border
mobility, no protection, and no border screening or isolation). We now perform

equilibria analysis for each of these four cases in the following subsections.

3.3.5.1 Case-I:n=0,0=0,k#0

In this case, @)1, Q3, Si, 11, Uy are zero and P # 0, Ky # 0, implying that one root

of Eq. (3.24) is zero, i.e., \j = 0. Then, from Eq. (3.22) and Eq. (3.23), we obtain a

disease-free equilibrium point, Fjy, given by

A ¢
Ey=1—,0,0,—,0,0,0,0]).
0 <dh7 s Yy dva s Uy Yy )

We now derive the epidemic threshold index, Ry, corresponding to this disease-free
equilibrium point (Ey) by using the second-generation matrix method |[Van den Driess{
che and Watmough| (2002); Diekmann et al.| (1990).

From the system ([3.1113.18]), the newly infectious matrix F; and its Jacobian matrix
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F at the disease-free equilibrium point Ej are

BrSna Lon
_— 0 Brn 0
N "
F,=| BuSonlwn |, F = M 0 0
"N Ad,
hH
kShar 0 0 0
Again, the transfer matrix V; and its Jacobian matrix V at the disease-free equilibrium
point,
(04 0n +vn + dn)Ing — 0 Inn dp +on+7n 0 0
‘/i - dvivH 5 V= 0 dv 0
(0 +vh+0n + dp)Ipa — 0 Iny 0 0 vn+0on+dn

Here the dominant eigenvalue of FV ™! gives the following epidemic index.

R Odp BBy
’ (dp + yn + 0n) A2

The other possible solutions of Eq.([3.24]) and complete bifurcation analysis will discuss
later in Chapter [4]

3.3.5.2 Case-ll: n#0,0#0, k=0

In this case, 01, Q3, T1, Uy are zero, and P, S;, K; are positive, which shows one

of A} to be zero from the Eq. (3.24]). Then from the Eq. (3.22)) and Eq. (3.23)), we

obtain another disease-free equilibrium point, Fjy;, given by
Ey = <M, 0, 0, ﬂ, 0, L, 0, O).
dp, (dp, + 2n) d, 2ndy, + d3
We also obtain the epidemic threshold index, R;, corresponding to this disease-free
equilibrium point, Ey;, as follows.
From the system , the newly infectious matrix F; and its Jacobian matrix

F at the disease-free equilibrium point Ey; are

bown Sherlva
Nuu 0 8 0
E = bahvSvHIhH , ]F — dehﬁv (dh + 277) 0 O
N, Ad,, (dy +n)
hH 0 0 0
kShm
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Again, the transfer matrix V; and its Jacobian matrix V at the disease-free equilibrium

point FEjy; are,
(0 + 0n +n + dp) I — 0 Inur

‘/z' - dvivH

(0 +vn+0n+dp)lp — 6 Ing

dh+7h+6h+0 0 —6
V= 0 d, 0
—6 0 dpn+yn+0n+6

Then the dominant eigenvalue of FV ™! gives the epidemic index R:

(n (dp + v + 0n) — 0dy)
Ry = Rp4/1 )
! 0\/ +(dh+77)(dh+’)/h+(5h+29)

Note that the migrant workers presumably travel less while they are infected. This
implies n —# > 0 and hence R; > R, in general. In this case also the complete endemic

equilibrium and bifurcation analysis will discuss later in Chapter [4]

3.3.5.3 Case-Ill: n#0, =0, k#0

In this case, ()1 is 0, and Ky, P, Qs3, S1, T, U; are positive. One root of the Eq.
(13.24)) is zero, giving a disease-free equilibrium point, Fys. However, this disease-free
equilibrium condition asserts the absence of the disease only within the home country

while allowing the disease among migrants abroad. The expression for Fj, is given by
P Sy Ty U
E02 =\ 7> 07 %7 ﬂ; 07 _17 _17 _1 9
K1 K1 dv Kl Kl Kl

and the corresponding epidemic threshold index is From the system (3.1153.18)), the
newly infectious matrix F; and its Jacobian matrix [ at the disease-free equilibrium

point Ey are

boun S lve
Niu 0 PpBy, 0
P+Qs
Fi = bahvSvHIhH ,IF = Kl(bﬁv 0
NhH (P + Q3)dv
0 0 0
kShm
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Again, the transfer matrix V; and its Jacobian matrix V at the disease-free equilibrium

point Ejy, are

(0 +n+yn+dn)Ipg — 0 Iy

dp+ v+, 0 0
Vi= dylym > V= 0 d, 0
0 0 dh+’yh+5h

(0 +vn+0n+dp) v — 6 Ing

Then the dominant eigenvalue of FV™! provides the epidemic index Rs.

R _ PK1¢Bhﬁv
2 (P + Q3)%d2 (dy + v + 0n)

Note that n = 0 implies Ry = Ry as expected.

3.3.5.4 Case-IV:n#0,0+#0, k#0

In this case, a3 # 0 implying A\; # 0 (from Eq. (3.24)) and m* # 0 (from Eq. (3.21)).
This implies that the disease-free equilibrium point does not exist, indicating that
malaria eradication is not possible as long as there is a presence of cross-border mobility,

absence of protection abroad, and absence of border screening and isolation.

To analyze possible endemic equilibrium points, we represent «, (3, and 7 to be the

three possible roots of the cubic Eq. (3.24)). The product of roots, afy = ~ 8 Since
a

ag > 0 and az < 0, afvy > 0. This shows that all three roots can not be r?egative
real numbers. Also, Eq. can not have one negative real root and two complex
roots because otherwise, two complex roots o = a + ib, § = a — ib and one negative
real root 7y provides a8y = (a? + b*)y < 0, which is not possible here (since here the
product of roots must be positive due to ap > 0 and a3 < 0). Thus, the Eq.
provides at least one positive value of A}, and hence the system admits at least one

endemic equilibrium point.

To identify whether the system has 1, 2, or 3 endemic equilibrium points, we first
transform the Eq. in terms of the equilibrium infected humans, y*, to obtain
Fr(y*) = Fr(y*), where Fr(y*) = —Myy* — M3 and Fr(y*) = Mo(y*)® + Mi(y*)>.
The equilibrium values of y*, i.e., ¥i, v5, y;, are then given by the intersection of
the curves Fi(y) and Fg(y) (Figure [7). As shown in Figure [7] the slope —M, of
the linear function F7(y), which can be explained in terms of the infection rate [,
can help determine the existence of 1, 2, or 3 equilibria. An increase in g, (i.e., a

decrease in the slope of Fy(y)) makes the equilibrium point y; and y5 move to the
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right and y5 move to the left, eventually giving y; = y3 corresponding to two equilibria
y; = y3 and y3 (Figure ) Increasing ), further, yi and y; disappear, and only
one equilibrium point 3 exists. Since the equilibrium point y; attains the highest
value, we can correspond this situation to the worst-case scenario, i.e., a high endemic
level. Similarly, decreasing ), (i.e., increasing the slope of the linear function Fy(y))
causes y; and y5 to move to the left and y; to move to the right. At some point, y;
and yj3 coincide with each other, giving only two equilibrium points y; and y; = v3.
If ), is decreased further, then y; and y3 disappear, leaving only y; as an endemic
equilibrium point. Since y; corresponds to the smallest equilibrium point, the case in
which the only y] exists can be considered as the endemic condition with the minimum
burden. Therefore, increasing the slope — M, (for example, decreasing f3;,), making
it less than its threshold value (corresponding to y; = y3), can be a vital control

strategy to maintain the endemic at a low level. In summary, the parameter az, which
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Figure 7: Endemic equilibriums. (a) Graphs of Fy(y) and Fg(y) with possible three
intersections corresponding to three endemic equilibrium points. (b) Graphs of Fy(y)
and Fr(y) with exactly two endemic equilibrium points y; = y5 and y5. Decreasing
the slope of Fp(y) further gives only one equilibrium point y; (a high epidemic level).
(c) Graphs of Fi(y) and Fg(y) with exactly two endemic equilibrium points y; and
ys = y;. Increasing the slope of Fi(y) further gives only one equilibrium point y; (a
low epidemic level.)

is always non-positive, provides an important threshold for disease-free equilibrium
to occur (az = 0). Aslong as az # 0 (i.e., ag < 0), there is no DFE, and the system
always provides at least one endemic equilibrium. The absence of DFE with at least
one endemic equilibrium can be attributable to ongoing infection abroad and the
importation of malaria cases through cross-border mobility, making az # 0. When

az = 0 (presence of DFE), 1 or 2 endemic equilibrium points exist according to the
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sign of other parameters (a;, as), which depend upon the thresholds Ry, Ry, or Rs.
Similarly, when a3 < 0 (absence of DFE), 1 to 3 endemic equilibrium points exist

according to the sign of other coefficients.

3.3.6 Stability Analysis and Uniform Persistence

In this section, we provide some analytical results related to the stability and uniform
persistence of the system, specifically, the local stability of the disease-free equilibrium
points and the uniform persistence for Case-I and Case-II. In addition, for Case-III,
we provide the local stability of the disease-free equilibrium point that corresponds to
the absence of disease within the home country only. We were unable to prove the
uniform persistence for Case-III and Case-IV because of the complexity of the model,
presumably due to the absence of the overall disease-free equilibrium point in these

cases.

3.3.6.1 Case-I:n=0,0=0,k#0

We prove the local stability of the disease-free equilibrium Fjy as stated in the following

theorem.

Theorem 3.3.2 The disease free equilibrium point Ey of the system of is
locally asymptotically stable if Ry < 1, and unstable if Ry > 1.

Proof: The local stability of Ej is determined by the following Jacobian matrix of the

system (3.11H3.18)) evaluated at Ey: J = ( Tisxs  Osxs ) ,
O3xs  Ja3xs

—dp, 0 g 0 =B

0 T 0 0 B

0  w -G 0 0 —H 0 g
where Jysx5 = odp By , Jazxs = k=T 0

0 —d % 0 —d, O 0 -G

A I —d,
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T = (dp + v, + ), G = (dn + q), and H = (dy, + k). The roots of the characteristic

polynomial equation of Jy are

A= —dp, \a=—dp+q, s =—d,,

—(dh+du+7h+5h)—\/(dh+dv+7h+5h)2—4du(dh+5h+%)(1—R(Q))

/\4: 9 )

\ —(dh+dv+%+5h)+\/(dh+dv+7h+5h)2—4dv(dh+5h+%)(1—R?))

5 = .
2

The roots, A, of the characteristic polynomial equation of the matrix J4 are given by

A2+ e1 A% + eo)\ + e3 = 0, where
er=3dp + 7 +0p +k+q,

ex = 2dpyn + 2di0 + 2kdy, + 2qdy, + 3d;, + ki, + k6, + qyn + q0n + kg,

es = day, + doy + kdpyn + kdpdy, + kady, + kdi + qdpy, + qdndy + qdi + d + kg,

eres — e3 = Addp YO + 8oy + 2dpyi + 830y + 2dy,05 + 2k d),+

6kdyyn, + 6kd),0, + 6kqdy, + 8kd} + 2¢*d), + 6qdyy, + 6qdy,0, + Sqdi -+

8y + k> + k20p + 2kynn + ki + ko7 + 3kqyn, + 2kqdy+

@ + ¢ + 2qm0n + @i, + q0;, + kg + kq® > 0.

Here, ey, ey, e3, ejeg — e are positive. Using Routh Hurwitz criteria, all the eigen-
values of J4 have negative real part. Therefore, all the eigenvalues of Jy are negative

when Ry < 1. Thus the disease-free equilibrium point FEj is locally asymptotically
stable if Ry < 1, and unstable if Ry > 1. [

From the eigenvalues of the Jacobian matrix J at Ej, we have the following lemma.
Lemma 3.3.1 For the Jacobian matriz J, the following statements hold:

1. Ry =1 if and only if S(J) =0,
2. Ry > 1 if and only if S(J) > 0,

3. Ry <1 if and only if S(J) <0,
where S(J) : = mazr{Re(X) : X is eigenvalue of the jacobian of system at DFE Ey}.

Here we apply the Krasovkii-LaSalle Theorem Martcheva (2015) to establish the

condition for the global stability of the disease-free equilibrium in the home country.
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Theorem 3.3.3 (Global stability of Ey) For n =0, 0 = 0, the disease-free equi-

librium E° of the system (3.11 is globally asymptotically stable when R2 +
5h¢5h5v
< 1.
A(dn + On + Vn)d3

Proof: Let p = (Spu(t), Ing(t), Rau(t), Sun(t), Lyu(t)), be any solution of the system

3.1143.15 then NvH( ) dﬂ and Nl/zH =A-— thhH — 5h[hH > A — (dh + 6h)NhH'
A v
Then, Nyg(t) > )
en hH(>_dh+5h ]
We construct a Lyapunov function, V (Ig, I,y) = ﬁ_thH + Ly
h
Then, taking derivative with respect to ¢, we obtain
V= @]ile + 1y
B
dvIvHShH d ﬁv[hHSvH
=——— — —(dp+ o+ W)y + —— — dy1,
Nom Eh( h+ 0n + ) Ine N H
USU dv dUS
_ |G —(dn + dn +’Vh)} Iy — l— LLENS dv:| Ig
Nwug  Bn hH
s, |
< A — E(dh + (Sh + ’Yh) IhH (SIHCG ShH<t> < NhH<t>>
L dp + on
[ 5h¢6h6v }
= |R? + — 1| Iyg.
0 A(dh + 6, + ’Yh)d% hit
)
This gives V' < {(Rﬁ + Ay _ﬁq;fth%)dQ - 1>] I . Therefore, V! < 0forallp >0

5h¢ﬁhﬁv

A(dh + (Sh + ’Yh)d%
Let B={p: V' =0}, then B C {p: I g =0}. If C C B is the largest invariant set of

the system ([3.1143.15)) and p is any solution of the system in C, then for all ¢t € R,
p is defined and bounded. Again C' C {p : Iz = 0}, thus I,5(t) = 0. Moreover,

from Eq. (3.13)), Rpy = 0. Also, from Eq. (3.15), [,z = 0 and finally, Eq. (3.11)

gives Sy = 4 and Eq. (3.14)) gives S,z = ' . Therefore, p = (d 0,0, > —,0) and

C = {E"}. Applying the Krasovkii-LaSalle theorem Martcheva (2015) the disease-free

equilibrium E° is globally asymptotically stable and the disease eventually becomes
hgbﬁhﬁv
<1 0J
A(dp + On + yn)d2

when R2 +

extinct when R3 +

We now establish that Ry > 1 can also provide a condition for the uniform persistence

of the disease in the home country in the absence of cross-border mobility. Here, we use
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the following notations and definitions. It can be proved that the disease persists when

Ry > 1 |Gautam et al| (2022). We summarize the result showing uniform persistence

in Theorem [3.3.4]

Theorem 3.3.4 (Uniform persistence) Forn =0, 0 = 0, the decoupled system

is uniformly persistent with respect to (§2,,082,) for Ry > 1 in the sense
that there is a positive constant o > 0 such that every solution

(Sha, Inwrs B, Somrs Lom)
of with (Spe(0), Ing(0), Rpp(0), Syr(0), I, (0)) € Q, satisfies
liminf I, > o, liminf I, > o, (3.25)
where,

Qo = {(Snr, Inws Rugr, Sorts L) € R i Iny >0 or Ly > 0},
Q0 = {(Shar, Intr, Rupr, Sorr, Lowr) € R, Iy =0 and Ly =0},
Q=0,000, =R

In the absence of cross-border mobility, it is enough to consider only the decoupled
system (3.1143.15). We assume that 7(¢)P is the solution maps generated by the
decoupled system (3.1143.15) with initial value P. We denote My = {P € 05, :
T(t)P € 09,}, and w(P) = {y : 7(t)P — y as t — co}. We first state and prove the

following three lemmas.

Lemma 3.3.2 The sets 2, and 052, are positively invariant under the flow induced

by the decoupled system of the home country.

Proof: For any (Sku(0), [r##(0), Rye(0), Sur(0), Iig(0)) € €y, we have from the first

and fourth equations of the system,

t
Spu(t) = e Jo Blst)ds: {/ eJo® Blsds A (s, ds, + ShH(O)] :
0

t
Sy (t) = e Jo Flsv)dsn {/ elo” Flsndsi gy g, 4 SUH(O)} ;
0
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where, A(t) :== A+ qRpy > 0, B(t) := 2D gy and F(t) := % 4+ d,. The

Jacobian matrix Jy corresponding to the second and fifth equations of the system is

—BnlygS S
B 2H hH  (Gn+ d+ ) BrShu
Jo = NhH NhH
0 BuSvr (1 _ Inm ) 4
Num Nyn !

Since Jy is an irreducible matrix with non negative off diagonal elements then S(Jy) is
simple with an associated strongly positive eigenvector Smith and Waltman| (1995).
Hence the vector (Ix(t), I, (t)) is positive for all £ > 0. Again from the third equation
of the system,

t
RhH(t) — ¢~ Jo D(s1)ds1 {/ efdzD(S1)dS1c(82)d82 + RhH(O)
0

where C(t) = yplpg > 0 and D(t) = dp+q. Spu(t), Rup(t), Sen(t) > 0, Vt > 0. Hence
the sets (), is positively invariant. Since €2 is positively invariant and 0f), is relatively
closed in €Q,, it gives 0f), is also positively invariant. Thus both €2, and 0f2, are

positively invariant under the flow induced by the decoupled system (3.1153.15)). [

Lemma 3.3.3 Every forward orbit of 7(t) in MO converge to Ey, i.e, Ey is the fized
point of T(t) and acyclic in MO.

Proof: Since P € My, 7(t)P € My for all t > 0. From the definition of My,

I,y(t) =0, Vt > 0. Using I,5(t) = 0 in Eq. (3.15), it follows that I 5 (t) = 0 for all

t > 0. Then from the first, third, and fourth equation of the system (3.1113.15|),
dShu hH _ dSvn _

Solving the first order linear ordinary differential equations, we have lim;_,o, Spy(t) =

dR
+dpShar = A, ——

A
" limy o0 Rpp(t) = 0, limy_yo0 Sym(t) = dﬂ It follows that any forward orbit of 7(¢)
h v

in My converges to Ej. Ul

Lemma 3.3.4 If Ry > 1, then there exists p > 0 such that
tlim Sup ||T7(t)P — Eo|| > p, VP € Q,.
—00

i.e., Eqy is uniform weak repeller with 7(t).

Proof: Suppose, if possible, there exists P, € §,, such that tlim Sup ||7(t)P, — Epl| <
—00

A
p. Since tlim Nug(t) < 7 and lim S,y (t) = dﬂ then there exists t, > 0, Vt > t5 and a
—00

h t—o0 )
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A A
sufficiently small positive number p, such that Ny (t) < T +po and Sy (t) > T Po
h h

and S, (t) > dﬁ — po- Here, t5 is essentially a time after which the system stabilizes
close to its lon%—term behavior, within a small margin py,. Before t;, the system
may still be transitioning, but after to, the variables Ny (t), Spu(t) and S, (t) are

sufficiently close to their limiting values.

Using these inequalities in the Eq. (3.12) and in Eq. (3.15), we obtain

2
Iy > B | 1 - A& Lo — (dn + 0 + ) Inm,
2. T Po
b (-9
I{;H Z ]hH - dvIvH~

A
(a * PO)

We consider the corresponding auxiliary equations

2
Iy = B <1 - #) Loy — (dn + 0n + v0) Inm,
a4, T Po
)
dy

I —MI —dy L, V> (3.26)
oH — A hH vivH = 2. .
(8 +00)

Let J,, be the Jacobian of the system ({3.26)), then

2po
— (O + dp + 1—
(h h %) 6h< A—l—po)
Jpo: 5U(di;_po)

(i +#0)

Since S(J) > 0, there exists a sufficiently small p, > 0 such that S(.J,,) > 0. Since J,,
is irreducible and has non-negative off-diagonal elements, it follows that S(.J,, ) is a
simple and associates with strongly positive eigenvector 0 € R, i.e (Ipy(t), Ly (t)) >>
0 Vt > ty. Then there is a positive number a such that (I, (t), I,u(t)) > av and
hence the solution of the Eq. is

V(t) = ae®e) 7205 vt > ¢,

with V(t3) := av. Hence it follows from (Smith and Waltman, 1995, Theorem B.1)
that
(Inu (1), Lo () > aeSro) 0712055t > ¢,
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Since S(J,,) > 0, then the solution tlim Inp(t) — oo, tlim I,u(t) — oo which is a
—00 —00
contradiction, and hence tlim Sup ||[7(t)P — Ey|| > p, VP € Q,. O
—00

We are now ready to state the following theorem, which establishes the condition for
malaria persistence in Nepal when cross-border mobility is absent. Now we establish
the Theorem [3.3.4

Proof: Assume that Ry > 1, then it follows from Lemma that S(J) > 0. Let
7(t)P is the solution maps generated by the decoupled system with initial
value P € Q,. Clearly, the system {7(t)};>0 admits the global attractor in #°. From
the Lemma m Ey is a fixed point of 7(¢) and acyclic in M9, every solution in M0
approaches Fy. Moreover, Lemma [3.3.4] implies that Fj is an isolated invariant set in
Q and W*(Ey) N Q, = ¢. By the acyclicity theorem of uniform persistence for maps
Zhao| (2001)), it follows that 7(¢) is uniformly persistent with respect to (£2,,0€).
Hence there exists ¢ > 0 such that tliglo Inf Iy > o, tlirono Inf I,z > o. This completes
the proof. O

3.3.6.2 Case-II: n 40, 0 #0, k =0 (Complete Protection of Transmission
Abroad)

The local stability of the disease-free equilibrium FEjy;, corresponding to the case when
complete protection of transmission is in force outside Nepal, is given by the following

theorem.

Theorem 3.3.5 The disease free equilibrium point Eg; of the system (3.11 is
locally asymptotically stable if Ry < 1, and unstable if Ry > 1.

1 1
Proof: The Jacobian matrix of the system (3.1143.18|) at Ey; is J; = ( A%X‘l By ),

C’4><4 Dixll
where

-D 0 q n 0 0 0 —p3,
0 —-A 0 0 0 0 0 py

1 _ 1 _

A4><4_ 0 Yh —-B 0 7B4><4_ 0 n 0 0 )
n 0 0 —dp 0 g 0 O
0O 66 00 —A 0 0 0
0 O 0 -B 0 0

Cha=| o —c oo |"Pa=| o —d, 0
0O C 00 0 0 0 —d,
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odn By, (dy + 21)
(dn + vn + 0 + 0), (dn+n+q), C A, (d, 1) , and (dn + 1)

Let A be eigenvalues of the matrix J;, then the characteristic polynomial is

PA) = (dp+ M) (dy + X)) (dn +2n+ X)) (dn + A+ q) (dn +2n 4+ X+ q) Q(N),
where Q(A) = N> + " A2 + hoX\ + hs,

hi=2d, +dy,+ 2y + 0, +6),
(2 = R}) (dy (dn + yn + 0n) (di + yn + 0n + 20))
dn++ 0, +96
hs = (1= RY) dy (dy, + Y4 + 0n) (dn + 7 + 0, + 26) ,
(Y 4 61) (262 + 1, (265 + 36) +7§+395h+5§)+
dp 4+ 0n + 0
dp, (20% + 6, (0, + 0) + 377 + 600y, + 367) + 3d2 (v + 0p + 0) + d}, + 26%d,
dp + v+ 6p+ 6 '

P =

This implies that A\ = —dp,, —d,, (=dy + 27n), —(dn, + q), —(d, + 2n + q) are five
eigenvalues. The coefficients h; is positive and both hs > 0, hy > 0 if R; < 1. Also,

hihy — hg = (2 (dp, + v, + 0n +60) + d,)
((2_R%>dv(dh+7h+5h)(dh+7h+5h+2(9) +P>
1

dh+'7h+5h+9
— (1= RY) dy (dn + i + 63) (dn + i + 65, + 26)

= (3= R}) dy (dn + v + 0n) (d, 4+ + 0n + 26) +
2P1(dh+’)/h+5h+9)+P2>0,1fR1<1

(2 — R2)d, (dy, + v + 6n) (dp, + v + O + 20)

dh + v + 5h +46
eigenvalues have negative real parts and hence Ejy; is locally asymptotically stable if

where P, = d,

+ P1> . Thus all the

Ry <1.1If Ry > 1, then hg and hz have opposite signs, which implies at least one A

to be positive. Hence, the disease-free equilibrium point Ey; is unstable if Ry > 1. [

We also have the following lemma.
Lemma 3.3.5 For the Jacobian matriz J, , the following statements hold:

1. Ry =1 if and only if S(J1) =0,
2. Ry > 1 if and only if S(J;) > 0,
3. Ry <1 if and only if S(J;) < 0.
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We apply the Krasovkii-LaSalle Theorem Martcheva (2015]) to establish the condition
for the global stability of the disease-free equilibrium E°'.

Theorem 3.3.6 (Global stability of E®') Assume that n # 0,0 # 0 and k = 0,
then the disease-free equilibrium E°' of the system is globally asymptotically

stable when R} + M < 1,where
M= BoBrdn(dn + 2n)(dn + v + 0n + 0)9 n 4
d2A(dy +n)(dn + v + 0n)(dn 40 + 00 +20)  (dy +yn + 6p +20)

Proof: Let s = (S (t), Inu(t), Rug (t), S (t), Lyg (), Spar(t), Inn(t), Rua(t)) be any
solution of the system (3.11H3.18)), then N,y (t) < —. Again, Ny = Shy + Ihy + Rum,
and Niyr = Spar+Iov+ Bnar, then Ny +N! oy = A—dy(Nugs + Noar) = (Dnr+Ioar) =
A — (dp + 0n)(Nng + Npar). It follows that Nyy + Npar >

—~

|-e-

IS

. Since the solutions

A
dy, + on

Nyp(t) and Npp(t) are general and should satisfy the disease-free equilibrium as well,

A(n + dy)
we get Ny (t) = ((dh + 0)(dn, + 2n)

v dy . L :
‘/1 (]hH,[vH7IhM) = _]hH —+ IvH —+ _]hM- NOW, taklng the derivative of Vi with

). Here, we construct a Lyapunov function

B, Bn
respect to ¢,
d, dy
dv['u S dv d”
- ﬁ + EGIhM - E(Q +dn + O+ ) Ina
Sy d
Ottt g 1,y 00— 920 + dy + 81+ ) T
Non Bn
dv /B’US’UH dv dUShH
_ %, — L@t d+0 Init — | = do| Lo
[ﬁh N Bt h”’l)} " { N } "
{@9_@@% T+ )}f
Bn B S
dﬂﬂhﬁv
S v — 1 IhH
A(n+dp) >
d,(dp, + o, +
_<<dh 0 + 2 ) BT o)
_ [ BoBuldn + 0n)(dn +2m)¢ 1} .
|5 A(dp + ) (dn + 7 + 0n) |

After some algebraic manipulations, we get V/ < 0 when R?+ M < 1. Therefore, V; is a
Lyapunov function when R? + M < 1. Let s = (Shm, Inm, Rum, Loms Shar, Inv, Ruar) be
any solution of the system (3.1143.18)) and D = {s: V/ =0}, then D C {s: I,y = 0}.
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If F¥ C D is the largest invariant set of the system ([3.1113.18)) and s is any solution
of the system (3.1143.18)) in F', then for all ¢ € R, s is defined and bounded. Again
F C {s: Iy = 0}, thus Iy = 0. Then from Eq. , Iy = 0. Also, from Eq.
3.15) I,z = 0 and from Eq. (3.14) S,pg = dﬂ Now, the system (3.1143.18]) for the

v

rest four compartments reduce to

Ry = nRuns — (0 + dn + @) Rum, Ry = nRug — (1 + di + q) Rin, (3.27)
Sha =N+ 1Su + qRue — (04 dp)Sha, Shar = 15w + qRuve — () + dp) Shr-
(3.28)

From Eq.(3.27)), we get (Rpy + Ruam)' = —(dn + ¢)(Rrg + Rpn). 1t follows that
Rng = 0 and Ry = 0. Again, from Eq. (3.28), we get (Spy + Suv) = A —
A

dp(Sh + Spar). It follows that Sppy + Spy = T Now, substituting Sy = — —
h

dp
. A (dy, +n) nA
Spe in Eq.(3.11)), we get S,y = ————— and then S,y = ———. Thus,
hir 2 B = (d + 2n) e T
A (dr + ) ¢ nA .
s =——,0,0, —, ———,0,0) and F = {E"}. Then, applyin
(dh nt20) " dy 2ndy + &, e P
Krasovkii- LaSalle Theorem Martcheval (2015)), the disease-free equilibrium E°' is
globally asymptotically stable when R? + M < 1. U

We also prove that Ry > 1 provides the condition for uniform persistence of the disease
with dynamics given by the system (3.1113.18) with n # 0, 8 # 0, k= 0.

Theorem 3.3.7 (Uniform persistence) If Ry > 1, then the system
is uniformly persistent with respect to (§,,0%,) in the sense that there is a positive

constant o > 0 such that every solution
(Swm, Inm, Bum, Sors Lo, Shats Tnaes Rior)

with (ShH(O),]hH(O),RhH(O),SUH(O),IUH(O),ShM(O),IhM(O),RhM(())) € QO S(LtiSﬁGS

liminf I,y > o, liminf I,z > o, liminf I;,,; > o, where

Qo = {(Shar, Inms Bug, Sorr, Lomy Snars Inaes Riuar) € RS 2 I > 0 or Iy > 0 or Iy > 0},
0 = {(Snr, Ints Ruary Sorts Lowrs Snars Invy Runt) € RS - g = 0, Ly = 0, Iy = 0}

To prove uniform persistence of {7(t)}i>o with respect to (£2,,0¢,), we need the

following three lemmas.

Lemma 3.3.6 The sets Q, and 052, are positively invariant under the flow induced

by the system (3.11{3.18).
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Proof: For any (ShH(O), IhH(O), RhH(O), SUH(O), IUH(O), ShM(O), IhM(O), RhM(O)) € Qo,
we have from the first and fourth equations of the system (|3.11H3.18|)

t
ShH(t) — e*fo B(s1)ds1 {/ efOQB(sl)d51A<S2>dS2 + ShH(O)] 7

0

t
S’l}H(t> — e*fo F(s1)ds1 {/ ef02 F(sl)d51¢ dso + S’UH(O):| 7

0

where A(t) := A+ nSpy + qRry >0, B(t) == Bulort 4y 4 1), and F(t) = Bolwm 4 g

Npm Nynu
Again, the Jacobian Jy corresponding to the second, seventh, and fourth equations of

the system is

—Brl i Shu BrShu
N,fH (9 + 0y, +dp, + 'Yh) 0 Noo
Jo = 6 —(0 4 0p + dp + V1) 0
ﬁvSvH ( IhH )
1— — 0 —d,
Nin Nyu

Since Jy is an irreducible matrix with non-negative off-diagonal elements then S(Jp) is
simple with an associated strongly positive eigenvector Smith and Waltman| (1995).
Hence the vector (g (t), Ina(t), Iyg (t)) is positive V¢ > 0. From the third, sixth, and
eighth equations of the system (3.1113.18]), we get

rpt
RhH(t) — e Jo D(s1)ds1 / 6f0'2 D(Sl)dSIC(SQ)dSQ + RhH(O) ’

0

Tt
ShM(t):e_foH(sl)dsl /€f02H(81)d51G(32)d5‘2—i—ShM(O) ’

LJo

rprt
RhM(t) — o= Jo D(s1)ds1 / ef62 D(s1)ds1 L(Sg)dsz + RhM(O) 7
LJ O J

where C(t) := v lpg + nRpy > 0, D(t) :=n+dp + q, G(t) := nSpy + qRuy > 0, and
H(t):=n+dy+ k, and L(t) := ypInar + nRpg > 0.

This shows Spu(t), Rum(t), Surr(t), Shar(t), Ruar(t) > 0,Vt. Hence the set €, is posi-
tively invariant. Since € is positively invariant and 0€2, is relatively closed in €,, it
gives 0, is also positively invariant. Thus both €2, and 0f2, are positively invariant
under the flow induced by the system (3.1153.18)). U

Lemma 3.3.7 Every forward orbit of T(t) in MO converge to Ey;.

Proof: Since P € My then 7(t)P € My for all t > 0 then I,5(t) = 0 for all ¢ > 0.
Substituting [,x(t) = 0 in Eq. (3.15)), it follows that I, (t) = 0 for all ¢ > 0. Again
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from the Eq. (3.12), it follows that I/ (t) = 0 for all ¢ > 0. Now from the Eq. (3.13])
and Eq. (315),

dz dzZ

E:7;Z—(clh+77+q)z, E:nz—(dh+n+q)Z. (3.29)

Here, Eq. (3.29)) is a system of ordinary linear homogeneous differential equations with
constant coefficients, which implies both z(t), Z(t) tend to zero as t approaches to oc.
Also, from Eq. (3.11]) and Eq. (3.16)), it follows the system of linear non-homogeneous

ordinary differential equations with constant coefficients

d dX
& oA nX = (dp+ )z, = — = (dp ) X (3.30)
dt dt
A(d A
implies that z(t), X(¢) converge to #i_;)]) and 277612—4-%217 respectively, as t
approaches oco. Also, limy_,o, Sy (t) = dﬂ Thus every forward orbit of 7(¢) in My
converges to ;. ° U

Lemma 3.3.8 If R, > 1, then there exists p > 0 such that
tlim Sup ||7(t)P — En|| > p, VP € €,.
—00

i.e Eoy is uniform weak repeller with 7(t).

Proof: If possible suppose that there exists P, € €),, such that

: : . . A (dn +n)
_ < = — S \" T
tlgglo Sup ||7(t)P, — Ep1|| < p. Since tlggoNhH(t) <o tlg?oShH(t) (£ 2n)
A

tlgilo Spm(t) = m, and tlg?o Syr(t) = d%’ then there exists ¢, > 0 and a suffi-
: . A A(dn +m)

tl 11 t ber p, such that Ny (t) < —4po, Spu(t) > —————~—po,
ciently small positive number p, such that Nj,g(t) < 0 + 00, Shu(t) dn (& 21) p
Spu(t) > L — po, and Syp(t) > 2 — p,. Here

— 2ndy, + d% ’ — d,
b'applyaS bapplyalnaS, b applyalnaS

kSpyy = ~Cwntoaohar D unloalnadhy o U Qunlvalna MM Ta(8)] < My £ 0, )

Nia InaNpa - MiNpa
b,a’thUA
Npa M,y
~ kikolparSuv = kalnneShar, Inne(t) C Ina(t), Vt.

~ k11, AShpn, where ~ k1, Using Mean value theorem

54



Here, k = 0 implies k; =~ 0 and hence k3 ~ 0. Using these inequalities in Eqs. (3.12]),
(13.15)), (3.17)), it follows that

(i),

Ly > A ot + 0Ly — (04 dy, + 0n + Yn) I,

dy

¢
, P (dv P
Ly > A—[hH — dylym,
<_ +po)

dp,
oA

Ly > ks ( - po) I + 01y — (0 4 0 + dp + o) Inats
Vit>ts.

We now consider the following corresponding auxiliary equations

5, (M _po)I

dy, (dy, + 2
I, = h(A’l ) ott + 0Inar — (0 + dy, + 6 + ) L,
d_h+:00
Bl )
IUH: A [hH dv[vHa
(i + )
nA
I, =ky| —— —p, | [, Ol — (0 +0, +d I Vit>t,, (3.31
hM 3<277dh+d}21 p) wvt + 0Ly — (0 4 6n + dp + i) Inar, >ty ( )

Let Ji,, be the Jacobian matrix of the system (3.31)) at the disease-free equilibrium
point Ey;

(A(dh+?7) _p)
—(9+5h+dh+%)

A
+po
Jip, = h
’ Bv 2 Po
M d, 0
(i +00)
9 0 —(0 + 6+ dp + )

Since Ry > 1 then from lemma 4.9 S(.J;) > 0, then there exists a sufficiently small
po > 0 such that S(Jy,,) > 0. Here, J,, is irreducible and has non-negative off-
diagonal elements, it follows that S(Ji,,) is a simple and associates with strongly

positive eigenvector 0 € R3 i.e.,

(Ing (), Inpg (8), Ly () >> 0 ¥, t > t.

55



Then there is a positive number a such that (Ing(t), I (t), Lo (t)) > ad.
Hence the solution of the system (3.31) is

V(t) := ae®Veo) U125 it > 1) with V(ty) == av.
It follows from (Smith and Waltman, |1995, Theorem B.1) that

(Ing (), Tnps (1), Ly (t)) > aeSUe) =05\ ¢ > ¢,
Since S(.J1,,) > 0, then the solution

tlgilo Inp(t) — oo, tllglo Iy (t) — o0, tliglo Iy (t) — oco.
This is a contradiction, and hence
lim Sup [|[7(t)P = Eo[| = p, VP € Q.
0]

With the help of the above lemmas, we now establish the persistence Theorem (|3.3.7)).
Proof: Assume that R; > 1, then it follows from Lemma that S(J;) > 0. Let
7(t) P is the solution maps generated by the system (3.1143.18)) with the initial value
P. Clearly, the system {7(¢)};>o admits the global attractor in R%. Here, the stable
set of Egy is W¥(Ep) ={P € d(r(t)P, Ey1) = 0 as t — oco}. From the Lemma [3.3.7]
Ey; is a fixed point of 7(¢) and acyclic in M3, every solution in MO approach to
FEy1. Moreover, Lemma [3.3.8 implies that Ej; is an isolated invariant set in €2 and
W (Ep) NQ, = ¢. By the acyclicity theorem of uniform persistence for maps Zhao
(2001)), it follows that 7(¢) is uniformly persistent with respect to (£2,,0€). Hence
there exist ¢ > 0 such that tlggo Inf I,y > o, tlgg Inf Iy > o, tlgglo Inf I,z > 0. This

completes the proof. O

3.3.6.3 Case-IIl: n #0, § =0, k # 0 (Strict Border Screening and Isola-
tion)

In this case, the local stability of the corresponding disease-free equilibrium point,
Eqs, is given by the theorem below. As mentioned earlier, this disease-free equilibrium
asserts the disease-free only within the home country while allowing infected migrants

abroad.

