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                                                  सोध सार                             

नेपालजस्ता न्यनू र मध्यम आय भएका दशे लगायत धरैे दशेले औलो उन्मलूनका लागग धरैे चनुौतीहरूको सामना गरररहकेा छन ्। 

औलोको बोझलाई उल्लखेनीय रूपमा घटाउनमा प्रगगत भएता पगन, यी दशेहरू अझ ैपगन औलो प्रसारणको न्यनू स्तरसँग संघर्ष 

गरररहकेा छन् र पणूष रूपमा उन्मलून गनष गाह्रो भइरहकेो छ । औलो जस्ता रोगहरूको गगणतीय मोडेगलङले रोगको गगतशीलतामा 

आवश्यक अन्तरदृगि प्रदान गदषछ । यी अन्तदृषगिहरूले प्रभावकारी रूपमा स्रोतहरू गवगनयोजन गनष प्रभावकारी सावषजगनक स्वास््य 

रणनीगतहरू गवकास गनष मद्दत गदषछ, र औलो जस्ता लामोसमयसम्म रहने रोगहरू कम गनष र उन्मलून गनषका लागी प्रमाण-आधाररत 

नीगत गनमाषण गनषका लागी सहयोग गदषछ। 

औलो उन्मलून गने गवश्वव्यापी प्रयासमा, मानव  गगतशीलता र प्लाज्मोगडयम भाइभ्याक्स र ओभले  मलेररयाको पनुरावगृिले महत्त्वपणूष 

चनुौतीहरू खडा गरेको छ । यस थीगससमा, सवषप्रथम, हामी नेपाल जस्ता न्यनू-स्थानीय दशेहरूबाट भारत जस्ता उच्च-स्थानीय 

दशेहरूमा आप्रवासी कामदारहरूको सीमापार गगतशीलतालाई एकीकृत गद ैऔलो प्रसारणको गगणतीय मोडेल गवकास गछौं । 

मोडेलले प्रवासी कामदारहरू गवदशेमा कसरी संक्रामक हुन्छन् र औलो लाई आयागतत केसहरूको रूपमा आफ्नो दशेमा गिताष 

ल्याउँदछ भनरे वणषन गदषछ । आठ-आयामी ननगलनयर ननहोमोजीगनयस प्रणालीहरूसँगको जगटलताको बावजदु पगन, हामीले तीन 

औलो मकु्त सन्तलुन र तीन महामारी मापक थ्रेसहोल्डहरू, R0, R1, र R2 प्राप्त गनष सक्षम भयौं, जसले गतनीहरूको स्थानीय 

गस्थरता स्थापना गदषछ । थप रूपमा, हामीले गवश्वव्यापी गस्थरता र समान दृढताका लागग प्रमेयहरू स्थापना गरेका छौं । हाम्रो मोडेल 

गसमलुेशनहरूल ेदखेाउँदछ गक कीटनाशक-उपचाररत जालहरू (ITN), गभत्री अवगशि स्प्रेइ (IRS), सीमा जाँच र अलगाव 

(BSI), र माइग्रेसन ररडक्सन (MR), हरूमा MR कम लामखटु्ट ेटोक्ने दरहरूमा सबैभन्दा प्रभावकारी रणनीगत र ITN औलो 

गनयन्त्रण र उन्मलूनको लागग उच्च लामखटु्टलेे टोक्ने दरमा सबभैन्दा प्रभावकारी पिुी भय। 

दोस्रो, हामीले माइग्रेसनले गदाष महामारी मापक थ्रेसहोल्ड एक भन्दा कम भयर मात्रै औलो मकु्त हुन नसक्ने र थ्रेसहोल्ड मानहरूको 

लागग गबस्टेगबगलटी प्रदशषन गद ैपछागडको गवभाजन घटना गनम््याउन सक्छ गक भनरे जाँच्नको लागग  मोडेलको गवस्ततृ गवभाजन 

गवशे्लर्ण गरीयको छ । सैद्धागन्तक व्यु् पन्नहरूको साथमा, हामीले गगतशीलताका गवगभन्न मोडहरूसँग सम्बगन्धत गवगभन्न प्रकारका 

गवभाजन रेखागचत्रहरू प्राप्त गनष MATLAB कोड गवकास गयौं । हाम्रो पछाडी गवभाजन गवशे्लर्णले स्वदशे र गवदशेमा लाग ू

हुनसक्ने नीगतहरु का कारण तीनवटा प्रमखु नगतजाहरू पिा लगाएको छ जनु तीन िरक गगतशीलता अवस्थाहरूमा आधाररत छ: 

(क) यगद आप्रवासीहरूको गगतशीलता पणूष रूपमा प्रगतबगन्धत गनष सगकयो भन,े थ्रेसहोल्ड R0 <1 र रोग-प्रेररत मृ् य ुदर केही 

थ्रेसहोल्ड भन्दा तल झदाष गहृ दशे औलो बाट मकु्त हनु्छ । (ख) गवदशेमा औलोको संक्रमणबाट पणूष सरुक्षाका साथ प्रवासीहरूको 

आवतजावत जारी छ भन,े थ्रेसहोल्ड R1 <1 र संक्रामक आप्रवासीहरूको गगतशीलता गनगित थ्रेसहोल्डभन्दा कम भएमा स्वदशे 

र गवदशेमा बस्नेहरू दवैु औलोबाट मकु्त हुन्छन् । यद्यगप, यगद गगतशीलता थ्रेसहोल्ड भन्दा बढी छ भन ेपछागड गवभाजन हुन्छ र 

उन्मलुनको लागी थप प्रयास जरुरी पदषछ । (ग) गवदशेमा सरुक्षा गबना आप्रवासीहरूको गगतशीलता भएमा, स्वदशेले स्थानीय गनयन्त्रण 

रणनीगतहरू र केही तहभन्दा तल आप्रवासीहरूको गगतशीलता दर घटाएर मात्र औलोको बोझ कम गनष सक्छ । तर, गवदशे क्षेत्र 

औलोमकु्त भए मात्रै उन्मलून सम्भव हुन्छ । 

तेस्रो, हामीले पनु: आवगृिमा गढलाइलाई समावेश गद ैएक मोडल गवकास गयौं जसले कम संक्रमण दर भएका दशेहरू जस्तै नेपालमा 

औलो को उन्मलून कायषक्रमहरूमा प्लाज्मोगडयम गववाक्स र ओभाले मलरेरयाका पनु: आवगृिहरूको भगूमकालाई सम्बोधन गदषछ । 

हाम्रो मोडल गवशे्लर्णहरू र गसमलुेशनहरूले भगवष्यवाणी गछषन् गक आयागतत केसहरूको अभावमा, मलरेरयाको प्रारगम्भक पनु: 

आवगृि दर ५०% भन्दा कम र पाचँ मगहनागभत्र दोस्रो पनु: आवगृि १४% भन्दा कम हुने अवस्थामा, २०२५ सम्ममा मलेररया 



उन्मलून गनष सगकन्छ । तर, प्रारगम्भक पनु: आवगृि दर २८% भन्दा मागथ र दोस्रो पनु: आवगृि २५% भन्दा मागथ हुने अवस्थामा 

२०२५ सम्ममा मलरेरयाको उन्मलूनमा बाधा पगु्नेछ । साथै, महामारी  थ्रेसहोल्ड R0 एक भन्दा मागथ पगुेमा हप्ि गबिरकेसनको 

माध्यमबाट समय-समयमा प्रकोपहरू दगेखन्छन् । 

हाम्रो अध्ययनले २०२६ सम्ममा नेपालमा मलेररयाको सिल उन्मलून सगुनगित गनष दईु प्रमखु नीगतगत गसिाररसहरू गरेको छ: (१) 

गवदशेमा मलरेरया संक्रमणबाट आप्रवासीहरूलाई जोगाउन व्यापक चेतना कायषक्रम लाग ूगद,ै संक्रमण भएका आप्रवासीहरूको गगत 

दरलाई थ्रेसहोल्डभन्दा तल राख्न कडा सीमा गस्क्रगनङ र संक्रगमत आप्रवासीहरूको अलगाव गनष । (२) पनु: आवगृि अनपुातलाई 

एक मह्वपणूष स्तरभन्दा तल राख्न व्यापक उपचार गवगध र संरगचत अनुगमन कायषक्रमको स्थापना र कायाषन्वयन गनष । 

कुञ्जी शब्दहरू: मलरेरया मोडेल- क्रस बोडषर गगतशीलता- नेपाल- अगागड र पछागड गवभाजन- ररलपे्स- हपि-गवभाजन। 

 

 



ABSTRACT

Many countries, including low and middle income countries like Nepal, are facing

many challenges in pursuing malaria elimination. Despite progress in reducing the

malaria burden significantly, these countries still struggle with low levels of malaria

transmission, making complete elimination difficult. Mathematical modeling of diseases

like malaria provides essential insights into disease dynamics. These insights help

develop effective public health strategies for allocating resources efficiently, and support

evidence-based policies to reduce endemic diseases like malaria.

In the global effort to eliminate malaria, human mobility and the relapse of Plasmodium

Vivax and Plasmodium ovale malaria pose significant challenges. In this thesis, first,

we develop a mathematical model of malaria transmission, integrating the cross-border

mobility of migrant workers from low-endemic countries like Nepal to high-endemic

countries like India. The model describes how migrant workers become infectious

abroad and bring malaria back to their home country as imported cases. Despite

complicated features with eight-dimensional nonlinear non-homogeneous systems, we

were able to derive three disease-free equilibria and three epidemic thresholds, R0, R1,

and R2, which establish their local stability. In addition, we established the theorems

for global stability and uniform persistence. Our model simulations show that among

insecticide-treated nets (ITN), indoor residual spraying (IRS), border screening and

isolation (BSI), and migration reduction (MR), MR is the most effective strategy at

low mosquito biting rates, whereas ITN is the most effective at high mosquito biting

rates for malaria control and elimination.

Second, we conducted a thorough bifurcation analysis of our model to examine whether

migration can cause backward bifurcation phenomena, demonstrating bistability for

threshold values less than one. Along with theoretical derivations, we developed

MATLAB code to obtain different types of bifurcation diagrams associated with

various modes of mobility. Our backward bifurcation analysis revealed three major

results considering three different mobility conditions based on policies implemented

at home and abroad: (a) If the mobility of migrants is completely restricted, the home

country becomes free from malaria when a threshold R0 < 1 and the disease-induced

death rate falls below some threshold. (b) If the mobility of migrants continues with

complete protection from malaria transmission abroad, then both the home country
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and migrants abroad are free from malaria when the threshold R1 < 1, provided the

mobility of infectious migrants is below the certain threshold. However, a backward

bifurcation occurs if the mobility exceeds the threshold. (c) If there is mobility of

migrants without protection abroad, the home country can only reduce the malaria

burden with local control strategies and by reducing the mobility rate of migrants

below some levels. However, elimination is only possible if the abroad region is free

from malaria.

Third, we developed a model incorporating delay in relapses to address the role of

Plasmodium vivax and ovale malaria relapses in malaria elimination programs in

low-endemic countries like Nepal. Our model analyses and simulations predict that in

the absence of imported cases, with less than 50% initial relapse rate of malaria and less

than 14% subsequent relapses within five months, malaria can potentially be eliminated

by 2025. However, the initial relapse rate above 28% and the subsequent relapses

above 25% stand as the obstacle to eliminating malaria by 2025. Also, shortening the

relapse interval to two months under an initial relapse rate below 50% enables malaria

elimination by 2024, while extending it to six months will cause a delay in elimination

beyond 2025. Furthermore, periodic outbreaks are observed via Hopf bifurcation when

the reproduction number exceeds unity.

Our study has made two major policy recommendations to ensure the successful

elimination of malaria in Nepal by 2026:

(1) Implementing a comprehensive awareness program to protect migrants from malaria

transmission abroad, coupled with rigorous border screening and isolation of infectious

migrants, to maintain the mobility rate of infectious migrants below the threshold. (2)

Establishing and enforcing a comprehensive radical cure treatment protocol, along

with a structured follow-up program, to keep relapse proportions below a critical level.

Keywords: Malaria Model- Cross-Border Mobility- Nepal- Forward and Backward
Bifurcations- Relapse- Hopf-Bifurcation.
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CHAPTER 1

1.INTRODUCTION

1.1 Background and Motivation

The Global Malaria Eradication Campaign (1955-1969), launched by WHO in 1955,

aimed to eradicate malaria using DDT for indoor spraying and antimalarial drugs.

Despite its challenges and discontinuation in 1969, it set the stage for future malaria

control efforts Najera et al. (2011). Established in 1998, the Roll Back Malaria (RBM)

Partnership coordinates global efforts against malaria, focusing on bed nets, indoor

spraying, and improved diagnosis and treatment Worrall et al. (2005). The Global Fund

to fight AIDS, Tuberculosis, and Malaria, established in 2002, provides crucial funding

for malaria control Kohler and Bowra (2020). The President’s Malaria Initiative

(PMI), launched by the US in 2005, supports high-burden African countries with

prevention and control measures Oxborough (2016). WHO’s Global Technical Strategy

for Malaria (2016-2030) offers a framework for reducing malaria cases and deaths by

2030 through vector control, case management, and surveillance Organization et al.

(2021).

In 2022, 249 million malaria cases were reported in 85 countries, 5 million increase

from 2021. The WHO African Region had 233 million cases (94%), with Nigeria, the

Democratic Republic of the Congo, Uganda, and Mozambique contributing nearly half

of the global total cases. The incidence in this region decreased from 370 per 1,000

population at risk in 2000 to 223 per 1,000 in 2022. In the WHO South-East Asia

Region, India accounted for 66% of cases, with 46% of those cases due to P. vivax

WHO (2023). Nepal’s malaria control efforts began in 1954 with support from USAID.

Initially aimed at eradication in 1958, the program shifted to control measures in 1978

due to various challenges.

The Roll Back Malaria Initiative started in 1998, focusing on high-incidence areas.

Nepal aims to eliminate malaria by 2025, updating risk classifications for all 77 districts.

In 2019, 3.62% of the population was high-risk, 9.79% moderate-risk, 34.52% low-

risk, and 52.05% no-risk. The open border policy with India poses public health

challenges, including a rise in imported malaria cases compared to indigenous ones

Rijal et al. (2019a); Epidemiology and disease control division Nepal (2019). Recently,
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the proportion of imported malaria cases has significantly increased compared to

indigenous cases, as shown in Figure 1(a) Epidemiology and disease control division

Nepal (2019).

Plasmodium vivax poses significant challenges to malaria elimination in Nepal, ne-

cessitating targeted interventions for liver hypnozoites, asymptomatic carriers, and

sub-microscopic infections. Essential measures include community-based testing,

Glucose-6-Phosphate Dehydrogenase (G6PD) testing, and radical cure treatments.

Strategic efforts to completely stop P. vivax transmission are crucial and can serve as

a model for other regions Epidemiology and disease control division Nepal (2019).

(a) (b)

Figure 1: Dominant proportion of imported and plasmodium vivax cases over the
respective indigenous and plasmodium falciparum cases of malaria in Nepal.

.

Global malaria eradication efforts have advanced, but imported cases still challenge

malaria-free and elimination-phase countries like Nepal. Travelers from endemic regions

introduce malaria, leading to diagnostic delays, high treatment costs, occasional local

transmission, and drug-resistant strains. Accurate tracking of international malaria

movements is crucial for effective eradication Tattem et al. (2017); Kain et al. (1998).

In Europe, countries such as France, Germany, Italy, and the UK have seen increased

malaria cases, with underreporting and data variability Muentener et al. (1999).

Prompt diagnosis and treatment are vital Askling et al. (2012). In China, almost

all malaria cases from 2012 to 2018 were imported, mainly by returning laborers,

necessitating targeted prevention strategies Feng et al. (2020); Liu et al. (2014); Zhou

et al. (2016).

The trend of malaria cases in Nepal, fluctuating since 1963, peaked in 1985 with over

42,321 cases, marking the highest recorded. Despite malaria elimination efforts starting

in 1958, significant decline began only after 1985, with transmission rates decreasing

to an annual parasite incidence (API) of 0.08 per 1000 at risk population by 2018

of Health and Population (2019); Dhimal et al. (2014a); Epidemiology and disease
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control division Nepal (2019). Nepal aims for zero indigenous malaria by 2022 and

national elimination by 2026, but faces challenges due to porous borders with India.

While total cases declined 69% from 2009 to 2018, the proportion of imported cases

rose from 40% to 58%, predominantly from travelers to malaria-endemic parts of India

GoN and Population (2016); Epidemiology and disease control division Nepal (2019).

This disparity underscores the persistent challenge of imported and relapse cases,

prompting research into effective strategies to achieve Nepal’s malaria elimination

goals.

1.2 Objectives

The general objectives of this dissertation are twofold: firstly, to develop and analyze

a malaria model that integrates cross-border mobility among migrant workers, aimed

at tracing the malaria burden in Nepal and proposing effective control strategies. This

model will assist policymakers in achieving elimination targets by providing insights into

the dynamics of malaria transmission influenced by population movements. Secondly,

to examine the relapse behavior of Plasmodium vivax and its specific impact on the

malaria elimination plan of Nepal and other similar countries. This research aims to

enhance understanding of how relapse affects sustained transmission and to propose

targeted interventions that support malaria elimination efforts.

Specific Objectives

• To develop and analyze a malaria transmission model incorporating cross-border

mobility from a low endemic country (Nepal) to a high endemic country (India).

• To investigate the role of cross-border mobility in the phenomenon of backward

bifurcation.

• To develop and analyze a delayed malaria model with relapse, examining the

impacts of relapse delays on Nepal’s malaria elimination plan by 2026.

1.3 Literature Review

The first known contribution of mathematical modeling in epidemiology is Daniel

Bernoulli’s work on the inoculation against smallpox in 1760 Bernoulli (1760). Ross,
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Halmer, Soper, Kermack and McKendrick all contributed to the application of com-

partment models to epidemiology between 1900 and 1935 Anderson and May (1991b).

Ross (1911) introduced the first deterministic differential equation model of malaria by

dividing the human population into susceptible (Sh) and infected (Ih) compartments,

with the infected class returning to susceptible class again leading to the SIS structure.

The mosquito population also has only two compartments (Sv, Iv), but they do not

recover from infection due to their short life span, and thereby follow the SI structure.

The malaria parasite spends approximately 10 days inside a mosquito during its life

cycle and Macdonald et al. (1950) made extension of Ross model in to (Sh, Ih, Sh) for

humans and (Sv, Ev, Iv) structure for mosquito population.

In a natural extension to the Ross and Macdonalds models, Anderson and May (1991b)

considered about 21 days latency period of the parasite in humans, and introduced

the Exposed (Eh) class in human population and extend the Ross-MacDonald model.

They divided the host population into three compartments (Sh, Eh, Ih), along with

that in the mosquito population (Sv, Ev, Iv). Therefore, (Sh, Eh, Ih, Sh) model for the

human population and (Sv, Ev, Iv) for mosquito population. Malaria burden varies by

age and gender. In Africa, most malaria deaths occur in children under 5, while older

individuals develop partial immunity through continuous exposure, reducing their

risk. Outside Africa, where exposure is less frequent, adults also bear a significant

disease burden. David et al. (2010) introduced age and immunity which are the key

interrelated factors in malaria transmission.

The importance of incorporation of immunity in malaria models is aptly described

by Koella (1991) incorporating immunity into malaria models is important for two

reasons. First, the neglect of immunity leads to unrealistic predictions. Incorporating

immunity can help to make models more realistic. Secondly, modeling immunity, and in

particular the effect of vaccines, can help to predict the outcome of vaccination programs.

Forouzannia and Gumel (2014); Anderson (2013b); Filipe et al. (2007); Dietz et al.

(1974) have focused on the important aspect by including immunity and age structure of

the human community in their malaria models. A malaria transmission model factoring

in acquired immunity variation in humans and temperature dependent parameters

for mosquitoes was developed in Yang (2000). Analysis using the basic reproduction

number (R0) and derivation of an endemic equilibrium expression emphasized its

biological relevance when R0 > 1, highlighting the critical role of immunity and

temperature in malaria dynamics.

Parham and Michael (2010), investigated a simple model that permitted valuable and
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novel insights by considering the simultaneous effects of rainfall and temperature on

mosquito population dynamics, malaria invasion and the impact of seasonality on

transmission. Their result identified a temperature window of around 32oC − 33oC is

optimal. Another key result on their finding is that by influencing vector abundance,

changes in rainfall patterns in particular strongly govern malaria endemicity, invasion,

and extinction. Martens et al. (1995) used a rules-based modeling approach to examine

how climate change might affect global malaria transmission. Their model consists

of several linked systems: the climate system, the malaria system (divided into a

human subsystem and a mosquito subsystem), and the impact system. They used

temperature and precipitation as the main climate factors that have a bearing on the

malarial transmission potential of the mosquito population.

Hoshen and Morse (2004) formulated dynamic mathematical malaria model comprising

both the weather-dependent within-vector stages and the weather-independent within

host stages. Similarly, Lou and Zhao (2010) presented a simple mathematical model

to investigate the effects of temperature on the ability of Anopheles Maculipennis to

transmit Plasmodium Vivax malaria and Chitnis et al. (2008) proposed a malaria

model by evaluating the sensitivity indices of the reproductive number, and the endemic

equilibrium to model parameters at the baseline values. In their study point out that,

the reproductive number and the equilibrium proportions of infectious humans are

both most sensitive to the mosquito biting rate in areas of low transmission, while

in areas of high transmission the equilibrium proportion of infectious humans is also

most sensitive to the human recovery rate. According to their study, controlling the

rate of mosquito bites and the human recovery rate is a successful control strategy.

Okosun and Makinde (2011) investigated the possible impact of optimal treatment

and control of drug resistance on the transmission of malaria disease by introducing a

class of drug resistant individuals into the population. Theoretically, they carried out

the stability properties of the model and determine conditions on the parameters for

the existence of equilibrium solutions. Rafikov et al. (2009) proposed a mathematical

continuous model that considers the generation overlapping and variable environment

factors by using optimal control problem strategies. Their model considers interactions

between wild and transgenic mosquito populations in a variable environment. Griffin

et al. (2010) constructed individual-based simulation model for Plasmodium Falciparum

transmission in an African context incorporating the effect of the switch to artemisinin-

combination therapy (ACT) and increasing coverage of LLINs. Their findings explored

the possibility of available control measures to reduce parasite prevalence to a low
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level as laid out in the control phase of the global elimination framework.

The time distribution of sulfadoxine-pyrimethamine protection from malaria studied in

Akbari et al. (2012). White et al. (2011) made significant contribution to the literature

by conducting a systematic review of the published works on the costs of all malaria

control interventions using electronic database. Result of the study identified 78%

of fifty-five studies of the costs and forty three studies of the cost-effectiveness of

malaria interventions in Sub-Saharan Africa. Economies of scale were observed in the

implementation of ITNs, IRS and IPT, with lower unit costs reported in their studies

with population level benefit, the median incremental cost effectiveness ratio per

disability adjusted life year averted was provided to inform rational resource allocation

by donors and domestic health budgets.

Smith et al. (2009) used mathematical models to establish rationally defined endpoints,

timelines and criteria for monitoring and evaluation of ITN programs. The model

predicts that over the period of 5-10 year endemic control will be stabilized and it is

also possible to transform malaria in the short to medium-term through high levels of

ITN ownership. Stuckey et al. (2014) introduced Open Malaria stochastic simulation

modeling to simulate the impact of case management and malaria control interventions

(singly and/or in combination of interventions) in western Kenya compared to the

corresponding simulated outputs of a case without interventions. Their results indicate

that increased coverage of vector control intervention has a huge impact compared to

adding an IST intervention to the current implementation strategy.

One of the important reasons for the failure of strategies to eradicate infectious disease

is because of their neglect of the mobility patterns of the host. The importance of

the role of human migration is evident in the recent increase in malaria incidence

not only in the endemic zones, but also in zones where malaria had been eradicated

Martens and Hall (2000); Sandia Mago (1993); Aragon and Espinal (1992); Bailey

(1982). Mainly two types of mobility patterns that can spread the infection to newer

areas, are considered migration, i.e., when the people move from one region to another

with no returns; and visitation, when the people return to their original region after

visiting other regions.

The effects of migration and visitation on transmission of malaria were shown in

Torres-Sorando and Rodriguez (1997) by modifying the basic Ross model to include

space that is fragmented into number of patches. Only humans are assumed to move

among the patches and mosquitoes are evenly distributed. Impact of seasonal labor
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migration to India on the dynamics of the HIV epidemic in Far-Western Nepal studied

in Vaidya and Wu (2011b). This is the main motivation for the development of malaria

models incorporating cross-border mobility. With this rich literature, we did not find

the mathematical modeling of malaria disease using system of ordinary differential

equation incorporating cross-border mobility Nepal and many other countries of world

are also in malaria elimination phase but mobility of cross-border workers becoming a

problem to achieve their elimination plan. Our study is focused on the mobility of

workers from Nepal and its impact on malaria elimination plan.

1.4 Research Outline

In this research, we propose a deterministic model of malaria that integrates cross-

border mobility of migrant workers from low to high malaria endemic countries like

Nepal and India. Also, it propose a delay malaria model integrating the relapse

proportions and relapse delays of Vivax and Ovale malaria. Through these models, we

aim to uncover insightful results regarding the humans mobility, and relapse cases and

persistence of malaria disease. Furthermore, we investigate the factors contributing

malaria persistence and significant challenges to achieving malaria elimination in

low-endemic countries like Nepal. The thesis is structured as follows. Chapter 1 covers

worldwide malaria eradication programs and their implications in addressing ultimate

public health challenges.

Additionally, it describes worldwide impact of imported cases of malaria through

human mobility and relapse issue to provide the rationale of the study, research

problems. It provides an overview of literature of mathematical models of malaria.

The objectives of the study are specifically presented, and the introductory chapter

concludes with an outline of the thesis structure. Chapter 2 start with the historical

background of malaria disease, its discoveries and the parasite life-cycle. It presents

definitions of key terminologies, theorems for stability analysis, persistence theory,

backward bifurcation analysis. It also covers details about data fitting and parameter

estimation using the principle of the least squares method. These concepts will be

essential for understanding the subsequent chapters.

Chapter 3 covers the formulation of the malaria model with cross-border mobility.

Model fitting validation and simulations are presented to address the malaria elimi-

nation program of Nepal by 2026. Also, it covers stability of disease free equilibria

and persistence theory. Chapter 4 delves into backward bifurcation analysis, exploring
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various possibilities of the cross-border mobility. Taking two real world scenarios

regarding human mobility, we did extensive backward bifurcation analysis to evalu-

ate the impact of mobility parameters and human mosquito parameters in malaria

persistence and elimination. Chapter 5 addresses the relapse problem using a system

of delay differential equations. It includes extensive equilibria analysis and theory of

hopf bifurcation. With wide simulations, it predicts malaria status in Nepal due to

impact of relapse proportion and relapse delay to achieve the malaria free condition in

absence of imported cases. Chapter 6 serves as a summary and conclusion, presenting

insights drawn from the previous chapters. It also outlines future research directions.
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CHAPTER 2

2. PRELIMINARIES

This chapter provides fundamentals of infectious disease modeling, focusing specifically

on malaria. The chapter commences by explaining history and life cycle of parasite in

malaria disease. In addition, it covers fundamental terminologies and subsequently, it

delves into methodologies for obtaining various equilibrium solutions of the system. It

also describes the next-generation method to derive the pivotal parameter known as the

basic reproduction number. Furthermore, the chapter elucidates techniques to study

stability analysis of equilibrium, encompassing forward and backward bifurcations as

well as Hopf-bifurcation. Finally, it discusses the tools and techniques of data fitting

using the principle of the least squares method.

2.1 Background of Malaria Disease

2.1.1 History of Malaria

Malaria has been a significant health concern for humans for thousands of years.

Hippocrates, often called the ”Father of Medicine,” documented the symptoms of

malaria as early as the 4th or 5th century BC. The disease continued to affect many

throughout history, including notable figures such as Alexander the Great, who is

believed to have died from malaria at the age of 32. The term ”malaria” was introduced

in 1718 by the Italian physician Francisco Torti. Derived from the Italian words ”mala

aria,” meaning ”bad air,” this name reflected the ancient belief that the disease was

caused by the noxious air of swamps Smith (1999); Jones and Brown (2005). Because

of the scientific community’s research, our understanding of malaria disease dynamics

has increased over time.

The discovery of malaria protozoan parasites is attributed to Charles Louis Alphonse

Laveran, a French army surgeon, who in 1880 observed the presence of Plasmodium

parasites within the blood of malaria patients, pioneering the understanding of the

disease’s causative agent Laveran (1881). By 1890, scientists identified three species:

Camillo Golgi, an Italian physician and Nobel laureate, played a significant role in the

discovery of Plasmodium vivax Golgi (1886). Ettore Marchiafava and Angelo Celli,
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Italian physicians and researchers, made significant contributions to the identification

and characterization of Plasmodium falciparum and Plasmodium malariae Marchiafava

and Celli (1885). Subsequently, in 1897, a noteworthy breakthrough was made by

William MacCallum, who observed and studied the sexual reproduction of a malaria-like

parasite found in birds, specifically Haemoproteus columbae Cox F (2010); MacCallum

(1897). In the same year the crucial role of mosquitoes in malaria transmission was

unveiled by Sir Ronald Ross, a British medical doctor. Ross’s experiments, conducted

in India, demonstrated that malaria parasites were transmitted through the bite of

infected female mosquitoes of the Anopheles genus, a discovery that earned him the

Nobel Prize in Physiology or Medicine in 1902 Ross (1897). In 1922, John Stephens in

West Africa discovered a fourth species, Plasmodium ovale. Later in Southeast Asia,

clinicians identified Plasmodium knowlesi malaria as the fifth human malaria parasite.

These discoveries revolutionized our understanding of malaria and contributed to

advancements in its prevention and treatment Antinori et al. (2012); Beier (1998).

2.1.2 Life Cycle of Malaria Parasite

The life cycle of malaria parasites (Plasmodium spices) begins when an infected

female Anopheles mosquito injects sporozoites into a human during a blood meal.

These sporozoites travel to the liver where they invade hepatocytes and undergo

asexual replication (schizony), producing thousands of merozoites for 7-10 days for

Disease Control et al. (2018). In the erythrocytic cycle, these merozoites invade and

infect red blood cells, developing first into ring-shape tropozoites, then mature and

finally schizonts, which release new merozoites upon Red Blood Cell (RBC) rupture,

causing clinical symptoms of malaria Cornelio and Seriano (2011). Some merozoites

differentiate into sexual forms called gametocytes, which are ingested by another

musquito during a subsequent blood meal. In mosquito’s midgut, gametocytes mature

into gametes, fuse to form zygotes, and develop into motile ookinetes that panetrate the

midgut wall, forming oocysts. These oocysts produce sporozoites through replication,

and when they brust, sporozoites migrate to the mosquito’s salivary glands, ready to

infect a new human host perpetuating the cycle Antinori et al. (2012). The parasite

spends around 15 days in the mosquito and 15 days in the human liver before a 72-hour

period in the blood, with the cycle repeating upon subsequent mosquito bites Cornelio

and Seriano (2011).

Understanding the different stages of the malaria parasite’s life cycle and its transmis-

sion between humans and mosquitoes is crucial for developing effective strategies to
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treat, prevent and control of malaria Milner (2018).

(a) (b)

Figure 2: Female Anopheles mosquito (vector of malaria disease) and life-cycle of
plasmodium parasite in human.

2.1.3 Diagnosis, Control Tools and Treatment of Malaria

Malaria diagnosis typically occurs during the blood stage of the parasite cycle. Mi-

croscopy of blood smears is the ”gold standard,” detecting 20 to 50 parasites per

microliter with skilled technicians, or 100 parasites per microliter more commonly

Smith and Brown (2015); Jones and White (2014). This method requires trained

personnel, quality control, and appropriate equipment. PCR and qPCR are highly

sensitive, detecting 0.05 to 10 parasites per microliter, but require costly equipment

and take about three hours to process. Rapid Diagnostic Tests (RDTs) are low-cost

tools that generally detect infections at 200 parasites per microliter or more, but

may miss lower-level infections, leading to false negatives. Loop-mediated isothermal

DNA Amplification (LAMP) shows a sensitivity of 5 parasites per microliter, with a

processing time of one hour Smith and Brown (2015); Williams and Johnson (2014);

Harris and White (2015). Selecting the appropriate diagnostic tool is crucial, especially

in resource-limited settings. However, relying on less sensitive methods like RDTs can

leave many infections undetected, contributing to the infectious reservoir.
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Malaria control methods include Insecticide-Treated Bed Nets (ITNs), Indoor Residual

Spraying (IRS), larviciding, and Mass Drug Administration (MDA), targeting specific

areas or groups like infants and pregnant women (Intermittent Preventative Treat-

ment, IPT). Mass Screen and Treat (MSAT) and Mass Fever Treatment (MFT) are

other strategies Green and Thompson (2020). The WHO recommends Artemisinin-

based combination therapies (ACTs) as the first-line treatment for uncomplicated

Plasmodium falciparum malaria. Common ACTs include artemether-lumefantrine,

artesunate-amodiaquine, artesunate-mefloquine, and dihydroartemisinin-piperaquine.

Chloroquine is used for Plasmodium vivax, Plasmodium ovale, and Plasmodium malar-

iae infections, with primaquine for preventing relapses. Quinine and atovaquone-

proguanil are used for severe malaria and both treatment and prevention, respectively

Roberts and Johnson (2016); Miller and Clark (2018).
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Figure 3: Diagnosis and treatment process of malaria disease.

2.2 Basic Terminologies in the Disease Modeling

2.2.1 Basic Terminologies in Malaria Modeling

Susceptible Human: The class of human individuals who have no immunity to the

infectious agent, so might become infected from malaria if bitten by an infectious
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female Anopheles mosquito.

Exposed Human: When susceptible humans to malaria disease bitten by infectious

female Anopheles mosquito, they are considered exposed. Being exposed does not

necessarily mean they will get sick, and usually, these individuals are not capable of

spreading the disease to others. In mathematical representations, it is common to

simplify by assuming that all exposed individuals will eventually contract the disease,

although this may not always be the case in reality.

Infected and Infectious Human: If the malaria parasites establish themselves in

an exposed individual, then that individual becomes infected. Infected individuals

who can transmit the disease are called infectious. Infected individuals may not be

infectious during the entire time of being infected.

Recovered Human: The recovered human population includes individuals who have

successfully cleared both the liver-stage and blood-stage malaria parasites from their

bodies, indicating an effective immune response and immunity against future malaria

infections. In the case of malaria disease, these individuals may lose immunity over

time and could be susceptible again.

Latent Human: Individuals in the latent class have previously been infected with

the malaria and have successfully cleared parasites in their bloodstream, and they do

not exhibit symptoms of malaria. However, the parasite may persist in their liver in a

dormant form can reactivate and cause a relapse of the disease at a later time. Latent

individuals are not infectious to others unless the dormant parasite is reactivated,

leading to a new episode of active infection.

Susceptible Mosquito: Female Anopheles mosquitoes that do not carry malaria

parasites but are at risk of acquiring the parasites when they feed on the blood of

infectious humans with malaria are called susceptible mosquito.

Exposed Mosquito: When a susceptible mosquito bites an infectious human individ-

ual, this bite may transmit malaria disease, and the susceptible mosquito may become

exposed. An exposed mosquito may or may not develop the malaria disease.

Infectious Mosquito: Infectious mosquitoes are female Anopheles mosquitoes that

have accumulated a sufficient number of malaria parasites in their salivary glands.

When these mosquitoes bite susceptible humans, they have the potential to transmit

the malaria parasite, thereby exposing these humans to the risk of acquiring the

disease.
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Disease Induced Mortality: Disease-induced mortality refers to the number of

individuals who have died from a specific disease within a defined period, such as a

year, divided by the total population.

Latency Period: Latency is the period between exposure to a disease-causing agent,

like a virus or bacterium, and the onset of infectiousness.

Incubation Period: The incubation period is the span of time from the initial

exposure to an infectious agent to the emergence of the first signs or symptoms of a

disease.

Prevalence or Active Number of Cases: Prevalence indicates the total count of

individuals with a disease at a particular moment. Occasionally, it is calculated as the

number of people with the disease at that time divided by the total population size.

Indigenous Malaria Cases : Any case contracted within the country, with no

evidence of a direct link to an imported case.

Imported Malaria Cases : An imported case is one that is due to mosquito-borne

transmission and is acquired in another country. The National Malaria Program has

standardized the initial classification of ’imported’ malaria as a confirmed case of

malaria detected within 1 month of return from an endemic area outside the country.

Introduced Malaria Cases : Any case contracted locally, with strong epidemiolog-

ical evidence linking it directly to a known imported case (first generation from an

imported case; i.e., the mosquito was infected by a patient classified as an imported

case). In areas where transmission is known to be ongoing, there is limited practical

value in classifying cases as introduced.

Cumulative Number of Cases: The total number of individuals affected by a

disease from the start to the present or over a specific period.

Incidence or New Cases: Incidence refers to the count of individuals who develop

an illness within a set timeframe, such as a year. Occasionally, it is calculated as

the number of people falling ill in a specific period divided by the total population.

Typically, it is based on clinical cases alone, potentially underreporting the actual

incidence as it does not account for subclinical cases.
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2.2.2 State of Infectious Diseases

Endemic: An infection is termed endemic in a population when it persists at a consis-

tent baseline level within a specific geographic region, without external introductions.

This is seen in diseases like the flu, common cold, and malaria.

Epidemic: This occurs when the number of cases of a disease increases above what

is normally expected in that population in that area. It is typically a sudden outbreak

that spreads rapidly and affects many individuals.

Outbreak: An outbreak is a sudden surge in new disease cases in a specific area.

COVID-19 began as an outbreak in Wuhan, China, in December 2019 when numerous

cases of unexplained pneumonia were confirmed.

Annual Parasitic Index (API): The Annual Parasite Index (API) is a public

health metric used to assess the prevalence and burden of certain parasitic diseases,

particularly malaria. It is commonly used in epidemiology and public health to monitor

and evaluate the impact of control measures and interventions aimed at reducing the

transmission of parasitic diseases.

The API is calculated as WHO (2019):

API =
Number of new cases of the disease in a year× 1000

Risk population in the year

.

To introduce SIR-SI human-mosquito malaria model Zhilan and Dominik (2003),

we define the following parameters and state variables. Λh,Λv are the human and

mosquito recruitment from birth respectively. Sh, Ih, Rh are susceptible, infectious and

recovered human population respectively and Sv, Iv are the susceptible and infectious

mosquito populations respectively. µh, µv are the natural death rates of human and

mosquito respectively and γh is the human recovery rate. The incidence rate of humans

and mosquito are
βhvIv

Sh + Ih +Rh

and
βvhIh

Sh + Ih +Rh

respectively.
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Figure 4: Malaria transmission from infected human to susceptible mosquito and
from infected mosquito to susceptible human.

Then the system of equations:

dSh
dt

= Λh − βhv
ShIv

Sh + Ih +Rh

− µhSh, (2.1)

dIh
dt

= βhv
ShIv

Sh + Ih +Rh

− (γh + µh)Ih, (2.2)

dRh

dt
= γhIh − dhRh, (2.3)

dSv
dt

= Λv − βvh
SvIh

Sh + Ih +Rh

− µvSv, (2.4)

dIv
dt

= βvh
SvIh

Sh + Ih +Rh

− µvIv, (2.5)

Equilibrium of the System: In a disease model, an equilibrium solution refers to a

state where the number of individuals in each compartment (Susceptible, Infectious,

etc.) remains relatively constant over time. Equilibrium solutions can provide insights

into the long-term behavior of the disease within a population. In this research, we

used two types of equilibrium.

Disease-free Equilibrium: A disease-free equilibrium is a state in a population

with no exposed, infected and infectious individuals. At the disease-free equilibrium,

there are no infected individuals in the population Ih = 0, Iv = 0. Also, at equilibrium
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d
dt
Sh = 0, d

dt
Ih = 0, d

dt
Rh = 0, d

dt
Sv = 0, d

dt
Iv = 0. If follows that the disease free

equilibrium is
(

Λh
µh
, 0, 0, Λv

µv
, 0
)

.

Endemic Equilibrium: An endemic equilibrium is a state where the disease is

consistently present at a steady, unchanging level within a population. At the endemic

equilibrium Ih > 0, Iv > 0, together with d
dt
Sh = 0, d

dt
Ih = 0, d

dt
Rh = 0, d

dt
Sv =

0, d
dt
Iv = 0.

Density Dependent Contact: In density-dependent contact, the contact rate

(biting rate in vector-borne disease like malaria) and hence the transmission of a

disease is depend on population density, i.e., the number of individuals per unit

area or volume. As population density increases, the chances of contact between

individuals also increase, which can lead to higher incidence rate. In this case, if b is

average biting rate per mosquito per time and Nh is human population then per time

number of bites that can each mosquito made is bNh and incidence rate in human
bNhαvhShIv

Nh

= bαvhShIv. In the case of malaria, density dependent is not rational

since average mosquito biting rate b is fixed.

Frequency Dependent Contact: In frequency-dependent contact, contact rate

(biting rate) and hence disease transmission is vary with frequency of interactions

regardless of population density. In this case average biting rate is independent with

available human population and the incidence rate of malaria in human is given by
bαvhShIv
Nh

.

2.3 Autonomous and Non-Autonomous Nonlinear

Systems in SIR Models

2.3.1 Autonomous System

An autonomous system is one where the system of differential equations does not

explicitly depend on time. This means the coefficients in the system are constants or

functions of the state variables only, but not directly of time t .

2.3.2 Non-Autonomous System

A non-autonomous system is one where the system of differential equations explicitly

depends on time. This means the coefficients or the forcing terms in the system are
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functions of time t.

2.3.3 Solution of Linear Homogeneous System

Theorem 2.3.1 In a linear equation of one-dimension
dX

dt
= AX, where A is con-

stant then X(t) = CeAt is a solution of the system Strang (2016).

Theorem 2.3.2 In the linear system of two dimension:
dX

dt
= AX,X ∈ R2 and

A is 2 × 2 matrix, if, u = v1e
λ1t and v = v2e

λ2t are two independent solutions of

homogeneous linear system then their linear combination c1u+ c2v is also a solution

of the system.

The sum
∑n

k=1 ckvke
λkt is the solution in n-dimensional linear system.

Jacobian of a system at equilibrium: In some cases, behavior of nonlinear system

can be analyzed from the corresponding linear system. The Jacobian of the system

(2.1-2.5) at the equilibrium is

J =


∂f1
∂Sh

∂f1
∂Ih

∂f1
∂Rh

∂f1
∂Sv

∂f1
∂Iv

∂f2
∂Sh

∂f2
∂Ih

∂f2
∂Rh

∂f2
∂Sv

∂f2
∂Iv

∂f3
∂Sh

∂f3
∂Ih

∂f3
∂Rh

∂f3
∂Sv

∂f3
∂Iv

∂f4
∂Sh

∂f4
∂Ih

∂f4
∂Rh

∂f4
∂Sv

∂f4
∂Iv

∂f5
∂Sh

∂f5
∂Ih

∂f5
∂Rh

∂f5
∂Sv

∂f5
∂Iv


at equilibrium, where fi are right hand side of the system (2.1-2.5) .

Non-hyperbolic and hyperbolic equilibrium: Non-hyperbolic equilibrium point

of a dynamical system where the Jacobian matrix has at least one eigenvalue with

a real part equal to zero. This contrasts with a hyperbolic equilibrium, where all

eigenvalues have non-zero real parts. Non-hyperbolic equilibria are significant because

their stability cannot be determined using linearization alone, necessitating more

advanced methods like the Central Manifold Theorem Hirsch et al. (2012).

Theorem 2.3.3 (Hartman-Grobman Theorem) Grobman (1959); Hartman (1960)

Consider a system evolving in time with state u(t) ∈ Rn that satisfies the differential

equation
du

dt
= f(u) for some smooth map f : Rn → Rn. Now suppose the map

has a hyperbolic equilibrium state u∗ ∈ Rn i.e. f(u∗) = 0 and the Jacobian matrix

A = [∂fi/∂xj] of f at states u∗ has no eigenvalue with real part equal to zero. Then
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there exists a neighbourhood N of the equilibrium u∗ and a homeomorphism g : N → Rn

such that g(u∗) = 0 and such that in the neighbourhood N the flow of
du

dt
= f(u) is

topologically conjugate by the continuous map U = g(u) to the flow of its linearisation
dU

dt
= AU.

Remarks: Real-world problems are often nonlinear, and obtaining exact analytical

solutions is generally impractical. The Hartman-Grobman Theorem provides a local

characterization of the behavior of dynamical systems near a hyperbolic equilibrium

point (no eigenvalue is with real part zero). It states that near such a point, the

nonlinear system behaves qualitatively like its linearization.

Basic Reproduction Number (R0): It is the average number of new infections

produced by an infectious individual in his/her infectious period in a completely

susceptible population. It is denoted by R0. Normally given by R0 = (number of

contacts per time) × (probability of infection in a contact) × (duration of infectiousness

during epidemics). For complicated models that includes seasonality methods or

heterogeneity the next generation matrix (NGM) method is used in computing the

R0. In the field of epidemiology, R0 serves as a critical threshold. When R0 is greater

than one, it indicates the potential for epidemics, while an R0 less than one suggests

the absence of epidemics. The basic reproduction number (R0) plays a pivotal role in

guiding public health interventions and control strategies to prevent and manage disease

outbreaks. The reproduction number over the time is called effective reproduction

number.

Spectral Radius or Spectral Bound: The spectral radius of a square matrix A is

the maximum absolute value of its eigenvalues. It is denoted by ρ(A).

Next Generation Matrix Method for R0: Here an outline of this method is

given, the proof and further details can be found in Van den Driessche and Watmough

(2002) and Van den Driessche and Watmough (2008). Let x = (xi)
T , i = 1, 2, 3, ...,m

represent vector of disease state variables (exposed and infectious compartments) and
dxi
dt

= Fi(x)− Vi(x), i = 1, 2, ...,m is a system of models for the disease compartments.

In this splitting, Fi(x) is the rate of appearance of new infections in compartment i,

and Vi(x) is the rate of other transitions between compartment i and other infected

compartments. It is assumed that both Fi(x) and Vi(x) are in C2. Then F and V

are the Jacobian of fi(x) and Vi(x) at the disease-free equilibrium x∗. F is entry wise

non-negative and V is non-singular M-matrix Berman and Plemmons (1994). The

basic reproduction number is the spectral radius of FV −1 Anderson and May (1992).
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2.4 Stability of Equilibrium

Local stability: A system is locally stable if small perturbations from an equilibrium

point lead to trajectories that return to the equilibrium point over time. Mathe-

matically, for a system to be locally stable, all eigenvalues of the Jacobian matrix

evaluated at the equilibrium point must have negative real parts. This ensures that

any perturbation from the equilibrium decays over time, eventually returning the

system to its equilibrium state. Eigenvalues with zero real parts indicate a different

kind of behavior, possibly involving sustained oscillations or other complex dynamics,

which are not characteristic of local stability.

Asymptotic Stability: A system is asymptotically stable if, in addition to being

locally stable, trajectories converge to the equilibrium point as time goes to infinity.

This means that the system not only returns to equilibrium after small disturbances

but also stays at the equilibrium as time progresses.

Global Stability: A system is globally stable if the desired stability properties hold

for all initial conditions in the entire state space, not just in a local neighborhood

of the equilibrium point. It requires demonstrating stability over the entire state

space. Global stability often involves proving that the system’s behavior is stable for

all possible initial conditions, which is a stronger condition than local or asymptotic

stability.

Theorem 2.4.1 Martcheva (2015) A necessary and sufficient condition for an equi-

librium to be locally asymptotically stable is that all eigenvalues of the Jacobian at

the equilibrium have negative real part. i.e., for starting the dynamics with the initial

condition near the equilibrium point eventually converge to the equilibrium point. But

if the eigenvalue are pure imaginary, then the stability is only local.

Routh-Hurwitz Criteria: In higher-dimensional models, the Jacobian at the disease-

free equilibrium yields a characteristic polynomial of degree three or higher. The

reproduction number is derived from the constant term, and its relationship to 1 indi-

cates disease spread direction. To assess stability, the Routh-Hurwitz criterion provides

necessary and sufficient conditions for ensuring negative real parts of eigenvalues.

Theorem 2.4.2 Martcheva (2015) Consider the nth-degree polynomial with real con-

stant coefficients P (λ) = λn + a1λ
n−1 + a2λ

n−2 + ... + an = 0. Define n Hurwitz

matrices using the coefficients ai of characteristic polynomial:
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H1 = (a1) , H2 =

[
a1 1
a3 a2

]
, H3 =

a1 1 0
a3 a2 a1

a5 a4 a3

 · · · ,

Hn =


a1 1 0 0 ...0
a3 a2 a1 1 ...0
a5 a4 a3 a2 ...0
... ... ... ... ...
0 0 0 0 ...an

 ,
where aj = 0 if j > n. All roots of the polynomial P (λ) are negative or have negative

real part if and only if the determinants of all Hurwitz matrices are positive i.e.,

Det(Hj) > 0, j = 1, 2, 3, ..., n.

Theorem 2.4.3 (Krasovskii-LaSalle Theorem Martcheva (2015)): Consider the

autonomous system ẋ = f(x), where x∗ is an equilibrium point such that f(x∗) = 0.

Suppose there exists a continuously differentiable function V : Rn → R that is positive

definite, radially unbounded, and satisfies V̇ (x) ≤ 0 for all t ≥ 0 and all x ∈ Rn.

Define the invariant set S = {x ∈ Rn | V̇ (x) = 0}. If S contains only the equilibrium

x∗, then x∗ is globally asymptotically stable. This implies that every solution x(t) of

the system ẋ = f(x), starting sufficiently close to x∗, converges to x∗ as t→∞.

2.4.1 Bifurcation

A qualitative change in the behavior of a system due to a change in a parameter is

called bifurcation. Here we discuss three types of bifurcations:

1. Forward Bifurcation: This is a simple phenomenon where disease becomes

endemic in a population when R0 > 1 whereas disease die-out from the population

when R0 < 1. i.e., there is simple exchange of stability of disease-free equilibrium

and endemic equilibrium below and above 1.

2. Backward Bifurcation: This is a complex phenomenon, where even if the

reproduction number is below one, multiple endemic equilibria exist. In this case,

a bistability phenomenon exists, indicating lower and higher endemic levels.

3. Hopf Bifurcation: This is also a complex phenomenon, where endemic equi-

libria lose their stability at some time when R0 > 1, and periodic oscillations

occur, indicating periodic outbreaks Brauer et al. (2008).
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Castillo-Chavez and Song Bifurcation Theorem Martcheva (2015)

Theorem 2.4.4 Consider the following general system of ODEs with a parameter φ :
d~x

dt
= ~f(~x, φ), ~f : Rn × R→ Rn, ~f ∈ C2(Rn × R), where 0 is an equilibrium point of

the system, that is, ~f(0, φ) ≡ 0 for all φ. Assume the following: A is the linearization

matrix of system around the equilibrium 0 with φ evaluated at 0. Zero is a simple

eigenvalue of A , and other eigenvalues have negative real parts. The matrix A has

a nonnegative right eigenvector ~w and a left eigenvector ~v each corresponding to the

zero eigenvalue. Let fk be the kth component of ~f and

a =
n∑

m,i,j=1

vmuiuj
∂2fm
∂xi∂xj

(0, 0), b =
n∑

m,i=1

vmui
∂2fm
∂xi∂φ

(0, 0), (2.6)

where fm be the mth component of f. If a > 0 and b > 0, then a backward bifurcation

occurs at φ = 0. However, for b > 0 and a ≤ 0 is the case of forward bifurcation.