Theorem 3.3.8 The disease free equilibrium point Egy of the system (3.11 is
locally asymptotically stable if Ry < 1, and unstable if Ry > 1.
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2 2
Proof: The Jacobian matrix of the system (3.1113.18) at Eyq is Jo = ( éé“ g‘é“ ),
4x4 4x4

where
—a 0 g O _ L0 0 0
_ P+ Qs
0 b 0 0 53
A?lx4 = 0 Yh —a 0 ) BZX4 = P + Q3 0 O )
K1¢ﬂv 0 0 0
— 0 —d, n
(P + Q3)d, 0 00 0
K198,
0 19 0 0 —d, 0 0 0
2 (P =+ Qs)d, 2 —d,—n—k 0 ¢
Cixa= 1|1 0 0 0 [, Diwy= 0 E —b 0 ;
0 0 0 0 0 0
0 0 n 0 Tho T4

a=dp+n+qand b=d+ v, + 0. Let X be eigenvalues of the matrix J,, then the

characteristic polynomial is,
P(A) = (dv +A) Q(A) R(N),

where Q(A) = X2 A (dy + dy + 3 + 04) + (1= B2) dy (dy + 7, + ), and R(A) =
PN’ + pidt 4+ pad3 4 psA? + +pu\ + ps. N = —d, is one eigenvalue, and other
eigenvalues are given by Q(\) = 0 and R(A) = 0. From Q(\) = 0, the eigenvalues are

1
)\2:§<—\/(dh+du+7h+5h)2—4(1—R%)du(dh+7h+5h)—(dh+dv+7h+5h))7
1 2
Ay =5 \/(dh+dv+'7h+5h)2_4(1_Rz)dv(dh+7h+5h)_<dh+dv+7h+§h) :

Clearly, Ay < 0 and A3 < 0 if Ry < 1. Furthermore, using Wolfram Mathe-
matica, we showed po, p1, p2, p3, pa, ps are positive, pipsps — p3 — pips > 0, and
(p1pops — P — P3pa) (pipa — p5) > (pip2 — p3)? s + pip? (Gautam et al/ (2025] 2022).
Then using the Routh Hurwitz theorem, we conclude that all the eigenvalues have
negative real parts if Ry < 1. Hence Ej is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1. ]
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3.3.7 Analysis of Simplifications Implemented in the Model

3.3.7.1 Approximation with Autonomous System

Note that our model is non-autonomous due to the time-dependent parameter ¢(t), rep-
resenting the API of India. However, for analytical tractability (Subsection
and ), we approximated the model with the autonomous system. Moreover, since
the future API of India can not be obtained, the simulation results for model prediction
and control programs (Section are computed based on the autonomous model
with the current API of India. In this section, we examine the potential error that we
anticipate from the autonomous model. For this, we compared the predicted cumula-
tive cases for both autonomous and non-autonomous systems for the period 2009-2019
(Figure . We observed that the predicted cumulative cases by the autonomous model
remain within 5% of the non-autonomous model. For example, from 2009 to 2019, the
difference in cumulative cases from the two model systems is only 1000 out of 20,000
base cases. Therefore, the autonomous model provides a reasonable approximation to
the non-autonomous model, and the study’s main finding remains the same in both

models.

4
5 =10 X: 2018
V: 1820404

10000 Y2600 10000

— - X: 2018
Auto:Imported S

=== Nonauto:Importeu L]
8000 P4
/I

X: 2018

8000 7, 15 Y:171e+04
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”,
4000 P

4000 o

/ = = Auto:Indigenous = Auto:Total
/ = = Nonauto:Indigenous 0 0 — Nonauto:Total
2010 2015 2020 2010 2015 2020 2010 2015 2020
Time (year) Time (year) Time (year)

2000 0

Yearly cumulative Imported cases
\Y
9
Yearly cumulative total cases

2000

Yearly cumulative Indigenous cases

Figure 8: Solutions of autonomous system (blue) and non-autonomous system (red)
: Cumulative indigenous(Left), cumulative imported(Middle) and cumulative total
(Right).

3.3.7.2 Approximations to the Exposed Class of Mosquitoes and Pathogen
Transmission from Recovered Humans

Because of the limited data availability, we have not included two potential phenomena:
the incubation period of mosquitoes and pathogen transmission from recovered humans.
However, these phenomena have been considered in some previous studies |(Chitnis
et al.| (2008)); Ngwa and Shu| (2000). While these phenomena may not significantly
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impact the primary objective of this study, namely the impact of imported cases on
the malaria elimination program, we also considered an extended model with these
two phenomena incorporated. Fitting this extended model to the data with the same
initial values of state variables and parameters (Table [I| and Table , we obtained the
transmission probability from recovered human to susceptible mosquitoes per bite to
be r = 0.35 and the incubation period of mosquito as 1/0 = 10 days, consistent with
previous studies |Chitnis et al.| (2008); Xiulei et al.| (2020). Notably, per capita mosquito
biting rates of by = 56 and b, = 48, estimated with the extended model, are within
the 95% confidence interval of the estimates from the simplified model. Moreover, the
cumulative case during 2020-2026 predicted by the extended model is 1425, which is
close to the estimate of 1348 by the simplified model. Similarly, the predicted new
cases in the year 2026 by the extended model is 195, while that by the simplified
model is 191. Therefore, the qualitative and quantitative differences between the two
models with and without the exposed class of mosquitoes and pathogen transmission
from recovered humans are not significant, asserting the robustness of the simplified

models shown in Figure [0
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Figure 9: Comparison results . The model-predicted annual incidence rate at the year
2026 for the original model (Figure a) and the model-predicted annual incidence rate at
the year 2026 for the simplified model (Figure b). The model-predicted cumulative cases
for 2020-2026 for the original model (Figure ¢) and the model-predicted cumulative
cases for 2020-2026 for the simplified model (Figure d).

3.3.8 Malaria Epidemic Prediction and Potential Control in
Nepal: Model Simulations

We use our model to predict the malaria epidemic in Nepal and evaluate the potential
control strategies. In particular, we focus on whether the goal of malaria elimination
from Nepal by 2026 set by the Government of Nepal can be achieved with the current
trend and/or potential strategies. We take the year 2020 as the base year and estimate

the imported and indigenous malaria cases during the period 2020-2026, and assess the
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number of possible control strategies that can be implemented for malaria elimination.

3.3.8.1 Basic Malaria Epidemic Outcome in Nepal

For the basic simulations, we take the API of India, 1 (t), a constant value corresponding
to the year 2018. We compute the model predicted values of indigenous and imported
new cases for 2020-2026 (Figure [L0p). We observe that if the current trend continues,
the indigenous malaria cases follow a decreasing trend, but the imported cases increase
slightly. We predict the indigenous malaria cases in Nepal will decrease to a yearly
incidence of 67 cases in 2026, while the imported cases will remain 124 per year in
2026. As a result, the annual total incidence will remain 191 cases in the year 2026.
With this incidence rate, the cumulative indigenous cases and imported cases for
the period 2020 to 2026 will reach 540 and 808, respectively, making a total of 1348
cases of malaria in Nepal in this period (Figure ) While the magnitude remains
relatively low, a slightly elevated level of new cases in 2026, mainly because of the
imported cases, shows that the importation of malaria cases from India might remain

an obstacle to the Nepal government’s goal of malaria elimination by 2026.
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Figure 10: Model prediction of the malaria epidemic in Nepal. (a) The model
prediction of the annual incidence of indigenous, imported, and total malaria cases
from 2020 to 2026; and (b) the model prediction of the cumulative cases of indigenous,
imported and total malaria infection from 2020 to 2026.
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3.3.8.2 Impact of the Transmission Abroad on the Epidemic in Home
Country

As revealed in the model-predicted epidemic trend, the transmission of malaria abroad
that may eventually cause higher imported cases can be a determinant factor for
achieving an elimination goal by 2026. The model parameter k, which represents the
impact of API of India, can be used to study how the transmission dynamics abroad
can impact the epidemic outcome in Nepal. According to the data API of India has had
a decreasing trend for the last few years. If the decreasing trend continues, imported
cases in Nepal are expected to reduce in the coming years. Our model predicts that
the malaria incidence in the year 2026 decreases linearly as the % reduction of API
of India increases (Figure Left). For example, reducing the current API (base
value k = 0.1) by 50% brings down the annual malaria incidence from 191 to 95 in
2026. The linear dependency of cumulative cases on the % reduction of India’s API is
also seen with a 50% reduction from the base case bringing the cumulative cases from
1,348 to 869 during the period 2020-2026 (Figure Right). These results indicate
that the API of India can have an important role in the cases in the home country

and eventually on the success of the Nepal government’s malaria elimination goal.
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Figure 11: Impact of the API of India. Reduction of total malaria incidence at the
year 2026 (Left) and reduction of cumulative malaria cases from 2020-2026 (Right)
with Annual Parasitic Incidence (API) of India taking its value 0.1 for the base year
2020.

62



3.3.8.3 Control of Malaria in Nepal

We consider four potential control strategies: (1) Insecticide-treated nets (ITN),
(2) Indoor Residual Spraying (IRS), (3) Border screen and isolation (BSI), and (4)
Migration reduction (MR). Implementation of ITN reduces the mosquito biting rate.
Assuming ¢ 7y represents the effectiveness of ITN (assuming 100 % coverage), the
implementation of this strategy transforms b — (1 — ¢;rn)b in our model. Similarly,
IRS increases mosquito death, transforming our model as d, — ¢rrsd,,, where ¢rrs > 1
is the enhancement of mosquito death rate due to IRS. We denote the effectiveness
of BSI by ¢psr, 0 < ¢psr < 1 so that the implementation of this strategy results in
the transformation § — (1 — ¢pgr)0, i.e., reduction of the disease import rate 6 by
a proportion ¢pgr. The last strategy, MR, can be attributed to promoting various
employment opportunities within the country, thereby reducing the cross-border
mobility for seeking employment in India. The strategies can be incorporated into our
model by transforming n — (1 — ¢yr)n, 0 — (1 — darr)0, where dpp, 0 < Gy < 1
is the effectiveness of MR.

The mosquito biting rate is one of the most critical parameters of malaria transmission.
While we estimated the low biting rate from the data fitting, the estimated value is
the average annual rate. In reality, the biting rate can be uncertain as it is affected by
various environmental (seasonal), social, and economic factors. To include broader
possible scenarios, we present the results for two different biting rates, low biting rate
(base case b = 39.5 and high biting rate (approximately two times higher than the
base case, b = 100).

3.3.8.4 Control Strategies for Elimination

The analytical results that we proved in subsection inform us that malaria can be
eliminated from the home country if one of the following conditions can be achieved:
absence of cross-border mobility (case I in , full protection of transmission
abroad (case II in [3.3.5.2)), and strict border screening and isolation (case III in
. According to our theorems, in case I, II, and III, the malaria gets eliminated
if (Ro < 1,a10 > 0), (R1 < 1,a11 > 0), and (Rs < 1,a12 > 0), respectively, where
a19, a1, and ao are corresponding values of a; for case I, II, and III, respectively. We
now evaluate whether the control strategies (¢;rn, ¢rrs, ¢psr, and ¢pgr) can bring

the model to satisfy the condition of eliminating malaria in Nepal.

Our results show that for the low biting rate condition, the elimination of malaria
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can be achieved in Nepal regardless of whether any of the control strategies are
applied or not because Ry < 1,R; < 1,Ry < 1 and a19 > 0,a1; > 0,a;25 > 0
remain always true (Figure first row). However, for the high biting rate condition,
Ry <1,Ri <1,Ry <1 and a9 > 0,a;1 > 0,a12 > 0 can not be achieved without
the control strategies, i.e., for ¢;rn = ¢psr = ¢ur = 0, and ¢;ps = 1 (Figure ,
second row). In this case, (¢psr) and (¢r) have no impact on R and a;. Therefore,
the control strategies related to the infected migrant workers and the mobility across
the border are not enough for malaria elimination if the biting rate is high. In the
high biting rate condition, (Ry < 1,a;p > 0), (R; < 1,a1; > 0), and (Rs < 1,a;2 > 0),
i.e., the elimination of malaria, can be obtained if the level of ¢;ry is greater than
0.35, 0.65, and 0.35, respectively, or the level of ¢;gs is greater than 1.45, 2.60, 1.50,
respectively (Figure [12] second row).
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Figure 12: Condition for malaria elimination in Nepal. Threshold indices Ry, R1, Ro,
ajo, a11, a2 as a function of controls ¢rry, @rrs, Psr, and ¢pg for a low (first row)
and high (second row) mosquito biting conditions. Note that the malaria is eliminated
if Ry < 1,a10 >0, Ry < 1,a;; >0, and Ry < 1,a15 > 0, respectively, where aqg, a1,
and a5 are corresponding values of a; for case I (absence of cross-border mobility),
case II (full protection of transmission abroad), and case III (strict border screening
and isolation), respectively.

3.3.8.5 Control Strategies for Minimal Burden

Here we perform simulations to show how the control strategies I'TN, IRS, BSI, and
MR impact the annual malaria incidence in 2026 and the cumulative malaria cases
for 2020-2026 (Figure [13|and Figure . In the low mosquito biting rate condition
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(Figure [13] first row), our model predicts that the 50% effectiveness of ITN (i.e.,
¢y = 0.5) reduces the annual malaria incidence in the year 2026 from 191 to 135.
As a result, the cumulative cases for 2020-2026 will be reduced from 1,348 to 1001
(Figure [14] first row). An increase in IRS by 1.5 times (i.e., ¢;pg = 1.5) will result in
an annual incidence rate of 161 in 2026 and a cumulative cases of 1,167 for 2020-2026.
Similarly, 50% effectiveness of BSI and MR will reduce the annual incidence rate in
the year 2026 to 114 and 100, respectively, and the cumulative cases for 2020-2026 to
903 and 889, respectively.

In a high mosquito biting rate condition (Figure , second row, and Figure ,
second row), our model predicts that the 50% effectiveness of ITN (i.e., ¢;ry = 0.5)
reduces the annual malaria incidence in the year 2026 from 4.25 million to 257 and the
cumulative cases for 2020-2026 from 7.8 million to 1,684. Similarly, an increase in IRS
by 1.5 times (i.e., ¢;ps = 1.5) will result in an annual incidence rate of 106 hundred
thousand in 2026 and a cumulative cases of 128 hundred thousand for 2020-2026. 50%
effectiveness of BSI and MR will reduce the annual incidence rate in the year 2026 to
4.23 million and 4.13 million, respectively, and the cumulative cases for 2020-2026 to

7.5 million and 6.98 million, respectively.

While each control strategy can maintain a minimum malaria burden, their effect
may vary quantitatively. Among these control strategies, MR appears to be the most
effective in controlling malaria in Nepal in low mosquito biting rate conditions, while
ITN is the most effective control in the high biting rate condition. This indicates
that the ideal control strategy may depend on the locations and seasons in which
low or high mosquito biting rates are expected. We note that due to the existing
open border relationship with a long history between Nepal and India, reducing the
cross-border mobility of migrant workers may not be a viable option to implement.
Therefore, the optimal border screen and isolation of returning migrant workers along
with local approaches, ITN and IRS, can be the most impactful option for controlling

and possibly eliminating malaria in Nepal.

In the above calculation, we assumed the 100% coverage of ITN. However, 100%
is unlikely to be achieved, especially in resource-limited countries like Nepal. Thus
we further observe model prediction for varying coverage and efficacy of ITN. The
proportion of coverage ¥yry, 0 < Yy < 1, and efficacy ¢y, 0 < ¢y < 1,
can be incorporated in our model transforming b — (1 — ¢rn¥rrn) b. As presented
in Figure [15] our simulations show that 100% efficacy and 100% coverage of ITN

significantly reduce the malaria cases in the high mosquito biting case, but the effect
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Figure 13: Effects of control strategies on the annual incidence rate. The model-
predicted annual incidence rate in the year 2026 for various levels of I'TN, IRS, BSI,
and MR control in a low biting rate scenario (first row) and a high biting rate scenario
(second row).
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Figure 14: Effects of control strategies on the cumulative cases. The model-predicted
cumulative cases for 2020-2026 for various levels of I'TN, IRS, BSI, and MR control in
a low biting rate scenario (first row) and a high biting rate scenario (second row).
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is not significant in the low mosquito biting case. Since Nepal’s estimated mosquito
biting rate is low, even the 100% coverage and 100% efficacy will reduce malaria cases
in 2026 from 191 to 121 only. Thus, in addition to ITN, optimal control strategies

should also focus on adequately managing imported cases to eliminate malaria from
Nepal by 2026.
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Figure 15: Sensitivity of coverage and efficacy of ITN. The model-predicted annual
incidence rate in 2026 for various levels of efficacy and coverage of I'TN in a low biting
rate scenario (a) and a high biting rate scenario (b). The model-predicted cumulative
cases for 2020-2026 for various levels of efficacy and coverage of I'TN in a low biting
rate scenario (c) and a high biting rate scenario (d).
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3.4 Conclusion

Despite a significant decline of malaria cases worldwide, many countries are currently
facing difficulty achieving malaria elimination goals from those countries, mainly due
to cross-border mobility of migrant workers potentially bringing malaria from abroad.
Nepal provides a typical example, which is recently suffering from higher imported
cases from India through open-border, posing a severe threat to the Nepal government’s
goal of eliminating malaria by 2026. In this study, we developed a novel mathematical
model validated by the data from Nepal and used our model to analyze the effects of
cross-border mobility on the malaria elimination programs for low-endemic countries
like Nepal.

Our model analyses and simulations show that malaria can be eliminated from Nepal
if strategies promoting the absence of cross-border mobility, complete protection of
transmission abroad, or strict border screening and isolation are implemented. In
each of these potential strategies, we formulated threshold conditions for the stability
of the disease-free equilibriums, providing the level of control strategies, such as
ITN, IRS, BSI, and MR, to assert the elimination of malaria from Nepal. In some
cases, we mathematically proved the persistence of malaria in Nepal. In one of the
cases, namely strict border screening and isolation, our unique model can provide the
disease-free condition only within the home country while allowing the disease among
migrants abroad. In reality, such disease-free equilibrium is the most viable condition
regarding the elimination of malaria from Nepal because achieving elimination from
both countries can be challenging with the control strategies by the Nepal government’s
policy only without making combined strategies by both countries. In addition, we
used our model to thoroughly assess all control strategies considered, ITN, IRS, BSI,
and MR, to maintain the low level of malaria-endemic in both low and high mosquito
biting rate scenarios. Interestingly, our model predicts that MR is the most effective
control strategy for the low mosquito biting rate condition, while I'TN is the most
effective control strategy for the high mosquito biting rate condition. These interesting
results suggest that the best control strategy may depend on locations and seasons

that determine whether the biting rate is low or high.

There are several limitations of our study. We approximated the incidence rate
abroad (India) using the API data of India. The analysis of the full model with
accurate dynamics of humans and mosquitoes abroad, along with data from India,

can help improve our results. Although the frequent movement of humans and
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mosquitoes between bordering cities and the movement of mosquitoes through cross-
border transportation may be important, we have not considered these factors in our
model because the data of imported cases due to these movements are not available.
Therefore, our results are more relevant to the infection importation through cross-
border mobility of migrant workers. Our model parameters are estimated with the
limited data of malaria cases in Nepal. Uncertainty on the model parameters can
be clarified if more frequent data are available. While we estimated the mosquito
population based on the previous studies, the implemented values may have some
uncertainties. However, our further simulations show that changing the mosquito
population size to a realistic limit does not significantly impact on the main qualitative
conclusions of our study. Also, some districts of Nepal are directly connected with
India making them more vulnerable in comparison to other areas. Therefore, an
extension of our model may be necessary to incorporate the spatial heterogeneity of

the malaria risk across districts of Nepal.

We also note that we could not prove the persistence theory in Case III (strict
border screening and isolation) and Case IV (presence of cross-border mobility, no
protection, and no border screening or isolation) because there is no complete disease-
free equilibrium in these cases. Extensive mathematical theory may be needed to show
the persistence of the disease in such complicated cases. Our analyses show that for
some choice of parameters (for example, those making a; < 0), the disease may persist
even if the threshold numbers Ry (Case I in[3.3.5.1), Ry (Case II in [3.3.5.2)), and R,
(Case III in are less than 1, indicating a possibility of backward bifurcations.
Therefore, a detailed bifurcation analysis for each case (I, II, and III) can be an

essential work, which we plan to pursue in future research.

In summary, our model for malaria transmission dynamics, incorporating cross-border
mobility between a low endemic country (Nepal) and a high endemic country (India),
can provide important insights into an obstacle that cross-border mobility may create
to malaria elimination programs. Our analytical and simulation results informing
control policies that bring malaria elimination or maintain the epidemic at a low level
are helpful for policymakers if implemented in conjunction with more accurate data.

The following are the major conclusions and motivation for further research.

1. In the absence of cross-border mobility, reduction of Ry just below unity may

not be enough for malaria elimination at home country and the migrants abroad.

2. In the presence of mobility with complete protection abroad, reduction of R,
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just below unity may not enough for malaria elimination at home and migrants

abroad.

. In the presence of cross-border mobility without protection in abroad and without
border screening for infected migrants home country can not be free from malaria

until and unless abroad is free from malaria.

. Mobility Restriction (MR) is most effective strategies for low mosquito biting
rates; whereas use of I'TN is the best for high biting rates, suggesting season-

and location-specific strategies.

. Thus, it is important to see the disease dynamics when reproduction number

below unity through backward bifurcation analysis.
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CHAPTER 4

4. BACKWARD BIFURCATION OF MALARIA TRANS-
MISSION MODEL WITH CROSS-BORDER MOBILITY

In Chapter [3| we developed malaria model with cross-border mobility and performed
local and global stability analysis of malaria free equilibrium and uniform persistence
theory. In addition, we did model fitting, validation and predicted the level of potential
control strategies for control and elimination of malaria in different location and seasons.

In this chapter we will perform indepth backward bifurcation analysis of the model.

4.1 Introduction

In disease dynamics, the basic reproduction number, Ry, has been widely considered
a critical bifurcation parameter, providing conditions for disease persistence and
elimination. If Ry < 1, there is a disease-free equilibrium that is locally asymptotically
stable, and the infection dies out. If Ry > 1, there is a locally asymptotically stable
endemic equilibrium, and infection persists. More precisely, as Ry increases through 1,
the endemic equilibrium appears, and there is an exchange of stability between the
disease-free and endemic equilibrium, referred to as the forward bifurcation Brauer

(2004).

However, in some vector-borne disease models like malaria, even if Ry < 1 disease may
be endemic in the population; this phenomenon is known as backward bifurcation
Brauer| (2004). In this case, the classical requirement of the reproduction number
being less than unity becomes only necessary but not sufficient for disease elimination
Gumel| (2012); Fenga et al. (2014). Thus, in the case of vector-borne disease, the new
threshold R < 1, often referred to as the transmission threshold, may be required to
assert disease elimination. In such dynamics with a backward bifurcation, a bistability
situation occurs when Ry lies in the interval (R, 1), where the system converges
into either disease-free or endemic equilibrium, depending on initial conditions. The
initial condition corresponding to the threshold for bistability, the breakpoint density,
provides a prevalence level for malaria elimination when Rj < Ry < 1. Thus, the
backward bifurcation analysis is essential for adequately designing malaria control and

elimination programs.
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Several existing models of vector-borne diseases have possessed backward bifurcation,
primarily due to disease-induced death [Xing et al.| (2020); (Chitnis et al.| (2006)); Wan|
and Cui| (2009); Feng et al. (2015); Miliyon| (2017); Wang et al.| (2018)); [Buonomo and,
Vargas-De-Leon| (2013)); kamel Naji and Adnan Thirthar| (2020); Sha et al.| (2019b));
Mohammed-Awel et al| (2017). Some other studies have also shown the possibility

of backward bifurcation due to the impact of quarantine Xiulei et al.| (2020), income

inequality among the susceptible human population Bala and Gimba (2022)), and

vector biases |Chitnis et al.| (2006)) (biting preference of vector to infectious humans).

Since migration is one of the main obstacles to malaria elimination in many countries

Tumwiine et al. (2010); Martens and Hall| (2000), a question naturally arises whether

cross-border mobility has a role in backward bifurcation. Thus, studying the effects of
cross-border mobility on backward bifurcation is crucial. While some studies
et al| (2010); Martens and Hall (2000)); |Acevedo et al.| (2015)); |Gao and Ruan| (2012));
Kim et al.| (2016); Cosner et al.| (2009); |Cosner| (2015)); Mukhtar et al.| (2020)) have

considered the effects of host movement on vector-borne disease, we are unaware of

any studies that address the backward bifurcation issue of the malaria model with

cross-border mobility. |Gautam et al.| (2022)), have developed a malaria model with

cross-border mobility and did some basic analysis, persistence theory and estimated
some parameters with malaria cases in Nepal; however, the in-depth bifurcation
analysis of the nonlinear system of the model and its wide applications to address the
real world problems associated with different modes of cross-border mobility left for

the future research.

Thus in this study, our main contribution is to examine whether cross-border mobility
can bring the backward bifurcation, causing obstacles to malaria elimination even when
the basic reproduction number is below unity. The novelty of our results constitutes
the establishment of mobility conditions that can solely cause backward bifurcation,
underscoring the need to consider cross-border mobility in devising malaria elimination
strategies. We further extend our mobility driven backward bifurcation techniques
to the case where eradication is impossible due to cross-border mobility; in this
case, our analysis allows us to identify mobility-related control strategies to maintain

malaria endemic in a low burden level. Now, we summarize some fundamental results

from |Gautam et al.| (2022) and proceed our extensive bifurcation analysis considering

different types of mobility in each sections.
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4.2 Method

4.2.1 Model Simplification for Bifurcation Analysis

The simplified malaria model with cross-border mobility for the purpose of bifurcation

analysis is shown in Figure [16]

i dh dh i
1l s
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Figure 16: Simplified form of malaria transmission model with cross-border mobility
with 0 = wn.

A detailed description of the model, considered here for bifurcation analysis, is presented

previously |Gautam et al.| (2022). The model system we consider is as follows:
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bavh]vH

Shir = M+ S + aBn — === S — (1 + dn) Su, (4.1)
hH
! bathvH
Iy = N—hHShH + wnlpn — (wn + dp + 0 4 vn) Inm, (4.2)
i = Ynlne +nRuy — (0 + dn + q) Ru, (4.3)
ba, 1,
o = ¢ — a]}\lf " Sun — duSom, (4.4)
hH

bop, I
I;)H = Oé]}\L]— hHSvH - dv[vHa
hH

W

5

(
S = nSnm + qRuve — kSnar — (dp + 1) Sk, (4.
L = kS +wnlng — (wn + 0, + dy + Vo) Inar, (4.
Ryor = YnInv +nRuw — (n+ dn + ) R (4.

)
)
)
)

For the simulations, we took the values of parameters given in Table [T, which were
estimated from the model fitting to the malaria data of Nepal |(Gautam et al.| (2022])
with n = 0.04,w = 25,b = 43.75 .

Here the equilibria Eq. (3.24]) presented slightly different form
ag)\;‘f’ + CLQ)\ZQ + a1>\2 + ag = 0, (49)
where,

as = Q2Q4dvﬁv + 2Q2Q4d121 + Q%dvﬁv + dii + Q?ldz% > 07
as = (p1 — p2uby), a1 = (P3 — Pafrby),
ap = —Kim*wkA (dy + q) (dn + 21 + q) $BLBs < 0 and py, pa, p3, Pa

are non -negative |Gautam et al.| (2025).

4.3 Results

4.3.1 Backward Bifurcation Analysis

Using the model (4.1H4.8]), we focus on the role of cross-border mobility in the bifurca-
tions corresponding to the elimination or persistence of malaria. To explore this, we
analyze two cases in detail: (I) n = 0 (absence of cross-border mobility); (II) n # 0

(presence of cross-border mobility).
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4.3.1.1 Case-1: n =0

Equilibria Analysis Since n = 0, then from the, Eq. (4.9) gives
as\iZ 4+ ag\; +a; =0, (4.10)
where, a3, as, and a; are simplified to

az = boAd, (dn +vn + q) (By (dr + q) + dy (dn + 1 + q)) > 0,
bo

as = %A (Go — R3) 2 (d, + q) (dn + va + 63) (dn (v + 0 + q) + dj + q0n)

a1 = A (1= R3) by d2 (dy + q) (dy, + v, + ) ?,
bo = (d; (v + 6 + k+ @) + dn (W(k + q) + 6n(k + @) + kq) + dj, + kqdy) ?,

dh (ﬁv (dh + Q> + de (dh + Th + Q))
dy (dn (Yn + 0n + q) + d} + q0n)
Ry < /Gy if and only if ay > 0. Let A(Ry) = a3 — 4ajaz. Then we have A(v/Gy) =

—4ajaz < 0 when Gy < 1, and A(1) = a2 > 0. When Ry < 1, by the intermediate

value theorem for continuous function, there exists a unique R € (\/G_o, 1) such that

A(Rj) = 0. Therefore, Rf is the value of Ry < 1 such that the discriminant of the Eq.

is zero. Also, for Ry < 1, A(Ry) > 0 if and only if Ry > R§, and A(Ry) < 0 if

and only if Ry < R Xing et al.| (2020); Feng et al.| (2015). Now using A(R§) = 0, we

V/B2G — 24+ 2./M2 + BPA(1 - Go)
B

where Gy =

. Here Ry < 1 if and only if a; > 0 and

obtain Rj = , where

A = & (dyn+q)* (dn+vn+00)° (dn+70 +q) (B (dn + @) + dy (dn + 0+ q))
B* = dy(dy+q)*(dn+m+0n) % (dn (vn + 0 + q) + di + q0n) %,
M = d;(d,+q)*(dn+vn+ )2 (dn+vn+q) (Bo (dn +q) +dy (dn, + 91+ q)) .

In Theorem we present the general results about the existence of endemic

equilibria.

Theorem 4.3.1 Assume that n = 0 in the system -@, then the following

statements hold.

(i) For Ry > 1, the system has unique endemic equilibrium;

(i) For Ry = 1, the system has unique endemic equilibrium when as < 0 and no

endemic equilibrium when as > 0;

I0)



(i1i) For Ry < Ry < 1, the system has two distinct (upper and lower) endemic

equilibria when as < 0 and no endemic equilibrium when ay > 0;

(iv) For Ry = R, the system has unique (coincident) endemic equilibria when ay < 0

and no endemic equilibrium when ay > 0;

(v) For Ry < R}, the system has no endemic equilibrium.

Proof: Here, the discriminant of Eq. (4.10) is A = a2 — 4aja3. (i) For Ry > 1,

— VA
then a; < 0. It follows that A > a2 and \} = % provide unique endemic
as

equilibrium from Eq. (3.22). (ii) Here, Ry = 1, then a1 = 0 and \} = i provide
a

3
unique endemic equilibrium from Eq. (3.22) when ay < 0 and no endemic equilibrium
when ay > 0. (iii) Since Ry < Ry < 1, then a; > 0 and A} can not be positive

and endemic equilibrium is not possible when as > 0; however, when as < 0, then

—agﬂ:\/z

0 < A < a3 and we get two positive values for \j = and can obtain two

2@3
endemic equilibria from Eq. (3.22). (iv) Since Ry = Rfj, then A = 0 and we get two
. . —a2 . . . el
coincident positive values of \; = S and unique (coincident) endemic equilibria
a

3
when as < 0 but no endemic equilibria when as > 0. (v) Since Ry < Rj, then A <0

and endemic equilibrium does not exist. O

4.3.1.2 Bifurcation Analysis

In this section, we discussed the local behavior of the disease-free and endemic
equilibria using the Routh-Hurwitz Theorem and Castillo-Chavez and Song Theorem
Martcheval (2015). For the global stability of the disease-free equilibrium, we use the

Krasovkii-LaSalle invariance Theorem Martcheva) (2015).

Theorem 4.3.2 (Forward and backward bifurcations) Assume that n =0, then
the model possesses the forward bifurcation at Ry = 1 when 0 < 9§, < d; and the
backward bifurcation at Ry =1 when o, > 05, where

dh (dhﬁv + dv’)/h + dhdv + qdv + qﬂv)

0y =
h dv (dh + q)

Proof: We apply the theorem by Castillo Chavez and Song Martcheva (2015)) to derive
the condition for forward and backward bifurcations. The system (4.144.8]) of the

model can be written as:
dz -

E:f(:mh), FiR¥x R — RS feC*R® xR), (4.11)
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where & = (Spm, Inm, Rum, Sor, Lom, Suas Inns Riun),

;7 2
f=C(f1. f2y fss fas [5: fo fr, [s), and B, = Ad; (dp + yn + 0n)
bdp By

1 considered as one of the potential bifurcation parameters. Then, the Jacobian of the

corresponds to Ry =

system at the bifurcation point (EY; §;) is

J ( Psys  Osx3 )
0 O3x5 @3x3 )’
where
Ad2 (dh + Yh + 5h)
—d 0 0 -0
h ' A2 (d o 5n)
+ Yh + On
0 —(d 5 0 0 v h
(dn 30+ 0n) odnB,
P=1 0 Y —(dn+q) 0 0
¢dhﬁv
0 (bd/\%v 0 d, 0
hMv
0 Ad, 0 0 —d,
and
—(dn + k) 0 q
Q= k —(dn +n + 0n) 0
0 Yh —(dn+9q)

Five eigenvalues of the Jacobian Jy are
A= 07 _dh7 _d”w _(dh + Q>7 - (dh + dv + Yh + 5}1) y

and the rest three eigenvalues are given by the following characteristic polynomial

equation of degree three.

N+ MoA? + My + My = 0, (4.12)

Whel“t’i‘7 Mg = 3dh+7h—|—5h—i—k+q, M1 = 2dh7h+2dh5h—|—2kdh+2qdh—l—3d,2l+k7h+k5h+q7h+
qOn+kq, Mo = diyn+d;. 0+ kdpy, +kdpop +kqdp + kdi +qdpyn +qdndn+qdi +d;, + kqoy,.
Here, My, My, M, Ms; all are positive and
MMy — My = 8d;, (v + 0n + k + q) + 8dj, + 71, (204 (k + q) + k* + 3kq + ¢°)

ok +q) + (k+q) (0w + k) (0n +q) +

2dp, (Vi + 65 + 7 (26, + 3(k + q)) + 36,(k + q) + k> + 3kq + ¢*) > 0.
Thus, Jy has one eigenvalue of zero, four negative, and the remaining three have
negative real parts.

Let

v = (Uh Vg, V3, V4, Vs, Vg, U7, Us)
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and

5 T
u = (Ul, Uz, U3, Ug, Us, Ug, U7, Us)

are the left and right eigenvectors of the zero eigenvalue of Jy, respectively. Solving the
matrix equations vJy = 0 and Jyu = 0, we obtain the components of the eigenvectors

v and U as

Avod, (dp, + v + O1)

2]1:?)3:U4:0,'U5: ’U6:’U7:’08:0,

Qsdhﬁv ’
= (dh+7h+5h o am ) _ U
! ? dp, dp (d, + q) dn+4q’
Uy = — u2¢dhﬁv u:% Ug =uy =1ug =0

with vy and us being free. The parameters a and b defined in Martcheval (2015)) are
obtained from the equation
8 8
0 fm 0 fim
=§ mi'—E7b:§ Ui Ey), 4.13
¢ Uity g, o) O 0 ) (4.13)

myi,j=1 m,i=1

where f,, be the m' component of f To compute the parameter b, we use Eq.

(4.13) with v,, = 0 for m = 1, 3, 4, 6, 7, 8 Taking partial derivatives of f,
a(fz) _ T1T5 8(f5)

and f5xw:h respect to [, we get 6, +%2 T 06 = 0, where, fy =
hm — (dp +yn + Op) T2, f5 = @,ﬁ — x5d,. Using 772@ =1, ie.,
Uglly = ﬁ Then, b = Zml 1vmuiaaT£5h(Eo) = Zle vgui%(ﬂ)) =
S 1“21%3(11 %f;—i%) (Eo) = vaus
= & fj]fgh)Adv > (. Similarly, using Eq. (4.13)),
a = vy (ululf_j; + 2u1u2% + 2u1u3%£13 + 2uq 3% + UQUQ%Q—;;) +
Uy (u3u3 8;]; + 2uqus 8xj£2 . + 2uqus 35:? . + 2usus 85:(?965) +
Us (uml 82:({;5 + 2uqu 28$j£5$2 + 2uqu 38303;3 + 2@1@,%) +
Us (u2u2 a;qi + usgu 3%11;5 + 2uu 485??@ + 2usu 48302(‘];5964 + 2u4u3%) . (4.14)
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2d,0n,  2dp (By (dn +q) + dy, (dp + 1+ q))

After simplification, we get a = A Adn T q) . Here
h T4
dp (dp By + dy dypd, + qd, v
a > 0if o, > n (dnfy + duyn & dnd + 4dy + 45,) = 0;. Thus the model possesses the
dv (dh =+ Q)

backward bifurcation at Ry = 1 when d;, > ¢; and forward bifurcation at Ry = 1 when
0 <6, <6;.

From the above result, in the absence of cross-border mobility of migrants between
the home country and abroad (n = 0), if 0 < §, < ¢}, malaria gets eliminated when
Ry < 1. However, if 05, > ¢;, elimination is possible only when Ry < Rj < 1. We

also validated the above analytic results with the numerical solutions of the system

(@ 1H4.8) (Figure [17).

4.3.2 Case-II: n #0

In the presence of cross-border mobility of the migrant workers (1 # 0), the possibility
of imported cases depends on malaria transmission abroad. Therefore, we perform our
analysis for two subcases: (1) Case ITA (absence of transmission abroad, n # 0, k = 0)
and (2) Case IIB (presence of transmission abroad, n # 0, k # 0).

4.3.2.1 Case-IIA (n#0, k=0)

e FEquilibria Analysis: Here, Eq.(4.9) reduce to

ag)\;? —f- CLQ/\;; + a)p = 0, (415)

with as, as, and ay given by
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Figure 17: Bifurcation diagrams and model solutions. (a) Forward bifurcation at
Ry = 1 when 9§ lies in 0 < §, < §; (65 = 0.029). (b) Model solutions verifying
(a), where model solution converges to the unique stable endemic equilibrium when
Ry =1.63 (Rg > 1) (end of the magenta curve) and converges to the stable disease-free
equilibrium when Ry = 0.54 (Ry < 1) (end of the green curve), regardless of the initial
conditions. (c¢) Backward bifurcation for 6, = 0.11 with R§ = 0.88. (d) Model solutions
verifying (c), where model solution converge to the unique stable endemic equilibrium
when Ry = 1.59 (R > 1) (end of the magenta curve) and for Ry = 0.53 (Ry < R§ < 1),
model solution converges to the stable disease-free equilibrium (end of the green curve),
regardless of the initial conditions. However, for Ry = 0.90 (R < Ry < 1), the model
solution converge to the higher level endemic equilibrium (end of the black curve)
when the initial prevalence is above the breakpoint density (horizontal dashed line),
and the model solution converges to the disease-free equilibrium (end of the blue curve)
when the initial prevalence is below the breakpoint density.
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az = A (Qz2 + Qu) dyody, (dy + 1) ((Q2 + Qu) dy + Q28,) > 0,

A9 = A2 (G1 — R%) s

Ad% (dh + T}) (dh + Yn + 5h) (dh + Yh + 5h + an))
dp, (dp, 4 2n) (d, + v, + 6 + nw)

alsz(l—R%),

by = A (dy (dy, + 1) (di, + q) (d + vn + 0n) (dn + 20+ q) (di, + 7 + 04 + 2wn)),

Pdy, (dy, +2n) (2(Q2 + Q4) dy + Q23) (di, + v + 61 + 1w)

AK5Qqdy, (dr, + 1) (dn 4 4 + 0n) (di + Y + 6p + 21w)
if and only if a; > 0 and R; < /G if and only if ay > 0. Let A(Ry) = a3 — 4a,as.

Then we have A(v/G) = —4ajaz < 0 when Ry < 1, and A(1) = a3 > 0. It follows
that when R; < 1, the intermediate value theorem for continuous function implies
that there exists a unique R} € (\/G_l, 1) such that A(R}) = 0. Therefore, R is
the value of Ry < 1 such that the discriminant of the Eq. is zero. Also,
for Ry < 1, A(Ry) > 0 if and only if Ry > R}, and A(R;) < 0 if and only if
Ry < R Xing et al| (2020); Feng et al| (2015). Now using A(Rj) = 0, we obtain

VA3G1 — 2a5by +23/a0 + a3 A3by (1 — G)

R = 4 . In Theorem {4.3.3| we present the

general results about the existence of endemic equilibria.

AQZ(

Y

where G| =

. Here R; < 1

Theorem 4.3.3 Assume that n # 0 and k = 0 in the system @, then the

following statements hold.

(i) For Ry > 1, the system has unique endemic equilibrium;

(i) For Ry = 1, the system has unique endemic equilibrium when az < 0 and no

endemic equilibrium when as > 0;

(i1i) For R} < Ry < 1, the system has two (higher and lower) endemic equilibria

when as < 0 and no endemic equilibria when as > 0;

(iv) For Ry = R, the system has unique (coincident) equilibria when as < 0 and no

endemic equilibria when ay > 0;

(v) For Ry < R3, the system has no endemic equilibrium.

Proof is similar to Theorem .31
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e Bifurcation Analysis (Case-1IA: n# 0, k=0)

Again, we use the Castillo Chavez and Song Theorem [Martcheval (2015)) for the
bifurcation analysis. We have already established in Theorem the role of the
disease-induced death rate in possessing the backward bifurcation. Since the primary
focus of this study is to examine whether cross-border mobility alone can produce
backward bifurcation phenomena, we consider the disease-induced death rate is zero

and focus on cross-border mobility in the following sections.

Theorem 4.3.4 (Forward and Backward Bifurcation) Assume that n # 0 and
k =0, then the model possesses the forward bifurcation when 0 < w < w* at Ry =1

and possesses the backward bifurcation when w > w* > 1 at Ry = 1, where w* =
(dn + ) A

n(dy+2n+q) B’

A= @dpBy + ¢*dypd, + 6ngdn By, + 2qd;, B, + 2ngdyy + qdndyy, + 8ngdyd,+
2qdid, + 4 dy By + Andi By + di By + 207 dyyn + 3ndndyyn + diduynt
6n°dudy, + 5ndyd, + diyd, + 3ng>d, + 6n°qd, + 2nq° B, + 477 qB,,

B = qdyyn — (qdiBy + 20dnBys + d5 By + 20dyys + 2ndidy, + 2ngd, + 2ngf,) .

Proof: We apply the theorem by Castillo Chavez and Song Martcheva (2015)) to derive

the condition for forward and backward bifurcation. The value of , corresponding
Ad? (d d dp + 2

to Ry =1is 3, — o (dn + 1) (dn +yn) (dn + 29w + )

(ﬁdhﬂv (dh + 277) (dh + nw + Yn
equilibrium. Then the Jacobian of the system (4.1H4.8]) at the bifurcation point

(E®; Bi) is Ji = [M, NJ, where

and E% is the disease-free

—(dn +n) 0 q 0
0 —(dp + yn +wn) 0 0
0 Th —(dpn+n+¢q) 0
o _Gduby(d+20) 0 _a
M= Adv (dh + 7])
0 (bdhﬁv (dh + 27]) 0 0 7
Adv (dh + 7])
n 0 0 0
0 nw 0 0
0 0 n 0
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and

—bh n 0 0
5 0 wn 0
0 0 0 n
0 0 0 0
N=1 _g, 0 0 0
0 —(dn+n) 0 q
0 0 —(dp +vn + wn) 0
0 0 Th —(dn +n+q)

Six eigenvalues of J; are 0, —dj, —d,, —(d, + 2n), —(dn + q), —(dn + 2n + q),

and the rest two eigenvalues are obtained from the quadratic equation,
(d + Y + wn) AT + (dn + n +wn) (2d, + dy + 29, +20n) Ay + B3 =0,  (4.16)

where, Bs = dj, (2d, (yn + wn) + w?n* + 377 + 6ypwn + w?n?) + dz (dy + 3y, + 3wn) +
dy (29pwn + 72 + 2wPn?) + d3 + 3, (v + wn) (4 + 2wn) . Since all the coefficients of
the quadratic Eq. are positive, then the remaining two eigenvalues of J;
have also negative real parts. Let ¢ = (vq, v, v3, V4, U5, Vs, U7, Ug) and 4 =
(u1, ug, us, ug, us, ug, Ur, uS)T are the left and right eigenvectors corresponding to

the zero eigenvalue of the matrix J;. Solving the matrix equations v.J; = 0 and Jyu = 0,
Avad, (dy, +n) (dp + va) (dp + Y1 + 2wn) and

odn By (dn + 2n) (dn + v + wn)

we get v =v3 =vy =v5 =vg = 0,05 =

Wy o us(Q — R)

T e T 0
s = 10y ( wn?*yy, Yo (dn + 1+ q) >
(drn+q) (dn+2n+q) (dn+m+wn)  (dp+q)(dn+2n+q))’

wy U2y (dp, + 2n) o usdp By (dn + 21) . uy(S —T)

! A2 (d,+n) 70 AZ(dy+n) ° v

o wnug gy (ndy, 4+ wndy + wn? + 1y, + wn? 4 wng)
U = ———, Ug =
dp + v + wn (dn + q) (d, + 20+ q) (d + yn + wn)

with us, vy free, where,

U =dp (dn +2n) (dn + q) (dn + 20+ q) (dn + v +wn)

Q = gy (dn(2n + q) + d5, + n(20 + q)) (dn + 3+ wn) + qun’yn (2dn + 27+ q) ,
R = (dn+n) (dn +q) (dn + ) (dr + 20+ ¢) (dn + 74 + 2wn)

S = nqyn (2dn + 21+ q) (dn + v + wn) + gy (dn(20 + @) + i, + 020+ q)) |
T =n(dn+ q) (dn+ ) (dn + 210+ q) (dy, + v + 2wn) .

83



Here v.4i = 1 implies
dy (dp + 1w + v1,) 2

Vally = .

S (dn A ) (dn A+ mw ) (dy + 2 + Vo) + dy (dp + 1w + ) * + nw?

For the computation of b, fo = — 0 (dy+ Ta, 5 = v—4 2 -
p fa Bh$1+x2+$3 (dn +n) T2, f5s = B I

x5dy, fr = wnre — (dp + v, + wn) 7. Then, taking the partial derivatives of fo, f5
a(fz) _ T1Ts5 a(fs) _ 8(f7)

and f; with respect to 3, we get = , = = 0. Then,
fr P B S 0B, T mitastrs 0B OB
from Eq. (4.13), b= 3", vyu, Oz (B = 3% vgu;— S (E) =
’ =1 c%lﬁﬁh =1 8.1'1 T + i) —+ I3
dp By (dy, + 2 .
Vgl = Uy uQQj\C;;;(d(h :_—;) n) > 0. For the computation of a, we use Eq. (4.14) at E°

with n # 0 and k& = 0. After simplification, we get a = n(w — 1)dpy, + n(w — 1)ds —
2ndh7hﬁv N difyhﬁv _ 2wn2dhﬁv . 277d%5v . wnd}%ﬁv . d%ﬁv

dv dv dv dv d’u dv
dn (dn +2n) (90 (dn 4+ +wn) (dn + 1+ q) + (dn + @) (dn + 0 +wn) (dn + 27+ q))

(dn + q) (dn + 21 + q)

dp, (dp, + 2n) wnv,

(dn + q) (dn + 21 + q)
be greater than 1 for backward bifurcation. Otherwise, a becomes negative, and the

. From the expression of a, it is clear that w should necessarily

model possesses the forward bifurcation. Furthermore, w > w* > 1 is sufficient for

a > 0. Therefore, model possesses the forward bifurcation at Ry = 1 for w < w* and
(dn + ) A .
n(dn+2n+q) B’

In the presence of cross-border mobility (7 # 0) and the absence of malaria transmission

the backward bifurcation if w > w* > 1, where w* =

abroad (k = 0), malaria elimination in the home country is possible for w < w* and
Ry < 1. However, if w > w* > 1, elimination of malaria is possible only when
Ry < R} < 1. Taking the parameters given in Table [2| we validated the analytic
results with the numerical solution of the system . The bifurcation diagrams

and corresponding model solutions are shown in Figure [18|
e Sensitivity of Backward Bifurcation Phenomenon (Case-IIA:n#0, k=0)

As established in Theorem [£.3.4] the cross-border mobility factor w can bring the
backward bifurcation, resulting in a threshold R} < 1 such that malaria eradication
requires Ry < R} < 1. In Figure we present the sensitivity of these backward
bifurcation phenomena (i.e., the sensitivity of R}) to the cross-border mobility rate

(n), the immunity loss rate of human (¢g), human recovery rate (v,), and mosquito
death rate (d,).
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Figure 18: Bifurcation diagrams and time series solutions for §, = 0, w* = 7.7. (a)
Forward bifurcation at By = 1 when w < w* (here w = 1). (b) Model solutions verifying
(a), where the model solution converges to the unique stable endemic equilibrium when
Ry =213 (Ry > 1) (end of the magenta curve) and converges to the stable disease-
free equilibrium when Ry = 0.71 (R; < 1) (end of the green curve), independent
of initial conditions. (c) Backward bifurcation at R; = 1 with the transmission
threshold R} = 0.8951,w > w* (here w = 25). (d) Model solutions verifying (c);
for Ry = 2(R; > 1), the model solution converges to the unique stable endemic
equilibrium (end of the magenta curve), and for R; = 0.61(R; < R} < 1), the model
solution converges to the unique stable disease-free equilibrium (end of the green
curve), independent of initial conditions. However, for Ry = 0.8953(R} < Ry < 1), the
model solution converges to the endemic equilibrium (end of the black curve) when
the initial prevalence is above the breakpoint density (dashed line), and the model
solution converges to the disease-free equilibrium (end of the blue curve) when the
initial prevalence is below the breakpoint density.
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Figure [19(a), (b), and (c) are for the reduction of the mobility rate (n) from its
base value of 0.04 to 0.013, 0.01, and 0.005, respectively. (d), (e), and (f) are for
the reduction of immunity loss rate ¢ from its base value of 4 to 1.33, 1, and 0.8,
respectively. (g), (h), and (i) are for the increment of human recovery rate =y, from
its base value of 1.85 to 3.7, 7.4 and 11.1, respectively. (j), (k), and (1) are for the
increment of mosquito death rate d, from its base value of 27 to 54, 108 and 162,
respectively. If the mobility rate (n) is reduced to 0.013, 0.01, and 0.005 from its base
value (7 = 0.04), then the elimination threshold R} increases towards 1 with its values
0.8975,0.9169, and 0.9776, respectively (Figure (19, 1st row). With this trend, the
threshold R} approaches one when n — 0, transforming the backward bifurcation into
a forward bifurcation at n = 0. This result is consistent with Theorem [4.3.2] which
shows forward bifurcation for n = 0, d;, = 0. The reduction of the immunity loss rate
(q) to 1.33 (loss of immunity in nine months), 1 (loss of immunity in one year), and
0.8 (loss of immunity for 15 months) from the base value (¢ = 4), the threshold R}
increases to 0.9587, 0.9757, and 0.9865, respectively (Figure , 2nd row).

Making the human recovery rate double (three-month recovery time), four-fold (45
days recovery time), and six-fold (27 days recovery time) from its base value v, = 1.85
per year (6.45 months recovery time) increases the thresholds R} to 0.9175, 0.967, and
0.99, respectively (Figure , 3rd row). Similarly, making the mosquito mortality rate
double, four-fold, and six-fold of its base value (d, = 27) increases the threshold R} to
0.9345, 0.9759, and 0.99, respectively (Figure 4th row). From the 2nd, 3rd, and
4th rows of Figure it is clear that in the presence of cross-border mobility and the
absence of malaria transmission abroad (n # 0, k = 0), an increase in the parameters
4, Yn, or d, increases the threshold R} converging to 1 and transferring the backward

bifurcation into the forward bifurcation.

4.3.2.2 Case-IIB: n#0, k#0

o FEquilibria Analysis

Note that there is no disease-free equilibria in the presence of mobility and infection
abroad (n # 0, k # 0). Here, the product of the roots of Eq. is _a_zo > 0, then
Eq. has either three positive roots or one positive root with two negative or a
complex pair and corresponding endemic equilibria can be obtained from Eqg. .

We consider two sub cases: three endemic equilibria (Case-1IB1) and one endemic
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equilibrium (Case-11B2). Eq.(4.9) is transformed into

m* +cem+d=0, (4.17)

as 3aza; — a3 p 2a3 — 9azaga; + 27a3ag
—_— — C e pr—

3as’ a2 27a3
nant D of Eq. (4.17) is —(4c® +27d?) [Wikipedia| (2023); Nickalls| (2006)); Zucker (2008)).

For the Case-1IB1, D > 0 (i.e. ¢ < 0) together with ay < 0 and a; > 0 (Descart’s rule
of sign |[Eigenwillig| (2007)), i.e.,

and the discrimi-

where \} =m

b1 <b? < b3

P2Cpy Oy, PalipyQyp, .
If D=0and c=0, then d =0. In this case, Eq. (4.17)) has triple roots and hence Eq.
1) has triple positive roots \; = ;—(12. Again, if D > 0 and ¢ < 0 then trigonometric

(4.18)

as
identity

4 cos®a — 3 cosar — cos3a = 0 (4.19)

can be used to obtain three real roots of Eq. (4.17)) (double root with one simple root
or three distinct roots). Let ¢t = Acosa, then Eq. (4.17]) becomes

APcos’a + cAcosa 4+ d = 0. (4.20)

Now, consider the trigonometric identity

4 cos®a — 3 cosar — cos3ar = 0. (4.21)
4 -3 —cos3a
ing Eq. (4.2 ith Eq. (4.21 t — = — = . It fol-
Comparing Eq 0) wi q , We ge YE 1 g 0
— 3 2nm +
lows that A = 2 ?C and cos3a = Y cos¢p, where a = %b’ and ¢ =
c

9d
cos ' | ——=—= | € [0,7]. Using the periodicity and even property of the cosine
<2C \/_—30) [0, 7] g the p y property

function, n = 0, 1, 2, we get three values of a and then three values of m and hence A},
are 2\/3(:05 (é) -2 2\/ECOS (27T+ ¢> — 22 9 /" Ccos (47T il qb) -
3 3 3as’ 3 3 3as’ 3 3 3as’

9d
2cv/—3c¢

equal. Now for Case-1IB2, there are two possibilities. (1) One positive A} exists with

1

where ¢ = cos™ € [0,7]. In particular, if ¢ = 0, then two of A} are
two negatives if D > 0, ¢ < 0 together with a; = 0, a; < 0,0r as > 0, a; = 0,
or ay > 0, a; < 0 (Descart’s rule of sign Eigenwilligl (2007))). The value of m and

corresponding endemic equilibrium can be obtained using the trigonometric iden-
tity Wikipedial (2023)); Nickalls| (2006)); Zucker (2008)) as discussed in Case-I1IB1. (2)
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One positive \; exists with complex pair when D < 0. In this case, if ¢ = 0, then
1

m = (—d)s and A= (—d)s — ;—2. If ¢ # 0 then the real root ¢ can be obtained by
as

using the sine or cosine hyperbolic identities according to ¢ > 0 or ¢ < 0. In each case,

corresponding endemic equilibria can be obtained from Eq. (3.22)).

e DBifurcation Analysis (Case-1IB: n# 0, k #0)

As revealed in Eq. , mosquito biting rate b plays a vital role in the existence of
three endemic equilibria when D > 0. Therefore, we took b as a bifurcation parameter.
Note that there is no disease-free equilibrium or reproduction number to establish
the threshold criteria. This causes the stability analysis of endemic equilibria to be
mathematically untractable. Thus, we numerically demonstrated the possibility of one
and three endemic equilibria and their stability. We also estimated the approximate
threshold value of the mosquito biting rate (b) for the low endemic level, bi-stability,
and high malaria endemic level in the home country of Nepal (Figure .
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Figure 20: Bifurcation diagram and model solutions with §, = 0. (a) Backward
bifurcations showing the intervals of b for the existence of lower-level stable endemic
equilibrium, bi-stability, and the existence of higher-level stable endemic equilibrium.
The lower green section represents one stable endemic equilibrium, with a complex
pair representing the lower level of stable endemic equilibrium of malaria in the home
country that exists when b < 72.39. The upper green section (one endemic equilibrium
with a complex pair) and the magenta section (one endemic equilibrium with two
negative solutions), respectively, represent the higher level stable endemic equilibrium
of malaria in the home country that exists when b > 80. The three endemic equilibria
in bistability region (72.39 < b < 80) are represented by the blue, dotted red, and black
lines. (b) Model solutions verifying the backward bifurcation (a), where the model
solution converges to a higher level stable endemic equilibrium when b = 100(b > 80)
(end of the magenta curve) and converges to a lower level stable endemic equilibrium
when b = 50(b < b*) (end of the green curve), regardless of the initial conditions.
For 72.39 < b < 80, bi-stability (ends of the black and blue curves) occurs, i.e., the
solution converges to a higher endemic level or lower endemic level depending on the
prevalence above or below the breakpoint density, respectively.

o Sensitivity of Threshold for Malaria Burden (Case-1IB: n# 0, k #0)

In this section, we estimated the impacts of cross-border mobility rate (), incidence
rate abroad (k), mobility factor of infectious migrants (w), loss of immunity rate (q),
increase of mosquito death rate (d,), and increase of human recovery rate (v;,) on the

threshold (b*) to maintain lower endemic level, bi-stability, and the higher endemic
level of malaria in Nepal (Figures [21] and [22)).
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Figure 21: The sensitivity of threshold (b*) for malaria burden to migration-related
parameters with d, = 0. (a), (b), and (c) are the successive reduction in mobility rate
(n) to 0.013, 0.01 and 0.005, respectively, from its base value (n = 0.02). (d), (e), and
(f) are the successive reduction in incidence rate abroad (k) to 0.000035, 0.000026
and 0.000013, respectively, from its base value (k = 0.000105). (g), (h), and (i) are
the successive reduction in the mobility factor of infectious migrants (w) to 8.33, 6.25,
and 3.12, respectively, from its base value (w = 25).

If the mobility rate (n) is reduced to 0.013, 0.01, and 0.005 from its base value
(n = 0.04), malaria can be maintained at a lower endemic level in the home country
when the biting rate is less than threshold 72.67 (0.19 bites per day), 75 (0.20 bites
per day), and 82 (0.22 bites per day), respectively (Figure Ist row). Here, the

range of bistability decreases as 1 decreases, and eventually, the region vanishes for
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1n — 0, giving the smooth transition from the lower endemic level to the higher endemic
level. However, the reduction of incidence rate abroad (k) to 0.000035, 0.000026, and
0.000013 from its base value (k = 0.000105) has a negligible impact on the threshold
for malaria endemic level (Figure 2nd row). Similarly, reducing the infectious
migrants’ mobility factor w to 8.33 from its base value (w = 25) changes convergence
to a higher endemic level to a lower endemic level, and further reduction to 6.25 and
3.15 allow the malaria epidemic to maintain at an even lower level in the home country
(Figure [21] 3rd row).

With the reduction of the immunity loss rate (¢) to 1.33 (loss of immunity in nine
months), 1 (loss of immunity in one-year), and 0.5 (loss of immunity in two years)
from its base value ¢ = 4 (loss of immunity in three months), the malaria epidemic
can be maintained at a lower level in the home country of Nepal when the biting
rate is less than 77 (0.21 bites per day), 79 (0.21 bites per day), and 82 (0.22 bites
per day), respectively (Figure , st row). Making the human recovery rate double
(three-month recovery time), four-fold (45 days recovery time), and eight-fold (24 days
recovery time) of its base value 7, = 1.85 per year (about 6 months recovery time),
the malaria epidemic can be maintained at a lower level with the controlled biting rate
below 100 (0.27 bites per day), 142 (0.38 bites per day), and 1500 (4.1 bites per day),
respectively (Figure , 2rd row). Similarly, when the biting rate remains below 213
(0.58 bites per day), 632 (1.7 bites per day), and 1500 (4.1 bites per day), making the
mosquito mortality rate double (7 days life), four-fold (3.5 days life), and eight-fold
(1.5 days life), respectively, of its base value (d, = 27) helps maintain the malaria
epidemic at a lower level (Figure , 3rd row). Here, decreasing ¢, increasing -y, or
increasing d, eventually provides a curve with smooth transitioning from lower to

higher epidemic level.
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Figure 22: The sensitivity of threshold for malaria burden to humans and mosquito
parameters for 4, = 0. (a), (b), (c) are the impact of the reduction of the immunity loss
rate to 1.33, 1 and 0.5, respectively, of its base value q=4. (d), (e), (f) are the impact
of two-fold, four-fold, and eight-fold of the recovery rate, respectively, of its base value
(7 = 1.85). (g), (h), (i) are the impact of a two-fold, four-fold, and eight-fold increase
in the mosquito death rate, respectively, from its base value (d, = 27 i.e.,13.5 days
lifetime of a mosquito).
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Table 3: Summary of bifurcation analysis of malaria model with cross-border mobility.
DFE: disease-free equilibrium, EE: endemic equilibrium, CB: cross-border, FB: forward
bifurcation, BB: backward bifurcation, and GS: global stability.

Bifurcation Analysis of malaria model with cross-border mobility
Case-I( n =0) Case-ITA (n#0, k=0) | Case-IlIB (n#0, k#0)
Absence of CB mobility | CB Mobility and protection CB Mobility
without protection
DFE exist DFE exist No DFE
FBif 0 <4, <9; FBif w<w* 6,=0 One or three EE
BB if 6, > 6, BBifw>w*>1, §,=0 Low-high, bi-stability
Elimination: Ry < R Elimination: R; < R} Endemic
GS, E% Ry<1,6,=0 GS, B : R, <1,
op=0,w=0 Endemic

4.4 Discussion

Malaria is a major public health challenge worldwide, with millions of cases reported
annually, leading to a significant burden of illness and death Xing et al.|(2020). Despite
the efforts of many countries to eliminate malaria, cases are rising in many places,
primarily due to the mobility of migrant workers WHO| (2021). This indicates that local
malaria control and intervention programs focused locally alone may not be enough to
achieve the elimination goal. Therefore, a thorough analysis of why many countries
with a long history of low malaria burdens struggle to achieve their elimination plan is
necessary. We implemented an in-depth bifurcation analysis to evaluate the role of
mobility in hindering the achievement of malaria elimination goals. Our ultimate focus
is on the existence of a backward bifurcation, an interesting phenomenon in which the
disease cannot be eliminated by simply reducing the basic reproduction number R,
below unity; instead, another critical threshold Rj is required for the elimination of

the disease.

Using the malaria model with cross-border mobility developed in our earlier study
Gautam et al.| (2022), we performed the bifurcation analysis, exploring two critical
cases: the absence and presence of cross-border mobility. The condition for forward
and backward bifurcation of our model in the lack of cross-border mobility is consistent
with the results obtained for some other malaria models Xing et al. (2020); |Chitnis
et al.| (2006); [Wan and Cui (2009)); Wang et al| (2018); |Buonomo and Vargas-De-Leon
(2013); kamel Naji and Adnan Thirthar| (2020)); Sha et al.| (2019a)). Specifically, the
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disease-induced death rate (dy,) is a primary driver for backward bifurcation. However,
our advanced model with cross-border mobility establishes that mobility can be a
vital factor responsible for backward bifurcation even without the diseases death. Our
results underscoring mobility as a critical factor for backward bifurcation, even in the
absence of disease death, significantly contributes to vector-borne diseases, providing

a valuable tool to design mobility-focused controls for disease eradication.

Through our bifurcation analysis, we have established a mobility threshold w* of
infectious migrants, such that the backward bifurcation does not occur in the absence
of malaria transmission abroad (n # 0,k = 0) (Theorem when the mobility
factor of infectious migrants is below the threshold (w < w*). Note that the mobility
of infectious migrants can be reduced through the strict border screening implemented
with collaboration between the home country and abroad, and our result on the
threshold can help to identify the level of border screening required to avoid backward
bifurcation. In this case, we also established a critical threshold Rj corresponding to
a condition for eradicating disease (Theorem [4.3.3).

In the presence of malaria transmission abroad, our models show that malaria elimi-
nation is only possible in the home country unless cross-border mobility is allowed.
In the presence of cross-border mobility, two epidemic levels (lower and higher) are
possible, as revealed by numerical simulations of our model. We have conducted
detailed simulations to identify threshold conditions, depending on various parameters,
that help us maintain the epidemic at a lower level. In particular, the mosquito biting
rate, which may vary with location, season, and mosquito type, as a bifurcation and
control parameter, is one of the determinant factors of whether the epidemic stays
at the lower or higher level. It is worth noting that the current status of malaria in
Nepal, as predicted by our model with current parameters of Nepal (Table , is at
the low endemic level but struggles to achieve the elimination goal due to cross-border

mobility.

We acknowledge some limitations of our study. We were not able to prove the global
stability of the endemic equilibrium for Ry > 1 and R; > 1 analytically. Instead, we
showed persistence for Ry > 1 and R; > 1 in our previous study |Gautam et al.| (2022)).
We could not provide analytical proof of the stability of one or three endemic equilibria
when there is a presence of mobility and infection abroad. However, taking the wide
range of parameters, we numerically demonstrated the stability of lower and upper
endemic equilibria and the instability of the middle endemic equilibrium. Furthermore,

our model approximated the incidence rate abroad, keeping the mosquitos role in the
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disease spread abroad constant. Analysis of the model with the entire transmission
dynamics through mosquitoes abroad as in the home country would provide broad

opportunities for model analysis and produce more advanced results.

In summary, we studied in detail how backward bifurcation arises due to the cross-
border mobility of migrant workers in the malaria dynamics model. Our central
result on the role of mobility in backward bifurcation provides a novel insight into
the cross-border mobility rate impacting the persistence and eradication of malaria
in the home country. Our results may aid in developing effective malaria elimination
strategies for countries like Nepal with low local malaria transmission but vulnerable
to obstacles to eradication due to the cross-border mobility across other high epidemic

countries. The following are the major conclusions:

1. Cross-border mobility is a primary driver of backward bifurcation.

2. Without cross-border mobility, malaria can be eliminated from Nepal due to

negligible disease induced death rate.

3. With mobility, malaria can be eliminated if there is complete protection abroad

and controlled mobility rates of infectious migrants below a certain threshold.

4. Cross-border mobility without protection abroad and without border screening,

home country can maintains malaria at low levels, but elimination is not possible.

In Chapter [3|and Chapter ] we discussed about the problem of cross-border mobility
and its impact on malaria elimination program of low malaria endemic countries like
Nepal. Now in recent years government of Nepal initiated the cross-border collabora-
tion with its neighboring country India for the restriction of imported cases of malaria.
If in the best case scenario, there exist the perfect cross-border collaboration then for
the complete elimination, the government of Nepal should focus on the relapse case of
Vivax malaria which cover almost 90% malaria cases in Nepal. Thus, in the Chapter
we will develop and analyze the delay malaria model including the relapses proportion

and relapse delay.
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CHAPTER 5

5. MODELING MALARIA TRANSMISSION WITH RE-
LAPSE DELAY: IMPACT ON ELIMINATION PLAN OF
LOW ENDEMIC COUNTRIES

In this chapter, we discussed about the relapse issue of vivax malaria and its impact on
malaria elimination plan of Nepal and other low malaria endemic countries. Although
the vivax malaria-infected humans looks like recovered after clearance of blood-stage
malaria parasites, there is a high potential for reinfection due to the reactivation of
dormant hypnotizes in the liver, even in the absence of mosquito bites. Therefore,
achieving the goal of malaria elimination is becoming critical in many countries,
including Nepal. In this study, we develop, for the first time, a malaria model that
includes relapse delay. Results from thorough mathematical analyses and numerical
simulations using malaria parameters from Nepal show that the relapse proportion and
relapse delay can play a significant role in malaria dynamics; specifically, increasing
relapse delay extends the time to achieve malaria-free equilibrium when Ry < 1. Our
model and the related results provide new insights and may help develop strategies to

eliminate malaria, including in Nepal.

5.1 Introduction

Malaria remains a significant global health challenge, caused by a protozoan parasite
from the genus Plasmodium and transmitted by infected female Anopheles mosquitoes.
Malaria in humans is caused by four types of parasites: Plasmodium falciparum (P.
falciparum), Plasmodium vivax (P. vivax), Plasmodium malariae (P. malariae), and
Plasmodium ovale (P. ovale) Kammanee and Tansuiy (2019). Millions of individuals
are affected each year, with vulnerable populations such as children under five, pregnant
women, travelers to endemic regions without protection, and those with underlying
health conditions like HIV or diabetes being particularly impacted Tasman et al.
(2022)).

While substantial progress has been made in reducing P. falciparum infections, the
reduction of P. vivax and P. ovale infections has proven more challenging. A key

factor contributing to this difficulty is the unique ability to relapse from dormant
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liver forms, leading to recurrent symptoms weeks or even years after initial treatment
Nickalls (2006). Therefore, a patient formerly infected by P. vivax can appear cured
but may become infected again without any mosquito bites [Kammanee and Tansuiy
(2019). This persistence of malaria relapse poses a sustained hurdle for countries in

the elimination phase of malaria, including Nepal.

Plasmodium vivax has a complex life cycle compared to other malaria parasites. When
an infected mosquito bites a human, it injects sporozoites into the bloodstream. These
sporozoites travel to the liver, where they multiply into merozoite and hypnozoite
forms. Illness occurs when merozoites invade red blood cells, causing symptoms like
fever and chills. Hypnozoites, dormant in the liver, can cause no symptoms initially
but may reactivate as merozoites, leading to recurring illness Kammanee and Tansuiy
(2019).

These relapses tend to occur more rapidly in tropical regions (i.e., three to six weeks)
compared to temperate areas (i.e., six to twelve months) Battle et al.| (2014)). Addition-
ally, in places where malaria is common, many people may have dormant hypnozoites
in their bodies, which can be triggered by illnesses like vivax or falciparum malaria.
This explains why vivax malaria often occurs after falciparum malaria, why different
genetic types show up during relapses, and why relapse rates are higher in endemic
areas compared to controlled areas. The long latency of P. vivax cases may be more
widespread than previously believed, substantially hindering efforts to control and
combat malaria Tasman et al.| (2022); Agyingi et al.| (2017); White| (2011]).

In 2021, the nine countries of the WHO South-East Asia Region contributed 5.4
million cases of malaria. India alone accounted for approximately 79% of all malaria
cases in the South-East Asia Region, with P. vivax responsible for 40% of the cases in
the region |Organization et al.| (2022). Malaria, driven by factors like global warming,
has spread to hilly and mountainous regions in Nepal, including districts like Mugu,
Bajura, and Humla. In 2022, total malaria cases in Nepal were 1917. These cases
have now been documented in 51 districts from all seven provinces out of 77 districts
of Nepal [Post|.

In Nepal, P. vivax is the predominant cause of malaria (80% Rijal et al.| (2019b))),
and it shares co-endemic status with P. falciparum in districts with high malaria
prevalence where about 17% of vivax malaria cases are due to relapse during six
months Manandhar et al. (2013). The percentage of relapse varies from 4.1% to
28.2%, and in the worst case, up to 90%, depending on the types of malaria treatment
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Chloroquine (CQ) only, Chloroquine followed by Primaquine (PQ) , follow-up programs,
and many other factors Rijal et al.| (2019b)); Chu and White| (2016).

The literature on malaria modeling begins with Ross (1911) (1911), MacDonald
(1957) Macdonald et al|(1957), Anderson and May (1991) |Anderson and May| (1991b)),

Tumwiine (2007) Tumwiine et al. (2007, and other researchers who developed mathe-

matical models considering various factors associated with malaria dynamics [Traore
et al.| (2020); Tumwiine et al.|(2010); Handari et al.| (2019); Wan and Zhu/ (2012)); |Aldilal
(2021); Herdicho et al.| (2021)); Tasman et al.| (2021)); Handari et al. (2022)); |Olaniyi
. The first mathematical model to describe the transmission dynamics of

P. vivax is|Kammanee et al. (2001)). This research focuses on the reproduction number,

dividing the human population into four compartments. The study [Huo et al.| (2014)

performed stability analysis introducing the model with relapse in vivax infections.

The studies (Chamchod and Beier| (2013)); |Ghosh et al.| (2020); Wang et al.| (2021)

developed and analyzed ODE models with reinfection, with recurrent infection, and

relapse of vivax malaria. These studies did not incorporate the time delay in disease

transmission. The study Wei et al.| (2008) formulated an epidemic model of a vector-

borne disease with time delay, derived the reproduction number, and discussed the
theory of Hopf-bifurcation. Similarly, the studies (Chamchod and Britton| (2011); Wan)
(2013) have developed delay malaria models focusing on P. falciparum, including

delay corresponding to incubation periods in humans and mosquitoes during malaria

transmission.

Existing malaria models using Delay Differential Equation (DDE) have addressed time

delays corresponding to incubation periods in mosquito infection Agyingi et al.| (2017));
Elsheikh et al, (2014]); Ngwa et al. (2010]), in human infection Chiyaka et al. (2011]),
and both human and mosquito infection |Agyingi et al.|(2017). Additionally, the studies
Hu et al, (2019); |Qiang and Wang (2017)); Koutou et al.| (2018); [Wei et al.| (2008));
Ruan et al.| (2008)); Zhang et al. (2020); Pongsumpun and Tang| (2007); Wang and,
focused on delay malaria models considering various factors associated

with malaria dynamics. However, to the best of our knowledge, there is a gap in

modeling the delay due to the reactivation of dormant liver stage vivax parasites.

These reactivations cause relapses.

Understanding malaria dynamics due to relapse is urgently needed to assist policy-
makers aiming to successfully eliminate malaria. Thus, in this study, we developed

and analyzed a mathematical model that incorporates relapse delays, as well as delays

99



in human-mosquito exposure and immunity loss.

5.2 Method

5.2.1 Mathematical Model

To develop a mathematical model of the transmission dynamics of malaria that incorpo-
rates a constant relapse delay, we divide the total human population at risk (V) into
three distinct groups: those who are susceptible to malaria (S},), individuals infected
with a primary infection (,), and those who are infectious due to a relapse of the dis-
ease (I,.). Individuals who have completely recovered from a previous malaria infection
gradually lose their immunity over time. This immunity loss is characterized by a delay
period, 71, which ranges from 3 months to fifty years |Chitnis et al.| (2008). Individuals
who have recovered from a previous malaria infection, during which they harbored dor-
mant liver-stage parasites, become re-infectious after a latent period of 7. This delay
can vary from two weeks to two years White| (2011]). A person who survives this la-

tent period may experience a relapse or multiple relapses from these dormant parasites.

The female Anopheles mosquito population is divided into two distinct groups: suscep-
tible mosquitoes (.5,) and infectious mosquitoes (/,). Humans who have been exposed
to infectious mosquitoes become infectious themselves after a certain duration, 73,
which can last from 7 to 90 days Chitnis et al.| (2008)). A person who survives this
duration may develop an active infection and transmit the disease. Mosquitoes that
have previously fed on infectious humans become infectious themselves after a span
of 74, which typically ranges from 10 to 20 days |Chitnis et al.| (2008]). If a mosquito
survives this duration, it can transmit malaria parasites to a human host during its

next bite.