2.5 Data Fitting and Model Validation

In mathematical modeling, especially with ordinary differential equation (ODE) mod-

els, accurately estimating unknown parameters is essential for the model to reflect

real-world dynamics. MATLAB provides powerful tools to achieve this by combining

its ODE solvers with optimization functions. The process involves defining an objective

function that measures the difference between the model’s predictions and the observed

data. Optimization algorithms then adjust the model’s parameters to minimize this

difference. The result is a set of parameters that make the model closely match the

real system’s behavior, allowing for accurate predictions and analysis Moler (2004).

Complex-step Derivative approximation technique: We used the complex-step

derivative approximation technique described in Rahman et al. (2019) to identify

parameters that can be estimated from the available data and to obtain the 95%

confidence interval of the estimated parameters. J(φ) =
∑n

k=1

(
Ltk(φ)− L̄tk

)2
, Ltk

and L̄tk are the model solution and available data and φ = (φ1, φ2, ..., φm) is the set of

parameters to be estimated.

In order to derive confidence intervals for the estimated parameters, we compute

standard errors for φ using a method outlined in Banks et al. (2014); Rahman et al.

(2019). For this, we first compute the sensitivity matrix S of the parameters,
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S =


∂Lt1
∂φ1

∂Lt1
∂φ2

. . .
∂Lt1
∂φm

∂Lt2
∂φ1

∂Lt2
∂φ2

. . .
∂Lt2
∂φm

...
...

. . .
...

∂Ltn
∂φ1

∂Ltn
∂φ2

. . . ∂Ltn
∂φm

 .

Since we are unable to formulate the closed form of
∂Ltk
∂φj

, j = 1, 2, . . . ,m, and

k = 1, 2, . . . , n from the model, we use the following complex-step approximation

to compute the partial derivatives. We employ a Taylor series expansion of Ltk using

a complex step ih, where h is a small positive constant (h = 10−40 in our calculations),

and i is the imaginary unit. The expansion can be written as:

Ltk(φj + ih) ≈ Ltk(φj) + ihL′tk(φj)−
h2

2!
L′′tk(φj) + . . .

By isolating the imaginary part of this expression and dividing by h, we arrive at:

L′tk(φj) =
∂Ltk
∂φj

≈ Im[Ltk(φj + ih)]

h
+O(h2),

where O(h2) represents the terms of second-order and higher. Thus, the partial

derivatives can be approximated by:

∂Ltk
∂φj

≈ Dh
j (Ltk) =

Im[Ltk(φj + ih)]

h
, for j = 1, 2, . . . ,m and k = 1, 2, . . . , n.

Using these derivatives, we construct an approximation of the sensitivity matrix S,

which we denote as Ŝ. The standard deviation for each parameter φj , for j = 1, 2, . . . ,m,

is then given by: √(
σ2
{
ŜT Ŝ

}−1
)
ii

,

where σ2 ≈ σ̂2 = J(φ)
n−m , and φ represents the estimated parameter values.

2.6 Limitations of Ordinary Differential Equation

Ordinary Differential Equations (ODEs) effectively model the spread of diseases like

malaria but assume instantaneous interactions, which can miss key time delays in

biological processes. Delay Differential Equations (DDEs) address this by incorporating

latency periods, offering a more accurate framework for disease dynamics Keeling and

Rohani (2008). In Chapter 5, we will introduce delay differential equation to describe

various delays in the malaria transmission process.
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2.7 Delay Differential Equation Models of Vector-

Borne Diseases

Delay Differential Equations (DDEs) extend ordinary differential equations by incorpo-

rating time delays, where the rate of change at a given time depends on both current

and past states. The simplest form of a DDE is

ẋ(t) = F (t, x(t), x(t− τ1), x(t− τ2), . . . , x(t− τk)),

where τj are time delays. x(t) is the state of the system at the current time t. It

represents the value of the function x at the present time. DDEs require an initial

history function to specify the system’s state prior to t = 0 and x(t− τj) is the state

of the system at a previous time t− τj. It represents the value of the function x at a

time delayed by τj units from the current time t and τj is the time delay associated

with this term. In modeling vector-borne diseases like malaria, DDEs account for

delays such as the incubation periods of the pathogen in both the vector and the host.

These delays are crucial as they significantly impact disease dynamics.

Theorem 2.7.1 (Hopf BifurcationMartcheva (2015)) Consider the delay-differential

equation

ẋ(t) = F (x(t), x(t− τ1), . . . , x(t− τn−1), µ), (2.7)

where µ is a parameter. Assume the following conditions are satisfied:

1. F is analytic in both x and µ in the neighborhood of (x∗, µ0) in Rn × R.

2. F (x∗, µ) = 0 for µ in an open interval around µ0, and x(t) = x∗ is an isolated

stationary solution of Eq. (2.7).

3. The characteristic equation of Eq. (2.7) has a pair of complex conjugate eigen-

values λ and λ̄ such that λ(µ) = b(µ) + iω(µ), where ω(µ0) = ω0 > 0, b(µ0) = 0,

and db
dµ

(µ0) 6= 0.

4. The other eigenvalues of the characteristic equation have strictly negative real

parts.

Then, the delay-differential equation Eq. (2.7) admits a family of periodic solutions

bifurcating from x∗, known as Hopf periodic solutions.
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CHAPTER 3

3. MODELING MALARIA TRANSMISSION IN NEPAL:
IMPACT OF IMPORTED CASES THROUGH CROSS-BORDER
MOBILITY

In this chapter, we develop a novel mathematical model to study how the imported

malaria cases through the Nepal-India open-border affect the Nepal government’s goal

of eliminating malaria by 2026. Mathematical analyses and numerical simulations

of our model, validated by malaria case data from Nepal, indicate that eliminating

malaria from Nepal is possible if strategies promoting the absence of cross-border

mobility, complete protection of transmission abroad, or strict border screening and

isolation are implemented. For each strategy, we establish the conditions for the

elimination of malaria. We further use our model to identify the control strategies

that can help maintain a low endemic level. Our results show that the ideal control

strategies should be designed according to the average mosquito biting rates that may

depend on the location and season.

3.1 Introduction

In the literature of malaria modeling, the studies Anderson (2013a); Ngwa (2004);

Anderson and May (1991a); Jeffrey and Pia (2002); Chiyaka et al. (2009); Hastings

(1997); Torres-Sorando and Rodriguez (1997); Koutou et al.; Arik et al. (2017); Ngwa

and Shu (2000); H. Juliette et al. (2020) extended the basic Ross-MacDonald-Anderson

and May model by incorporating age structure, loss of immunity, the effect of social,

economic, and environmental factors, human migration, drug resistance of vector, the

impact of bed-nets, multi-groups, and multi patches. Even though some mathematical

models Le Menach et al. (2011); Sturrock Hugh et al. (2013); Thomas et al. (2014);

Bradley et al. (2015); Isobel et al. (2018) include cross-border mobility, there remains

uncertainty on the various aspects of the role of imported cases in vector-borne

disease, particularly malaria transmission. Except for some descriptive, analytical,

and retrospective studies EDCD (2020); Organization (2018); Dhimal et al. (2014b);

Shanker et al. (2019); Smith et al. (2009), none of the previous models focused on the

dynamics of indigenous and imported malaria cases in the context of Nepal, which is
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in critical condition of achieving the 2026 malaria elimination goal due to cross-border

mobility of migrant workers.

Motivated from a previous study Vaidya and Wu (2011a), which addressed the

impact of cross-border mobility on HIV-AIDS epidemics in Nepal, we develop a novel

transmission dynamics model of malaria by incorporating the imported cases through

the cross-border mobility into a basic malaria model. Using the data of malaria cases

in Nepal, we estimate the critical parameters of malaria dynamics in Nepal. We

thoroughly analyze our model to study the impact of cross-border mobility on disease

eradication and threshold dynamics. We further use our model to predict the future

trend of imported and indigenous malaria cases and evaluate the different control

strategies to achieve the malaria elimination goal by 2026.

3.2 Method

3.2.1 Data Source

In this study, we used the data containing both indigenous and imported malaria

cases in Nepal. Since the total cases were not classified as imported and indigenous

before 2009, we considered the data only from 2009 to 2019 for our model fitting.

The primary data sources related to malaria cases in Nepal are the National Malaria

Surveillance Guidelines 2019 published by the Government of Nepal, Ministry of

Health and Population Department of Health Services Epidemiology and Disease

Control Division (EDCD) of Health and Population (2019); Dhimal et al. (2014b). In

addition, we also obtained the data of Annual Parasitic Incidence (API) of India from

the Malaria Site India of Health and Family Welfare (2020); National Vector Borne

Disease Control Programme (2020).

3.2.2 Model Formulation

To develop a transmission dynamics model of malaria, we divide the total population

of the home country into two groups: the population living in the home country (NhH)

and the population living abroad as migrant workers (NhM). Each of these groups is

further divided into three subgroups: susceptible (ShH), infectious (IhH), and recovered

(RhH) in the home country and susceptible (ShM), infectious (IhM), and recovered

(RhM) living abroad as migrant workers. Moreover, we consider susceptible and
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infectious mosquito populations in the home country (SvH , IvH) and abroad (SvA, IvA).

We note that the migrant workers, NhM , are included in the total human population

abroad (NhA) and thus the corresponding abroad groups, susceptible (ShA), infectious

(IhA), and recovered (RhA) include ShM , IhM , and RhM , respectively.

In our model, malaria transmission occurs from infected mosquitoes to susceptible

humans and from infected humans to susceptible mosquitoes through mosquito bites.

We assume that b and b′ are the per capita biting rates of mosquitoes in the home

country and abroad, respectively. αvh and α′vh are the probability in the home country

and abroad, respectively, that an infectious mosquito transmit malaria to a susceptible

human in a single bite. Similarly, αhv and α′hv are the probability in the home country

and abroad, respectively, that the malaria is transmitted from infectious human to

a susceptible mosquito in a single infectious bite. For the home country, the total

number of bites (per time) from all the infectious mosquitoes is bIvH (infectious bites).

Among these bites, the susceptible humans get bIvHShH
NhH

infectious bites. Therefore, the

incidence rate of humans (i.e., the new human infections per unit time) is bαvhIvHShH
NhH

Xing et al. (2020); Brauer (2011); Wairimu et al. (2018); Wan and Cui (2009); Chitnis

et al. (2008); Xiulei et al. (2020). Similarly, the incidence rate for humans in abroad

is
b′α′

vhIvAShA
NhA

. Also, the total number of bites (per time) made by the susceptible

mosquitoes in the home country is bSvH . Among these bites, the total number of bites

from the infectious humans (infectious bites) is bSvHIhH
NhH

. Therefore, the incidence rate

of mosquitoes (i.e., the new mosquito infections per unit time) is bαhvIhHSvH
NhH

. Similarly,

the incidence rates for mosquitoes in abroad is
b′α′

hvIhASvA
NhA

.

The infectious humans recover with the rate γh, and the recovered individuals lose

their immunity and move back to the susceptible class at the rate q. Because of the

short lifespan of mosquitoes, we do not consider the recovered class for the mosquitoes

population. The parameters Λ and dh represent the recruitment rate and the natural

death rate of humans, respectively, while the parameters φ and dv represent the

recruitment rate and the death rate of mosquitoes, respectively. We assume that

η represents the per capita cross-border mobility rate for susceptible populations

(ShH , ShM) and recovered populations (RhH , RhM). Since infected individuals may

behave differently in their travels from and to the home country, we take p and θ as

the cross-border mobility rate for infectious individuals from and to the home country,

respectively. In the model, θIhM and bαvhIvHShH
NhH

represent the imported and indigenous

malaria incidence at home country, respectively.

The schematic diagram of our model is presented in Figure 5. The system of ordinary
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Figure 5: Malaria transmission dynamics with cross-border mobility. The upper
SI-SIRS (inside red dashed line) and lower SI-SIRS (inside blue dashed line) represent
the dynamics of malaria abroad and in the home country. The solid arrows represent
the transfer of populations, and the dotted arrows represent the interaction between
the susceptible human and infectious female Anopheles mosquitoes and infectious
humans with susceptible female Anopheles mosquitoes. Here, subscripts H, A, and M
refer to home, abroad, and migrant, respectively, and the subscript h and v refer to
human and vector (mosquito), respectively.

differential equations describing the transmission dynamics of malaria discussed above
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is as follows:

S ′hH = Λ + ηShM + qRhH −
bαvhIvH
NhH

ShH − (η + dh)ShH , (3.1)

I ′hH =
bαvhIvH
NhH

ShH + θIhM − (p+ dh + δh + γh)IhH , (3.2)

R′hH = γhIhH + ηRhM − (η + dh + q)RhH , (3.3)

S ′vH = φ− bαhvIhH
NhH

SvH − dvSvH , (3.4)

I ′vH =
bαhvIhH
NhH

SvH − dvIvH , (3.5)

S ′hM = ηShH + qRhM −
b′α′vhIvA
NhA

ShM − (dh + η)ShM , (3.6)

I ′hM =
b′α′vhIvA
NhA

ShM + pIhH − (θ + δh + dh + γh)IhM , (3.7)

R′hM = γhIhM + ηRhH − (η + dh + q)RhM , (3.8)

S ′vA = φ− b′α′hvIhA
NhA

SvA − dvSvA, (3.9)

I ′vA =
b′α′hvIhA
NhA

SvA − dvIvA. (3.10)

Since the detailed dynamics of malaria abroad makes the model extremely complex

and uncertain, we introduce an index ψ(t) called Annual Parasite Incidence (API),

for which the data are publicly available. We introduce this index into the model to

approximate the incidence rate abroad. Here ψ(t) is defined as the number of positive

cases of malaria per population under surveillance, i.e., ψ(t) =
IhA(t)

NhA(t)
. The incidence

rate of humans in abroad is given by

λ′h =
b′α′vhIvA(t)

NhA(t)
=
b′α′vhIvA(t)

IhA(t)
ψ(t).

Both b′α′vhIvA(t) and IhA(t) are differentiable functions in the interval (0, T ), where T

is the final time of the disease dynamics considered. Assuming that IhA(t) 6= 0, ∀ t ∈
[0, T ], the mean value theorem of integral calculus allows us to approximate the integral

of the continuous function
b′α′vhIvA(t)

IhA(t)
with a constant ζ =

b′α′vh
T

∫ T
0

IvA(t)

IhA(t)
dt ≈

b′α′vh
IvA(t0)

IhA(t0)
for some t0 ∈ (0, T ). Thus, we approximate the incidence rate abroad by

λ′h = ζψ(t) and estimate the value of ζ from the data fitting. With this approximation,
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the system (3.1-3.10) reduces to the system of the following eight differential equations.

S ′hH = Λ + ηShM + qRhH −
bαvhIvH
NhH

ShH − (η + dh)ShH , (3.11)

I ′hH =
bαvhIvH
NhH

ShH + θIhM − (p+ dh + δh + γh)IhH , (3.12)

R′hH = γhIhH + ηRhM − (η + dh + q)RhH , (3.13)

S ′vH = φ− bαhvIhH
NhH

SvH − dvSvH , (3.14)

I ′vH =
bαhvIhH
NhH

SvH − dvIvH , (3.15)

S ′hM = ηShH + qRhM − ζψ(t)ShM − (dh + η)ShM , (3.16)

I ′hM = ζψ(t)ShM + pIhH − (θ + δh + dh + γh)IhM , (3.17)

R′hM = γhIhM + ηRhH − (η + dh + q)RhM . (3.18)

3.3 Results

3.3.1 Estimation of Parameters and Population Size

The population of Nepal was estimated to be 23,151,423 in 2001 Wiki (2001) and

26,494,504 in 2011 Wiki (2011). Taking the average population growth per year from

2001 to 2011, we estimated the population of Nepal in 2009 (the base year of our

dynamics, i.e., t = 0) to be 25,825,888. About 5.5 million Nepalese, including 1.9

million male workers, were living abroad of Labour and Employment (2020), mostly in

India. These migrant workers bring malaria upon their return home, contributing the

significant number of imported malaria cases in Nepal GoN and Population (2016).

Note that the majority of Nepalese migrants working in India are male Vaidya and

Wu (2011a). Therefore, we took NhM (0) = 1.9 million. With 5.5 million living abroad,

the population inside Nepal is approximately 20,325,888. Since most of the hilly and

mountainous regions of Nepal are considered risk free zone of malaria, leaving only about

48% of Nepalese residing in other regions in high, moderate or low risk area Rijal et al.

(2019b), we estimated NhH(0) = 9, 756, 426. Moreover, we used the information from

the data and divided the total population into different compartments and obtained

ShH(0) = 9, 754, 000, IhH(0) = 2, 000, RhH(0) = 426, ShM(0) = 1, 898, 300, IhM(0) =

1, 400, RhM(0) = 300, SvH(0) = 9, 754, 176, and IvH(0) = 2, 250. About 37.5% of the

total migrant workers (∼ 179, 464) traveled from Nepal to India in 2009 of Labour

and Employment (2018). This allows us to estimate per capita annual mobility rate of
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migrants from Nepal to India as:

η =
Number of migrants from Nepal to India

Total risk population of malaria in Nepal
=

179, 464

9, 756, 426
= 0.0183

per human per year.

The Crude Birth Rate (CBR), i.e., the number of live birth per year per 1,000 people,

of Nepal for the year 2009 was 23.189 Wiki (2011), which implies the human recruitment

rate per year for the population in the risk area is Λ = 48% of
23.189× 25, 825, 888

1000
=

287, 460. Since the average life expectancy of Nepalese individuals in 2009 was 67.178

years Rijal et al. (2019a), the natural death rate of humans per year is taken as

dh = 0.0149 (per year). The number of deaths due to malaria in the base year TNH

(2012) was 6, so we calculated δh = 0.0017 per year. The duration of immunity for

recovered people varies widely from region to region, and we took the immunity period

to be 3 months, i.e., q = 4 per year Chitnis et al. (2008). For model fitting, we assumed

that all the cases are recorded and that malaria-infected Nepalese do not move to

India as workers while sick. Therefore, we took p=0.

The population of female Anopheles mosquitoes has been estimated to be 1-10 times

the human population Chitnis et al. (2008); Xiulei et al. (2020); Chamchod and Britton

(2011). Thus we took the mosquito population equal to base year human population

9, 756, 426. Based on the previous studies Chitnis et al. (2008); Xiulei et al. (2020);

Castillo-Chavez and Song (2004); Chamchod and Britton (2011); Abu-Raddad et al.

(2006), we took the probability of disease transmission, per bite, from an infectious

mosquito to a susceptible human as αvh = 0.0195, and from an infectious human to

a susceptible mosquito as αhv = 0.63. Similarly, the human recovery rate and the

mosquito death rate were obtained from previous studies as γh = 1.85 per year and

dv = 27.9113 per year Chitnis et al. (2008); Xiulei et al. (2020); Castillo-Chavez and

Song (2004); Chamchod and Britton (2011); Abu-Raddad et al. (2006). The remaining

parameters, θ, ζ, and b, were estimated from the data fitting.

3.3.2 Model Fitting to the Data

As per the national planning of malaria elimination by 2026, the Government of Nepal

introduced the strategic plan in 2014, which includes the distribution of Long Lasting

Insecticide Treated Nets (LLINs) and Indoor Residual Spraying (IRS) intended to

reduce mosquito bites GoN and Population (2016). Thus in our model fitting, we

allow the different biting rates for the period before (b = b1) and after (b = b2) 2014.
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The available data are the yearly indigenous malaria incidence, the yearly imported

malaria incidence, and the total malaria incidence in Nepal. From the solution of

our model, the indigenous, the imported, and the total malaria incidences at time t,

denoted by L(t), I(t), and T (t), respectively, can be computed using the following

expressions:

L(t) =
bαvhShHIvH

NhH

, I(t) = θIhM , T (t) = L(t) + I(t). (3.19)

The model system of differential equations was solved numerically using the fourth-

order Runge-Kutta method. Using the solutions, we obtained the best-fit parameters

using the nonlinear least-squares regression method that minimizes the following sum

of the squared residuals:

J(φ) =
n∑
k=1

[
(L(tk)− L̄(tk))

2 + (I(tk)− Ī(tk))
2 + (T (tk)− T̄ (tk))

2
]
, (3.20)

where L(tk), I(tk), T (tk) and L̄(tk), Ī(tk), T̄ (tk) are the model predicted incidences

and those given in the available data. In our data fitting, we used the total 30 data

points to estimate four parameters φ = (θ, ζ, b1, b2). The ratio of data to the free

parameters used in our model, i.e., 7:1 , is well within the recommended range of 5:1

to 10:1 Schunn et al. (2005). Also, three types of data (indigenous, imported, and

total) included in fitting provide additional feature of malaria infection. To obtain the

confidence limits for the estimated parameters, we computed standard errors from the

sensitivity matrix S using the techniques described previously Rahman et al. (2019).

Furthermore, we computed the rank of the matrix STS and found the matrix to be

of the full rank (rank = 4), which ascertain the identifiability of these parameters

of the model Hongyu et al. (2011). i.e., the matrix STS is square matrix of order 4

with linearly independent columns and hence is invertible. All computations were

carried out in MATLAB 2018A (The MathWorks, Inc.). In Figure 6, we present

the model prediction, along with the data, of the indigenous, the imported, and the

total malaria incidence. The model fits have captured the dynamics pattern of the

multiple data well, and the model prediction is also consistent with the cumulative

data (Figure 6), thereby validating the model. All estimated parameters, as well

as the fixed parameters, are provided in Table 2. As indicated by the data GoN and

Population (2016), the model solutions also show the decreasing trend of the malaria

cases from 2009, with the indigenous case being more than the imported case until

2014. However, after 2014, the imported case overtook the indigenous case, indicating

the alarming situation originating from the imported cases. Our estimates show that
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(a) (b)

Figure 6: Model fitting to the data. (a) Solution of the fitted model along with the
data of indigenous, imported, and total malaria incidences in Nepal, and (b) Model
prediction of cumulative indigenous, cumulative imported, and cumulative total cases
in Nepal.

Description State variables Base Value (References)

Risk humans population in Nepal NhH(0) 9,756,426 (Calculated)
Susceptible humans in Nepal ShH(0) 9,754,000 ( Calculated)
Infectious humans in Nepal IhH(0) 2,000 ( Assumed)
Recovered humans in Nepal RhH(0) 426( Assumed)

Susceptible Migrants in India ShM(0) 1,898,300
GoN and Population (2016)

Infectious Migrants in India IhM(0) 1,400 ( Assumed)
Recovered Migrants in India RhM(0) 300( Assumed)

Susceptible mosquitoes in Nepal SvH(0) 9,754,176( Assumed)
Infectious mosquitoes in Nepal IvH(0) 2,250 ( Assumed)

Table 1: Base value of demographic variables of malaria in Nepal

the biting rate of mosquitoes is b1 = 48.0 (95% CI: [38.13, 57.87]) before 2014, and

b2 = 39.5 (95% CI: [29.63, 49.37]) after 2014. These estimated values are consistent

with the values provided in many previous studies Chitnis et al. (2008); Xiulei et al.

(2020). Similarly, we estimated the disease import rate θ = 0.98 (95% CI: [0.42, 1.54])

and the

parameter corresponding to the incidence rate in India ζ = 0.00105 (95% CI: [0.0005,

0.0016]).
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Description Param. Base value (References)

Probability of malaria transmission
from an infectious mosquito (per bite)

to a susceptible human αvh 0.0195 Abu-Raddad et al. (2006)
Probability of malaria transmission

from an infectious human to
a susceptible mosquito (per bite) αhv 0.63 Castillo-Chavez and Song (2004)

Humans recruitment rate Λ 287,460 Number×yr−1

(Calculated)
Per capita recovery

rate of humans γh 1.85 yr−1Abu-Raddad et al. (2006)
Per capita natural birth and

death rate of mosquitoes dv 27.9 yr−1 Chamchod and Britton (2011)
Per capita disease induced

death rate of humans δh 0.00171yr−1(Calculated)
Per capita natural death

rate of humans dh 0.0149yr−1 (Calculated)
Per capita mobility rate

of healthy humans η 0.0183yr−1 (Calculated)
Per capita disease import

rate of humans θ 0.98 yr−1 Estimated
[ 0.4172, 1.5428]

Per capita disease export
rate of humans p 0 yr−1 (Assumed)

Per capita rate of Immunity
loss of humans q 4 yr−1 Chitnis et al. (2008)

Parameter related with
incidence rate in India ζ 0.00105 yr−1 (Estimated)

[0.0005, 0.0016]
Per capita biting rate of mosquitoes

at home country up to 2014 b1 48 yr−1(Estimated)
[39.6537, 66.3463]

Per capita biting rate of mosquitoes
at home country after 2014 b2 39.5 yr−1(Estimated)

[29.6318, 49.3682]

Table 2: Model parameters of incidence of malaria in Nepal

3.3.3 Model Analysis

Note that our model is non-autonomous due to the presence of time-dependent

parameter ψ(t). Since ψ(t) depends on the policy implemented abroad, the time-

dependent nature of this parameter remains unknown, and the analysis of this non-
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autonomous model is complicated and uncertain. Therefore, for the purpose of

analysis, we consider the autonomous form of the model by taking a constant k =

(ζ/T )
∫ T

0
ψ(t)dt as an approximation to the incidence rate abroad.

3.3.4 Positivity and Boundedness of Solutions

In this section, we show that the solutions of all the state variables are non-negative

and bounded in order to demonstrate that the model is well-posed and biologically

valid for describing malaria transmission dynamics. The results are presented in the

following theorem.

Theorem 3.3.1 If ShH(0) > 0, IhH(0) ≥ 0, RhH(0) ≥ 0, ShM(0) ≥ 0, IhM(0) ≥
0, RhM(0) ≥ 0, SvH(0) > 0, IvH(0) ≥ 0, then the solution set

{ShH(t), IhH(t), RhH(t), ShM(t), IhM(t), RhM(t), SvH(t), IvH(t)} of the system

(3.11 - 3.18) is positive and bounded for all t > 0.

Proof: First we show that if SvH(0) > 0 then SvH(t) > 0 for all t > 0. From the Eq.

(3.14), we get SvH(t) ≥ SvH(0)Exp

[
−
∫ t

0

(
bαvhIhH
NhH

+ dv

)
dt

]
> 0.

Now we prove that if ShH(0) > 0, then ShH(t) > 0 for t > 0. Suppose if possible

ShH(t) > 0 for all t > 0 is not possible. Then there exists first time point t =

ts > 0 such that ShH(ts) = 0. From Eq. (3.11), S ′hH(t)|(t = ts) = Λ + ηShM(ts) +

qRhH(ts). We claim that ShM(ts), RhH(ts) both can not be negative. If possible,

min{ShM(ts), RhH(ts)} = ShM(ts) < 0, then there exist tm > 0, tm < ts be the first

time point such that ShM(tm) = 0. From Eq. (3.16) S ′hM(t)|(t = tm) = ηShH(tm) +

qRhM(tm). Again, we claim that RhM(tm) can not be negative. If possible, assume

that there exists first time point tr > 0, 0 < tr < tm such that RhM(tr) = 0. Then

from Eq. (3.18) R′hM |(t = tr) = γhIhM(tr) + ηRhH(tr). Now we claim IhM(tr) can

not be negative. If possible there exist first time point th > 0, th < tr such that

IhM(th) = 0. Then from Eq. (3.17) I ′hM |(t = th) = kShM(th) + PIhH(th). Again we

claim IhH(th) can not be negative. If possible, there exist first time point 0 < ti, ti < th

such that IhH(ti) = 0. From Eq. (3.12), I ′hH |(t = ti) > 0 when IvH(ti) is not negative.

If possible there exist first time point 0 < tk with tk < ti such that IvH(tk) = 0. It

follows from Eq. (3.15) that I ′vH |(t = tk) > 0. Then there exist small enough ζ > 0

with tk − ζ < t < tk such that IvHt) < 0. Which is contradiction to tk is the first

time point such that IvH(tk) = 0. Thus, going back we must have ShH(t) > 0 for all

t > 0. In this way we can show that ShM > 0 and IhH , IhM , RhM ≥ 0 and IvH ≥ 0 for
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t ≥ 0. Thus human population are always positive for t > 0. Also, adding the system

(3.11-3.13) and the system (3.16-3.18), we get dNh(t)
dt
≤ Λ−dhNh(t), which implies that

limt→∞Nh(t) ≤ Λ
dh

. Again, adding the system (3.14-3.15), we get dNv(t)
dt

= φ− dvNv(t),

which implies that limt→∞Nv(t) ≤ φ
dv
. �

Using the above conditions, we derive that for any ε > 0, there exists tε > 0 such that

the solution of the system with t ≥ tε lies in the compact set Ω = Ωh × Ωv, where

Ωh =

{
(ShH , IhH , RhH , ShM , IhM , RhM) ∈ R6

+ : Nh ≤
Λ

dh
+ ε

}
and

Ωv =

{
(SvH , IvH) ∈ R2

+ : Nv ≤
φ

dv
+ ε

}
.

3.3.5 Existence of Equilibria

For convenience, we let ShH = x, IhH = y, RhH = z, ShM = X, IhM = Y, RhM =

Z, SvH = l, and IvH = m, and we take (x∗, y∗, z∗, l∗,m∗, X∗, Y ∗, Z∗) to represent the

equilibrium point of the system (3.11 -3.18). For simplicity, we assume that also for

the infectious compartments, the mobility rate is equal in both ways, from home to

abroad and vice versa, i.e., θ = p. Taking,

λ∗h = βh
m∗

N∗hH
, λ∗v = βv

y∗

N∗hH
, βv = bαhv, βh = bαvh, (3.21)

the system (3.11-3.18) provides

x∗ =
P

K1 +K2 λ∗h
, y∗ =

Q1 +Q2λ
∗
h

K1 +K2 λ∗h
, z∗ =

Q3 +Q4λ
∗
h

K1 +K2 λ∗h
,

X∗ =
S1 + S2λ

∗
h

K1 +K2 λ∗h
, Y ∗ =

T1 + T2λ
∗
h

K1 +K2 λ∗h
, Z∗ =

U1 + U2λ
∗
h

K1 +K2 λ∗h
, (3.22)

where P, Q1, Q2, Q3, Q4, S1, S2, T1, T2, U1, U2, K1, K2 are non-negative

constants with the combination of model parameters computed using Wolfram Mathe-

matica. The closed-forms of these expressions are provided in Supplementary Material

of Gautam et al. (2022). With some algebraic manipulation, we obtain

N∗hH =
P +Q1 +Q3 + λ∗h(Q2 +Q4)

K1 +K2 λ∗h
, λ∗v =

βv(Q1 +Q2λ
∗
h)

P +Q1 +Q3 + λ∗h(Q2 +Q4)
,

m∗ =
φβv(Q1 +Q2λ

∗
h)

dv (βvQ1 + dvP +Q1dv +Q3dv + (Q2dv +Q4dv + βvQ2)λ∗h)
,

l∗ =
φ−m∗dv

dv
. (3.23)
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Then, from the Eq. (3.21) and Eq. (3.23), we obtain

a0λ
∗3
h + a1λ

∗2
h + a2λ

∗
h + a3 = 0, (3.24)

where,

a0 = Q2Q4dvβv + 2Q2Q4d
2
v +Q2

2dvβv +Q2
2d

2
v +Q2

4d
2
v > 0,

a1 = PQ2dvβv + 2PQ2d
2
v + 2PQ4d

2
v +Q2Q3dvβv +Q1Q4dvβv + 2Q2Q3d

2
v

+ 2Q1Q4d
2
v + 2Q1Q2dvβv + 2Q1Q2d

2
v + 2Q3Q4d

2
v −K2Q2φβhβv,

a2 = P 2d2
v + PQ1dvβv + 2PQ1d

2
v + 2PQ3d

2
v +Q1Q3dvβv + 2Q1Q3d

2
v +Q2

1dvβv

+Q2
1d

2
v +Q2

3d
2
v −K2Q1φβhβv −K1Q2φβhβv,

a3 = −K1Q1φβhβv ≤ 0.

Since the primary focus of our study is to evaluate the impact of imported cases via

cross-border mobility on the local malaria transmission and control, we now analyze

the existence of equilibria for four important cases stated based on the mobility

and outside transmission parameters η, θ, and k. The cases we consider are: (I)

η = 0, θ = 0, k 6= 0 (absence of cross-border mobility); (II) η 6= 0, θ 6= 0, k = 0

(complete protection of transmission abroad); (III) η 6= 0, θ = 0, k 6= 0 (strict border

screening and isolation); and (IV) η 6= 0, θ 6= 0, k 6= 0 (presence of cross-border

mobility, no protection, and no border screening or isolation). We now perform

equilibria analysis for each of these four cases in the following subsections.

3.3.5.1 Case-I: η = 0, θ = 0, k 6= 0

In this case, Q1, Q3, S1, T1, U1 are zero and P 6= 0, K1 6= 0, implying that one root

of Eq. (3.24) is zero, i.e., λ∗h = 0. Then, from Eq. (3.22) and Eq. (3.23), we obtain a

disease-free equilibrium point, E0, given by

E0 =

(
Λ

dh
, 0, 0,

φ

dv
, 0, 0, 0, 0

)
.

We now derive the epidemic threshold index, R0, corresponding to this disease-free

equilibrium point (E0) by using the second-generation matrix method Van den Driess-

che and Watmough (2002); Diekmann et al. (1990).

From the system (3.11-3.18), the newly infectious matrix Fi and its Jacobian matrix
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F at the disease-free equilibrium point E0 are

Fi =



βhShHIvH
NhH

βvSvHIhH
NhH

kShM


, F =


0 βh 0

βv φ dh
Λdv

0 0

0 0 0

 .

Again, the transfer matrix Vi and its Jacobian matrix V at the disease-free equilibrium

point,

Vi =


(θ + δh + γh + dh)IhH − θ IhM

dvivH

(θ + γh + δh + dh)IhA − θ IhH

 , V =


dh + δh + γh 0 0

0 dv 0

0 0 γh + δh + dh

 .

Here the dominant eigenvalue of FV−1 gives the following epidemic index.

R0 =

√
φdhβhβv

(dh + γh + δh) Λd2
v

.

The other possible solutions of Eq.( 3.24) and complete bifurcation analysis will discuss

later in Chapter 4.

3.3.5.2 Case-II: η 6= 0, θ 6= 0, k = 0

In this case, Q1, Q3, T1, U1 are zero, and P, S1, K1 are positive, which shows one

of λ∗h to be zero from the Eq. (3.24). Then from the Eq. (3.22) and Eq. (3.23), we

obtain another disease-free equilibrium point, E01, given by

E01 =

(
Λ (dh + η)

dh (dh + 2η)
, 0, 0,

φ

dv
, 0,

ηΛ

2ηdh + d2
h

, 0, 0

)
.

We also obtain the epidemic threshold index, R1, corresponding to this disease-free

equilibrium point, E01, as follows.

From the system (3.11-3.18), the newly infectious matrix Fi and its Jacobian matrix

F at the disease-free equilibrium point E01 are

Fi =



bαvhShHIvH
NhH

bαhvSvHIhH
NhH

kShM


, F =


0 βh 0

φdhβv (dh + 2η)

Λdv (dh + η)
0 0

0 0 0

 .
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Again, the transfer matrix Vi and its Jacobian matrix V at the disease-free equilibrium

point E01 are,

Vi =


(θ + δh + γh + dh)IhH − θ IhM

dvivH

(θ + γh + δh + dh)IhM − θ IhH


,

V =

 dh + γh + δh + θ 0 −θ
0 dv 0
−θ 0 dh + γh + δh + θ

 .

Then the dominant eigenvalue of FV−1 gives the epidemic index R1:

R1 = R0

√
1 +

(η (dh + γh + δh)− θdh)
(dh + η) (dh + γh + δh + 2θ)

.

Note that the migrant workers presumably travel less while they are infected. This

implies η−θ ≥ 0 and hence R1 ≥ R0 in general. In this case also the complete endemic

equilibrium and bifurcation analysis will discuss later in Chapter 4.

3.3.5.3 Case-III: η 6= 0, θ = 0, k 6= 0

In this case, Q1 is 0, and K1, P, Q3, S1, T1, U1 are positive. One root of the Eq.

(3.24) is zero, giving a disease-free equilibrium point, E02. However, this disease-free

equilibrium condition asserts the absence of the disease only within the home country

while allowing the disease among migrants abroad. The expression for E02 is given by

E02 =

(
P

K1

, 0,
Q3

K1

,
φ

dv
, 0,

S1

K1

,
T1

K1

,
U1

K1

)
,

and the corresponding epidemic threshold index is From the system (3.11-3.18), the

newly infectious matrix Fi and its Jacobian matrix F at the disease-free equilibrium

point E02 are

Fi =



bαvhShHIvH
NhH

bαhvSvHIhH
NhH

kShM


,F =


0

Pβh
P +Q3

0

K1φβv
(P +Q3)dv

0 0

0 0 0


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Again, the transfer matrix Vi and its Jacobian matrix V at the disease-free equilibrium

point E02 are

Vi =


(θ + δh + γh + dh)IhH − θ IhM

dvIvH

(θ + γh + δh + dh)IhM − θ IhH

 , V =

 dh + γh + δh 0 0
0 dv 0
0 0 dh + γh + δh

 .

Then the dominant eigenvalue of FV−1 provides the epidemic index R2.

R2 =

√
PK1φβhβv

(P +Q3)2d2
v (dh + γh + δh)

.

Note that η = 0 implies R2 = R0 as expected.

3.3.5.4 Case-IV: η 6= 0, θ 6= 0, k 6= 0

In this case, a3 6= 0 implying λ∗h 6= 0 (from Eq. (3.24)) and m∗ 6= 0 (from Eq. (3.21)).

This implies that the disease-free equilibrium point does not exist, indicating that

malaria eradication is not possible as long as there is a presence of cross-border mobility,

absence of protection abroad, and absence of border screening and isolation.

To analyze possible endemic equilibrium points, we represent α, β, and γ to be the

three possible roots of the cubic Eq. (3.24). The product of roots, αβγ = −a3

a0

. Since

a0 > 0 and a3 < 0, αβγ > 0. This shows that all three roots can not be negative

real numbers. Also, Eq. (3.24) can not have one negative real root and two complex

roots because otherwise, two complex roots α = a+ ib, β = a− ib and one negative

real root γ provides αβγ = (a2 + b2)γ < 0, which is not possible here (since here the

product of roots must be positive due to a0 > 0 and a3 < 0). Thus, the Eq. (3.24)

provides at least one positive value of λ∗h, and hence the system admits at least one

endemic equilibrium point.

To identify whether the system has 1, 2, or 3 endemic equilibrium points, we first

transform the Eq. (3.24) in terms of the equilibrium infected humans, y∗, to obtain

FL(y∗) = FR(y∗), where FL(y∗) = −M2y
∗ −M3 and FR(y∗) = M0(y

∗)3 + M1(y
∗)2.

The equilibrium values of y∗, i.e., y∗1, y
∗
2, y

∗
3, are then given by the intersection of

the curves FL(y) and FR(y) (Figure 7). As shown in Figure 7, the slope −M2 of

the linear function FL(y), which can be explained in terms of the infection rate βh,

can help determine the existence of 1, 2, or 3 equilibria. An increase in βh (i.e., a

decrease in the slope of FL(y)) makes the equilibrium point y∗1 and y∗3 move to the
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right and y∗2 move to the left, eventually giving y∗1 = y∗2 corresponding to two equilibria

y∗1 = y∗2 and y∗3 (Figure 7b). Increasing βh further, y∗1 and y∗2 disappear, and only

one equilibrium point y∗3 exists. Since the equilibrium point y∗3 attains the highest

value, we can correspond this situation to the worst-case scenario, i.e., a high endemic

level. Similarly, decreasing βh (i.e., increasing the slope of the linear function FL(y))

causes y∗1 and y∗3 to move to the left and y∗2 to move to the right. At some point, y∗2

and y∗3 coincide with each other, giving only two equilibrium points y∗1 and y∗2 = y∗3.

If βh is decreased further, then y∗2 and y∗3 disappear, leaving only y∗1 as an endemic

equilibrium point. Since y∗1 corresponds to the smallest equilibrium point, the case in

which the only y∗1 exists can be considered as the endemic condition with the minimum

burden. Therefore, increasing the slope −M2 (for example, decreasing βh), making

it less than its threshold value (corresponding to y∗2 = y∗3), can be a vital control

strategy to maintain the endemic at a low level. In summary, the parameter a3, which

(a) (b) (c)

Figure 7: Endemic equilibriums. (a) Graphs of FL(y) and FR(y) with possible three
intersections corresponding to three endemic equilibrium points. (b) Graphs of FL(y)
and FR(y) with exactly two endemic equilibrium points y∗1 = y∗2 and y∗3. Decreasing
the slope of FL(y) further gives only one equilibrium point y∗3 (a high epidemic level).
(c) Graphs of FL(y) and FR(y) with exactly two endemic equilibrium points y∗1 and
y∗2 = y∗3. Increasing the slope of FL(y) further gives only one equilibrium point y∗1 (a
low epidemic level.)

is always non-positive, provides an important threshold for disease-free equilibrium

to occur (a3 = 0). As long as a3 6= 0 (i.e., a3 < 0), there is no DFE, and the system

always provides at least one endemic equilibrium. The absence of DFE with at least

one endemic equilibrium can be attributable to ongoing infection abroad and the

importation of malaria cases through cross-border mobility, making a3 6= 0. When

a3 = 0 (presence of DFE), 1 or 2 endemic equilibrium points exist according to the
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sign of other parameters (a1, a2), which depend upon the thresholds R0, R1, or R2.

Similarly, when a3 < 0 (absence of DFE), 1 to 3 endemic equilibrium points exist

according to the sign of other coefficients.

3.3.6 Stability Analysis and Uniform Persistence

In this section, we provide some analytical results related to the stability and uniform

persistence of the system, specifically, the local stability of the disease-free equilibrium

points and the uniform persistence for Case-I and Case-II. In addition, for Case-III,

we provide the local stability of the disease-free equilibrium point that corresponds to

the absence of disease within the home country only. We were unable to prove the

uniform persistence for Case-III and Case-IV because of the complexity of the model,

presumably due to the absence of the overall disease-free equilibrium point in these

cases.

3.3.6.1 Case-I: η = 0, θ = 0, k 6= 0

We prove the local stability of the disease-free equilibrium E0 as stated in the following

theorem.

Theorem 3.3.2 The disease free equilibrium point E0 of the system of (3.11-3.18) is

locally asymptotically stable if R0 < 1, and unstable if R0 > 1.

Proof: The local stability of E0 is determined by the following Jacobian matrix of the

system (3.11-3.18) evaluated at E0: J =

(
JH,5×5 05×3

03×5 JA,3×3

)
,

where JH,5×5 =



−dh 0 q 0 −βh
0 −T 0 0 βh
0 γh −G 0 0

0 −φdhβv
Λ

0 −dv 0

0
φdhβv

Λ
0 0 −dv


, JA,3×3 =

 −H 0 q
k −T 0
0 γh −G

 ,
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T = (dh + γh + δh), G = (dh + q), and H = (dh + k). The roots of the characteristic

polynomial equation of JH are

λ1 = −dh, λ2 = −dh + q, λ3 = −dv,

λ4 =
− (dh + dv + γh + δh)−

√
(dh + dv + γh + δh)

2 − 4dv (dh + δh + γh) (1−R2
0)

2
,

λ5 =
− (dh + dv + γh + δh) +

√
(dh + dv + γh + δh)

2 − 4dv (dh + δh + γh) (1−R2
0)

2
.

The roots, λ, of the characteristic polynomial equation of the matrix JA are given by

λ3 + e1λ
2 + e2λ+ e3 = 0,where

e1 = 3dh + γh + δh + k + q,

e2 = 2dhγh + 2dhδh + 2kdh + 2qdh + 3d2
h + kγh + kδh + qγh + qδh + kq,

e3 = d2
hγh + d2

hδh + kdhγh + kdhδh + kqdh + kd2
h + qdhγh + qdhδh + qd2

h + d3
h + kqδh.

e1e2 − e3 = 4dhγhδh + 8d2
hγh + 2dhγ

2
h + 8d2

hδh + 2dhδ
2
h + 2k2dh+

6kdhγh + 6kdhδh + 6kqdh + 8kd2
h + 2q2dh + 6qdhγh + 6qdhδh + 8qd2

h+

8d3
h + k2γh + k2δh + 2kγhδh + kγ2

h + kδ2
h + 3kqγh + 2kqδh+

q2γh + q2δh + 2qγhδh + qγ2
h + qδ2

h + k2q + kq2 > 0.

Here, e1, e2, e3, e1e2 − e3 are positive. Using Routh Hurwitz criteria, all the eigen-

values of JA have negative real part. Therefore, all the eigenvalues of JH are negative

when R0 < 1. Thus the disease-free equilibrium point E0 is locally asymptotically

stable if R0 < 1, and unstable if R0 > 1. �

From the eigenvalues of the Jacobian matrix J at E0, we have the following lemma.

Lemma 3.3.1 For the Jacobian matrix J , the following statements hold:

1. R0 = 1 if and only if S(J) = 0,

2. R0 > 1 if and only if S(J) > 0,

3. R0 < 1 if and only if S(J) < 0,

where S(J) : = max{Re(λ) : λ is eigenvalue of the jacobian of system at DFE E0}.

Here we apply the Krasovkii-LaSalle Theorem Martcheva (2015) to establish the

condition for the global stability of the disease-free equilibrium in the home country.
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Theorem 3.3.3 (Global stability of E0) For η = 0, θ = 0, the disease-free equi-

librium E0 of the system (3.11-3.15) is globally asymptotically stable when R2
0 +

δhφβhβv
Λ(dh + δh + γh)d2

v

< 1.

Proof: Let p = (ShH(t), IhH(t), RhH(t), SvH(t), IvH(t)), be any solution of the system

(3.11-3.15), then NvH(t) ≤ φ

dv
and N ′hH = Λ − dhNhH − δhIhH ≥ Λ − (dh + δh)NhH .

Then, NhH(t) ≥ Λ

dh + δh
.

We construct a Lyapunov function, V (IhH , IvH) =
dv
βh
IhH + IvH .

Then, taking derivative with respect to t, we obtain

V ′ =
dv
βh
I ′hH + I ′vH

=
dvIvHShH
NhH

− dv
βh

(dh + δh + γh)IhH +
βvIhHSvH
NhH

− dvIvH

=

[
βvSvH
NhH

− dv
βh

(dh + δh + γh)

]
IhH −

[
−dvShH
NhH

+ dv

]
IvH

≤

 βv
φ

dv
Λ

dh + δh

− dv
βh

(dh + δh + γh)

 IhH (Since ShH(t) ≤ NhH(t))

=

[
R2

0 +
δhφβhβv

Λ(dh + δh + γh)d2
v

− 1

]
IhH .

This gives V ′ ≤
[(
R2

0 +
δhφβhβv

Λ(dh + δh + γh)d2
v

− 1

)]
IhH . Therefore, V ′ ≤ 0 for all p ≥ 0

when R2
0 +

δhφβhβv
Λ(dh + δh + γh)d2

v

< 1.

Let B = {p : V ′ = 0}, then B ⊂ {p : IhH = 0}. If C ⊂ B is the largest invariant set of

the system (3.11-3.15) and p is any solution of the system in C, then for all t ∈ R,

p is defined and bounded. Again C ⊆ {p : IhH = 0}, thus IhH(t) ≡ 0. Moreover,

from Eq. (3.13), RhH ≡ 0. Also, from Eq. (3.15), IvH ≡ 0 and finally, Eq. (3.11)

gives ShH ≡
Λ

dh
and Eq. (3.14) gives SvH ≡

φ

dv
. Therefore, p = (

Λ

dh
, 0, 0,

φ

dv
, 0) and

C ≡ {E0}. Applying the Krasovkii-LaSalle theorem Martcheva (2015), the disease-free

equilibrium E0 is globally asymptotically stable and the disease eventually becomes

extinct when R2
0 +

δhφβhβv
Λ(dh + δh + γh)d2

v

< 1. �

We now establish that R0 > 1 can also provide a condition for the uniform persistence

of the disease in the home country in the absence of cross-border mobility. Here, we use
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the following notations and definitions. It can be proved that the disease persists when

R0 > 1 Gautam et al. (2022). We summarize the result showing uniform persistence

in Theorem 3.3.4.

Theorem 3.3.4 (Uniform persistence) For η = 0, θ = 0, the decoupled system

(3.11-3.15) is uniformly persistent with respect to (Ωo, ∂Ωo) for R0 > 1 in the sense

that there is a positive constant σ > 0 such that every solution

(ShH , IhH , RhH , SvH , IvH)

of (3.11-3.15) with (ShH(0), IhH(0), RhH(0), SvH(0), IvH(0)) ∈ Ωo satisfies

lim inf IhH ≥ σ, lim inf IvH ≥ σ, (3.25)

where,

Ωo = {(ShH , IhH , RhH , SvH , IvH) ∈ <5
+ : IhH > 0 or IvH > 0},

∂Ωo = {(ShH , IhH , RhH , SvH , IvH) ∈ <5
+ : IhH = 0 and IvH = 0},

Ω = Ωo ∪ ∂Ωo = <5
+.

In the absence of cross-border mobility, it is enough to consider only the decoupled

system (3.11-3.15). We assume that τ(t)P is the solution maps generated by the

decoupled system (3.11-3.15) with initial value P . We denote M∂ = {P ∈ ∂Ωo :

τ(t)P ∈ ∂Ωo}, and ω(P ) = {y : τ(t)P → y as t→∞}. We first state and prove the

following three lemmas.

Lemma 3.3.2 The sets Ωo and ∂Ωo are positively invariant under the flow induced

by the decoupled system (3.11-3.15) of the home country.

Proof: For any (ShH(0), IhH(0), RhH(0), SvH(0), IvH(0)) ∈ Ωo, we have from the first

and fourth equations of the system,

ShH(t) = e−
∫ t
0 B(s1)ds1

[∫ t

0

e
∫ s2
0 B(s1)ds1A(s2)ds2 + ShH(0)

]
,

SvH(t) = e−
∫ t
0 F (s1)ds1

[∫ t

0

e
∫ s2
0 F (s1)ds1φ ds2 + SvH(0)

]
,
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where, A(t) := Λ + qRhH > 0, B(t) := βhIvH
NhH

+ dh, and F (t) := βvIhH
NhH

+ dv. The

Jacobian matrix J0 corresponding to the second and fifth equations of the system is

J0 =


−βhIvHShH

N2
hH

− (δh + dh + γh)
βhShH
NhH

βvSvH
NhH

(
1− IhH

NhH

)
−dv

 .

Since J0 is an irreducible matrix with non negative off diagonal elements then S(J0) is

simple with an associated strongly positive eigenvector Smith and Waltman (1995).

Hence the vector (IhH(t), IvH(t)) is positive for all t > 0. Again from the third equation

of the system,

RhH(t) = e−
∫ t
0 D(s1)ds1

[∫ t

0

e
∫ s2
0 D(s1)ds1C(s2)ds2 +RhH(0)

]
where C(t) = γhIhH > 0 and D(t) = dh+q. ShH(t), RhH(t), SvH(t) > 0, ∀t > 0. Hence

the sets Ωo is positively invariant. Since Ω is positively invariant and ∂Ωo is relatively

closed in Ωo, it gives ∂Ωo is also positively invariant. Thus both Ωo and ∂Ωo are

positively invariant under the flow induced by the decoupled system (3.11-3.15). �

Lemma 3.3.3 Every forward orbit of τ(t) in M∂ converge to E0, i.e, E0 is the fixed

point of τ(t) and acyclic in M∂.

Proof: Since P ∈ M∂, τ(t)P ∈ M∂ for all t ≥ 0. From the definition of M∂,

IvH(t) = 0, ∀t ≥ 0. Using IvH(t) = 0 in Eq. (3.15), it follows that IhH(t) = 0 for all

t ≥ 0. Then from the first, third, and fourth equation of the system (3.11-3.15),

dShH
dt

+ dhShH = Λ,
dRhH

dt
+ (dh + q)RhH = 0,

dSvH
dt

+ dvSvH = φ.