The rates of human recruitment into the susceptible group and mosquito recruitment
into the susceptible group are denoted as A and ¢, respectively. Furthermore, the per
capita mosquito biting rate is b, while «,;, and ay,, are the probabilities of malaria
transmission per bite from infectious mosquitoes to susceptible humans and from
infectious humans to susceptible mosquitoes, respectively. For the sake of model sim-
plification, we have assumed the same transmission rate from both types of infectious
humans (i.e., those with primary infections and those with relapses). Hence, (), = ba,y,

and (3, = bay,, are the transmission rates in humans and mosquitoes, respectively. The
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natural and disease-induced death rates of humans are d; and J,, respectively, and
the natural death rate of mosquitoes is d,. Thus, the incidence rates in humans and

mosquitoes are

Bl (t — 73)SK(t — 73)e 97 By (I(t — 74) + L.(t — 74)) Sy (t — 74)e %7
and

t. 1 Nh<t—7'3) Nh(t—7'4)

ively.

, respec-

Let w be the recovery rate of humans, such that after clearance of the malaria parasites
from blood, the individual is no longer infectious to a susceptible mosquito but may
have hypnozoites in the liver. Among w/,, the portion (1 — €)wl,, who has cleared
malaria parasites from both the blood and liver, moves back to the susceptible class
(Sh), losing immunity with delay 71. The remaining portion ewl,, who have liver stage
parasites, go to the relapse class (I,.), provided that they survive during the time delay
79. Thus, parameters € and ¢; are the proportions of the first relapse and multiple
relapses, respectively, with delay 5. The schematic diagram of the model is given in
Figure [23|

101



Figure 23: Schematic diagram of the model. The model consists of three human
sub-populations: susceptible humans (.5), infectious humans with primary infection
(I,) (i.e., from the bites of infectious mosquitoes), and infectious humans due to
relapses (/) (i.e., from the reactivation of dormant stage hypnozoites). Similarly,
there are two mosquito subpopulations: susceptible mosquitoes (.5,) and infectious
mosquitoes ([,). The proportions of first-time relapse and multiple relapses are given
by € and €, respectively. Solid lines represent transitions between susceptible and
infectious states in both humans and mosquitoes, which also include the dynamics of
relapses and the loss of immunity in humans. Dotted lines represent the interactions
between susceptible humans and infectious mosquitoes, as well as the interactions
between susceptible mosquitoes and infectious humans. The delay due to waning
immunity is 71, the delay in single and multiple relapses is 75, and the delays in human
and mosquito infection are 73 and 74, respectively.

The model is described by the following set of delay-differential equations:

S,lz(t) =A+ (1 — e)wlp(t — Tl)e_thl + (1 — 61)w]r(t — Tl)e_dhn _ ba#?t)(t)sh(t) — thh(t),

(5.1)
, b I, (t — 73)e =™

I(t) = No(t—15) Sp(t —73) = (dn + 6 + w) (), (5.2)

I'(t) = ewl,(t — To)e ™™ + qwl, (t — 7o)~ "™ — (d), + 6, + w) . (t), (5.3)

S(t) = ¢ — e “ﬁ\g)( a L) g )~ d,5.(0), (5.4)

O py p — T4 r — T4 e—dv7'4
ry( = = IR ) — o) (55)

All the parameters involved in the system ([5.145.5)) are assumed to be non-negative.
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The Epidemiology and Disease Control Division, Nepal and our previous study |Gau{
tam et al. (2022)) highlights imported malaria cases as the main obstacle to Nepal’s
2025 elimination target. To address this, the Ministry of Health and Population
initiates cross-border collaboration with India, particularly Uttar Pradesh, to curb
the influx of cases. Majority of imported cases stem from Nepali migrant workers in
Maharashtra and Gujarat. Coordination efforts with Indian states are underway to
tackle this challenge effectively Nepal (2022). Thus, we simulate the model to verify
the analytical results and to predict local malaria trends in Nepal during the years
2023-2026 assuming no further imported cases after 2023. Our simulation based on the
parameters from our previous study Gautam et al. (2022)) and available information
described below and shown in the Table 4l In the base year 2022, total malaria cases
in Nepal were 1917 [Post|, of which 1764 (92% Rijal et al| (2018)); WHO| (2023)) were
vivax malaria, among which 300 (17% Manandhar et al.| (2013))) were infections from
relapses within one year.

Among about 30,000,000 population of Nepal in 2022 |Gaigbe-Togbe et al.| an estimated
8.2 million people are at risk of malaria, as per WHO |Nepal (2022). We assumed
that the mosquito population is five times higher than the human population Xiulei
et al.| (2020)) and S,(0) = 8,198,083, 1,(0) = 1617, 1,(0) = 300, S,(0) = 40,990, 415,
I,(0) = 9585. Here total human population (N;) = 8,200,000, and the crude birth
rate of Nepal (in 2022) is 20.2 per year per 1000 population, and so the human recruit-

ment per day (A) = Crude Birth Rate per day per individual x Population at risk =

20.2 x 8,200, 000 1
* 0 2, = 454 per day. Natural death rate of humans (d,) = ———,
1000 x 365 70 < 365

average lie span of Nepalese people for the year 2022 is 70 years |Gaigbe-Toghe

et al.. Total mosquito population is (N,) =Five times Human population at risk

Xiulei et al. (2020). Then the mosquito recruitment rate per day was taken as

1
= N, X birth rate of mosquito per day [ — | = 2,928,571. The delay time for
14

relapsing varies from two weeks to two years, depending on the type of treatment
followed by follow-up programs, location, age, and immunity. The percentage of
relapsing in the context of Nepal varies form 4% to 28% in one year Manandhar et al.
(2013); |[Ruan et al.| (2008); Rijal et al.| (2018).

The descriptions of parameters are given in Table [4]
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Table 4: Description of malaria parameters in Nepal

Description Sym. Base value
Transmission probability
from mosquito to human, per bite | vy 0.0195 |Gautam et al. (2022)
Transmission probability
from human to mosquito, per bite | ay, 0.63 |Gautam et al, (2022)
Human recruitment rate A 454 day~' (Cal.)
Mosquito recruitment rate o 2,928,571 day~*(Cal.)
Per capita recovery
1
rate of humans w %day_1 (Assu.)
Per capita natural birth and
1
death rate of mosquitoes d, — day ~1(Assu.)

14

Per capita disease-induced

death rate of humans On | 4.68 x 107% day~! |Gautam et al. (2022)
Per capita natural death
rate of humans dp, 3.91 x 10°day ! (Cal. )
Proportion of first relapse € 0.28 (Rijal et al.| (2019b))
0.9 |Chu and White| (2016)
Proportion of multiple relapse €1 0.14 (Rijal et al.| (2019b))
Immunity waning period T 365 days (Assu.)
Relapse delay Ty 180 days (Assu.)
Latent delay (humans) T3 30 days (Assu.)
Latent delay (mosquitoes) T4 20 days (Assu.)
Biting rate per mosquito b 0.13 day~! |Gautam et al.7(2022)7

5.3 Results

5.3.1 Existence and Uniqueness of Solutions

Consider Q = {(x1, 2, x3, =4, x5) :

r; > 0,i = 1,2,3,4,5} C R® and 7, =

max{7y, T2, 73, 74}. The initial conditions (history function) for the model system

EIF5) ave:

Su(t) = d1(t), L(t) = da(t), I (t) = ¢s(t), Su(t) = da(t), 1,(t) = ¢5(t)

(5.6)

with ¢;(t) > 0and ¢;(0) > 0fori =1,2,3,4,5, and t € [—7,,,,0) and (@1, P2, ¢3, P4, P5) €
C ([=7m,0],Q), where C ([—7, 0], Q) be the Banach Space of continuous functions

defined from [—7,,, 0] to ©Q with supremum norm. According to the fundamental theory
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of functional differential equations Hale and Lunel| (2013), the system with initial

conditions admits a unique solution.

5.3.2 Positivity and Boundedness of Solutions

Now, we establish the following theorems regarding the system’s positivity and bound-

edness of solutions.

Theorem 5.3.1 All the solutions of the system with initial conditions
Sp(0) > 0,5,(0) > 0, together with I1,(0),1,(0), I,(0) > 0 are positive for t > 0.

Proof: We apply the method of contradiction to show the positivity of the solutions to
the system as in [Vaidya and Peter| (2021)); [Chen et al. (2016)); Diabate et al.
(2022)). First we show that, S,(t) > 0 for all £ > 0. Suppose S,(t) > 0 is not possible
for all ¢ > 0, then there exist first time point ¢t = ¢, > 0 such that S,(¢,) = 0. Then
from the Eq. (5.4), we get S, (t)|(t =t,) = ¢ > 0. It follows that there is a constant 7
small enough such that S,(t) < 0 for ¢, —n <t < t,, which contradicts the fact that
Sy(t) >0 for t, —n <t <t, and S,(t,) = 0 for the first time. Thus S,(t) > 0 for all
t > 0.

Next, we show that, Sy (t) > 0 for all ¢ > 0. Suppose that S, (t) > 0 for all £ > 0 is not
possible, then there exist ¢t = t5 > 0 (first time point) such that Sy,(¢s) = 0, then from Eq.
(5.1), we get Sy (0)|(t = ts) = A+ (1 —€)wl,(ts — Tim)e” ™ + (1 — €1)wl,(ts — Ty )T,
Let t; =ty — 7, Now we claim (1 —e€)wl,(t7)e” %™ + (1 — €1 )wl,(t;)e~%™ can not be
negative. Suppose if possible (1 — €)wl,(t;)e=%™ + (1 — €;)wl,(t;)e %™ < 0. Then
there exist first time point ¢, (0 < t, < t; < t;) such that at least one of I,(t,), I.(t,)
should be zero. i.e., min {[,(t,),I(t,)} = 0. If I.(t,) = 0 and I,(¢,) > 0, then
from the Eq. , IOt = t,) = ewl,(t, — Tm)e ™ + eqwl, (t, — Tp)e W™ >
0. Which contradicts ¢, is the first time point such that I.(t,) = 0. Therefore,
I,(t,) > 0. Similarly, we can show that I,(¢,) > 0 and contradicts our assumption
(1 — e)wl,(tr)e ™ + (1 — e1)wl, (tr)e ™ < 0. Therefore, Sy (t)|(t = t5) = A+
(1 — )wly(ts — Tm)e ™ + (1 — €1)wl,(ts — Tyn)e~%™ > 0. It follows that there is a
constant ¢ small enough such that Sj,(¢) < 0 for t; — ( < t < ts, which contradicts
the fact that Sy(t) > 0 for t; — ( <t < tg and Sy(ts) = 0 for the first time. Thus
Sp(t) > 0 for all t > 0. Similarly, using the same approach, we can show that
I,(t) >0, I.(t) > 0,1,(t) > 0 for all ¢ > 0. Hence, the solution set {Sy, I, I, Sy, I, }
of the system ([5.145.5)) is always non-negative. O

We now prove that these non-negative solutions are bounded in Theorem [5.3.2
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Theorem 5.3.2 All the solutions of the system with initial conditions
Sr(0) > 0,S5,(0) > 0, together with 1,(0),1,(0),1,(0) > 0, are bounded fort > 0.

Proof: Now, we show that the mosquito population is bounded for all time ¢.
We denote V(t) = S,(t) + I,(t + 74), then using the system (5.445.5)), we get

b (L,(1) + L(1))

v =e Nu(?)

Sy(t) (1 — e~™™) — 4,V (t).

Sy(t) (1 —e®™) > 0, then, we have a linear differential

equation, V'(t) < ¢ — d,V(t). Solving, we get V(t) < dﬂ (1—e @) + V(0)e ™.

Taking t — oo, N,(t) = V(t) < dﬂ Hence, the mosquito population, N,(t), is
ultimately bounded all the time. °
For the human population, taking H(t) = Sy(t + 7o) + Lp,(t + 27,,) + 1-(t + 74,), then

from the system ([5.145.3]), we have

H'(t) = A+ (1 —ewl(t)e ™ + (1 — e )wl,.(t)e™ ™ — d Sy (t + 7))
baun Iy (t + 7)) (1 — e77m)
— - L 2
Nolt £ ) Sp(t+ Tm) — (dp + 0p + w) p(t+ Tm) +

ewl,(t)e= T + eyl (t)e ™ — (dy + 6 + w) [ (t + Tpm).

ban I (t + Tim) (1 - e*d’”m)
Np(t+ 7o)
H'(t) <A—dyH(t) + ewl,(t)e™ ™™ + eyl (t)e ™
—(w =+ ) Lp(t + 27) — (Op + W)L (t + 7).

Since Sp(t + T,n) > 0, then

Now there are two cases:
Case(i): If ewl,(t)e ™ + e;wl, (t)e= "™ < (w + 8,) L, (t + 27n) + (O + W) L (t + Tin).-
It follows that

A
H(t) < A—dp,H(t) and H(t) < 7 (1 —e ") + H(0)e ", hence for ¢ — oo,
h
A
Nu(t)=H(t) < —.
dp,
Case (ii): If (w+05) L, (t4+27)+ (On+w) L. (t+T) < ewly(t)e™ ™ +eywl, (t)e T V.
Then, it follows that

ewl,(t)e= ™ + eywl, (t)e T
(w + 5h)

Lt +27,) + L (t + 7) <el,(t)e ™ + ¢ 1,(t)e ™ <
L,(t) + I.(t).
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Therefore, 1,(t + 27,,) < I,(t), I,(t + 7,) < I.(t) and ensure both I,(t) and I,(t) are
strictly decreasing functions. In addition, both I,(¢) and I.(t) are non-negative, so
both are bounded. Now, using boundedness of I,(t) and I,(t) in the Eq. (5.1)), Su(t)
is also bounded. Thus, the human population Ny(¢) is also bounded. 0

5.3.3 Existence of Equilibria

At equilibrium, the system is not of delay equations but of non-linear algebraic
equations. Let (S* r 1x S I *) be an equilibrium solution of the system 1 .

h» prory U v

Then, solving the system, we get

A (dp, + 0y + w) et (§,edn™ 4 dp e 4w (e — €))

Sy = , 5.7
: SSYENa] (5:1)
I AN e (F7) (w(1 — e1e=™7™2) + dj, + 6y,)
P Q2 + Q1 ’
o AweX; + Oy
" Q2N + Q1
o oA By (5hed”2 + dpe®™ 4+ w (ed”2 +e— 61))
v Vi +U ’
¢ - [*dv
gr— T v
v dv 9
]*
where A} = 6]’\}—*”, B = bayy, By = bay, (5.8)
h

where

Qs = w? (BT _ 1) (7 — 6)) 4 ew? (e — 1) + §Redn(ntratm) | (5.9)
W (dy, + 0y) €07 (eBmH I _ 1) g (dy, + 5y) eI (e _ ) 4
20, (TFTEHTS) L e, e 4 diedh(ﬂ”ﬁ”’) + wedpe® ™,
Q1 = dy, (dy, + 0p + w) e T3 (5hed”2 + dpe®™ 4w (ed”2 —a)),
U=d*(dy+ 6, +w) (5hed”2 + dpe®™ 4+ w (ed”2 — 61)) ehoratdnTs
V =d, (dved”“ + Bv) (5hed”2 + dpe®™™ + w (ed”2 +€— 61)) ,

where ()1, @2, U,V are non-negative. Therefore, if A} is positive, then Sj, I, I7, I}

)TV

are positive and the malaria endemic equilibrium is obtained. However, for A\; = 0, we

get the malaria-free equilibrium. After some algebraic manipulation with the system

(5.1H5.5)), we get the cubic Eq. (5.10))
(Ls (A3)* + Ly (A) + L) A, = 0, (5.10)
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where L; for i = 1,2,3 with their signs as described in Eq. (5.19). By solving the Eq.

(5.10) we can obtain the disease-free and endemic equilibria.

5.3.3.1 Malaria-free Equilibrium and Basic Reproduction Number
Now the A} = 0, obtained from Eq. (5.10), provides the malaria free equilibrium
A ¢
E'=(Sp, ), 19, S, I0) = (—, 0,0, —, 0.
( hy “pr fro Moo 1)) dh7 s YU dva

To derive the basic reproduction number, we used next generation matrix method
described in [Van den Driessche| (2017); Diekmann et al. (1990). In the system (5.1]
, there are three infected compartments I,, I, and I,. Let I, = 4,1, = y2 and

I, = ys. Here, the incidence rates for the three infectious compartments I, I, and I,
~ banp I, (t — 73)ednTs

are Z(t) = Sp(t —13), Fa(t) =0,
1( ) Nh(t _7_3) h( ?;) 2( )
bay,, (1,(t — I.(t — T4 . ..
F3(t) = o (Ip(t = 1) + It = 7)) € Sy(t — 14), respectively. Similarly, the
Nh<t — T4>

transfer rates from these compartments are #1(t) = (dy + 9 + w)[,(t), %a(t) =
—ewl,(t — m)e™ ™ — el (t — T9)e™ "™ + (dy, + 6 + w),(t), ¥5(t) = d,1,(t) respec-
tively.

We now introduce two matrices:

0 0 ﬁhefdhq—?’
0F; o 0 0 0
= {ayj (E )} | ednBee ™™ gdy et 0 ’
Ad, Ad,
oY dh + (Sh +w 0 0
V= { . (]EO)} = —wee™ ™ _weeT ™ 4 dy + 0, +w 0
Iyj 0 0 d,

These matrices provide the FV™! and the basic reproduction number R,
corresponds to the spectral radius of FV~!

Ry = (FV—I) _ 6_(dh7—3+dv7—4)¢dh5hﬂv ((WE - WE1> e_thQ + dh + 5h + w)
o= B Ad? (dy, + Op +w) (dp, + O + w — were—dnm2) ’

Next, we investigated the sensitivity of Ry to the relapse delay (73),
proportion of first time relapse (€), and proportion of multiple relapse (€;) (Figure 24)).
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Figure 24: Sensitivity of basic reproduction number (Ry) to the relapse delay (73),
the proportion of first time relapse (¢) and the proportion of multiple relapses (7).
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Increasing relapse delay (72) reduces Ry slowly, while increasing relapse proportion
(€) and multiple relapse proportion (€;) increases Ry rapidly (Figure [24](a, b)). For
the malaria parameters of Nepal presented in Table 4, despite the 100% of recovered
individual from primary malaria cases experiencing relapse over a period of two weeks
to two years, then also malaria remains under control in Nepal (Figure 4f(a)). Also,
only exceptionally high percentage of recovered human from primary infection get
relapse together with recovered human from relapse class get multiple relapses in
exceptionally higher percentage will create a problem to control malaria in Nepal.
Otherwise, malaria level is in fully control but the problem of elimination is remains

critical.

5.3.4 Model Analysis Considering one Delay (73)

Since our main interest is to evaluate the role of the relapse delay (72) and the
proportion of relapses for the persistence and elimination of malaria, we considered the
model without other delays for the stability analysis of the malaria-free equilibrium
when Ry < 1, and existence of endemic equilibria and Hopf bifurcation analysis when
Ry > 1.
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5.3.4.1 Stability Analysis of the Malaria-free Equilibrium

For the simplification of model analysis, we take the proportion of first time relapse

and multiple relapses to be equal, i.e., ¢, = €. Then

R |(€ — ¢ ) _ gbdhﬁhﬂv
0 ! Ad? (dy, + Op + w — ew e=dr72)’

—

Let z(t) be the transpose of the vector (Sy(t), I,(¢), I,.(t), Su(t), I,(t)). Then linearizing
the system (5.1H5.5)) at the malaria-free equilibrium EY, we obtain

d
a:E(t) = M Z(t) + N°Z(t — ) (5.11)
—d, w(l—¢€) w(l—¢€ 0 =0
0 —k 0 0 B,
. 0 0 w—k 0 0
where M = gbdhﬁv ¢dh/811 )
_ _ —d,
O s ol O
hFv hMv
—d,
0 Ad, Ad, 0
0 0 0 0 0
0 0 0 0 0
NO = [0 wee ™™ wee ™™ (0 0. Let A be an eigenvalue, and det(A) be the
0 0 0 0 0
0 0 0 0 0

determinant of the matrix A.

The characteristic equation of Eq.

(5.11)) is det(M° + N%e A2 — Al5.5) = 0, i.e.,

—(dp+ ) w(l—e¢ w(l—e) 0 -0
0 —(k+ ) 0 0 578
0 wee (@AM yee=(dntNT2 (] 4 )) 0 0
¢dp By odp 5, =0,
gbd/\%v Qﬂ/\%} (dy + N) 0
hPv hMPv
—(d, + A
0 A, Ad, ! (dy+ )
where k = dj, + 0y, +w. It has two negative eigenvalues A = —dj,, —d,, and the remaining
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eigenvalues can be obtained form the equation P(\) = 0, where

P(\) = A3\® + A\* + Aj )\ + A, where (5.12)
Ay =1, Ay = 2dp, + dyy + 26), + 2w — wee™ (TN
A =w (dp + op) (2 — ee_(d”)‘)m) + (wdv + wz) (1 — ee_(d”’\)”) + (1 — Rg) wd,
+ 2d61 + (2 — RY) dy (di + 63) + Riwed,e™ "™ + d;, + 67,
Ag =d, (dyp + 0 +w) ((1 = RY) (dy, + 6, + w) — wee™ ™™ (e — RY)).

In this case p(\) = 0 is equivalent with L(\) = M()), where L(\) = A3\3+ A A2+ A\,
M(\) = —A,.

Theorem 5.3.3 For o = 0, the malaria-free equilibrium is locally asymptotically
stable for Ry < 1 and unstable for Ry > 1.

Proof: In this case, the characteristic equation Eq. is reduced to a polyno-
mial equation. It follows that A3 = 1, Ay = 2d), + d, + 20, + (2 — €)w, A =
dn ((2— R2)dy + 205, + 2w — we) + dy (2 — R2) 6, + (1 — R2) w + R2we +w(l —¢)) +
d2 + (6 +w) (6 +w(1 —¢)), and

Ay = (1 — R%)d, (d, + 65 + w) (dy + 0 + w(1 —€)). Therefore, A; > 0 for all i, and
AjAg—Ag =2 (4 — R2)dy + 66, +3w(2 —€))+d> (2 — R2) dp +w ((2 —€) — R3(1 —¢)))
+2d3 + (0 + w) (w(4 — 3€)0p, + 202 + w?(e — 2)(e — 1)) + d, (20, + w(2 —¢€))?

—d,R2 (6 +w(l —€) 2+ dp2d, (4 — R3) op + (1 — R2) w + Riwe + w(3 — 2¢))

+dp (2 — R%) d? + 6w(2 — €)0p, + 657 + w? (2 — 66 + 6) > 0. Hence, from the Routh-
Hurwitz criteria, the malaria-free equilibrium is locally asymptotically stable when
Ry < 1. However, for Ry > 1, Ay < 0, and the malaria-free equilibrium becomes
unstable. U

Theorem 5.3.4 For all 75 > 0, the malaria-free equilibrium is locally asymptotically
stable for Ry < 1 and unstable for Ry > 1.

Proof: To prove Theorem we need to establish the following three results, for all

To:

(i) Eq. (5.12) has no non-negative real roots when Ry < 1;

(ii) Eq. (5.12)) cannot have purely imaginary roots of the form A = ia, o > 0 for
Ry < 1; and
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(iii) Eq. (5.12) has non-negative real eigenvalues or has eigenvalues with positive real
parts when Ry > 1.

Proof (i): Setting L(\) = AsA\3 + A A2 + A\ and M(\) = — Ay, then Eq.
can be written as L(A\) = M(A). Then L(A) > 0 for A > 0 but M(\) is a decreasing
function of A with M (0) = (R3 — 1) d, (dy + 6, + w) (di + &), + w — ewe™4™) < 0 for
Ry < 1. Thus the Eq. has no non-negative real roots.

Proof (ii): In this case, Eq. (5.12]) can be written as
)\3 + b2)\2 + b1>\ + b(] + (62)\2 + Cl)\ + C(]) e*(d”)‘)” = O, (513)
where

by = 2dy, + d,, + 205, + 2w, co = —we,

by = (dp + 6 +w) (dp + (2 — R) dy + 65, + w) + Riwed,e™ ™,

o1 = —we (dp + dy + 0 +w),

by = dy, (dp, + 0 + w) ((1 — Rg) (dp +op +w) + ngee_d”?) ,Co = —wed,, (dy + 0 + w) .

Suppose, if possible there exists some 7, for which Eq. has roots with non-
negative real parts for Ry < 1, then they must be a pair of purely imaginary roots
for some 75 > 0. Suppose, if possible A = i« is a root of Eq. for Ry < 1. Then
substituting A = 7« into the equation and collecting the real and imaginary parts, we

obtain

?by — by = e (cos(cm'g) (co — (1/202) + aclsm(owz)) , (5.14)
ad — aby = e (OéClcOS(OéT2> — sin(aty) (co — 04202)) )

Now squaring and adding,

a’+at (bg —2by — cge’Qd’m)—i—aQ (b% — 2bgby — c2e 2T 2000267251’”2)—i—bg—cge’m’m = 0.
(5.15)
Now taking z = o?,
222 (B3 — 2by — e ™) 2 (b3 — 2boby — che ™2™ 4 20000072 ) 412 —che ™ = 0.
(5.16)
Let
f(2):= 2"+ By2®> + Bz + By = 0, (5.17)
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where

By =d (dp + 6, + w)* ((Rjwee ™™™ + wee™ ™™ + (1 — R}) (6p +w)) + (1 — RY) dy)
(1= R}) (—wee ™™ + 6, +w) + (1 — RY) da)

By = w? (8, +w) % 207 (27 — %) + 2Rjwd,e” ™™ (6, +w) 2 (e™™ —€) + d),
+ 2w, (8 + w) ® + 2R, 0 (6 +w) * + (1 — RY) *w?d26} (85 + w) 2
+wd; (1= €e7>m7) + 2R] (1 — R) wedoe” "™ + Rywe*die ™ + 4 (1 — R}) wd2dy,
+ 2Rwed20pe” "™ + 2Rwd26y, (1 — ee™™™) + 2 (1 — Ry) d26;, + Rydzs;,
+2dy (R§d, +2 (0 +w)) + dp (w? (6 — €2e7>7™) + 2R3d, (w (3 — ee”™™) + 35;))
+d; ((Ry — 2R + 2) d 4 12wdy, + 607 ) + 2d), (w8, (6 — 626_2dh7—2) +w®(2- 626_2th2))
+ 2d, (Rgdve_d”2 (0, + w) (35hed”2 + 3wedr™ — 2we) + 6w62 + 25,3;) +
2dpd2 (Ry (w — wee™ ™™ + 6;,) + Rjwee "™ +2 (1 — RY) (0h +w))

By = 2w* — w2+ 2d), (Rydy + 2 (6, + w)) + 2R3d, (w — wee™ ™™ + 6,,) + 2d;, + do+
4wby, + 207

Thus all B; > 0 for Ry < 1, then using Descart’s rule of sign Eq. does not have
positive roots. Hence A\ = iar does not exist as a root of Eq. for Ry < 1.

Proof (iii): Now we rewrite the characteristic equation P(A) = 0 as L(A\) = M (\), where
L(\) = A3\ + A\ + Aj ) and M()\) = —Ay. Considering the real eigenvalues, L(0) =
0, im0 L(A) = co and M (0) = (RE — 1) d, (dy, + 0n + w) (dj, + 0 + w — ewe™47™2) >
0 for Ry > 1. Then there must exist at least one positive A = A* such that
L(\*) = M(\*), i.e.,, \* is a positive eigenvalue of the characteristic equation P(\) =0

and hence, the malaria-free equilibrium becomes unstable for Ry > 1. 0

5.3.4.2 Impact of Relapse Delay and Proportion of Relapse on Malaria
Burden in Nepal

Here, we perform simulations using the parameters in Table [] to show how the
proportion of first time relapse (¢€), the proportion of multiple relapses (e1), and the
relapse delay (72) impact the malaria dynamics in Nepal from the beginning of the
year 2023 to the end of 2025 (Figure 25| (a,b,c) respectively). Increasing the proportion
of first time relapse (Figure 25{a)), our model predicts that if 80% of the recovered
humans from primary infection get first time relapse, there will be 8 malaria cases at
the end of 2025. However, if the relapse percentage is below 35%, then Nepal will be
malaria free at the end of 2025.

Similarly, from (Figure 25(b)), our model predicts that if 28% of recovered humans
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from relapse class get multiple relapse, there will be 4 malaria cases at the end of 2025.
However, if the multiple relapse proportion is below 16%, then Nepal will be malaria
free at end of 2025.

Also, from (Figure (C)), our model predicts that if the relapse delay is one year,
there will be 16 malaria cases at the end of 2025. However if the relapse delay is
below six months, Nepal will be malaria free at the end of 2025. In this case malaria
cases remains almost constant when number of days in duration is less than the
corresponding 75. However, number of malaria cases strictly increasing with increasing

relapse delay when duration exceed 75. Next, we perform simulations to show how the
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Figure 25: Time series solutions of total infections due to the impact of the proportion
of first time relapse (€), the proportion of multiple relapses (¢;), and the relapse delay
(72). Number of days start from January 1, 2023. In each (a,b,c) , Ry < 1.

variation in two of three relapse parameters (i.e., the proportion of first time relapse
(€), the proportion of multiple relapses (€1), and the relapse delay (72)) impact malaria
dynamics in Nepal at the end of the year 2025 (Figure [26 (a)(b)(c) respectively).
Increasing the proportion of first time relapse, together with relapse delay, our model
predicts that in the worst case if 100% of those recovered from primary infection
experiences relapse after six months then there will be still 14 malaria cases in Nepal
at the end of 2025. However, if the percentage of relapse of those recovered from
primary infection after six months is below 45% then Nepal will be malaria free at
the end of 2025 (Figure [26[a)). Similarly, increasing the multiple relapse proportion
together with relapse delay, our model predicts that if the relapse delay is less than
four months, Nepal will be malaria free at the end of 2025 only when the multiple
relapse proportion remains below 28% (Figure 26|(b)).

However, if the relapse delay is six months, then Nepal will be malaria free at the end
of 2025 only when the multiple relapse proportion is below 20%. Again, increasing

the proportion of first time relapse, together with the multiple relapse proportion, our
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model predicts that if in the worst case that the relapse proportion and the multiple
relapse proportion are 100%, there will be 3486 malaria cases at the end of 2025
(Figure [26{c)). However, if the relapse proportion and the multiple relapse proportion
remain below 20%, Nepal will be malaria free at the end of 2025. In Figure 26((a,b), Ry
remains below 1 however in Figure (C), Ry switch below 1 to above 1 while varying

€ and €.
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Figure 26: Malaria levels after three years from Jan 1%, 2023 with respect to the
proportion of first relapse (¢€), the proportion of multiple relapses (€1), and the relapse
delay (7). In (a,b), Ry remains 1 however in (c), Ry switches below 1 to above 1 while
varying € and e;.

5.3.4.3 Sensitivity of Relapse Delay and Relapse Proportions on Time to
Malaria Eradication

Here we perform simulations to show how the variation of two of three relapse
parameters impacts the first time point to achieve malaria elimination in Nepal (Figure
(a)(b)(c) respectively). In particular, starting from Jan 15, 2023, when 25% of
recovered humans from the I, class relapses after two weeks, then the system achieves
the malaria-free point after 467 days . Similarly, when 25% of recovered humans
relapses after six months, then the system achieves the malaria-free point after 1004
days (almost end of the year 2025) (Figure 27(a)). Moreover, when 25% of recovered
humans from the I, class relapses after two weeks, then the system achieves the
malaria-free point after 523 days (before the end of 2025). However, when 25% of
recovered humans relapses after six months, then the system achieves the malaria-free
point after 1315 days (After the end of 2026) (Figure 27|(b)). Likewise, when 20% of
recovered humans from the I, and I, classes relapse after about six months, then the
system achieves the malaria-free point at the end of 2025 (1095 days). However, when

25% of recovered humans from the I, and I, classes relapses after six months, then
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the system achieves the malaria-free point after 1295 days (middle of 2026) (Figure

R7(c))-
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Figure 27: Sensitivity of the time (in days) for the system to achieve the disease-free
point, varying the proportion of first relapse (¢), the proportion of multiple relapses
(€1), and the relapse delay(7z). Days starting from 1% Jan, 2023. For all (a,b,c),
Ry < 1.

5.3.5 Malaria Endemic Equilibria and Stability

In this section we will discuss about the existence of malaria endemic equilibrium,

stability and Hopf bifurcation when Ry > 1.

5.3.5.1 Malaria Endemic Equilibrium

The equilibria Eq. (5.10) reduces to
L3 (A\2)? + Lo\, + Ly = 0, (5.18)
where

Ls = Ad, (d, + 5,) (5hed”2 + dpe®™ + w (eth2 +e— 61)) 2 (5.19)
Ly = A (1= R}) &2 (dp+ 0p +w)? (e™™ (dy + 6 + w) —wer) %,

where Lz > 0 and L; < 0 for Ry > 1 and L, varies with the choice of parameters.
Thus, there exists a unique malaria endemic equilibrium when Ry > 1. Plugging the
unique positive value of A; obtained from Eq. (5.18)) in the Subsection (/5.3.3]) we
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obtain unique endemic equilibrium:

A (6h6d”2 + dpe®™™ + w (ed”? — e))

Oh = A5 (0pedn™ + we (e — 1)) + dp, (dpe®™ + Ajedr™ + w (e®r™ — €)) + d2ednm’
I AN, ((dn + 6p) €™ + w (e®™ — €))

P k() (Ope®n™ + we (€47 — 1)) + dj, (dpedn™ + Njedn™ + w (ednm — €)) + diedn™)’
o Awel;,

" k(A (OpetnT + we (ednm2 — 1)) 4 dp, (Opedn™ + Ajednm + w (et — €)) + diednT2)’
I — PN} Bue™ ™

—dy (A3 Buedn™ 4 d,, (Spedn™ + Niedn 4w (edn™ — €) + djednm))’
A (8pe®™™ + Xjedn™ 4 wetn™ + dj,e™ — we)

A5 (0pednm + we (e — 1)) + dp, (dpe®™ + Ajedrn™ + w (e®n™ — €)) + d2ednm’
/\;klﬁvedhrg

T Gpednm + Aredn™ + w(edn™ — €) 4 dpednm’

N =

A

5.3.5.2 Stability Analysis of Malaria Endemic Equilibrium

The Jacobian of the system at the malaria endemic equilibrium is

Ny

Sy LS \F S 8,5
- bl Zh*h 1— ZhZh 1— _ h
(dh+)\h ( N;;)) N + w( €) N + w( €) h
i (1- ) (k4 2555) NS 551
Ji = N Ny Ny
1 = 0 u)ee_dm'z _ —wee‘d“? +k’)
. >\’U (dv ZU dv ZU (ﬁv )\U) dv Z'u (6’0 Av)
Ny N;i N;
Let A be an eigenvalue of the Jacobian (J;). Then the characteristic equation is
ap — A (05} a9 as
Qy as — A ag ar B
0 a8e—()\+7'2)dh ase—()\+72)dh + ag — A 0 0,
a1o a1 a1 a1z — A
where a; = — (dh + A <1 - F%)) , Gy = ]]if,ijh +w(l—e), a3 = _5;(7;7
a4:/\71(1_N%)7a5:_<dh‘|‘5h+ ]’if;h+w),a6=—]’%h,
a7 = % ag = we, ag = —(dy + 0p + w),
N;,
s (g L)) (8- ()")
aip = _—;\)7;; ya1lr = v N , a1z = —(dy + X\). The
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characteristic equation reduces to
X'+ BsA® + BoA? + Bid + By + (C3A® + CoA* + CiA + Cp) e (™ =0, (5.20)
where,

Bs = — (a1 + a5 + ag + a12) , By = aga2 + as (ag + a12) + a1 (a5 + ag + ai2)
— Q204 — A3Q10 — A70G11,

By = a3 (a5 + ag) aio + a7 (a1 + ag) an1 + agaq (ag + ar2) — aza7a10 — azasa1 — asagarz
— ay (agaiz + as (ag + ai2)),

By = ag (azaza1 + azasai; + a1a5a12) — ag (azasaig + araray; + azasas2)

Cy = —ag, Cy = ag (a1 + a5 — ag + a12) , C1 = ag (a1a¢ + ai2a6 + aszayp)
— ag (asaiz + ay (a5 + ai2)),

Co = as (asagaig + ar1asa1a) — as (azasag + a1a6a12) .

Theorem 5.3.5 For 15 =0, the endemic equilibrium is locally asymptotically stable
when Ry > 1 and D3DyDy — D? — D2Dy > 0, where D; = B; + C; > 0 for all .

Proof: For 7 = 0, the characteristic equation Eq. ((5.20) becomes
M+ DsA® + DyA? 4+ DA+ Dy = 0, (5.21)

where D; = B; + C; for all ©. Using the Routh-Hurwitz criteria, the malaria en-
demic equilibrium is locally asymptotically stable when D; > 0 for all ¢ together with
DsDy Dy — D% — DgDQ > 0 Martcheva (2015) [

When 7, = 0 all roots of Eq lie on the left side of the imaginary axis, indicating
stability at the endemic equilibrium. As 7y increases from 0, a root of Eq can
cross the imaginary axis to the right side. The critical case occurs when A\ = ia, as a
root can shift to either the right or left side with a small perturbation when situated
on the imaginary axis Busenberg and Cooke (2012)). Upon substituting in the Eq.
and collecting real and imaginary parts we get

a' — a?By + By = cos am (a2C’2 — C’O) e~ 4 gin ary (oz3C’3 — C’loz) e_d’m, (5.22)

aB; — o’ Bs = cosam (a303 - C1a) e~ _gsinamy (04202 — C’O) e~ T2,
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Now squaring and adding, we get
o® 4+ Hsa® + Hya* + Hio? + Hy = 0, (5.23)
Taking b = o, we have
b + H3b® + Haob® + Hib+ Hy = 0, (5.24)
where we obtain the following:

Hs = Bg — 2By — C’ge—?dm’z’
H, = B2 — 2B, B3 + 2By + (2C,C5 — C2)e 2472,
Hy = B> — 2ByBy + (2C)Cy — C)e 2™ | Hy = B2 — C2¢ 2™,

H
Now transforming the equation by b = u — Zg into depressed quartic form:

u* + Au® + Bu+ C =0, (5.25)

where A = 8Hy—3H3, B = Hy —4H3Hy+8H,,C = —3H;+16Hy H2 —64H3 H, +256 Hy.
Let u*4+ Au*+ Bu+C = (u*— Lu+ M )(u*+ Lu+ N). Then, we have M+ N = A+ L?,
M — N = B/L, MN = C. Using the identity (M + N)? = (M — N)?> + 4MN, it
follows that L?*(L*+ A)*> — B* —4L*C = 0 and we get t* +2At* + (A* —4C)t — B* = 0,
where ¢ = L?. By inspection (for fixed coefficients) or using Cardon’s method [Lestari
et al. (2020), we can obtain the value of ¢, and L, M, N can be obtained. Then we
can obtain u and hence possible values of b. If b > 0, then A = +i«a exist and the
model undergoes a Hopf bifurcation.

Now, we proceed with two cases. Case I: If a positive value of b is not possible, and Eq.

(5.20)) has no purely imaginary roots for all 75 > 0, placing all of Eq. (5.20)’s roots in
the left half of the complex plane. Then the following Theorem ({5.3.6)), holds.

Theorem 5.3.6 If Case I is satisfied together with Ry > 1, then the malaria endemic
equilibrium is asymptotically stable for all 7o > 0 provided that it is stable for 7 =0
Misra et al| (2018).

Case II: If the Eq. has at least one positive root b* for Ry > 1, then Eq.
has pair of purely imaginary roots +ia* and model undergoes Hopf bifurcations.

Remark: If Eq. has more than one positive real root, then Eq. has more
than one pair of purely imaginary roots, and the system possesses a finite number of

stability switches as delay parameter 7 increases.
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5.3.5.3 Malaria Dynamics with Decay Oscillations for R, > 1

Taking parameters fixed from Table 4] and initial conditions from data on malaria in
Nepal (2022), we obtain solutions with damped oscillations, as shown in Figure
(a,b) and as discussed in Case (I). It is worth noting that simulating the model with a
wide range of parameters with 7 > 0, we get decaying oscillations, verifying Case 1.

However, simulating the model with a wide range of the parameter values given in
Table [} we did not obtain Case (II).

b=0.39, ¢=0.9, 7,=180, RU:Z.SI

P

Infected number of humans (I +lr)

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time (days)(from Jan 15\,2023)

(a)

p

b=0.39, 7'2:365, 0.9, R0:2.31

wn

Infected number of humans (I +lr)

0
0 1000 2000 3000 4000 5000 6000 7000 8000
Time (days) (from Jan 1",2023)

(b)

Figure 28: Model solutions with damped oscillations when varying 75 without other
delays, when Ry > 1. In (a), when the relapse delay is six months and 90% of those
recovered from the [, class have a first time relapse, malaria becomes endemic in the
population, with decaying oscillations. In (b), the impact of increasing the relapse
period to one year is shown. In this case, the disease dynamics are quite slow, taking
a longer time to achieve a stable endemic level, with persistence of oscillations over a
long time.

5.3.6 Simulations Results Considering all Four Delays

Here, we examine the Hopf bifurcation phenomenon and the sensitivity of oscillations to
each four delays and and the relapse proportion. We assumed b = 0.6, a,,;, = 0.33, apy =
0.59,A = 8,w = 0.56,d;, = 0.0029,6;, = 0.00171,d, = 0.03,¢ = 80,71 = 9,75 =
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0.02,73 = 20,74 = 20,¢ = 0.6,¢; = 0.1, Ry = 1.82, S (0) = 500, ,(0) = 300, 1,.(0) =
0,5,(0) = 1000, ,(0) = 300, and obtained the Hopf Bifurcation (Figure 29). In

addition with same initial conditions and parameters, tspan =1500, we see the impact

of increasing each delays at a time fixing others on the oscillations of the I, + I, at the

time of last fifty days (1450-1500). we observed that all delay parameters are highly

sensitive to protect the regular outbreak of infection (Figure .
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Figure 30: Sensitivity of Hopf bifurcations to the delays and relapse proportions .
The sensitivity of the Hopf bifurcation to 71, 79, 73, 74 are shown in parts (a, b, ¢, d) ,
respectively. The sensitivity of the Hopf bifurcation to the proportion of relapse € is
shown in part ( e).
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5.4 Conclusion

Addressing the persistence of Plasmodium vivar and Plasmodium ovale in global
malaria eradication is challenging due to reactivation of the dormant stage parasites in
the liver and previously-infected individuals becoming infectious again due to relapse
Yan et al.| (2023). Existing models Chamchod and Beier (2013)); Ghosh et al.| (2020));
Wang et al.| (2021)) considered relapse from recovered humans using a system of ordinary
differential equations, but these studies did not fully address the impacts of the relapse
proportion and relapse delay on malaria dynamics. In this study, we developed, for the
first time, a malaria model that accounts for the delay in the reactivation of dormant

liver-stage parasites, leading to malaria reinfection.

Using our model, we performed a basic analysis and derived the basic reproduction
number, R, for all four delays. However, in the absence of other delays, we showed
that the malaria-free equilibrium is asymptotically stable when Ry < 1, and unstable
when Ry > 1 for all values of the relapse delay, 7. In addition, a unique endemic
equilibrium point exists and we obtained the condition for Hopf bifurcation when
Ry > 1. To verify the theoretical results, we performed simulation results of the model
with the malaria data of Nepal and predicted the local malaria burden of Nepal from
the beginning of the year 2023 to the end of the year 2025 in the absence of imported

cases.

As predicted by the analysis of our model, the relapse delay and proportions of relapses
substantially affects different aspects of malaria dynamics. Particularly, a long relapse
delay reduces the basic reproduction number and takes a longer time to achieve the
disease-free equilibrium when Ry < 1, and a short delay in relapse increases the basic
reproduction number and achieves the disease-free equilibrium rapidly when Ry < 1.
Similarly, increasing the proportion relapsing result increase in reproduction number
and decreases the rate of convergence of the solution to the malaria-free equilibrium
when Ry < 1. In the absence of imported cases, our model predicts that If 50% of
recovered individuals from the primary infection experience a first relapse, followed by
14% of those from the relapse group having multiple relapses within five months, Nepal
is expected to be malaria-free by the end of 2025. If only 28% of recovered individuals
from the primary infection experience a first relapse, followed by 25% of those from
the relapse group having multiple relapses within five months, Nepal cannot achieve

malaria-free status by the end of 2025.

If 50% of recovered individuals from the primary infection experience a first relapse,
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followed by 14% of those from the relapse group having multiple relapses within two
months, Nepal is projected to be malaria-free by the end of 2024. If 50% of recovered
individuals from the primary infection experience a first relapse, followed by 14% of
those from the relapse group having multiple relapses within six months, Nepal will
not achieve malaria-free status by the end of 2025 (Figure 27|(a,b)). Thus, our study
underscores the need for consideration of relapse delays and the proportion of relapse in
modeling to accurately predict malaria dynamics. Furthermore, we obtained periodic
oscillations with Hopf bifurcations when Ry > 1. We also evaluated the sensitivity
of periodic oscillations to all delays as well as to relapse proportion. In this case,
the radius of periodic oscillations is highly sensitive to all delays; hence increasing
the delays helps to protect from regular outbreak and the solution converges to the
malaria endemic equilibrium when Ry > 1. However, the radius of periodic oscillations
increases with higher proportions of first time relapse. Thus, control strategies to
reduce the proportion of first time relapse will be highly impactful in protecting from

regular outbreak Via Hopf- Bifurcation.

We acknowledge certain limitations in our study. Firstly, due to the unavailability of
primary infection and relapse-induced infection datasets, we had to rely on parameters
obtained from existing literature and malaria cases of the base year for our simulations.
Our simulation results are based on after successful implementation of planning of cross
border collaboration of Nepal government and other countries and complete restriction
on imported cases after 2023 Nepal (2022), which is the major limitation of this
study. Given a more robust dataset, simulations utilizing estimated parameters would
further improve our predictions. Additionally, the majority of our analysis primarily
focused on varying the delay in relapse and proportion of relapses to concentrate our
examination on relpase specific impact. Given the inherent complexity of the model,
mainly due to the presence of four distinct types of delays, we were limited to testing
the stability of the infected equilibrium and the phenomenon of Hopf bifurcation
through numerical techniques across a wide range of parameter values. Although we
observed the possibility of multiple endemic equilibria when Ry < 1 and the potential of
backward bifurcation, we limit our study only to the endemic equilibria and assessment
of Hopf bifurcation when Ry > 1. In summary, our novel delay-dynamics malaria
model, which incorporates the consideration of the relapse delay, revealed that the
timing of relapse and the proportion of both single and multiple relapses play a crucial
role in shaping malaria dynamics. Our research underscores the importance of factoring
in the relapse delay when modeling malaria dynamics to enhance the accuracy of

prediction.

123



CHAPTER 6

6.SUMMARY AND CONCLUSION

6.1 Summary

Malaria remains a significant health challenge in Nepal, primarily due to imported
cases from cross-border mobility, especially from India, and the high prevalence of
Plasmodium vivax, which tends to relapse over time. These factors pose substantial
barriers to Nepal’s goal of malaria elimination by 2026. This dissertation addresses
these issues by developing mathematical models that incorporate cross-border mobility
and relapse malaria cases, along with comprehensive model analysis and simulations
to understand their impact on malaria dynamics and the elimination target.

Chapter (1] includes an overview of the global malaria elimination programs, imported
malaria cases in a global context, literature reviews of malaria modeling, research
objectives and outlines. Chapter [2 details the life cycle of malaria parasites, the biology
of malaria transmission, symptoms, testing tools and techniques, and treatments. It
also covers the fundamental terminologies and theorems for malaria modeling, detailing
the analysis and simulation techniques used throughout the dissertation.

In Chapter 3, we developed mathematical model that incorporates cross-border mobility
and imported malaria cases. This chapter estimates malaria cases for 2026 and evaluates
control strategies for minimizing the burden and achieving elimination, considering
different levels of mosquito biting rates. It also covers stability analysis and persistence
theory. In Chapter 4, we perform an in-depth backward bifurcation analysis of the
model, examining various cases of mobility and deriving the threshold value for
the mobility-associated parameter, w, necessary for achieving malaria elimination.
In Chapter [5 we develop a malaria model that includes relapse delays and the
proportion of relapses, including multiple relapses. Based on relapse parameters, this
chapter estimates the time required for the system to achieve malaria pre-elimination
equilibrium. Chapter [6] summarizes the summary and conclusions of the dissertation.
Overall, this study involves the development of mathematical models addressing real-
world issues related to the mobility of people and the associated challenges for malaria
elimination, along with the relapse problem of P. vivax and P. ovale malaria parasites.
It also addresses potential control strategies for successful elimination and maintaining

malaria at a minimal level in worst-case scenarios. Numerical simulations and analyses
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are conducted using MATLAB R2018a (The MathWorks, Inc.) and Mathematica.

6.2 Conclusion

In this study, we developed two malaria models to address the issues of imported
malaria cases due to cross-border mobility of migrant workers and relapse malaria
cases of Vivax and Ovale, based on malaria incidence in Nepal. Since 2014, imported
cases have consistently exceeded local cases, with nearly 80% of cases being Vivax.
Through our models, we gained significant insights into malaria transmission dynamics
and identified effective control strategies. We developed a mathematical model that
incorporates cross-border mobility. In the absence of cross-border mobility, reducing
the epidemic threshold Ry just below unity may not be sufficient for malaria elimination
in the home country and among migrants abroad. In the presence of mobility with
complete protection abroad, reducing R; just below unity may still be inadequate for
eliminating malaria both at home and among the migrant population. Furthermore,
without protection abroad and border screening, the home country cannot be free from
malaria until the abroad is malaria-free. Thus, it is important to analyze the disease
dynamics when the threshold numbers are below unity through backward bifurcation

analysis.

We simplified the model with cross-border mobility for an extensive backward bifurca-
tion analysis and proved analytically that the mobility of infectious migrant workers
contributes to the phenomenon of backward bifurcation. This is a major finding in our
study and in the field of backward bifurcation literature. The analysis showed that
without cross-border mobility, backward bifurcation occurs only if the disease-induced
mortality rate is above a certain threshold. However, with ongoing cross-border
mobility and complete protection from malaria transmission abroad, elimination is
achievable only if the mobility rate of infectious migrants is kept below a critical
threshold. Without protection abroad and border screening, malaria elimination is not
possible unless the abroad is malaria-free. In this case, we determined the mosquito

biting rate threshold needed to maintain malaria at a low level in the home country.

Simulation of the model with Nepal’s malaria parameters showed that if cross-border
mobility is completely restricted, malaria can be eliminated from Nepal by 2026 due to
the negligible disease-induced death rate. Currently, there is no protection policy for
Nepalese migrants abroad, and mobility continues. Thus, Nepal can maintain a low

malaria level with local control strategies, but elimination is not possible until malaria
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is eliminated in India. However, if policies are implemented to protect migrants abroad
and adopt strict border screening to keep the mobility of infectious migrants below a
threshold, malaria elimination in Nepal is possible. Additionally, Mobility Restriction
(MR) is the most effective strategy for low mosquito biting rates, while ITN is best for

high biting rates, suggesting season- and location-specific strategies.

In our previous malaria model with cross-border mobility, we acknowledged the
limitation of not including relapse malaria cases. Our ordinary differential equation
model assumed an instantaneous rate, whereas most real-world results are impacted
by some historical functions. To address these limitations, we developed a delay
malaria model incorporating relapse. It is important to note that in recent years, the
Nepal government has initiated collaboration with Indian authorities to restrict the

cross-border mobility of infectious migrants.

We introduced a comprehensive malaria transmission model that accounts for relapse
delays in the absence of imported cases. Our findings indicate that relapse dynamics
significantly affect malaria transmission. Specifically, increasing relapse delays prolong
the time to achieve malaria-free equilibrium when Ry < 1 but accelerate the convergence
to endemic equilibrium when Ry > 1. These insights highlight the importance of

addressing relapse cases to achieve effective malaria control.

Overall, this dissertation underscores the critical impact of cross-border mobility and
relapse dynamics on malaria transmission in Nepal. It highlights the necessity of
stringent control measures, particularly Mobility Restriction, to meet the 2026 malaria
elimination target. The developed models and simulations offer valuable insights that
can inform policy decisions and practical strategies, not only for Nepal but also for
other countries facing similar challenges. Ensuring complete protection from malaria
transmission abroad and controlling the mobility of infectious migrants are essential

steps toward successful malaria elimination.

Our study made two recommendations to the policy level for successful malaria
elimination in Nepal by 2026: (a) Implement a counseling program about protection
tools for migrants before moving abroad, together with rigorous border screening and
isolation, to achieve malaria elimination in Nepal by 2026 if there are no relapse cases.
(b) Establish and enforce a comprehensive radical cure treatment protocol alongside a
structured follow-up program to maintain relapse proportions below a certain level, as

indicated by our simulations, if there are no imported cases.
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6.3 Future research directions

The following areas will be the potential research areas to asses the global malaria

eradication.

1. Malaria transmission model incorporating the mosquito mobility from endemic

to non-endemic region.

2. The malaria model incorporating cross-border mobility and relapse in low endemic

countries.
3. Risk based malaria model with high, moderate and low risk regions of Nepal.
4. Malaria model incorporating the temperature variation.

5. Risk of infection and risk of hospitalization in vector-borne diseases.
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1. Introduction

Malaria continues to pose a global health burden and is one of the leading causes of
death in many developing countries [11]. In 2019, about 229 million cases of malaria
and 409 thousand malaria-related deaths were estimated worldwide, mainly in African
countries [30,67]. Despite the continuous control efforts with programmes targeting elim-
ination, malaria cases have slightly increased globally for the past few years. According
to the WHO reports, the total number of worldwide malaria cases in 2016, 2017, 2018,
2019, and 2020 are 214, 217, 219, 228, and 229 million, respectively. In pursuit of malaria
elimination, broad access to human mobility has been a primary obstacle to successful
malaria control in many countries, including Nepal [23]. In particular, the human mobil-
ity between low and high endemic countries results in the importation of malaria cases
from high to low endemic countries, causing potentiality for the resurgence of malaria
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in low endemic countries. Notably, the cross-border migrants contribute to the transfer
of malaria cases from high to low endemic countries [33]. For example, even though
the elimination of malaria from Spain was declared in 1964, about 10,000 cases were
reported, mostly in travellers and migrants, in a later year. Similarly, about 12,000 to 15,000
cases of malaria are imported to European Union (EU) every year, with the majority to
France, the UK, and Germany from West Africa [32,59,68]. Given the significant obstacle
to malaria elimination due to human mobility across borders, studying the impact of the
imported cases through cross-border mobility on the malaria elimination programmes is
critical.

Nepal is one of the countries facing the direct consequence of a cross-border trans-
fer of malaria cases due to its open border provision with India. Although the malaria
elimination programmes in Nepal started in 1958 [25], the trend of malaria cases
remained fluctuated between 1963 and 2018, with a peak in 1985 (more than 42,321
cases) [22,28]. After 1985, the number of cases steadily declined, and the transmission
rate eventually reached a low level of 0.08 per 1000 annual parasite incidence (API)
among the risk population in 2018 [66]. With this rapidly decreasing- trend, the Nepal
government has set the goal of zero indigenous malaria by 2022 and malaria elimi-
nation by 2026 [29]. However, the porous border between Nepal and India has been
a severe concern for achieving these goals because even though the number of total
cases declined from 2009 (3500 cases) to 2018 (1065 cases) by 69%, the net imported
cases increased during this period by approximately 40 to 58% [28]. Most of these
imported cases reported a history of travel to malaria-endemic areas of India [29].
An increase in imported cases has posed an uncertainty about the elimination pro-
grammes to meet Nepal’s goal set. Mathematical modelling can provide a valuable tool
to predict the potential impact of such imported cases on malaria elimination from
Nepal.

Since the first differential equation-based model introduced by Ronald Ross in 1911
[12], various mathematical models have been developed to study the impact of con-
trol and prevention policies on the incidence of malaria in many endemic regions
[6,18,19,36,42,48,54]. These models have been further extended by incorporating age
structure, loss of immunity, the effect of social, economic, and environmental fac-
tors, human migration, drug resistance of vector, the impact of bed-nets, multi-groups,
and multi patches [2-4,7,10,16,20,31,37,45-47,52,61-63]. Even though some mathemat-
ical models [8,17,39,51,58] include cross-border mobility, there remains uncertainty on
the various aspects of the role of imported cases in vector-borne disease, particularly
malaria transmission. Except for some descriptive, analytical, and retrospective studies
[21,25,55,57,66], none of the previous models focused on the dynamics of indigenous
and imported malaria cases in the context of Nepal, which is in critical condition of
achieving the 2026 malaria elimination goal due to cross-border mobility of migrant
workers.

Motivated from a previous study [64], which addressed the impact of cross-border
mobility on HIV-AIDS epidemics in Nepal, we develop a novel transmission dynamics
model of malaria by incorporating the imported cases through the cross-border mobil-
ity into a basic malaria model. Using the data of malaria cases in Nepal, we estimate the
critical parameters of malaria dynamics in Nepal. We thoroughly analyze our model to
study the impact of cross-border mobility on disease eradication and threshold dynamics.
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We further use our model to predict the future trend of imported and indigenous malaria
cases and evaluate the different control strategies to achieve the malaria elimination goal
by 2026.

2. Mathematical model
2.1. Model formulation

To develop a transmission dynamics model of malaria, we divide the total population of the
home country into two groups: the population living in the home country (N,g) and the
population living abroad as migrant workers (Njs). Each of these groups is further divided
into three subgroups: susceptible (Syzr), infectious (Ij,f7), and recovered (Rypy) in the home
country and susceptible (Sppr), infectious (Iyr), and recovered (Ryys) living abroad as
migrant workers. Moreover, we consider susceptible and infectious mosquito populations
in the home country (S,q, I,r) and abroad (S,4, I4). We note that the migrant workers,
N, are included in the total human population abroad (Nj4) and thus the corresponding
abroad groups, susceptible (Sp4), infectious (Iy4), and recovered (Rp,4) include Syps, Inar,
and Ry, respectively.

In our model, malaria transmission occurs from infected mosquitoes to susceptible
humans and from infected humans to susceptible mosquitoes through mosquito bites. We
assume that b and b’ are the per capita biting rates of mosquitoes in the home country
and abroad, respectively. o, and o, are the probability in the home country and abroad,
respectively, that an infectious mosquito transmit malaria to a susceptible human in a single
bite. Similarly, oy, and «j, are the probability in the home country and abroad, respectively,
that the malaria is transmitted from infectious human to a susceptible mosquito in a sin-
gle infectious bite. For the home country, the total number of bites (per time) from all the
infectious mosquitoes is bl,y (infectious bites). Among these bites, the susceptible humans

blyShu
get N—hH

infections per unit time) is %#S}‘H [2,14,15,34,40,71,72]. Similarly, the incidence rate

. . Vol 1S . .
for humans in abroad is W. Also, the total number of bites (per time) made by the

susceptible mosquitoes in the home country is bS,r. Among these bites, the total number

infectious bites. Therefore, the incidence rate of humans (i.e. the new human

of bites from the infectious humans (infectious bites) is bs;ﬁ%. Therefore, the Incidence

rate of mosquitoes (i.e. the new mosquito infections per unit time) is W,%SVH. Similarly,

TnaSva
the incidence rates for mosquitoes in abroad is %

The infectious humans recover with the rate y;,, and the recovered individuals lose their
immunity and move back to the susceptible class at the rate g. Because of the short lifespan
of mosquitoes, we do not consider the recovered class for the mosquitoes population. The
parameters A and dj, represent the recruitment rate and the natural death rate of humans,
respectively, while the parameters ¢ and d, represent the recruitment rate and the death
rate of mosquitoes, respectively. We assume that 7 represents the per capita cross-border
mobility rate for susceptible populations (Syg, Siar) and recovered populations (Rygr, Ry )-
Since infected individuals may behave differently in their travels from and to the home
country, we take p and 6 as the cross-border mobility rate for infectious individuals from
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Figure 1. Malaria transmission dynamics with cross-border mobility. The upper SI-SIRS (inside red
dashed line) and lower SI-SIRS (inside blue dashed line) represent the dynamics of malaria abroad and in
the home country. The solid arrows represent the transfer of populations, and the dotted arrows repre-
sent the interaction between the susceptible human and infectious female Anopheles mosquitoes and
infectious humans with susceptible female Anopheles mosquitoes. Here, subscripts H, A, and M refer to
home, abroad, and migrant, respectively, and the subscript h and v refer to human and vector (mosquito),
respectively.

and to the home country, respectively. In the model, 61, and ZW;\I,#SW represent the
imported and indigenous malaria incidence at home country, respectively.

The schematic diagram of our model is presented in Figure 1. The system of equations
describing the transmission dynamics of malaria discussed above is as follows:

bo hI H
Shr = A + 18wt + qRur — ————Spir — (1 + dp)Sur» (1)
/ bathvH
Ly = ———Su + O0Inm — (p +dip + 8n + v Inns (2)
Ny
Ry = Yulpg + nRuyt — (1 + dn + @) Rum, (3)
bopyIng
Sy =¢— Z Svrr — dySui, (4)
H
bauy, I
I{}H — ah‘l/ hH SVH _ dVIV s (5)
Ny
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/ /a:,thA
Syt = 1ShH + qRum — Shv — (dp + 1) Shus (6)
, . b/()t;hIVA
Ly = Snm + pIne — (0 + 8 + dn + vi) Inmrs (7)
Ry = ViInm + nRu — (0 + di + @) Ry (8)
Vo Ina
A =0 — —208 4 — dySia, 9)
hA
, b/Ot;WIhA
IVA = —SVA - dvIvA- (10)
Npa

2.2. Approximation to incidence rate abroad

Since the detailed dynamics of malaria abroad makes the model extremely complex and
uncertain, we introduce an index ¥ (t) called Annual Parasite Incidence (API), for which
the data are publicly available. We introduce this index into the model to approximate the
incidence rate abroad. Here ¥/ () is defined as the number of positive cases of malaria per
population under surveillance, i.e. ¥ () = ]{;;IAT((?)' The incidence rate of humans in abroad
is given by

; b/()(;hIVA(t) _ b/a:,thA(t)
N Ina(®

Both b'a/, I 4 (t) and I (t) are differentiable functions in the interval [0, T], where T is the
final time of the disease dynamics considered. Assuming that I;4(¢) # 0,V t € [0, T], the
mean value theorem of integral calculus allows us to approximate the integral of the con-

Val, Ialt) . Ve, T La® 1 La(t)
A with a constant ¢ = = o % dt ~ b o, A0 for some

to € (0, T). Thus, we approximate the incidence rate abroad by )Jh = ¢ (t) and estimate
the value of ¢ from the data fitting. With this approximation, the system (1)-(10) reduces
to the system of the following eight differential equations.

v ().

tinuous function

ba,, I,y
Sy = A+ nSum + qRuy — I\V] = Surr — (7 + d) Shas (11)
hH
/ bathvH
Ly = Swra + O0Inpe — (p+ dn + 81 + vi)Inm, (12)
Nuu
Ry = Yulue + nRuy — (1 + dp + @) Rup, (13)
bay, Iy,
Siy=¢ — . HSvH —dySyh, (14)
hH
bay,, I
I{/H = MSVH - dvIvH) (15)
Nuy
Shat = NSki + qQRut — S (OShar — (dn + M) St (16)
Ly = W ®OShm + pln — (0 + 81 + di + vi)Inms (17)

R;’IM = Ynlpm + Ry — (0 + dp + @) Ruur. (18)
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3. Parameters and model validation
3.1. Data

In this study, we used the data containing both indigenous and imported malaria cases in
Nepal. Since the total cases were not classified as imported and indigenous before 2009, we
considered the data only from 2009 to 2019 for our model fitting. The primary data sources
related to malaria cases in Nepal are the National Malaria Surveillance Guidelines 2019
published by the Government of Nepal, Ministry of Health and Population Department of
Health Services Epidemiology and Disease Control Division (EDCD) [21,28]. In addition,
we also obtained the data of Annual Parasitic Incidence (API) of India from the Malaria
Site India [41,44].

3.2. Parameter estimation

The population of Nepal was estimated to be 23,151,423 in 2001 [69] and 26,494,504 in
2011 [70]. Taking the average population growth per year from 2001 to 2011, we estimated
the population of Nepal in 2009 (the base year of our dynamics, i.e. t = 0) to be 25,825,888.
About 5.5 million Nepalese, including 1.9 million male workers, were living abroad [38],
mostly in India. These migrant workers bring malaria upon their return home, contribut-
ing the significant number of imported malaria cases in Nepal [29]. Note that the majority
of Nepalese migrants working in India are male [64]. Therefore, we took Njs(0) = 1.9
million. With 5.5 million living abroad, the population inside Nepal is approximately
20,325,888. Since most of the hilly and mountainous regions of Nepal are considered
risk free zone of malaria, leaving only about 48% of Nepalese residing in other regions
in high, moderate or low risk area [50], we estimated Nz (0) = 9,756,426. Moreover, we
used the information from the data and divided the total population into different com-
partments and obtained Sy (0) = 9,754,000, I, (0) = 2000, Ry (0) = 426, Spp(0) =
1,898,300, I;,0;(0) = 1400, Ryp;(0) = 300, Sy (0) = 9,754,176, and I;;(0) = 2250. About
37.5% of the total migrant workers (~179,464) travelled from Nepal to India in 2009 [27].

This allows us to estimate per capita annual mobility rate of migrants from Nepal to India

__ Number of migrants from Nepal to India __ 179,464 __
SN = Total risk population of malaria in Nepal — 9,756,426 — 0.0183 (per human per Year)'

The Crude Birth Rate (CBR), i.e. the number of live birth per year per 1000 people,
of Nepal for the year 2009 was 23.189 [70], which implies the human recruitment rate per
year for the population in the risk area is A = 48% of w = 287,460. Since the
average life expectancy of Nepalese individuals in 2009 was 67.178 years [60], the natural
death rate of humans per year is taken as dj, = 0.0149 per year. The number of deaths due
to malaria in the base year [26] was 6, so we calculated §;, = 0.0017 per year. The duration
of immunity for recovered people varies widely from region to region, and we took the
immunity period to be 3 months, i.e. ¢ = 4 per year [15]. For model fitting, we assumed
that all the cases are recorded and that malaria-infected Nepalese do not move to India as
workers while sick. Therefore, we took p=0.

The population of female Anopheles mosquitoes has been estimated to be 1-10 times
the human population [13,15,34]. Thus we took the mosquito population equal to base
year human population 9,756,426. Based on the previous studies [1,9,13,15,34], we took the
probability of disease transmission, per bite, from an infectious mosquito to a susceptible
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human as a,; = 0.0195, and from an infectious human to a susceptible mosquito as
oy = 0.63. Similarly, the human recovery rate and the mosquito death rate were obtained
from previous studies as y;, = 1.85 per year and d,, = 27.9113 per year [1,9,13,15,34]. The
remaining parameters, 6, ¢, and b, were estimated from the data fitting.

3.3. Model fitting to the data

As per the national planning of malaria elimination by 2026, the Government of Nepal
introduced the strategic plan in 2014, which includes the distribution of Long Lasting
Insecticide Treated Nets (LLINs) and Indoor Residual Spraying (IRS) intended to reduce
mosquito bites [29]. Thus in our model fitting, we allow the different biting rates for the
period before (b = by) and after (b = b;) 2014.

The available data are the yearly indigenous malaria incidence, the yearly imported
malaria incidence, and the total malaria incidence in Nepal. From the solution of our
model, the indigenous, the imported, and the total malaria incidences at time ¢, denoted
by L(t), I(t), and T(t), respectively, can be computed using the following expressions:

ba,, Syl ba,, Syl
L(t) = M, I(t) =0Iyy, T(t) = 29vhohHYH + 0T, (19)
Nuyg Nuu

The model system of differential equations was solved numerically using the fourth-
order Runge-Kutta method. Using the solutions, we obtained the best-fit parameters using
the nonlinear least-squares regression method that minimizes the following sum of the
squared residuals:

n

J@) =3 [Wt) — L) + At — 1)* + (T — Tw)?],  (20)
k=1

where L(t), I(tx), T(t) and L(#.), I(t), T'(tx) are the model predicted incidences and those
given in the available data. In our data fitting, we used the total 30 data points to esti-
mate four parameters ® = (0, ¢, by, b2). The ratio of data to the free parameters used in
our model, i.e. 7:1, is well within the recommended range of 5:1-10:1 [53]. Also, three
types of data (indigenous, imported, and total) included in fitting provide additional fea-
ture of malaria infection. To obtain the confidence limits for the estimated parameters, we
computed standard errors from the sensitivity matrix S using the techniques described pre-
viously [49]. Furthermore, we computed the rank of the matrix STS and found the matrix
to be of the full rank (rank = 4), which ascertain the identifiability of these parameters of
the model [43]. All computations were carried out in MATLAB (The MathWorks, Inc.).

In Figure 2, we present the model prediction, along with the data, of the indigenous,
the imported, and the total malaria incidence. The model fits have captured the dynam-
ics pattern of the multiple data well, and the model prediction is also consistent with the
cumulative data (Figure 2), thereby validating the model. All estimated parameters, as well
as the fixed parameters, are provided in Table 2. As indicated by the data [29], the model
solutions also show the decreasing trend of the malaria cases from 2009, with the indige-
nous case being more than the imported case until 2014. However, after 2014, the imported
case overtook the indigenous case, indicating the alarming situation originating from the
imported cases.
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Figure 2. Model fitting to the data. (a) Solution of the fitted model along with the data of indigenous,
imported, and total malaria incidences in Nepal, and (b) Model prediction of cumulative indigenous,
cumulative imported, and cumulative total cases in Nepal.

Our estimates show that the biting rate of mosquitoes is b; = 48.0 (95% CI: [38.13,
57.87]) before 2014, and b, = 39.5 (95% CI: [29.63, 49.37]) after 2014. These estimated
values are consistent with the values provided in many previous studies [15,34]. Similarly,
we estimated the disease import rate & = 0.98 (95% CI: [0.42, 1.54]) and the parameter
corresponding to the incidence rate in India ¢ = 0.00105 (95% CI: [0.0005, 0.0016]).

4. Model analysis

Note that our model is non-autonomous due to the presence of time-dependent parameter
¥ (t). Since ¥ (t) depends on the policy implemented abroad, the time-dependent nature of
this parameter remains unknown, and the analysis of this non-autonomous model is com-
plicated and uncertain. Therefore, for the purpose of analysis, we consider the autonomous
form of the model by taking a constant k = (¢/T) fOT ¥ (t) dt as an approximation to the
incidence rate abroad.

4.1. Basic properties of model: positivity and boundedness

In this section, we show that the solutions of all the state variables are non-negative and
bounded in order to demonstrate that the model is well-posed and biologically valid
for describing malaria transmission dynamics. The results are presented in the following
theorem.

Theorem 4.1: If S (0) > 0,1 (0) > 0, Ry (0) > 0, Spar(0) > 0, Inp(0) > 0, Ryp(0) >
0,S,14(0) > 0,1,4(0) > 0, then the solution set {Spg(t), Ing(t), Rpg(t), Sua(t), Inpi(t),
Ry (1), Sya(t), L (t)} of the system (11)-(18) is always non-negative and bounded.

Proof: See Appendix A.1. |
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Using the above conditions, we derive that for any € > 0, there exists £, > 0 such that
the solution of the system with ¢ > ¢, lies in the compact set Q = 2}, x 2,, where

A
Qy = {(ShH, Tntt> Ritts Siats Invt> Rint) € R, Ny, < a4 + 6}

and

Q, = {(SvH,IvH) € %3_ : N, < ;—FE}.
14

4.2. Existence of equilibria

For convenience, welet Sy = %, Iyg = v, Rug = 2. S = X, I = Y, Remy = Z, Sy =1,
and I,y = m, and we take (x*, y*, 2%, I*, m*, X*, Y*, Z*) to represent the equilibrium point
of the system (11)-(18). For simplicity, we assume that also for the infectious compart-
ments, the mobility rate is equal in both ways, from home to abroad and vice versa, i.e.
0 = p. Taking,

* %k

m Y

My=Bis A =B Bv=ban, Pn=Dbay (21)
h > 14 > v V> vn»
Nig " Npy
the system (11)-(18) provides
o p . _ Q1 + QAj, S Qs + Q4Aj,
K4k 7 T K+ KA K+ Ky 0f )
. S1T S . D+ Ty . U+ U
Ky + K25 Ky + K25 Ky + K45

where P, Q;, Q2, Q3, Q4, S1, 52, T1, T2, Uy, Ua, Kj, K, are non-negative constants with the
combination of model parameters computed using Wolfram Mathematica. The closed-
forms of these expressions are provided in Supplementary Material A (page 1-3). With
some algebraic manipulation, we obtain

N — P+ Q1+ Qs+ 24,(Q+ Qq) W Bv(Q1 + QaAy)
hH Ky + Ky A TV P Qi+ QA (Q+ Q)
e 9B/(Qi + QA7) . $—md,
dy (B+Q1 + dvP + Qudy + Q3d, + (Qudy + Qudy + B,Q2)A])’ dy
(23)
Then, from (21) and (23), we obtain
aok}> + a1A; + aphf 4+ a3 = 0, (24)

where,

ap = QQudy By +2QuQud? + Q3d, B, + Q3d% + Q2 > 0,
a1 = PQydy By + 2PQad? + 2PQud? + Q2Q3dy By + Q1 Qudy By + 2QaQ3d> + 2Q; Qud?
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+2QQudyBy + 2Q1 Qod; + 2Q3Qud;, — K3Q2081By»

a, = P*d} + PQid, B, + 2PQid> + 2PQsd> 4+ Q1 Q3d, By + 2Q1Q3d> + Qid, By + Qid:,
+ Q3d2 — K2Qi10B1By — K1 QadBupy,

as = —K1Q1¢BnBy < 0.

Since the primary focus of our study is to evaluate the impact of imported cases via
cross-border mobility on the local malaria transmission and control, we now analyze the
existence of equilibria for four important cases stated based on the mobility and outside
transmission parameters 7,6, and k. The cases we consider are: (I) n = 0,0 =0,k # 0
(absence of cross-border mobility); (II) n # 0,6 # 0,k = 0 (complete protection of trans-
mission abroad); (III) n # 0,6 = 0,k # 0 (strict border screening and isolation); and
(IV) n # 0,0 # 0,k # 0 (presence of cross-border mobility, no protection, and no bor-
der screening or isolation). We now perform equilibria analysis for each of these four cases
in the following subsections.

4.2.1. Case-I:n = 0,0 = 0,k # 0 (absence of cross-border mobility)
In this case, Q1, Q3, S1, T1, Uj are zero and P # 0, K; # 0, implying that one root of (24) is
zero, i.e. Ay = 0. Then, from (22) and (23), we obtain a disease-free equilibrium point, Eo,
given by

¢

E—AOO 0,0,0,0
0 — dh)’,dv”’, .

We now derive the epidemic threshold index, Ry, corresponding to this disease-free equi-
librium point (Ep) by using the second-generation matrix method [24,65] (the details are
provided in Appendix A.2) and obtain

R — ddnBrBy
0 Ady + 6y + )/h)d%'

We also confirm that our expression of Ry is consistent with the one derived from the
first principle [35,65] (see Appendix A.3). The other two roots of (24) are given by A} =

_ Vv
w. Note thatay > 0. Also, it is easy to verify thatif Ry > 1,thena, < 0, which

2a9
implies one value of 1.7, i.e. S VA ”ZZE_W, is positive. This provides us with one endemic
equilibrium point of the system. Similarly, if Ry < 1, then a, < 0. In this case, the system
provides either two positive values of 1, i.e. two endemic equilibrium points, if a; < 0 or
no positive A}, i.e. no endemic equilibrium point, if a; > 0.