Solving the first order linear ordinary differential equations, we have limt→∞ ShH(t) =
Λ

dh
, limt→∞RhH(t) = 0, limt→∞ SvH(t) =

φ

dv
. It follows that any forward orbit of τ(t)

in M∂ converges to E0. �

Lemma 3.3.4 If R0 > 1, then there exists ρ > 0 such that

lim
t→∞

Sup ‖τ(t)P − E0‖ ≥ ρ, ∀P ∈ Ωo.

i.e., E0 is uniform weak repeller with τ(t).

Proof: Suppose, if possible, there exists Po ∈ Ωo, such that lim
t→∞

Sup ‖τ(t)Po − E0‖ <

ρ. Since lim
t→∞

NhH(t) ≤ Λ

dh
and lim

t→∞
SvH(t) =

φ

dv
then there exists t2 > 0, ∀t ≥ t2 and a
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sufficiently small positive number ρo such that NhH(t) ≤ Λ

dh
+ρo and ShH(t) ≥ Λ

dh
−ρo

and SvH(t) ≥ φ

dv
− ρo. Here, t2 is essentially a time after which the system stabilizes

close to its long-term behavior, within a small margin ρ0. Before t2, the system

may still be transitioning, but after t2, the variables NhH(t), ShH(t) and SvH(t) are

sufficiently close to their limiting values.

Using these inequalities in the Eq. (3.12) and in Eq. (3.15), we obtain

I ′hH ≥ βh

(
1− 2ρ0

Λ
dh

+ ρ0

)
IvH − (dh + δh + γh)IhH ,

I ′vH ≥
βv

(
φ
dv
− ρo

)
(

Λ
dh

+ ρo

) IhH − dvIvH .

We consider the corresponding auxiliary equations

I ′hH = βh

(
1− 2ρ0

Λ
dh

+ ρ0

)
IvH − (dh + δh + γh)IhH ,

I ′vH =
βv

(
φ
dv
− ρo

)
(

Λ
dh

+ ρo

) IhH − dvIvH ,∀t ≥ t2. (3.26)

Let Jρo be the Jacobian of the system (3.26), then

Jρo =


−(δh + dh + γh) βh

(
1− 2ρ0

Λ
dh

+ ρ0

)
βv

(
φ
dv
− ρo

)
(

Λ
dh

+ ρo

) −dv


Since S(J) > 0, there exists a sufficiently small ρo > 0 such that S(Jρo) > 0. Since Jρo

is irreducible and has non-negative off-diagonal elements, it follows that S(Jρo) is a

simple and associates with strongly positive eigenvector ṽ ∈ R2
+, i.e (IhH(t), IvH(t)) >>

0 ∀t ≥ t2. Then there is a positive number a such that (IhH(t), IvH(t)) ≥ aṽ and

hence the solution of the Eq. (3.26) is

V (t) := aeS(Jρo )(t−t2)ṽ , ∀ t ≥ t2

with V (t2) := aṽ. Hence it follows from (Smith and Waltman, 1995, Theorem B.1)

that

(IhH(t), IvH(t)) ≥ aeS(Jρo )(t−t2)ṽ, ∀t ≥ t2.

48



Since S(Jρo) > 0, then the solution lim
t→∞

IhH(t) → ∞, lim
t→∞

IvH(t) → ∞ which is a

contradiction, and hence lim
t→∞

Sup ‖τ(t)P − E0‖ ≥ ρ, ∀P ∈ Ωo. �
We are now ready to state the following theorem, which establishes the condition for

malaria persistence in Nepal when cross-border mobility is absent. Now we establish

the Theorem 3.3.4.

Proof: Assume that R0 > 1, then it follows from Lemma 3.3.1 that S(J) > 0. Let

τ(t)P is the solution maps generated by the decoupled system (3.11-3.15) with initial

value P ∈ Ωo. Clearly, the system {τ(t)}t≥0 admits the global attractor in <5
+. From

the Lemma 3.3.3, E0 is a fixed point of τ(t) and acyclic in M∂, every solution in M∂

approaches E0. Moreover, Lemma 3.3.4 implies that E0 is an isolated invariant set in

Ω and W s(E0) ∩ Ωo = φ. By the acyclicity theorem of uniform persistence for maps

Zhao (2001), it follows that τ(t) is uniformly persistent with respect to (Ωo, ∂Ω0).

Hence there exists σ > 0 such that lim
t→∞

Inf IhH ≥ σ, lim
t→∞

Inf IvH ≥ σ. This completes

the proof. �

3.3.6.2 Case-II: η 6= 0, θ 6= 0, k = 0 (Complete Protection of Transmission
Abroad)

The local stability of the disease-free equilibrium E01, corresponding to the case when

complete protection of transmission is in force outside Nepal, is given by the following

theorem.

Theorem 3.3.5 The disease free equilibrium point E01 of the system (3.11-3.18) is

locally asymptotically stable if R1 < 1, and unstable if R1 > 1.

Proof: The Jacobian matrix of the system (3.11-3.18) at E01 is J1 =

(
A1

4×4 B1
4×4

C1
4×4 D1

4×4

)
,

where

A1
4×4 =


−D 0 q η

0 −A 0 0
0 γh −B 0
η 0 0 −dh

 , B1
4×4 =


0 0 0 −βh
θ 0 0 βh
0 η 0 0
0 q 0 0

,



C1
4×4 =


0 θ 0 0
0 0 η 0
0 −C 0 0
0 C 0 0

 , D1
4×4 =


−A 0 0 0
γh −B 0 0
0 0 −dv 0
0 0 0 −dv

,


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A = (dh + γh + δh + θ), B = (dh + η + q), C =
φdhβv (dh + 2η)

Λdv (dh + η)
, and D = (dh + η).

Let λ be eigenvalues of the matrix J1, then the characteristic polynomial is

P (λ) = (dh + λ) (dv + λ) (dh + 2η + λ) (dh + λ+ q) (dh + 2η + λ+ q)Q(λ),

where Q(λ) = λ3 + h1λ
2 + h2λ+ h3,

h1 = 2dh + dv + 2 (γh + δh + θ) ,

h2 =
(2−R2

1) (dv (dh + γh + δh) (dh + γh + δh + 2θ))

dh + γh + δh + θ
+ P1,

h3 =
(
1−R2

1

)
dv (dh + γh + δh) (dh + γh + δh + 2θ) ,

P1 =
(γh + δh) (2θ2 + γh (2δh + 3θ) + γ2

h + 3θδh + δ2
h)

dh + γh + δh + θ
+

dh (2θ2 + 6γh (δh + θ) + 3γ2
h + 6θδh + 3δ2

h) + 3d2
h (γh + δh + θ) + d3

h + 2θ2dv
dh + γh + δh + θ

.

This implies that λ = −dh, −dv, (−dh + 2η), −(dh + q), −(dh + 2η + q) are five

eigenvalues. The coefficients h1 is positive and both h2 > 0, h3 > 0 if R1 < 1. Also,

h1h2 − h3 = (2 (dh + γh + δh + θ) + dv)(
(2−R2

1) dv (dh + γh + δh) (dh + γh + δh + 2θ)

dh + γh + δh + θ
+ P1

)
−
(
1−R2

1

)
dv (dh + γh + δh) (dh + γh + δh + 2θ)

=
(
3−R2

1

)
dv (dh + γh + δh) (dh + γh + δh + 2θ) +

2P1(dh + γh + δh + θ) + P2 > 0, if R1 < 1.

where P2 = dv

(
(2−R2

1) dv (dh + γh + δh) (dh + γh + δh + 2θ)

dh + γh + δh + θ
+ P1

)
. Thus all the

eigenvalues have negative real parts and hence E01 is locally asymptotically stable if

R1 < 1 . If R1 > 1, then h0 and h3 have opposite signs, which implies at least one λ

to be positive. Hence, the disease-free equilibrium point E01 is unstable if R1 > 1. �

We also have the following lemma.

Lemma 3.3.5 For the Jacobian matrix J1 , the following statements hold:

1. R1 = 1 if and only if S(J1) = 0,

2. R1 > 1 if and only if S(J1) > 0,

3. R1 < 1 if and only if S(J1) < 0.
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We apply the Krasovkii-LaSalle Theorem Martcheva (2015) to establish the condition

for the global stability of the disease-free equilibrium E01.

Theorem 3.3.6 (Global stability of E01) Assume that η 6= 0, θ 6= 0 and k = 0,

then the disease-free equilibrium E01 of the system (3.11-3.18) is globally asymptotically

stable when R2
1 +M < 1,where

M =
βvβhδh(dh + 2η)(dh + γh + δh + θ)φ

d2
vΛ(dh + η)(dh + γh + δh)(dh + γh + δh + 2θ)

+
θ

(dh + γh + δh + 2θ)
.

Proof: Let s = (ShH(t), IhH(t), RhH(t), SvH(t), IvH(t), ShM(t), IhM(t), RhM(t)) be any

solution of the system (3.11-3.18), then NvH(t) ≤ φ

dv
. Again, NhH = ShH + IhH +RhH ,

and NhM = ShM+IhM+RhM , then N ′hH+N ′hM = Λ−dh(NhH+NhM )−δh(IhH+IhM ) ≥
Λ− (dh + δh)(NhH +NhM ). It follows that NhH +NhM ≥

Λ

dh + δh
. Since the solutions

NhH(t) and NhM (t) are general and should satisfy the disease-free equilibrium as well,

we get NhH(t) ≥
(

Λ(η + dh)

(dh + δh)(dh + 2η)

)
. Here, we construct a Lyapunov function

V1 (IhH , IvH , IhM) =
dv
βh
IhH + IvH +

dv
βh
IhM . Now, taking the derivative of V1 with

respect to t,

V ′1 =
dv
βh
I ′hH + I ′vH +

dv
βh
I ′hM

=
dvIvHShH
NhH

+
dv
βh
θIhM −

dv
βh

(θ + dh + δh + γh)IhH+

βvIhHSvH
NhH

− dvIvH + zθIhM −
dv
βh

(θ + dh + δh + γh)IhM

=

[
dv
βh
θ +

βvSvH
NhH

− dv
βh

(θ + dh + δh + γh)

]
IhH −

[
−dvShH
NhH

+ dv

]
IvH+[

dv
βh
θ − dv

βh
(θ + dh + δh + γh)

]
IhM

≤


φ

dv
βhβv(

Λ(η + dh)

(dh + δh)(dh + 2η)

)
dv(dh + δh + γh)

− 1

 IhH
=

[
βvβh(dh + δh)(dh + 2η)φ

d2
vΛ(dh + η)(dh + γh + δh)

− 1

]
IhH ,

After some algebraic manipulations, we get V ′1 < 0 when R2
1+M < 1. Therefore, V1 is a

Lyapunov function when R2
1 +M < 1. Let s = (ShH , IhH , RhH , IvH , ShM , IhM , RhM ) be

any solution of the system (3.11-3.18) and D = {s : V ′1 = 0}, then D ⊂ {s : IhH = 0}.
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If F ⊂ D is the largest invariant set of the system (3.11-3.18) and s is any solution

of the system (3.11-3.18) in F , then for all t ∈ R, s is defined and bounded. Again

F ⊆ {s : IhH = 0}, thus IhH ≡ 0. Then from Eq. (3.17), IhM ≡ 0. Also, from Eq.

(3.15) IvH ≡ 0 and from Eq. (3.14) SvH ≡
φ

dv
. Now, the system (3.11-3.18) for the

rest four compartments reduce to

R′hH = ηRhM − (η + dh + q)RhH , R
′
hM = ηRhH − (η + dh + q)RhM , (3.27)

S ′hH = Λ + ηShM + qRhH − (η + dh)ShH , S
′
hM = ηShH + qRhM − (η + dh)ShM .

(3.28)

From Eq.(3.27), we get (RhH + RhM)′ = −(dh + q)(RhH + RhM). It follows that

RhH ≡ 0 and RhM ≡ 0. Again, from Eq. (3.28), we get (ShH + ShM)′ = Λ −
dh(ShH + ShM). It follows that ShH + ShM ≡

Λ

dh
. Now, substituting ShM =

Λ

dh
−

ShH in Eq.(3.11), we get ShH ≡
Λ (dh + η)

dh (dh + 2η)
and then ShM ≡

ηΛ

2ηdh + d2
h

. Thus,

s =

(
Λ (dh + η)

dh (dh + 2η)
, 0, 0,

φ

dv
,

ηΛ

2ηdh + d2
h

, 0, 0

)
and F ≡ {E01}. Then, applying

Krasovkii- LaSalle Theorem Martcheva (2015), the disease-free equilibrium E01 is

globally asymptotically stable when R2
1 +M < 1. �

We also prove that R1 > 1 provides the condition for uniform persistence of the disease

with dynamics given by the system (3.11-3.18) with η 6= 0, θ 6= 0, k = 0.

Theorem 3.3.7 (Uniform persistence) If R1 > 1, then the system (3.11-3.18)

is uniformly persistent with respect to (Ωo, ∂Ωo) in the sense that there is a positive

constant σ > 0 such that every solution

(ShH , IhH , RhH , SvH , IvH , ShM , IhM , RhM)

with (ShH(0), IhH(0), RhH(0), SvH(0), IvH(0), ShM(0), IhM(0), RhM(0)) ∈ Ωo satisfies

lim inf IhH ≥ σ, lim inf IvH ≥ σ, lim inf IhM ≥ σ, where

Ωo = {(ShH , IhH , RhH , SvH , IvH , ShM , IhM , RhM) ∈ <8
+ : IhH > 0 or IvH > 0 or IhM > 0},

∂Ωo = {(ShH , IhH , RhH , SvH , IvH , ShM , IhM , RhM) ∈ <8
+ : IhH = 0, IvH = 0, IhM = 0}.

To prove uniform persistence of {τ(t)}t≥0 with respect to (Ωo, ∂Ωo), we need the

following three lemmas.

Lemma 3.3.6 The sets Ωo and ∂Ωo are positively invariant under the flow induced

by the system (3.11-3.18).
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Proof: For any (ShH(0), IhH(0), RhH(0), SvH(0), IvH(0), ShM(0), IhM(0), RhM(0)) ∈ Ωo,

we have from the first and fourth equations of the system (3.11-3.18)

ShH(t) = e−
∫ t
0 B(s1)ds1

[∫ t

0

e
∫ s2
0 B(s1)ds1A(s2)ds2 + ShH(0)

]
,

SvH(t) = e−
∫ t
0 F (s1)ds1

[∫ t

0

e
∫ s2
0 F (s1)ds1φ ds2 + SvH(0)

]
,

where A(t) := Λ + ηShM + qRhH > 0, B(t) := βhIvH
NhH

+ η + dh, and F (t) := βvIhH
NhH

+ dv.

Again, the Jacobian J0 corresponding to the second, seventh, and fourth equations of

the system is

J0 =


−βhIvHShH

N2
hH

− (θ + δh + dh + γh) θ
βhShH
NhH

θ −(θ + δh + dh + γh) 0
βvSvH
NhH

(
1− IhH

NhH

)
0 −dv

 .

Since J0 is an irreducible matrix with non-negative off-diagonal elements then S(J0) is

simple with an associated strongly positive eigenvector Smith and Waltman (1995).

Hence the vector (IhH(t), IhM(t), IvH(t)) is positive ∀t > 0. From the third, sixth, and

eighth equations of the system (3.11-3.18), we get

RhH(t) = e−
∫ t
0 D(s1)ds1

[∫ t

0

e
∫ s2
0 D(s1)ds1C(s2)ds2 +RhH(0)

]
,

ShM(t) = e−
∫ t
0 H(s1)ds1

[∫ t

0

e
∫ s2
0 H(s1)ds1G(s2)ds2 + ShM(0)

]
,

RhM(t) = e−
∫ t
0 D(s1)ds1

[∫ t

0

e
∫ s2
0 D(s1)ds1L(s2)ds2 +RhM(0)

]
,

where C(t) := γhIhH + ηRhM > 0, D(t) := η + dh + q, G(t) := ηShH + qRhM > 0, and

H(t) := η + dh + k, and L(t) := γhIhM + ηRhH > 0.

This shows ShH(t), RhH(t), SvH(t), ShM(t), RhM(t) > 0,∀t. Hence the set Ωo is posi-

tively invariant. Since Ω is positively invariant and ∂Ωo is relatively closed in Ωo, it

gives ∂Ωo is also positively invariant. Thus both Ωo and ∂Ωo are positively invariant

under the flow induced by the system (3.11-3.18). �

Lemma 3.3.7 Every forward orbit of τ(t) in M∂ converge to E01.

Proof: Since P ∈ M∂ then τ(t)P ∈ M∂ for all t ≥ 0 then IvH(t) = 0 for all t ≥ 0.

Substituting IvH(t) = 0 in Eq. (3.15), it follows that IhH(t) = 0 for all t ≥ 0. Again

53



from the Eq. (3.12), it follows that IhM(t) = 0 for all t ≥ 0. Now from the Eq. (3.13)

and Eq. (3.18),

dz

dt
= ηZ − (dh + η + q) z,

dZ

dt
= ηz − (dh + η + q)Z. (3.29)

Here, Eq. (3.29) is a system of ordinary linear homogeneous differential equations with

constant coefficients, which implies both z(t), Z(t) tend to zero as t approaches to ∞.

Also, from Eq. (3.11) and Eq. (3.16), it follows the system of linear non-homogeneous

ordinary differential equations with constant coefficients

dx

dt
= Λ + ηX − (dh + η)x,

dX

dt
= ηx− (dh + η)X. (3.30)

implies that x(t), X(t) converge to
Λ (dh + η)

dh (dh + 2η)
and

ηΛ

2ηdh + d2
h

, respectively, as t

approaches ∞. Also, limt→∞ SvH(t) =
φ

dv
. Thus every forward orbit of τ(t) in M∂

converges to E01. �

Lemma 3.3.8 If R1 > 1, then there exists ρ > 0 such that

lim
t→∞

Sup ‖τ(t)P − E01‖ ≥ ρ, ∀P ∈ Ωo.

i.e E01 is uniform weak repeller with τ(t).

Proof: If possible suppose that there exists Po ∈ Ωo, such that

lim
t→∞

Sup ‖τ(t)Po − E01‖ < ρ. Since lim
t→∞

NhH(t) ≤ Λ

dh
, lim
t→∞

ShH(t) =
Λ (dh + η)

dh (dh + 2η)
,

lim
t→∞

ShM(t) =
ηΛ

2ηdh + d2
h

, and lim
t→∞

SvH(t) =
φ

dv
, then there exists t2 > 0 and a suffi-

ciently small positive number ρo such thatNhH(t) ≤ Λ

dh
+ρo, ShH(t) ≥ Λ (dh + η)

dh (dh + 2η)
−ρo,

ShM(t) ≥ ηΛ

2ηdh + d2
h

− ρo, and SvH(t) ≥ φ

dv
− ρo. Here

kShM =
b′αvhIvAShM

NhA

=
b′αvhIvAIhAShM

IhANhA

≥ b′αvhIvAIhAShM
M1NhA

, (|IhA(t)| ≤M1 6= 0,∀t)

≈ k1IhAShM , where
b′αvhIvA
NhAM1

≈ k1,Using Mean value theorem

≈ k1k2IhMShM = k3IhMShM , IhM(t) ⊂ IhA(t), ∀ t.
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Here, k = 0 implies k1 ≈ 0 and hence k3 ≈ 0. Using these inequalities in Eqs. (3.12),

(3.15), (3.17), it follows that

I ′hH ≥
βh

(
Λ (dh + η)

dh (dh + 2η)
− ρo

)
Λ

dh
+ ρo

IvH + θIhM − (θ + dh + δh + γh)IhH ,

I ′vH ≥
βv

(
φ

dv
− ρo

)
(

Λ

dh
+ ρo

) IhH − dvIvH ,

I ′hM ≥ k3

(
ηΛ

2ηdh + d2
h

− ρo
)
IhM + θIhH − (θ + δh + dh + γh)IhM ,

∀ t ≥ t2.

We now consider the following corresponding auxiliary equations

I ′hH =

βh

(
Λ (dh + η)

dh (dh + 2η)
− ρo

)
Λ

dh
+ ρo

IvH + θIhM − (θ + dh + δh + γh)IhH ,

I ′vH =
βv

(
φ
dv
− ρo

)
(

Λ
dh

+ ρo

) IhH − dvIvH ,

I ′hM = k3

(
ηΛ

2ηdh + d2
h

− ρo
)
IhM + θIhH − (θ + δh + dh + γh)IhM , ∀ t ≥ t2. (3.31)

Let J1ρo be the Jacobian matrix of the system (3.31) at the disease-free equilibrium

point E01

J1ρo =



−(θ + δh + dh + γh)

βh

 Λ (dh + η)

dh (dh + 2η)
−ρo


Λ

dh
+ρo

θ

βv

(
φ
dv
− ρo

)
(

Λ
dh

+ ρo

) −dv 0

θ 0 −(θ + δh + dh + γh)


.

Since R1 > 1 then from lemma 4.9 S(J1) > 0, then there exists a sufficiently small

ρo > 0 such that S(J1ρo) > 0. Here, J1ρo is irreducible and has non-negative off-

diagonal elements, it follows that S(J1ρo) is a simple and associates with strongly

positive eigenvector ṽ ∈ <3
+ i.e.,

(IhH(t), IhM(t), IvH(t)) >> 0 ∀, t > t2.
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Then there is a positive number a such that (IhH(t), IhM(t), IvH(t)) ≥ aṽ.

Hence the solution of the system (3.31) is

V (t) := aeS(J1ρo )(t−t2)ṽ,∀t ≥ t2 with V (t2) := av.

It follows from (Smith and Waltman, 1995, Theorem B.1) that

(IhH(t), IhM(t), IvH(t)) ≥ aeS(J1ρo )(t−t2)ṽ, ∀ t ≥ t2.

Since S(J1ρo) > 0, then the solution

lim
t→∞

IhH(t)→∞, lim
t→∞

IhM(t)→∞, lim
t→∞

IvH(t)→∞.

This is a contradiction, and hence

lim
t→∞

Sup ‖τ(t)P − E01‖ ≥ ρ, ∀P ∈ Ωo.

�

With the help of the above lemmas, we now establish the persistence Theorem (3.3.7).

Proof: Assume that R1 > 1, then it follows from Lemma 3.3.5 that S(J1) > 0. Let

τ(t)P is the solution maps generated by the system (3.11-3.18) with the initial value

P . Clearly, the system {τ(t)}t≥0 admits the global attractor in R8
+. Here, the stable

set of E01 is W s(E01) = {P ∈ d(τ(t)P,E01)→ 0 as t→∞}. From the Lemma 3.3.7,

E01 is a fixed point of τ(t) and acyclic in M∂, every solution in M∂ approach to

E01. Moreover, Lemma 3.3.8 implies that E01 is an isolated invariant set in Ω and

W s(E01) ∩ Ωo = φ. By the acyclicity theorem of uniform persistence for maps Zhao

(2001), it follows that τ(t) is uniformly persistent with respect to (Ωo, ∂Ω0). Hence

there exist σ > 0 such that lim
t→∞

Inf IhH ≥ σ, lim
t→∞

Inf IhM ≥ σ, lim
t→∞

Inf IvH ≥ σ. This

completes the proof. �

3.3.6.3 Case-III: η 6= 0, θ = 0, k 6= 0 (Strict Border Screening and Isola-
tion)

In this case, the local stability of the corresponding disease-free equilibrium point,

E02, is given by the theorem below. As mentioned earlier, this disease-free equilibrium

asserts the disease-free only within the home country while allowing infected migrants

abroad.

Theorem 3.3.8 The disease free equilibrium point E02 of the system (3.11-3.18) is

locally asymptotically stable if R2 < 1, and unstable if R2 > 1.
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Proof: The Jacobian matrix of the system (3.11-3.18) at E02 is J2 =

(
A2

4×4 B2
4×4

C2
4×4 D2

4×4

)
,

where

A2
4×4 =


−a 0 q 0
0 −b 0 0
0 γh −a 0

0 − K1φβv
(P +Q3)dv

0 −dv

 , B2
4×4 =


− Pβh
P +Q3

η 0 0

Pβh
P +Q3

0 0 0

0 0 0 η
0 0 0 0

 ,

C2
4×4 =


0

K1φβv
(P +Q3)dv

0 0

η 0 0 0
0 0 0 0
0 0 η 0

 , D2
4×4 =


−dv 0 0 0

−dh − η − k 0 q
0 k −b 0
0 0 γh −a

 ,

a = dh + η + q and b = dh + γh + δh. Let λ be eigenvalues of the matrix J2, then the

characteristic polynomial is,

P (λ) = (dv + λ) Q(λ) R(λ),

where Q(λ) = λ2 + λ (dh + dv + γh + δh) + (1−R2
2) dv (dh + γh + δh), and R(λ) =

p0λ
5 + p1λ

4 + p2λ
3 + p3λ

2 + +p4λ + p5. λ = −dv is one eigenvalue, and other

eigenvalues are given by Q(λ) = 0 and R(λ) = 0. From Q(λ) = 0, the eigenvalues are

λ2 =
1

2

(
−
√

(dh + dv + γh + δh) 2 − 4 (1−R2
2) dv (dh + γh + δh)− (dh + dv + γh + δh)

)
,

λ3 =
1

2

(√
(dh + dv + γh + δh) 2 − 4 (1−R2

2) dv (dh + γh + δh)− (dh + dv + γh + δh)

)
.

Clearly, λ2 < 0 and λ3 < 0 if R2 < 1. Furthermore, using Wolfram Mathe-

matica, we showed p0, p1, p2, p3, p4, p5 are positive, p1p2p3 − p2
3 − p2

1p4 > 0, and

(p1p2p3 − p2
3 − p2

1p4) (p1p4 − p5) > (p1p2 − p3)2 p5 + p1p
2
5 Gautam et al. (2025, 2022).

Then using the Routh Hurwitz theorem, we conclude that all the eigenvalues have

negative real parts if R2 < 1. Hence E02 is locally asymptotically stable if R2 < 1 and

unstable if R2 > 1. �
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3.3.7 Analysis of Simplifications Implemented in the Model

3.3.7.1 Approximation with Autonomous System

Note that our model is non-autonomous due to the time-dependent parameter ψ(t), rep-

resenting the API of India. However, for analytical tractability (Subsection 3.3.4, 3.3.5,

and 3.3.6 ), we approximated the model with the autonomous system. Moreover, since

the future API of India can not be obtained, the simulation results for model prediction

and control programs (Section 3.3.8) are computed based on the autonomous model

with the current API of India. In this section, we examine the potential error that we

anticipate from the autonomous model. For this, we compared the predicted cumula-

tive cases for both autonomous and non-autonomous systems for the period 2009-2019

(Figure 8). We observed that the predicted cumulative cases by the autonomous model

remain within 5% of the non-autonomous model. For example, from 2009 to 2019, the

difference in cumulative cases from the two model systems is only 1000 out of 20,000

base cases. Therefore, the autonomous model provides a reasonable approximation to

the non-autonomous model, and the study’s main finding remains the same in both

models.

Figure 8: Solutions of autonomous system (blue) and non-autonomous system (red)
: Cumulative indigenous(Left), cumulative imported(Middle) and cumulative total
(Right).

3.3.7.2 Approximations to the Exposed Class of Mosquitoes and Pathogen
Transmission from Recovered Humans

Because of the limited data availability, we have not included two potential phenomena:

the incubation period of mosquitoes and pathogen transmission from recovered humans.

However, these phenomena have been considered in some previous studies Chitnis

et al. (2008); Ngwa and Shu (2000). While these phenomena may not significantly
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impact the primary objective of this study, namely the impact of imported cases on

the malaria elimination program, we also considered an extended model with these

two phenomena incorporated. Fitting this extended model to the data with the same

initial values of state variables and parameters (Table 1 and Table 2), we obtained the

transmission probability from recovered human to susceptible mosquitoes per bite to

be r = 0.35 and the incubation period of mosquito as 1/σ = 10 days, consistent with

previous studies Chitnis et al. (2008); Xiulei et al. (2020). Notably, per capita mosquito

biting rates of b1 = 56 and b2 = 48, estimated with the extended model, are within

the 95% confidence interval of the estimates from the simplified model. Moreover, the

cumulative case during 2020-2026 predicted by the extended model is 1425, which is

close to the estimate of 1348 by the simplified model. Similarly, the predicted new

cases in the year 2026 by the extended model is 195, while that by the simplified

model is 191. Therefore, the qualitative and quantitative differences between the two

models with and without the exposed class of mosquitoes and pathogen transmission

from recovered humans are not significant, asserting the robustness of the simplified

models shown in Figure 9.
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(a) (b)

(c) (d)

Figure 9: Comparison results . The model-predicted annual incidence rate at the year
2026 for the original model (Figure a) and the model-predicted annual incidence rate at
the year 2026 for the simplified model (Figure b). The model-predicted cumulative cases
for 2020-2026 for the original model (Figure c) and the model-predicted cumulative
cases for 2020-2026 for the simplified model (Figure d).

3.3.8 Malaria Epidemic Prediction and Potential Control in
Nepal: Model Simulations

We use our model to predict the malaria epidemic in Nepal and evaluate the potential

control strategies. In particular, we focus on whether the goal of malaria elimination

from Nepal by 2026 set by the Government of Nepal can be achieved with the current

trend and/or potential strategies. We take the year 2020 as the base year and estimate

the imported and indigenous malaria cases during the period 2020-2026, and assess the
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number of possible control strategies that can be implemented for malaria elimination.

3.3.8.1 Basic Malaria Epidemic Outcome in Nepal

For the basic simulations, we take the API of India, ψ(t), a constant value corresponding

to the year 2018. We compute the model predicted values of indigenous and imported

new cases for 2020-2026 (Figure 10a). We observe that if the current trend continues,

the indigenous malaria cases follow a decreasing trend, but the imported cases increase

slightly. We predict the indigenous malaria cases in Nepal will decrease to a yearly

incidence of 67 cases in 2026, while the imported cases will remain 124 per year in

2026. As a result, the annual total incidence will remain 191 cases in the year 2026.

With this incidence rate, the cumulative indigenous cases and imported cases for

the period 2020 to 2026 will reach 540 and 808, respectively, making a total of 1348

cases of malaria in Nepal in this period (Figure 10b). While the magnitude remains

relatively low, a slightly elevated level of new cases in 2026, mainly because of the

imported cases, shows that the importation of malaria cases from India might remain

an obstacle to the Nepal government’s goal of malaria elimination by 2026.

(a) (b)

Figure 10: Model prediction of the malaria epidemic in Nepal. (a) The model
prediction of the annual incidence of indigenous, imported, and total malaria cases
from 2020 to 2026; and (b) the model prediction of the cumulative cases of indigenous,
imported and total malaria infection from 2020 to 2026.
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3.3.8.2 Impact of the Transmission Abroad on the Epidemic in Home
Country

As revealed in the model-predicted epidemic trend, the transmission of malaria abroad

that may eventually cause higher imported cases can be a determinant factor for

achieving an elimination goal by 2026. The model parameter k, which represents the

impact of API of India, can be used to study how the transmission dynamics abroad

can impact the epidemic outcome in Nepal. According to the data API of India has had

a decreasing trend for the last few years. If the decreasing trend continues, imported

cases in Nepal are expected to reduce in the coming years. Our model predicts that

the malaria incidence in the year 2026 decreases linearly as the % reduction of API

of India increases (Figure 11 Left). For example, reducing the current API (base

value k = 0.1) by 50% brings down the annual malaria incidence from 191 to 95 in

2026. The linear dependency of cumulative cases on the % reduction of India’s API is

also seen with a 50% reduction from the base case bringing the cumulative cases from

1,348 to 869 during the period 2020-2026 (Figure 11 Right). These results indicate

that the API of India can have an important role in the cases in the home country

and eventually on the success of the Nepal government’s malaria elimination goal.

Figure 11: Impact of the API of India. Reduction of total malaria incidence at the
year 2026 (Left) and reduction of cumulative malaria cases from 2020-2026 (Right)
with Annual Parasitic Incidence (API) of India taking its value 0.1 for the base year
2020.
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3.3.8.3 Control of Malaria in Nepal

We consider four potential control strategies: (1) Insecticide-treated nets (ITN),

(2) Indoor Residual Spraying (IRS), (3) Border screen and isolation (BSI), and (4)

Migration reduction (MR). Implementation of ITN reduces the mosquito biting rate.

Assuming φITN represents the effectiveness of ITN (assuming 100 % coverage), the

implementation of this strategy transforms b→ (1− φITN)b in our model. Similarly,

IRS increases mosquito death, transforming our model as dv → φIRSdv, where φIRS ≥ 1

is the enhancement of mosquito death rate due to IRS. We denote the effectiveness

of BSI by φBSI , 0 ≤ φBSI ≤ 1 so that the implementation of this strategy results in

the transformation θ → (1 − φBSI)θ, i.e., reduction of the disease import rate θ by

a proportion φBSI . The last strategy, MR, can be attributed to promoting various

employment opportunities within the country, thereby reducing the cross-border

mobility for seeking employment in India. The strategies can be incorporated into our

model by transforming η → (1− φMR)η, θ → (1− φMR)θ, where φMR, 0 ≤ φMR ≤ 1

is the effectiveness of MR.

The mosquito biting rate is one of the most critical parameters of malaria transmission.

While we estimated the low biting rate from the data fitting, the estimated value is

the average annual rate. In reality, the biting rate can be uncertain as it is affected by

various environmental (seasonal), social, and economic factors. To include broader

possible scenarios, we present the results for two different biting rates, low biting rate

(base case b = 39.5 and high biting rate (approximately two times higher than the

base case, b = 100).

3.3.8.4 Control Strategies for Elimination

The analytical results that we proved in subsection 3.3.5 inform us that malaria can be

eliminated from the home country if one of the following conditions can be achieved:

absence of cross-border mobility (case I in 3.3.5.1), full protection of transmission

abroad (case II in 3.3.5.2), and strict border screening and isolation (case III in

3.3.5.3). According to our theorems, in case I, II, and III, the malaria gets eliminated

if (R0 < 1, a10 > 0), (R1 < 1, a11 > 0), and (R2 < 1, a12 > 0), respectively, where

a10, a11, and a12 are corresponding values of a1 for case I, II, and III, respectively. We

now evaluate whether the control strategies (φITN , φIRS, φBSI , and φMR) can bring

the model to satisfy the condition of eliminating malaria in Nepal.

Our results show that for the low biting rate condition, the elimination of malaria
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can be achieved in Nepal regardless of whether any of the control strategies are

applied or not because R0 < 1, R1 < 1, R2 < 1 and a10 > 0, a11 > 0, a12 > 0

remain always true (Figure 12, first row). However, for the high biting rate condition,

R0 < 1, R1 < 1, R2 < 1 and a10 > 0, a11 > 0, a12 > 0 can not be achieved without

the control strategies, i.e., for φITN = φBSI = φMR = 0, and φIRS = 1 (Figure 12,

second row). In this case, (φBSI) and (φMR) have no impact on R and a1. Therefore,

the control strategies related to the infected migrant workers and the mobility across

the border are not enough for malaria elimination if the biting rate is high. In the

high biting rate condition, (R0 < 1, a10 > 0), (R1 < 1, a11 > 0), and (R2 < 1, a12 > 0),

i.e., the elimination of malaria, can be obtained if the level of φITN is greater than

0.35, 0.65, and 0.35, respectively, or the level of φIRS is greater than 1.45, 2.60, 1.50,

respectively (Figure 12, second row).

Figure 12: Condition for malaria elimination in Nepal. Threshold indices R0, R1, R2,
a10, a11, a12 as a function of controls φITN , φIRS, φBSI , and φMR for a low (first row)
and high (second row) mosquito biting conditions. Note that the malaria is eliminated
if R0 < 1, a10 > 0, R1 < 1, a11 > 0, and R2 < 1, a12 > 0, respectively, where a10, a11,
and a12 are corresponding values of a1 for case I (absence of cross-border mobility),
case II (full protection of transmission abroad), and case III (strict border screening
and isolation), respectively.

3.3.8.5 Control Strategies for Minimal Burden

Here we perform simulations to show how the control strategies ITN, IRS, BSI, and

MR impact the annual malaria incidence in 2026 and the cumulative malaria cases

for 2020-2026 (Figure 13 and Figure 14). In the low mosquito biting rate condition
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(Figure 13, first row), our model predicts that the 50% effectiveness of ITN (i.e.,

φITN = 0.5) reduces the annual malaria incidence in the year 2026 from 191 to 135.

As a result, the cumulative cases for 2020-2026 will be reduced from 1,348 to 1001

(Figure 14, first row). An increase in IRS by 1.5 times (i.e., φIRS = 1.5) will result in

an annual incidence rate of 161 in 2026 and a cumulative cases of 1,167 for 2020-2026.

Similarly, 50% effectiveness of BSI and MR will reduce the annual incidence rate in

the year 2026 to 114 and 100, respectively, and the cumulative cases for 2020-2026 to

903 and 889, respectively.

In a high mosquito biting rate condition (Figure 13, second row, and Figure 14,

second row), our model predicts that the 50% effectiveness of ITN (i.e., φITN = 0.5)

reduces the annual malaria incidence in the year 2026 from 4.25 million to 257 and the

cumulative cases for 2020-2026 from 7.8 million to 1,684. Similarly, an increase in IRS

by 1.5 times (i.e., φIRS = 1.5) will result in an annual incidence rate of 106 hundred

thousand in 2026 and a cumulative cases of 128 hundred thousand for 2020-2026. 50%

effectiveness of BSI and MR will reduce the annual incidence rate in the year 2026 to

4.23 million and 4.13 million, respectively, and the cumulative cases for 2020-2026 to

7.5 million and 6.98 million, respectively.

While each control strategy can maintain a minimum malaria burden, their effect

may vary quantitatively. Among these control strategies, MR appears to be the most

effective in controlling malaria in Nepal in low mosquito biting rate conditions, while

ITN is the most effective control in the high biting rate condition. This indicates

that the ideal control strategy may depend on the locations and seasons in which

low or high mosquito biting rates are expected. We note that due to the existing

open border relationship with a long history between Nepal and India, reducing the

cross-border mobility of migrant workers may not be a viable option to implement.

Therefore, the optimal border screen and isolation of returning migrant workers along

with local approaches, ITN and IRS, can be the most impactful option for controlling

and possibly eliminating malaria in Nepal.

In the above calculation, we assumed the 100% coverage of ITN. However, 100%

is unlikely to be achieved, especially in resource-limited countries like Nepal. Thus

we further observe model prediction for varying coverage and efficacy of ITN. The

proportion of coverage ψITN , 0 ≤ ψITN ≤ 1, and efficacy φITN , 0 ≤ φITN ≤ 1,

can be incorporated in our model transforming b→ (1− φITNψITN) b. As presented

in Figure 15, our simulations show that 100% efficacy and 100% coverage of ITN

significantly reduce the malaria cases in the high mosquito biting case, but the effect
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Figure 13: Effects of control strategies on the annual incidence rate. The model-
predicted annual incidence rate in the year 2026 for various levels of ITN, IRS, BSI,
and MR control in a low biting rate scenario (first row) and a high biting rate scenario
(second row).

Figure 14: Effects of control strategies on the cumulative cases. The model-predicted
cumulative cases for 2020-2026 for various levels of ITN, IRS, BSI, and MR control in
a low biting rate scenario (first row) and a high biting rate scenario (second row).
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is not significant in the low mosquito biting case. Since Nepal’s estimated mosquito

biting rate is low, even the 100% coverage and 100% efficacy will reduce malaria cases

in 2026 from 191 to 121 only. Thus, in addition to ITN, optimal control strategies

should also focus on adequately managing imported cases to eliminate malaria from

Nepal by 2026.

(a) (b)

(c) (d)

Figure 15: Sensitivity of coverage and efficacy of ITN. The model-predicted annual
incidence rate in 2026 for various levels of efficacy and coverage of ITN in a low biting
rate scenario (a) and a high biting rate scenario (b). The model-predicted cumulative
cases for 2020-2026 for various levels of efficacy and coverage of ITN in a low biting
rate scenario (c) and a high biting rate scenario (d).
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3.4 Conclusion

Despite a significant decline of malaria cases worldwide, many countries are currently

facing difficulty achieving malaria elimination goals from those countries, mainly due

to cross-border mobility of migrant workers potentially bringing malaria from abroad.

Nepal provides a typical example, which is recently suffering from higher imported

cases from India through open-border, posing a severe threat to the Nepal government’s

goal of eliminating malaria by 2026. In this study, we developed a novel mathematical

model validated by the data from Nepal and used our model to analyze the effects of

cross-border mobility on the malaria elimination programs for low-endemic countries

like Nepal.

Our model analyses and simulations show that malaria can be eliminated from Nepal

if strategies promoting the absence of cross-border mobility, complete protection of

transmission abroad, or strict border screening and isolation are implemented. In

each of these potential strategies, we formulated threshold conditions for the stability

of the disease-free equilibriums, providing the level of control strategies, such as

ITN, IRS, BSI, and MR, to assert the elimination of malaria from Nepal. In some

cases, we mathematically proved the persistence of malaria in Nepal. In one of the

cases, namely strict border screening and isolation, our unique model can provide the

disease-free condition only within the home country while allowing the disease among

migrants abroad. In reality, such disease-free equilibrium is the most viable condition

regarding the elimination of malaria from Nepal because achieving elimination from

both countries can be challenging with the control strategies by the Nepal government’s

policy only without making combined strategies by both countries. In addition, we

used our model to thoroughly assess all control strategies considered, ITN, IRS, BSI,

and MR, to maintain the low level of malaria-endemic in both low and high mosquito

biting rate scenarios. Interestingly, our model predicts that MR is the most effective

control strategy for the low mosquito biting rate condition, while ITN is the most

effective control strategy for the high mosquito biting rate condition. These interesting

results suggest that the best control strategy may depend on locations and seasons

that determine whether the biting rate is low or high.

There are several limitations of our study. We approximated the incidence rate

abroad (India) using the API data of India. The analysis of the full model with

accurate dynamics of humans and mosquitoes abroad, along with data from India,

can help improve our results. Although the frequent movement of humans and
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mosquitoes between bordering cities and the movement of mosquitoes through cross-

border transportation may be important, we have not considered these factors in our

model because the data of imported cases due to these movements are not available.

Therefore, our results are more relevant to the infection importation through cross-

border mobility of migrant workers. Our model parameters are estimated with the

limited data of malaria cases in Nepal. Uncertainty on the model parameters can

be clarified if more frequent data are available. While we estimated the mosquito

population based on the previous studies, the implemented values may have some

uncertainties. However, our further simulations show that changing the mosquito

population size to a realistic limit does not significantly impact on the main qualitative

conclusions of our study. Also, some districts of Nepal are directly connected with

India making them more vulnerable in comparison to other areas. Therefore, an

extension of our model may be necessary to incorporate the spatial heterogeneity of

the malaria risk across districts of Nepal.

We also note that we could not prove the persistence theory in Case III (strict

border screening and isolation) and Case IV (presence of cross-border mobility, no

protection, and no border screening or isolation) because there is no complete disease-

free equilibrium in these cases. Extensive mathematical theory may be needed to show

the persistence of the disease in such complicated cases. Our analyses show that for

some choice of parameters (for example, those making a1 < 0), the disease may persist

even if the threshold numbers R0 (Case I in 3.3.5.1), R1 (Case II in 3.3.5.2), and R2

(Case III in 3.3.5.3) are less than 1, indicating a possibility of backward bifurcations.

Therefore, a detailed bifurcation analysis for each case (I, II, and III) can be an

essential work, which we plan to pursue in future research.

In summary, our model for malaria transmission dynamics, incorporating cross-border

mobility between a low endemic country (Nepal) and a high endemic country (India),

can provide important insights into an obstacle that cross-border mobility may create

to malaria elimination programs. Our analytical and simulation results informing

control policies that bring malaria elimination or maintain the epidemic at a low level

are helpful for policymakers if implemented in conjunction with more accurate data.

The following are the major conclusions and motivation for further research.

1. In the absence of cross-border mobility, reduction of R0 just below unity may

not be enough for malaria elimination at home country and the migrants abroad.

2. In the presence of mobility with complete protection abroad, reduction of R1
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just below unity may not enough for malaria elimination at home and migrants

abroad.

3. In the presence of cross-border mobility without protection in abroad and without

border screening for infected migrants home country can not be free from malaria

until and unless abroad is free from malaria.

4. Mobility Restriction (MR) is most effective strategies for low mosquito biting

rates; whereas use of ITN is the best for high biting rates, suggesting season-

and location-specific strategies.

5. Thus, it is important to see the disease dynamics when reproduction number

below unity through backward bifurcation analysis.
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CHAPTER 4

4. BACKWARD BIFURCATION OF MALARIA TRANS-
MISSION MODEL WITH CROSS-BORDER MOBILITY

In Chapter 3, we developed malaria model with cross-border mobility and performed

local and global stability analysis of malaria free equilibrium and uniform persistence

theory. In addition, we did model fitting, validation and predicted the level of potential

control strategies for control and elimination of malaria in different location and seasons.

In this chapter we will perform indepth backward bifurcation analysis of the model.

4.1 Introduction

In disease dynamics, the basic reproduction number, R0, has been widely considered

a critical bifurcation parameter, providing conditions for disease persistence and

elimination. If R0 < 1, there is a disease-free equilibrium that is locally asymptotically

stable, and the infection dies out. If R0 > 1, there is a locally asymptotically stable

endemic equilibrium, and infection persists. More precisely, as R0 increases through 1,

the endemic equilibrium appears, and there is an exchange of stability between the

disease-free and endemic equilibrium, referred to as the forward bifurcation Brauer

(2004).

However, in some vector-borne disease models like malaria, even if R0 < 1 disease may

be endemic in the population; this phenomenon is known as backward bifurcation

Brauer (2004). In this case, the classical requirement of the reproduction number

being less than unity becomes only necessary but not sufficient for disease elimination

Gumel (2012); Fenga et al. (2014). Thus, in the case of vector-borne disease, the new

threshold R∗0 < 1, often referred to as the transmission threshold, may be required to

assert disease elimination. In such dynamics with a backward bifurcation, a bistability

situation occurs when R0 lies in the interval (R∗0, 1), where the system converges

into either disease-free or endemic equilibrium, depending on initial conditions. The

initial condition corresponding to the threshold for bistability, the breakpoint density,

provides a prevalence level for malaria elimination when R∗0 < R0 < 1. Thus, the

backward bifurcation analysis is essential for adequately designing malaria control and

elimination programs.
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Several existing models of vector-borne diseases have possessed backward bifurcation,

primarily due to disease-induced death Xing et al. (2020); Chitnis et al. (2006); Wan

and Cui (2009); Feng et al. (2015); Miliyon (2017); Wang et al. (2018); Buonomo and

Vargas-De-Leon (2013); kamel Naji and Adnan Thirthar (2020); Sha et al. (2019b);

Mohammed-Awel et al. (2017). Some other studies have also shown the possibility

of backward bifurcation due to the impact of quarantine Xiulei et al. (2020), income

inequality among the susceptible human population Bala and Gimba (2022), and

vector biases Chitnis et al. (2006) (biting preference of vector to infectious humans).

Since migration is one of the main obstacles to malaria elimination in many countries

Tumwiine et al. (2010); Martens and Hall (2000), a question naturally arises whether

cross-border mobility has a role in backward bifurcation. Thus, studying the effects of

cross-border mobility on backward bifurcation is crucial. While some studies Tumwiine

et al. (2010); Martens and Hall (2000); Acevedo et al. (2015); Gao and Ruan (2012);

Kim et al. (2016); Cosner et al. (2009); Cosner (2015); Mukhtar et al. (2020) have

considered the effects of host movement on vector-borne disease, we are unaware of

any studies that address the backward bifurcation issue of the malaria model with

cross-border mobility. Gautam et al. (2022), have developed a malaria model with

cross-border mobility and did some basic analysis, persistence theory and estimated

some parameters with malaria cases in Nepal; however, the in-depth bifurcation

analysis of the nonlinear system of the model and its wide applications to address the

real world problems associated with different modes of cross-border mobility left for

the future research.

Thus in this study, our main contribution is to examine whether cross-border mobility

can bring the backward bifurcation, causing obstacles to malaria elimination even when

the basic reproduction number is below unity. The novelty of our results constitutes

the establishment of mobility conditions that can solely cause backward bifurcation,

underscoring the need to consider cross-border mobility in devising malaria elimination

strategies. We further extend our mobility driven backward bifurcation techniques

to the case where eradication is impossible due to cross-border mobility; in this

case, our analysis allows us to identify mobility-related control strategies to maintain

malaria endemic in a low burden level. Now, we summarize some fundamental results

from Gautam et al. (2022) and proceed our extensive bifurcation analysis considering

different types of mobility in each sections.
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4.2 Method

4.2.1 Model Simplification for Bifurcation Analysis

The simplified malaria model with cross-border mobility for the purpose of bifurcation

analysis is shown in Figure 16.

Figure 16: Simplified form of malaria transmission model with cross-border mobility
with θ = ωη.

.

A detailed description of the model, considered here for bifurcation analysis, is presented

previously Gautam et al. (2022). The model system we consider is as follows:
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S ′hH = Λ + ηShM + qRhH −
bαvhIvH
NhH

ShH − (η + dh)ShH , (4.1)

I ′hH =
bαvhIvH
NhH

ShH + ωηIhM − (ωη + dh + δh + γh)IhH , (4.2)

R′hH = γhIhH + ηRhM − (η + dh + q)RhH , (4.3)

S ′vH = φ− bαhvIhH
NhH

SvH − dvSvH , (4.4)

I ′vH =
bαhvIhH
NhH

SvH − dvIvH , (4.5)

S ′hM = ηShH + qRhM − kShM − (dh + η)ShM , (4.6)

I ′hM = kShM + ωηIhH − (ωη + δh + dh + γh)IhM , (4.7)

R′hM = γhIhM + ηRhH − (η + dh + q)RhM . (4.8)

For the simulations, we took the values of parameters given in Table 1, which were

estimated from the model fitting to the malaria data of Nepal Gautam et al. (2022)

with η = 0.04, ω = 25, b = 43.75 .

Here the equilibria Eq. (3.24) presented slightly different form

a3λ
∗3
h + a2λ

∗2
h + a1λ

∗
h + a0 = 0, (4.9)

where,

a3 = Q2Q4dvβv + 2Q2Q4d
2
v +Q2

2dvβv +Q2
2d

2
v +Q2

4d
2
v > 0,

a2 = (p1 − p2βhβv), a1 = (p3 − p4βhβv),

a0 = −K1η
2ωkΛ (dh + q) (dh + 2η + q)φβhβv < 0 and p1, p2, p3, p4

are non -negative Gautam et al. (2025).

4.3 Results

4.3.1 Backward Bifurcation Analysis

Using the model (4.1-4.8), we focus on the role of cross-border mobility in the bifurca-

tions corresponding to the elimination or persistence of malaria. To explore this, we

analyze two cases in detail: (I) η = 0 (absence of cross-border mobility); (II) η 6= 0

(presence of cross-border mobility).
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4.3.1.1 Case-I: η = 0

Equilibria Analysis Since η = 0, then from the, Eq. (4.9) gives

a3λ
∗2
h + a2λ

∗
h + a1 = 0, (4.10)

where, a3, a2, and a1 are simplified to

a3 = b0Λdv (dh + γh + q) (βv (dh + q) + dv (dh + γh + q)) > 0,

a2 =
b0

dh
Λ
(
G0 −R2

0

)
d2
v (dh + q) (dh + γh + δh)

(
dh (γh + δh + q) + d2

h + qδh
)
,

a1 = Λ
(
1−R2

0

)
b0 d

2
v (dh + q) 2 (dh + γh + δh)

2,

b0 =
(
d2
h (γh + δh + k + q) + dh (γh(k + q) + δh(k + q) + kq) + d3

h + kqδh
)

2,

where G0 =
dh (βv (dh + q) + 2dv (dh + γh + q))

dv (dh (γh + δh + q) + d2
h + qδh)

. Here R0 < 1 if and only if a1 > 0 and

R0 <
√
G0 if and only if a2 > 0. Let ∆(R0) = a2

2 − 4a1a3. Then we have ∆(
√
G0) =

−4a1a3 < 0 when G0 < 1, and ∆(1) = a2
2 > 0. When R0 < 1, by the intermediate

value theorem for continuous function, there exists a unique R∗0 ∈
(√

G0, 1
)

such that

∆(R∗0) = 0. Therefore, R∗0 is the value of R0 < 1 such that the discriminant of the Eq.

(4.10) is zero. Also, for R0 < 1, ∆(R0) > 0 if and only if R0 > R∗0, and ∆(R0) < 0 if

and only if R0 < R∗0 Xing et al. (2020); Feng et al. (2015). Now using ∆(R∗0) = 0, we

obtain R∗0 =

√
B2G− 2A+ 2

√
M2 +B2A(1−G0)

B
, where

A = d2
h (dh + q) 2 (dh + γh + δh)

2 (dh + γh + q) (βv (dh + q) + dv (dh + γh + q)) ,

B2 = dv (dh + q) 2 (dh + γh + δh)
2
(
dh (γh + δh + q) + d2

h + qδh
)

2,

M = d2
h (dh + q) 2 (dh + γh + δh)

2 (dh + γh + q) (βv (dh + q) + dv (dh + γh + q)) .

In Theorem 4.3.1, we present the general results about the existence of endemic

equilibria.

Theorem 4.3.1 Assume that η = 0 in the system (4.1-4.8), then the following

statements hold.

(i) For R0 > 1, the system has unique endemic equilibrium;

(ii) For R0 = 1, the system has unique endemic equilibrium when a2 < 0 and no

endemic equilibrium when a2 ≥ 0;
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(iii) For R∗0 < R0 < 1, the system has two distinct (upper and lower) endemic

equilibria when a2 < 0 and no endemic equilibrium when a2 ≥ 0;

(iv) For R0 = R∗0, the system has unique (coincident) endemic equilibria when a2 < 0

and no endemic equilibrium when a2 ≥ 0;

(v) For R0 < R∗0, the system has no endemic equilibrium.

Proof: Here, the discriminant of Eq. (4.10) is ∆ = a2
2 − 4a1a3. (i) For R0 > 1,

then a1 < 0. It follows that ∆ > a2
2 and λ∗h =

−a2 +
√

∆

2a3

provide unique endemic

equilibrium from Eq. (3.22). (ii) Here, R0 = 1, then a1 = 0 and λ∗h =
−a2

a3

provide

unique endemic equilibrium from Eq. (3.22) when a2 < 0 and no endemic equilibrium

when a2 ≥ 0. (iii) Since R∗0 < R0 < 1, then a1 > 0 and λ∗h can not be positive

and endemic equilibrium is not possible when a2 ≥ 0; however, when a2 < 0, then

0 < ∆ < a2
2 and we get two positive values for λ∗h =

−a2 ±
√

∆

2a3

and can obtain two

endemic equilibria from Eq. (3.22). (iv) Since R0 = R∗0, then ∆ = 0 and we get two

coincident positive values of λ∗h =
−a2

2a3

and unique (coincident) endemic equilibria

when a2 < 0 but no endemic equilibria when a2 ≥ 0. (v) Since R0 < R∗0, then ∆ < 0

and endemic equilibrium does not exist. �

4.3.1.2 Bifurcation Analysis

In this section, we discussed the local behavior of the disease-free and endemic

equilibria using the Routh-Hurwitz Theorem and Castillo-Chavez and Song Theorem

Martcheva (2015). For the global stability of the disease-free equilibrium, we use the

Krasovkii-LaSalle invariance Theorem Martcheva (2015).

Theorem 4.3.2 (Forward and backward bifurcations) Assume that η = 0, then

the model possesses the forward bifurcation at R0 = 1 when 0 ≤ δh ≤ δ∗h and the

backward bifurcation at R0 = 1 when δh > δ∗h, where

δ∗h =
dh (dhβv + dvγh + dhdv + qdv + qβv)

dv (dh + q)
.

Proof: We apply the theorem by Castillo Chavez and Song Martcheva (2015) to derive

the condition for forward and backward bifurcations. The system (4.1-4.8) of the

model can be written as:

d~x

dt
= ~f(~x, βh), ~f : R8 × R→ R8, ~f ∈ C2(R8 × R), (4.11)
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where ~x = (ShH , IhH , RhH , SvH , IvH , ShM , IhM , RhM),

~f = (f1, f2, f3, f4, f5, f6, f7, f8), and β∗h =
Λd2

v (dh + γh + δh)

φdhβv
corresponds to R0 =

1 considered as one of the potential bifurcation parameters. Then, the Jacobian of the

system at the bifurcation point (E0; β∗h) is

J0 =

(
P5×5 05×3

03×5 Q3×3

)
,

where

P =



−dh 0 q 0 −Λd2
v (dh + γh + δh)

φdhβv

0 −(dh + γh + δh) 0 0
Λd2

v (dh + γh + δh)

φdhβv
0 γh −(dh + q) 0 0

0 −φdhβv
Λdv

0 −dv 0

0
φdhβv
Λdv

0 0 −dv


and

Q =

 −(dh + k) 0 q
k −(dh + γh + δh) 0
0 γh −(dh + q)

 .

Five eigenvalues of the Jacobian J0 are

λ = 0,−dh,−dv,−(dh + q),− (dh + dv + γh + δh) ,

and the rest three eigenvalues are given by the following characteristic polynomial

equation of degree three.

λ3 +M2λ
2 +M1λ+M0 = 0, (4.12)

where, M2 = 3dh+γh+δh+k+q,M1 = 2dhγh+2dhδh+2kdh+2qdh+3d2
h+kγh+kδh+qγh+

qδh+kq,M0 = d2
hγh+d2

hδh+kdhγh+kdhδh+kqdh+kd2
h+qdhγh+qdhδh+qd2

h+d3
h+kqδh.

Here, M0, M1, M2, M3 all are positive and

M1M2 −M0 = 8d2
h (γh + δh + k + q) + 8d3

h + γh
(
2δh(k + q) + k2 + 3kq + q2

)
+γ2

h(k + q) + (k + q) (δh + k) (δh + q) +

2dh
(
γ2
h + δ2

h + γh (2δh + 3(k + q)) + 3δh(k + q) + k2 + 3kq + q2
)
> 0.

Thus, J0 has one eigenvalue of zero, four negative, and the remaining three have

negative real parts.

Let

~v = (v1, v2, v3, v4, v5, v6, v7, v8)
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and

~u = (u1, u2, u3, u4, u5, u6, u7, u8)T

are the left and right eigenvectors of the zero eigenvalue of J0, respectively. Solving the

matrix equations ~vJ0 = 0 and J0~u = 0, we obtain the components of the eigenvectors

~v and ~u as

v1 = v3 = v4 = 0, v5 =
Λv2dv (dh + γh + δh)

φdhβv
, v6 = v7 = v8 = 0,

,

u1 = −u2

(
dh + γh + δh

dh
− qγh
dh (dh + q)

)
, u3 =

u2γh
dh + q

,

u4 = −u2φdhβv
Λd2

v

, u5 =
u2φdhβv

Λd2
v

, u6 = u7 = u8 = 0,

with v2 and u2 being free. The parameters a and b defined in Martcheva (2015) are

obtained from the equation

a =
8∑

m,i,j=1

vmuiuj
∂2fm
∂xi∂xj

(E0), b =
8∑

m,i=1

vmui
∂2fm
∂xi∂βh

(E0), (4.13)

where fm be the mth component of ~f . To compute the parameter b, we use Eq.

(4.13) with vm = 0 for m = 1, 3, 4, 6, 7, 8. Taking partial derivatives of f2

and f5 with respect to βh, we get
∂(f2)

∂βh
=

x1x5

x1 + x2 + x3

,
∂(f5)

∂βh
= 0, where, f2 =

βh
x1x5

x1 + x2 + x3

− (dh + γh + δh)x2, f5 = βv
x4x2

x1 + x2 + x3

− x5dv. Using ~v.~u = 1, i.e.,

v2u2 =
dv

dh + γh + δh
. Then, b =

∑8
m,i=1 vmui

∂2fm
∂xi∂βh

(E0) =
∑8

i=1 v2ui
∂2f2

∂xi∂βh
(E0) =∑8

i=1 v2ui
∂

∂xi

(
x1x5

x1 + x2 + x3

)
(E0) = v2u5

=
φdhβv

(dh + γh + δh)Λdv
> 0. Similarly, using Eq. (4.13),

a = v2

(
u1u1

∂2f2

∂x2
1

+ 2u1u2
∂2f2

∂x1∂x2

+ 2u1u3
∂2f2

∂x1∂x3

+ 2u2u3
∂2f2

∂x2∂x3

+ u2u2
∂2f2

∂x2
2

)
+

v2

(
u3u3

∂2f2

∂x2
3

+ 2u1u5
∂2f2

∂x1∂x5

+ 2u2u5
∂2f2

∂x2∂x5

+ 2u3u5
∂2f2

∂x3∂x5

)
+

v5

(
u1u1

∂2f5

∂x2
1

+ 2u1u2
∂2f5

∂x1∂x2

+ 2u1u3
∂2f5

∂x1∂x3

+ 2u2u3
∂2f5

∂x2∂x3

)
+

v5

(
u2u2

∂2f5

∂x2
2

+ u3u3
∂2f5

∂x2
3

+ 2u1u4
∂2f5

∂x1∂x4

+ 2u2u4
∂2f5

∂x2∂x4

+ 2u4u3
∂2f5

∂x4∂x3

)
. (4.14)
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After simplification, we get a =
2dvδh

Λ
− 2dh (βv (dh + q) + dv (dh + γh + q))

Λ (dh + q)
. Here

a > 0 if δh >
dh (dhβv + dvγh + dhdv + qdv + qβv)

dv (dh + q)
= δ∗h. Thus the model possesses the

backward bifurcation at R0 = 1 when δh > δ∗h and forward bifurcation at R0 = 1 when

0 ≤ δh ≤ δ∗h.

From the above result, in the absence of cross-border mobility of migrants between

the home country and abroad (η = 0), if 0 ≤ δh ≤ δ∗h, malaria gets eliminated when

R0 < 1. However, if δh > δ∗h, elimination is possible only when R0 < R∗0 < 1. We

also validated the above analytic results with the numerical solutions of the system

(4.1-4.8) (Figure 17).

4.3.2 Case-II: η 6= 0

In the presence of cross-border mobility of the migrant workers (η 6= 0), the possibility

of imported cases depends on malaria transmission abroad. Therefore, we perform our

analysis for two subcases: (1) Case IIA (absence of transmission abroad, η 6= 0, k = 0)

and (2) Case IIB (presence of transmission abroad, η 6= 0, k 6= 0).

4.3.2.1 Case- IIA ( η 6= 0, k = 0)

• Equilibria Analysis : Here, Eq.(4.9) reduce to

a3λ
∗2
h + a2λ

∗
h + a1 = 0, (4.15)

with a3, a2, and a1 given by
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(a) (b)

(c) (d)

Figure 17: Bifurcation diagrams and model solutions. (a) Forward bifurcation at
R0 = 1 when δh lies in 0 ≤ δh ≤ δ∗h (δ∗h = 0.029). (b) Model solutions verifying
(a), where model solution converges to the unique stable endemic equilibrium when
R0 = 1.63 (R0 > 1) (end of the magenta curve) and converges to the stable disease-free
equilibrium when R0 = 0.54 (R0 < 1) (end of the green curve), regardless of the initial
conditions. (c) Backward bifurcation for δh = 0.11 with R∗0 = 0.88. (d) Model solutions
verifying (c), where model solution converge to the unique stable endemic equilibrium
when R0 = 1.59 (R0 > 1) (end of the magenta curve) and for R0 = 0.53 (R0 < R∗0 < 1),
model solution converges to the stable disease-free equilibrium (end of the green curve),
regardless of the initial conditions. However, for R0 = 0.90 (R∗0 < R0 < 1), the model
solution converge to the higher level endemic equilibrium (end of the black curve)
when the initial prevalence is above the breakpoint density (horizontal dashed line),
and the model solution converges to the disease-free equilibrium (end of the blue curve)
when the initial prevalence is below the breakpoint density.
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�

a3 = Λ (Q2 +Q4) dvdv (dh + η) 2 ((Q2 +Q4) dv +Q2βv) > 0,

a2 = A2

(
G1 −R2

1

)
,

A2 =
(Λd2

v (dh + η) (dh + γh + δh) (dh + γh + δh + 2ηω))

dh (dh + 2η) (dh + γh + δh + ηω)
,

a1 = b2

(
1−R2

1

)
,

b2 = Λ (dv (dh + η) (dh + q) (dh + γh + δh) (dh + 2η + q) (dh + γh + δh + 2ωη))2 ,

where G1 =
Pdh (dh + 2η) (2 (Q2 +Q4) dv +Q2βv) (dh + γh + δh + ηω)

ΛK2Q2dv (dh + η) (dh + γh + δh) (dh + γh + δh + 2ηω)
. Here R1 < 1

if and only if a1 > 0 and R1 <
√
G1 if and only if a2 > 0. Let ∆(R1) = a2

2 − 4a1a3.

Then we have ∆(
√
G1) = −4a1a3 < 0 when R1 < 1, and ∆(1) = a2

2 > 0. It follows

that when R1 < 1, the intermediate value theorem for continuous function implies

that there exists a unique R∗1 ∈
(√

G1, 1
)

such that ∆(R∗1) = 0. Therefore, R∗1 is

the value of R1 < 1 such that the discriminant of the Eq. (4.15) is zero. Also,

for R1 < 1, ∆(R1) > 0 if and only if R1 > R∗1, and ∆(R1) < 0 if and only if

R1 < R∗1 Xing et al. (2020); Feng et al. (2015). Now using ∆(R∗1) = 0, we obtain

R∗1 =

√
A2

2G1 − 2a3b2 + 2
√
a2

3b
2
2 + a3A2

2b2 (1−G1)

A2

. In Theorem 4.3.3, we present the

general results about the existence of endemic equilibria.

Theorem 4.3.3 Assume that η 6= 0 and k = 0 in the system (4.1-4.8), then the

following statements hold.

(i) For R1 > 1, the system has unique endemic equilibrium;

(ii) For R1 = 1, the system has unique endemic equilibrium when a2 < 0 and no

endemic equilibrium when a2 ≥ 0;

(iii) For R∗1 < R1 < 1, the system has two (higher and lower) endemic equilibria

when a2 < 0 and no endemic equilibria when a2 ≥ 0;

(iv) For R1 = R∗1, the system has unique (coincident) equilibria when a2 < 0 and no

endemic equilibria when a2 ≥ 0;

(v) For R1 < R∗1, the system has no endemic equilibrium.

Proof is similar to Theorem 4.3.1.
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• Bifurcation Analysis (Case-IIA: η 6= 0, k = 0)

Again, we use the Castillo Chavez and Song Theorem Martcheva (2015) for the

bifurcation analysis. We have already established in Theorem 4.3.2 the role of the

disease-induced death rate in possessing the backward bifurcation. Since the primary

focus of this study is to examine whether cross-border mobility alone can produce

backward bifurcation phenomena, we consider the disease-induced death rate is zero

and focus on cross-border mobility in the following sections.

Theorem 4.3.4 (Forward and Backward Bifurcation) Assume that η 6= 0 and

k = 0, then the model possesses the forward bifurcation when 0 ≤ ω ≤ ω∗ at R1 = 1

and possesses the backward bifurcation when ω > ω∗ > 1 at R1 = 1, where ω∗ =
(dh + γh)A

η (dh + 2η + q)B
,

A = q2dhβv + q2dhdv + 6ηqdhβv + 2qd2
hβv + 2ηqdvγh + qdhdvγh + 8ηqdhdv+

2qd2
hdv + 4η2dhβv + 4ηd2

hβv + d3
hβv + 2η2dvγh + 3ηdhdvγh + d2

hdvγh+

6η2dhdv + 5ηd2
hdv + d3

hdv + 3ηq2dv + 6η2qdv + 2ηq2βv + 4η2qβv,

B = qdvγh −
(
qdhβv + 2ηdhβv + d2

hβv + 2ηdvγh + 2ηdhdv + 2ηqdv + 2ηqβv
)
.

Proof: We apply the theorem by Castillo Chavez and Song Martcheva (2015) to derive

the condition for forward and backward bifurcation. The value of βh corresponding

to R1 = 1 is β∗h1 =
Λd2

v (dh + η) (dh + γh) (dh + 2ηω + γh)

φdhβv (dh + 2η) (dh + ηω + γh)
and E01 is the disease-free

equilibrium. Then the Jacobian of the system (4.1-4.8) at the bifurcation point

(E01; β∗h1) is J1 = [M, N ], where

M =



−(dh + η) 0 q 0
0 −(dh + γh + ωη) 0 0
0 γh −(dh + η + q) 0

0 −φdhβv (dh + 2η)

Λdv (dh + η)
0 −dv

0
φdhβv (dh + 2η)

Λdv (dh + η)
0 0

η 0 0 0
0 ηω 0 0
0 0 η 0


,
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and

N =



−β∗h1 η 0 0
β∗h1 0 ωη 0
0 0 0 η
0 0 0 0
−dv 0 0 0

0 −(dh + η) 0 q
0 0 −(dh + γh + ωη) 0
0 0 γh −(dh + η + q)


.

Six eigenvalues of J1 are 0, −dh, −dv, −(dh + 2η), −(dh + q), −(dh + 2η + q),

and the rest two eigenvalues are obtained from the quadratic equation,

(dh + γh + ωη)λ2
1 + (dh + γh + ωη) (2dh + dv + 2γh + 2ωη)λ1 +B3 = 0, (4.16)

where, B3 = dh (2dv (γh + ωη) + ω2η2 + 3γ2
h + 6γhωη + ω2η2) + d2

h (dv + 3γh + 3ωη) +

dv (2γhωη + γ2
h + 2ω2η2) + d3

h + γh (γh + ωη) (γh + 2ωη) . Since all the coefficients of

the quadratic Eq. (4.16) are positive, then the remaining two eigenvalues of J1

have also negative real parts. Let ~v = (v1, v2, v3, v4, v5, v6, v7, v8) and ~u =

(u1, u2, u3, u4, u5, u6, u7, u8)T are the left and right eigenvectors corresponding to

the zero eigenvalue of the matrix J1. Solving the matrix equations ~vJ1 = 0 and J1~u = 0,

we get v1 = v3 = v4 = v6 = v8 = 0, v5 =
Λv2dv (dh + η) (dh + γh) (dh + γh + 2ωη)

φdhβv (dh + 2η) (dh + γh + ωη)
, and

v7 =
ωηv2

dh + γh + ωη
, u1 =

u2(Q−R)

U
,

u3 = u2

(
ωη2γh

(dh + q) (dh + 2η + q) (dh + γh + ωη)
+

γh (dh + η + q)

(dh + q) (dh + 2η + q)

)
,

u4 = −u2φdhβv (dh + 2η)

Λd2
v (dh + η)

, u5 =
u2φdhβv (dh + 2η)

Λd2
v (dh + η)

, u6 =
u2(S − T )

U
,

u7 =
ωηu2

dh + γh + ωη
, u8 =

u2γh (ηdh + ωηdh + ωη2 + ηγh + ωη2 + ωηq)

(dh + q) (dh + 2η + q) (dh + γh + ωη)
,

with u2, v2 free, where,

U = dh (dh + 2η) (dh + q) (dh + 2η + q) (dh + γh + ωη) ,

Q = qγh
(
dh(2η + q) + d2

h + η(2η + q)
)

(dh + γh + ωη) + qωη2γh (2dh + 2η + q) ,

R = (dh + η) (dh + q) (dh + γh) (dh + 2η + q) (dh + γh + 2ωη) ,

S = ηqγh (2dh + 2η + q) (dh + γh + ωη) + qωηγh
(
dh(2η + q) + d2

h + η(2η + q)
)
,

T = η (dh + q) (dh + γh) (dh + 2η + q) (dh + γh + 2ωη) .
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Here ~v.~u = 1 implies

v2u2 =
dv (dh + ηω + γh)

2

(dh + γh) (dh + ηω + γh) (dh + 2ηω + γh) + dv (dh + ηω + γh) 2 + η2ω2
.

For the computation of b, f2 = βh
x1x5

x1 + x2 + x3

− (dh + γh)x2, f5 = βv
x4x2

x1 + x2 + x3

−
x5dv, f7 = ωηx2 − (dh + γh + ωη)x7. Then, taking the partial derivatives of f2, f5

and f7 with respect to βh, we get
∂(f2)

∂βh
=

x1x5

x1 + x2 + x3

,
∂(f5)

∂βh
=
∂(f7)

∂βh
= 0. Then,

from Eq. (4.13), b =
∑8

i=1 v2ui
∂2f2

∂xi∂βh
(E01) =

∑8
i=1 v2ui

∂

∂xi

(
x1x5

x1 + x2 + x3

)
(E01) =

v2u5 = v2
u2φdhβv (dh + 2η)

Λd2
v (dh + η)

> 0. For the computation of a, we use Eq. (4.14) at E01

with η 6= 0 and k = 0. After simplification, we get a = η(ω − 1)dhγh + η(ω − 1)d2
h −

2ηdhγhβv
dv

− d2
hγhβv
dv

− 2ωη2dhβv
dv

− 2ηd2
hβv
dv

− ωηd2
hβv
dv

− d3
hβv
dv

−dh (dh + 2η) (γh (dh + γh + ωη) (dh + η + q) + (dh + q) (dh + γh + ωη) (dh + 2η + q))

(dh + q) (dh + 2η + q)

+
dh (dh + 2η)ωη2γh

(dh + q) (dh + 2η + q)
. From the expression of a, it is clear that ω should necessarily

be greater than 1 for backward bifurcation. Otherwise, a becomes negative, and the

model possesses the forward bifurcation. Furthermore, ω > ω∗ > 1 is sufficient for

a > 0. Therefore, model possesses the forward bifurcation at R1 = 1 for ω ≤ ω∗ and

the backward bifurcation if ω > ω∗ > 1, where ω∗ =
(dh + γh)A

η (dh + 2η + q)B
. �

In the presence of cross-border mobility (η 6= 0) and the absence of malaria transmission

abroad (k = 0), malaria elimination in the home country is possible for ω ≤ ω∗ and

R1 < 1. However, if ω > ω∗ > 1, elimination of malaria is possible only when

R1 < R∗1 < 1. Taking the parameters given in Table 2, we validated the analytic

results with the numerical solution of the system (4.1-4.8). The bifurcation diagrams

and corresponding model solutions are shown in Figure 18.

• Sensitivity of Backward Bifurcation Phenomenon (Case-IIA: η 6= 0, k = 0)

As established in Theorem 4.3.4, the cross-border mobility factor ω can bring the

backward bifurcation, resulting in a threshold R∗1 < 1 such that malaria eradication

requires R1 < R∗1 < 1. In Figure 19, we present the sensitivity of these backward

bifurcation phenomena (i.e., the sensitivity of R∗1) to the cross-border mobility rate

(η), the immunity loss rate of human (q), human recovery rate (γh), and mosquito

death rate (dv).
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(a) (b)

(c) (d)

Figure 18: Bifurcation diagrams and time series solutions for δh = 0, ω∗ = 7.7. (a)
Forward bifurcation at R1 = 1 when ω ≤ ω∗ (here ω = 1). (b) Model solutions verifying
(a), where the model solution converges to the unique stable endemic equilibrium when
R1 = 2.13 (R1 > 1) (end of the magenta curve) and converges to the stable disease-
free equilibrium when R1 = 0.71 (R1 < 1) (end of the green curve), independent
of initial conditions. (c) Backward bifurcation at R1 = 1 with the transmission
threshold R∗1 = 0.8951, ω > ω∗ (here ω = 25). (d) Model solutions verifying (c);
for R1 = 2(R1 > 1), the model solution converges to the unique stable endemic
equilibrium (end of the magenta curve), and for R1 = 0.61(R1 < R∗1 < 1), the model
solution converges to the unique stable disease-free equilibrium (end of the green
curve), independent of initial conditions. However, for R1 = 0.8953(R∗1 < R1 < 1), the
model solution converges to the endemic equilibrium (end of the black curve) when
the initial prevalence is above the breakpoint density (dashed line), and the model
solution converges to the disease-free equilibrium (end of the blue curve) when the
initial prevalence is below the breakpoint density.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 19: Sensitivity of the backward bifurcation threshold R∗1.
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Figure 19(a), (b), and (c) are for the reduction of the mobility rate (η) from its

base value of 0.04 to 0.013, 0.01, and 0.005, respectively. (d), (e), and (f) are for

the reduction of immunity loss rate q from its base value of 4 to 1.33, 1, and 0.8,

respectively. (g), (h), and (i) are for the increment of human recovery rate γh from

its base value of 1.85 to 3.7, 7.4 and 11.1, respectively. (j), (k), and (l) are for the

increment of mosquito death rate dv from its base value of 27 to 54, 108 and 162,

respectively. If the mobility rate (η) is reduced to 0.013, 0.01, and 0.005 from its base

value (η = 0.04), then the elimination threshold R∗1 increases towards 1 with its values

0.8975, 0.9169, and 0.9776, respectively (Figure 19, 1st row). With this trend, the

threshold R∗1 approaches one when η → 0, transforming the backward bifurcation into

a forward bifurcation at η = 0. This result is consistent with Theorem 4.3.2, which

shows forward bifurcation for η = 0, δh = 0. The reduction of the immunity loss rate

(q) to 1.33 (loss of immunity in nine months), 1 (loss of immunity in one year), and

0.8 (loss of immunity for 15 months) from the base value (q = 4), the threshold R∗1

increases to 0.9587, 0.9757, and 0.9865, respectively (Figure 19, 2nd row).

Making the human recovery rate double (three-month recovery time), four-fold (45

days recovery time), and six-fold (27 days recovery time) from its base value γh = 1.85

per year (6.45 months recovery time) increases the thresholds R∗1 to 0.9175, 0.967, and

0.99, respectively (Figure 19, 3rd row). Similarly, making the mosquito mortality rate

double, four-fold, and six-fold of its base value (dv = 27) increases the threshold R∗1 to

0.9345, 0.9759, and 0.99, respectively (Figure 19, 4th row). From the 2nd, 3rd, and

4th rows of Figure 19, it is clear that in the presence of cross-border mobility and the

absence of malaria transmission abroad (η 6= 0, k = 0), an increase in the parameters

q, γh, or dv increases the threshold R∗1 converging to 1 and transferring the backward

bifurcation into the forward bifurcation.

4.3.2.2 Case-IIB: η 6= 0, k 6= 0

• Equilibria Analysis

Note that there is no disease-free equilibria in the presence of mobility and infection

abroad (η 6= 0, k 6= 0). Here, the product of the roots of Eq. (4.9) is
−a0

a3

> 0, then

Eq. (4.9) has either three positive roots or one positive root with two negative or a

complex pair and corresponding endemic equilibria can be obtained from Eq. (3.22).

We consider two sub cases: three endemic equilibria (Case-IIB1) and one endemic
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equilibrium (Case-IIB2). Eq.(4.9) is transformed into

m3 + cm+ d = 0, (4.17)

where λ∗h = m− a2

3a3

, c =
3a3a1 − a2

2

3a2
3

, d =
2a3

2 − 9a3a2a1 + 27a2
3a0

27a3
3

and the discrimi-

nant D of Eq. (4.17) is −(4c3 + 27d2) Wikipedia (2023); Nickalls (2006); Zucker (2008).

For the Case-IIB1, D ≥ 0 (i.e. c ≤ 0) together with a2 < 0 and a1 > 0 (Descart’s rule

of sign Eigenwillig (2007)), i.e.,

p1

p2αhvαvh
< b2 <

p3

p4αhvαvh
. (4.18)

If D = 0 and c = 0, then d = 0. In this case, Eq. (4.17) has triple roots and hence Eq.

(4.9) has triple positive roots λ∗h =
−a2

3a3

. Again, if D ≥ 0 and c < 0 then trigonometric

identity

4 cos3α− 3 cosα− cos3α = 0 (4.19)

can be used to obtain three real roots of Eq. (4.17) (double root with one simple root

or three distinct roots). Let t = Acosα, then Eq. (4.17) becomes

A3cos3α + cAcosα + d = 0. (4.20)

Now, consider the trigonometric identity

4 cos3α− 3 cosα− cos3α = 0. (4.21)

Comparing Eq. (4.20) with Eq. (4.21), we get
4

A3
=
−3

Ac
=
−cos3α

d
. It fol-

lows that A = 2

√
−c
3

and cos3α =
3d

Ac
= cosφ, where α =

2nπ ± φ
3

, and φ =

cos−1

(
9d

2c
√
−3c

)
∈ [0, π]. Using the periodicity and even property of the cosine

function, n = 0, 1, 2, we get three values of α and then three values of m and hence λ∗h

are 2

√
−c
3

cos

(
φ

3

)
− a2

3a3

, 2

√
−c
3

cos

(
2π + φ

3

)
− a2

3a3

, 2

√
−c
3

cos

(
4π + φ

3

)
− a2

3a3

,

where φ = cos−1

(
9d

2c
√
−3c

)
∈ [0, π]. In particular, if φ = 0, then two of λ∗h are

equal. Now for Case-IIB2, there are two possibilities. (1) One positive λ∗h exists with

two negatives if D ≥ 0, c < 0 together with a2 = 0, a1 < 0, or a2 > 0, a1 = 0,

or a2 > 0, a1 < 0 (Descart’s rule of sign Eigenwillig (2007)). The value of m and

corresponding endemic equilibrium can be obtained using the trigonometric iden-

tity Wikipedia (2023); Nickalls (2006); Zucker (2008) as discussed in Case-IIB1. (2)
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One positive λ∗h exists with complex pair when D < 0. In this case, if c = 0, then

m = (−d)
1
3 and λ∗h = (−d)

1
3 − a2

3a3

. If c 6= 0 then the real root t can be obtained by

using the sine or cosine hyperbolic identities according to c > 0 or c < 0. In each case,

corresponding endemic equilibria can be obtained from Eq. (3.22).

• Bifurcation Analysis (Case-IIB: η 6= 0, k 6= 0)

As revealed in Eq. (4.18), mosquito biting rate b plays a vital role in the existence of

three endemic equilibria when D ≥ 0. Therefore, we took b as a bifurcation parameter.

Note that there is no disease-free equilibrium or reproduction number to establish

the threshold criteria. This causes the stability analysis of endemic equilibria to be

mathematically untractable. Thus, we numerically demonstrated the possibility of one

and three endemic equilibria and their stability. We also estimated the approximate

threshold value of the mosquito biting rate (b) for the low endemic level, bi-stability,

and high malaria endemic level in the home country of Nepal (Figure 20).
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(a) (b)

Figure 20: Bifurcation diagram and model solutions with δh = 0. (a) Backward
bifurcations showing the intervals of b for the existence of lower-level stable endemic
equilibrium, bi-stability, and the existence of higher-level stable endemic equilibrium.
The lower green section represents one stable endemic equilibrium, with a complex
pair representing the lower level of stable endemic equilibrium of malaria in the home
country that exists when b < 72.39. The upper green section (one endemic equilibrium
with a complex pair) and the magenta section (one endemic equilibrium with two
negative solutions), respectively, represent the higher level stable endemic equilibrium
of malaria in the home country that exists when b > 80. The three endemic equilibria
in bistability region (72.39 < b < 80) are represented by the blue, dotted red, and black
lines. (b) Model solutions verifying the backward bifurcation (a), where the model
solution converges to a higher level stable endemic equilibrium when b = 100(b > 80)
(end of the magenta curve) and converges to a lower level stable endemic equilibrium
when b = 50(b < b∗) (end of the green curve), regardless of the initial conditions.
For 72.39 < b < 80, bi-stability (ends of the black and blue curves) occurs, i.e., the
solution converges to a higher endemic level or lower endemic level depending on the
prevalence above or below the breakpoint density, respectively.

• Sensitivity of Threshold for Malaria Burden (Case-IIB: η 6= 0, k 6= 0)

In this section, we estimated the impacts of cross-border mobility rate (η), incidence

rate abroad (k), mobility factor of infectious migrants (ω), loss of immunity rate (q),

increase of mosquito death rate (dv), and increase of human recovery rate (γh) on the

threshold (b∗) to maintain lower endemic level, bi-stability, and the higher endemic

level of malaria in Nepal (Figures 21 and 22).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 21: The sensitivity of threshold (b∗) for malaria burden to migration-related
parameters with δh = 0. (a), (b), and (c) are the successive reduction in mobility rate
(η) to 0.013, 0.01 and 0.005, respectively, from its base value (η = 0.02). (d), (e), and
(f) are the successive reduction in incidence rate abroad (k) to 0.000035, 0.000026
and 0.000013, respectively, from its base value (k = 0.000105). (g), (h), and (i) are
the successive reduction in the mobility factor of infectious migrants (ω) to 8.33, 6.25,
and 3.12, respectively, from its base value (ω = 25).

If the mobility rate (η) is reduced to 0.013, 0.01, and 0.005 from its base value

(η = 0.04), malaria can be maintained at a lower endemic level in the home country

when the biting rate is less than threshold 72.67 (0.19 bites per day), 75 (0.20 bites

per day), and 82 (0.22 bites per day), respectively (Figure 21, 1st row). Here, the

range of bistability decreases as η decreases, and eventually, the region vanishes for
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η → 0, giving the smooth transition from the lower endemic level to the higher endemic

level. However, the reduction of incidence rate abroad (k) to 0.000035, 0.000026, and

0.000013 from its base value (k = 0.000105) has a negligible impact on the threshold

for malaria endemic level (Figure 21, 2nd row). Similarly, reducing the infectious

migrants’ mobility factor ω to 8.33 from its base value (ω = 25) changes convergence

to a higher endemic level to a lower endemic level, and further reduction to 6.25 and

3.15 allow the malaria epidemic to maintain at an even lower level in the home country

(Figure 21, 3rd row).

With the reduction of the immunity loss rate (q) to 1.33 (loss of immunity in nine

months), 1 (loss of immunity in one-year), and 0.5 (loss of immunity in two years)

from its base value q = 4 (loss of immunity in three months), the malaria epidemic

can be maintained at a lower level in the home country of Nepal when the biting

rate is less than 77 (0.21 bites per day), 79 (0.21 bites per day), and 82 (0.22 bites

per day), respectively (Figure 22, 1st row). Making the human recovery rate double

(three-month recovery time), four-fold (45 days recovery time), and eight-fold (24 days

recovery time) of its base value γh = 1.85 per year (about 6 months recovery time),

the malaria epidemic can be maintained at a lower level with the controlled biting rate

below 100 (0.27 bites per day), 142 (0.38 bites per day), and 1500 (4.1 bites per day),

respectively (Figure 22, 2rd row). Similarly, when the biting rate remains below 213

(0.58 bites per day), 632 (1.7 bites per day), and 1500 (4.1 bites per day), making the

mosquito mortality rate double (7 days life), four-fold (3.5 days life), and eight-fold

(1.5 days life), respectively, of its base value (dv = 27) helps maintain the malaria

epidemic at a lower level (Figure 22, 3rd row). Here, decreasing q, increasing γh, or

increasing dv eventually provides a curve with smooth transitioning from lower to

higher epidemic level.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 22: The sensitivity of threshold for malaria burden to humans and mosquito
parameters for δh = 0. (a), (b), (c) are the impact of the reduction of the immunity loss
rate to 1.33, 1 and 0.5, respectively, of its base value q=4. (d), (e), (f) are the impact
of two-fold, four-fold, and eight-fold of the recovery rate, respectively, of its base value
(γh = 1.85). (g), (h), (i) are the impact of a two-fold, four-fold, and eight-fold increase
in the mosquito death rate, respectively, from its base value (dv = 27 i.e.,13.5 days
lifetime of a mosquito).
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Table 3: Summary of bifurcation analysis of malaria model with cross-border mobility.
DFE: disease-free equilibrium, EE: endemic equilibrium, CB: cross-border, FB: forward
bifurcation, BB: backward bifurcation, and GS: global stability.

Bifurcation Analysis of malaria model with cross-border mobility
Case-I( η = 0) Case-IIA ( η 6= 0, k = 0) Case-IIB ( η 6= 0, k 6= 0)

Absence of CB mobility CB Mobility and protection CB Mobility
without protection

DFE exist DFE exist No DFE

FB if 0 ≤ δh ≤ δ∗h FB if ω ≤ ω∗, δh = 0 One or three EE

BB if δh > δ∗h BB if ω > ω∗ > 1, δh = 0 Low-high, bi-stability

Elimination: R0 < R∗0 Elimination: R1 < R∗1 Endemic

GS, E0: R0 < 1, δh = 0 GS, E01 : R1 < 1,
δh = 0, ω = 0 Endemic

4.4 Discussion

Malaria is a major public health challenge worldwide, with millions of cases reported

annually, leading to a significant burden of illness and death Xing et al. (2020). Despite

the efforts of many countries to eliminate malaria, cases are rising in many places,

primarily due to the mobility of migrant workers WHO (2021). This indicates that local

malaria control and intervention programs focused locally alone may not be enough to

achieve the elimination goal. Therefore, a thorough analysis of why many countries

with a long history of low malaria burdens struggle to achieve their elimination plan is

necessary. We implemented an in-depth bifurcation analysis to evaluate the role of

mobility in hindering the achievement of malaria elimination goals. Our ultimate focus

is on the existence of a backward bifurcation, an interesting phenomenon in which the

disease cannot be eliminated by simply reducing the basic reproduction number R0

below unity; instead, another critical threshold R∗0 is required for the elimination of

the disease.

Using the malaria model with cross-border mobility developed in our earlier study

Gautam et al. (2022), we performed the bifurcation analysis, exploring two critical

cases: the absence and presence of cross-border mobility. The condition for forward

and backward bifurcation of our model in the lack of cross-border mobility is consistent

with the results obtained for some other malaria models Xing et al. (2020); Chitnis

et al. (2006); Wan and Cui (2009); Wang et al. (2018); Buonomo and Vargas-De-Leon

(2013); kamel Naji and Adnan Thirthar (2020); Sha et al. (2019a). Specifically, the
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disease-induced death rate (δh) is a primary driver for backward bifurcation. However,

our advanced model with cross-border mobility establishes that mobility can be a

vital factor responsible for backward bifurcation even without the diseases death. Our

results underscoring mobility as a critical factor for backward bifurcation, even in the

absence of disease death, significantly contributes to vector-borne diseases, providing

a valuable tool to design mobility-focused controls for disease eradication.

Through our bifurcation analysis, we have established a mobility threshold ω∗ of

infectious migrants, such that the backward bifurcation does not occur in the absence

of malaria transmission abroad (η 6= 0, k = 0) (Theorem 4.3.1.2) when the mobility

factor of infectious migrants is below the threshold (ω ≤ ω∗). Note that the mobility

of infectious migrants can be reduced through the strict border screening implemented

with collaboration between the home country and abroad, and our result on the

threshold can help to identify the level of border screening required to avoid backward

bifurcation. In this case, we also established a critical threshold R∗1 corresponding to

a condition for eradicating disease (Theorem 4.3.3).

In the presence of malaria transmission abroad, our models show that malaria elimi-

nation is only possible in the home country unless cross-border mobility is allowed.

In the presence of cross-border mobility, two epidemic levels (lower and higher) are

possible, as revealed by numerical simulations of our model. We have conducted

detailed simulations to identify threshold conditions, depending on various parameters,

that help us maintain the epidemic at a lower level. In particular, the mosquito biting

rate, which may vary with location, season, and mosquito type, as a bifurcation and

control parameter, is one of the determinant factors of whether the epidemic stays

at the lower or higher level. It is worth noting that the current status of malaria in

Nepal, as predicted by our model with current parameters of Nepal (Table 2), is at

the low endemic level but struggles to achieve the elimination goal due to cross-border

mobility.

We acknowledge some limitations of our study. We were not able to prove the global

stability of the endemic equilibrium for R0 > 1 and R1 > 1 analytically. Instead, we

showed persistence for R0 > 1 and R1 > 1 in our previous study Gautam et al. (2022).

We could not provide analytical proof of the stability of one or three endemic equilibria

when there is a presence of mobility and infection abroad. However, taking the wide

range of parameters, we numerically demonstrated the stability of lower and upper

endemic equilibria and the instability of the middle endemic equilibrium. Furthermore,

our model approximated the incidence rate abroad, keeping the mosquitos role in the
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disease spread abroad constant. Analysis of the model with the entire transmission

dynamics through mosquitoes abroad as in the home country would provide broad

opportunities for model analysis and produce more advanced results.

In summary, we studied in detail how backward bifurcation arises due to the cross-

border mobility of migrant workers in the malaria dynamics model. Our central

result on the role of mobility in backward bifurcation provides a novel insight into

the cross-border mobility rate impacting the persistence and eradication of malaria

in the home country. Our results may aid in developing effective malaria elimination

strategies for countries like Nepal with low local malaria transmission but vulnerable

to obstacles to eradication due to the cross-border mobility across other high epidemic

countries. The following are the major conclusions:

1. Cross-border mobility is a primary driver of backward bifurcation.

2. Without cross-border mobility, malaria can be eliminated from Nepal due to

negligible disease induced death rate.

3. With mobility, malaria can be eliminated if there is complete protection abroad

and controlled mobility rates of infectious migrants below a certain threshold.

4. Cross-border mobility without protection abroad and without border screening,

home country can maintains malaria at low levels, but elimination is not possible.

In Chapter 3 and Chapter 4, we discussed about the problem of cross-border mobility

and its impact on malaria elimination program of low malaria endemic countries like

Nepal. Now in recent years government of Nepal initiated the cross-border collabora-

tion with its neighboring country India for the restriction of imported cases of malaria.

If in the best case scenario, there exist the perfect cross-border collaboration then for

the complete elimination, the government of Nepal should focus on the relapse case of

Vivax malaria which cover almost 90% malaria cases in Nepal. Thus, in the Chapter 5

we will develop and analyze the delay malaria model including the relapses proportion

and relapse delay.
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CHAPTER 5

5. MODELING MALARIA TRANSMISSION WITH RE-
LAPSE DELAY: IMPACT ON ELIMINATION PLAN OF
LOW ENDEMIC COUNTRIES

In this chapter, we discussed about the relapse issue of vivax malaria and its impact on

malaria elimination plan of Nepal and other low malaria endemic countries. Although

the vivax malaria-infected humans looks like recovered after clearance of blood-stage

malaria parasites, there is a high potential for reinfection due to the reactivation of

dormant hypnotizes in the liver, even in the absence of mosquito bites. Therefore,

achieving the goal of malaria elimination is becoming critical in many countries,

including Nepal. In this study, we develop, for the first time, a malaria model that

includes relapse delay. Results from thorough mathematical analyses and numerical

simulations using malaria parameters from Nepal show that the relapse proportion and

relapse delay can play a significant role in malaria dynamics; specifically, increasing

relapse delay extends the time to achieve malaria-free equilibrium when R0 < 1. Our

model and the related results provide new insights and may help develop strategies to

eliminate malaria, including in Nepal.

5.1 Introduction

Malaria remains a significant global health challenge, caused by a protozoan parasite

from the genus Plasmodium and transmitted by infected female Anopheles mosquitoes.

Malaria in humans is caused by four types of parasites: Plasmodium falciparum (P.

falciparum), Plasmodium vivax (P. vivax), Plasmodium malariae (P. malariae), and

Plasmodium ovale (P. ovale) Kammanee and Tansuiy (2019). Millions of individuals

are affected each year, with vulnerable populations such as children under five, pregnant

women, travelers to endemic regions without protection, and those with underlying

health conditions like HIV or diabetes being particularly impacted Tasman et al.

(2022).

While substantial progress has been made in reducing P. falciparum infections, the

reduction of P. vivax and P. ovale infections has proven more challenging. A key

factor contributing to this difficulty is the unique ability to relapse from dormant
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liver forms, leading to recurrent symptoms weeks or even years after initial treatment

Nickalls (2006). Therefore, a patient formerly infected by P. vivax can appear cured

but may become infected again without any mosquito bites Kammanee and Tansuiy

(2019). This persistence of malaria relapse poses a sustained hurdle for countries in

the elimination phase of malaria, including Nepal.

Plasmodium vivax has a complex life cycle compared to other malaria parasites. When

an infected mosquito bites a human, it injects sporozoites into the bloodstream. These

sporozoites travel to the liver, where they multiply into merozoite and hypnozoite

forms. Illness occurs when merozoites invade red blood cells, causing symptoms like

fever and chills. Hypnozoites, dormant in the liver, can cause no symptoms initially

but may reactivate as merozoites, leading to recurring illness Kammanee and Tansuiy

(2019).

These relapses tend to occur more rapidly in tropical regions (i.e., three to six weeks)

compared to temperate areas (i.e., six to twelve months) Battle et al. (2014). Addition-

ally, in places where malaria is common, many people may have dormant hypnozoites

in their bodies, which can be triggered by illnesses like vivax or falciparum malaria.

This explains why vivax malaria often occurs after falciparum malaria, why different

genetic types show up during relapses, and why relapse rates are higher in endemic

areas compared to controlled areas. The long latency of P. vivax cases may be more

widespread than previously believed, substantially hindering efforts to control and

combat malaria Tasman et al. (2022); Agyingi et al. (2017); White (2011).

In 2021, the nine countries of the WHO South-East Asia Region contributed 5.4

million cases of malaria. India alone accounted for approximately 79% of all malaria

cases in the South-East Asia Region, with P. vivax responsible for 40% of the cases in

the region Organization et al. (2022). Malaria, driven by factors like global warming,

has spread to hilly and mountainous regions in Nepal, including districts like Mugu,

Bajura, and Humla. In 2022, total malaria cases in Nepal were 1917. These cases

have now been documented in 51 districts from all seven provinces out of 77 districts

of Nepal Post.

In Nepal, P. vivax is the predominant cause of malaria (80% Rijal et al. (2019b)),

and it shares co-endemic status with P. falciparum in districts with high malaria

prevalence where about 17% of vivax malaria cases are due to relapse during six

months Manandhar et al. (2013). The percentage of relapse varies from 4.1% to

28.2%, and in the worst case, up to 90%, depending on the types of malaria treatment
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Chloroquine (CQ) only, Chloroquine followed by Primaquine (PQ) , follow-up programs,

and many other factors Rijal et al. (2019b); Chu and White (2016).

The literature on malaria modeling begins with Ross (1911) Ross (1911), MacDonald

(1957) Macdonald et al. (1957), Anderson and May (1991) Anderson and May (1991b),

Tumwiine (2007) Tumwiine et al. (2007), and other researchers who developed mathe-

matical models considering various factors associated with malaria dynamics Traore

et al. (2020); Tumwiine et al. (2010); Handari et al. (2019); Wan and Zhu (2012); Aldila

(2021); Herdicho et al. (2021); Tasman et al. (2021); Handari et al. (2022); Olaniyi

et al. (2022). The first mathematical model to describe the transmission dynamics of

P. vivax is Kammanee et al. (2001). This research focuses on the reproduction number,

dividing the human population into four compartments. The study Huo et al. (2014)

performed stability analysis introducing the model with relapse in vivax infections.

The studies Chamchod and Beier (2013); Ghosh et al. (2020); Wang et al. (2021)

developed and analyzed ODE models with reinfection, with recurrent infection, and

relapse of vivax malaria. These studies did not incorporate the time delay in disease

transmission. The study Wei et al. (2008) formulated an epidemic model of a vector-

borne disease with time delay, derived the reproduction number, and discussed the

theory of Hopf-bifurcation. Similarly, the studies Chamchod and Britton (2011); Wan

et al. (2013) have developed delay malaria models focusing on P. falciparum, including

delay corresponding to incubation periods in humans and mosquitoes during malaria

transmission.

Existing malaria models using Delay Differential Equation (DDE) have addressed time

delays corresponding to incubation periods in mosquito infection Agyingi et al. (2017);

Elsheikh et al. (2014); Ngwa et al. (2010), in human infection Chiyaka et al. (2011),

and both human and mosquito infection Agyingi et al. (2017). Additionally, the studies

Hu et al. (2019); Qiang and Wang (2017); Koutou et al. (2018); Wei et al. (2008);

Ruan et al. (2008); Zhang et al. (2020); Pongsumpun and Tang (2007); Wang and

Zhao (2017) focused on delay malaria models considering various factors associated

with malaria dynamics. However, to the best of our knowledge, there is a gap in

modeling the delay due to the reactivation of dormant liver stage vivax parasites.

These reactivations cause relapses.

Understanding malaria dynamics due to relapse is urgently needed to assist policy-

makers aiming to successfully eliminate malaria. Thus, in this study, we developed

and analyzed a mathematical model that incorporates relapse delays, as well as delays
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in human-mosquito exposure and immunity loss.

5.2 Method

5.2.1 Mathematical Model

To develop a mathematical model of the transmission dynamics of malaria that incorpo-

rates a constant relapse delay, we divide the total human population at risk (Nh) into

three distinct groups: those who are susceptible to malaria (Sh), individuals infected

with a primary infection (Ip), and those who are infectious due to a relapse of the dis-

ease (Ir). Individuals who have completely recovered from a previous malaria infection

gradually lose their immunity over time. This immunity loss is characterized by a delay

period, τ1, which ranges from 3 months to fifty years Chitnis et al. (2008). Individuals

who have recovered from a previous malaria infection, during which they harbored dor-

mant liver-stage parasites, become re-infectious after a latent period of τ2. This delay

can vary from two weeks to two years White (2011). A person who survives this la-

tent period may experience a relapse or multiple relapses from these dormant parasites.

The female Anopheles mosquito population is divided into two distinct groups: suscep-

tible mosquitoes (Sv) and infectious mosquitoes (Iv). Humans who have been exposed

to infectious mosquitoes become infectious themselves after a certain duration, τ3,

which can last from 7 to 90 days Chitnis et al. (2008). A person who survives this

duration may develop an active infection and transmit the disease. Mosquitoes that

have previously fed on infectious humans become infectious themselves after a span

of τ4, which typically ranges from 10 to 20 days Chitnis et al. (2008). If a mosquito

survives this duration, it can transmit malaria parasites to a human host during its

next bite.

The rates of human recruitment into the susceptible group and mosquito recruitment

into the susceptible group are denoted as Λ and φ, respectively. Furthermore, the per

capita mosquito biting rate is b, while αvh and αhv are the probabilities of malaria

transmission per bite from infectious mosquitoes to susceptible humans and from

infectious humans to susceptible mosquitoes, respectively. For the sake of model sim-

plification, we have assumed the same transmission rate from both types of infectious

humans (i.e., those with primary infections and those with relapses). Hence, βh = bαvh

and βv = bαhv are the transmission rates in humans and mosquitoes, respectively. The
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natural and disease-induced death rates of humans are dh and δh, respectively, and

the natural death rate of mosquitoes is dv. Thus, the incidence rates in humans and

mosquitoes are
βhIv(t− τ3)Sh(t− τ3)e−dhτ3

Nh(t− τ3)
and

βv (Ip(t− τ4) + Ir(t− τ4))Sv(t− τ4)e−dvτ4

Nh(t− τ4)
, respec-

tively.

Let ω be the recovery rate of humans, such that after clearance of the malaria parasites

from blood, the individual is no longer infectious to a susceptible mosquito but may

have hypnozoites in the liver. Among ωIp, the portion (1 − ε)ωIp, who has cleared

malaria parasites from both the blood and liver, moves back to the susceptible class

(Sh), losing immunity with delay τ1. The remaining portion εωIp, who have liver stage

parasites, go to the relapse class (Ir), provided that they survive during the time delay

τ2. Thus, parameters ε and ε1 are the proportions of the first relapse and multiple

relapses, respectively, with delay τ2. The schematic diagram of the model is given in

Figure 23.
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Figure 23: Schematic diagram of the model. The model consists of three human
sub-populations: susceptible humans (Sh), infectious humans with primary infection
(Ip) (i.e., from the bites of infectious mosquitoes), and infectious humans due to
relapses (Ir) (i.e., from the reactivation of dormant stage hypnozoites). Similarly,
there are two mosquito subpopulations: susceptible mosquitoes (Sv) and infectious
mosquitoes (Iv). The proportions of first-time relapse and multiple relapses are given
by ε and ε1, respectively. Solid lines represent transitions between susceptible and
infectious states in both humans and mosquitoes, which also include the dynamics of
relapses and the loss of immunity in humans. Dotted lines represent the interactions
between susceptible humans and infectious mosquitoes, as well as the interactions
between susceptible mosquitoes and infectious humans. The delay due to waning
immunity is τ1, the delay in single and multiple relapses is τ2, and the delays in human
and mosquito infection are τ3 and τ4, respectively.