4.2.2. Case-ll: 7 # 0,6 # 0,k = 0 (complete protection of transmission abroad)

In this case, Q1, Q3, T1, Uy are zero, and P, Sy, K are positive, which shows one of 4} to
be zero from (24). Then from (22) and (23), we obtain another disease-free equilibrium
point, Ep1, given by

A A
EO1 — M’O’O, g,o’ n—z’o’o A
dp, (dp + 21n) dy  2ndy+d;
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We also obtain the epidemic threshold index, R, corresponding to this disease-free
equilibrium point, Ey;, as follows (see Appendix A.4)

d ) —0)d
R, = R 1+77(h+)’h+ n + )h.
(dn + ) (dn + yn + 6 + 20)

Note that the migrant workers presumably travel less while they are infected. This implies
n — 6 > 0and hence Ry > Ry in general. Similar to Case I above, we can easily verify that
if Ry > 1, we obtain only one endemic equilibrium point, and if R; < 1, we obtain two
equilibrium points (or no equilibrium point) depending on whether a; < 0 (or a; > 0).

4.2.3. Case-lll:n # 0,0 = 0,k # O (strict border screening and isolation)

In this case, Q; is 0, and K3, P, Q3, S, T, U are positive. One root of the Equation (24) is
zero, giving a disease-free equilibrium point, Ep,. However, this disease-free equilibrium
condition asserts the absence of the disease only within the home country while allowing
the disease among migrants abroad. The expression for Ey, is given by

p S T U
E02 - ) O) %) g) O) _1) _1) _1 >
Ky Kido@ KKK

and the corresponding epidemic threshold index is (see Appendix A.5)

R, = PK1¢:Bh,Bv
(P + Q3)2d2 (dy + vn + 8n)

Note that n = 0 implies Ry = Ry as expected. Again, as in Case I and II above, here also
we obtain only one endemic equilibrium point for R, > 1 and two equilibrium points (or
no equilibrium point) depending on whether a; < 0 (ora; > 0) for R, < 1.

4.2.4. Case-IV:n # 0,0 # 0,k # 0 (presence of cross-border mobility, no protection,
and no border screening or isolation)

In this case, a3 # 0 implying A} # 0 (from (24)) and m* # 0 (from (21)). This implies
that the disease-free equilibrium point does not exist, indicating that malaria eradication
is not possible as long as there is a presence of cross-border mobility, absence of protection
abroad, and absence of border screening and isolation.

To analyze possible endemic equilibrium points, we represent «, B, and y to be the three
possible roots of the cubic equation (24). The product of roots, «fy = _Z_Z' Since ag > 0
and a3 < 0, afy > 0. This shows that all three roots can not be negative real numbers.
Also, (24) can not have one negative real root and two complex roots because other-
wise, two complex roots « = a + ib, p = a — ib and one negative real root y provides
afy = (a* + b*)y < 0, which is not possible here. Thus, the Equation (24) provides at
least one positive value of 1.7, and hence the system admits at least one endemic equilibrium
point.

To identify whether the system has 1, 2, or 3 endemic equilibrium points, we first
transform the Equation (24) in terms of the equilibrium infected humans, y*, to obtain
FL(y*) = Fr(y*), where F1(y*) = —M,y* — M3 and Fr(y*) = Mo(y*)> + M;1(y*)?. The
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Figure 3. Endemic equilibriums. (a) Graphs of F; (y) and Fg(y) with possible three intersections corre-
sponding to three endemic equilibrium points. (b) Graphs of F; (y) and Fg(y) with exactly two endemic
equilibrium pointsy; = y5 andy;. Decreasing the slope of F; (y) further gives only one equilibrium point
y3 (a high epidemic level). (c) Graphs of F; (y) and Fg(y) with exactly two endemic equilibrium points y
and y5 = y3. Increasing the slope of F;(y) further gives only one equilibrium point y; (a low epidemic
level).

equilibrium values of y*, i.e. y7, y3, y3, are then given by the intersection of the curves Fr (y)
and Fr(y) (Figure 3). As shown in Figure 3, the slope —M, of the linear function F(y),
which can be explained in terms of the infection rate f,, can help determine the existence
of 1, 2, or 3 equilibria. An increase in f, (i.e. a decrease in the slope of F1(y)) makes the
equilibrium point yj and y5 move to the right and y; move to the left, eventually giving
yi = y5 corresponding to two equilibria y} = y; and y5 (Figure 3(b)). Increasing B, fur-
ther, y] and y; disappear, and only one equilibrium point y} exists. Since the equilibrium
point y3 attains the highest value, we can correspond this situation to the worst-case sce-
nario, i.e. a high endemic level. Similarly, decreasing B, (i.e. increasing the slope of the
linear function Fy (y)) causes y; and y; to move to the left and y5 to move to the right. At
some point, ¥5 and y} coincide with each other, giving only two equilibrium points y; and
¥5 = y5.1f By is decreased further, then y; and y} disappear, leaving only y} as an endemic
equilibrium point. Since y} corresponds to the smallest equilibrium point, the case in which
the only y7 exists can be considered as the endemic condition with the minimum burden.
Therefore, increasing the slope —M, (for example, decreasing f},), making it less than its
threshold value (corresponding to y5 = y3), can be a vital control strategy to maintain the
endemic at a low level.

In summary, the parameter a3, which is always non-positive, provides an important
threshold for disease-free equilibrium to occur (a3 = 0). As long as a3 # 0 (i.e. a3 < 0),
there is no DFE, and the system always provides at least one endemic equilibrium. The
absence of DFE with at least one endemic equilibrium can be attributable to ongoing infec-
tion abroad and the importation of malaria cases through cross-border mobility, making
asz # 0. When a3z = 0 (presence of DFE), 1 or 2 endemic equilibrium points exist according
to the sign of other parameters (a;, a;), which depend upon the thresholds Ry, R}, or R;.
Similarly, when az < 0 (absence of DFE), 1 to 3 endemic equilibrium points exist according
to the sign of other coefhicients.
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4.3. Stability analysis and uniform persistence

In this section, we provide some analytical results related to the stability and uniform per-
sistence of the system, specifically, the local stability of the disease-free equilibrium points
and the uniform persistence for Case-I and Case-II. In addition, for Case-III, we provide
the local stability of the disease-free equilibrium point that corresponds to the absence of
disease within the home country only. We were unable to prove the uniform persistence
for Case-III and Case-IV because of the complexity of the model, presumably due to the
absence of the overall disease-free equilibrium point in these cases.

4.3.1. Case-I:n = 0,0 = 0,k # 0 (absence of cross-border mobility)
We prove the local stability of the disease-free equilibrium Ej as stated in the following
theorem.

Theorem 4.2: The disease free equilibrium point Ey of the system (11)-(18) is locally
asymptotically stable if Ry < 1, and unstable if Ry > 1.

Proof: See Appendix A.6. |

From the eigenvalues of the Jacobian matrix | at Ey (Appendix A.6), we have the
following lemma.

Lemma 4.3: For the Jacobian matrix ], the following statements hold:

(1) Ro=1ifandonlyifS(J) =0,
(2) Ro > lifandonlyif S(J) > 0,
(3) Ro < lifandonlyifS(J) < 0,

where S(J) := max{Re() : A is eigenvalue of the jacobian of system at DFE E}.

We now establish that Ry > 1 can also provide a condition for the uniform persistence
of the disease in the home country in the absence of cross-border mobility. Here, we use
the following notations and definitions.

Qo = {Shr®), I (1), . . ., L (1)) € N3+ Sp(t) > 0, Ly (1) > 0,..., L (t) > 0},
Q0 = {(Sna (), Ingr (1), . . .. L (D) € R : L (t) = 0 or Ly () = 0},
Q=Q,Ud0, =N}
In the absence of cross-border mobility, it is enough to consider only the decoupled sys-
tem (11)-(15). We assume that ()P is the solution maps generated by the decoupled

system (11)-(15) with initial value P. We denote My = {P € 092, : T(t)P € 9€2,}, and
w(P) ={y:1(t)P — yast — o0o}. We first state and prove the following three lemmas.

Lemma 4.4: The sets Q, and 02, are positively invariant under the flow induced by the
decoupled system (11)-(15) of the home country.

Proof: See Appendix A.7. |



JOURNAL OF BIOLOGICAL DYNAMICS e 541

Lemma 4.5: Every forward orbit of T(t) in M9 converge to Ey, i.e. Ey is the fixed point of
7(t) and acyclic in Mo.

Proof: See Appendix A.8. |

Lemma 4.6: If Ry > 1, then there exists p > 0 such that

lim Sup [[t(t)P — Eo|| = p, VP e Q,.
t—00
i.e. Ey is uniform weak repeller with t(t).
Proof: See Appendix A.9. |

We are now ready to state the following theorem, which establishes the condition for
malaria persistence in Nepal when cross-border mobility is absent.

Theorem 4.7: Let Ry > 1, then the decoupled system (11)-(15) of home country is uni-
formly persistent with respect to (£2,,02,) in the sense that there is a positive constant
o > 0 such that every solution (Spy(t), Ing(t), Rpp (1), Syu(t), L (t)) of (11)-(15) with
(Sru(0), Ity (0), Ry (0), Sy (0), I (0)) € 2, satisfies

lim Inflyg > o, lim Infl,g > o (25)
t—00 t—00

Proof: Assume that Ry > 1, then it follows from Lemma 4.3 that S(J) > 0. Let t(¢)P is
the solution maps generated by the decoupled system (11)-(15) with initial value P € €2,.
Clearly, the system {7 (¢)};>0 admits the global attractor in S){i. From the Lemma 4.5, E;
is a fixed point of 7 (¢) and acyclic in M9, every solution in M9 approaches Ey. Moreover,
Lemma 4.6 implies that Ej is an isolated invariant set in 2 and W*(Ep) N 2, = ¢. By the
acyclicity theorem of uniform persistence for maps [73], it follows that 7 (¢) is uniformly
persistent with respect to (£2,, 9€2¢). Hence there exists 0 > 0 such thatlim;_, o, Inf Iy >
0, lim¢_, o Inf I,y > o. This completes the proof. [ |

4.3.2. Case-ll: 7 # 0,6 # 0,k = 0 (complete protection of transmission abroad)

The local stability of the disease-free equilibrium Ep;, corresponding to the case when
complete protection of transmission is in force outside Nepal, is given by the following
theorem.

Theorem 4.8: The disease free equilibrium point Ey; of the system (11)-(18) is locally
asymptotically stable if Ry < 1, and unstable if R; > 1.

Proof: See Appendix A.10. |
We also have the following lemma.
Lemma 4.9: For the Jacobian matrix ], (Appendix A.10), the following statements hold:

(1) Ry =1lifandonlyifS(J;) =0,
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(2) Ry > lifandonlyif S(J;) > 0,
(3) Ry < lifandonlyif S(J1) < 0.

We also prove that Ry > 1 provides the condition for uniform persistence of the disease
with dynamics given by the system (11)-(18) with n # 0,6 # 0,k = 0. Here, we use the
following notations and definitions.

Qo = {(Shr(®), I (), -, Rupe (1) € R, 2 Sprr(t) > 0, Ipr(£) > 0, Ry () > 0},
Q0 = {(Shr®), I (1), . . ., R (1)) € RS < Ty (£) = 0 or L () = 0 or Iy (1) = 0}.

To prove uniform persistence of {7 (t)}+>¢ with respect to (£2,, 9€2,), we need the following
three lemmas.

Lemma 4.10: The sets 2, and 02, are positively invariant under the flow induced by the
system (11)-(18).

Proof: See Appendix A.11. |
Lemma 4.11: Every forward orbit of T(t) in M9 converge to Ey;.
Proof: See Appendix A.12 |

Lemma 4.12: IfRy > 1, then there exists p > 0 such that

lim Sup ||t(t)P — Eo1ll > p, VP e Q,.
t—00
i.e. Egy is uniform weak repeller with t (t).
Proof: See Appendix A.13. |
With the help of the above lemmas, we now establish the following persistence theorem.

Theorem 4.13: If R; > 1, then the system (11)-(18) is uniformly persistent with
respect to (S29,02,) in the sense that there is a positive constant o > 0 such
that every solution (Spg(t), Ing(t), Rnp(t), Syar (), L (1), Suar(t), Inai (1), Rupe(t))  with
(Sru(0), Ity (0), Rpp (0), Sy (0), Iy (0), Spar(0), Inp(0), Rpp(0)) € 2, satisfies  limy—, o0
Inflpg > o,limy oo InfI,g > 0, limy oo InfIpp > 0.

Proof: Assume that Ry > 1, then it follows from Lemma 4.9 that S(J;) > 0. Let 7(¢)P is
the solution maps generated by the system (11)-(18) with the initial value P. Clearly, the
system {7 ()};>0 admits the global attractor in Eﬁi. Here, the stable set of Ey; is W*(Eg;) =
{P € d(t(t)P,Eyp;) — Oast — oo}. From the Lemma 4.11, Ey; is a fixed point of 7 () and
acyclic in Md, every solution in Md approach to Ey;. Moreover, Lemma 4.12 implies that
Ep; is an isolated invariant set in €2 and W*(Ep;) N 2, = ¢. By the acyclicity theorem of
uniform persistence for maps [73], it follows that 7 (¢) is uniformly persistent with respect
to (£2,, 920). Hence there exist o > 0 such that lim;_, o, Inf Iy > o, lim;_ oo Inf Iy >
o0,lim_, o Inf I,y > o. This completes the proof. |
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4.3.3. Case-lll:n # 0,0 = 0, k # O (strict border screening and isolation)

In this case, the local stability of the corresponding disease-free equilibrium point, Ey;, is
given by the theorem below. As mentioned earlier, this disease-free equilibrium asserts the
disease-free only within the home country while allowing infected migrants abroad.

Theorem 4.14: The disease free equilibrium point Ey, of the system (11)-(18) is locally
asymptotically stable if R, < 1, and unstable if Ry > 1.

Proof: See Appendix A.14. |

4.4. Analysis of simplifications implemented in the model

4.4.1. Approximation with autonomous sytem

Note that our model is non-autonomous due to the time-dependent parameter v (¢), rep-
resenting the API of India. However, for analytical tractability (Subsections 4.1, 4.2, and
4.3), we approximated the model with the autonomous system. Moreover, since the future
API of India can not be obtained, the simulation results for model prediction and con-
trol programmes (Section 5) are computed based on the autonomous model with the
current API of India. In this section, we examine the potential error that we anticipate
from the autonomous model. For this, we compared the predicted cumulative cases for
both autonomous and non-autonomous systems for the period 2009-2019 (see in page-
1 of Supplementary Material B). We observed that the predicted cumulative cases by the
autonomous model remain within 5% of the non-autonomous model. For example, from
2009 to 2019, the difference in cumulative cases from the two model systems is only 1000
out of 20,000 base cases. Therefore, the autonomous model provides a reasonable approx-
imation to the non-autonomous model, and the study’s main finding remains the same in
both models.

4.4.2. Approximations to the exposed class of mosquitoes and pathogen transmission
from recovered humans

Because of the limited data availability, we have not included two potential phenomena:
the incubation period of mosquitoes and pathogen transmission from recovered humans.
However, these phenomena have been considered in some previous studies [15,47]. While
these phenomena may not significantly impact the primary objective of this study, namely
the impact of imported cases on the malaria elimination programme, we also considered
an extended model with these two phenomena incorporated. Fitting this extended model
to the data with the same initial values of state variables and parameters (Tables 1 and 2),
we obtained the transmission probability from recovered human to susceptible mosquitoes
per bite to be r = 0.35 and the incubation period of mosquito as 1/ = 10 days, consistent
with previous studies [15,34]. Notably, per capita mosquito biting rates of b; = 56 and
b, = 48, estimated with the extended model, are within the 95% confidence interval of the
estimates from the simplified model.

Moreover, the cumulative case during 2020-2026 predicted by the extended model is
1425, which is close to the estimate of 1348 by the simplified model. Similarly, the predicted
new cases in the year 2026 by the extended model is 195, while that by the simplified model
is 191. Therefore, the qualitative and quantitative differences between the two models with



544 R. GAUTAM ET AL.

Table 1. Base value of demographic variables of malaria in Nepal.

Description State variables Base Value Reference
Risk humans population in Nepal Npy(0) 9,756,426 Calculated
Susceptible humans in Nepal ShH(0) 9,754,000 Calculated
Infectious humans in Nepal IhH(0) 2000 Assumed
Recovered humans in Nepal Rny(0) 426 Assumed
Susceptible Migrants in India Sam(0) 1,898,300 [29]
Infectious Migrants in India Ihm(0) 1400 Assumed
Recovered Migrants in India Ram (0) 300 Assumed
Susceptible mosquitoes in Nepal Svn(0) 9,754,176 Assumed
Infectious mosquitoes in Nepal Iy (0) 2250 Assumed
Table 2. Model parameters of incidence of malaria in Nepal.
Description Parameters Base value and unit Reference
Probability of malaria transmission from an ayh 0.0195 [1,13]
infectious mosquito (per bite) to a susceptible
human
Probability of malaria transmission from an Opy 0.63 [5,9,13]
infectious human to a susceptible mosquito
(per bite)
Humans recruitment rate A 287,460 Number x yr~! Calculated
Per capita recovery rate of humans Yh 1.85 yr~! [1,13]
Per capita natural birth and death rate of dy, 279113 yr‘1 [1,13]
mosquitoes
Per capita disease induced death rate of humans Sh 0.00171yr™! Calculated
Per capita natural death rate of humans dp 0.0149yr™! Calculated
Per capita mobility rate of healthy humans n 0.0183yr~! Calculated
Per capita disease import rate of humans 0 0.98 yr~! Estimated
[0.4172,1.5428]
Per capita disease export rate of humans p Oyr~! Assumed
Per capita rate of Immunity loss of humans q 4yt [15]
Parameter related with incidence rate in India ¢ 0.00105 yr~! Estimated
[0.0005, 0.0016]
Per capita biting rate of mosquitoes at home b1 48 yr! Estimated
country up to 2014 [39.6537, 66.3463]
Per capita biting rate of mosquitoes at home by 39.5 yr! Estimated

country after 2014

[29.6318, 49.3682]

and without the exposed class of mosquitoes and pathogen transmission from recovered
humans are not significant, asserting the robustness of the simplified models(see in page

2-4 of Supplementary Material B).

5. Malaria epidemic prediction and potential control in Nepal: model

simulations

We use our model to predict the malaria epidemic in Nepal and evaluate the poten-
tial control strategies. In particular, we focus on whether the goal of malaria elimination
from Nepal by 2026 set by the Government of Nepal can be achieved with the current
trend and/or potential strategies. We take the year 2020 as the base year and estimate
the imported and indigenous malaria cases during the period 2020-2026, and assess the
number of possible control strategies that can be implemented for malaria elimination.
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Figure 4. Model prediction of the malaria epidemicin Nepal. (a) The model prediction of the annual inci-
dence of indigenous, imported, and total malaria cases from 2020 to 2026; and (b) the model prediction
of the cumulative cases of indigenous, imported and total malaria infection from 2020 to 2026.

5.1. Basic malaria epidemic outcome in Nepal

For the basic simulations, we take the API of India, ¥/ (¢), a constant value correspond-
ing to the year 2018. We compute the model predicted values of indigenous and imported
new cases for 2020-2026 (Figure 4(a)). We observe that if the current trend continues,
the indigenous malaria cases follow a decreasing trend, but the imported cases increase
slightly. We predict the indigenous malaria cases in Nepal will decrease to a yearly inci-
dence of 67 cases in 2026, while the imported cases will remain 124 per year in 2026. As a
result, the annual total incidence will remain 191 cases in the year 2026. With this incidence
rate, the cumulative indigenous cases and imported cases for the period 2020 to 2026 will
reach 540 and 808, respectively, making a total of 1348 cases of malaria in Nepal in this
period (Figure 4(b)). While the magnitude remains relatively low, a slightly elevated level
of new cases in 2026, mainly because of the imported cases, shows that the importation
of malaria cases from India might remain an obstacle to the Nepal government’s goal of
malaria elimination by 2026.

5.2. Impact of the transmission abroad on the epidemic in home country

As revealed in the model-predicted epidemic trend, the transmission of malaria abroad
that may eventually cause higher imported cases can be a determinant factor for achiev-
ing an elimination goal by 2026. The model parameter k, which represents the impact of
API of India, can be used to study how the transmission dynamics abroad can impact
the epidemic outcome in Nepal. According to the data API of India has had a decreas-
ing trend for the last few years. If the decreasing trend continues, imported cases in Nepal
are expected to reduce in the coming years. Our model predicts that the malaria incidence
in the year 2026 decreases linearly as the % reduction of API of India increases (Figure 5).
For example, reducing the current API (base value k = 0.1) by 50% brings down the annual
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Figure 5. Impact of the API of India. Reduction of total malaria incidence at the year 2026 (Left) and
reduction of cumulative malaria cases from 2020-2026 (Right) with Annual Parasitic Incidence (API) of
India taking its value 0.1 for the base year 2020.

malaria incidence from 191 to 95 in 2026. The linear dependency of cumulative cases
on the % reduction of India’s API is also seen with a 50% reduction from the base case
bringing the cumulative cases from 1,348 to 869 during the period 2020-2026 (Figure 5).
These results indicate that the API of India can have an important role in the cases in the
home country and eventually on the success of the Nepal government’s malaria elimination
goal.

5.3. Control of malaria in Nepal

We consider four potential control strategies: (1) Insecticide-treated nets (ITN), (2) Indoor
Residual Spraying (IRS), (3) Border screen and isolation (BSI), and (4) Migration reduction
(MR). Implementation of ITN reduces the mosquito biting rate. Assuming ¢;7n represents
the effectiveness of ITN (assuming 100% coverage), the implementation of this strategy
transforms b — (1 — ¢;7n)b in our model. Similarly, IRS increases mosquito death, trans-
forming our model as d, — @jrsd,, where ¢rs > 1 is the enhancement of mosquito death
rate due to IRS. We denote the effectiveness of BSI by ¢psr, 0 < ¢ppsr < 1 so that the imple-
mentation of this strategy results in the transformation & — (1 — ¢gsr)6, i.e. reduction of
the disease import rate 6 by a proportion ¢ps;. The last strategy, MR, can be attributed
to promoting various employment opportunities within the country, thereby reducing the
cross-border mobility for seeking employment in India. The strategies can be incorpo-
rated into our model by transforming n — (1 — ¢mr)n,0 — (1 — ppr)E, Where Pyr,
0 < ¢pmr < 1 is the effectiveness of MR.

The mosquito biting rate is one of the most critical parameters of malaria transmis-
sion. While we estimated the low biting rate from the data fitting, the estimated value
is the average annual rate. In reality, the biting rate can be uncertain as it is affected by
various environmental (seasonal), social, and economic factors. To include broader pos-
sible scenarios, we present the results for two different biting rates, low biting rate (base
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Figure 6. Condition for malaria elimination in Nepal. Threshold indices Ry, R1, R2, @10, a11, ayz as a func-
tion of controls ¢y, dirs, Pasi, and g for a low (first row) and high (second row) mosquito biting
conditions. Note that the malaria is eliminated if Ry < 1,a19 > 0,R1 < 1,a11 > 0,and Ry < 1,a12 >
0, respectively, where a1, aq1, and aj; are corresponding values of a; for case | (absence of cross-
border mobility), case Il (full protection of transmission abroad), and case Il (strict border screening and
isolation), respectively.

case b = 39.5 and high biting rate (approximately two times higher than the base case,
b = 100).

5.3.1. Control strategies for elimination

The analytical results that we proved in Subsection 4.2 inform us that malaria can be elim-
inated from the home country if one of the following conditions can be achieved: absence
of cross-border mobility (case I in Subsection 4.2.1), full protection of transmission abroad
(case I in Subsection 4.2.2), and strict border screening and isolation (case III in Subsec-
tion 4.2.3). According to our theorems, in case I, II, and III, the malaria gets eliminated
if Ry < 1,a10 > 0), (R < 1,a11 > 0),and (R, < 1,a;2 > 0), respectively, where ajo, a11,
and ay, are corresponding values of a; for case I, II, and III, respectively. We now evaluate
whether the control strategies (¢rrn, @1rs, PBsi, and ¢ar) can bring the model to satisty
the condition of eliminating malaria in Nepal.

Our results show that for the low biting rate condition, the elimination of malaria
can be achieved in Nepal regardless of whether any of the control strategies are applied
or not because Ry < 1,R; < 1,R; < 1 and ajp > 0,a;; > 0,412 > 0 remain always true
(Figure 6, first row). However, for the high biting rate condition, Ry < 1,R; < 1,R; < 1
and ajg > 0,a;; > 0,a;2 > 0 can not be achieved without the control strategies, i.e. for
orrN = ¢Bst = ¢mr = 0, and ¢rs = 1 (Figure 6, second row). In this case, (¢psr) and
(¢mr) have no impact on R and a;. Therefore, the control strategies related to the infected
migrant workers and the mobility across the border are not enough for malaria elim-
ination if the biting rate is high. In the high biting rate condition, (Ry < 1,a;9 > 0),
(R; < 1,a;1 > 0),and (R, < 1,a12 > 0), i.e. the elimination of malaria, can be obtained
if the level of ¢rrn is greater than 0.35, 0.65, and 0.35, respectively, or the level of ¢rgs is
greater than 1.45, 2.60, 1.50, respectively (Figure 6, second row).
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Figure 7. Effects of control strategies on the annual incidence rate. The model-predicted annual inci-
dence rate in the year 2026 for various levels of ITN, IRS, BSI, and MR control in a low biting rate scenario
(first row) and a high biting rate scenario (second row).

5.3.2. Control strategies for minimal burden

Here we perform simulations to show how the control strategies ITN, IRS, BSI, and
MR impact the annual malaria incidence in 2026 and the cumulative malaria cases for
2020-2026 (Figures 7 and 8). In the low mosquito biting rate condition (Figure 7, first
row), our model predicts that the 50% effectiveness of ITN (i.e. ¢;rn = 0.5) reduces the
annual malaria incidence in the year 2026 from 191 to 135. As a result, the cumulative
cases for 2020-2026 will be reduced from 1348 to 1001 (Figure 8, first row). An increase
in IRS by 1.5 times (i.e. ¢;rs = 1.5) will result in an annual incidence rate of 161 in 2026
and a cumulative cases of 1167 for 2020-2026. Similarly, 50% effectiveness of BSI and MR
will reduce the annual incidence rate in the year 2026 to 114 and 100, respectively, and the
cumulative cases for 2020-2026 to 903 and 889, respectively.

In a high mosquito biting rate condition (Figure 7, second row, and Figure 8, second
row), our model predicts that the 50% effectiveness of ITN (i.e. ¢;rn = 0.5) reduces the
annual malaria incidence in the year 2026 from 4.25 million to 257 and the cumulative
cases for 2020-2026 from 7.8 million to 1684. Similarly, an increase in IRS by 1.5 times
(i.e. ¢irs = 1.5) will result in an annual incidence rate of 106 hundred thousand in 2026
and a cumulative cases of 128 hundred thousand for 2020-2026. 50% eftectiveness of BSI
and MR will reduce the annual incidence rate in the year 2026 to 4.23 million and 4.13 mil-
lion, respectively, and the cumulative cases for 2020-2026 to 7.5 million and 6.98 million,
respectively.

While each control strategy can maintain a minimum malaria burden, their effect may
vary quantitatively. Among these control strategies, MR appears to be the most effective
in controlling malaria in Nepal in low mosquito biting rate conditions, while ITN is the
most effective control in the high biting rate condition. This indicates that the ideal con-
trol strategy may depend on the locations and seasons in which low or high mosquito biting
rates are expected. We note that due to the existing open border relationship with a long
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Figure 8. Effects of control strategies on the cumulative cases. The model-predicted cumulative cases
for 2020-2026 for various levels of ITN, IRS, BSI, and MR control in a low biting rate scenario (first row)
and a high biting rate scenario (second row).

history between Nepal and India, reducing the cross-border mobility of migrant workers
may not be a viable option to implement. Therefore, the optimal border screen and isola-
tion of returning migrant workers along with local approaches, ITN and IRS, can be the
most impactful option for controlling and possibly eliminating malaria in Nepal.

In the above calculation, we assumed the 100% coverage of ITN. However, 100% is
unlikely to be achieved, especially in resource-limited countries like Nepal. Thus we fur-
ther observe model prediction for varying coverage and efficacy of ITN. The proportion
of coverage YN, 0 < Yrn < 1, and efficacy ¢17n, 0 < ¢r7n < 1, can be incorporated in
our model transforming b — (1 — ¢rrn¥rTN)b. As presented in Figure 9, our simulations
show that 100% efficacy and 100% coverage of ITN significantly reduce the malaria cases
in the high mosquito biting case, but the effect is not significant in the low mosquito bit-
ing case. Since Nepal’s estimated mosquito biting rate is low, even the 100% coverage and
100% efficacy will reduce malaria cases in 2026 from 191 to 121 only. Thus, in addition to
ITN, optimal control strategies should also focus on adequately managing imported cases
to eliminate malaria from Nepal by 2026.

6. Conclusion

Despite a significant decline of malaria cases worldwide, many countries are currently
facing difficulty achieving malaria elimination goals from those countries, mainly due to
cross-border mobility of migrant workers potentially bringing malaria from abroad. Nepal
provides a typical example, which is recently suffering from higher imported cases from
India through open-border, posing a severe threat to the Nepal government’s goal of elim-
inating malaria by 2026. In this study, we developed a novel mathematical model validated
by the data from Nepal and used our model to analyze the effects of cross-border mobility
on the malaria elimination programmes for low-endemic countries like Nepal.
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Figure 9. Sensitivity of coverage and efficacy of ITN. The model-predicted annual incidence rate in 2026
for various levels of efficacy and coverage of ITN in a low biting rate scenario (a) and a high biting rate sce-
nario (b). The model-predicted cumulative cases for 2020-2026 for various levels of efficacy and coverage
of ITN in a low biting rate scenario (c) and a high biting rate scenario (d).

Our model analyzes and simulations show that malaria can be eliminated from Nepal
if strategies promoting the absence of cross-border mobility, complete protection of trans-
mission abroad, or strict border screening and isolation are implemented. In each of these
potential strategies, we formulated threshold conditions for the stability of the disease-free
equilibriums, providing the level of control strategies, such as ITN, IRS, BSI, and MR, to
assert the elimination of malaria from Nepal. In some cases, we mathematically proved the
persistence of malaria in Nepal. In one of the cases, namely strict border screening and
isolation, our unique model can provide the disease-free condition only within the home
country while allowing the disease among migrants abroad. In reality, such disease-free
equilibrium is the most viable condition regarding the elimination of malaria from Nepal
because achieving elimination from both countries can be challenging with the control
strategies by the Nepal government’s policy only without making combined strategies by
both countries. In addition, we used our model to thoroughly assess all control strategies
considered, ITN, IRS, BSI, and MR, to maintain the low level of malaria-endemic in both
low and high mosquito biting rate scenarios. Interestingly, our model predicts that MR is
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the most effective control strategy for the low mosquito biting rate condition, while ITN is
the most effective control strategy for the high mosquito biting rate condition. These inter-
esting results suggest that the best control strategy may depend on locations and seasons
that determine whether the biting rate is low or high.

There are several limitations of our study. We approximated the incidence rate abroad
(India) using the API data of India. The analysis of the full model with accurate dynamics of
humans and mosquitoes abroad, along with data from India, can help improve our results.
Although the frequent movement of humans and mosquitoes between bordering cities and
the movement of mosquitoes through cross-border transportation may be important, we
have not considered these factors in our model because the data of imported cases due to
these movements are not available. Therefore, our results are more relevant to the infection
importation through cross-border mobility of migrant workers. Our model parameters are
estimated with the limited data of malaria cases in Nepal. Uncertainty on the model param-
eters can be clarified if more frequent data are available. While we estimated the mosquito
population based on the previous studies, the implemented values may have some uncer-
tainties. However, our further simulations show that changing the mosquito population
size to a realistic limit does not significantly impact on the main qualitative conclusions
of our study. Also, some districts of Nepal are directly connected with India making them
more vulnerable in comparison to other areas. Therefore, an extension of our model may
be necessary to incorporate the spatial heterogeneity of the malaria risk across districts of
Nepal.

We also note that we could not prove the persistence theory in Case III (strict border
screening and isolation) and Case IV (presence of cross-border mobility, no protection, and
no border screening or isolation) because there is no complete disease-free equilibrium in
these cases. Extensive mathematical theory may be needed to show the persistence of the
disease in such complicated cases. Our analyses show that for some choice of parameters
(for example, those making a; < 0), the disease may persist even if the threshold numbers
Ry (Case I in Subsection 4.2.1), Ry (Case II in Subsection 4.2.2), and R, (Case III in Sub-
section 4.2.3) are less than 1, indicating a possibility of backward bifurcations. Therefore,
a detailed bifurcation analysis for each case (I, II, and III) can be an essential work, which
we plan to pursue in future research.

In summary, our model for malaria transmission dynamics, incorporating cross-border
mobility between a low endemic country (Nepal) and a high endemic country (India),
can provide important insights into an obstacle that cross-border mobility may create to
malaria elimination programmes. Our analytical and simulation results informing control
policies that bring malaria elimination or maintain the epidemic at a low level are helpful
for policymakers if implemented in conjunction with more accurate data.
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Appendices
Appendix 1
A.1 Proof of Theorem 4.1

First, we prove that all the solutions are bounded. From Equations (11), (12), and (13), we get

dSug ba,nSprlya
—— = A+ qRyg + nSpy — — = — (1 + dp)Shu
dt Nyg
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bo,, Syl
> — ZHOMV (4 dy) Sy
Npy
t bay,l
= Spg > Spu(0) exp <—f (% +n+dy) dt) > 05
0 hH

dlyg . baynSpalyg
dt Ny

+ 0y — 0 + dp + 8n + vy = — (0 + dp + 8n + v g

t
=  Iyg = Ig(0) exp (—/ O +dp+8n+ vi) dt) > 0;
0

dR

h
and d—tH = Yplpg + nRya — (0 +dp + @QRpg = —(n + dp + Q) Rup

t
= Rpg > Rpy(0) exp (— / (n+dp+9q) dt) > 0.
0

Similarly, from Equations (16), (17), and (18), we get
dSpum

3 NSk + qRpy — (k+ dp + ) Spm = —(k +dp + 1) Spm

t
= Swm = Spm(0) exp (—/ (n+k+dy) dt) > 0;
0

dr
3 = KSur + Ougg — O+ 8+ i+ ydliar = — (O + 84 + i+ vy

t
= Inm = Inm(0) exp (—/ O +dn + 8n+ vn) dt) > 0;
0

dRyp
dt

and

= Yndhm + nRpg — (0 4+ dp)Rpyy = —(n + dp + @) Rum

t
= Rum = Rpm(0) exp (—/ m+d,+9q) dt) > (.
0

Also, from (14) and (15),

dS,y boy SverInm boy, SyerInm
=¢p— ——- —d,SS5gy> ————— —d, Sy
dt Nuy Nuy

t bay,I
= Sy > Sy (0) exp (— / (=hv_hH
o N

+ dv) dt) > 0;

dly  bopySynlnn

—d, Ly > —d,I
dt NhH viyH — viyH

and

t
= Ly > Lg(0)exp (_/ (dy) dt) > 0.
0

Hence the solution set {(Spx (), Inti (£), Rinpi (8)> Suaa (8, Tnva (), Runa (£), Syr (£), Ir (1))} of the sys-
tem (11)-(18) is always non-negative. We now prove that these non-negative solutions are bounded.
Adding (11)-(13) and (16)-(18), we obtain

dNy,

Tk A — dpNp — Splny — Splny < A — dpNy,

which implies lim;_, oo Nj, < é\—h. Hence, the human population, Nj, (), is ultimately bounded.
Again, adding (14) and (15), we obtain
dN,
dt

= ¢ - vav:
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which implies limy_, oo Ny = (% Hence, the mosquito population N, (¢) is ultimately bounded. Thus
all state variables representing the populations are non-negative and bounded.

A.2 Derivation of the epidemic index Ry from the next generation matrix method

From the system (11)-(18), the newly infectious matrix F; and its Jacobian matrix F at the disease-
free equilibrium point E are

BrShulyy 0 By 0
Nnyg d
F; = IBVSVHIhH , F= 'BV¢ h
A Ad,
Npp 0 0 0
kSnm

Again, the transfer matrix V; and its Jacobian matrix V' at the disease-free equilibrium point,

O +8p+vn+d g — 0 Ing dy+dp+wyn 0 0
Vi= dviyy , V= 0 d, 0
O+ vn+6n +dp)Ipa — 0 Iy 0 0 yn+dn+dy

Here the dominant eigenvalue of FV ! gives the following epidemic index.
Ry = GdnPnBy
(dn + yn + 8n) Ad3

A.3 Derivation of Ro from the first principle method

The overall basic reproduction number (Rg) of malaria is equal to the geometric mean of the basic
reproduction numbers of malaria transmission from an infected human to susceptible mosquitoes

(Rp) and the transmission of malaria from an infected mosquito to susceptible humans (Ry). Here

N_IZH is the average number of bites made by a mosquito to a human in unit time. Each mosquito

bites at a constant rate, whereas the rate at which humans are bitten will vary with respect to the
density of mosquitoes within the area. The expected number of infected mosquitoes from an infected
human in his infectious period (assuming that all mosquitoes are susceptible) is given by Ry =
baw Ny bapgdy
(dh+5h+)/h)N2 T (dptontyn)Ady
infected due to contact with one infected mosquito in its infectious period (assuming that all humans
bo‘vhNg
NYd,

. Similarly, the expected number of susceptible humans that become

are susceptible) are given by Ry = = ba—:". Then, we get

¢dh,3hﬂv
0= VAR xRy \/A(dh+5h+yh)d§

A.4 Derivation of the epidemic index R4

From the system (11)-(18), the newly infectious matrix F; and its Jacobian matrix F at the disease-
free equilibrium point Ey; are

ba"hsﬂ 0 Bn O
Npg d dp +2
F;, = b, SyaIng , F= %

kShm



558 R. GAUTAM ET AL.

Again, the transfer matrix V; and its Jacobian matrix V at the disease-free equilibrium point Ey; are,

O 48,4+ yn+dp)lyy — 0 Inm dy+vn+én+6 0 —0
Vi= dvivH , V= 0 dy 0
O+ yn+6n+dp) — 0 I —0 0 dy+yn+6,+6

Then the dominant eigenvalue of FV ! gives the epidemic index R;:

R = Ro. |14 (n (dp + yn + ) — Odp) ‘
(dn +n) (dn + vn + 6p + 26)

A.5 Derivation of the epidemic index R,

From the system (11)-(18), the newly infectious matrix F; and its Jacobian matrix F at the disease-
free equilibrium point Ey; are

bayySpalyg 0 PBy
Npy P+ Qs
F; = bahvSvHIhH , F= K1¢,3v 0 0
Npy (P+ Q3)d,
kSum 0 0 0
Again, the transfer matrix V; and its Jacobian matrix V at the disease-free equilibrium point Ey; are
O 48+ yn+dp)lyg — 0 Iny dp+vn+6n 0 0
VI = dViVH > V == 0 dv 0
O+ yn+6n+dp)y — 0 Ing 0 0 dy+yn+én

Then the dominant eigenvalue of FV~! provides the epidemic index R.