The model is described by the following set of delay-differential equations:

S ′h(t) = Λ + (1− ε)ωIp(t− τ1)e−dhτ1 + (1− ε1)ωIr(t− τ1)e−dhτ1 − bαvhIv(t)

Nh(t)
Sh(t)− dhSh(t),

(5.1)

I ′p(t) =
bαvhIv(t− τ3)e−dhτ3

Nh(t− τ3)
Sh(t− τ3)− (dh + δh + ω)Ip(t), (5.2)

I ′r(t) = εωIp(t− τ2)e−dhτ2 + ε1ωIr(t− τ2)e−dhτ2 − (dh + δh + ω)Ir(t), (5.3)

S ′v(t) = φ− bαhv (Ip(t) + Ir(t))

Nh(t)
Sv(t)− dvSv(t), (5.4)

I ′v(t) =
bαhv (Ip(t− τ4) + Ir(t− τ4)) e−dvτ4

Nh(t− τ4)
Sv(t− τ4)− dvIv(t). (5.5)

All the parameters involved in the system (5.1-5.5) are assumed to be non-negative.

102



The Epidemiology and Disease Control Division, Nepal and our previous study Gau-

tam et al. (2022) highlights imported malaria cases as the main obstacle to Nepal’s

2025 elimination target. To address this, the Ministry of Health and Population

initiates cross-border collaboration with India, particularly Uttar Pradesh, to curb

the influx of cases. Majority of imported cases stem from Nepali migrant workers in

Maharashtra and Gujarat. Coordination efforts with Indian states are underway to

tackle this challenge effectively Nepal (2022). Thus, we simulate the model to verify

the analytical results and to predict local malaria trends in Nepal during the years

2023-2026 assuming no further imported cases after 2023. Our simulation based on the

parameters from our previous study Gautam et al. (2022) and available information

described below and shown in the Table 4. In the base year 2022, total malaria cases

in Nepal were 1917 Post, of which 1764 (92% Rijal et al. (2018); WHO (2023)) were

vivax malaria, among which 300 (17% Manandhar et al. (2013)) were infections from

relapses within one year.

Among about 30,000,000 population of Nepal in 2022 Gaigbe-Togbe et al., an estimated

8.2 million people are at risk of malaria, as per WHO Nepal (2022). We assumed

that the mosquito population is five times higher than the human population Xiulei

et al. (2020) and Sh(0) = 8, 198, 083, Ip(0) = 1617, Ir(0) = 300, Sv(0) = 40, 990, 415,

Iv(0) = 9585. Here total human population (Nh) = 8, 200, 000, and the crude birth

rate of Nepal (in 2022) is 20.2 per year per 1000 population, and so the human recruit-

ment per day (Λ) = Crude Birth Rate per day per individual× Population at risk =
20.2× 8, 200, 000

1000× 365
= 454 per day. Natural death rate of humans (dh) =

1

70× 365
,

average lie span of Nepalese people for the year 2022 is 70 years Gaigbe-Togbe

et al.. Total mosquito population is (Nv) =Five times Human population at risk

Xiulei et al. (2020). Then the mosquito recruitment rate per day was taken as

(φ) = Nv × birth rate of mosquito per day

(
1

14

)
= 2, 928, 571. The delay time for

relapsing varies from two weeks to two years, depending on the type of treatment

followed by follow-up programs, location, age, and immunity. The percentage of

relapsing in the context of Nepal varies form 4% to 28% in one year Manandhar et al.

(2013); Ruan et al. (2008); Rijal et al. (2018).

The descriptions of parameters are given in Table 4.

103



Table 4: Description of malaria parameters in Nepal

Description Sym. Base value
Transmission probability

from mosquito to human, per bite αvh 0.0195 Gautam et al. (2022)
Transmission probability

from human to mosquito, per bite αhv 0.63 Gautam et al. (2022)
Human recruitment rate Λ 454 day−1 (Cal.)

Mosquito recruitment rate φ 2,928,571 day−1(Cal.)
Per capita recovery

rate of humans ω
1

30
day−1 (Assu.)

Per capita natural birth and

death rate of mosquitoes dv
1

14
day −1(Assu.)

Per capita disease-induced
death rate of humans δh 4.68× 10−6 day−1 Gautam et al. (2022)

Per capita natural death
rate of humans dh 3.91× 10−5day−1 (Cal. )

Proportion of first relapse ε 0.28 (Rijal et al. (2019b))
0.9 Chu and White (2016)

Proportion of multiple relapse ε1 0.14 (Rijal et al. (2019b))
Immunity waning period τ1 365 days (Assu.)

Relapse delay τ2 180 days (Assu.)
Latent delay (humans) τ3 30 days (Assu.)

Latent delay (mosquitoes) τ4 20 days (Assu.)
Biting rate per mosquito b 0.13 day−1 Gautam et al. (2022)

5.3 Results

5.3.1 Existence and Uniqueness of Solutions

Consider Ω = {(x1, x2, x3, x4, x5) : xi ≥ 0, i = 1, 2, 3, 4, 5} ⊂ R5 and τm =

max{τ1, τ2, τ3, τ4}. The initial conditions (history function) for the model system

(5.1-5.5) are:

Sh(t) = φ1(t), Ip(t) = φ2(t), Ir(t) = φ3(t), Sv(t) = φ4(t), Iv(t) = φ5(t) (5.6)

with φi(t) ≥ 0 and φi(0) > 0 for i = 1, 2, 3, 4, 5, and t ∈ [−τm, 0) and (φ1, φ2, φ3, φ4, φ5) ∈
C ([−τm, 0] ,Ω), where C ([−τm, 0] ,Ω) be the Banach Space of continuous functions

defined from [−τm, 0] to Ω with supremum norm. According to the fundamental theory
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of functional differential equations Hale and Lunel (2013), the system with initial

conditions admits a unique solution.

5.3.2 Positivity and Boundedness of Solutions

Now, we establish the following theorems regarding the system’s positivity and bound-

edness of solutions.

Theorem 5.3.1 All the solutions of the system (5.1-5.5) with initial conditions

Sh(0) > 0, Sv(0) > 0, together with Ip(0), Ir(0), Iv(0) ≥ 0 are positive for t > 0.

Proof: We apply the method of contradiction to show the positivity of the solutions to

the system (5.1-5.5) as in Vaidya and Peter (2021); Chen et al. (2016); Diabate et al.

(2022). First we show that, Sv(t) > 0 for all t > 0. Suppose Sv(t) > 0 is not possible

for all t > 0, then there exist first time point t = tv > 0 such that Sv(tv) = 0. Then

from the Eq. (5.4), we get S ′v(t)|(t = tv) = φ > 0. It follows that there is a constant η

small enough such that Sv(t) < 0 for tv − η < t < tv, which contradicts the fact that

Sv(t) > 0 for tv − η < t < tv and Sv(tv) = 0 for the first time. Thus Sv(t) > 0 for all

t > 0.

Next, we show that, Sh(t) > 0 for all t > 0. Suppose that Sh(t) > 0 for all t > 0 is not

possible, then there exist t = ts > 0 (first time point) such that Sh(ts) = 0, then from Eq.

(5.1), we get S ′h(t)|(t = ts) = Λ+(1− ε)ωIp(ts− τm)e−dhτm +(1− ε1)ωIr(ts− τm)e−dhτm .

Let tI = ts− τm. Now we claim (1− ε)ωIp(tI)e−dhτm + (1− ε1)ωIr(tI)e
−dhτm can not be

negative. Suppose if possible (1− ε)ωIp(tI)e−dhτm + (1− ε1)ωIr(tI)e
−dhτm < 0. Then

there exist first time point tp (0 < tp < tI < ts) such that at least one of Ip(tp), Ir(tp)

should be zero. i.e., min {Ip(tp), Ir(tp)} = 0. If Ir(tp) = 0 and Ip(tp) ≥ 0, then

from the Eq. (5.3), I ′r(t)|(t = tp) = εωIp(tp − τm)e−dhτm + ε1ωIr(tp − τm)e−dhτm >

0. Which contradicts tp is the first time point such that Ir(tp) = 0. Therefore,

Ir(tp) > 0. Similarly, we can show that Ip(tp) > 0 and contradicts our assumption

(1 − ε)ωIp(tI)e
−dhτm + (1 − ε1)ωIr(tI)e

−dhτm < 0. Therefore, S ′h(t)|(t = ts) = Λ +

(1− ε)ωIp(ts − τm)e−dhτm + (1− ε1)ωIr(ts − τm)e−dhτm > 0. It follows that there is a

constant ζ small enough such that Sh(t) < 0 for ts − ζ < t < ts, which contradicts

the fact that Sh(t) > 0 for ts − ζ < t < ts and Sh(ts) = 0 for the first time. Thus

Sh(t) > 0 for all t > 0. Similarly, using the same approach, we can show that

Ip(t) > 0, Ir(t) > 0, Iv(t) > 0 for all t > 0. Hence, the solution set {Sh, Ip, Ir, Sv, Iv}
of the system (5.1-5.5) is always non-negative. �
We now prove that these non-negative solutions are bounded in Theorem 5.3.2.
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Theorem 5.3.2 All the solutions of the system (5.1-5.5) with initial conditions

Sh(0) > 0, Sv(0) > 0, together with Ip(0), Ir(0), Iv(0) ≥ 0, are bounded for t > 0.

Proof: Now, we show that the mosquito population is bounded for all time t.

We denote V (t) = Sv(t) + Iv(t+ τ4), then using the system (5.4-5.5), we get

V ′(t) = φ− bαhv (Ip(t) + Ir(t))

Nh(t)
Sv(t)

(
1− e−dvτ4

)
− dvV (t).

Since
bαhv (Ip(t) + Ir(t))

Nh(t)
Sv(t)

(
1− e−dvτ4

)
≥ 0, then, we have a linear differential

equation, V ′(t) ≤ φ − dvV (t). Solving, we get V (t) ≤ φ

dv

(
1− e−dvt

)
+ V (0)e−dvt.

Taking t → ∞, Nv(t) = V (t) ≤ φ

dv
. Hence, the mosquito population, Nv(t), is

ultimately bounded all the time.

For the human population, taking H(t) = Sh(t+ τm) + Ip(t+ 2τm) + Ir(t+ τm), then

from the system (5.1-5.3), we have

H ′(t) = Λ + (1− ε)ωIp(t)e−dhτm + (1− ε1)ωIr(t)e
−dhτm − dhSh(t+ τm)

−
bαvhIv(t+ τm)

(
1− e−dhτm

)
Nh(t+ τm)

Sh(t+ τm)− (dh + δh + ω)Ip(t+ 2τm) +

εωIp(t)e
−dhτm + ε1ωIr(t)e

−dhτm − (dh + δh + ω)Ir(t+ τm).

Since
bαvhIv(t+ τm)

(
1− e−dhτm

)
Nh(t+ τm)

Sh(t+ τm) ≥ 0, then

H ′(t) ≤ Λ− dhH(t) + εωIp(t)e
−dhτm + ε1ωIr(t)e

−dhτm

−(ω + δh)Ip(t+ 2τm)− (δh + ω)Ir(t+ τm).

Now there are two cases:

Case(i): If εωIp(t)e
−dhτm + ε1ωIr(t)e

−dhτm ≤ (ω + δh)Ip(t+ 2τm) + (δh + ω)Ir(t+ τm).

It follows that

H ′(t) < Λ − dhH(t) and H(t) ≤ Λ

dh

(
1− e−dht

)
+ H(0)e−dht, hence for t → ∞,

Nh(t) = H(t) ≤ Λ

dh
.

Case (ii): If (ω+δh)Ip(t+2τm)+(δh+ω)Ir(t+τm) < εωIp(t)e
−dhτm+ε1ωIr(t)e

−dhτm ,∀t.
Then, it follows that

Ip(t+ 2τm) + Ir(t+ τm) <
εωIp(t)e

−dhτm + ε1ωIr(t)e
−dhτm

(ω + δh)
< εIp(t)e

−dhτm + ε1Ir(t)e
−dhτm <

Ip(t) + Ir(t).
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Therefore, Ip(t+ 2τm) < Ip(t), Ir(t+ τm) < Ir(t) and ensure both Ip(t) and Ir(t) are

strictly decreasing functions. In addition, both Ip(t) and Ir(t) are non-negative, so

both are bounded. Now, using boundedness of Ip(t) and Ir(t) in the Eq. (5.1), Sh(t)

is also bounded. Thus, the human population Nh(t) is also bounded. �

5.3.3 Existence of Equilibria

At equilibrium, the system is not of delay equations but of non-linear algebraic

equations. Let
(
S∗h, I

∗
p , I

∗
r , S

∗
v , I
∗
v

)
be an equilibrium solution of the system (5.1-5.5).

Then, solving the system, we get

S∗h =
Λ (dh + δh + ω) edhτ1+dhτ3

(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 − ε1

))
Q2λ∗h +Q1

, (5.7)

I∗p =
Λλ∗he

dh(τ1+τ2)
(
ω(1− ε1e−dhτ2) + dh + δh

)
Q2λ∗h +Q1

,

I∗r =
Λωελ∗h +Q1

Q2λ∗h +Q1

,

I∗v =
φλ∗hβv

(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 + ε− ε1

))
V λ∗h + U

,

S∗v =
φ− I∗vdv

dv
,

where λ∗h =
βhI

∗
v

N∗h
, βh = bαvh, βv = bαhv, (5.8)

where

Q2 = ω2
(
edhτ1+dhτ3 − 1

) (
edhτ2 − ε1

)
+ εω2

(
edhτ2 − 1

)
+ δ2

he
dh(τ1+τ2+τ3)+ (5.9)

ω (dh + δh) e
dhτ2

(
edhτ1+dhτ3 − 1

)
+ ω (dh + δh) e

dhτ1+dhτ3
(
edhτ2 − ε1

)
+

2dhδhe
dh(τ1+τ2+τ3) + ωεδhe

dhτ2 + d2
he
dh(τ1+τ2+τ3) + ωεdhe

dhτ2 ,

Q1 = dh (dh + δh + ω) edhτ1+dhτ3
(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 − ε1

))
,

U = d2
v (dh + δh + ω)

(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 − ε1

))
edvτ4+dhτ3 ,

V = dv
(
dve

dvτ4 + βv
) (
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 + ε− ε1

))
,

where Q1, Q2, U, V are non-negative. Therefore, if λ∗h is positive, then S∗h, I
∗
p , I

∗
r , I

∗
v

are positive and the malaria endemic equilibrium is obtained. However, for λ∗h = 0, we

get the malaria-free equilibrium. After some algebraic manipulation with the system

(5.1-5.5), we get the cubic Eq. (5.10)(
L3 (λ∗h)

2 + L2 (λ∗h) + L1

)
λ∗h = 0, (5.10)
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where Li for i = 1, 2, 3 with their signs as described in Eq. (5.19). By solving the Eq.

(5.10) we can obtain the disease-free and endemic equilibria.

5.3.3.1 Malaria-free Equilibrium and Basic Reproduction Number

Now the λ∗h = 0, obtained from Eq. (5.10), provides the malaria free equilibrium

E0 =
(
S0
h, I

0
p , I

0
r , S

0
v , I

0
v

)
=

(
Λ

dh
, 0, 0,

φ

dv
, 0

)
.

To derive the basic reproduction number, we used next generation matrix method

described in Van den Driessche (2017); Diekmann et al. (1990). In the system (5.1-

5.5), there are three infected compartments Ip, Ir and Iv. Let Ip = y1, Ir = y2 and

Iv = y3. Here, the incidence rates for the three infectious compartments Ip, Ir and Iv

are F1(t) =
bαvhIv(t− τ3)e−dhτ3

Nh(t− τ3)
Sh(t− τ3),F2(t) = 0,

F3(t) =
bαhv (Ip(t− τ4) + Ir(t− τ4)) e−dvτ4

Nh(t− τ4)
Sv(t − τ4), respectively. Similarly, the

transfer rates from these compartments are V1(t) = (dh + δh + ω)Ip(t),V2(t) =

−εωIp(t− τ2)e−dhτ2 − ε1ωIr(t− τ2)e−dhτ2 + (dh + δh + ω)Ir(t),V3(t) = dvIv(t) respec-

tively.

We now introduce two matrices:

F =

[
∂Fi

∂yj
(E0)

]
=


0 0 βhe

−dhτ3

0 0 0
φdhβve

−dvτ4

Λdv

φdhβve
−dvτ4

Λdv
0

 ,

V =

[
∂Vi
∂yj

(E0)

]
=

 dh + δh + ω 0 0
−ωεe−dhτ2 −ωε1e−dhτ2 + dh + δh + ω 0

0 0 dv

 .

These matrices provide the FV−1 and the basic reproduction number R0

corresponds to the spectral radius of FV−1 :

R0 = ρ(FV−1) =

√
e−(dhτ3+dvτ4)φdhβhβv

(
(ωε− ωε1) e−dhτ2 + dh + δh + ω

)
Λd2

v (dh + δh + ω) (dh + δh + ω − ωε1e−dhτ2)
.

Next, we investigated the sensitivity of R0 to the relapse delay (τ2),

proportion of first time relapse (ε), and proportion of multiple relapse (ε1) (Figure 24).
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(a) (b)

Figure 24: Sensitivity of basic reproduction number (R0) to the relapse delay (τ2),
the proportion of first time relapse (ε) and the proportion of multiple relapses (ε1).

Increasing relapse delay (τ2) reduces R0 slowly, while increasing relapse proportion

(ε) and multiple relapse proportion (ε1) increases R0 rapidly (Figure 24(a, b)). For

the malaria parameters of Nepal presented in Table 4, despite the 100% of recovered

individual from primary malaria cases experiencing relapse over a period of two weeks

to two years, then also malaria remains under control in Nepal (Figure 24(a)). Also,

only exceptionally high percentage of recovered human from primary infection get

relapse together with recovered human from relapse class get multiple relapses in

exceptionally higher percentage will create a problem to control malaria in Nepal.

Otherwise, malaria level is in fully control but the problem of elimination is remains

critical.

5.3.4 Model Analysis Considering one Delay (τ2)

Since our main interest is to evaluate the role of the relapse delay (τ2) and the

proportion of relapses for the persistence and elimination of malaria, we considered the

model without other delays for the stability analysis of the malaria-free equilibrium

when R0 < 1, and existence of endemic equilibria and Hopf bifurcation analysis when

R0 > 1.
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5.3.4.1 Stability Analysis of the Malaria-free Equilibrium

For the simplification of model analysis, we take the proportion of first time relapse

and multiple relapses to be equal, i.e., ε1 = ε. Then

R0|(ε = ε1) =

√
φdhβhβv

Λd2
v (dh + δh + ω − εω e−dhτ2)

.

Let ~x(t) be the transpose of the vector (Sh(t), Ip(t), Ir(t), Sv(t), Iv(t)). Then linearizing

the system (5.1-5.5) at the malaria-free equilibrium E0, we obtain

d

dt
~x(t) = M0~x(t) + N0~x(t− τ2) (5.11)

where M0 =



−dh ω(1− ε) ω(1− ε) 0 −βh
0 −k 0 0 βh
0 0 ω − k 0 0

0 −φdhβv
Λdv

−φdhβv
Λdv

−dv 0

0
φdhβv
Λdv

φdhβv
Λdv

0 −dv


,

N0 =


0 0 0 0 0
0 0 0 0 0
0 ωεe−dhτ2 ωεe−dhτ2 0 0
0 0 0 0 0
0 0 0 0 0

 . Let λ be an eigenvalue, and det(A) be the

determinant of the matrix A.

The characteristic equation of Eq. (5.11) is det(M0 + N0e−λτ2 − λI5×5) = 0, i.e.,∣∣∣∣∣∣∣∣∣∣∣∣∣

−(dh + λ) ω(1− ε) ω(1− ε) 0 −βh
0 −(k + λ) 0 0 βh
0 ωεe−(dh+λ)τ2 ωεe−(dh+λ)τ2 − (k + λ) 0 0

0 −φdhβv
Λdv

−φdhβv
Λdv

−(dv + λ) 0

0
φdhβv
Λdv

φdhβv
Λdv

0 −(dv + λ)

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,

where k = dh+δh+ω. It has two negative eigenvalues λ = −dh,−dv and the remaining
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eigenvalues can be obtained form the equation P (λ) = 0, where

P (λ) = A3λ
3 + A2λ

2 + A1λ+ A0,where (5.12)

A3 = 1, A2 = 2dh + dv + 2δh + 2ω − ωεe−(dh+λ)τ2 ,

A1 = ω (dh + δh)
(
2− εe−(dh+λ)τ2

)
+
(
ωdv + ω2

) (
1− εe−(dh+λ)τ2

)
+
(
1−R2

0

)
ωdv

+ 2dhδh +
(
2−R2

0

)
dv (dh + δh) +R2

0ωεdve
−dhτ2 + d2

h + δ2
h,

A0 = dv (dh + δh + ω)
((

1−R2
0

)
(dh + δh + ω)− ωεe−dhτ2

(
e−λτ2 −R2

0

))
.

In this case p(λ) = 0 is equivalent with L(λ) = M(λ), where L(λ) = A3λ
3+A2λ

2+A1λ,

M(λ) = −A0.

Theorem 5.3.3 For τ2 = 0, the malaria-free equilibrium is locally asymptotically

stable for R0 < 1 and unstable for R0 > 1.

Proof: In this case, the characteristic equation Eq. (5.12) is reduced to a polyno-

mial equation. It follows that A3 = 1, A2 = 2dh + dv + 2δh + (2 − ε)ω, A1 =

dh ((2−R2
0) dv + 2δh + 2ω − ωε) + dv ((2−R2

0) δh + (1−R2
0)ω +R2

0ωε+ ω(1− ε)) +

d2
h + (δh + ω) (δh + ω(1− ε)), and

A0 = (1−R2
0) dv (dh + δh + ω) (dh + δh + ω(1− ε)). Therefore, Ai > 0 for all i, and

A1A2−A0 = d2
h ((4−R2

0) dv + 6δh + 3ω(2− ε))+d2
v ((2−R2

0) δh + ω ((2− ε)−R2
0(1− ε)))

+ 2d3
h + (δh + ω) (ω(4− 3ε)δh + 2δ2

h + ω2(ε− 2)(ε− 1)) + dv (2δh + ω(2− ε)) 2

− dvR2
0 (δh + ω(1− ε)) 2 + dh2dv ((4−R2

0) δh + (1−R2
0)ω +R2

0ωε+ ω(3− 2ε))

+ dh (2−R2
0) d2

v + 6ω(2 − ε)δh + 6δ2
h + ω2 (ε2 − 6ε+ 6) > 0. Hence, from the Routh-

Hurwitz criteria, the malaria-free equilibrium is locally asymptotically stable when

R0 < 1. However, for R0 > 1, A0 < 0, and the malaria-free equilibrium becomes

unstable. �

Theorem 5.3.4 For all τ2 > 0, the malaria-free equilibrium is locally asymptotically

stable for R0 < 1 and unstable for R0 > 1.

Proof: To prove Theorem 5.3.4, we need to establish the following three results, for all

τ2:

(i) Eq. (5.12) has no non-negative real roots when R0 < 1;

(ii) Eq. (5.12) cannot have purely imaginary roots of the form λ = iα, α > 0 for

R0 < 1; and
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(iii) Eq. (5.12) has non-negative real eigenvalues or has eigenvalues with positive real

parts when R0 > 1.

Proof (i): Setting L(λ) = A3λ
3 + A2λ

2 + A1λ and M(λ) = −A0, then Eq. (5.12)

can be written as L(λ) = M(λ). Then L(λ) ≥ 0 for λ ≥ 0 but M(λ) is a decreasing

function of λ with M(0) = (R2
0 − 1) dv (dh + δh + ω)

(
dh + δh + ω − εωe−dhτ2

)
< 0 for

R0 < 1. Thus the Eq. (5.12) has no non-negative real roots.

Proof (ii): In this case, Eq. (5.12) can be written as

λ3 + b2λ
2 + b1λ+ b0 +

(
c2λ

2 + c1λ+ c0

)
e−(dh+λ)τ2 = 0, (5.13)

where

b2 = 2dh + dv + 2δh + 2ω, c2 = −ωε,

b1 = (dh + δh + ω)
(
dh +

(
2−R2

0

)
dv + δh + ω

)
+R2

0ωεdve
−dhτ2 ,

c1 = −ωε (dh + dv + δh + ω) ,

b0 = dv (dh + δh + ω)
((

1−R2
0

)
(dh + δh + ω) +R2

0ωεe
−dhτ2

)
, c0 = −ωεdv (dh + δh + ω) .

Suppose, if possible there exists some τ2 for which Eq. (5.13) has roots with non-

negative real parts for R0 < 1, then they must be a pair of purely imaginary roots

for some τ2 > 0. Suppose, if possible λ = iα is a root of Eq. (5.13) for R0 < 1. Then

substituting λ = iα into the equation and collecting the real and imaginary parts, we

obtain

α2b2 − b0 = e−dhτ2
(
cos(ατ2)

(
c0 − α2c2

)
+ αc1sin(ατ2)

)
, (5.14)

α3 − αb1 = e−dhτ2
(
αc1cos(ατ2)− sin(ατ2)

(
c0 − α2c2

))
.

Now squaring and adding,

α6+α4
(
b2

2 − 2b1 − c2
2e
−2dhτ2

)
+α2

(
b2

1 − 2b0b2 − c2
1e
−2dhτ2 + 2c0c2e

−2dhτ2
)
+b2

0−c2
0e
−2dhτ2 = 0.

(5.15)

Now taking z = α2,

z3+z2
(
b2

2 − 2b1 − c2
2e
−2dhτ2

)
+z
(
b2

1 − 2b0b2 − c2
1e
−2dhτ2 + 2c0c2e

−2dhτ2
)
+b2

0−c2
0e
−2dhτ2 = 0.

(5.16)

Let

f(z) := z3 +B2z
2 +B1z +B0 = 0, (5.17)
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where

B0 = d2
v (dh + δh + ω) 2

((
R2

0ωεe
−dhτ2 + ωεe−dhτ2 +

(
1−R2

0

)
(δh + ω)

)
+
(
1−R2

0

)
dh
)((

1−R2
0

) (
−ωεe−dhτ2 + δh + ω

)
+
(
1−R2

0

)
dh
)
,

B1 = ω2 (δh + ω) 2e−2dhτ2
(
e2dhτ2 − ε2

)
+ 2R2

0ωdve
−dhτ2 (δh + ω) 2

(
edhτ2 − ε

)
+ d4

h

+ 2ωδh (δh + ω) 2 + 2R2
0dvδh (δh + ω) 2 +

(
1−R2

0

)
2ω2d2

vδ
2
h (δh + ω) 2

+ ω2d2
v

(
1− ε2e−2dhτ2

)
+ 2R2

0

(
1−R2

0

)
ω2εd2

ve
−dhτ2 +R4

0ω
2ε2d2

ve
−2dhτ2 + 4

(
1−R2

0

)
ωd2

vδh

+ 2R2
0ωεd

2
vδhe

−dhτ2 + 2R4
0ωd

2
vδh
(
1− εe−dhτ2

)
+ 2

(
1−R2

0

)
d2
vδ

2
h +R4

0d
2
vδ

2
h

+ 2d3
h

(
R2

0dv + 2 (δh + ω)
)

+ d2
h

(
ω2
(
6− ε2e−2dhτ2

)
+ 2R2

0dv
(
ω
(
3− εe−dhτ2

)
+ 3δh

))
+ d2

h

((
R4

0 − 2R2
0 + 2

)
d2
v + 12ωδh + 6δ2

h

)
+ 2dh

(
ω2δh

(
6− ε2e−2dhτ2

)
+ ω3

(
2− ε2e−2dhτ2

))
+ 2dh

(
R2

0dve
−dhτ2 (δh + ω)

(
3δhe

dhτ2 + 3ωedhτ2 − 2ωε
)

+ 6ωδ2
h + 2δ3

h

)
+

2dhd
2
v

(
R4

0

(
ω − ωεe−dhτ2 + δh

)
+R2

0ωεe
−dhτ2 + 2

(
1−R2

0

)
(δh + ω)

)
,

B2 = 2ω2 − ω2ε2e−2dhτ2 + 2dh
(
R2

0dv + 2 (δh + ω)
)

+ 2R2
0dv
(
ω − ωεe−dhτ2 + δh

)
+ 2d2

h + d2
v+

4ωδh + 2δ2
h.

Thus all Bi > 0 for R0 < 1, then using Descart’s rule of sign Eq. (5.16) does not have

positive roots. Hence λ = iα does not exist as a root of Eq. (5.13) for R0 < 1.

Proof (iii): Now we rewrite the characteristic equation P (λ) = 0 as L(λ) = M(λ), where

L(λ) = A3λ
3 +A2λ

2 +A1λ and M(λ) = −A0. Considering the real eigenvalues, L(0) =

0, limλ→∞ L(λ) =∞ andM(0) = (R2
0 − 1) dv (dh + δh + ω)

(
dh + δh + ω − εωe−dhτ2

)
>

0 for R0 > 1. Then there must exist at least one positive λ = λ∗ such that

L(λ∗) = M(λ∗), i.e., λ∗ is a positive eigenvalue of the characteristic equation P (λ) = 0

and hence, the malaria-free equilibrium becomes unstable for R0 > 1. �

5.3.4.2 Impact of Relapse Delay and Proportion of Relapse on Malaria
Burden in Nepal

Here, we perform simulations using the parameters in Table 4 to show how the

proportion of first time relapse (ε), the proportion of multiple relapses (ε1), and the

relapse delay (τ2) impact the malaria dynamics in Nepal from the beginning of the

year 2023 to the end of 2025 (Figure 25 (a,b,c) respectively). Increasing the proportion

of first time relapse (Figure 25(a)), our model predicts that if 80% of the recovered

humans from primary infection get first time relapse, there will be 8 malaria cases at

the end of 2025. However, if the relapse percentage is below 35%, then Nepal will be

malaria free at the end of 2025.

Similarly, from (Figure 25(b)), our model predicts that if 28% of recovered humans
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from relapse class get multiple relapse, there will be 4 malaria cases at the end of 2025.

However, if the multiple relapse proportion is below 16%, then Nepal will be malaria

free at end of 2025.

Also, from (Figure 25(c)), our model predicts that if the relapse delay is one year,

there will be 16 malaria cases at the end of 2025. However if the relapse delay is

below six months, Nepal will be malaria free at the end of 2025. In this case malaria

cases remains almost constant when number of days in duration is less than the

corresponding τ2. However, number of malaria cases strictly increasing with increasing

relapse delay when duration exceed τ2. Next, we perform simulations to show how the

(a) (b) (c)

Figure 25: Time series solutions of total infections due to the impact of the proportion
of first time relapse (ε), the proportion of multiple relapses (ε1), and the relapse delay
(τ2). Number of days start from January 1, 2023. In each (a,b,c) , R0 < 1.

variation in two of three relapse parameters (i.e., the proportion of first time relapse

(ε), the proportion of multiple relapses (ε1), and the relapse delay (τ2)) impact malaria

dynamics in Nepal at the end of the year 2025 (Figure 26 (a)(b)(c) respectively).

Increasing the proportion of first time relapse, together with relapse delay, our model

predicts that in the worst case if 100% of those recovered from primary infection

experiences relapse after six months then there will be still 14 malaria cases in Nepal

at the end of 2025. However, if the percentage of relapse of those recovered from

primary infection after six months is below 45% then Nepal will be malaria free at

the end of 2025 (Figure 26(a)). Similarly, increasing the multiple relapse proportion

together with relapse delay, our model predicts that if the relapse delay is less than

four months, Nepal will be malaria free at the end of 2025 only when the multiple

relapse proportion remains below 28% (Figure 26(b)).

However, if the relapse delay is six months, then Nepal will be malaria free at the end

of 2025 only when the multiple relapse proportion is below 20%. Again, increasing

the proportion of first time relapse, together with the multiple relapse proportion, our
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model predicts that if in the worst case that the relapse proportion and the multiple

relapse proportion are 100%, there will be 3486 malaria cases at the end of 2025

(Figure 26(c)). However, if the relapse proportion and the multiple relapse proportion

remain below 20%, Nepal will be malaria free at the end of 2025. In Figure 26(a,b), R0

remains below 1 however in Figure 26(c), R0 switch below 1 to above 1 while varying

ε and ε1.

(a) (b) (c)

Figure 26: Malaria levels after three years from Jan 1st, 2023 with respect to the
proportion of first relapse (ε), the proportion of multiple relapses (ε1), and the relapse
delay (τ2). In (a,b), R0 remains 1 however in (c), R0 switches below 1 to above 1 while
varying ε and ε1.

5.3.4.3 Sensitivity of Relapse Delay and Relapse Proportions on Time to
Malaria Eradication

Here we perform simulations to show how the variation of two of three relapse

parameters impacts the first time point to achieve malaria elimination in Nepal (Figure

27 (a)(b)(c) respectively). In particular, starting from Jan 1st, 2023, when 25% of

recovered humans from the Ip class relapses after two weeks, then the system achieves

the malaria-free point after 467 days . Similarly, when 25% of recovered humans

relapses after six months, then the system achieves the malaria-free point after 1004

days (almost end of the year 2025) (Figure 27(a)). Moreover, when 25% of recovered

humans from the Ir class relapses after two weeks, then the system achieves the

malaria-free point after 523 days (before the end of 2025). However, when 25% of

recovered humans relapses after six months, then the system achieves the malaria-free

point after 1315 days (After the end of 2026) (Figure 27(b)). Likewise, when 20% of

recovered humans from the Ip and Ir classes relapse after about six months, then the

system achieves the malaria-free point at the end of 2025 (1095 days). However, when

25% of recovered humans from the Ip and Ir classes relapses after six months, then
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the system achieves the malaria-free point after 1295 days (middle of 2026) (Figure

27(c)).

(a) (b) (c)

Figure 27: Sensitivity of the time (in days) for the system to achieve the disease-free
point, varying the proportion of first relapse (ε), the proportion of multiple relapses
(ε1), and the relapse delay(τ2). Days starting from 1st Jan, 2023. For all (a,b,c),
R0 < 1.

5.3.5 Malaria Endemic Equilibria and Stability

In this section we will discuss about the existence of malaria endemic equilibrium,

stability and Hopf bifurcation when R0 > 1.

5.3.5.1 Malaria Endemic Equilibrium

The equilibria Eq. (5.10) reduces to

L3 (λ∗h)
2 + L2λ

∗
h + L1 = 0, (5.18)

where

L3 = Λdv (dv + βv)
(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 + ε− ε1

))
2, (5.19)

L1 = Λ
(
1−R2

0

)
d2
v (dh + δh + ω) 2

(
edhτ2 (dh + δh + ω)− ωε1

)
2,

where L3 > 0 and L1 < 0 for R0 > 1 and L2 varies with the choice of parameters.

Thus, there exists a unique malaria endemic equilibrium when R0 > 1. Plugging the

unique positive value of λ∗h obtained from Eq. (5.18) in the Subsection (5.3.3) we
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obtain unique endemic equilibrium:

S∗h =
Λ
(
δhe

dhτ2 + dhe
dhτ2 + ω

(
edhτ2 − ε

))
λ∗h (δhedhτ2 + ωε (edhτ2 − 1)) + dh (δhedhτ2 + λ∗he

dhτ2 + ω (edhτ2 − ε)) + d2
he
dhτ2

,

I∗p =
Λλ∗h

(
(dh + δh) e

dhτ2 + ω
(
edhτ2 − ε

))
k (λ∗h (δhedhτ2 + ωε (edhτ2 − 1)) + dh (δhedhτ2 + λ∗he

dhτ2 + ω (edhτ2 − ε)) + d2
he
dhτ2)

,

I∗r =
Λωελ∗h

k (λ∗h (δhedhτ2 + ωε (edhτ2 − 1)) + dh (δhedhτ2 + λ∗he
dhτ2 + ω (edhτ2 − ε)) + d2

he
dhτ2)

,

I∗v =
φλ∗hβve

dhτ2

dv (λ∗hβve
dhτ2 + dv (δhedhτ2 + λ∗he

dhτ2 + ω (edhτ2 − ε) + dhedhτ2))
,

N∗h =
Λ
(
δhe

dhτ2 + λ∗he
dhτ2 + ωedhτ2 + dhe

dhτ2 − ωε
)

λ∗h (δhedhτ2 + ωε (edhτ2 − 1)) + dh (δhedhτ2 + λ∗he
dhτ2 + ω (edhτ2 − ε)) + d2

he
dhτ2

,

λ∗v =
λ∗hβve

dhτ2

δhedhτ2 + λ∗he
dhτ2 + ω(edhτ2 − ε) + dhedhτ2

.

5.3.5.2 Stability Analysis of Malaria Endemic Equilibrium

The Jacobian of the system at the malaria endemic equilibrium is

J1 :=



−
(
dh + λ∗h

(
1− S∗h

N∗h

))
λ∗hS

∗
h

N∗h
+ ω(1− ε) λ∗hS

∗
h

N∗h
+ ω (1− ε) −βhS

∗
h

N∗h

λ∗h

(
1− S∗h

N∗h

)
−
(
k +

λ∗hS
∗
h

N∗h

)
−λ

∗
hS
∗
h

N∗h

βhS
∗
h

N∗h
0 ωεe−dhτ2 −

(
−ωεe−dhτ2 + k

)
0

−
λ∗v

(
φ

dv
− i∗v

)
N∗h

(
φ

dv
− i∗v

)
(βv − λ∗v)

N∗h

(
φ

dv
− i∗v

)
(βv − λ∗v)

N∗h
− (dv + λ∗v)


.

Let λ be an eigenvalue of the Jacobian (J1). Then the characteristic equation is∣∣∣∣∣∣∣∣
a1 − λ a2 a2 a3

a4 a5 − λ a6 a7

0 a8e
−(λ+τ2)dh a8e

−(λ+τ2)dh + a9 − λ 0
a10 a11 a11 a12 − λ

∣∣∣∣∣∣∣∣ = 0,

where a1 = −
(
dh + λ∗h

(
1− S∗h

N∗h

))
, a2 =

λ∗hS
∗
h

N∗h
+ ω(1− ε), a3 = −βhS

∗
h

N∗h
,

a4 = λ∗h

(
1− S∗h

N∗h

)
, a5 = −(dh + δh +

λ∗hS
∗
h

N∗h
+ ω), a6 = −λ

∗
hS
∗
h

N∗h
,

a7 =
βhS

∗
h

N∗h
, a8 = ωε, a9 = −(dh + δh + ω),

a10 = −
λ∗v

(
φ

dv
− i∗v

)
N∗h

, a11 =

(
φ

dv
− (iv)

∗
)

(βv − (λv)
∗)

N∗h
, a12 = −(dv + λ∗v). The
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characteristic equation reduces to

λ4 +B3λ
3 +B2λ

2 +B1λ+B0 +
(
C3λ

3 + C2λ
2 + C1λ+ C0

)
e−(dh+λ)τ2 = 0, (5.20)

where,

B3 = − (a1 + a5 + a9 + a12) , B2 = a9a12 + a5 (a9 + a12) + a1 (a5 + a9 + a12)

− a2a4 − a3a10 − a7a11,

B1 = a3 (a5 + a9) a10 + a7 (a1 + a9) a11 + a2a4 (a9 + a12)− a2a7a10 − a3a4a11 − a5a9a12

− a1 (a9a12 + a5 (a9 + a12)) ,

B0 = a9 (a2a7a10 + a3a4a11 + a1a5a12)− a9 (a3a5a10 + a1a7a11 + a2a4a12) ,

C3 = −a8, C2 = a8 (a1 + a5 − a6 + a12) , C1 = a8 (a1a6 + a12a6 + a3a10)

− a8 (a5a12 + a1 (a5 + a12)) ,

C0 = a8 (a3a6a10 + a1a5a12)− a8 (a3a5a10 + a1a6a12) .

Theorem 5.3.5 For τ2 = 0, the endemic equilibrium is locally asymptotically stable

when R0 > 1 and D3D2D1 −D2
1 −D2

3D0 > 0, where Di = Bi + Ci > 0 for all i.

Proof: For τ2 = 0, the characteristic equation Eq. (5.20) becomes

λ4 +D3λ
3 +D2λ

2 +D1λ+D0 = 0, (5.21)

where Di = Bi + Ci for all i. Using the Routh-Hurwitz criteria, the malaria en-

demic equilibrium is locally asymptotically stable when Di > 0 for all i together with

D3D2D1 −D2
1 −D2

3D0 > 0 Martcheva (2015). �

When τ2 = 0 all roots of Eq (5.20) lie on the left side of the imaginary axis, indicating

stability at the endemic equilibrium. As τ2 increases from 0, a root of Eq (5.20) can

cross the imaginary axis to the right side. The critical case occurs when λ = iα, as a

root can shift to either the right or left side with a small perturbation when situated

on the imaginary axis Busenberg and Cooke (2012). Upon substituting in the Eq.

(5.20) and collecting real and imaginary parts we get

α4 − α2B2 +B0 = cosατ2

(
α2C2 − C0

)
e−dhτ2 + sinατ2

(
α3C3 − C1α

)
e−dhτ2 , (5.22)

αB1 − α3B3 = cosατ2

(
α3C3 − C1α

)
e−dhτ2 − sinατ2

(
α2C2 − C0

)
e−dhτ2 .
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Now squaring and adding, we get

α8 +H3α
6 +H2α

4 +H1α
2 +H0 = 0, (5.23)

Taking b = α2, we have

b4 +H3b
3 +H2b

2 +H1b+H0 = 0, (5.24)

where we obtain the following:

H3 = B2
3 − 2B2 − C2

3e
−2dhτ2 ,

H2 = B2
2 − 2B1B3 + 2B0 + (2C1C3 − C2

2)e−2dhτ2 ,

H1 = B2
1 − 2B0B2 + (2C0C2 − C2

1)e−2dhτ2 , H0 = B2
0 − C2

0e
−2dhτ2 .

Now transforming the equation by b = u− H3

4
into depressed quartic form:

u4 + Au2 +Bu+ C = 0, (5.25)

where A = 8H2−3H3, B = H3
3−4H3H2+8H1, C = −3H4

3 +16H2H
2
3−64H3H1+256H0.

Let u4 +Au2 +Bu+C = (u2−Lu+M)(u2 +Lu+N). Then, we have M+N = A+L2,

M − N = B/L, MN = C. Using the identity (M + N)2 = (M − N)2 + 4MN , it

follows that L2(L2 +A)2−B2− 4L2C = 0 and we get t3 + 2At2 + (A2− 4C)t−B2 = 0,

where t = L2. By inspection (for fixed coefficients) or using Cardon’s method Lestari

et al. (2020), we can obtain the value of t, and L, M , N can be obtained. Then we

can obtain u and hence possible values of b. If b > 0, then λ = ±iα exist and the

model undergoes a Hopf bifurcation.

Now, we proceed with two cases. Case I: If a positive value of b is not possible, and Eq.

(5.20) has no purely imaginary roots for all τ2 > 0, placing all of Eq. (5.20)’s roots in

the left half of the complex plane. Then the following Theorem (5.3.6), holds.

Theorem 5.3.6 If Case I is satisfied together with R0 > 1, then the malaria endemic

equilibrium is asymptotically stable for all τ2 > 0 provided that it is stable for τ2 = 0

Misra et al. (2018).

Case II: If the Eq. (5.24) has at least one positive root b∗ for R0 > 1, then Eq. (5.20)

has pair of purely imaginary roots ±iα∗ and model undergoes Hopf bifurcations.

Remark: If Eq. (5.24) has more than one positive real root, then Eq. (5.20) has more

than one pair of purely imaginary roots, and the system possesses a finite number of

stability switches as delay parameter τ2 increases.
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5.3.5.3 Malaria Dynamics with Decay Oscillations for R0 > 1

Taking parameters fixed from Table 4 and initial conditions from data on malaria in

Nepal (2022), we obtain solutions with damped oscillations, as shown in Figure 28

(a,b) and as discussed in Case (I). It is worth noting that simulating the model with a

wide range of parameters with τ2 > 0, we get decaying oscillations, verifying Case I.

However, simulating the model with a wide range of the parameter values given in

Table 4, we did not obtain Case (II).

(a)

(b)

Figure 28: Model solutions with damped oscillations when varying τ2 without other
delays, when R0 > 1. In (a), when the relapse delay is six months and 90% of those
recovered from the Ip class have a first time relapse, malaria becomes endemic in the
population, with decaying oscillations. In (b), the impact of increasing the relapse
period to one year is shown. In this case, the disease dynamics are quite slow, taking
a longer time to achieve a stable endemic level, with persistence of oscillations over a
long time.

5.3.6 Simulations Results Considering all Four Delays

Here, we examine the Hopf bifurcation phenomenon and the sensitivity of oscillations to

each four delays and and the relapse proportion. We assumed b = 0.6, αvh = 0.33, αhv =

0.59,Λ = 8, ω = 0.56, dh = 0.0029, δh = 0.00171, dv = 0.03, φ = 80, τ1 = 9, τ2 =
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0.02, τ3 = 20, τ4 = 20, ε = 0.6, ε1 = 0.1, R0 = 1.82, Sh(0) = 500, Ip(0) = 300, Ir(0) =

0, Sv(0) = 1000, Iv(0) = 300, and obtained the Hopf Bifurcation (Figure 29). In

addition with same initial conditions and parameters, tspan =1500, we see the impact

of increasing each delays at a time fixing others on the oscillations of the Ip + Ir at the

time of last fifty days (1450-1500). we observed that all delay parameters are highly

sensitive to protect the regular outbreak of infection (Figure 30).

(a)

Figure 29: Hopf bifurcations when taking all delays.

(a) (b) (c)

(d) (e)

Figure 30: Sensitivity of Hopf bifurcations to the delays and relapse proportions .
The sensitivity of the Hopf bifurcation to τ1, τ2, τ3, τ4 are shown in parts (a, b, c, d) ,
respectively. The sensitivity of the Hopf bifurcation to the proportion of relapse ε is
shown in part ( e).
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5.4 Conclusion

Addressing the persistence of Plasmodium vivax and Plasmodium ovale in global

malaria eradication is challenging due to reactivation of the dormant stage parasites in

the liver and previously-infected individuals becoming infectious again due to relapse

Yan et al. (2023). Existing models Chamchod and Beier (2013); Ghosh et al. (2020);

Wang et al. (2021) considered relapse from recovered humans using a system of ordinary

differential equations, but these studies did not fully address the impacts of the relapse

proportion and relapse delay on malaria dynamics. In this study, we developed, for the

first time, a malaria model that accounts for the delay in the reactivation of dormant

liver-stage parasites, leading to malaria reinfection.

Using our model, we performed a basic analysis and derived the basic reproduction

number, R0 for all four delays. However, in the absence of other delays, we showed

that the malaria-free equilibrium is asymptotically stable when R0 < 1, and unstable

when R0 > 1 for all values of the relapse delay, τ2. In addition, a unique endemic

equilibrium point exists and we obtained the condition for Hopf bifurcation when

R0 > 1. To verify the theoretical results, we performed simulation results of the model

with the malaria data of Nepal and predicted the local malaria burden of Nepal from

the beginning of the year 2023 to the end of the year 2025 in the absence of imported

cases.

As predicted by the analysis of our model, the relapse delay and proportions of relapses

substantially affects different aspects of malaria dynamics. Particularly, a long relapse

delay reduces the basic reproduction number and takes a longer time to achieve the

disease-free equilibrium when R0 < 1, and a short delay in relapse increases the basic

reproduction number and achieves the disease-free equilibrium rapidly when R0 < 1.

Similarly, increasing the proportion relapsing result increase in reproduction number

and decreases the rate of convergence of the solution to the malaria-free equilibrium

when R0 < 1. In the absence of imported cases, our model predicts that If 50% of

recovered individuals from the primary infection experience a first relapse, followed by

14% of those from the relapse group having multiple relapses within five months, Nepal

is expected to be malaria-free by the end of 2025. If only 28% of recovered individuals

from the primary infection experience a first relapse, followed by 25% of those from

the relapse group having multiple relapses within five months, Nepal cannot achieve

malaria-free status by the end of 2025.

If 50% of recovered individuals from the primary infection experience a first relapse,
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followed by 14% of those from the relapse group having multiple relapses within two

months, Nepal is projected to be malaria-free by the end of 2024. If 50% of recovered

individuals from the primary infection experience a first relapse, followed by 14% of

those from the relapse group having multiple relapses within six months, Nepal will

not achieve malaria-free status by the end of 2025 (Figure 27(a,b)). Thus, our study

underscores the need for consideration of relapse delays and the proportion of relapse in

modeling to accurately predict malaria dynamics. Furthermore, we obtained periodic

oscillations with Hopf bifurcations when R0 > 1. We also evaluated the sensitivity

of periodic oscillations to all delays as well as to relapse proportion. In this case,

the radius of periodic oscillations is highly sensitive to all delays; hence increasing

the delays helps to protect from regular outbreak and the solution converges to the

malaria endemic equilibrium when R0 > 1. However, the radius of periodic oscillations

increases with higher proportions of first time relapse. Thus, control strategies to

reduce the proportion of first time relapse will be highly impactful in protecting from

regular outbreak Via Hopf- Bifurcation.

We acknowledge certain limitations in our study. Firstly, due to the unavailability of

primary infection and relapse-induced infection datasets, we had to rely on parameters

obtained from existing literature and malaria cases of the base year for our simulations.

Our simulation results are based on after successful implementation of planning of cross

border collaboration of Nepal government and other countries and complete restriction

on imported cases after 2023 Nepal (2022), which is the major limitation of this

study. Given a more robust dataset, simulations utilizing estimated parameters would

further improve our predictions. Additionally, the majority of our analysis primarily

focused on varying the delay in relapse and proportion of relapses to concentrate our

examination on relpase specific impact. Given the inherent complexity of the model,

mainly due to the presence of four distinct types of delays, we were limited to testing

the stability of the infected equilibrium and the phenomenon of Hopf bifurcation

through numerical techniques across a wide range of parameter values. Although we

observed the possibility of multiple endemic equilibria when R0 < 1 and the potential of

backward bifurcation, we limit our study only to the endemic equilibria and assessment

of Hopf bifurcation when R0 > 1. In summary, our novel delay-dynamics malaria

model, which incorporates the consideration of the relapse delay, revealed that the

timing of relapse and the proportion of both single and multiple relapses play a crucial

role in shaping malaria dynamics. Our research underscores the importance of factoring

in the relapse delay when modeling malaria dynamics to enhance the accuracy of

prediction.
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CHAPTER 6

6.SUMMARY AND CONCLUSION

6.1 Summary

Malaria remains a significant health challenge in Nepal, primarily due to imported

cases from cross-border mobility, especially from India, and the high prevalence of

Plasmodium vivax, which tends to relapse over time. These factors pose substantial

barriers to Nepal’s goal of malaria elimination by 2026. This dissertation addresses

these issues by developing mathematical models that incorporate cross-border mobility

and relapse malaria cases, along with comprehensive model analysis and simulations

to understand their impact on malaria dynamics and the elimination target.

Chapter 1 includes an overview of the global malaria elimination programs, imported

malaria cases in a global context, literature reviews of malaria modeling, research

objectives and outlines. Chapter 2 details the life cycle of malaria parasites, the biology

of malaria transmission, symptoms, testing tools and techniques, and treatments. It

also covers the fundamental terminologies and theorems for malaria modeling, detailing

the analysis and simulation techniques used throughout the dissertation.

In Chapter 3, we developed mathematical model that incorporates cross-border mobility

and imported malaria cases. This chapter estimates malaria cases for 2026 and evaluates

control strategies for minimizing the burden and achieving elimination, considering

different levels of mosquito biting rates. It also covers stability analysis and persistence

theory. In Chapter 4, we perform an in-depth backward bifurcation analysis of the

model, examining various cases of mobility and deriving the threshold value for

the mobility-associated parameter, ω, necessary for achieving malaria elimination.

In Chapter 5, we develop a malaria model that includes relapse delays and the

proportion of relapses, including multiple relapses. Based on relapse parameters, this

chapter estimates the time required for the system to achieve malaria pre-elimination

equilibrium. Chapter 6 summarizes the summary and conclusions of the dissertation.

Overall, this study involves the development of mathematical models addressing real-

world issues related to the mobility of people and the associated challenges for malaria

elimination, along with the relapse problem of P. vivax and P. ovale malaria parasites.

It also addresses potential control strategies for successful elimination and maintaining

malaria at a minimal level in worst-case scenarios. Numerical simulations and analyses
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are conducted using MATLAB R2018a (The MathWorks, Inc.) and Mathematica.

6.2 Conclusion

In this study, we developed two malaria models to address the issues of imported

malaria cases due to cross-border mobility of migrant workers and relapse malaria

cases of Vivax and Ovale, based on malaria incidence in Nepal. Since 2014, imported

cases have consistently exceeded local cases, with nearly 80% of cases being Vivax.

Through our models, we gained significant insights into malaria transmission dynamics

and identified effective control strategies. We developed a mathematical model that

incorporates cross-border mobility. In the absence of cross-border mobility, reducing

the epidemic threshold R0 just below unity may not be sufficient for malaria elimination

in the home country and among migrants abroad. In the presence of mobility with

complete protection abroad, reducing R1 just below unity may still be inadequate for

eliminating malaria both at home and among the migrant population. Furthermore,

without protection abroad and border screening, the home country cannot be free from

malaria until the abroad is malaria-free. Thus, it is important to analyze the disease

dynamics when the threshold numbers are below unity through backward bifurcation

analysis.

We simplified the model with cross-border mobility for an extensive backward bifurca-

tion analysis and proved analytically that the mobility of infectious migrant workers

contributes to the phenomenon of backward bifurcation. This is a major finding in our

study and in the field of backward bifurcation literature. The analysis showed that

without cross-border mobility, backward bifurcation occurs only if the disease-induced

mortality rate is above a certain threshold. However, with ongoing cross-border

mobility and complete protection from malaria transmission abroad, elimination is

achievable only if the mobility rate of infectious migrants is kept below a critical

threshold. Without protection abroad and border screening, malaria elimination is not

possible unless the abroad is malaria-free. In this case, we determined the mosquito

biting rate threshold needed to maintain malaria at a low level in the home country.

Simulation of the model with Nepal’s malaria parameters showed that if cross-border

mobility is completely restricted, malaria can be eliminated from Nepal by 2026 due to

the negligible disease-induced death rate. Currently, there is no protection policy for

Nepalese migrants abroad, and mobility continues. Thus, Nepal can maintain a low

malaria level with local control strategies, but elimination is not possible until malaria
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is eliminated in India. However, if policies are implemented to protect migrants abroad

and adopt strict border screening to keep the mobility of infectious migrants below a

threshold, malaria elimination in Nepal is possible. Additionally, Mobility Restriction

(MR) is the most effective strategy for low mosquito biting rates, while ITN is best for

high biting rates, suggesting season- and location-specific strategies.

In our previous malaria model with cross-border mobility, we acknowledged the

limitation of not including relapse malaria cases. Our ordinary differential equation

model assumed an instantaneous rate, whereas most real-world results are impacted

by some historical functions. To address these limitations, we developed a delay

malaria model incorporating relapse. It is important to note that in recent years, the

Nepal government has initiated collaboration with Indian authorities to restrict the

cross-border mobility of infectious migrants.

We introduced a comprehensive malaria transmission model that accounts for relapse

delays in the absence of imported cases. Our findings indicate that relapse dynamics

significantly affect malaria transmission. Specifically, increasing relapse delays prolong

the time to achieve malaria-free equilibrium whenR0 < 1 but accelerate the convergence

to endemic equilibrium when R0 > 1. These insights highlight the importance of

addressing relapse cases to achieve effective malaria control.

Overall, this dissertation underscores the critical impact of cross-border mobility and

relapse dynamics on malaria transmission in Nepal. It highlights the necessity of

stringent control measures, particularly Mobility Restriction, to meet the 2026 malaria

elimination target. The developed models and simulations offer valuable insights that

can inform policy decisions and practical strategies, not only for Nepal but also for

other countries facing similar challenges. Ensuring complete protection from malaria

transmission abroad and controlling the mobility of infectious migrants are essential

steps toward successful malaria elimination.

Our study made two recommendations to the policy level for successful malaria

elimination in Nepal by 2026: (a) Implement a counseling program about protection

tools for migrants before moving abroad, together with rigorous border screening and

isolation, to achieve malaria elimination in Nepal by 2026 if there are no relapse cases.

(b) Establish and enforce a comprehensive radical cure treatment protocol alongside a

structured follow-up program to maintain relapse proportions below a certain level, as

indicated by our simulations, if there are no imported cases.
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6.3 Future research directions

The following areas will be the potential research areas to asses the global malaria

eradication.

1. Malaria transmission model incorporating the mosquito mobility from endemic

to non-endemic region.

2. The malaria model incorporating cross-border mobility and relapse in low endemic

countries.

3. Risk based malaria model with high, moderate and low risk regions of Nepal.

4. Malaria model incorporating the temperature variation.

5. Risk of infection and risk of hospitalization in vector-borne diseases.
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ABSTRACT
The cross-border mobility of malaria cases poses an obstacle to
malaria elimination programmes inmany countries, includingNepal.
Here, we develop a novel mathematical model to study how the
imported malaria cases through the Nepal-India open-border affect
the Nepal government’s goal of eliminating malaria by 2026. Mathe-
matical analyses and numerical simulations of our model, validated
by malaria case data from Nepal, indicate that eliminating malaria
from Nepal is possible if strategies promoting the absence of cross-
border mobility, complete protection of transmission abroad, or
strict border screening and isolation are implemented. For each strat-
egy, we establish the conditions for the elimination of malaria. We
further use our model to identify the control strategies that can help
maintain a low endemic level. Our results show that the ideal control
strategies should be designed according to the average mosquito
biting rates that may depend on the location and season.
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1. Introduction

Malaria continues to pose a global health burden and is one of the leading causes of
death in many developing countries [11]. In 2019, about 229 million cases of malaria
and 409 thousand malaria-related deaths were estimated worldwide, mainly in African
countries [30,67]. Despite the continuous control efforts with programmes targeting elim-
ination, malaria cases have slightly increased globally for the past few years. According
to the WHO reports, the total number of worldwide malaria cases in 2016, 2017, 2018,
2019, and 2020 are 214, 217, 219, 228, and 229 million, respectively. In pursuit of malaria
elimination, broad access to human mobility has been a primary obstacle to successful
malaria control in many countries, including Nepal [23]. In particular, the human mobil-
ity between low and high endemic countries results in the importation of malaria cases
from high to low endemic countries, causing potentiality for the resurgence of malaria
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in low endemic countries. Notably, the cross-border migrants contribute to the transfer
of malaria cases from high to low endemic countries [33]. For example, even though
the elimination of malaria from Spain was declared in 1964, about 10,000 cases were
reported, mostly in travellers andmigrants, in a later year. Similarly, about 12,000 to 15,000
cases of malaria are imported to European Union (EU) every year, with the majority to
France, the UK, and Germany fromWest Africa [32,59,68]. Given the significant obstacle
to malaria elimination due to human mobility across borders, studying the impact of the
imported cases through cross-border mobility on the malaria elimination programmes is
critical.

Nepal is one of the countries facing the direct consequence of a cross-border trans-
fer of malaria cases due to its open border provision with India. Although the malaria
elimination programmes in Nepal started in 1958 [25], the trend of malaria cases
remained fluctuated between 1963 and 2018, with a peak in 1985 (more than 42,321
cases) [22,28]. After 1985, the number of cases steadily declined, and the transmission
rate eventually reached a low level of 0.08 per 1000 annual parasite incidence (API)
among the risk population in 2018 [66]. With this rapidly decreasing- trend, the Nepal
government has set the goal of zero indigenous malaria by 2022 and malaria elimi-
nation by 2026 [29]. However, the porous border between Nepal and India has been
a severe concern for achieving these goals because even though the number of total
cases declined from 2009 (3500 cases) to 2018 (1065 cases) by 69%, the net imported
cases increased during this period by approximately 40 to 58% [28]. Most of these
imported cases reported a history of travel to malaria-endemic areas of India [29].
An increase in imported cases has posed an uncertainty about the elimination pro-
grammes to meet Nepal’s goal set. Mathematical modelling can provide a valuable tool
to predict the potential impact of such imported cases on malaria elimination from
Nepal.

Since the first differential equation-based model introduced by Ronald Ross in 1911
[12], various mathematical models have been developed to study the impact of con-
trol and prevention policies on the incidence of malaria in many endemic regions
[6,18,19,36,42,48,54]. These models have been further extended by incorporating age
structure, loss of immunity, the effect of social, economic, and environmental fac-
tors, human migration, drug resistance of vector, the impact of bed-nets, multi-groups,
and multi patches [2–4,7,10,16,20,31,37,45–47,52,61–63]. Even though some mathemat-
ical models [8,17,39,51,58] include cross-border mobility, there remains uncertainty on
the various aspects of the role of imported cases in vector-borne disease, particularly
malaria transmission. Except for some descriptive, analytical, and retrospective studies
[21,25,55,57,66], none of the previous models focused on the dynamics of indigenous
and imported malaria cases in the context of Nepal, which is in critical condition of
achieving the 2026 malaria elimination goal due to cross-border mobility of migrant
workers.

Motivated from a previous study [64], which addressed the impact of cross-border
mobility on HIV-AIDS epidemics in Nepal, we develop a novel transmission dynamics
model of malaria by incorporating the imported cases through the cross-border mobil-
ity into a basic malaria model. Using the data of malaria cases in Nepal, we estimate the
critical parameters of malaria dynamics in Nepal. We thoroughly analyze our model to
study the impact of cross-border mobility on disease eradication and threshold dynamics.
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We further use our model to predict the future trend of imported and indigenous malaria
cases and evaluate the different control strategies to achieve the malaria elimination goal
by 2026.

2. Mathematical model

2.1. Model formulation

To develop a transmission dynamicsmodel ofmalaria, we divide the total population of the
home country into two groups: the population living in the home country (NhH) and the
population living abroad asmigrant workers (NhM). Each of these groups is further divided
into three subgroups: susceptible (ShH), infectious (IhH), and recovered (RhH) in the home
country and susceptible (ShM), infectious (IhM), and recovered (RhM) living abroad as
migrant workers. Moreover, we consider susceptible and infectious mosquito populations
in the home country (SvH , IvH) and abroad (SvA, IvA). We note that the migrant workers,
NhM , are included in the total human population abroad (NhA) and thus the corresponding
abroad groups, susceptible (ShA), infectious (IhA), and recovered (RhA) include ShM , IhM ,
and RhM , respectively.

In our model, malaria transmission occurs from infected mosquitoes to susceptible
humans and from infected humans to susceptible mosquitoes through mosquito bites. We
assume that b and b′ are the per capita biting rates of mosquitoes in the home country
and abroad, respectively. αvh and α′

vh are the probability in the home country and abroad,
respectively, that an infectiousmosquito transmitmalaria to a susceptible human in a single
bite. Similarly,αhv andα′

hv are the probability in the home country and abroad, respectively,
that the malaria is transmitted from infectious human to a susceptible mosquito in a sin-
gle infectious bite. For the home country, the total number of bites (per time) from all the
infectiousmosquitoes is bIvH (infectious bites). Among these bites, the susceptible humans
get bIvHShH

NhH
infectious bites. Therefore, the incidence rate of humans (i.e. the new human

infections per unit time) is bαvhIvHShH
NhH

[2,14,15,34,40,71,72]. Similarly, the incidence rate

for humans in abroad is b′α′
vhIvAShA
NhA

. Also, the total number of bites (per time) made by the
susceptible mosquitoes in the home country is bSvH . Among these bites, the total number
of bites from the infectious humans (infectious bites) is bSvHIhH

NhH
. Therefore, the Incidence

rate of mosquitoes (i.e. the new mosquito infections per unit time) is bαhvIhHSvH
NhH

. Similarly,

the incidence rates for mosquitoes in abroad is b′α′
hvIhASvA
NhA

.
The infectious humans recover with the rate γh, and the recovered individuals lose their

immunity andmove back to the susceptible class at the rate q. Because of the short lifespan
of mosquitoes, we do not consider the recovered class for the mosquitoes population. The
parameters� and dh represent the recruitment rate and the natural death rate of humans,
respectively, while the parameters φ and dv represent the recruitment rate and the death
rate of mosquitoes, respectively. We assume that η represents the per capita cross-border
mobility rate for susceptible populations (ShH , ShM) and recovered populations (RhH ,RhM).
Since infected individuals may behave differently in their travels from and to the home
country, we take p and θ as the cross-border mobility rate for infectious individuals from
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Figure 1. Malaria transmission dynamics with cross-border mobility. The upper SI-SIRS (inside red
dashed line) and lower SI-SIRS (inside blue dashed line) represent the dynamics ofmalaria abroad and in
the home country. The solid arrows represent the transfer of populations, and the dotted arrows repre-
sent the interaction between the susceptible human and infectious female Anopheles mosquitoes and
infectious humans with susceptible female Anopheles mosquitoes. Here, subscripts H, A, and M refer to
home, abroad, andmigrant, respectively, and the subscript h andv refer to humanandvector (mosquito),
respectively.

and to the home country, respectively. In the model, θIhM and bαvhIvHShH
NhH

represent the
imported and indigenous malaria incidence at home country, respectively.

The schematic diagram of our model is presented in Figure 1. The system of equations
describing the transmission dynamics of malaria discussed above is as follows:

S′
hH = �+ ηShM + qRhH − bαvhIvH

NhH
ShH − (η + dh)ShH , (1)

I′hH = bαvhIvH
NhH

ShH + θIhM − (p + dh + δh + γh)IhH , (2)

R′
hH = γhIhH + ηRhM − (η + dh + q)RhH , (3)

S′
vH = φ − bαhvIhH

NhH
SvH − dvSvH , (4)

I′vH = bαhvIhH
NhH

SvH − dvIvH , (5)
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S′
hM = ηShH + qRhM − b′α′

vhIvA
NhA

ShM − (dh + η)ShM , (6)

I′hM = b′α′
vhIvA
NhA

ShM + pIhH − (θ + δh + dh + γh)IhM , (7)

R′
hM = γhIhM + ηRhH − (η + dh + q)RhM , (8)

S′
vA = φ − b′α′

hvIhA
NhA

SvA − dvSvA, (9)

I′vA = b′α′
hvIhA
NhA

SvA − dvIvA. (10)

2.2. Approximation to incidence rate abroad

Since the detailed dynamics of malaria abroad makes the model extremely complex and
uncertain, we introduce an index ψ(t) called Annual Parasite Incidence (API), for which
the data are publicly available. We introduce this index into the model to approximate the
incidence rate abroad. Here ψ(t) is defined as the number of positive cases of malaria per
population under surveillance, i.e.ψ(t) = IhA(t)

NhA(t)
. The incidence rate of humans in abroad

is given by

λ′
h = b′α′

vhIvA(t)
NhA(t)

= b′α′
vhIvA(t)
IhA(t)

ψ(t).

Both b′α′
vhIvA(t) and IhA(t) are differentiable functions in the interval [0,T], whereT is the

final time of the disease dynamics considered. Assuming that IhA(t) �= 0,∀ t ∈ [0,T], the
mean value theorem of integral calculus allows us to approximate the integral of the con-
tinuous function b′α′

vhIvA(t)
IhA(t)

with a constant ζ = b′α′
vh

T
∫ T
0

IvA(t)
IhA(t)

dt ≈ b′α′
vh

IvA(t0)
IhA(t0)

for some
t0 ∈ (0,T). Thus, we approximate the incidence rate abroad by λ′

h = ζψ(t) and estimate
the value of ζ from the data fitting. With this approximation, the system (1)–(10) reduces
to the system of the following eight differential equations.

S′
hH = �+ ηShM + qRhH − bαvhIvH

NhH
ShH − (η + dh)ShH , (11)

I′hH = bαvhIvH
NhH

ShH + θIhM − (p + dh + δh + γh)IhH , (12)

R′
hH = γhIhH + ηRhM − (η + dh + q)RhH , (13)

S′
vH = φ − bαhvIhH

NhH
SvH − dvSvH , (14)

I′vH = bαhvIhH
NhH

SvH − dvIvH , (15)

S′
hM = ηShH + qRhM − ζψ(t)ShM − (dh + η)ShM , (16)

I′hM = ζψ(t)ShM + pIhH − (θ + δh + dh + γh)IhM , (17)

R′
hM = γhIhM + ηRhH − (η + dh + q)RhM . (18)
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3. Parameters andmodel validation

3.1. Data

In this study, we used the data containing both indigenous and imported malaria cases in
Nepal. Since the total cases were not classified as imported and indigenous before 2009, we
considered the data only from 2009 to 2019 for ourmodel fitting. The primary data sources
related to malaria cases in Nepal are the National Malaria Surveillance Guidelines 2019
published by the Government of Nepal, Ministry of Health and Population Department of
Health Services Epidemiology and Disease Control Division (EDCD) [21,28]. In addition,
we also obtained the data of Annual Parasitic Incidence (API) of India from the Malaria
Site India [41,44].

3.2. Parameter estimation

The population of Nepal was estimated to be 23,151,423 in 2001 [69] and 26,494,504 in
2011 [70]. Taking the average population growth per year from 2001 to 2011, we estimated
the population of Nepal in 2009 (the base year of our dynamics, i.e. t = 0) to be 25,825,888.
About 5.5 million Nepalese, including 1.9 million male workers, were living abroad [38],
mostly in India. These migrant workers bring malaria upon their return home, contribut-
ing the significant number of imported malaria cases in Nepal [29]. Note that the majority
of Nepalese migrants working in India are male [64]. Therefore, we took NhM(0) = 1.9
million. With 5.5 million living abroad, the population inside Nepal is approximately
20,325,888. Since most of the hilly and mountainous regions of Nepal are considered
risk free zone of malaria, leaving only about 48% of Nepalese residing in other regions
in high, moderate or low risk area [50], we estimated NhH(0) = 9,756,426. Moreover, we
used the information from the data and divided the total population into different com-
partments and obtained ShH(0) = 9,754,000, IhH(0) = 2000,RhH(0) = 426, ShM(0) =
1,898,300, IhM(0) = 1400,RhM(0) = 300, SvH(0) = 9,754,176, and IvH(0) = 2250. About
37.5% of the total migrant workers (∼179,464) travelled from Nepal to India in 2009 [27].
This allows us to estimate per capita annual mobility rate of migrants from Nepal to India
as η = Number of migrants from Nepal to India

Total risk population of malaria in Nepal = 179, 464
9, 756, 426 = 0.0183 (per human per year).

The Crude Birth Rate (CBR), i.e. the number of live birth per year per 1000 people,
of Nepal for the year 2009 was 23.189 [70], which implies the human recruitment rate per
year for the population in the risk area is� = 48% of 23.189×25,825,888

1000 = 287,460. Since the
average life expectancy of Nepalese individuals in 2009 was 67.178 years [60], the natural
death rate of humans per year is taken as dh = 0.0149 per year. The number of deaths due
to malaria in the base year [26] was 6, so we calculated δh = 0.0017 per year. The duration
of immunity for recovered people varies widely from region to region, and we took the
immunity period to be 3 months, i.e. q = 4 per year [15]. For model fitting, we assumed
that all the cases are recorded and that malaria-infected Nepalese do not move to India as
workers while sick. Therefore, we took p=0.

The population of female Anopheles mosquitoes has been estimated to be 1–10 times
the human population [13,15,34]. Thus we took the mosquito population equal to base
year humanpopulation 9,756,426. Based on the previous studies [1,9,13,15,34], we took the
probability of disease transmission, per bite, from an infectious mosquito to a susceptible
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human as αvh = 0.0195, and from an infectious human to a susceptible mosquito as
αhv = 0.63. Similarly, the human recovery rate and the mosquito death rate were obtained
from previous studies as γh = 1.85 per year and dv = 27.9113 per year [1,9,13,15,34]. The
remaining parameters, θ , ζ , and b, were estimated from the data fitting.

3.3. Model fitting to the data

As per the national planning of malaria elimination by 2026, the Government of Nepal
introduced the strategic plan in 2014, which includes the distribution of Long Lasting
Insecticide Treated Nets (LLINs) and Indoor Residual Spraying (IRS) intended to reduce
mosquito bites [29]. Thus in our model fitting, we allow the different biting rates for the
period before (b = b1) and after (b = b2) 2014.

The available data are the yearly indigenous malaria incidence, the yearly imported
malaria incidence, and the total malaria incidence in Nepal. From the solution of our
model, the indigenous, the imported, and the total malaria incidences at time t, denoted
by L(t), I(t), and T(t), respectively, can be computed using the following expressions:

L(t) = bαvhShHIvH
NhH

, I(t) = θIhM , T(t) = bαvhShHIvH
NhH

+ θIhM . (19)

The model system of differential equations was solved numerically using the fourth-
order Runge-Kutta method. Using the solutions, we obtained the best-fit parameters using
the nonlinear least-squares regression method that minimizes the following sum of the
squared residuals:

J(φ) =
n∑

k=1

[
(L(tk)− L̄(tk))2 + (I(tk)− Ī(tk))2 + (T(tk)− T̄(tk))2

]
, (20)

whereL(tk), I(tk),T(tk) and L̄(tk), Ī(tk), T̄(tk) are themodel predicted incidences and those
given in the available data. In our data fitting, we used the total 30 data points to esti-
mate four parameters � = (θ , ζ , b1, b2). The ratio of data to the free parameters used in
our model, i.e. 7:1, is well within the recommended range of 5:1–10:1 [53]. Also, three
types of data (indigenous, imported, and total) included in fitting provide additional fea-
ture of malaria infection. To obtain the confidence limits for the estimated parameters, we
computed standard errors from the sensitivitymatrix S using the techniques described pre-
viously [49]. Furthermore, we computed the rank of the matrix STS and found the matrix
to be of the full rank (rank = 4), which ascertain the identifiability of these parameters of
the model [43]. All computations were carried out in MATLAB (The MathWorks, Inc.).

In Figure 2, we present the model prediction, along with the data, of the indigenous,
the imported, and the total malaria incidence. The model fits have captured the dynam-
ics pattern of the multiple data well, and the model prediction is also consistent with the
cumulative data (Figure 2), thereby validating the model. All estimated parameters, as well
as the fixed parameters, are provided in Table 2. As indicated by the data [29], the model
solutions also show the decreasing trend of the malaria cases from 2009, with the indige-
nous case beingmore than the imported case until 2014. However, after 2014, the imported
case overtook the indigenous case, indicating the alarming situation originating from the
imported cases.
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Figure 2. Model fitting to the data. (a) Solution of the fitted model along with the data of indigenous,
imported, and total malaria incidences in Nepal, and (b) Model prediction of cumulative indigenous,
cumulative imported, and cumulative total cases in Nepal.

Our estimates show that the biting rate of mosquitoes is b1 = 48.0 (95% CI: [38.13,
57.87]) before 2014, and b2 = 39.5 (95% CI: [29.63, 49.37]) after 2014. These estimated
values are consistent with the values provided in many previous studies [15,34]. Similarly,
we estimated the disease import rate θ = 0.98 (95% CI: [0.42, 1.54]) and the parameter
corresponding to the incidence rate in India ζ = 0.00105 (95% CI: [0.0005, 0.0016]).

4. Model analysis

Note that our model is non-autonomous due to the presence of time-dependent parameter
ψ(t). Sinceψ(t) depends on the policy implemented abroad, the time-dependent nature of
this parameter remains unknown, and the analysis of this non-autonomous model is com-
plicated and uncertain. Therefore, for the purpose of analysis, we consider the autonomous
form of the model by taking a constant k = (ζ/T)

∫ T
0 ψ(t) dt as an approximation to the

incidence rate abroad.

4.1. Basic properties ofmodel: positivity and boundedness

In this section, we show that the solutions of all the state variables are non-negative and
bounded in order to demonstrate that the model is well-posed and biologically valid
for describing malaria transmission dynamics. The results are presented in the following
theorem.

Theorem 4.1: If ShH(0) > 0, IhH(0) ≥ 0,RhH(0) ≥ 0, ShM(0) ≥ 0, IhM(0) ≥ 0,RhM(0) ≥
0, SvH(0) > 0, IvH(0) ≥ 0, then the solution set {ShH(t), IhH(t),RhH(t), ShM(t), IhM(t),
RhM(t), SvH(t), IvH(t)} of the system (11)–(18) is always non-negative and bounded.

Proof: See Appendix A.1. �
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Using the above conditions, we derive that for any ε > 0, there exists tε > 0 such that
the solution of the system with t ≥ tε lies in the compact set� = �h ×�v, where

�h =
{
(ShH , IhH ,RhH , ShM , IhM ,RhM) ∈ 	6

+ : Nh ≤ �

dh
+ ε

}

and

�v =
{
(SvH , IvH) ∈ 	2

+ : Nv ≤ φ

dv
+ ε

}
.

4.2. Existence of equilibria

For convenience, we let ShH = x, IhH = y,RhH = z, ShM = X, IhM = Y ,RhM = Z, SvH = l,
and IvH = m, and we take (x∗, y∗, z∗, l∗,m∗,X∗,Y∗,Z∗) to represent the equilibrium point
of the system (11)–(18). For simplicity, we assume that also for the infectious compart-
ments, the mobility rate is equal in both ways, from home to abroad and vice versa, i.e.
θ = p. Taking,

λ∗
h = βh

m∗

N∗
hH

, λ∗
v = βv

y∗

N∗
hH

, βv = bαhv, βh = bαvh, (21)

the system (11)–(18) provides

x∗ = P
K1 + K2 λ

∗
h
, y∗ = Q1 + Q2λ

∗
h

K1 + K2 λ
∗
h
, z∗ = Q3 + Q4λ

∗
h

K1 + K2 λ
∗
h
,

X∗ = S1 + S2λ∗
h

K1 + K2 λ
∗
h
, Y∗ = T1 + T2λ

∗
h

K1 + K2 λ
∗
h
, Z∗ = U1 + U2λ

∗
h

K1 + K2 λ
∗
h
,

(22)

where P,Q1,Q2,Q3,Q4, S1, S2,T1,T2,U1,U2,K1,K2 are non-negative constants with the
combination of model parameters computed using Wolfram Mathematica. The closed-
forms of these expressions are provided in Supplementary Material A (page 1–3). With
some algebraic manipulation, we obtain

N∗
hH = P + Q1 + Q3 + λ∗

h(Q2 + Q4)

K1 + K2 λ
∗
h

, λ∗
v = βv(Q1 + Q2λ

∗
h)

P + Q1 + Q3 + λ∗
h(Q2 + Q4)

,

m∗ = φβv(Q1 + Q2λ
∗
h)

dv
(
βvQ1 + dvP + Q1dv + Q3dv + (Q2dv + Q4dv + βvQ2)λ

∗
h
) , l∗ = φ − m∗dv

dv
.

(23)

Then, from (21) and (23), we obtain

a0λ∗3
h + a1λ∗2

h + a2λ∗
h + a3 = 0, (24)

where,

a0 = Q2Q4dvβv + 2Q2Q4d2v + Q2
2dvβv + Q2

2d
2
v + Q2

4d
2
v > 0,

a1 = PQ2dvβv + 2PQ2d2v + 2PQ4d2v + Q2Q3dvβv + Q1Q4dvβv + 2Q2Q3d2v + 2Q1Q4d2v
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+ 2Q1Q2dvβv + 2Q1Q2d2v + 2Q3Q4d2v − K2Q2φβhβv,

a2 = P2d2v + PQ1dvβv + 2PQ1d2v + 2PQ3d2v + Q1Q3dvβv + 2Q1Q3d2v + Q2
1dvβv + Q2

1d
2
v

+ Q2
3d

2
v − K2Q1φβhβv − K1Q2φβhβv,

a3 = −K1Q1φβhβv ≤ 0.

Since the primary focus of our study is to evaluate the impact of imported cases via
cross-border mobility on the local malaria transmission and control, we now analyze the
existence of equilibria for four important cases stated based on the mobility and outside
transmission parameters η, θ , and k. The cases we consider are: (I) η = 0, θ = 0, k �= 0
(absence of cross-border mobility); (II) η �= 0, θ �= 0, k = 0 (complete protection of trans-
mission abroad); (III) η �= 0, θ = 0, k �= 0 (strict border screening and isolation); and
(IV) η �= 0, θ �= 0, k �= 0 (presence of cross-border mobility, no protection, and no bor-
der screening or isolation). We now perform equilibria analysis for each of these four cases
in the following subsections.

4.2.1. Case-I: η = 0, θ = 0, k �= 0 (absence of cross-bordermobility)
In this case,Q1,Q3, S1,T1,U1 are zero and P �= 0,K1 �= 0, implying that one root of (24) is
zero, i.e. λ∗

h = 0. Then, from (22) and (23), we obtain a disease-free equilibrium point, E0,
given by

E0 =
(
�

dh
, 0, 0,

φ

dv
, 0, 0, 0, 0

)
.

We now derive the epidemic threshold index, R0, corresponding to this disease-free equi-
librium point (E0) by using the second-generation matrix method [24,65] (the details are
provided in Appendix A.2) and obtain

R0 =
√

φdhβhβv
�(dh + δh + γh)d2v

.

We also confirm that our expression of R0 is consistent with the one derived from the
first principle [35,65] (see Appendix A.3). The other two roots of (24) are given by λ∗

h =
−a1±

√
a21−4a0a2
2a0 . Note that a0 > 0. Also, it is easy to verify that ifR0 > 1, then a2 < 0, which

implies one value of λ∗
h, i.e.

−a1+
√

a21−4a0a2
2a0 , is positive. This provides us with one endemic

equilibrium point of the system. Similarly, if R0 < 1, then a2 < 0. In this case, the system
provides either two positive values of λ∗

h, i.e. two endemic equilibrium points, if a1 < 0 or
no positive λ∗

h, i.e. no endemic equilibrium point, if a1 > 0.

4.2.2. Case-II: η �= 0, θ �= 0, k = 0 (complete protection of transmission abroad)
In this case, Q1,Q3,T1,U1 are zero, and P, S1,K1 are positive, which shows one of λ∗

h to
be zero from (24). Then from (22) and (23), we obtain another disease-free equilibrium
point, E01, given by

E01 =
(
�(dh + η)

dh (dh + 2η)
, 0, 0,

φ

dv
, 0,

η�

2ηdh + d2h
, 0, 0

)
.
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We also obtain the epidemic threshold index, R1, corresponding to this disease-free
equilibrium point, E01, as follows (see Appendix A.4)

R1 = R0

√
1 + η (dh + γh + δh)+ (η − θ) dh

(dh + η) (dh + γh + δh + 2θ)
.

Note that the migrant workers presumably travel less while they are infected. This implies
η − θ ≥ 0 and hence R1 ≥ R0 in general. Similar to Case I above, we can easily verify that
if R1 > 1, we obtain only one endemic equilibrium point, and if R1 < 1, we obtain two
equilibrium points (or no equilibrium point) depending on whether a1 < 0 (or a1 > 0).

4.2.3. Case-III: η �= 0, θ = 0, k �= 0 (strict border screening and isolation)
In this case, Q1 is 0, and K1, P,Q3, S1,T1,U1 are positive. One root of the Equation (24) is
zero, giving a disease-free equilibrium point, E02. However, this disease-free equilibrium
condition asserts the absence of the disease only within the home country while allowing
the disease among migrants abroad. The expression for E02 is given by

E02 =
(

P
K1

, 0,
Q3

K1
,
φ

dv
, 0,

S1
K1

,
T1

K1
,
U1

K1

)
,

and the corresponding epidemic threshold index is (see Appendix A.5)

R2 =
√

PK1φβhβv

(P + Q3)2d2v (dh + γh + δh)
.

Note that η = 0 implies R2 = R0 as expected. Again, as in Case I and II above, here also
we obtain only one endemic equilibrium point for R2 > 1 and two equilibrium points (or
no equilibrium point) depending on whether a1 < 0 (or a1 > 0) for R2 < 1.

4.2.4. Case-IV: η �= 0, θ �= 0, k �= 0 (presence of cross-bordermobility, no protection,
and no border screening or isolation)
In this case, a3 �= 0 implying λ∗

h �= 0 (from (24)) and m∗ �= 0 (from (21)). This implies
that the disease-free equilibrium point does not exist, indicating that malaria eradication
is not possible as long as there is a presence of cross-border mobility, absence of protection
abroad, and absence of border screening and isolation.

To analyze possible endemic equilibrium points, we representα,β , and γ to be the three
possible roots of the cubic equation (24). The product of roots, αβγ = − a3

a0 . Since a0 > 0
and a3 < 0, αβγ > 0. This shows that all three roots can not be negative real numbers.
Also, (24) can not have one negative real root and two complex roots because other-
wise, two complex roots α = a + ib,β = a − ib and one negative real root γ provides
αβγ = (a2 + b2)γ < 0, which is not possible here. Thus, the Equation (24) provides at
least one positive value ofλ∗

h, and hence the system admits at least one endemic equilibrium
point.

To identify whether the system has 1, 2, or 3 endemic equilibrium points, we first
transform the Equation (24) in terms of the equilibrium infected humans, y∗, to obtain
FL(y∗) = FR(y∗), where FL(y∗) = −M2y∗ − M3 and FR(y∗) = M0(y∗)3 + M1(y∗)2. The
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Figure 3. Endemic equilibriums. (a) Graphs of FL(y) and FR(y) with possible three intersections corre-
sponding to three endemic equilibrium points. (b) Graphs of FL(y) and FR(y) with exactly two endemic
equilibriumpoints y∗1 = y∗2 and y

∗
3 . Decreasing the slopeof FL(y) further gives only one equilibriumpoint

y∗3 (a high epidemic level). (c) Graphs of FL(y) and FR(y)with exactly two endemic equilibrium points y∗1
and y∗2 = y∗3 . Increasing the slope of FL(y) further gives only one equilibrium point y∗1 (a low epidemic
level).

equilibrium values of y∗, i.e. y∗
1, y

∗
2, y

∗
3, are then given by the intersection of the curves FL(y)

and FR(y) (Figure 3). As shown in Figure 3, the slope −M2 of the linear function FL(y),
which can be explained in terms of the infection rate βh, can help determine the existence
of 1, 2, or 3 equilibria. An increase in βh (i.e. a decrease in the slope of FL(y)) makes the
equilibrium point y∗

1 and y∗
3 move to the right and y∗

2 move to the left, eventually giving
y∗
1 = y∗

2 corresponding to two equilibria y∗
1 = y∗

2 and y∗
3 (Figure 3(b)). Increasing βh fur-

ther, y∗
1 and y∗

2 disappear, and only one equilibrium point y∗
3 exists. Since the equilibrium

point y∗
3 attains the highest value, we can correspond this situation to the worst-case sce-

nario, i.e. a high endemic level. Similarly, decreasing βh (i.e. increasing the slope of the
linear function FL(y)) causes y∗

1 and y∗
3 to move to the left and y∗

2 to move to the right. At
some point, y∗

2 and y
∗
3 coincide with each other, giving only two equilibrium points y∗

1 and
y∗
2 = y∗

3. If βh is decreased further, then y
∗
2 and y

∗
3 disappear, leaving only y

∗
1 as an endemic

equilibriumpoint. Since y∗
1 corresponds to the smallest equilibriumpoint, the case inwhich

the only y∗
1 exists can be considered as the endemic condition with the minimum burden.

Therefore, increasing the slope −M2 (for example, decreasing βh), making it less than its
threshold value (corresponding to y∗

2 = y∗
3), can be a vital control strategy to maintain the

endemic at a low level.
In summary, the parameter a3, which is always non-positive, provides an important

threshold for disease-free equilibrium to occur (a3 = 0). As long as a3 �= 0 (i.e. a3 < 0),
there is no DFE, and the system always provides at least one endemic equilibrium. The
absence of DFEwith at least one endemic equilibrium can be attributable to ongoing infec-
tion abroad and the importation of malaria cases through cross-border mobility, making
a3 �= 0.When a3 = 0 (presence of DFE), 1 or 2 endemic equilibriumpoints exist according
to the sign of other parameters (a1, a2), which depend upon the thresholds R0,R1, or R2.
Similarly, when a3 < 0 (absence ofDFE), 1 to 3 endemic equilibriumpoints exist according
to the sign of other coefficients.
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4.3. Stability analysis and uniform persistence

In this section, we provide some analytical results related to the stability and uniform per-
sistence of the system, specifically, the local stability of the disease-free equilibrium points
and the uniform persistence for Case-I and Case-II. In addition, for Case-III, we provide
the local stability of the disease-free equilibrium point that corresponds to the absence of
disease within the home country only. We were unable to prove the uniform persistence
for Case-III and Case-IV because of the complexity of the model, presumably due to the
absence of the overall disease-free equilibrium point in these cases.

4.3.1. Case-I: η = 0, θ = 0, k �= 0 (absence of cross-bordermobility)
We prove the local stability of the disease-free equilibrium E0 as stated in the following
theorem.

Theorem 4.2: The disease free equilibrium point E0 of the system (11)–(18) is locally
asymptotically stable if R0 < 1, and unstable if R0 > 1.

Proof: See Appendix A.6. �

From the eigenvalues of the Jacobian matrix J at E0 (Appendix A.6), we have the
following lemma.

Lemma 4.3: For the Jacobian matrix J, the following statements hold:

(1) R0 = 1 if and only if S(J) = 0,
(2) R0 > 1 if and only if S(J) > 0,
(3) R0 < 1 if and only if S(J) < 0,

where S(J) := max{Re(λ) : λ is eigenvalue of the jacobian of system at DFE E0}.

We now establish that R0 > 1 can also provide a condition for the uniform persistence
of the disease in the home country in the absence of cross-border mobility. Here, we use
the following notations and definitions.

�o = {(ShH(t), IhH(t), . . . , IvH(t)) ∈ 	5
+ : ShH(t) > 0, IhH(t) > 0, . . . , IvH(t) > 0},

∂�o = {(ShH(t), IhH(t), . . . , IvH(t)) ∈ 	5
+ : IhH(t) = 0 or IvH(t) = 0},

� = �o ∪ ∂�o = 	5
+.

In the absence of cross-border mobility, it is enough to consider only the decoupled sys-
tem (11)–(15). We assume that τ(t)P is the solution maps generated by the decoupled
system (11)–(15) with initial value P. We denote M∂ = {P ∈ ∂�o : τ(t)P ∈ ∂�o}, and
ω(P) = {y : τ(t)P → y as t → ∞}. We first state and prove the following three lemmas.

Lemma 4.4: The sets �o and ∂�o are positively invariant under the flow induced by the
decoupled system (11)–(15) of the home country.

Proof: See Appendix A.7. �
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Lemma 4.5: Every forward orbit of τ(t) in M∂ converge to E0, i.e. E0 is the fixed point of
τ(t) and acyclic in M∂ .

Proof: See Appendix A.8. �

Lemma 4.6: If R0 > 1, then there exists ρ > 0 such that

lim
t→∞ Sup ‖τ(t)P − E0‖ ≥ ρ, ∀ P ∈ �o.

i.e. E0 is uniform weak repeller with τ(t).

Proof: See Appendix A.9. �

We are now ready to state the following theorem, which establishes the condition for
malaria persistence in Nepal when cross-border mobility is absent.

Theorem 4.7: Let R0 > 1, then the decoupled system (11)–(15) of home country is uni-
formly persistent with respect to (�o, ∂�o) in the sense that there is a positive constant
σ > 0 such that every solution (ShH(t), IhH(t),RhH(t), SvH(t), IvH(t)) of (11)–(15) with
(ShH(0), IhH(0),RhH(0), SvH(0), IvH(0)) ∈ �o satisfies

lim
t→∞ Inf IhH ≥ σ , lim

t→∞ Inf IvH ≥ σ (25)

Proof: Assume that R0 > 1, then it follows from Lemma 4.3 that S(J) > 0. Let τ(t)P is
the solution maps generated by the decoupled system (11)–(15) with initial value P ∈ �o.
Clearly, the system {τ(t)}t≥0 admits the global attractor in 	5+. From the Lemma 4.5, E0
is a fixed point of τ(t) and acyclic inM∂ , every solution inM∂ approaches E0. Moreover,
Lemma 4.6 implies that E0 is an isolated invariant set in � andWs(E0) ∩�o = φ. By the
acyclicity theorem of uniform persistence for maps [73], it follows that τ(t) is uniformly
persistent with respect to (�o, ∂�0). Hence there exists σ > 0 such that limt→∞ Inf IhH ≥
σ , limt→∞ Inf IvH ≥ σ . This completes the proof. �

4.3.2. Case-II: η �= 0, θ �= 0, k = 0 (complete protection of transmission abroad)
The local stability of the disease-free equilibrium E01, corresponding to the case when
complete protection of transmission is in force outside Nepal, is given by the following
theorem.

Theorem 4.8: The disease free equilibrium point E01 of the system (11)–(18) is locally
asymptotically stable if R1 < 1, and unstable if R1 > 1.

Proof: See Appendix A.10. �

We also have the following lemma.

Lemma 4.9: For the Jacobian matrix J1 (Appendix A.10), the following statements hold:

(1) R1 = 1 if and only if S(J1) = 0,
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(2) R1 > 1 if and only if S(J1) > 0,
(3) R1 < 1 if and only if S(J1) < 0.

We also prove that R1 > 1 provides the condition for uniform persistence of the disease
with dynamics given by the system (11)–(18) with η �= 0, θ �= 0, k = 0. Here, we use the
following notations and definitions.

�o = {(ShH(t), IhH(t), . . . ,RhM(t)) ∈ 	8
+ : ShH(t) > 0, IhH(t) > 0, . . . ,RhM(t) > 0},

∂�o = {(ShH(t), IhH(t), . . . ,RhM(t)) ∈ 	8
+ : IhH(t) = 0 or IvH(t) = 0 or IhM(t) = 0}.

To prove uniform persistence of {τ(t)}t≥0 with respect to (�o, ∂�o), we need the following
three lemmas.

Lemma 4.10: The sets �o and ∂�o are positively invariant under the flow induced by the
system (11)–(18).

Proof: See Appendix A.11. �

Lemma 4.11: Every forward orbit of τ(t) in M∂ converge to E01.

Proof: See Appendix A.12 �

Lemma 4.12: If R1 > 1, then there exists ρ > 0 such that

lim
t→∞ Sup ‖τ(t)P − E01‖ ≥ ρ, ∀ P ∈ �o.

i.e. E01 is uniform weak repeller with τ(t).

Proof: See Appendix A.13. �

With the help of the above lemmas, we now establish the following persistence theorem.

Theorem 4.13: If R1 > 1, then the system (11)–(18) is uniformly persistent with
respect to (�o, ∂�o) in the sense that there is a positive constant σ > 0 such
that every solution (ShH(t), IhH(t),RhH(t), SvH(t), IvH(t), ShM(t), IhM(t),RhM(t)) with
(ShH(0), IhH(0),RhH(0), SvH(0), IvH(0), ShM(0), IhM(0),RhM(0)) ∈ �o satisfies limt→∞
Inf IhH ≥ σ , limt→∞ Inf IvH ≥ σ , limt→∞ Inf IhA ≥ σ .

Proof: Assume that R1 > 1, then it follows from Lemma 4.9 that S(J1) > 0. Let τ(t)P is
the solution maps generated by the system (11)–(18) with the initial value P. Clearly, the
system {τ(t)}t≥0 admits the global attractor in	8+. Here, the stable set of E01 isWs(E01) =
{P ∈ d(τ (t)P,E01) → 0 as t → ∞}. From the Lemma 4.11, E01 is a fixed point of τ(t) and
acyclic inM∂ , every solution inM∂ approach to E01. Moreover, Lemma 4.12 implies that
E01 is an isolated invariant set in � and Ws(E01) ∩�o = φ. By the acyclicity theorem of
uniform persistence for maps [73], it follows that τ(t) is uniformly persistent with respect
to (�o, ∂�0). Hence there exist σ > 0 such that limt→∞ Inf IhH ≥ σ , limt→∞ Inf IhM ≥
σ , limt→∞ Inf IvH ≥ σ . This completes the proof. �
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4.3.3. Case-III: η �= 0, θ = 0, k �= 0 (strict border screening and isolation)
In this case, the local stability of the corresponding disease-free equilibrium point, E02, is
given by the theorem below. As mentioned earlier, this disease-free equilibrium asserts the
disease-free only within the home country while allowing infected migrants abroad.

Theorem 4.14: The disease free equilibrium point E02 of the system (11)–(18) is locally
asymptotically stable if R2 < 1, and unstable if R2 > 1.

Proof: See Appendix A.14. �

4.4. Analysis of simplifications implemented in themodel

4.4.1. Approximation with autonomous sytem
Note that our model is non-autonomous due to the time-dependent parameter ψ(t), rep-
resenting the API of India. However, for analytical tractability (Subsections 4.1, 4.2, and
4.3), we approximated the model with the autonomous system. Moreover, since the future
API of India can not be obtained, the simulation results for model prediction and con-
trol programmes (Section 5) are computed based on the autonomous model with the
current API of India. In this section, we examine the potential error that we anticipate
from the autonomous model. For this, we compared the predicted cumulative cases for
both autonomous and non-autonomous systems for the period 2009–2019 (see in page-
1 of Supplementary Material B). We observed that the predicted cumulative cases by the
autonomous model remain within 5% of the non-autonomous model. For example, from
2009 to 2019, the difference in cumulative cases from the two model systems is only 1000
out of 20,000 base cases. Therefore, the autonomous model provides a reasonable approx-
imation to the non-autonomous model, and the study’s main finding remains the same in
both models.

4.4.2. Approximations to the exposed class ofmosquitoes and pathogen transmission
from recovered humans
Because of the limited data availability, we have not included two potential phenomena:
the incubation period of mosquitoes and pathogen transmission from recovered humans.
However, these phenomena have been considered in some previous studies [15,47]. While
these phenomena may not significantly impact the primary objective of this study, namely
the impact of imported cases on the malaria elimination programme, we also considered
an extended model with these two phenomena incorporated. Fitting this extended model
to the data with the same initial values of state variables and parameters (Tables 1 and 2),
we obtained the transmission probability from recovered human to susceptiblemosquitoes
per bite to be r = 0.35 and the incubation period ofmosquito as 1/σ = 10 days, consistent
with previous studies [15,34]. Notably, per capita mosquito biting rates of b1 = 56 and
b2 = 48, estimated with the extendedmodel, are within the 95% confidence interval of the
estimates from the simplified model.

Moreover, the cumulative case during 2020–2026 predicted by the extended model is
1425, which is close to the estimate of 1348 by the simplifiedmodel. Similarly, the predicted
new cases in the year 2026 by the extendedmodel is 195, while that by the simplifiedmodel
is 191. Therefore, the qualitative and quantitative differences between the twomodels with
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Table 1. Base value of demographic variables of malaria in Nepal.

Description State variables Base Value Reference

Risk humans population in Nepal NhH(0) 9,756,426 Calculated
Susceptible humans in Nepal ShH(0) 9,754,000 Calculated
Infectious humans in Nepal IhH(0) 2000 Assumed
Recovered humans in Nepal RhH(0) 426 Assumed
Susceptible Migrants in India ShM(0) 1,898,300 [29]
Infectious Migrants in India IhM(0) 1400 Assumed
Recovered Migrants in India RhM(0) 300 Assumed
Susceptible mosquitoes in Nepal SvH(0) 9,754,176 Assumed
Infectious mosquitoes in Nepal IvH(0) 2250 Assumed

Table 2. Model parameters of incidence of malaria in Nepal.

Description Parameters Base value and unit Reference

Probability of malaria transmission from an
infectious mosquito (per bite) to a susceptible
human

αvh 0.0195 [1,13]

Probability of malaria transmission from an
infectious human to a susceptible mosquito
(per bite)

αhv 0.63 [5,9,13]

Humans recruitment rate � 287,460 Number× yr−1 Calculated
Per capita recovery rate of humans γh 1.85 yr−1 [1,13]
Per capita natural birth and death rate of

mosquitoes
dv 27.9113 yr−1 [1,13]

Per capita disease induced death rate of humans δh 0.00171 yr−1 Calculated
Per capita natural death rate of humans dh 0.0149 yr−1 Calculated
Per capita mobility rate of healthy humans η 0.0183 yr−1 Calculated
Per capita disease import rate of humans θ 0.98 yr−1 Estimated

[0.4172, 1.5428]
Per capita disease export rate of humans p 0 yr−1 Assumed
Per capita rate of Immunity loss of humans q 4 yr−1 [15]
Parameter related with incidence rate in India ζ 0.00105 yr−1 Estimated

[0.0005, 0.0016]
Per capita biting rate of mosquitoes at home

country up to 2014
b1 48 yr−1 Estimated

[39.6537, 66.3463]
Per capita biting rate of mosquitoes at home

country after 2014
b2 39.5 yr−1 Estimated

[29.6318, 49.3682]

and without the exposed class of mosquitoes and pathogen transmission from recovered
humans are not significant, asserting the robustness of the simplified models(see in page
2-4 of Supplementary Material B).

5. Malaria epidemic prediction and potential control in Nepal: model
simulations

We use our model to predict the malaria epidemic in Nepal and evaluate the poten-
tial control strategies. In particular, we focus on whether the goal of malaria elimination
from Nepal by 2026 set by the Government of Nepal can be achieved with the current
trend and/or potential strategies. We take the year 2020 as the base year and estimate
the imported and indigenous malaria cases during the period 2020–2026, and assess the
number of possible control strategies that can be implemented for malaria elimination.
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Figure 4. Model predictionof themalaria epidemic inNepal. (a) Themodel predictionof the annual inci-
dence of indigenous, imported, and total malaria cases from 2020 to 2026; and (b) the model prediction
of the cumulative cases of indigenous, imported and total malaria infection from 2020 to 2026.

5.1. Basic malaria epidemic outcome in Nepal

For the basic simulations, we take the API of India, ψ(t), a constant value correspond-
ing to the year 2018. We compute the model predicted values of indigenous and imported
new cases for 2020–2026 (Figure 4(a)). We observe that if the current trend continues,
the indigenous malaria cases follow a decreasing trend, but the imported cases increase
slightly. We predict the indigenous malaria cases in Nepal will decrease to a yearly inci-
dence of 67 cases in 2026, while the imported cases will remain 124 per year in 2026. As a
result, the annual total incidencewill remain 191 cases in the year 2026.With this incidence
rate, the cumulative indigenous cases and imported cases for the period 2020 to 2026 will
reach 540 and 808, respectively, making a total of 1348 cases of malaria in Nepal in this
period (Figure 4(b)). While the magnitude remains relatively low, a slightly elevated level
of new cases in 2026, mainly because of the imported cases, shows that the importation
of malaria cases from India might remain an obstacle to the Nepal government’s goal of
malaria elimination by 2026.