R, = PK1¢:8h,3v
(P + Q3)>d2 (dn + yn + 8n)

Appendix 2

A.6 Proof of Theorem 4.2

The local stability of Ej is determined by the following Jacobian matrix of (11)-(18) evaluated at Eq:
J = (IH,5x5 0O5x3 ) , where

03x5 Ja3x3

—dp, 0 q 0 —Bu

0 _F 0 0 B

0 Yh -G 0 0 -H 0 q
JH5%5 = ddnBy s Jazxzs=| kK —F 0],

0 A 0 —d, 0 0 m -G

¢ h,Bv 0 0 _dv
A

F=(d,+ yn+dn),G= (dy +q), and H = (dj, + k). The roots of the characteristic polynomial
equation of Jy are

)‘l = _d]’b)\'z = _dh + q’)‘,’) = _dva

N —(dh+dv+3/h+3h)—\/(dh+dv+)/h+5h)2—4dv(dh+5h+)/h)(1—Ré)
4 = >
2

— (i + dy+ v+ 1)+ @+ dy + i+ 807 — 4dy (dy+ 8+ ) (1 - RD)

Az =
> 2
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The roots, A, of the characteristic polynomial equation of the matrix J4 are given by
Mrerl+erte;=0,
where e =3dp+ v+ +k+q,
ez = 2dpyy + 2dudy + 2kdy, + 2qdy, + 3d;, + kyn + kS + qvn + 98 + kg,
es = dryy + didy + kdpyn + kdndy + kqdy, + kdy + qdnyn + qdndn + qds + d;, + kqdp.
erey; — e3 = 4dpyudn + Sdiyh + Zdhyhz + Sdi(Sh + Zdhéi +2Kk?dy,
+ 6kdpy + 6kdndy + 6kqdy, + 8kdz + 29*dy, + 6qdyyn + 69dpd), + 8qd>
+ 845 + KXy + k28 + 2kyndn + ky} + k87 + 3kqyn + 2kq,
+ @*vh + 28 + 2qvndn + qvi + q8; + KPq + kq* > 0.

Here, e, €2, €3, e1e2 — e3 are positive. Using Routh Hurwitz criteria, all the eigenvalues of J4 have
negative real part. Therefore, all the eigenvalues of Jy are negative when Ry < 1. Thus the disease-
free equilibrium point Ej is locally asymptotically stable if Ry < 1, and unstable if Ry > 1.

A.7 Proofofthe Lemma 4.4

For any (Sp(0), I (0), Ry (0), Syg(0), I,y (0)) € 24, we have from the first and fourth equations
of the system,

t S
Sha(t) = e Jo B ds |:/ el BoDdsA(sy) dsy + ShH(O):| ,
0

t S
Sur(t) = ¢~ Jo Fn s U eh® Pl g dsy + SVH(0>} ,
0

where, A(t) :== A + qRyg > 0, B(t) := %% + djp, and F(t) := ﬂlf,% + d,. The Jacobian matrix
corresponding to the second and fifth equations of the system is

—BrlyeSha BrShu
——— = = Gn+dn+ )
Jo = NhH NhH
0 IBVSVH (1 . IhH ) _d
Nuu Nuu !

Since Jj is an irreducible matrix with non negative off diagonal elements then S(Jo) is simple with
an associated strongly positive eigenvector [56]. Hence the vector (Ing(¢), I, (t)) is positive for all
t > 0. Again from the third equation of the system,

t S

Rya(t) = ¢ o Pon s U el P d1C(sy) dsy + RhH(O)}
0

where C(t) = yplpg > 0and D(t) = dj, + q. S (), Rug (1), Sya () > 0,V ¢ > 0. Hence the sets €2,

is positively invariant. Since 2 is positively invariant and 92, is relatively closed in £2,, it gives 92,

is also positively invariant. Thus both €2, and 92, are positively invariant under the flow induced

by the decoupled system (11)-(15).

A.8 Proofofthe Lemma4.5

Since P € My, t(t)P € My for all t > 0. From the definition of My, I,g(¥) =0, V t > 0. Using
I,g(t) = 0 in (15), it follows that Iy (t) = O for all ¢+ > 0. Then from the first, third, and fourth
equation of (11)-(15),

dSvH
dt

ds dR
% + dpSh = A, % + (dy + @Ry =0,

+ devH = ¢
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Solving the first order linear ordinary differential equations, we have lim;, o Spy(t) =

dAh’ limy_ o0 Ry (t) = 0,lim; s o0 Sy (t) = (% It follows that any forward orbit of 7 (¢) in My con-
verges to Ey.

A.9 Proofofthe Lemma4.6

Suppose, if possible, there exists P, € €,, such that lim; o Sup ||t (t)P, — Ep|| < p. Since

lims s oo Npg(t) < dA;, and lim;_, o Sy (t) = % then there exists , > 0, V¢ > f, and a sufficiently

small positive number p, such that Ny () < é\—h + po and Sy (t) > é\—h — poand S,y (t) > (% — Po-
Using these inequalities in Equations (12) and (15), we obtain

2po
L= Bn(1— % Ly — (dp + 8 + vi)Inms
2, T ro
, IBV (d% - Po)
VH = A—IhH —dy1y.
(4 + o)

We consider the corresponding auxiliary equations

2p0
Ly = Bn (1 — 3 ) Ly — (dn + 8n + Yi) Inns
2, T ro
(A1)
, By (,% - ,00)

IvH - ) IhH - dVIVH> Vit = b.

(4 +»0

Let J,,, be the Jacobian of the system (A1), then

2
— (O + dn + vi) ﬂh<1— e )
a, T Po
]'Oa: ﬁv(%_po>

(& +r)

Since S(J) > 0, there exists a sufficiently small p, > 0 such that S(J,,) > 0. Since ], is irreducible
and has non-negative off-diagonal elements, it follows that S(J,,) is a simple and associates with
strongly positive eigenvector v € Eﬁi, ie. (Ing(t),Lg(t)) >> 0V t > t,. Then there is a positive
number a such that (Iyg(¢), I,z (t)) > av and hence the solution of the system (A1) is

—d,

V(t) = aedV) 705 >,
with V(t;) := av. Hence it follows from [56, Theorem B.1] that
(Tnr (8), L (1) = ae®0r) =25, W g > 1y,

Since S(J,,) > 0, then the solution lim;_, oo Iy (t) — 00,lims— o Ig(t) — oo which is a contra-
diction, and hence lim;_, o Sup ||t (¥)P — Eg|| = p, V P € Q,.
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A.10 Proofofthe Theorem 4.8

1 1
The Jacobian matrix of (11)-(18) at Eg; is J; = (A“X‘* Bisca ), where

Ci><4 D411><4

-D 0 q n 0 0 0 -8,
Al 0 —A 0 0 Bl — 6 0 0 Bh
4x4 0 Yo —B o’ 4x4 0 n O 0’

n 0 0 —dy 0 g 0 0

0 0 0 0 —A 0 0 0
Cl _ 0 0 n 0 Dl _ Yh —B 0 0
4x4 o —-C 0 o0}’ 4x4 0 0 —d, 0’

0 cC 0 0 0 0 0 —d,

A=(@dy+yn++60),B=(dn+n+q,C= %,andD = (dp + n). Let A be eigenval-

ues of the matrix J;, then the characteristic polynomial is
P(A) = (dy+2) (dy+ 1) (dn + 204 1) (dn + 1+ q) (dn + 20 + 1 + q) Q),
where Q(1) = A3 + A% + ho) + h3,
hy=2dy+d,+2(p+68n+9),
by — (2= R2) (dy (dn + yn + ) (dn + yn + 8 + 20)) Py
dp+yn+op+0
hy = (1= RY) dy (dh + v + 8) (d + v + 8, + 26)
—(rn+81) (267 4 yi (28, + 360) + y + 308, + 57)
dp+yn+ o+ 0
N dpy (20% + 6y, (8 + 0) + 3y;2 + 608, + 387) + 3d. (v + 8w + 6) + dj, + 292dv'
dy+yn+6én+0

This implies that A = —dp,, —d,, (—dy, + 2n), —(dn, + q), —(dn, + 2n + q) are five eigenvalues. The
coefficients h; is positive and both h; > 0,h3 > 0if R} < 1. Also,

hihy —h3 = Qdp+yn +6,+0) +dy)

2—R?)d,(d 8n) (d S+ 26
X(( D) dy (dn + vu + 8) (dn + vu + 80 + )+P1)

Py

dy+yn+6én+0
— (L= R}) dy (dn + v + 81) (dn + v + Sn + 26)
= (3 —R}) dy (d + v + 8n) (dn + vi + 8 +26)
+2Pidp+yn+66+0)+P, >0, ifR; < 1.
Q=R dy (dn+yn+8n) (dn+yn+8,+26)

where P, = d,( Tt 8,10 + P;). Thus all the eigenvalues have negative real

parts and hence Ey; is locally asymptotically stable if R; < 1.IfR; > 1, then h and h3 have opposite
signs, which implies at least one A to be positive. Hence, the disease-free equilibrium point Ey; is
unstable if R; > 1.

A.11 Proofofthe Lemma 4.10

For any (Spp(0), Inr(0), Rpp(0), Sy (0), I (0), Spar(0), Inar(0), Ruar(0)) € €25, we have from the
first and fourth equations of the system (11)-(18)

t S
Sprr(f) = e Jo B s [ / elo’ BeD s 4 (5,) ds, + shH(O)} :
0
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t §
Sur(t) = e~ foFlend [/ e’ Fevdig g, + SvH(OJ ,
0
where A(t) := A + nSpm + qRpg > 0, B(t) := 5]@% +n+dy,and F(¢) := ﬂ&% +d,.
Again, the Jacobian ]y corresponding to the second, seventh, and fourth equations of the system
is

— B3 11S S
ﬂhvzH "0 4 85, + di + ) 0 BnShr
Nin Nuu
Jo= 0 —(0 + 8y +dn + i) 0
S 1
ﬁv vH (1 _ hH) 0 _dv
Ny Ny

Since Jp is an irreducible matrix with non-negative off-diagonal elements then S(Jo) is simple with
an associated strongly positive eigenvector [56]. Hence the vector (Ing (t), Inp (£), Iz (t)) is positive
V t > 0. From the third, sixth, and eighth equations of the system (11)-(18), we get

t S
Ry (1) = e~ Jo D0 ds / elo” P01 C(5y) ds, + RhH(O)] ,
LJ0

t .§
Sua(t) = e~ Jo e d / elo” 1614 G(sy) dsy + shM<0>] :
LJO

N
Rym(t) = e~ Jo DGsv) dsi / elo’ Dl dsip (s, ds, + RhM(O)] ,
LJo

where C(t) := yplng + nRuy > 0, D(t) :=n+dp + g, G() :== nSny + qRupm > 0, and H(t) :=
n+dy +k, and L(t) := ypInp + nRpyg > 0. This shows Sy (1), Rpg (1), Sy (8), Spar (1), Rpp (t) >
0,V t. Hence the set €2, is positively invariant. Since 2 is positively invariant and 9€2, is relatively
closed in €,, it gives 0€2, is also positively invariant. Thus both €2, and 92, are positively invariant
under the flow induced by the system (11)-(18).

A.12 Proofofthe Lemma4.11

Since P € My then t(t)P € Mj for all t > 0 then I,g(¢t) = 0 for all ¢ > 0. Substituting I,y (t) = 0
in (15), it follows that Iy (#) = 0 for all + > 0. Again from (12), it follows that I;;p;(#) = 0 for all
t > 0. Now from (13) and (18),

dz dz
5 = (dtn+az L =nz—(di+n+aq)Z (A2)
Here, (A2) is a system of ordinary linear homogeneous differential equations with constant coeffi-
cients, which implies both z(), Z(#) tend to zero as t approaches to co. Also, from (11) and (16),
it follows the system of linear non-homogeneous ordinary differential equations with constant
coefficients

dx dx
E=A+77X—(dh+n)x, E=nx—(dh+n)X. (A3)
implies that x(¢), X(t) converge to % and ﬁ, respectively, as t approaches oco. Also,

lims_s o0 Sy (1) = d%' Thus every forward orbit of 7 (f) in My converges to Eo;.

A.13 Proofofthe Lemma4.12

If possible suppose that there exists P, € 2, such that lim;_, o, Sup ||z ()P, — Ep1|| < p. Since

i A _ Aldptn) _ _nA . .
lim¢—, 00 Npp (t) < dh’hmt_’oo Snu(t) = dh(dh"‘zn)’hmt_)oo Shm(t) = anh+d}21’andhmt—>oo Syr(t) =

6%, then there exists t; > 0 and a sufficiently small positive number p, such that Ny (f) < dAh + 00>
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A(d A
St (8) = gl — Por Sia(®) = 380 = po,and Sy (1) = § — po. Here

boyIaS Vo lalyaS Vo LalnaS
kShM _ vhivAOhM _ vhdlvAlhAOhM > vhdvAlhA hM, (|IhA(t)| < M, 75 0, Vt)
Nia IhaNpa M;Npa

b/athvA

~ kilnaShv,  where ~ ki, Using Mean value theorem

Npa
~ kikoInpSnm = kaInpaSums Inm (8) C Ina(t), V¢

Here k = 0 implies k; ~ 0 and hence k3 ~ 0. Using these inequalities in Equations (12), (15), (17),
it follows that

B < A(dp+n) )

, h dh(dh+277) ~ Po

Iy > ) Ly + 01y — (0 + dp + Sp + v In,
E 0

, By <d% - Po)

vH = A—IhH —dyLg,
(4 +»0)
Iy = k3 _ns Po | Inm + Oy — (0 +8p +dp + y)pm, Vit =t
2ndy, + d,%

We now consider the following corresponding auxiliary equations

Adp+n)
Pn (dh(dh+277) - '00)

Ly = L + 60y — 0 + dp + 81 + v Inn,
dh + Po
Bv <é£ - :00)
Ix//H = A - Iy — dvIvH, (A4)
(d_h + Po)
I, =ks L—p Inp 4+ 0Ing — (0 + 8y + dy + vy Vit> 1t
hM wdy, +d2 M> =

Let J1 5, be the Jacobian matrix of the system (A4) at the disease-free equilibrium point Ey;

A(dp+n)
B (dh(dh+277) p")

—0 + 8y +dy+ yn) 6
d_ +100
h
]lpo = By (% _po)
A — ’
(d_h +po)
0 0 —(O +8p +dn + vn)

Since R; > 1 then from Lemma 4.9 S(J1) > 0, then there exists a sufficiently small p, > 0 such
that S(J1,,) > 0. Here, J1,, is irreducible and has non-negative off- diagonal elements, it follows that
S(J1p,) is a simple and associates with strongly positive eigenvector 7 € R, i.e.

e (D I (D), L (D) >> 0, V>t

Then there is a positive number a such that (I (t), Inp (1), I (8)) > av.
Hence the solution of the system (A4) is

V(t) := aeSVw) =25 vt > 1, with V(1) := av.
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It follows from [56, Theorem B.1] that
I (0, I (8), L (1) = ae¥1e0) 725y > ¢y,
Since S(J1,,) > 0, then the solution

lim Iyg(t) — oo, lim Ipp(t) — oo, lim I,p(t) — oo.
t—00 t—00 t—00

This is a contradiction, and hence

lim Sup ||t(¥)P — Ep1ll = p, VP e Q,.
t—00

A.14 Proofofthe Theorem 4.14

2 2
The Jacobian matrix of (11)-(18) at Ey, is J = (2‘2‘“ gﬁ“ ), where
4x4 T4x4
p
—a 0 q 0 _ PP 0 0
0 —b 0 0 A
A421><4 = 0 Vh —a 0 > Bix‘l = DN, 0 0],
K1¢IBV P+ Q3
Py g, 0 0 0 7
(P + Q3)d, 0 0 0 0
K
0 % 0 0 —d, 0 0 0
CZ _ 0Q3 v 0 0 D2 _ _dh /R k 0 q
axse = | 1 » 4x4 = 0 kK -b o0}’
0 0 0 0 0 0 _
0 0 n 0 Ve =@

a=dp+n+qgand b =d, + yy + 5p. Let A be eigenvalues of the matrix J,, then the characteristic
polynomial is,

P(}) = (dy + M)Q)R(),
where Q() = A% + A(dp, + dy + yn + 8p) + (1 — R3)d,(d, + yn + 8n),and R(L) = poA° + p1A* +
223 + p3A? + +psh + ps. & = —d, is one eigenvalue, and other eigenvalues are given by Q(1) = 0
and R(A) = 0. From Q(1) = 0, the eigenvalues are

1
)»2=5(—\/(dh+dv+7/h+5h)2—4(1—R%)dv(dh+)/h+5h)—(dh+dv+Vh+5h)),

1
)\3=5(\/(dh+dv+)’h+5h)2—4(1—R%)dv(dh+)/h+5h)—(dh+dv+)/h+3h))-

Clearly, A <0 and A3 < 0 if Ry < 1. Furthermore, using Wolfram Mathematica, we showed
P0: P12, p3, P> ps are positive, p1paps — p3 — pipa > 0, and (p1paps — p3 — pipa) (prps — ps) >
(p1p2 — p3)*ps + p1p? (see page 4-18 of Supplementary Material A). Then using the Routh Hur-
witz theorem, we conclude that all the eigenvalues have negative real parts if R, < 1. Hence Ey; is
locally asymptotically stable if R, < 1 and unstable if Ry > 1.
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ARTICLE INFO ABSTRACT

Keywords: The existence of backward bifurcation indicates an obstacle to disease eradication even when the
Backward bifurcation basic reproduction number falls below unity. Bifurcation analysis allows us to identify causes
Cross'borde‘r‘mOblhtY for backward bifurcation, thereby helping to design a strategy to avoid such phenomena for
Global stability disease eradication. In this study, we perform an in-depth bifurcation analysis of a malaria
Mathematical model . . s . er s
Malaria model incorporating cross-border mobility between two countries to explore mobility’s role

in backward bifurcation. Our analysis reveals that cross-border mobility can be a primary
driving force for backward bifurcation in malaria dynamics. This novel result with cross-border
mobility bringing backward bifurcation advances the traditional idea of disease-induced death
being the primary driver of backward bifurcation. Using the malaria case in Nepal with cross-
border mobility between Nepal-India, we validated analytical results by numerical simulations.
Our model predicts that the disease-free equilibrium exists only if cross-border mobility or
infection abroad are absent and malaria eradication is possible in Nepal. Otherwise, there is the
coexistence of three endemic equilibria with a lower and higher stable epidemic level. Results
on the bifurcation of our model may be helpful to control dynamics in order to maintain the
malaria epidemic at a low level if it cannot be eradicated due to the entry of cases through
cross-border mobility.

1. Introduction

Despite long-term efforts for global control and eradication, malaria is still one of the most prevalent vector-borne diseases
worldwide and a major cause of illness and death in many developing countries [1-4]. Many low-malaria-endemic countries around
the world are aiming to achieve malaria elimination. South-East Asian countries, such as Nepal, Bangladesh, Bhutan, Korea, India,
Indonesia, Myanmar, Thailand, and Timor-Leste, have designed programs to eliminate malaria by 2030 [5]. However, most of these
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countries, including Nepal, have faced a significant obstacle in achieving elimination goals primarily due to a higher percentage
of imported malaria cases through cross-border mobility [6]. A meticulous analysis of the persistence of malaria is essential for
a successful elimination plan. A bifurcation analysis of the malaria model serves as a valuable tool to identify ideal strategies for
eliminating malaria from the country.

Mathematical models help describe infectious disease transmission and develop public health policies for control and pre-
vention [7-10]. In disease dynamics, the basic reproduction number, R,, has been widely considered a critical bifurcation
parameter, providing conditions for disease persistence and elimination. If R, < 1, there is a disease-free equilibrium that is locally
asymptotically stable, and the infection dies out. If R, > 1, there is a locally asymptotically stable endemic equilibrium, and infection
persists. More precisely, as R, increases through 1, the endemic equilibrium appears, and there is an exchange of stability between
the disease-free and endemic equilibrium, referred to as the forward bifurcation [11].

However, in some vector-borne disease models like malaria, even if R, < 1 disease may be endemic in the population; this
phenomenon is known as backward bifurcation [11]. In this case, the classical requirement of the reproduction number being less
than unity becomes only necessary but not sufficient for disease elimination [12,13]. Thus, in the case of vector-borne disease,
the new threshold R < 1, often referred to as the transmission threshold, may be required to assert disease elimination. In such
dynamics with a backward bifurcation, a bistability situation occurs when R, lies in the interval (R(*) 1), where the system converges
into either disease-free or endemic equilibrium, depending on initial conditions. The initial condition corresponding to the threshold
for bistability, the breakpoint density, provides a prevalence level for malaria elimination when R§ < Ry < 1. Thus, the backward
bifurcation analysis is essential for adequately designing malaria control and elimination programs.

Several existing models of vector-borne diseases have possessed backward bifurcation, primarily due to disease-induced
death [14-23]. Some other studies have also shown the possibility of backward bifurcation due to the impact of quarantine [24],
income inequality among the susceptible human population [25], and vector biases [15] (biting preference of vector to infectious
humans).

Since migration is one of the main obstacles to malaria elimination in many countries [26,27], a question naturally arises whether
cross-border mobility has a role in backward bifurcation. Thus, studying the effects of cross-border mobility on backward bifurcation
is crucial. While some studies [26-33] have considered the effects of host movement on vector-borne disease, we are unaware of
any studies that address the backward bifurcation issue of the malaria model with cross-border mobility. In Gautam et al. [7], we
developed a malaria model with cross-border mobility and performed basic stability analysis and simulations with malaria cases in
Nepal. However, the previous study [7] lacks an analysis of a critical issue of backward bifurcation associated with different modes
of cross-border mobility; the analysis of backward bifurcation can offer an essential condition for eradicating malaria.

In this study, we broaden the previous model by considering various cross-border mobilities and examine whether cross-border
mobility can bring backward bifurcation, causing obstacles to malaria elimination even when the basic reproduction number is below
unity. The novelty of our results constitutes the establishment of mobility conditions that can solely cause backward bifurcation,
underscoring the need to consider cross-border mobility in devising malaria elimination strategies. We further extend our mobility-
driven backward bifurcation techniques to the case where eradication is impossible due to cross-border mobility; in this case, our
analysis allows us to identify mobility-related control strategies to maintain malaria endemic in a low burden level.

2. Model formulation and basic analysis
2.1. Malaria transmission model with cross-border mobility

To model malaria transmission with cross-border mobility, we consider the malaria-endemic country with a higher malaria
burden as an abroad, where migrants from the home country live as workers. The home country is assumed to have a low malaria
burden but is struggling to achieve the elimination goal. Both humans living in their home country (N,) and migrant workers
living abroad (N,,,) are divided into susceptible (.S, S,as), infectious (I, I;,31), and recovered (R, Ry5s) groups. The mosquito
population in the home country (N, ) is divided into susceptible (.S, ;) and infectious (I,) groups.

In the model, b,b’ represent the per-capita mosquito biting rates, a,,,a/, represent the probabilities of malaria transmission
from infectious mosquito to susceptible human in a single bite, and «y,, a; represent the probabilities of malaria transmission from
infectious human to susceptible mosquito in a single bite at home and abroad, respectively. g is the per-capita immunity loss rate
of humans, and y,, is the per-capita recovery rate of humans. A, ¢ are the recruitment rates of humans and mosquitoes, and d,, §,,
and d, are the per-capita natural death rate, the disease-induced death rate of humans, and the natural death rate of mosquitoes,
respectively. The per-capita cross-border mobility rate for susceptible and recovered individuals is assumed to be 7. For the infected
individuals, the cross-border mobility is altered by a factor @ > 0, making the mobility rate for infected individuals w#. .

Due to the complexity of tracking specific incidents abroad, we note that the incidence rate for migrants abroad —b “onTos ,
where I, and N na are the total infectious mosquitoes and the total humans abroad, respectively, is approximated as followé’ A[7]:
Vo, Iy by, /T Loa® s Toato)

o —vAr07
Npa o N (to)
theorem of 1ntegral calcuﬁus [34D.

The schematic diagram of the model is shown in Fig. 1. The model system we consider is as follows:

= k for some t, € (0,T), and T is the final time of the dynamics (the mean value

’ bauhIUH
Spp = A+0Sym + 4Ry — N—,,HS"H - +dp)Shp @
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Migrants

Home

Fig. 1. Malaria transmission model with cross-border mobility. The upper SIRS model (within the red dashed box) captures the dynamics among migrant workers
abroad, while the lower SI-SIRS model (within the green dashed box) represents the situation in the home country. The solid arrows indicate the movement of
populations, while the dotted arrows illustrate the interactions between humans and mosquitoes. Subscripts H and M represent home and migrant, respectively,
while subscripts h and v denote human and vector (mosquito), respectively. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

ba,, 1,
I, = ﬁShH+wnIhM—(wn+dh+5h+yh)IhH, o)
R;lH =Yplpg + 1Ry — +dp + O Ry, (3)
bay, 1
Sip =% - %SUH —dySon> 4
hH
bay, I
Ill)H = %SUH _dulvH’ (5)
hH
S;:M =Sy + qRuar — kSpp — (dy + M Shars (6)
I,y = kSyy + onlyy — (on+ 8, +dy, + yp) Iy, 1%
R, =il + 1Ry —(n+dy + @Ry ®)

For the simulations, we took the values of parameters given in Table 1, many of which were estimated from the model fitting to
the malaria data of Nepal [7].

2.2. Basic properties of the model

For the system (1)-(8) to be biologically and epidemiologically meaningful, it is essential to demonstrate that all solutions with
initially non-negative values always remain non-negative and bounded. For our model system (1)-(8), we can mathematically show
that it is sufficient to assume non-negative initial conditions for all state variables to assert non-negative solutions. However, in
reality, some humans and mosquitoes are expected to survive in the community. Therefore, to capture this reality, we present proof
of positivity and boundedness of solutions with positive initial conditions for .S, ; and S},,,.

Theorem 2.1 (Positivity and Boundedness of Solutions). If S;,;(0) > 0, I,5(0) >0, R,y (0) >0, S,50) > 0, I,5(0) >0, S,,,0) >

0, I,3,(0) >0, Ry3(0) >0, then the solution

(Surrs Tnirs Rugrs Sorr> Torrs Shars Tnas> Runr)

of the system (1)—(8) is always positive for all t > 0 and eventually bounded.

Proof. See Section 2 of Supplementary file. []
2.3. Equilibria condition

Equilibrium points represent steady states of the system, where disease prevalence remains constant over time. These points
are applicable to identifying the conditions under which disease persists or is eliminated. The equilibria (S}, I*,. R}, S*

nH> ThH hH? CoH?
Liys Sives Lo RZM) of the system (1)-(8) can be expressed as
s P % _ Ql + in;kl * 0 _ Q3 + Q4AZ

L A A T L O A T L A A

3
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Table 1
Model parameters estimated from the malaria case data in Nepal.

Description Parameters Base value and unit Reference

Probability of malaria transmission

from an infectious mosquito

to a susceptible human (per bite) oy, 0.0195 [35,36]
Probability of malaria transmission

from an infectious human to

a susceptible mosquito (per bite) X, 0.63 [36-38]
Humans recruitment rate A 287,460 yr~! [7]

Per capita recovery

rate of humans Ya 1.85 yr! [35,36]

Per capita natural birth and

death rate of mosquitoes d, 27.9113 yr! [35,36]

Per capita disease induced

death rate of humans I 0.00171 yr~! [7]

Per capita natural death

rate of humans d, 0.0149 yr~! [71

Per capita mobility rate

of healthy humans n 0.04 yr! Assumed
Mobility factor of

infected humans @ 25 Assumed

Per capita mobility rate
of infectious humans wn 1 yr! Assumed
Per capita rate of Immunity

loss of humans q 4 yr! [39]
Incidence rate in abroad k 0.000105 yr! [71
Per capita biting rate of mosquitoes b 43.75 yr~! [71

o _ S48, TiADh Ui+l
MKy + Ky 457 MM K+ Ky AFT MK+ Ky A4
o $B, (01 + Or47)
oH du (ﬂle + va + Qldv + Q3dv + (QZdv + Q4dv + ﬁvQ2)ﬂ;) ’
¢ Lo
p s

v

%

)]

S:H =
1*
where Ay =By NU_*H’ By = bayy,, B, = bay,, and P, K|, K,, Oy, O, O3, 04, S}, Sy, T}, T», U;, and U, are non-negative (see Section 4

of Supplementar;}%ile). With some algebraic manipulation, the equilibria condition of the system (1)-(8) reduces to
a3 33 + a2 + a7+ ay = 0, (10)
where,
_ 2 2 2 12 272
a3 = Qy04d,p, +20,0,4d; + OQ3d, f, + Q7d,; + Qyd; > 0,
ay = (py — P2Bnbo),
a; = (p3 — paBnby),

ag = —KlnzcokA (dh + q) (dh + 25+ q) ¢BLB, <0and p;, py, p3, Ps

are non negative (see Section 5 of Supplementary file).

3. Model analysis

Using the model (1)—(8), we focus on the role of cross-border mobility in the bifurcations corresponding to the elimination or
persistence of malaria. To explore this, we analyze two cases in detail: (I) # = 0 (absence of cross-border mobility); (I) n # 0
(presence of cross-border mobility).
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3.1. Case-I: n =0 (absence of cross-border mobility)

3.1.1. Equilibria
Since # =0, we get ay, 01,03, S, T}, and U, to be zero. Then, the disease-free equilibrium of the system (1)—(8) from Eq. (9) is

- (i, 0.0. 2 0.0 0 o).
dh dv

v

d
The basic reproduction number, derived using the next generation matrix method [40], is R) = % In this case,
A(dy + 6, +vp)d]

Eq. (10) gives

IO

0 0 0 0
S 1 S, hM> RhM)

0
R vH> “vH> “hM>

0
1 hH>

E%= (SO hH’

hH>

2
a3 Ay +aydy +a =0, 11D
where, a3, a,, and a; are simplified to

a3 =byAd, (d, + v, +4q) (B, (dy +q) +d, (dy + 7, +4q)) >0,

b
ay = d—ZA(GO—Rg)dg (dyp+q) (dp+ 7, +8;) (dy (va + 6, +q) +d7 +q6,) .
ay=A(1=R3) by d> (d, +q)* (dy + 74 +6,) %

bo = (di (v + 64 + Kk +4) +dy, (va(k +9) + 64k + q) + kq) + d; + kqsy) >,

dy (B (dy +q) +2d, (dy + 74 +4))
A(Ry) = a} — 4aja;. Then we have A4(1/Gy) = —4a;a; < 0 when G, < 1, and A(1) = a3 > 0. When R, < 1, by the intermediate value
theorem for continuous function, there exists a unique R; € Gy, 1) such that AR = 0. Therefore, R; is the value of R < 1
such that the discriminant of the Eq. (11) is zero. Also, for R, < 1, A(Ry) > 0 if and only if R, > Ry, and A(Ry) < 0 if and only if

\/BZG —2A+2y/M? + B2A(1 — GO)
B

where G, = . Here R, < 1 if and only if ¢, > 0 and R, < /G, if and only if a, > 0. Let
0 0 y 1 0 0 y 2

Ry < R} [14,17]. Now using A(Rf) =0, we obtain R; = , where

A=dl(dy+q)* (dp+rn+6)% (dy+7h+a) (B, (d+a) +d, (dy+7v4+4)),
B* =d, (dy+q)* (dy+ 7y, +8,) % (dy (rp + 8, + ) +d; +q5,) %
M =d;(d,+q)* (dy+rn+6,) > (dy+vn+a) (B, (dp+4) +d, (dy+7,+4)).

In Theorem 3.1, we present the general results about the existence of endemic equilibria.

Theorem 3.1. Assume that n = 0 in (1)-(8), then the following statements hold.

() For Ry > 1, the system has unique endemic equilibrium;
(ii) For Ry = 1, the system has unique endemic equilibrium when a, < 0 and no endemic equilibrium when a, > 0;
(i) For R§ < Ry < 1, the system has two distinct (upper and lower) endemic equilibria when a, < 0 and no endemic equilibrium when
ay > 0;
(iv) For Ry = Ré, the system has unique (coincident) endemic equilibria when a, < 0 and no endemic equilibrium when a, > 0;
(v) For Ry < R(’;, the system has no endemic equilibrium.

Proof. See Section 6 of Supplementary file. []

3.1.2. Bifurcation analysis

In this section, we discussed the local behavior of the disease-free and endemic equilibria using the Routh-Hurwitz Theorem
and Castillo-Chavez and Song Theorem [41]. For the global stability of the disease-free equilibrium, we use the Krasovskii-LaSalle
invariance Theorem [41].

Theorem 3.2 (Local Stability of E°). Assume that n = 0, then the disease free equilibrium point E® of the system (1)—(8) is locally
asymptotically stable if R, < 1, and unstable if Ry > 1.

Proof. See Section 7 of Supplementary file. []

Theorem 3.3 (Forward and Backward Bifurcations). Assume that n = 0, then the model possesses the forward bifurcation at R, = 1 when
0 < §;, < §; and the backward bifurcation at R, = 1 when &, > &}, where

5* _ dh (dhﬂv + d,ﬂ/h + dhdu + qdu + Qﬂu)
" dU (dh + 4) -
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Proof. We apply the theorem by Castillo Chavez and Song [41] to derive the condition for forward and backward bifurcations. The

system (1)-(8) of the model can be written as:
% =[G By, [ : RExR— RS, [ € CA(R®xR), (12)

where X = (Syy, T Rums Sorrs Toms Snars Tnars Rang)s

f Ad® (d, +7, + 6
[ = (f1 fa f30 fas S50 foo f7. fs), and f = %

bifurcation parameters. Then, the Jacobian of the system at the bifurcation point (E?; B;) is

J0=< Psys  Osxs >
03><5 Q3><3

corresponds to R, = 1 considered as one of the potential

where
Ad? (dy, +y, +6
—-d, 0 q o _Milhitm+a)
5 ( d’dhﬂu )
Ads (dy, +y,+6
0 —(dy + v, + 6p) 0 0 TP\ T T T TR
P= ¢dhﬂu
= o0 n -dp+q9 O 0
d
_¢ hﬁv 0 _du 0
Ad,
d)dhﬂv
0 —_— 0 0 —d
Ad, v
and
—(dp + k) 0 q
0= k —(dp + vy +6p) 0
0 Yh —(dy +9)

Five eigenvalues of the Jacobian J, are

A=0,~dy,~d,, ~(d), + ).~ (d +d, + 7, +8)
and the rest three eigenvalues are given by the following characteristic polynomial equation of degree three.

B+ M2+ M A+ My =0, a3)
where, M, =3d;, +y, + 6, + k +q, M| =2d,y,, +2d,6, + 2kd), + 2qd,, + 3d2 + kyp + ko, + qy, +qé, + kg, My = dhyh +d? 26n + kdyyy, +
kdy 6y, + kqdy, + kd} + qdyy, + qdy6, + qd} + d; + kqé),. Here, My, M, Mz, Mj all are positive and

MM, — My = 8d; (v, + 8, + k+q) +8d; + 7, (28,(k + q) + k* + 3kq + ¢°)

+rpk+q) + (k+q) (6, +k) (6, +q) +

2dy, (vj + 65 + vy (26, + 3k + @) +38,(k + q) + k* + 3kg + ¢*) > 0.
Thus, J, has one eigenvalue of zero, four negative, and the remaining three have negative real parts. Let 0 = (v, v, 03, Uy, Us, U,
vy, vg) and i = (uy, uy, us, uy, us, Ug, Uy, ug)T are the left and right eigenvectors of the zero eigenvalue of J,, respectively. Solving

the matrix equations #J, = 0 and J,i = 0, we obtain the components of the eigenvectors J and i as v, = v3 = vy =0, vs =
Avyd, (dh + ¥ +6p) dyp+ 75+ 6, qrn
bd p , g =07 =03 =0, uy =—u, P -
hPv J p h dy (dh + Q)
u u u
Uy = elly uy =— 2 hﬂ”, us = 20d) ﬁ”, ug = u; = ug = 0, with v, and u, being free. The parameters a and b are obtained from
dy+q Ad? Ad?
the equation
Z Uil (EO) b= Z Umul E) (14)
miTel ox d i ox aﬂ

where f,, be the mth component of f . To compute the parameter b, we use Eq. (14) with v,, = 0 for m = 1, 3, 4, 6, 7, 8.