5.2. Impact of the transmission abroad on the epidemic in home country

As revealed in the model-predicted epidemic trend, the transmission of malaria abroad
that may eventually cause higher imported cases can be a determinant factor for achiev-
ing an elimination goal by 2026. The model parameter k, which represents the impact of
API of India, can be used to study how the transmission dynamics abroad can impact
the epidemic outcome in Nepal. According to the data API of India has had a decreas-
ing trend for the last few years. If the decreasing trend continues, imported cases in Nepal
are expected to reduce in the coming years. Our model predicts that the malaria incidence
in the year 2026 decreases linearly as the % reduction of API of India increases (Figure 5).
For example, reducing the current API (base value k = 0.1) by 50%brings down the annual
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Figure 5. Impact of the API of India. Reduction of total malaria incidence at the year 2026 (Left) and
reduction of cumulative malaria cases from 2020–2026 (Right) with Annual Parasitic Incidence (API) of
India taking its value 0.1 for the base year 2020.

malaria incidence from 191 to 95 in 2026. The linear dependency of cumulative cases
on the % reduction of India’s API is also seen with a 50% reduction from the base case
bringing the cumulative cases from 1,348 to 869 during the period 2020–2026 (Figure 5).
These results indicate that the API of India can have an important role in the cases in the
home country and eventually on the success of theNepal government’smalaria elimination
goal.

5.3. Control of malaria in Nepal

We consider four potential control strategies: (1) Insecticide-treated nets (ITN), (2) Indoor
Residual Spraying (IRS), (3) Border screen and isolation (BSI), and (4)Migration reduction
(MR). Implementation of ITN reduces themosquito biting rate. Assuming φITN represents
the effectiveness of ITN (assuming 100% coverage), the implementation of this strategy
transforms b → (1 − φITN)b in ourmodel. Similarly, IRS increases mosquito death, trans-
forming ourmodel as dv → φIRSdv, where φIRS ≥ 1 is the enhancement of mosquito death
rate due to IRS.We denote the effectiveness of BSI by φBSI , 0 ≤ φBSI ≤ 1 so that the imple-
mentation of this strategy results in the transformation θ → (1 − φBSI)θ , i.e. reduction of
the disease import rate θ by a proportion φBSI . The last strategy, MR, can be attributed
to promoting various employment opportunities within the country, thereby reducing the
cross-border mobility for seeking employment in India. The strategies can be incorpo-
rated into our model by transforming η → (1 − φMR)η, θ → (1 − φMR)θ , where φMR,
0 ≤ φMR ≤ 1 is the effectiveness of MR.

The mosquito biting rate is one of the most critical parameters of malaria transmis-
sion. While we estimated the low biting rate from the data fitting, the estimated value
is the average annual rate. In reality, the biting rate can be uncertain as it is affected by
various environmental (seasonal), social, and economic factors. To include broader pos-
sible scenarios, we present the results for two different biting rates, low biting rate (base
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Figure 6. Condition for malaria elimination in Nepal. Threshold indices R0, R1, R2, a10, a11, a12 as a func-
tion of controls φITN ,φIRS,φBSI , and φMR for a low (first row) and high (second row) mosquito biting
conditions. Note that the malaria is eliminated if R0 < 1, a10 > 0, R1 < 1, a11 > 0, and R2 < 1, a12 >
0, respectively, where a10, a11, and a12 are corresponding values of a1 for case I (absence of cross-
border mobility), case II (full protection of transmission abroad), and case III (strict border screening and
isolation), respectively.

case b = 39.5 and high biting rate (approximately two times higher than the base case,
b = 100).

5.3.1. Control strategies for elimination
The analytical results that we proved in Subsection 4.2 inform us that malaria can be elim-
inated from the home country if one of the following conditions can be achieved: absence
of cross-bordermobility (case I in Subsection 4.2.1), full protection of transmission abroad
(case II in Subsection 4.2.2), and strict border screening and isolation (case III in Subsec-
tion 4.2.3). According to our theorems, in case I, II, and III, the malaria gets eliminated
if (R0 < 1, a10 > 0), (R1 < 1, a11 > 0), and (R2 < 1, a12 > 0), respectively, where a10, a11,
and a12 are corresponding values of a1 for case I, II, and III, respectively. We now evaluate
whether the control strategies (φITN ,φIRS,φBSI , and φMR) can bring the model to satisfy
the condition of eliminating malaria in Nepal.

Our results show that for the low biting rate condition, the elimination of malaria
can be achieved in Nepal regardless of whether any of the control strategies are applied
or not because R0 < 1,R1 < 1,R2 < 1 and a10 > 0, a11 > 0, a12 > 0 remain always true
(Figure 6, first row). However, for the high biting rate condition, R0 < 1,R1 < 1,R2 < 1
and a10 > 0, a11 > 0, a12 > 0 can not be achieved without the control strategies, i.e. for
φITN = φBSI = φMR = 0, and φIRS = 1 (Figure 6, second row). In this case, (φBSI) and
(φMR) have no impact on R and a1. Therefore, the control strategies related to the infected
migrant workers and the mobility across the border are not enough for malaria elim-
ination if the biting rate is high. In the high biting rate condition, (R0 < 1, a10 > 0),
(R1 < 1, a11 > 0), and (R2 < 1, a12 > 0), i.e. the elimination of malaria, can be obtained
if the level of φITN is greater than 0.35, 0.65, and 0.35, respectively, or the level of φIRS is
greater than 1.45, 2.60, 1.50, respectively (Figure 6, second row).
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Figure 7. Effects of control strategies on the annual incidence rate. The model-predicted annual inci-
dence rate in the year 2026 for various levels of ITN, IRS, BSI, and MR control in a low biting rate scenario
(first row) and a high biting rate scenario (second row).

5.3.2. Control strategies for minimal burden
Here we perform simulations to show how the control strategies ITN, IRS, BSI, and
MR impact the annual malaria incidence in 2026 and the cumulative malaria cases for
2020–2026 (Figures 7 and 8). In the low mosquito biting rate condition (Figure 7, first
row), our model predicts that the 50% effectiveness of ITN (i.e. φITN = 0.5) reduces the
annual malaria incidence in the year 2026 from 191 to 135. As a result, the cumulative
cases for 2020–2026 will be reduced from 1348 to 1001 (Figure 8, first row). An increase
in IRS by 1.5 times (i.e. φIRS = 1.5) will result in an annual incidence rate of 161 in 2026
and a cumulative cases of 1167 for 2020–2026. Similarly, 50% effectiveness of BSI and MR
will reduce the annual incidence rate in the year 2026 to 114 and 100, respectively, and the
cumulative cases for 2020–2026 to 903 and 889, respectively.

In a high mosquito biting rate condition (Figure 7, second row, and Figure 8, second
row), our model predicts that the 50% effectiveness of ITN (i.e. φITN = 0.5) reduces the
annual malaria incidence in the year 2026 from 4.25 million to 257 and the cumulative
cases for 2020–2026 from 7.8 million to 1684. Similarly, an increase in IRS by 1.5 times
(i.e. φIRS = 1.5) will result in an annual incidence rate of 106 hundred thousand in 2026
and a cumulative cases of 128 hundred thousand for 2020–2026. 50% effectiveness of BSI
andMRwill reduce the annual incidence rate in the year 2026 to 4.23million and 4.13mil-
lion, respectively, and the cumulative cases for 2020–2026 to 7.5 million and 6.98 million,
respectively.

While each control strategy can maintain a minimum malaria burden, their effect may
vary quantitatively. Among these control strategies, MR appears to be the most effective
in controlling malaria in Nepal in low mosquito biting rate conditions, while ITN is the
most effective control in the high biting rate condition. This indicates that the ideal con-
trol strategymay depend on the locations and seasons inwhich low or highmosquito biting
rates are expected. We note that due to the existing open border relationship with a long
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Figure 8. Effects of control strategies on the cumulative cases. The model-predicted cumulative cases
for 2020–2026 for various levels of ITN, IRS, BSI, and MR control in a low biting rate scenario (first row)
and a high biting rate scenario (second row).

history between Nepal and India, reducing the cross-border mobility of migrant workers
may not be a viable option to implement. Therefore, the optimal border screen and isola-
tion of returning migrant workers along with local approaches, ITN and IRS, can be the
most impactful option for controlling and possibly eliminating malaria in Nepal.

In the above calculation, we assumed the 100% coverage of ITN. However, 100% is
unlikely to be achieved, especially in resource-limited countries like Nepal. Thus we fur-
ther observe model prediction for varying coverage and efficacy of ITN. The proportion
of coverage ψITN , 0 ≤ ψITN ≤ 1, and efficacy φITN , 0 ≤ φITN ≤ 1, can be incorporated in
our model transforming b → (1 − φITNψITN)b. As presented in Figure 9, our simulations
show that 100% efficacy and 100% coverage of ITN significantly reduce the malaria cases
in the high mosquito biting case, but the effect is not significant in the low mosquito bit-
ing case. Since Nepal’s estimated mosquito biting rate is low, even the 100% coverage and
100% efficacy will reduce malaria cases in 2026 from 191 to 121 only. Thus, in addition to
ITN, optimal control strategies should also focus on adequately managing imported cases
to eliminate malaria from Nepal by 2026.

6. Conclusion

Despite a significant decline of malaria cases worldwide, many countries are currently
facing difficulty achieving malaria elimination goals from those countries, mainly due to
cross-border mobility of migrant workers potentially bringingmalaria from abroad. Nepal
provides a typical example, which is recently suffering from higher imported cases from
India through open-border, posing a severe threat to the Nepal government’s goal of elim-
inating malaria by 2026. In this study, we developed a novel mathematical model validated
by the data from Nepal and used our model to analyze the effects of cross-border mobility
on the malaria elimination programmes for low-endemic countries like Nepal.
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Figure 9. Sensitivity of coverage and efficacy of ITN. Themodel-predicted annual incidence rate in 2026
for various levels of efficacy and coverage of ITN in a lowbiting rate scenario (a) and ahighbiting rate sce-
nario (b). Themodel-predicted cumulative cases for 2020–2026 for various levels of efficacy and coverage
of ITN in a low biting rate scenario (c) and a high biting rate scenario (d).

Our model analyzes and simulations show that malaria can be eliminated from Nepal
if strategies promoting the absence of cross-border mobility, complete protection of trans-
mission abroad, or strict border screening and isolation are implemented. In each of these
potential strategies, we formulated threshold conditions for the stability of the disease-free
equilibriums, providing the level of control strategies, such as ITN, IRS, BSI, and MR, to
assert the elimination of malaria fromNepal. In some cases, wemathematically proved the
persistence of malaria in Nepal. In one of the cases, namely strict border screening and
isolation, our unique model can provide the disease-free condition only within the home
country while allowing the disease among migrants abroad. In reality, such disease-free
equilibrium is the most viable condition regarding the elimination of malaria from Nepal
because achieving elimination from both countries can be challenging with the control
strategies by the Nepal government’s policy only without making combined strategies by
both countries. In addition, we used our model to thoroughly assess all control strategies
considered, ITN, IRS, BSI, and MR, to maintain the low level of malaria-endemic in both
low and high mosquito biting rate scenarios. Interestingly, our model predicts that MR is



JOURNAL OF BIOLOGICAL DYNAMICS 551

the most effective control strategy for the low mosquito biting rate condition, while ITN is
the most effective control strategy for the highmosquito biting rate condition. These inter-
esting results suggest that the best control strategy may depend on locations and seasons
that determine whether the biting rate is low or high.

There are several limitations of our study. We approximated the incidence rate abroad
(India) using theAPI data of India. The analysis of the fullmodel with accurate dynamics of
humans and mosquitoes abroad, along with data from India, can help improve our results.
Although the frequentmovement of humans andmosquitoes between bordering cities and
the movement of mosquitoes through cross-border transportation may be important, we
have not considered these factors in our model because the data of imported cases due to
thesemovements are not available. Therefore, our results aremore relevant to the infection
importation through cross-bordermobility of migrant workers. Ourmodel parameters are
estimatedwith the limited data ofmalaria cases inNepal. Uncertainty on themodel param-
eters can be clarified if more frequent data are available. While we estimated the mosquito
population based on the previous studies, the implemented values may have some uncer-
tainties. However, our further simulations show that changing the mosquito population
size to a realistic limit does not significantly impact on the main qualitative conclusions
of our study. Also, some districts of Nepal are directly connected with India making them
more vulnerable in comparison to other areas. Therefore, an extension of our model may
be necessary to incorporate the spatial heterogeneity of the malaria risk across districts of
Nepal.

We also note that we could not prove the persistence theory in Case III (strict border
screening and isolation) andCase IV (presence of cross-bordermobility, no protection, and
no border screening or isolation) because there is no complete disease-free equilibrium in
these cases. Extensive mathematical theory may be needed to show the persistence of the
disease in such complicated cases. Our analyses show that for some choice of parameters
(for example, those making a1 < 0), the disease may persist even if the threshold numbers
R0 (Case I in Subsection 4.2.1), R1 (Case II in Subsection 4.2.2), and R2 (Case III in Sub-
section 4.2.3) are less than 1, indicating a possibility of backward bifurcations. Therefore,
a detailed bifurcation analysis for each case (I, II, and III) can be an essential work, which
we plan to pursue in future research.

In summary, our model for malaria transmission dynamics, incorporating cross-border
mobility between a low endemic country (Nepal) and a high endemic country (India),
can provide important insights into an obstacle that cross-border mobility may create to
malaria elimination programmes. Our analytical and simulation results informing control
policies that bring malaria elimination or maintain the epidemic at a low level are helpful
for policymakers if implemented in conjunction with more accurate data.
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Appendices

Appendix 1

A.1 Proof of Theorem 4.1

First, we prove that all the solutions are bounded. From Equations (11), (12), and (13), we get

dShH
dt

= �+ qRhH + ηShM − bαvhShHIvH
NhH

− (η + dh)ShH
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> −bαvhShHIvH
NhH

− (η + dh)ShH

⇒ ShH > ShH(0) exp
(

−
∫ t

0
(
bαvhIvH
NhH

+ η + dh) dt
)

≥ 0;

dIhH
dt

= bαvhShHIvH
NhH

+ θIhM − (θ + dh + δh + γh)IhH ≥ −(θ + dh + δh + γh)IhH

⇒ IhH ≥ IhH(0) exp
(

−
∫ t

0
(θ + dh + δh + γh) dt

)
≥ 0;

and
dRhH
dt

= γhIhH + ηRhA − (η + dh + q)RhH ≥ −(η + dh + q)RhH

⇒ RhH ≥ RhH(0) exp
(

−
∫ t

0
(η + dh + q) dt

)
≥ 0.

Similarly, from Equations (16), (17), and (18), we get
dShM
dt

= ηShH + qRhM − (k + dh + η)ShM ≥ −(k + dh + η)ShM

⇒ ShM ≥ ShM(0) exp
(

−
∫ t

0
(η + k + dh) dt

)
≥ 0;

dIhM
dt

= kShM + θIhH − (θ + δh + dh + γh)IhM ≥ −(θ + δh + dh + γh)IhM

⇒ IhM ≥ IhM(0) exp
(

−
∫ t

0
(θ + dh + δh + γh) dt

)
≥ 0;

and
dRhM
dt

= γhIhM + ηRhH − (η + dh)RhM ≥ −(η + dh + q)RhM

⇒ RhM ≥ RhM(0) exp
(

−
∫ t

0
(η + dh + q) dt

)
≥ 0.

Also, from (14) and (15),
dSvH
dt

= φ − bαhvSvHIhH
NhH

− dvSvH > −bαhvSvHIhH
NhH

− dvSvH

⇒ SvH > SvH(0) exp
(

−
∫ t

0
(
bαhvIhH
NhH

+ dv) dt
)

≥ 0;

and
dIvH
dt

= bαhvSvHIhH
NhH

− dvIvH ≥ −dvIvH

⇒ IvH ≥ IvH(0) exp
(

−
∫ t

0
(dv) dt

)
≥ 0.

Hence the solution set {(ShH(t), IhH(t),RhH(t), ShM(t), IhM(t),RhM(t), SvH(t), IvH(t))} of the sys-
tem (11)–(18) is always non-negative.We now prove that these non-negative solutions are bounded.
Adding (11)–(13) and (16)–(18), we obtain

dNh

dt
= �− dhNh − δhIhH − δhIhM ≤ �− dhNh,

which implies limt→∞ Nh ≤ �
dh
. Hence, the human population, Nh(t), is ultimately bounded.

Again, adding (14) and (15), we obtain
dNv

dt
= φ − dvNv,
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which implies limt→∞ Nv = φ
dv . Hence, the mosquito populationNv(t) is ultimately bounded. Thus

all state variables representing the populations are non-negative and bounded.

A.2 Derivation of the epidemic index R0 from the next generationmatrixmethod

From the system (11)–(18), the newly infectious matrix Fi and its Jacobian matrix F at the disease-
free equilibrium point E0 are

Fi =

⎛
⎜⎜⎜⎝
βhShHIvH

NhH
βvSvHIhH

NhH
kShM

⎞
⎟⎟⎟⎠ , F =

⎛
⎜⎝

0 βh 0
βv φ dh
�dv

0 0

0 0 0

⎞
⎟⎠ .

Again, the transfer matrix Vi and its Jacobian matrix V at the disease-free equilibrium point,

Vi =
⎛
⎝(θ + δh + γh + dh)IhH − θ IhM

dvivH
(θ + γh + δh + dh)IhA − θ IhH

⎞
⎠ , V =

⎛
⎝dh + δh + γh 0 0

0 dv 0
0 0 γh + δh + dh

⎞
⎠ .

Here the dominant eigenvalue of FV−1 gives the following epidemic index.

R0 =
√

φdhβhβv
(dh + γh + δh)�d2v

.

A.3 Derivation of R0 from the first principlemethod

The overall basic reproduction number (R0) of malaria is equal to the geometric mean of the basic
reproduction numbers of malaria transmission from an infected human to susceptible mosquitoes
(RH) and the transmission of malaria from an infected mosquito to susceptible humans (RV). Here
b

NhH
is the average number of bites made by a mosquito to a human in unit time. Each mosquito

bites at a constant rate, whereas the rate at which humans are bitten will vary with respect to the
density ofmosquitoeswithin the area. The expected number of infectedmosquitoes froman infected
human in his infectious period (assuming that all mosquitoes are susceptible) is given by RH =

bαhv N0
v

(dh+δh+γh)N0
h

= bαhvφdh
(dh+δh+γh)�dv . Similarly, the expected number of susceptible humans that become

infected due to contact with one infectedmosquito in its infectious period (assuming that all humans

are susceptible) are given by RV = bαvhN0
h

N0
hdv

= bαvh
dv . Then, we get

R0 = √
RH × RV =

√
φdhβhβv

�(dh + δh + γh)d2v
.

A.4 Derivation of the epidemic index R1
From the system (11)–(18), the newly infectious matrix Fi and its Jacobian matrix F at the disease-
free equilibrium point E01 are

Fi =

⎛
⎜⎜⎜⎝
bαvhShHIvH

NhH
bαhvSvHIhH

NhH
kShM

⎞
⎟⎟⎟⎠ , F =

⎛
⎜⎝

0 βh 0
φdhβv (dh + 2η)
�dv (dh + η)

0 0

0 0 0

⎞
⎟⎠ .
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Again, the transfer matrixVi and its Jacobian matrixV at the disease-free equilibrium point E01 are,

Vi =
⎛
⎝(θ + δh + γh + dh)IhH − θ IhM

dvivH
(θ + γh + δh + dh)IhM − θ IhH

⎞
⎠ , V =

⎛
⎝dh + γh + δh + θ 0 −θ

0 dv 0
−θ 0 dh + γh + δh + θ

⎞
⎠ .

Then the dominant eigenvalue of FV−1 gives the epidemic index R1:

R1 = R0

√
1 + (η (dh + γh + δh)− θdh)

(dh + η) (dh + γh + δh + 2θ)
.

A.5 Derivation of the epidemic index R2
From the system (11)–(18), the newly infectious matrix Fi and its Jacobian matrix F at the disease-
free equilibrium point E02 are

Fi =

⎛
⎜⎜⎜⎝
bαvhShHIvH

NhH
bαhvSvHIhH

NhH
kShM

⎞
⎟⎟⎟⎠ , F =

⎛
⎜⎜⎜⎝

0
Pβh

P + Q3
0

K1φβv

(P + Q3)dv
0 0

0 0 0

⎞
⎟⎟⎟⎠

Again, the transfer matrix Vi and its Jacobian matrix V at the disease-free equilibrium point E02 are

Vi =
⎛
⎝(θ + δh + γh + dh)IhH − θ IhM

dvivH
(θ + γh + δh + dh)IhM − θ IhH

⎞
⎠ , V =

⎛
⎝dh + γh + δh 0 0

0 dv 0
0 0 dh + γh + δh

⎞
⎠ .

Then the dominant eigenvalue of FV−1 provides the epidemic index R2.

R2 =
√

PK1φβhβv

(P + Q3)2d2v (dh + γh + δh)

Appendix 2

A.6 Proof of Theorem 4.2

The local stability of E0 is determined by the following Jacobian matrix of (11)–(18) evaluated at E0:
J =

(
JH,5×5 05×3
03×5 JA,3×3

)
, where

JH,5×5 =

⎛
⎜⎜⎜⎜⎜⎜⎝

−dh 0 q 0 −βh
0 −F 0 0 βh
0 γh −G 0 0

0 −φdhβv
�

0 −dv 0

0
φdhβv
�

0 0 −dv

⎞
⎟⎟⎟⎟⎟⎟⎠
, JA,3×3 =

⎛
⎝−H 0 q

k −F 0
0 γh −G

⎞
⎠ ,

F = (dh + γh + δh),G = (dh + q), and H = (dh + k). The roots of the characteristic polynomial
equation of JH are

λ1 = −dh, λ2 = −dh + q, λ3 = −dv,

λ4 =
− (dh + dv + γh + δh)−

√
(dh + dv + γh + δh)

2 − 4dv (dh + δh + γh)
(
1 − R20

)
2

,

λ5 =
− (dh + dv + γh + δh)+

√
(dh + dv + γh + δh)

2 − 4dv (dh + δh + γh)
(
1 − R20

)
2

.
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The roots, λ, of the characteristic polynomial equation of the matrix JA are given by

λ3 + e1λ2 + e2λ+ e3 = 0,

where e1 = 3dh + γh + δh + k + q,

e2 = 2dhγh + 2dhδh + 2kdh + 2qdh + 3d2h + kγh + kδh + qγh + qδh + kq,

e3 = d2hγh + d2hδh + kdhγh + kdhδh + kqdh + kd2h + qdhγh + qdhδh + qd2h + d3h + kqδh.

e1e2 − e3 = 4dhγhδh + 8d2hγh + 2dhγ 2
h + 8d2hδh + 2dhδ2h + 2k2dh

+ 6kdhγh + 6kdhδh + 6kqdh + 8kd2h + 2q2dh + 6qdhγh + 6qdhδh + 8qd2h
+ 8d3h + k2γh + k2δh + 2kγhδh + kγ 2

h + kδ2h + 3kqγh + 2kqδh

+ q2γh + q2δh + 2qγhδh + qγ 2
h + qδ2h + k2q + kq2 > 0.

Here, e1, e2, e3, e1e2 − e3 are positive. Using Routh Hurwitz criteria, all the eigenvalues of JA have
negative real part. Therefore, all the eigenvalues of JH are negative when R0 < 1. Thus the disease-
free equilibrium point E0 is locally asymptotically stable if R0 < 1, and unstable if R0 > 1.

A.7 Proof of the Lemma 4.4

For any (ShH(0), IhH(0),RhH(0), SvH(0), IvH(0)) ∈ �o, we have from the first and fourth equations
of the system,

ShH(t) = e−
∫ t
0 B(s1) ds1

[∫ t

0
e
∫ s2
0 B(s1) ds1A(s2) ds2 + ShH(0)

]
,

SvH(t) = e−
∫ t
0 F(s1) ds1

[∫ t

0
e
∫ s2
0 F(s1) ds1φ ds2 + SvH(0)

]
,

where, A(t) := �+ qRhH > 0, B(t) := βhIvH
NhH

+ dh, and F(t) := βvIhH
NhH

+ dv. The Jacobian matrix J0
corresponding to the second and fifth equations of the system is

J0 =

⎛
⎜⎜⎝

−βhIvHShH
N2
hH

− (δh + dh + γh)
βhShH
NhH

βvSvH
NhH

(
1 − IhH

NhH

)
−dv

⎞
⎟⎟⎠ .

Since J0 is an irreducible matrix with non negative off diagonal elements then S(J0) is simple with
an associated strongly positive eigenvector [56]. Hence the vector (IhH(t), IvH(t)) is positive for all
t > 0. Again from the third equation of the system,

RhH(t) = e−
∫ t
0 D(s1) ds1

[∫ t

0
e
∫ s2
0 D(s1) ds1C(s2) ds2 + RhH(0)

]
where C(t) = γhIhH > 0 andD(t) = dh + q. ShH(t),RhH(t), SvH(t) > 0, ∀ t > 0. Hence the sets�o
is positively invariant. Since� is positively invariant and ∂�o is relatively closed in�o, it gives ∂�o
is also positively invariant. Thus both �o and ∂�o are positively invariant under the flow induced
by the decoupled system (11)–(15).

A.8 Proof of the Lemma 4.5

Since P ∈ M∂ , τ(t)P ∈ M∂ for all t ≥ 0. From the definition of M∂ , IvH(t) = 0, ∀ t ≥ 0. Using
IvH(t) = 0 in (15), it follows that IhH(t) = 0 for all t ≥ 0. Then from the first, third, and fourth
equation of (11)–(15),

dShH
dt

+ dhShH = �,
dRhH
dt

+ (dh + q)RhH = 0,
dSvH
dt

+ dvSvH = φ.
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Solving the first order linear ordinary differential equations, we have limt→∞ ShH(t) =
�
dh
, limt→∞ RhH(t) = 0, limt→∞ SvH(t) = φ

dv . It follows that any forward orbit of τ(t) in M∂ con-
verges to E0.

A.9 Proof of the Lemma 4.6

Suppose, if possible, there exists Po ∈ �o, such that limt→∞ Sup ‖τ(t)Po − E0‖ < ρ. Since
limt→∞ NhH(t) ≤ �

dh
and limt→∞ SvH(t) = φ

dv then there exists t2 > 0, ∀t ≥ t2 and a sufficiently
small positive number ρo such thatNhH(t) ≤ �

dh
+ ρo and ShH(t) ≥ �

dh
− ρo and SvH(t) ≥ φ

dv − ρo.
Using these inequalities in Equations (12) and (15), we obtain

I′hH ≥ βh

(
1 − 2ρ0

�
dh

+ ρ0

)
IvH − (dh + δh + γh)IhH ,

I′vH ≥
βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) IhH − dvIvH .

We consider the corresponding auxiliary equations

I′hH = βh

(
1 − 2ρ0

�
dh

+ ρ0

)
IvH − (dh + δh + γh)IhH ,

I′vH =
βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) IhH − dvIvH , ∀ t ≥ t2.

(A1)

Let Jρo be the Jacobian of the system (A1), then

Jρo =

⎛
⎜⎜⎜⎜⎜⎝

−(δh + dh + γh) βh

(
1 − 2ρ0

�
dh

+ ρ0

)

βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) −dv

⎞
⎟⎟⎟⎟⎟⎠

Since S(J) > 0, there exists a sufficiently small ρo > 0 such that S(Jρo) > 0. Since Jρo is irreducible
and has non-negative off-diagonal elements, it follows that S(Jρo) is a simple and associates with
strongly positive eigenvector ṽ ∈ 	2+, i.e. (IhH(t), IvH(t)) >> 0 ∀ t ≥ t2. Then there is a positive
number a such that (IhH(t), IvH(t)) ≥ aṽ and hence the solution of the system (A1) is

V(t) := aeS(Jρo )(t−t2)ṽ, ∀ t ≥ t2

with V(t2) := aṽ. Hence it follows from [56, Theorem B.1] that

(IhH(t), IvH(t)) ≥ aeS(Jρo )(t−t2)ṽ, ∀ t ≥ t2.

Since S(Jρo) > 0, then the solution limt→∞ IhH(t) → ∞, limt→∞ IvH(t) → ∞ which is a contra-
diction, and hence limt→∞ Sup ‖τ(t)P − E0‖ ≥ ρ, ∀ P ∈ �o.
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A.10 Proof of the Theorem 4.8

The Jacobian matrix of (11)–(18) at E01 is J1 =
(

A1
4×4 B14×4

C1
4×4 D1

4×4

)
, where

A1
4×4 =

⎛
⎜⎝

−D 0 q η

0 −A 0 0
0 γh −B 0
η 0 0 −dh

⎞
⎟⎠ , B14×4 =

⎛
⎜⎝
0 0 0 −βh
θ 0 0 βh
0 η 0 0
0 q 0 0

,

⎞
⎟⎠

C1
4×4 =

⎛
⎜⎝
0 θ 0 0
0 0 η 0
0 −C 0 0
0 C 0 0

⎞
⎟⎠ , D1

4×4 =

⎛
⎜⎝

−A 0 0 0
γh −B 0 0
0 0 −dv 0
0 0 0 −dv

,

⎞
⎟⎠

A = (dh + γh + δh + θ),B = (dh + η + q),C = φdhβv(dh+2η)
�dv(dh+η) , andD = (dh + η). Let λ be eigenval-

ues of the matrix J1, then the characteristic polynomial is

P(λ) = (dh + λ) (dv + λ) (dh + 2η + λ)
(
dh + λ+ q

) (
dh + 2η + λ+ q

)
Q(λ),

where Q(λ) = λ3 + h1λ2 + h2λ+ h3,

h1 = 2dh + dv + 2 (γh + δh + θ) ,

h2 =
(
2 − R21

)
(dv (dh + γh + δh) (dh + γh + δh + 2θ))

dh + γh + δh + θ
+ P1,

h3 = (
1 − R21

)
dv (dh + γh + δh) (dh + γh + δh + 2θ) ,

P1 = (γh + δh)
(
2θ2 + γh (2δh + 3θ)+ γ 2

h + 3θδh + δ2h
)

dh + γh + δh + θ

+ dh
(
2θ2 + 6γh (δh + θ)+ 3γ 2

h + 6θδh + 3δ2h
)+ 3d2h (γh + δh + θ)+ d3h + 2θ2dv

dh + γh + δh + θ
.

This implies that λ = −dh,−dv, (−dh + 2η),−(dh + q),−(dh + 2η + q) are five eigenvalues. The
coefficients h1 is positive and both h2 > 0, h3 > 0 if R1 < 1. Also,

h1h2 − h3 = (2 (dh + γh + δh + θ)+ dv)

×
((

2 − R21
)
dv (dh + γh + δh) (dh + γh + δh + 2θ)

dh + γh + δh + θ
+ P1

)

− (
1 − R21

)
dv (dh + γh + δh) (dh + γh + δh + 2θ)

= (
3 − R21

)
dv (dh + γh + δh) (dh + γh + δh + 2θ)

+ 2P1(dh + γh + δh + θ)+ P2 > 0, if R1 < 1.

where P2 = dv(
(2−R21)dv(dh+γh+δh)(dh+γh+δh+2θ)

dh+γh+δh+θ + P1). Thus all the eigenvalues have negative real
parts and hence E01 is locally asymptotically stable if R1 < 1. If R1 > 1, then h0 and h3 have opposite
signs, which implies at least one λ to be positive. Hence, the disease-free equilibrium point E01 is
unstable if R1 > 1.

A.11 Proof of the Lemma 4.10

For any (ShH(0), IhH(0),RhH(0), SvH(0), IvH(0), ShM(0), IhM(0),RhM(0)) ∈ �o, we have from the
first and fourth equations of the system (11)–(18)

ShH(t) = e−
∫ t
0 B(s1) ds1

[∫ t

0
e
∫ s2
0 B(s1) ds1A(s2) ds2 + ShH(0)

]
,
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SvH(t) = e−
∫ t
0 F(s1) ds1

[∫ t

0
e
∫ s2
0 F(s1) ds1φ ds2 + SvH(0)

]
,

where A(t) := �+ ηShM + qRhH > 0, B(t) := βhIvH
NhH

+ η + dh, and F(t) := βvIhH
NhH

+ dv.
Again, the Jacobian J0 corresponding to the second, seventh, and fourth equations of the system

is

J0 =

⎛
⎜⎜⎜⎜⎝

−βhIvHShH
N2
hH

− (θ + δh + dh + γh) θ
βhShH
NhH

θ −(θ + δh + dh + γh) 0
βvSvH
NhH

(
1 − IhH

NhH

)
0 −dv

⎞
⎟⎟⎟⎟⎠ .

Since J0 is an irreducible matrix with non-negative off-diagonal elements then S(J0) is simple with
an associated strongly positive eigenvector [56]. Hence the vector (IhH(t), IhM(t), IvH(t)) is positive
∀ t > 0. From the third, sixth, and eighth equations of the system (11)–(18), we get

RhH(t) = e−
∫ t
0 D(s1) ds1

[∫ t

0
e
∫ s2
0 D(s1) ds1C(s2) ds2 + RhH(0)

]
,

ShM(t) = e−
∫ t
0 H(s1) ds1

[∫ t

0
e
∫ s2
0 H(s1) ds1G(s2) ds2 + ShM(0)

]
,

RhM(t) = e−
∫ t
0 D(s1) ds1

[∫ t

0
e
∫ s2
0 D(s1) ds1L(s2) ds2 + RhM(0)

]
,

where C(t) := γhIhH + ηRhM > 0, D(t) := η + dh + q, G(t) := ηShH + qRhM > 0, and H(t) :=
η + dh + k, and L(t) := γhIhM + ηRhH > 0. This shows ShH(t),RhH(t), SvH(t), ShM(t),RhM(t) >
0,∀ t. Hence the set �o is positively invariant. Since � is positively invariant and ∂�o is relatively
closed in�o, it gives ∂�o is also positively invariant. Thus both�o and ∂�o are positively invariant
under the flow induced by the system (11)–(18).

A.12 Proof of the Lemma 4.11

Since P ∈ M∂ then τ(t)P ∈ M∂ for all t ≥ 0 then IvH(t) = 0 for all t ≥ 0. Substituting IvH(t) = 0
in (15), it follows that IhH(t) = 0 for all t ≥ 0. Again from (12), it follows that IhM(t) = 0 for all
t ≥ 0. Now from (13) and (18),

dz
dt

= ηZ − (
dh + η + q

)
z,

dZ
dt

= ηz − (
dh + η + q

)
Z. (A2)

Here, (A2) is a system of ordinary linear homogeneous differential equations with constant coeffi-
cients, which implies both z(t),Z(t) tend to zero as t approaches to ∞. Also, from (11) and (16),
it follows the system of linear non-homogeneous ordinary differential equations with constant
coefficients

dx
dt

= �+ ηX − (dh + η) x,
dX
dt

= ηx − (dh + η)X. (A3)

implies that x(t),X(t) converge to �(dh+η)
dh(dh+2η) and

η�

2ηdh+d2h
, respectively, as t approaches ∞. Also,

limt→∞ SvH(t) = φ
dv . Thus every forward orbit of τ(t) inM∂ converges to E01.

A.13 Proof of the Lemma 4.12

If possible suppose that there exists Po ∈ �o, such that limt→∞ Sup ‖τ(t)Po − E01‖ < ρ. Since
limt→∞ NhH(t) ≤ �

dh
, limt→∞ ShH(t) = �(dh+η)

dh(dh+2η) , limt→∞ ShM(t) = η�

2ηdh+d2h
, and limt→∞ SvH(t) =

φ
dv , then there exists t2 > 0 and a sufficiently small positive number ρo such thatNhH(t) ≤ �

dh
+ ρo,
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ShH(t) ≥ �(dh+η)
dh(dh+2η) − ρo, ShM(t) ≥ η�

2ηdh+d2h
− ρo, and SvH(t) ≥ φ

dv − ρo. Here

kShM = b′αvhIvAShM
NhA

= b′αvhIvAIhAShM
IhANhA

≥ b′αvhIvAIhAShM
M1NhA

, (|IhA(t)| ≤ M1 �= 0, ∀ t)

≈ k1IhAShM , where
b′αvhIvA
NhAM1

≈ k1, Using Mean value theorem

≈ k1k2IhMShM = k3IhMShM , IhM(t) ⊂ IhA(t), ∀ t.

Here k = 0 implies k1 ≈ 0 and hence k3 ≈ 0. Using these inequalities in Equations (12), (15), (17),
it follows that

I′hH ≥
βh

(
�(dh+η)
dh(dh+2η) − ρo

)
�
dh

+ ρo
IvH + θIhM − (θ + dh + δh + γh)IhH ,

I′vH ≥
βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) IhH − dvIvH ,

I′hM ≥ k3

(
η�

2ηdh + d2h
− ρo

)
IhM + θIhH − (θ + δh + dh + γh)IhM , ∀ t ≥ t2.

We now consider the following corresponding auxiliary equations

I′hH =
βh

(
�(dh+η)
dh(dh+2η) − ρo

)
�
dh

+ ρo
IvH + θIhM − (θ + dh + δh + γh)IhH ,

I′vH =
βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) IhH − dvIvH ,

I′hM = k3

(
η�

2ηdh + d2h
− ρo

)
IhM + θIhH − (θ + δh + dh + γh)IhM , ∀ t ≥ t2.

(A4)

Let J1ρo be the Jacobian matrix of the system (A4) at the disease-free equilibrium point E01

J1ρo =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−(θ + δh + dh + γh)
βh

(
�(dh+η)
dh(dh+2η) − ρo

)
�
dh

+ ρo
θ

βv

(
φ
dv − ρo

)
(
�
dh

+ ρo

) −dv 0

θ 0 −(θ + δh + dh + γh)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Since R1 > 1 then from Lemma 4.9 S(J1) > 0, then there exists a sufficiently small ρo > 0 such
that S(J1ρo) > 0. Here, J1ρo is irreducible and has non-negative off-diagonal elements, it follows that
S(J1ρo) is a simple and associates with strongly positive eigenvector ṽ ∈ 	3+ i.e.

(IhH(t), IhM(t), IvH(t)) >> 0, ∀ t > t2.

Then there is a positive number a such that (IhH(t), IhM(t), IvH(t)) ≥ aṽ.
Hence the solution of the system (A4) is

V(t) := aeS(J1ρo )(t−t2)ṽ, ∀ t ≥ t2 with V(t2) := av.



564 R. GAUTAM ET AL.

It follows from [56, Theorem B.1] that

(IhH(t), IhM(t), IvH(t)) ≥ aeS(J1ρo )(t−t2)ṽ, ∀ t ≥ t2.

Since S(J1ρo) > 0, then the solution

lim
t→∞ IhH(t) → ∞, lim

t→∞ IhM(t) → ∞, lim
t→∞ IvH(t) → ∞.

This is a contradiction, and hence

lim
t→∞ Sup ‖τ(t)P − E01‖ ≥ ρ, ∀ P ∈ �o.

A.14 Proof of the Theorem 4.14

The Jacobian matrix of (11)–(18) at E02 is J2 =
(

A2
4×4 B24×4

C2
4×4 D2

4×4

)
, where

A2
4×4 =

⎛
⎜⎜⎜⎝

−a 0 q 0
0 −b 0 0
0 γh −a 0

0 − K1φβv

(P + Q3)dv
0 −dv

⎞
⎟⎟⎟⎠ , B24×4 =

⎛
⎜⎜⎜⎜⎜⎝

− Pβh
P + Q3

η 0 0
Pβh

P + Q3
0 0 0

0 0 0 η

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠ ,

C2
4×4 =

⎛
⎜⎜⎜⎝
0

K1φβv

(P + Q3)dv
0 0

η 0 0 0
0 0 0 0
0 0 η 0

⎞
⎟⎟⎟⎠ , D2

4×4 =

⎛
⎜⎝

−dv 0 0 0
−dh − η − k 0 q

0 k −b 0
0 0 γh −a

⎞
⎟⎠ ,

a = dh + η + q and b = dh + γh + δh. Let λ be eigenvalues of the matrix J2, then the characteristic
polynomial is,

P(λ) = (dv + λ)Q(λ)R(λ),
whereQ(λ) = λ2 + λ(dh + dv + γh + δh)+ (1 − R22)dv(dh + γh + δh), andR(λ) = p0λ5 + p1λ4 +
p2λ3 + p3λ2 + +p4λ+ p5. λ = −dv is one eigenvalue, and other eigenvalues are given byQ(λ) = 0
and R(λ) = 0. From Q(λ) = 0, the eigenvalues are

λ2 = 1
2

(
−
√
(dh + dv + γh + δh) 2 − 4

(
1 − R22

)
dv (dh + γh + δh)− (dh + dv + γh + δh)

)
,

λ3 = 1
2

(√
(dh + dv + γh + δh) 2 − 4

(
1 − R22

)
dv (dh + γh + δh)− (dh + dv + γh + δh)

)
.

Clearly, λ2 < 0 and λ3 < 0 if R2 < 1. Furthermore, using Wolfram Mathematica, we showed
p0, p1, p2, p3, p4, p5 are positive, p1p2p3 − p23 − p21p4 > 0, and (p1p2p3 − p23 − p21p4)(p1p4 − p5) >
(p1p2 − p3)2p5 + p1p25 (see page 4–18 of Supplementary Material A). Then using the Routh Hur-
witz theorem, we conclude that all the eigenvalues have negative real parts if R2 < 1. Hence E02 is
locally asymptotically stable if R2 < 1 and unstable if R2 > 1.
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A B S T R A C T

The existence of backward bifurcation indicates an obstacle to disease eradication even when the
basic reproduction number falls below unity. Bifurcation analysis allows us to identify causes
for backward bifurcation, thereby helping to design a strategy to avoid such phenomena for
disease eradication. In this study, we perform an in-depth bifurcation analysis of a malaria
model incorporating cross-border mobility between two countries to explore mobility’s role
in backward bifurcation. Our analysis reveals that cross-border mobility can be a primary
driving force for backward bifurcation in malaria dynamics. This novel result with cross-border
mobility bringing backward bifurcation advances the traditional idea of disease-induced death
being the primary driver of backward bifurcation. Using the malaria case in Nepal with cross-
border mobility between Nepal–India, we validated analytical results by numerical simulations.
Our model predicts that the disease-free equilibrium exists only if cross-border mobility or
infection abroad are absent and malaria eradication is possible in Nepal. Otherwise, there is the
coexistence of three endemic equilibria with a lower and higher stable epidemic level. Results
on the bifurcation of our model may be helpful to control dynamics in order to maintain the
malaria epidemic at a low level if it cannot be eradicated due to the entry of cases through
cross-border mobility.

1. Introduction

Despite long-term efforts for global control and eradication, malaria is still one of the most prevalent vector-borne diseases
worldwide and a major cause of illness and death in many developing countries [1–4]. Many low-malaria-endemic countries around
the world are aiming to achieve malaria elimination. South-East Asian countries, such as Nepal, Bangladesh, Bhutan, Korea, India,
Indonesia, Myanmar, Thailand, and Timor-Leste, have designed programs to eliminate malaria by 2030 [5]. However, most of these
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countries, including Nepal, have faced a significant obstacle in achieving elimination goals primarily due to a higher percentage
of imported malaria cases through cross-border mobility [6]. A meticulous analysis of the persistence of malaria is essential for
a successful elimination plan. A bifurcation analysis of the malaria model serves as a valuable tool to identify ideal strategies for
eliminating malaria from the country.

Mathematical models help describe infectious disease transmission and develop public health policies for control and pre-
vention [7–10]. In disease dynamics, the basic reproduction number, 𝑅0, has been widely considered a critical bifurcation
parameter, providing conditions for disease persistence and elimination. If 𝑅0 < 1, there is a disease-free equilibrium that is locally
asymptotically stable, and the infection dies out. If 𝑅0 > 1, there is a locally asymptotically stable endemic equilibrium, and infection
persists. More precisely, as 𝑅0 increases through 1, the endemic equilibrium appears, and there is an exchange of stability between
the disease-free and endemic equilibrium, referred to as the forward bifurcation [11].

However, in some vector-borne disease models like malaria, even if 𝑅0 < 1 disease may be endemic in the population; this
phenomenon is known as backward bifurcation [11]. In this case, the classical requirement of the reproduction number being less
than unity becomes only necessary but not sufficient for disease elimination [12,13]. Thus, in the case of vector-borne disease,
the new threshold 𝑅∗

0 < 1, often referred to as the transmission threshold, may be required to assert disease elimination. In such
dynamics with a backward bifurcation, a bistability situation occurs when 𝑅0 lies in the interval

(

𝑅∗
0 , 1

)

, where the system converges
into either disease-free or endemic equilibrium, depending on initial conditions. The initial condition corresponding to the threshold
for bistability, the breakpoint density, provides a prevalence level for malaria elimination when 𝑅∗

0 < 𝑅0 < 1. Thus, the backward
bifurcation analysis is essential for adequately designing malaria control and elimination programs.

Several existing models of vector-borne diseases have possessed backward bifurcation, primarily due to disease-induced
death [14–23]. Some other studies have also shown the possibility of backward bifurcation due to the impact of quarantine [24],
income inequality among the susceptible human population [25], and vector biases [15] (biting preference of vector to infectious
humans).

Since migration is one of the main obstacles to malaria elimination in many countries [26,27], a question naturally arises whether
cross-border mobility has a role in backward bifurcation. Thus, studying the effects of cross-border mobility on backward bifurcation
is crucial. While some studies [26–33] have considered the effects of host movement on vector-borne disease, we are unaware of
any studies that address the backward bifurcation issue of the malaria model with cross-border mobility. In Gautam et al. [7], we
developed a malaria model with cross-border mobility and performed basic stability analysis and simulations with malaria cases in
Nepal. However, the previous study [7] lacks an analysis of a critical issue of backward bifurcation associated with different modes
of cross-border mobility; the analysis of backward bifurcation can offer an essential condition for eradicating malaria.

In this study, we broaden the previous model by considering various cross-border mobilities and examine whether cross-border
mobility can bring backward bifurcation, causing obstacles to malaria elimination even when the basic reproduction number is below
unity. The novelty of our results constitutes the establishment of mobility conditions that can solely cause backward bifurcation,
underscoring the need to consider cross-border mobility in devising malaria elimination strategies. We further extend our mobility-
driven backward bifurcation techniques to the case where eradication is impossible due to cross-border mobility; in this case, our
analysis allows us to identify mobility-related control strategies to maintain malaria endemic in a low burden level.

2. Model formulation and basic analysis

2.1. Malaria transmission model with cross-border mobility

To model malaria transmission with cross-border mobility, we consider the malaria-endemic country with a higher malaria
burden as an abroad, where migrants from the home country live as workers. The home country is assumed to have a low malaria
burden but is struggling to achieve the elimination goal. Both humans living in their home country (𝑁ℎ𝐻 ) and migrant workers
living abroad (𝑁ℎ𝑀 ) are divided into susceptible (𝑆ℎ𝐻 , 𝑆ℎ𝑀 ), infectious (𝐼ℎ𝐻 , 𝐼ℎ𝑀 ), and recovered (𝑅ℎ𝐻 , 𝑅ℎ𝑀 ) groups. The mosquito
population in the home country (𝑁𝑣𝐻 ) is divided into susceptible (𝑆𝑣𝐻 ) and infectious (𝐼𝑣𝐻 ) groups.

In the model, 𝑏, 𝑏′ represent the per-capita mosquito biting rates, 𝛼𝑣ℎ, 𝛼′𝑣ℎ represent the probabilities of malaria transmission
from infectious mosquito to susceptible human in a single bite, and 𝛼ℎ𝑣, 𝛼′ℎ𝑣 represent the probabilities of malaria transmission from
infectious human to susceptible mosquito in a single bite at home and abroad, respectively. 𝑞 is the per-capita immunity loss rate
of humans, and 𝛾ℎ is the per-capita recovery rate of humans. 𝛬,𝜙 are the recruitment rates of humans and mosquitoes, and 𝑑ℎ, 𝛿ℎ,
and 𝑑𝑣 are the per-capita natural death rate, the disease-induced death rate of humans, and the natural death rate of mosquitoes,
respectively. The per-capita cross-border mobility rate for susceptible and recovered individuals is assumed to be 𝜂. For the infected
individuals, the cross-border mobility is altered by a factor 𝜔 ≥ 0, making the mobility rate for infected individuals 𝜔𝜂.

Due to the complexity of tracking specific incidents abroad, we note that the incidence rate for migrants abroad
𝑏′𝛼′𝑣ℎ𝐼𝑣𝐴
𝑁ℎ𝐴

,
where 𝐼𝑣𝐴 and 𝑁ℎ𝐴 are the total infectious mosquitoes and the total humans abroad, respectively, is approximated as follows [7]:
𝑏′𝛼′𝑣ℎ𝐼𝑣𝐴
𝑁ℎ𝐴

≈
𝑏′𝛼′𝑣ℎ
𝑇

∫ 𝑇
0

𝐼𝑣𝐴(𝑡)
𝑁ℎ𝐴(𝑡)

𝑑𝑡 ≈ 𝑏′𝛼′𝑣ℎ
𝐼𝑣𝐴(𝑡0)
𝑁ℎ𝐴(𝑡0)

= 𝑘 for some 𝑡0 ∈ (0, 𝑇 ), and 𝑇 is the final time of the dynamics (the mean value
theorem of integral calculus [34]).

The schematic diagram of the model is shown in Fig. 1. The model system we consider is as follows:

𝑆′
ℎ𝐻 = 𝛬 + 𝜂𝑆ℎ𝑀 + 𝑞𝑅ℎ𝐻 −

𝑏𝛼𝑣ℎ𝐼𝑣𝐻
𝑁ℎ𝐻

𝑆ℎ𝐻 − (𝜂 + 𝑑ℎ)𝑆ℎ𝐻 , (1)
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Fig. 1. Malaria transmission model with cross-border mobility. The upper SIRS model (within the red dashed box) captures the dynamics among migrant workers
abroad, while the lower SI-SIRS model (within the green dashed box) represents the situation in the home country. The solid arrows indicate the movement of
populations, while the dotted arrows illustrate the interactions between humans and mosquitoes. Subscripts H and M represent home and migrant, respectively,
while subscripts h and v denote human and vector (mosquito), respectively. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

𝐼 ′ℎ𝐻 =
𝑏𝛼𝑣ℎ𝐼𝑣𝐻
𝑁ℎ𝐻

𝑆ℎ𝐻 + 𝜔𝜂𝐼ℎ𝑀 − (𝜔𝜂 + 𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝐼ℎ𝐻 , (2)

𝑅′
ℎ𝐻 = 𝛾ℎ𝐼ℎ𝐻 + 𝜂𝑅ℎ𝑀 − (𝜂 + 𝑑ℎ + 𝑞)𝑅ℎ𝐻 , (3)

𝑆′
𝑣𝐻 = 𝜙 −

𝑏𝛼ℎ𝑣𝐼ℎ𝐻
𝑁ℎ𝐻

𝑆𝑣𝐻 − 𝑑𝑣𝑆𝑣𝐻 , (4)

𝐼 ′𝑣𝐻 =
𝑏𝛼ℎ𝑣𝐼ℎ𝐻
𝑁ℎ𝐻

𝑆𝑣𝐻 − 𝑑𝑣𝐼𝑣𝐻 , (5)

𝑆′
ℎ𝑀 = 𝜂𝑆ℎ𝐻 + 𝑞𝑅ℎ𝑀 − 𝑘𝑆ℎ𝑀 − (𝑑ℎ + 𝜂)𝑆ℎ𝑀 , (6)

𝐼 ′ℎ𝑀 = 𝑘𝑆ℎ𝑀 + 𝜔𝜂𝐼ℎ𝐻 − (𝜔𝜂 + 𝛿ℎ + 𝑑ℎ + 𝛾ℎ)𝐼ℎ𝑀 , (7)

𝑅′
ℎ𝑀 = 𝛾ℎ𝐼ℎ𝑀 + 𝜂𝑅ℎ𝐻 − (𝜂 + 𝑑ℎ + 𝑞)𝑅ℎ𝑀 . (8)

For the simulations, we took the values of parameters given in Table 1, many of which were estimated from the model fitting to
the malaria data of Nepal [7].

2.2. Basic properties of the model

For the system (1)–(8) to be biologically and epidemiologically meaningful, it is essential to demonstrate that all solutions with
initially non-negative values always remain non-negative and bounded. For our model system (1)–(8), we can mathematically show
that it is sufficient to assume non-negative initial conditions for all state variables to assert non-negative solutions. However, in
reality, some humans and mosquitoes are expected to survive in the community. Therefore, to capture this reality, we present proof
of positivity and boundedness of solutions with positive initial conditions for 𝑆ℎ𝐻 and 𝑆ℎ𝑀 .