. . o . /2) X|X5 5 X1 X5
Taking partial derivatives of f, and f; with respect to f,, we get = , =0, where, f, = f,————— —
gp f2 fs P B 8 5, Nt +x 0P, 2 ﬂhx1+x2+x3
(dy+7p+6 ) fo = p—4%2 d,. Using 5. = 1, i dy Then, b = ¥° P ZIm (g =
, = pf—" - . Using o.i = 1, i.e., v = ——— Then, b = =
h TVt op) X Js Y+ X + %3 Xs5dy g v.u QU dy+ 74+ 0, mi=1Ym ™ 98, 0
8 J X1Xs
_ 1 VY (E) =
Z,leu:a aﬂ(o) Z’lvzu’dxi<xl+x2+x3)(0) yUs

_ hPv
dp+y,+0,)Ad,

32 f 92 f2 92 fZ 32 f2 92 f2
a=u, <u1 u —= 1 2uquy 2uyuy e 2uyuy —on, Uyly %

> 0. Similarly, using Eq. (14),
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Fig. 2. Bifurcation diagrams and model solutions. (a) Forward bifurcation at R, = 1 when §, lies in 0 < §, < §; (5; = 0.029). (b) Model solutions verifying (a),
where model solution converges to the unique stable endemic equilibrium when R, = 1.63 (R, > 1) (end of the magenta curve) and converges to the stable
disease-free equilibrium when R, = 0.54 (R, < 1) (end of the green curve), regardless of the initial conditions. (c) Backward bifurcation for 5, = 0.11 with
R = 0.88. (d) Model solutions verifying (c), where model solution converge to the unique stable endemic equilibrium when Ry, = 1.59 (R, > 1) (end of the
magenta curve) and for R, = 0.53 (R, < R; < 1), model solution converges to the stable disease-free equilibrium (end of the green curve), regardless of the initial
conditions. However, for R, = 0.90 (R;; < Ry < 1), the model solution converge to the higher level endemic equilibrium (end of the black curve) when the initial
prevalence is above the breakpoint density (horizontal dashed line), and the model solution converges to the disease-free equilibrium (end of the blue curve)
when the initial prevalence is below the breakpoint density. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

2f aZf aZf aZf
2 2 2 2
+2 +2 _—
2\ T axoxs T S axoxs T 0o
9*fs 9 fs 5 2 fs
v +2 +2 +2 —
3 it x% “ zaxlﬁx s aX10X3 u2u3 dx20x3
i /s /s *fs /s
vs | iy ] + uzus % + 2uyuy 9%, 0x + 2uyuy %y0x,s + 2uy 3@ (15)

After simplification, we get a =

2d,6, 2d,, (P, (dp +4q) +d, (dp + 7, +4))

dy, (dnB, +dyy, +dpd, +qd, + qp,)

.Herea > 0if 5, >

A A(dh+q) du(dh+q
&;. Thus the model possesses the backward bifurcation at Ry = 1 when 6, > 6, and forward bifurcation at Ry = 1 when 0 <6, < 6}.

From the above result, in the absence of cross-border mobility of migrants between the home country and abroad (4 = 0), if
0 < 8, < &}, malaria gets eliminated when R, < 1. However, if §, > &, elimination is possible only when R, < Rj < 1. We also
validated the above analytic results with the numerical solutions of the system (1)-(8) (Fig. 2).

3.1.3. Global stability and uniform persistence

Here we apply the Krasovskii-LaSalle Theorem [41] to establish the condition for the global stability of the disease-free
equilibrium in the home country.

Theorem 3.4 (Global Stability of E°). For n = 0, the disease-free equilibrium E° of the system (1)—(5) is globally asymptotically stable

)
when RS + nPbnPy

A(dh + 5h + Vh)dg
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Proof. Let p = (S,5®), I,z®), Ryg®.,S,z®), 1,5 1), be any solution of the system (1)-(5), then N, (1) < di and N;, =

v

A—dyNyy — 6,1y 2 A—(d), +6,)N, . Then, Ny (1) > 7 15 . We construct a Lyapunov function, V (I),y, I,5) = ﬂ—”th + 1,y
hton h
Then, taking derivative with respect to ¢, we obtain
d
1 _ % ’
V= ﬂ_hIhH +1,,
dUIUHShH du ﬂDIhHSUH
= COHERH 20 (g, 4 8y 4y Iy + T g
NhH ﬁh h h h’thH NhH vivH
S d d,S
= %—”H——”(d,ﬁahﬂh) e L
n Pa hH
¢
ﬂvd_ d
< Ab —ﬁ—"(dh+5h+yh) I,y (Since Sy (1) < Ny (1)
h

1
= Rg+ %"2 —1| Iy
Ady, + 65 + 7)d2

) )
This gives V' < [ R2+ — OnPbuby _ OndBnby
Let B={p: V' =0}, then BC {p: I,y =0}. If C C B is the largest invariant set of the system (1)—(5) and p is any solution
of the system in C, then for all € R, p is defined and bounded. Again C C {p : I,y = 0}, thus I, (t) = 0. Moreover, from Eq. (3),

—1 )| I Therefore, V' <0 for all p > 0 when R? +

Ry =0. Also, from Eq. (5), I,z =0 and finally, Eq. (1) gives S,y = dA and Eq. (4) gives S,y = di Therefore, p = (dA,O, 0, di’O)
h h
and C = {E®}. Applying the Krasovskii-LaSalle theorem [41], the disease-free equilibrium E° is glovbally asymptotically stable Uand

the disease eventually becomes extinct when R? + BBy <. O
A(dh + 5,, + ]/h)d’%

It can be proved that the disease persists when R, > 1 [7]. We summarize the result showing uniform persistence in Theorem 3.5.

Theorem 3.5 (Uniform Persistence). For n = 0, the decoupled system (1)—(5) is uniformly persistent with respect to (_QO, an) for Ry > 1
in the sense that there is a positive constant ¢ > 0 such that every solution

(ShH’ IhH’ RhH’SUH’IUH)

of (1)-(5) with (ShH(O),IhH(O),RhH(O), SUH(O),IUH(O)) € Q, satisfies
liminf I),;; > o, liminf I, ; > o, (16)
where,

Q, = {(Shg-Ln- Rugr- S Aogg) € R 2 Ly >0 or Iy >0},
02, = {(Spg. Ly Rpg . Sor- Ioy) ERY 1 Iy =0 and I,y =0},
Q=0,002,=R].

3.2. Case-II: n # 0 (presence of cross-border mobility)

In the presence of cross-border mobility of the migrant workers (n # 0), the possibility of imported cases depends on malaria
transmission abroad. Therefore, we perform our analysis for two subcases: (1) Case IIA (absence of transmission abroad,  # 0, k = 0)
and (2) Case IIB (presence of transmission abroad, n # 0, k # 0).

3.2.1. Case-IIA (n#0, k=0)
« Equilibria

For k =0, ay,0,,05,T;, and U, are zero. Then, the disease-free equilibrium of the system (1)-(8) is derived from Eq. (9) as
01 A (dh + n) ¢ i’]A . . . . . .
EVM=——7=.00 —,0, ————,0,0). The basic reproduction number, derived using the next-generation matrix
dy, (dy +2n) d, 2ndy, +d;,
method [40], is
R &dBuB, (dy +2n) (dy + vy + 8, + wn)
"\ aa2

(dh +VI) (dh +7/h +5h) (dh +]/h +5h +2607[)

. In this case, Eq. (10) reduce to

a3 A3+ ay A +a; =0, a7
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with a3, a,, and a, given by

a3 =A(0,+0Q4)d,d, (dy +1)*((0; +Q4) d, + 018,) >0,

ay =4, (G, - R?),

(Ad? (dy +n) (dy + vy +83) (dy + 74 + 65 + 200))
dy, (dy, +2n) (d, + vj, + 6, + now)

ay=b,(1-R?),

by = A(d, (dy +n) (dy +q) (dy + vy +8,) (dy + 21+ q) (dy + 73, + 6, +200m) ),

0 =

>

Pdy, (dy +21) (2(Q2+ Q4) d, + Qa,) (dy + 74 + 8 + 1)

AK2Q2dU (dh + 1’[) (dh + Yn + 5}'1) (dh + Yh + 5}’1 + 21’](0)
a, > 0. Let A(R;) = a] —4a;a;. Then we have A4(1/G)) = —4a;a; < 0 when R; < 1, and A(1) = a; > 0. It follows that when R, < 1, the

intermediate value theorem for continuous function implies that there exists a unique R} € (\/G s l) such that A(RY)) = 0. Therefore,
R} is the value of R; < 1 such that the discriminant of the Eq. (17) is zero. Also, for R, < I, A(R;) > 0 if and only if R, > R}, and

\/Agcl —2ash, + 2\/a§b§ +a3A2, (1-G))
Ay

. Here R; < 1 if and only if a; > 0 and R, < /G| if and only if

where G| =

. In

A(R)) < 0 if and only if R; < R} [14,17]. Now using A(R}) = 0, we obtain R} =

Theorem 3.6, we present the general results about the existence of endemic equilibria.

Theorem 3.6. Assume that n # 0 and k = 0 in the system (1)—(8), then the following statements hold.

(i) For R, > 1, the system has unique endemic equilibrium;
(i) For R, = 1, the system has unique endemic equilibrium when a, < 0 and no endemic equilibrium when a, > 0;
(i) For R} < Ry < 1, the system has two (higher and lower) endemic equilibria when a, < 0 and no endemic equilibria when a, > 0;

(iv) For R, = R’l‘, the system has unique (coincident) equilibria when a, < 0 and no endemic equilibria when a, > 0;
(v) For R, < RT, the system has no endemic equilibrium.

Proof is similar to Theorem 3.1.

« Bifurcation analysis (Case-IIA:  # 0, k = 0)

Theorem 3.7 (Local Stability of E®'). Assume that n # 0,k = 0, the disease free equilibrium point E°' of the system (1)—(8) is locally
asymptotically stable if R, < 1, and unstable if R| > 1.

Proof. See Section 8 of Supplementary file. []

Again, we use the Castillo Chavez and Song Theorem [41] for the bifurcation analysis. We have already established in
Theorem 3.3 the role of the disease-induced death rate in possessing the backward bifurcation. Since the primary focus of this study
is to examine whether cross-border mobility alone can produce backward bifurcation phenomena, we consider the disease-induced

death rate is zero and focus on cross-border mobility in the following sections.

Theorem 3.8 (Forward and Backward Bifurcation). Assume that n # 0 and k = 0, then the model possesses the forward bifurcation when
(dp +7p) A

0 <w < w* at R; = 1 and possesses the backward bifurcation when @ > »* > 1 at R| = 1, where ®* = —————,
n (d ht+2n+ q) B

A =q*dyp, + q*dyd, + 6nqd,,p, + 2qd; B, + 2nqd,y), + qdnd,y, + 8ngd,d,+
2qdld, +4n*d,p, + 4nd2p, + di B, + 21 d,y, + 3ndyd,y, + did,y,+
6n°d,d, + Sndid, + dyd, + 3nq*d, + 6n°qd,, + 2nq” B, + 4n*qp,.

B = qd,y), — (qdB, + 2ndyp, + dpf, + 2nd,yy, + 2ndyd,, + 2nqd, + 2ngB, ) .

Proof. We apply the theorem by Castillo Chavez and Song [41] to derive the condition for forward and backward bifurcation. The
. . Ad(dy+n) (dy+ry) (dy+ 200+ 7,) of « . I
value of §, corresponding to R, = 1 is g, = and EY is the disease-free equilibrium. Then
ody b, (dh + 2'1) (dh + 1w+ Vh)

9
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the Jacobian of the system (1)-(8) at the bifurcation point (E*'; f% ) is J; = [M, N], where

—(d,+m 0 q 0
0 —(dy, +yp + on) 0 0
0 Yh —-dp+tn+q O
od d,+2
0 _ wPy ( h ’1) —d,
M= Ad, (dy, +1)
0 &d,B, (dj, +21) o 0 ’
Adv (dh + '7)
n 0 0 0
0 nw 0
0 0 n 0
and
*Zl n 0 0
il 0 wn 0
0 0 0 n
N = 0 0 0 0
—d, 0 0 0
0 —(d,+m 0 q
0 0 _(dh + Yn + Cl)n) 0
0 0 Yh —(dp+n+9q

Six eigenvalues of J, are 0, —d,, —d,, —(d;, +2n), —(d, + q), —(d;, + 2n + q), and the rest two eigenvalues are obtained from the
quadratic equation,

(dp+yp+omAi + (d + v, +on) (2d, +d, + 2y, +20n) A + B; =0, 18)

where, B; = d, (2dv (7h + cur/) +o?n? + 3}/2 + 6y,00n + a)znz) + dizz (du + 3y, + 3an1) +d, (thwn + y,zl + 2a)2112) + dZ + Y (7’h + wn)
(yh +2an1). Since all the coefficients of the quadratic Eq. (18) are positive, then the remaining two eigenvalues of J; have
also negative real parts. Let 0 = (v, vy, 3, Uy, Us, Ug, U7, vg) and i = (uy, uy, u3, uy, us, ug, uy, uS)T are the left and right
eigenvectors corresponding to the zero eigenvalue of the matrix J;. Solving the matrix equations #J; = 0 and J,i = 0, we get

vl=U3=v4=U6=v8=O,US:AU2d” (d + ) (dh+y”)(dh+yh+2w’7)’ oy = oy ul:uz(Q—R)’
¢dB, (dy +2n) (dy + v, + on) dj + v+ oon U
Uz =y < wnzyh I (dh +’7+‘1) >’
(dp+q) (dy+2n+q) (dy+rva+on)  (dy+q)(dy+2n+q)
vy = _W¢dyf, (dj, +21) us = uydy, B, (dy +2n) e = 1y (S — T)’
Ad2 (dy, +n) Ad2 (dy, + 1) U
Uy = wnuy ug = WYn (”Idh +ond, + on® + ny, + on? + amq)
dp+ 7 +on (dp +q) (dy +2n+q) (dy + 74 + @n)

with u,, v, free, where,

U =dy, (dy +2n) (dy +q) (d +21+q) (d), + 7, +on),

0 = qy, (dyQ@n + @) + d7 +nQ2n + @) (dj, + v, + on) + qon’y, (2d, + 21+ q)
R = (dy+n) (dy +q) (dy +74) (dy +20+q) (dy + 7, +200n) ,

S = nayy, (2d;, + 20+ q) (dj, + v, + on) + qony, (d,Qn+q) +d; + 120 +q)) .
Tzn(dh+q) (dh+yh) (dh+2r[+q) (dh+yh+2a)n).

d, (dy +no +y,)?
o (dn + 10+ 11) . For the computation of b, f, = ﬁhL -
(dh +yh) (dh +i1w+7/h) (dh +211a)+yh) +d, (dh +r[w+yh)2 + n2w? x|+ Xy + X3

(dp+7p) %2 f5s = B aiLe

e xs5d,, f; = wnxy — (dy +7), +on) x;. Then, taking the partial derivatives of f,, f5 and f;
0 0 0 0?
with respect to f,, we get (/2) = Xi%s s s) = (/7) = 0. Then, from Eq. (14), b = 2?_1 Uyl /2 (Ey =
0P xp+xa+x3  0f 9 = x;00),
u,pd d,+2
p uzuii _ 0% ) (g = vyUs = 1)2M > 0. For the computation of a, we use Eq. (15) at E%' with # # 0
= Ox; \ X| + Xy + X3 Ad2 (dj, +7)

2nd divnby  20mPd 2ndyp,  wndyp,  d;p,
and k = 0. After simplification, we get a = n(w — 1)d,y;, + n(w — l)dfl - thﬁu - hdh - r/d wby _ dh - dh - ; °

v v v v v v
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Fig. 3. Bifurcation diagrams and time series solutions for 5, =0, w* =7.7. (a) Forward bifurcation at R, = 1 when w < w* (here w = 1). (b) Model solutions
verifying (a), where the model solution converges to the unique stable endemic equilibrium when R, =2.13 (R, > 1) (end of the magenta curve) and converges
to the stable disease-free equilibrium when R, = 0.71 (R, < 1) (end of the green curve), independent of initial conditions. (¢) Backward bifurcation at R, = 1 with
the transmission threshold R} = 0.8951,w > w* (here w = 25). (d) Model solutions verifying (c); for R; = 2(R; > 1), the model solution converges to the unique
stable endemic equilibrium (end of the magenta curve), and for R; = 0.61(R; < R} < 1), the model solution converges to the unique stable disease-free equilibrium
(end of the green curve), independent of initial conditions. However, for R, = 0.8953(R} < R; < 1), the model solution converges to the endemic equilibrium (end
of the black curve) when the initial prevalence is above the breakpoint density (dashed line), and the model solution converges to the disease-free equilibrium
(end of the blue curve) when the initial prevalence is below the breakpoint density. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

dy, (dh + 211) (yh (dh +y,+ wn) (dh +n+ q) + (dh + q) (dh +y,+ wn) (dh +2n+ q) + wnzyh)

 should necessarily be greater than 1 for backward bifurcation. Otherwise, a becomes negative, and the model possesses the forward

bifurcation. Furthermore, w > o* > 1 is sufficient for a > 0. Therefore, model possesses the forward bifurcation at R, = 1 for w < »*
(dh + 7h) A

n (dh + 257+ q) B

. From the expression of q, it is clear that

and the backward bifurcation if w > w* > 1, where w* =

In the presence of cross-border mobility (7 # 0) and the absence of malaria transmission abroad (k = 0), malaria elimination
in the home country is possible for ® < w* and R, < 1. However, if @ > »* > 1, elimination of malaria is possible only when

R, < R} < 1. Taking the parameters given in Table 1, we validated the analytic results with the numerical solution of the system
(1)-(8). The bifurcation diagrams and corresponding model solutions are shown in Fig. 3.

+ Global stability and uniform persistence (Case-IIA: # # 0, k = 0)

We apply the Krasovskii-LaSalle Theorem [41] to establish the condition for the global stability of the disease-free equilibrium
EOL.

Theorem 3.9 (Global Stability of E°'). Assume that i # 0 and k = 0, then the disease-free equilibrium E°' of the system (1)-(8) is globally
BoBrondy, +2n)dy + vy + 6, + 0n)p on

d2Ady +n)(dy, + 7y, + 8,)(dpy + 7y, + 8+ 20m)  (dyy + 1y + 6 + 200m)”

asymptotically stable when R% + M < l,where M =

Proof. Lets = (S,5®), [,z (), Ryg @), Sumr @), Lg®), Spar (0, Inas (1), Ryps (1)) be any solution of the system (1)-(8), then N, () < dg
Again, Nyy = Sy + Iy + Ry and Nyyy = Spag + Inyg + Rypg, then N/ + N1 = A = dy(Nyyy + Nyag) = 83y + Tnag) =

A = (dy, + 6,)(Npg + Nypp). It follows that Ny + Ny > ﬁ Since the solutions N,y (f) and N,,,(t) are general and
htOn
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A(n +dy)
(dy +8,)(dy +21)

—21,,p- Now, taking the derivative of V; with respect to t,

B

should satisfy the disease-free equilibrium as well, we get N,y (t) > ( > Here, we construct a Lyapunov function

Vi (L, Iy, 1 —d"l 1
' (Thms uH7hM)—EhH+ vH T

yr=dop 4oy
L7 g, "hH T ToH T g ThM
d,I,y S d d,
_ 9olouShn +ﬂ_vam[hM_ﬂ—b(a)rl+dh+5h+7h)’hH+
h h

Nun
A d
BolnuSon —dy I,y + zonl,y — —2(on +dy + 8, + )y
Nyg Pn
ﬂL vH dUShH
L5 o+ dy 45+ 70| T — |- +do| Tont
[ﬂh NhH ﬂh h h h hH — NhH v vH
[—wﬂ - —(a)r, +d, + 6, + }’h)] Inm
L put
v —11|1
("(”—W>d(d +8, +7) "
(dy +0,)(dy +2n) ) 0T TR

| BuBn(dp + 8,)(dy + 2n)¢ o
- 2 - hH>
diA(dy, +m(dy, + vy + 6p)

After some algebraic manipulations, we get Vl’ < 0 when Rf + M < 1. Therefore, V; is a Lyapunov function when Rf + M < 1. Let
s = (Shas Lnis Ruprs Lows Spaas Inaes Rpy) be any solution of the system (1)-(8) and D = {s : V] =0}, then D C {s : [,y = 0}. If
F c D is the largest invariant set of the system (1)-(8) and s is any solution of the system (1)-(8) in F, then for all t € R, s is
defined and bounded. Again F C {s : I,y = 0}, thus I,; = 0. Then from Eq. (7), I,;; = 0. Also, from Eq. (5)I,5 = 0 and from

Eq. (4A)S,y = di Now, the system (1)—(8) for the rest four compartments reduce to
v
Sy = A+0Supr +qRyy — 1+ dp) Sy )y = 1Shm + aRup — (1 +dp) Sy (20)
From Eq. (19), we get (R, + Ryp) = —(dy + 9)(Ryg + Rypy)- It follows that R,y = 0 and R,,, = 0. Again, from Eq. (20), we
get (Spy + Spm) = A = dp(Spy + Spm)- 1t follows that S,y + Sy = T Now, substituting S, = R S,y in Eq. (1), we
h

Ald, +n A A(d,+n A
get S,y = M and then S, = ’1—2 Thus, s = M , 0, i ’7—2 0,0 ) and F = {E®'}. Then,

dy, (dy, +2n) 2ndy + d; dy, (dy +2n) dy’ 2ndy +d?

applying Krasovskii-LaSalle Theorem [41], the disease-free equilibrium E°! is globally asymptotically stable when
RP+M<1. O
1

In the presence of mobility and absence of malaria transmission abroad, malaria elimination is possible only when the mobility
factor of infectious migrants w is less than the threshold w* when R, < 1. It can be proved that the disease persists when R, > 1 [7].
The result for persistence is summarized in Theorem 3.10.

Theorem 3.10 (Uniform Persistence). If R; > 1, then the system (1)-(8) is uniformly persistent with respect to (£2,,08,) in the sense that
there is a positive constant ¢ > 0 such that every solution

(Shrs Inwrs Rurrs Sorrs Lomr> Shar> Tnar> R )

with (Spy(0), Iy (0), Ry, (0), Sy (0), I (0), Sppg (0), 10 (0), Rypg (0)) € 2, satisfies liminf I,y > o, liminf I,y > o, liminf I,y > o,
where

Q, = {(Snm- Inr- Rugr- Sorr- Lors Suags Inng» Rupg ) € R ¢ Iy > Oor Iy > 0 or I, > 0},
09, = {(ShH’IhH’RhH’SUH’IUH’ShM’IhM’RhM> € 2)18+ Sy =0, Iy =0, Iy =0}

+ Sensitivity of backward bifurcation phenomenon (Case-IIA: 5 # 0, k = 0)

As established in Theorem 3.8, the cross-border mobility factor w can bring the backward bifurcation, resulting in a threshold
R} < 1 such that malaria eradication requires R; < R} < 1. In Fig. 4, we present the sensitivity of these backward bifurcation
phenomena (i.e., the sensitivity of R}) to the cross-border mobility rate (), the immunity loss rate of human (g), human recovery
rate (y,), and mosquito death rate (d,).

If the mobility rate () is reduced to 0.013, 0.01, and 0.005 from its base value (n = 0.04), then the elimination threshold R}

increases towards 1 with its values 0.8975,0.9169, and 0.9776, respectively (Fig. 4, 1st row). With this trend, the threshold R}
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Fig. 4. Sensitivity of the backward bifurcation threshold R (a), (b), and (c) are for the reduction of the mobility rate () from its base value of 0.04 to 0.013,
0.01, and 0.005, respectively. (d), (e), and (f) are for the reduction of immunity loss rate ¢ from its base value of 4 to 1.33, 1, and 0.8, respectively. (g), (h),
and (i) are for the increment of human recovery rate y, from its base value of 1.85 to 3.7, 7.4 and 11.1, respectively. (j), (k), and (1) are for the increment of
mosquito death rate d, from its base value of 27 to 54, 108 and 162, respectively.

approaches one when n — 0, transforming the backward bifurcation into a forward bifurcation at n = 0. This result is consistent
with Theorem 3.3, which shows forward bifurcation for # = 0, §, = 0. The reduction of the immunity loss rate (¢) to 1.33 (loss of
immunity in nine months), 1 (loss of immunity in one year), and 0.8 (loss of immunity for 15 months) from the base value (¢ = 4),
the threshold R} increases to 0.9587, 0.9757, and 0.9865, respectively (Fig. 4, 2nd row).

Making the human recovery rate double (three-month recovery time), four-fold (45 days recovery time), and six-fold (27 days
recovery time) from its base value y, = 1.85 per year (6.45 months recovery time) increases the thresholds R} to 0.9175, 0.967, and
0.99, respectively (Fig. 4, 3rd row). Similarly, making the mosquito mortality rate double, four-fold, and six-fold of its base value
(d, = 27) increases the threshold R} to 0.9345, 0.9759, and 0.99, respectively (Fig. 4, 4th row). From the 2nd, 3rd, and 4th rows
of Fig. 4, it is clear that in the presence of cross-border mobility and the absence of malaria transmission abroad (5 # 0,k = 0), an
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increase in the parameters g, y;, or d, increases the threshold R} converging to 1 and transferring the backward bifurcation into
the forward bifurcation.

3.2.2. Case-IIB: n#0, k#0

« Equilibria

Note that there is no disease-free equilibria in the presence of mobility and infection abroad (n # 0, k # 0). Here, the product of
the roots of Eq. (10) is —a_ao > 0, then Eq. (10) has either three positive roots or one positive root with two negative or a complex pair
and corresponding enden%ic equilibria can be obtained from Eq. (9). We consider two sub cases: three endemic equilibria (Case-IIB1)
and one endemic equilibrium (Case-IIB2). Eq. (10) is transformed into

B4pt+qg=0, 21

ay 3aza, — a2

> Zag —9aza,a; + 27a§a0

where A% =1—- —, p= ,q= and the discriminant D of Eq. (21) is —(4p> + 27¢%) [42-44]. For
3a, 3a§ 27ag
the Case-IIB1, D > 0 (i.e. p < 0) together with a, < 0 and a; > 0 (Descart’s rule of sign [45]), i.e.,
p—l < bz < P—3 (22)
D20py®yp Pa®py®yp

If D=0and p=0, then g = 0. In this case, Eq. (21) has triple roots and hence Eq. (10) has triple positive roots 1} = ;—az. Again, if
as
D >0 and p < 0 then trigonometric identity

4 cos’0 — 3 cosf — cos36 = 0 (23)

can be used to obtain three real roots of Eq. (21) (double root with one simple root or three distinct roots). Let = Acos6, then
Eq. (21) becomes

A3cos0 + pAcost + g = 0. 24

Now, consider the trigonometric identity

4 cos’0 — 3 cosd — cos36 = 0. (25)
. . 4 =3 —c0s36 -p 3q
Comparing Eq. (24) with Eq. (25), we get — = — = ———_ It follows that A = 24/ — and cos30 = — = cos¢, where
A3 Ap q 3 Ap
2nm + ¢ 1 9q . T . .
0 = , and ¢ = cos ———— | € [0,x]. Using the periodicity and even property of the cosine function, n = 0, 1, 2,
3 2p\/—3p

= = 2
we get three values of 6 and then three values of ¢/ and hence A* are 2 “Peos 2 _ a—z, 2+ =L cos o) _ a—z,
h 3 3 3a, 3 3 3a,

- 4
24/ {cos( ”+¢> - a—z, where ¢ = cos™! _% € [0,7z]. In particular, if ¢ = 0, then two of A} are equal. Now for

3 3ay 2pv/=3p

Case-1IB2, there are two possibilities. (1) One positive A, exists with two negatives if D > 0, p < 0 together with a, =0, a; <0, or
ay >0, a, =0, ora, >0, a <0 (Descart’s rule of sign [45]). The value of 7 and corresponding endemic equilibrium can be obtained
using the trigonometric identity [42-44] as discussed in Case-IIB1. (2) One positive 1; exists with complex pair when D < 0. In

1 1 a
this case, if p = 0, then 7 = (—¢)3 and 4; = (-¢)3 - 3—2 If p # 0 then the real root ¢ can be obtained by using the sine or cosine
a

hyperbolic identities according to p > 0 or p < 0. In eacf?l case, corresponding endemic equilibria can be obtained from Eq. (9).
« Bifurcation Analysis (Case-IIB:  # 0, k # 0)

As revealed in Eq. (22), mosquito biting rate » plays a vital role in the existence of three endemic equilibria when D > 0.
Therefore, we took b as a bifurcation parameter. Note that there is no disease-free equilibrium or reproduction number to establish
the threshold criteria. This causes the stability analysis of endemic equilibria to be mathematically untractable. Thus, we numerically
demonstrated the possibility of one and three endemic equilibria and their stability. We also estimated the approximate threshold
value of the mosquito biting rate (b) for the low endemic level, bi-stability, and high malaria endemic level in the home country of
Nepal (Fig. 5).

« Sensitivity of threshold for malaria burden (Case-IIB: n # 0, k # 0)

In this section, we estimated the impacts of cross-border mobility rate (i), incidence rate abroad (k), mobility factor of infectious
migrants (w), loss of immunity rate (¢), increase of mosquito death rate (d,), and increase of human recovery rate (y,) on the
threshold (5*) to maintain lower endemic level, bi-stability, and the higher endemic level of malaria in Nepal (Figs. 6 and 7).

If the mobility rate (i) is reduced to 0.013, 0.01, and 0.005 from its base value (1 = 0.04), malaria can be maintained at a lower
endemic level in the home country when the biting rate is less than threshold 72.67 (0.19 bites per day), 75 (0.20 bites per day),
and 82 (0.22 bites per day), respectively (Fig. 6, 1st row). Here, the range of bistability decreases as # decreases, and eventually,
the region vanishes for # — 0, giving the smooth transition from the lower endemic level to the higher endemic level. However, the
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Fig. 5. Bifurcation diagram and model solutions with &, = 0. (a) Backward bifurcations showing the intervals of b for the existence of lower-level stable endemic
equilibrium, bi-stability, and the existence of higher-level stable endemic equilibrium. The lower green section represents one stable endemic equilibrium, with a
complex pair representing the lower level of stable endemic equilibrium of malaria in the home country that exists when b < 72.39. The upper green section (one
endemic equilibrium with a complex pair) and the magenta section (one endemic equilibrium with two negative solutions), respectively, represent the higher
level stable endemic equilibrium of malaria in the home country that exists when » > 80. The three endemic equilibria in bistability region (72.39 < b < 80)
are represented by the blue, dotted red, and black lines. (b) Model solutions verifying the backward bifurcation (a), where the model solution converges to
a higher level stable endemic equilibrium when 5 = 100(b > 80) (end of the magenta curve) and converges to a lower level stable endemic equilibrium when
b =50(b < b*) (end of the green curve), regardless of the initial conditions. For 72.39 < b < 80, bi-stability (ends of the black and blue curves) occurs, i.e., the
solution converges to a higher endemic level or lower endemic level depending on the prevalence above or below the breakpoint density, respectively. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
Summary of bifurcation analysis of malaria model with cross-border mobility. DFE: disease-free equilibrium, EE: endemic
equilibrium, CB: cross-border, FB: forward bifurcation, BB: backward bifurcation, and GS: global stability.

Bifurcation Analysis of malaria model with cross-border mobility

Case-I ( n=0) Case-IIA (n #0, k=0) Case-IIB (n #0, k #0)

Absence of CB mobility CB Mobility and protection CB Mobility without protection
DFE exist DFE exist No DFE

FB if 0 <§, <4} FBif w<w* §,=0 One or three EE

BB if 6, > §; BB if o> w*>1,6,=0 Low-high, bi-stability
Elimination: R, < R} Elimination: R, < R} Endemic

GS, E*: Ry <1,6,=0 GS, E” : R, <1,6,=0,0=0 Endemic

reduction of incidence rate abroad (k) to 0.000035, 0.000026, and 0.000013 from its base value (k = 0.000105) has a negligible
impact on the threshold for malaria endemic level (Fig. 6, 2nd row). Similarly, reducing the infectious migrants’ mobility factor w
to 8.33 from its base value (w = 25) changes convergence to a higher endemic level to a lower endemic level, and further reduction
to 6.25 and 3.15 allow the malaria epidemic to maintain at an even lower level in the home country (Fig. 6, 3rd row).

With the reduction of the immunity loss rate (¢) to 1.33 (loss of immunity in nine months), 1 (loss of immunity in one-year),
and 0.5 (loss of immunity in two years) from its base value ¢ = 4 (loss of immunity in three months), the malaria epidemic can
be maintained at a lower level in the home country Nepal when the biting rate is less than 77 (0.21 bites per day), 79 (0.21 bites
per day), and 82 (0.22 bites per day), respectively (Fig. 7, 1st row). Making the human recovery rate double (three-month recovery
time), four-fold (45 days recovery time), and eight-fold (24 days recovery time) of its base value y, = 1.85 per year (about 6 months
recovery time), the malaria epidemic can be maintained at a lower level with the controlled biting rate below 100 (0.27 bites per
day), 142 (0.38 bites per day), and 1500 (4.1 bites per day), respectively (Fig. 7, 2rd row). Similarly, when the biting rate remains
below 213 (0.58 bites per day), 632 (1.7 bites per day), and 1500 (4.1 bites per day), making the mosquito mortality rate double (7
days life), four-fold (3.5 days life), and eight-fold (1.5 days life), respectively, of its base value (d, = 27) helps maintain the malaria
epidemic at a lower level (Fig. 7, 3rd row). Here, decreasing ¢, increasing y,, or increasing d, eventually provides a curve with
smooth transitioning from lower to higher epidemic level (see Table 2).

4. Discussion

Malaria is a major public health challenge worldwide, with millions of cases reported annually, leading to a significant burden
of illness and death [14]. Despite the efforts of many countries to eliminate malaria, cases are rising in many places, primarily
due to the mobility of migrant workers [46]. This indicates that local malaria control and intervention programs focused locally
alone may not be enough to achieve the elimination goal. Therefore, a thorough analysis of why many countries with a long history
of low malaria burdens struggle to achieve their elimination plan is necessary. We implemented an in-depth bifurcation analysis
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Fig. 6. The sensitivity of threshold (b*) for malaria burden to migration-related parameters with 6, = 0. (a), (b), and (c) are the successive reduction in mobility
rate () to 0.013, 0.01 and 0.005, respectively, from its base value (7 = 0.02). (d), (e), and (f) are the successive reduction in incidence rate abroad (k) to
0.000035, 0.000026 and 0.000013, respectively, from its base value (k = 0.000105). (g), (h), and (i) are the successive reduction in the mobility factor of
infectious migrants (w) to 8.33, 6.25, and 3.12, respectively, from its base value (@ = 25).

to evaluate the role of mobility in hindering the achievement of malaria elimination goals. Our ultimate focus is on the existence
of a backward bifurcation, an interesting phenomenon in which the disease cannot be eliminated by simply reducing the basic
reproduction number R, below unity; instead, another critical threshold Ry is required for the elimination of the disease.

Using the malaria model with cross-border mobility developed in our earlier study [7], we performed the bifurcation analysis,
exploring two critical cases: the absence and presence of cross-border mobility. The condition for forward and backward bifurcation
of our model in the lack of cross-border mobility is consistent with the results obtained for some other malaria models [14-16,19-
22]. Specifically, the disease-induced death rate (6,,) is a primary driver for backward bifurcation. However, our advanced model
with cross-border mobility establishes that mobility can be a vital factor responsible for backward bifurcation even without the
disease’s death. Our results underscoring mobility as a critical factor for backward bifurcation, even in the absence of disease
death, significantly contributes to vector-borne diseases, providing a valuable tool to design mobility-focused controls for disease
eradication.

Through our bifurcation analysis, we have established a mobility threshold w* of infectious migrants, such that the backward
bifurcation does not occur in the absence of malaria transmission abroad (1 # 0,k = 0) (Section 3.1.2) when the mobility factor
of infectious migrants is below the threshold (w < w*). Note that the mobility of infectious migrants can be reduced through the
strict border screening implemented with collaboration between the home country and abroad, and our result on the threshold
can help to identify the level of border screening required to avoid backward bifurcation. In this case, we also established a critical
threshold R} corresponding to a condition for eradicating disease (Theorem 3.6). In the presence of malaria transmission abroad, our
models show that malaria elimination is only possible in the home country unless cross-border mobility is allowed. In the presence
of cross-border mobility, two epidemic levels (lower and higher) are possible, as revealed by numerical simulations of our model.
We have conducted detailed simulations to identify threshold conditions, depending on various parameters, that help us maintain
the epidemic at a lower level. In particular, the mosquito biting rate, which may vary with location, season, and mosquito type, as
a bifurcation and control parameter, is one of the determinant factors of whether the epidemic stays at the lower or higher level. It
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Fig. 7. The sensitivity of threshold for malaria burden to humans and mosquito parameters for §, = 0. (a), (b), (c) are the impact of the reduction of the
immunity loss rate to 1.33, 1 and 0.5, respectively, of its base value (qg=4). (d), (e), (f) are the impact of two-fold, four-fold, and eight-fold of the recovery rate,
respectively, of its base value (y, = 1.85). (g), (h), (i) are the impact of a two-fold, four-fold, and eight-fold increase in the mosquito death rate, respectively,
from its base value (d, =27 i.e.13.5 days lifetime of a mosquito).

is worth noting that the current status of malaria in Nepal, as predicted by our model with current parameters of Nepal ( Table 1),
is at the low endemic level but struggles to achieve the elimination goal due to cross-border mobility.

We acknowledge some limitations of our study. We were not able to prove the global stability of the endemic equilibrium for
Ry > 1 and R, > 1 analytically. Instead, we showed persistence for R, > 1 and R, > 1 in our previous study [7]. We could not
provide analytical proof of the stability of one or three endemic equilibria when there is a presence of mobility and infection abroad.
However, taking the wide range of parameters, we numerically demonstrated the stability of lower and upper endemic equilibria
and the instability of the middle endemic equilibrium. Furthermore, our model approximated the incidence rate abroad, keeping
the mosquito’s role in the disease spread abroad constant. Analysis of the model with the entire transmission dynamics through
mosquitoes abroad as in the home country would provide broad opportunities for model analysis and produce more advanced
results.

In summary, we studied in detail how backward bifurcation arises due to the cross-border mobility of migrant workers in the
malaria dynamics model. Our central result on the role of mobility in backward bifurcation provides a novel insight into the cross-
border mobility rate impacting the persistence and eradication of malaria in the home country. Our results may aid in developing
effective malaria elimination strategies for countries like Nepal with low local malaria transmission but vulnerable to obstacles to
eradication due to the cross-border mobility across other high epidemic countries.
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