Theorem 2.1 (Positivity and Boundedness of Solutions). If 𝑆ℎ𝐻 (0) > 0, 𝐼ℎ𝐻 (0) ≥ 0, 𝑅ℎ𝐻 (0) ≥ 0, 𝑆𝑣𝐻 (0) > 0, 𝐼𝑣𝐻 (0) ≥ 0, 𝑆ℎ𝑀 (0) >
0, 𝐼ℎ𝑀 (0) ≥ 0, 𝑅ℎ𝑀 (0) ≥ 0, then the solution

(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀
)

of the system (1)–(8) is always positive for all 𝑡 ≥ 0 and eventually bounded.

Proof. See Section 2 of Supplementary file. □

2.3. Equilibria condition

Equilibrium points represent steady states of the system, where disease prevalence remains constant over time. These points
are applicable to identifying the conditions under which disease persists or is eliminated. The equilibria

(

𝑆∗
ℎ𝐻 , 𝐼∗ℎ𝐻 , 𝑅∗

ℎ𝐻 , 𝑆∗
𝑣𝐻 ,

𝐼∗𝑣𝐻 , 𝑆∗
ℎ𝑀 , 𝐼∗ℎ𝑀 , 𝑅∗

ℎ𝑀
)

of the system (1)–(8) can be expressed as

𝑆∗
ℎ𝐻 = 𝑃

𝐾1 +𝐾2 𝜆∗ℎ
, 𝐼∗ℎ𝐻 =

𝑄1 +𝑄2𝜆∗ℎ
𝐾1 +𝐾2 𝜆∗ℎ

, 𝑅∗
ℎ𝐻 =

𝑄3 +𝑄4𝜆∗ℎ
𝐾1 +𝐾2 𝜆∗ℎ

,
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Table 1
Model parameters estimated from the malaria case data in Nepal.

Description Parameters Base value and unit Reference

Probability of malaria transmission
from an infectious mosquito
to a susceptible human (per bite) 𝛼𝑣ℎ 0.0195 [35,36]
Probability of malaria transmission
from an infectious human to
a susceptible mosquito (per bite) 𝛼ℎ𝑣 0.63 [36–38]
Humans recruitment rate 𝛬 287,460 yr−1 [7]
Per capita recovery
rate of humans 𝛾ℎ 1.85 yr−1 [35,36]
Per capita natural birth and
death rate of mosquitoes 𝑑𝑣 27.9113 yr−1 [35,36]
Per capita disease induced
death rate of humans 𝛿ℎ 0.00171 yr−1 [7]
Per capita natural death
rate of humans 𝑑ℎ 0.0149 yr−1 [7]
Per capita mobility rate
of healthy humans 𝜂 0.04 yr−1 Assumed
Mobility factor of
infected humans 𝜔 25 Assumed
Per capita mobility rate
of infectious humans 𝜔𝜂 1 yr−1 Assumed
Per capita rate of Immunity
loss of humans 𝑞 4 yr−1 [39]
Incidence rate in abroad 𝑘 0.000105 yr−1 [7]
Per capita biting rate of mosquitoes 𝑏 43.75 yr−1 [7]

𝑆∗
ℎ𝑀 =

𝑆1 + 𝑆2𝜆∗ℎ
𝐾1 +𝐾2 𝜆∗ℎ

, 𝐼∗ℎ𝑀 =
𝑇1 + 𝑇2𝜆∗ℎ
𝐾1 +𝐾2 𝜆∗ℎ

, 𝑅∗
ℎ𝑀 =

𝑈1 + 𝑈2𝜆∗ℎ
𝐾1 +𝐾2 𝜆∗ℎ

,

𝐼∗𝑣𝐻 =
𝜙𝛽𝑣(𝑄1 +𝑄2𝜆∗ℎ)

𝑑𝑣
(

𝛽𝑣𝑄1 + 𝑑𝑣𝑃 +𝑄1𝑑𝑣 +𝑄3𝑑𝑣 + (𝑄2𝑑𝑣 +𝑄4𝑑𝑣 + 𝛽𝑣𝑄2)𝜆∗ℎ
) ,

𝑆∗
𝑣𝐻 =

𝜙 − 𝐼∗𝑣𝐻𝑑𝑣
𝑑𝑣

, (9)

where 𝜆∗ℎ = 𝛽ℎ
𝐼∗𝑣𝐻
𝑁∗

ℎ𝐻
, 𝛽ℎ = 𝑏𝛼𝑣ℎ, 𝛽𝑣 = 𝑏𝛼ℎ𝑣, and 𝑃 , 𝐾1, 𝐾2, 𝑄1, 𝑄2, 𝑄3, 𝑄4, 𝑆1, 𝑆2, 𝑇1, 𝑇2, 𝑈1, and 𝑈2 are non-negative (see Section 4

of Supplementary file). With some algebraic manipulation, the equilibria condition of the system (1)–(8) reduces to

𝑎3𝜆
∗3
ℎ + 𝑎2𝜆

∗2
ℎ + 𝑎1𝜆

∗
ℎ + 𝑎0 = 0, (10)

where,

𝑎3 = 𝑄2𝑄4𝑑𝑣𝛽𝑣 + 2𝑄2𝑄4𝑑
2
𝑣 +𝑄2

2𝑑𝑣𝛽𝑣 +𝑄2
2𝑑

2
𝑣 +𝑄2

4𝑑
2
𝑣 > 0,

𝑎2 = (𝑝1 − 𝑝2𝛽ℎ𝛽𝑣),

𝑎1 = (𝑝3 − 𝑝4𝛽ℎ𝛽𝑣),

𝑎0 = −𝐾1𝜂
2𝜔𝑘𝛬

(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
)

𝜙𝛽ℎ𝛽𝑣 < 0 and 𝑝1, 𝑝2, 𝑝3, 𝑝4
are non negative (see Section 5 of Supplementary file).

3. Model analysis

Using the model (1)–(8), we focus on the role of cross-border mobility in the bifurcations corresponding to the elimination or
persistence of malaria. To explore this, we analyze two cases in detail: (I) 𝜂 = 0 (absence of cross-border mobility); (II) 𝜂 ≠ 0
(presence of cross-border mobility).
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3.1. Case-I: 𝜂 = 0 (absence of cross-border mobility)

3.1.1. Equilibria
Since 𝜂 = 0, we get 𝑎0, 𝑄1, 𝑄3, 𝑆1, 𝑇1, and 𝑈1 to be zero. Then, the disease-free equilibrium of the system (1)–(8) from Eq. (9) is

𝐸0 =
(

𝑆0
ℎ𝐻 , 𝐼0ℎ𝐻 , 𝑅0

ℎ𝐻 , 𝑆0
𝑣𝐻 , 𝐼0𝑣𝐻 , 𝑆0

ℎ𝑀 , 𝐼0ℎ𝑀 , 𝑅0
ℎ𝑀

)

=
(

𝛬
𝑑ℎ

, 0, 0,
𝜙
𝑑𝑣

, 0, 0, 0, 0
)

.

The basic reproduction number, derived using the next generation matrix method [40], is 𝑅0 =

√

𝜙𝑑ℎ𝛽ℎ𝛽𝑣
𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣

. In this case,

Eq. (10) gives

𝑎3𝜆
∗2
ℎ + 𝑎2𝜆

∗
ℎ + 𝑎1 = 0, (11)

where, 𝑎3, 𝑎2, and 𝑎1 are simplified to

𝑎3 = 𝑏0𝛬𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
) (

𝛽𝑣
(

𝑑ℎ + 𝑞
)

+ 𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
))

> 0,

𝑎2 =
𝑏0
𝑑ℎ

𝛬
(

𝐺0 − 𝑅2
0
)

𝑑2𝑣
(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
) (

𝑑ℎ
(

𝛾ℎ + 𝛿ℎ + 𝑞
)

+ 𝑑2ℎ + 𝑞𝛿ℎ
)

,

𝑎1 = 𝛬
(

1 − 𝑅2
0
)

𝑏0 𝑑
2
𝑣
(

𝑑ℎ + 𝑞
) 2 (𝑑ℎ + 𝛾ℎ + 𝛿ℎ

) 2,

𝑏0 =
(

𝑑2ℎ
(

𝛾ℎ + 𝛿ℎ + 𝑘 + 𝑞
)

+ 𝑑ℎ
(

𝛾ℎ(𝑘 + 𝑞) + 𝛿ℎ(𝑘 + 𝑞) + 𝑘𝑞
)

+ 𝑑3ℎ + 𝑘𝑞𝛿ℎ
) 2,

where 𝐺0 =
𝑑ℎ

(

𝛽𝑣
(

𝑑ℎ + 𝑞
)

+ 2𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
))

𝑑𝑣
(

𝑑ℎ
(

𝛾ℎ + 𝛿ℎ + 𝑞
)

+ 𝑑2ℎ + 𝑞𝛿ℎ
) . Here 𝑅0 < 1 if and only if 𝑎1 > 0 and 𝑅0 <

√

𝐺0 if and only if 𝑎2 > 0. Let

𝛥(𝑅0) = 𝑎22 − 4𝑎1𝑎3. Then we have 𝛥(
√

𝐺0) = −4𝑎1𝑎3 < 0 when 𝐺0 < 1, and 𝛥(1) = 𝑎22 > 0. When 𝑅0 < 1, by the intermediate value
theorem for continuous function, there exists a unique 𝑅∗

0 ∈
(

√

𝐺0, 1
)

such that 𝛥(𝑅∗
0) = 0. Therefore, 𝑅∗

0 is the value of 𝑅0 < 1
such that the discriminant of the Eq. (11) is zero. Also, for 𝑅0 < 1, 𝛥(𝑅0) > 0 if and only if 𝑅0 > 𝑅∗

0, and 𝛥(𝑅0) < 0 if and only if

𝑅0 < 𝑅∗
0 [14,17]. Now using 𝛥(𝑅∗

0) = 0, we obtain 𝑅∗
0 =

√

𝐵2𝐺 − 2𝐴 + 2
√

𝑀2 + 𝐵2𝐴(1 − 𝐺0)
𝐵

, where

𝐴 = 𝑑2ℎ
(

𝑑ℎ + 𝑞
) 2 (𝑑ℎ + 𝛾ℎ + 𝛿ℎ

) 2 (𝑑ℎ + 𝛾ℎ + 𝑞
) (

𝛽𝑣
(

𝑑ℎ + 𝑞
)

+ 𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
))

,

𝐵2 = 𝑑𝑣
(

𝑑ℎ + 𝑞
) 2 (𝑑ℎ + 𝛾ℎ + 𝛿ℎ

) 2 (𝑑ℎ
(

𝛾ℎ + 𝛿ℎ + 𝑞
)

+ 𝑑2ℎ + 𝑞𝛿ℎ
) 2,

𝑀 = 𝑑2ℎ
(

𝑑ℎ + 𝑞
) 2 (𝑑ℎ + 𝛾ℎ + 𝛿ℎ

) 2 (𝑑ℎ + 𝛾ℎ + 𝑞
) (

𝛽𝑣
(

𝑑ℎ + 𝑞
)

+ 𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
))

.

In Theorem 3.1, we present the general results about the existence of endemic equilibria.

Theorem 3.1. Assume that 𝜂 = 0 in (1)–(8), then the following statements hold.

(i) For 𝑅0 > 1, the system has unique endemic equilibrium;
(ii) For 𝑅0 = 1, the system has unique endemic equilibrium when 𝑎2 < 0 and no endemic equilibrium when 𝑎2 ≥ 0;
(iii) For 𝑅∗

0 < 𝑅0 < 1, the system has two distinct (upper and lower) endemic equilibria when 𝑎2 < 0 and no endemic equilibrium when
𝑎2 ≥ 0;

(iv) For 𝑅0 = 𝑅∗
0, the system has unique (coincident) endemic equilibria when 𝑎2 < 0 and no endemic equilibrium when 𝑎2 ≥ 0;

(v) For 𝑅0 < 𝑅∗
0, the system has no endemic equilibrium.

Proof. See Section 6 of Supplementary file. □

3.1.2. Bifurcation analysis
In this section, we discussed the local behavior of the disease-free and endemic equilibria using the Routh–Hurwitz Theorem

and Castillo-Chavez and Song Theorem [41]. For the global stability of the disease-free equilibrium, we use the Krasovskii–LaSalle
invariance Theorem [41].

Theorem 3.2 (Local Stability of 𝐸0). Assume that 𝜂 = 0, then the disease free equilibrium point 𝐸0 of the system (1)–(8) is locally
asymptotically stable if 𝑅0 < 1, and unstable if 𝑅0 > 1.

Proof. See Section 7 of Supplementary file. □

Theorem 3.3 (Forward and Backward Bifurcations). Assume that 𝜂 = 0, then the model possesses the forward bifurcation at 𝑅0 = 1 when
0 ≤ 𝛿ℎ ≤ 𝛿∗ℎ and the backward bifurcation at 𝑅0 = 1 when 𝛿ℎ > 𝛿∗ℎ, where

𝛿∗ℎ =
𝑑ℎ

(

𝑑ℎ𝛽𝑣 + 𝑑𝑣𝛾ℎ + 𝑑ℎ𝑑𝑣 + 𝑞𝑑𝑣 + 𝑞𝛽𝑣
)

𝑑𝑣
(

𝑑ℎ + 𝑞
) .
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Proof. We apply the theorem by Castillo Chavez and Song [41] to derive the condition for forward and backward bifurcations. The
system (1)–(8) of the model can be written as:

𝑑𝑥⃗
𝑑𝑡

= 𝑓 (𝑥⃗, 𝛽ℎ), 𝑓 ∶ 𝑅8 × 𝑅 → 𝑅8, 𝑓 ∈ 𝐶2(𝑅8 × 𝑅), (12)

where 𝑥⃗ =
(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀
)

,

𝑓 =
(

𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, 𝑓6, 𝑓7, 𝑓8
)

, and 𝛽∗ℎ =
𝛬𝑑2𝑣

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
)

𝜙𝑑ℎ𝛽𝑣
corresponds to 𝑅0 = 1 considered as one of the potential

bifurcation parameters. Then, the Jacobian of the system at the bifurcation point (𝐸0; 𝛽∗ℎ) is

𝐽0 =
(

𝑃5×5 05×3
03×5 𝑄3×3

)

,

where

𝑃 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝑑ℎ 0 𝑞 0 −
𝛬𝑑2𝑣

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
)

𝜙𝑑ℎ𝛽𝑣

0 −(𝑑ℎ + 𝛾ℎ + 𝛿ℎ) 0 0
𝛬𝑑2𝑣

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
)

𝜙𝑑ℎ𝛽𝑣
0 𝛾ℎ −(𝑑ℎ + 𝑞) 0 0

0 −
𝜙𝑑ℎ𝛽𝑣
𝛬𝑑𝑣

0 −𝑑𝑣 0

0
𝜙𝑑ℎ𝛽𝑣
𝛬𝑑𝑣

0 0 −𝑑𝑣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

and

𝑄 =
⎛

⎜

⎜

⎝

−(𝑑ℎ + 𝑘) 0 𝑞
𝑘 −(𝑑ℎ + 𝛾ℎ + 𝛿ℎ) 0
0 𝛾ℎ −(𝑑ℎ + 𝑞)

⎞

⎟

⎟

⎠

.

Five eigenvalues of the Jacobian 𝐽0 are

𝜆 = 0,−𝑑ℎ,−𝑑𝑣,−(𝑑ℎ + 𝑞),−
(

𝑑ℎ + 𝑑𝑣 + 𝛾ℎ + 𝛿ℎ
)

,

and the rest three eigenvalues are given by the following characteristic polynomial equation of degree three.

𝜆3 +𝑀2𝜆
2 +𝑀1𝜆 +𝑀0 = 0, (13)

where, 𝑀2 = 3𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 𝑘 + 𝑞,𝑀1 = 2𝑑ℎ𝛾ℎ + 2𝑑ℎ𝛿ℎ + 2𝑘𝑑ℎ + 2𝑞𝑑ℎ + 3𝑑2ℎ + 𝑘𝛾ℎ + 𝑘𝛿ℎ + 𝑞𝛾ℎ + 𝑞𝛿ℎ + 𝑘𝑞,𝑀0 = 𝑑2ℎ𝛾ℎ + 𝑑2ℎ𝛿ℎ + 𝑘𝑑ℎ𝛾ℎ +
𝑘𝑑ℎ𝛿ℎ + 𝑘𝑞𝑑ℎ + 𝑘𝑑2ℎ + 𝑞𝑑ℎ𝛾ℎ + 𝑞𝑑ℎ𝛿ℎ + 𝑞𝑑2ℎ + 𝑑3ℎ + 𝑘𝑞𝛿ℎ. Here, 𝑀0, 𝑀1, 𝑀2, 𝑀3 all are positive and

𝑀1𝑀2 −𝑀0 = 8𝑑2ℎ
(

𝛾ℎ + 𝛿ℎ + 𝑘 + 𝑞
)

+ 8𝑑3ℎ + 𝛾ℎ
(

2𝛿ℎ(𝑘 + 𝑞) + 𝑘2 + 3𝑘𝑞 + 𝑞2
)

+ 𝛾2ℎ(𝑘 + 𝑞) + (𝑘 + 𝑞)
(

𝛿ℎ + 𝑘
) (

𝛿ℎ + 𝑞
)

+
2𝑑ℎ

(

𝛾2ℎ + 𝛿2ℎ + 𝛾ℎ
(

2𝛿ℎ + 3(𝑘 + 𝑞)
)

+ 3𝛿ℎ(𝑘 + 𝑞) + 𝑘2 + 3𝑘𝑞 + 𝑞2
)

> 0.

Thus, 𝐽0 has one eigenvalue of zero, four negative, and the remaining three have negative real parts. Let 𝑣 =
(

𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6,
𝑣7, 𝑣8

)

and 𝑢 =
(

𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8
)𝑇 are the left and right eigenvectors of the zero eigenvalue of 𝐽0, respectively. Solving

the matrix equations 𝑣𝐽0 = 0 and 𝐽0𝑢 = 0, we obtain the components of the eigenvectors 𝑣 and 𝑢 as 𝑣1 = 𝑣3 = 𝑣4 = 0, 𝑣5 =
𝛬𝑣2𝑑𝑣

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
)

𝜙𝑑ℎ𝛽𝑣
, 𝑣6 = 𝑣7 = 𝑣8 = 0, 𝑢1 = −𝑢2

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
𝑑ℎ

−
𝑞𝛾ℎ

𝑑ℎ
(

𝑑ℎ + 𝑞
)

)

,

𝑢3 =
𝑢2𝛾ℎ
𝑑ℎ + 𝑞

, 𝑢4 = −
𝑢2𝜙𝑑ℎ𝛽𝑣
𝛬𝑑2𝑣

, 𝑢5 =
𝑢2𝜙𝑑ℎ𝛽𝑣
𝛬𝑑2𝑣

, 𝑢6 = 𝑢7 = 𝑢8 = 0, with 𝑣2 and 𝑢2 being free. The parameters 𝑎 and 𝑏 are obtained from

the equation

𝑎 =
8
∑

𝑚,𝑖,𝑗=1
𝑣𝑚𝑢𝑖𝑢𝑗

𝜕2𝑓𝑚
𝜕𝑥𝑖𝜕𝑥𝑗

(𝐸0), 𝑏 =
8
∑

𝑚,𝑖=1
𝑣𝑚𝑢𝑖

𝜕2𝑓𝑚
𝜕𝑥𝑖𝜕𝛽ℎ

(𝐸0), (14)

where 𝑓𝑚 be the 𝑚th component of 𝑓 . To compute the parameter b, we use Eq. (14) with 𝑣𝑚 = 0 for 𝑚 = 1, 3, 4, 6, 7, 8.
Taking partial derivatives of 𝑓2 and 𝑓5 with respect to 𝛽ℎ, we get

𝜕(𝑓2)
𝜕𝛽ℎ

=
𝑥1𝑥5

𝑥1 + 𝑥2 + 𝑥3
,

𝜕(𝑓5)
𝜕𝛽ℎ

= 0, where, 𝑓2 = 𝛽ℎ
𝑥1𝑥5

𝑥1 + 𝑥2 + 𝑥3
−

(

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
)

𝑥2, 𝑓5 = 𝛽𝑣
𝑥4𝑥2

𝑥1 + 𝑥2 + 𝑥3
− 𝑥5𝑑𝑣. Using 𝑣.𝑢 = 1, i.e., 𝑣2𝑢2 =

𝑑𝑣
𝑑ℎ + 𝛾ℎ + 𝛿ℎ

. Then, 𝑏 =
∑8

𝑚,𝑖=1 𝑣𝑚𝑢𝑖
𝜕2𝑓𝑚
𝜕𝑥𝑖𝜕𝛽ℎ

(𝐸0) =

∑8
𝑖=1 𝑣2𝑢𝑖

𝜕2𝑓2
𝜕𝑥𝑖𝜕𝛽ℎ

(𝐸0) =
∑8

𝑖=1 𝑣2𝑢𝑖
𝜕
𝜕𝑥𝑖

(

𝑥1𝑥5
𝑥1 + 𝑥2 + 𝑥3

)

(𝐸0) = 𝑣2𝑢5

=
𝜙𝑑ℎ𝛽𝑣

(𝑑ℎ + 𝛾ℎ + 𝛿ℎ)𝛬𝑑𝑣
> 0. Similarly, using Eq. (14),

𝑎 = 𝑣2

(

𝑢1𝑢1
𝜕2𝑓2
𝜕𝑥21

+ 2𝑢1𝑢2
𝜕2𝑓2

𝜕𝑥1𝜕𝑥2
+ 2𝑢1𝑢3

𝜕2𝑓2
𝜕𝑥1𝜕𝑥3

+ 2𝑢2𝑢3
𝜕2𝑓2

𝜕𝑥2𝜕𝑥3
+ 𝑢2𝑢2

𝜕2𝑓2
𝜕𝑥22

)

+



Nonlinear Analysis: Real World Applications 81 (2025) 104173

7

R. Gautam et al.

Fig. 2. Bifurcation diagrams and model solutions. (a) Forward bifurcation at 𝑅0 = 1 when 𝛿ℎ lies in 0 ≤ 𝛿ℎ ≤ 𝛿∗ℎ (𝛿∗ℎ = 0.029). (b) Model solutions verifying (a),
where model solution converges to the unique stable endemic equilibrium when 𝑅0 = 1.63 (𝑅0 > 1) (end of the magenta curve) and converges to the stable
disease-free equilibrium when 𝑅0 = 0.54 (𝑅0 < 1) (end of the green curve), regardless of the initial conditions. (c) Backward bifurcation for 𝛿ℎ = 0.11 with
𝑅∗

0 = 0.88. (d) Model solutions verifying (c), where model solution converge to the unique stable endemic equilibrium when 𝑅0 = 1.59 (𝑅0 > 1) (end of the
magenta curve) and for 𝑅0 = 0.53 (𝑅0 < 𝑅∗

0 < 1), model solution converges to the stable disease-free equilibrium (end of the green curve), regardless of the initial
conditions. However, for 𝑅0 = 0.90 (𝑅∗

0 < 𝑅0 < 1), the model solution converge to the higher level endemic equilibrium (end of the black curve) when the initial
prevalence is above the breakpoint density (horizontal dashed line), and the model solution converges to the disease-free equilibrium (end of the blue curve)
when the initial prevalence is below the breakpoint density. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

𝑣2

(

𝑢3𝑢3
𝜕2𝑓2
𝜕𝑥23

+ 2𝑢1𝑢5
𝜕2𝑓2

𝜕𝑥1𝜕𝑥5
+ 2𝑢2𝑢5

𝜕2𝑓2
𝜕𝑥2𝜕𝑥5

+ 2𝑢3𝑢5
𝜕2𝑓2

𝜕𝑥3𝜕𝑥5

)

+

𝑣5

(

𝑢1𝑢1
𝜕2𝑓5
𝜕𝑥21

+ 2𝑢1𝑢2
𝜕2𝑓5

𝜕𝑥1𝜕𝑥2
+ 2𝑢1𝑢3

𝜕2𝑓5
𝜕𝑥1𝜕𝑥3

+ 2𝑢2𝑢3
𝜕2𝑓5

𝜕𝑥2𝜕𝑥3

)

+

𝑣5

(

𝑢2𝑢2
𝜕2𝑓5
𝜕𝑥22

+ 𝑢3𝑢3
𝜕2𝑓5
𝜕𝑥23

+ 2𝑢1𝑢4
𝜕2𝑓5

𝜕𝑥1𝜕𝑥4
+ 2𝑢2𝑢4

𝜕2𝑓5
𝜕𝑥2𝜕𝑥4

+ 2𝑢4𝑢3
𝜕2𝑓5

𝜕𝑥4𝜕𝑥3

)

. (15)

After simplification, we get 𝑎 =
2𝑑𝑣𝛿ℎ
𝛬

−
2𝑑ℎ

(

𝛽𝑣
(

𝑑ℎ + 𝑞
)

+ 𝑑𝑣
(

𝑑ℎ + 𝛾ℎ + 𝑞
))

𝛬
(

𝑑ℎ + 𝑞
) . Here 𝑎 > 0 if 𝛿ℎ >

𝑑ℎ
(

𝑑ℎ𝛽𝑣 + 𝑑𝑣𝛾ℎ + 𝑑ℎ𝑑𝑣 + 𝑞𝑑𝑣 + 𝑞𝛽𝑣
)

𝑑𝑣
(

𝑑ℎ + 𝑞
) =

𝛿∗ℎ. Thus the model possesses the backward bifurcation at 𝑅0 = 1 when 𝛿ℎ > 𝛿∗ℎ and forward bifurcation at 𝑅0 = 1 when 0 ≤ 𝛿ℎ ≤ 𝛿∗ℎ.
From the above result, in the absence of cross-border mobility of migrants between the home country and abroad (𝜂 = 0), if

0 ≤ 𝛿ℎ ≤ 𝛿∗ℎ, malaria gets eliminated when 𝑅0 < 1. However, if 𝛿ℎ > 𝛿∗ℎ, elimination is possible only when 𝑅0 < 𝑅∗
0 < 1. We also

validated the above analytic results with the numerical solutions of the system (1)–(8) (Fig. 2).

3.1.3. Global stability and uniform persistence
Here we apply the Krasovskii–LaSalle Theorem [41] to establish the condition for the global stability of the disease-free

equilibrium in the home country.

Theorem 3.4 (Global Stability of 𝐸0). For 𝜂 = 0, the disease-free equilibrium 𝐸0 of the system (1)–(5) is globally asymptotically stable
when 𝑅2

0 +
𝛿ℎ𝜙𝛽ℎ𝛽𝑣

𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣
< 1.



Nonlinear Analysis: Real World Applications 81 (2025) 104173

8

R. Gautam et al.

Proof. Let 𝑝 =
(

𝑆ℎ𝐻 (𝑡), 𝐼ℎ𝐻 (𝑡), 𝑅ℎ𝐻 (𝑡), 𝑆𝑣𝐻 (𝑡), 𝐼𝑣𝐻 (𝑡)
)

, be any solution of the system (1)–(5), then 𝑁𝑣𝐻 (𝑡) ≤ 𝜙
𝑑𝑣

and 𝑁 ′
ℎ𝐻 =

𝛬 − 𝑑ℎ𝑁ℎ𝐻 − 𝛿ℎ𝐼ℎ𝐻 ≥ 𝛬 − (𝑑ℎ + 𝛿ℎ)𝑁ℎ𝐻 . Then, 𝑁ℎ𝐻 (𝑡) ≥ 𝛬
𝑑ℎ + 𝛿ℎ

. We construct a Lyapunov function, 𝑉
(

𝐼ℎ𝐻 , 𝐼𝑣𝐻
)

=
𝑑𝑣
𝛽ℎ

𝐼ℎ𝐻 + 𝐼𝑣𝐻 .
Then, taking derivative with respect to 𝑡, we obtain

𝑉 ′ =
𝑑𝑣
𝛽ℎ

𝐼 ′ℎ𝐻 + 𝐼 ′𝑣𝐻

=
𝑑𝑣𝐼𝑣𝐻𝑆ℎ𝐻

𝑁ℎ𝐻
−

𝑑𝑣
𝛽ℎ

(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝐼ℎ𝐻 +
𝛽𝑣𝐼ℎ𝐻𝑆𝑣𝐻

𝑁ℎ𝐻
− 𝑑𝑣𝐼𝑣𝐻

=
[

𝛽𝑣𝑆𝑣𝐻
𝑁ℎ𝐻

−
𝑑𝑣
𝛽ℎ

(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)
]

𝐼ℎ𝐻 −
[

−
𝑑𝑣𝑆ℎ𝐻
𝑁ℎ𝐻

+ 𝑑𝑣

]

𝐼𝑣𝐻

≤
⎡

⎢

⎢

⎢

⎣

𝛽𝑣
𝜙
𝑑𝑣
𝛬

𝑑ℎ + 𝛿ℎ

−
𝑑𝑣
𝛽ℎ

(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)

⎤

⎥

⎥

⎥

⎦

𝐼ℎ𝐻 (Since 𝑆ℎ𝐻 (𝑡) ≤ 𝑁ℎ𝐻 (𝑡))

=

[

𝑅2
0 +

𝛿ℎ𝜙𝛽ℎ𝛽𝑣
𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣

− 1

]

𝐼ℎ𝐻 .

This gives 𝑉 ′ ≤

[(

𝑅2
0 +

𝛿ℎ𝜙𝛽ℎ𝛽𝑣
𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣

− 1

)]

𝐼ℎ𝐻 . Therefore, 𝑉 ′ ≤ 0 for all 𝑝 ≥ 0 when 𝑅2
0 +

𝛿ℎ𝜙𝛽ℎ𝛽𝑣
𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣

< 1.

Let 𝐵 = {𝑝 ∶ 𝑉 ′ = 0}, then 𝐵 ⊂ {𝑝 ∶ 𝐼ℎ𝐻 = 0}. If 𝐶 ⊂ 𝐵 is the largest invariant set of the system (1)–(5) and 𝑝 is any solution
of the system in 𝐶, then for all 𝑡 ∈ 𝑅, 𝑝 is defined and bounded. Again 𝐶 ⊆ {𝑝 ∶ 𝐼ℎ𝐻 = 0}, thus 𝐼ℎ𝐻 (𝑡) ≡ 0. Moreover, from Eq. (3),
𝑅ℎ𝐻 ≡ 0. Also, from Eq. (5), 𝐼𝑣𝐻 ≡ 0 and finally, Eq. (1) gives 𝑆ℎ𝐻 ≡ 𝛬

𝑑ℎ
and Eq. (4) gives 𝑆𝑣𝐻 ≡ 𝜙

𝑑𝑣
. Therefore, 𝑝 = ( 𝛬

𝑑ℎ
, 0, 0,

𝜙
𝑑𝑣

, 0)

and 𝐶 ≡ {𝐸0}. Applying the Krasovskii–LaSalle theorem [41], the disease-free equilibrium 𝐸0 is globally asymptotically stable and
the disease eventually becomes extinct when 𝑅2

0 +
𝛿ℎ𝜙𝛽ℎ𝛽𝑣

𝛬(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝑑2𝑣
< 1. □

It can be proved that the disease persists when 𝑅0 > 1 [7]. We summarize the result showing uniform persistence in Theorem 3.5.

Theorem 3.5 (Uniform Persistence). For 𝜂 = 0, the decoupled system (1)–(5) is uniformly persistent with respect to
(

𝛺𝑜, 𝜕𝛺𝑜
)

for 𝑅0 > 1
in the sense that there is a positive constant 𝜎 > 0 such that every solution

(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻
)

of (1)–(5) with
(

𝑆ℎ𝐻 (0), 𝐼ℎ𝐻 (0), 𝑅ℎ𝐻 (0), 𝑆𝑣𝐻 (0), 𝐼𝑣𝐻 (0)
)

∈ 𝛺𝑜 satisfies

lim inf 𝐼ℎ𝐻 ≥ 𝜎, lim inf 𝐼𝑣𝐻 ≥ 𝜎, (16)

where,

𝛺𝑜 = {
(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻
)

∈ ℜ5
+ ∶ 𝐼ℎ𝐻 > 0 or 𝐼𝑣𝐻 > 0},

𝜕𝛺𝑜 = {
(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻
)

∈ ℜ5
+ ∶ 𝐼ℎ𝐻 = 0 and 𝐼𝑣𝐻 = 0},

𝛺 = 𝛺𝑜 ∪ 𝜕𝛺𝑜 = ℜ5
+.

3.2. Case-II: 𝜂 ≠ 0 (presence of cross-border mobility)

In the presence of cross-border mobility of the migrant workers (𝜂 ≠ 0), the possibility of imported cases depends on malaria
transmission abroad. Therefore, we perform our analysis for two subcases: (1) Case IIA (absence of transmission abroad, 𝜂 ≠ 0, 𝑘 = 0)
and (2) Case IIB (presence of transmission abroad, 𝜂 ≠ 0, 𝑘 ≠ 0).

3.2.1. Case- IIA (𝜂 ≠ 0, 𝑘 = 0)
• Equilibria

For 𝑘 = 0, 𝑎0, 𝑄1, 𝑄3, 𝑇1, and 𝑈1 are zero. Then, the disease-free equilibrium of the system (1)–(8) is derived from Eq. (9) as

𝐸01 =

(

𝛬
(

𝑑ℎ + 𝜂
)

𝑑ℎ
(

𝑑ℎ + 2𝜂
) , 0, 0,

𝜙
𝑑𝑣

, 0,
𝜂𝛬

2𝜂𝑑ℎ + 𝑑2ℎ
, 0, 0

)

. The basic reproduction number, derived using the next-generation matrix

method [40], is

𝑅1 =

√

𝜙𝑑ℎ𝛽ℎ𝛽𝑣
(

𝑑ℎ + 2𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 𝜔𝜂
)

𝛬𝑑2𝑣
(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜔𝜂
) . In this case, Eq. (10) reduce to

𝑎3𝜆
∗2
ℎ + 𝑎2𝜆

∗
ℎ + 𝑎1 = 0, (17)
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with 𝑎3, 𝑎2, and 𝑎1 given by

𝑎3 = 𝛬
(

𝑄2 +𝑄4
)

𝑑𝑣𝑑𝑣
(

𝑑ℎ + 𝜂
) 2 ((𝑄2 +𝑄4

)

𝑑𝑣 +𝑄2𝛽𝑣
)

> 0,

𝑎2 = 𝐴2
(

𝐺1 − 𝑅2
1
)

,

𝐴2 =

(

𝛬𝑑2𝑣
(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜂𝜔
))

𝑑ℎ
(

𝑑ℎ + 2𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 𝜂𝜔
) ,

𝑎1 = 𝑏2
(

1 − 𝑅2
1
)

,

𝑏2 = 𝛬
(

𝑑𝑣
(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜔𝜂
))2 ,

where 𝐺1 =
𝑃𝑑ℎ

(

𝑑ℎ + 2𝜂
) (

2
(

𝑄2 +𝑄4
)

𝑑𝑣 +𝑄2𝛽𝑣
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 𝜂𝜔
)

𝛬𝐾2𝑄2𝑑𝑣
(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ
) (

𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜂𝜔
) . Here 𝑅1 < 1 if and only if 𝑎1 > 0 and 𝑅1 <

√

𝐺1 if and only if

𝑎2 > 0. Let 𝛥(𝑅1) = 𝑎22 −4𝑎1𝑎3. Then we have 𝛥(
√

𝐺1) = −4𝑎1𝑎3 < 0 when 𝑅1 < 1, and 𝛥(1) = 𝑎22 > 0. It follows that when 𝑅1 < 1, the
intermediate value theorem for continuous function implies that there exists a unique 𝑅∗

1 ∈
(

√

𝐺1, 1
)

such that 𝛥(𝑅∗
1) = 0. Therefore,

𝑅∗
1 is the value of 𝑅1 < 1 such that the discriminant of the Eq. (17) is zero. Also, for 𝑅1 < 1, 𝛥(𝑅1) > 0 if and only if 𝑅1 > 𝑅∗

1, and

𝛥(𝑅1) < 0 if and only if 𝑅1 < 𝑅∗
1 [14,17]. Now using 𝛥(𝑅∗

1) = 0, we obtain 𝑅∗
1 =

√

𝐴2
2𝐺1 − 2𝑎3𝑏2 + 2

√

𝑎23𝑏
2
2 + 𝑎3𝐴2

2𝑏2
(

1 − 𝐺1
)

𝐴2
. In

Theorem 3.6, we present the general results about the existence of endemic equilibria.

Theorem 3.6. Assume that 𝜂 ≠ 0 and 𝑘 = 0 in the system (1)–(8), then the following statements hold.

(i) For 𝑅1 > 1, the system has unique endemic equilibrium;
(ii) For 𝑅1 = 1, the system has unique endemic equilibrium when 𝑎2 < 0 and no endemic equilibrium when 𝑎2 ≥ 0;
(iii) For 𝑅∗

1 < 𝑅1 < 1, the system has two (higher and lower) endemic equilibria when 𝑎2 < 0 and no endemic equilibria when 𝑎2 ≥ 0;
(iv) For 𝑅1 = 𝑅∗

1, the system has unique (coincident) equilibria when 𝑎2 < 0 and no endemic equilibria when 𝑎2 ≥ 0;
(v) For 𝑅1 < 𝑅∗

1, the system has no endemic equilibrium.

Proof is similar to Theorem 3.1.

• Bifurcation analysis (Case-IIA: 𝜂 ≠ 0, 𝑘 = 0)

Theorem 3.7 (Local Stability of 𝐸01). Assume that 𝜂 ≠ 0, 𝑘 = 0, the disease free equilibrium point 𝐸01 of the system (1)–(8) is locally
asymptotically stable if 𝑅1 < 1, and unstable if 𝑅1 > 1.

Proof. See Section 8 of Supplementary file. □

Again, we use the Castillo Chavez and Song Theorem [41] for the bifurcation analysis. We have already established in
Theorem 3.3 the role of the disease-induced death rate in possessing the backward bifurcation. Since the primary focus of this study
is to examine whether cross-border mobility alone can produce backward bifurcation phenomena, we consider the disease-induced
death rate is zero and focus on cross-border mobility in the following sections.

Theorem 3.8 (Forward and Backward Bifurcation). Assume that 𝜂 ≠ 0 and 𝑘 = 0, then the model possesses the forward bifurcation when

0 ≤ 𝜔 ≤ 𝜔∗ at 𝑅1 = 1 and possesses the backward bifurcation when 𝜔 > 𝜔∗ > 1 at 𝑅1 = 1, where 𝜔∗ =

(

𝑑ℎ + 𝛾ℎ
)

𝐴

𝜂
(

𝑑ℎ + 2𝜂 + 𝑞
)

𝐵
,

𝐴 = 𝑞2𝑑ℎ𝛽𝑣 + 𝑞2𝑑ℎ𝑑𝑣 + 6𝜂𝑞𝑑ℎ𝛽𝑣 + 2𝑞𝑑2ℎ𝛽𝑣 + 2𝜂𝑞𝑑𝑣𝛾ℎ + 𝑞𝑑ℎ𝑑𝑣𝛾ℎ + 8𝜂𝑞𝑑ℎ𝑑𝑣+

2𝑞𝑑2ℎ𝑑𝑣 + 4𝜂2𝑑ℎ𝛽𝑣 + 4𝜂𝑑2ℎ𝛽𝑣 + 𝑑3ℎ𝛽𝑣 + 2𝜂2𝑑𝑣𝛾ℎ + 3𝜂𝑑ℎ𝑑𝑣𝛾ℎ + 𝑑2ℎ𝑑𝑣𝛾ℎ+

6𝜂2𝑑ℎ𝑑𝑣 + 5𝜂𝑑2ℎ𝑑𝑣 + 𝑑3ℎ𝑑𝑣 + 3𝜂𝑞2𝑑𝑣 + 6𝜂2𝑞𝑑𝑣 + 2𝜂𝑞2𝛽𝑣 + 4𝜂2𝑞𝛽𝑣,

𝐵 = 𝑞𝑑𝑣𝛾ℎ −
(

𝑞𝑑ℎ𝛽𝑣 + 2𝜂𝑑ℎ𝛽𝑣 + 𝑑2ℎ𝛽𝑣 + 2𝜂𝑑𝑣𝛾ℎ + 2𝜂𝑑ℎ𝑑𝑣 + 2𝜂𝑞𝑑𝑣 + 2𝜂𝑞𝛽𝑣
)

.

Proof. We apply the theorem by Castillo Chavez and Song [41] to derive the condition for forward and backward bifurcation. The

value of 𝛽ℎ corresponding to 𝑅1 = 1 is 𝛽∗ℎ1 =
𝛬𝑑2𝑣

(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝛾ℎ
) (

𝑑ℎ + 2𝜂𝜔 + 𝛾ℎ
)

𝜙𝑑ℎ𝛽𝑣
(

𝑑ℎ + 2𝜂
) (

𝑑ℎ + 𝜂𝜔 + 𝛾ℎ
) and 𝐸01 is the disease-free equilibrium. Then
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the Jacobian of the system (1)–(8) at the bifurcation point (𝐸01; 𝛽∗ℎ1) is 𝐽1 = [𝑀, 𝑁], where

𝑀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−(𝑑ℎ + 𝜂) 0 𝑞 0
0 −(𝑑ℎ + 𝛾ℎ + 𝜔𝜂) 0 0
0 𝛾ℎ −(𝑑ℎ + 𝜂 + 𝑞) 0

0 −
𝜙𝑑ℎ𝛽𝑣

(

𝑑ℎ + 2𝜂
)

𝛬𝑑𝑣
(

𝑑ℎ + 𝜂
) 0 −𝑑𝑣

0
𝜙𝑑ℎ𝛽𝑣

(

𝑑ℎ + 2𝜂
)

𝛬𝑑𝑣
(

𝑑ℎ + 𝜂
) 0 0

𝜂 0 0 0
0 𝜂𝜔 0 0
0 0 𝜂 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

and

𝑁 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝛽∗ℎ1 𝜂 0 0
𝛽∗ℎ1 0 𝜔𝜂 0
0 0 0 𝜂
0 0 0 0

−𝑑𝑣 0 0 0
0 −(𝑑ℎ + 𝜂) 0 𝑞
0 0 −(𝑑ℎ + 𝛾ℎ + 𝜔𝜂) 0
0 0 𝛾ℎ −(𝑑ℎ + 𝜂 + 𝑞)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Six eigenvalues of 𝐽1 are 0, −𝑑ℎ, −𝑑𝑣, −(𝑑ℎ + 2𝜂), −(𝑑ℎ + 𝑞), −(𝑑ℎ + 2𝜂 + 𝑞), and the rest two eigenvalues are obtained from the
quadratic equation,

(𝑑ℎ + 𝛾ℎ + 𝜔𝜂)𝜆21 +
(

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) (

2𝑑ℎ + 𝑑𝑣 + 2𝛾ℎ + 2𝜔𝜂
)

𝜆1 + 𝐵3 = 0, (18)

where, 𝐵3 = 𝑑ℎ
(

2𝑑𝑣
(

𝛾ℎ + 𝜔𝜂
)

+ 𝜔2𝜂2 + 3𝛾2ℎ + 6𝛾ℎ𝜔𝜂 + 𝜔2𝜂2
)

+ 𝑑2ℎ
(

𝑑𝑣 + 3𝛾ℎ + 3𝜔𝜂
)

+ 𝑑𝑣
(

2𝛾ℎ𝜔𝜂 + 𝛾2ℎ + 2𝜔2𝜂2
)

+ 𝑑3ℎ + 𝛾ℎ
(

𝛾ℎ + 𝜔𝜂
)

(

𝛾ℎ + 2𝜔𝜂
)

. Since all the coefficients of the quadratic Eq. (18) are positive, then the remaining two eigenvalues of 𝐽1 have
also negative real parts. Let 𝑣 =

(

𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8
)

and 𝑢 =
(

𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8
)𝑇 are the left and right

eigenvectors corresponding to the zero eigenvalue of the matrix 𝐽1. Solving the matrix equations 𝑣𝐽1 = 0 and 𝐽1𝑢 = 0, we get

𝑣1 = 𝑣3 = 𝑣4 = 𝑣6 = 𝑣8 = 0, 𝑣5 =
𝛬𝑣2𝑑𝑣

(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝛾ℎ
) (

𝑑ℎ + 𝛾ℎ + 2𝜔𝜂
)

𝜙𝑑ℎ𝛽𝑣
(

𝑑ℎ + 2𝜂
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) , 𝑣7 =

𝜔𝜂𝑣2
𝑑ℎ + 𝛾ℎ + 𝜔𝜂

, 𝑢1 =
𝑢2(𝑄 − 𝑅)

𝑈
,

𝑢3 = 𝑢2

(

𝜔𝜂2𝛾ℎ
(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) +

𝛾ℎ
(

𝑑ℎ + 𝜂 + 𝑞
)

(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
)

)

,

𝑢4 = −
𝑢2𝜙𝑑ℎ𝛽𝑣

(

𝑑ℎ + 2𝜂
)

𝛬𝑑2𝑣
(

𝑑ℎ + 𝜂
) , 𝑢5 =

𝑢2𝜙𝑑ℎ𝛽𝑣
(

𝑑ℎ + 2𝜂
)

𝛬𝑑2𝑣
(

𝑑ℎ + 𝜂
) , 𝑢6 =

𝑢2(𝑆 − 𝑇 )
𝑈

,

𝑢7 =
𝜔𝜂𝑢2

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
, 𝑢8 =

𝑢2𝛾ℎ
(

𝜂𝑑ℎ + 𝜔𝜂𝑑ℎ + 𝜔𝜂2 + 𝜂𝛾ℎ + 𝜔𝜂2 + 𝜔𝜂𝑞
)

(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) ,

with 𝑢2, 𝑣2 free, where,

𝑈 = 𝑑ℎ
(

𝑑ℎ + 2𝜂
) (

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
)

,

𝑄 = 𝑞𝛾ℎ
(

𝑑ℎ(2𝜂 + 𝑞) + 𝑑2ℎ + 𝜂(2𝜂 + 𝑞)
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
)

+ 𝑞𝜔𝜂2𝛾ℎ
(

2𝑑ℎ + 2𝜂 + 𝑞
)

,

𝑅 =
(

𝑑ℎ + 𝜂
) (

𝑑ℎ + 𝑞
) (

𝑑ℎ + 𝛾ℎ
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 2𝜔𝜂
)

,

𝑆 = 𝜂𝑞𝛾ℎ
(

2𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
)

+ 𝑞𝜔𝜂𝛾ℎ
(

𝑑ℎ(2𝜂 + 𝑞) + 𝑑2ℎ + 𝜂(2𝜂 + 𝑞)
)

,

𝑇 = 𝜂
(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 𝛾ℎ
) (

𝑑ℎ + 2𝜂 + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 2𝜔𝜂
)

.

Here 𝑣.𝑢 = 1 implies

𝑣2𝑢2 =
𝑑𝑣

(

𝑑ℎ + 𝜂𝜔 + 𝛾ℎ
) 2

(

𝑑ℎ + 𝛾ℎ
) (

𝑑ℎ + 𝜂𝜔 + 𝛾ℎ
) (

𝑑ℎ + 2𝜂𝜔 + 𝛾ℎ
)

+ 𝑑𝑣
(

𝑑ℎ + 𝜂𝜔 + 𝛾ℎ
)

2 + 𝜂2𝜔2
. For the computation of 𝑏, 𝑓2 = 𝛽ℎ

𝑥1𝑥5
𝑥1 + 𝑥2 + 𝑥3

−
(

𝑑ℎ + 𝛾ℎ
)

𝑥2, 𝑓5 = 𝛽𝑣
𝑥4𝑥2

𝑥1 + 𝑥2 + 𝑥3
− 𝑥5𝑑𝑣, 𝑓7 = 𝜔𝜂𝑥2 −

(

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
)

𝑥7. Then, taking the partial derivatives of 𝑓2, 𝑓5 and 𝑓7

with respect to 𝛽ℎ, we get
𝜕(𝑓2)
𝜕𝛽ℎ

=
𝑥1𝑥5

𝑥1 + 𝑥2 + 𝑥3
,

𝜕(𝑓5)
𝜕𝛽ℎ

=
𝜕(𝑓7)
𝜕𝛽ℎ

= 0. Then, from Eq. (14), 𝑏 =
∑8

𝑖=1 𝑣2𝑢𝑖
𝜕2𝑓2
𝜕𝑥𝑖𝜕𝛽ℎ

(𝐸01) =

∑8
𝑖=1 𝑣2𝑢𝑖

𝜕
𝜕𝑥𝑖

(

𝑥1𝑥5
𝑥1 + 𝑥2 + 𝑥3

)

(𝐸01) = 𝑣2𝑢5 = 𝑣2
𝑢2𝜙𝑑ℎ𝛽𝑣

(

𝑑ℎ + 2𝜂
)

𝛬𝑑2𝑣
(

𝑑ℎ + 𝜂
) > 0. For the computation of 𝑎, we use Eq. (15) at 𝐸01 with 𝜂 ≠ 0

and 𝑘 = 0. After simplification, we get 𝑎 = 𝜂(𝜔 − 1)𝑑ℎ𝛾ℎ + 𝜂(𝜔 − 1)𝑑2ℎ −
2𝜂𝑑ℎ𝛾ℎ𝛽𝑣

𝑑𝑣
−

𝑑2ℎ𝛾ℎ𝛽𝑣
𝑑𝑣

−
2𝜔𝜂2𝑑ℎ𝛽𝑣

𝑑𝑣
−

2𝜂𝑑2ℎ𝛽𝑣
𝑑𝑣

−
𝜔𝜂𝑑2ℎ𝛽𝑣

𝑑𝑣
−

𝑑3ℎ𝛽𝑣
𝑑𝑣

−
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Fig. 3. Bifurcation diagrams and time series solutions for 𝛿ℎ = 0, 𝜔∗ = 7.7. (a) Forward bifurcation at 𝑅1 = 1 when 𝜔 ≤ 𝜔∗ (here 𝜔 = 1). (b) Model solutions
verifying (a), where the model solution converges to the unique stable endemic equilibrium when 𝑅1 = 2.13 (𝑅1 > 1) (end of the magenta curve) and converges
to the stable disease-free equilibrium when 𝑅1 = 0.71 (𝑅1 < 1) (end of the green curve), independent of initial conditions. (c) Backward bifurcation at 𝑅1 = 1 with
the transmission threshold 𝑅∗

1 = 0.8951, 𝜔 > 𝜔∗ (here 𝜔 = 25). (d) Model solutions verifying (c); for 𝑅1 = 2(𝑅1 > 1), the model solution converges to the unique
stable endemic equilibrium (end of the magenta curve), and for 𝑅1 = 0.61(𝑅1 < 𝑅∗

1 < 1), the model solution converges to the unique stable disease-free equilibrium
(end of the green curve), independent of initial conditions. However, for 𝑅1 = 0.8953(𝑅∗

1 < 𝑅1 < 1), the model solution converges to the endemic equilibrium (end
of the black curve) when the initial prevalence is above the breakpoint density (dashed line), and the model solution converges to the disease-free equilibrium
(end of the blue curve) when the initial prevalence is below the breakpoint density. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

𝑑ℎ
(

𝑑ℎ + 2𝜂
) (

𝛾ℎ
(

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) (

𝑑ℎ + 𝜂 + 𝑞
)

+
(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 𝛾ℎ + 𝜔𝜂
) (

𝑑ℎ + 2𝜂 + 𝑞
)

+ 𝜔𝜂2𝛾ℎ
)

(

𝑑ℎ + 𝑞
) (

𝑑ℎ + 2𝜂 + 𝑞
) . From the expression of 𝑎, it is clear that

𝜔 should necessarily be greater than 1 for backward bifurcation. Otherwise, 𝑎 becomes negative, and the model possesses the forward
bifurcation. Furthermore, 𝜔 > 𝜔∗ > 1 is sufficient for 𝑎 > 0. Therefore, model possesses the forward bifurcation at 𝑅1 = 1 for 𝜔 ≤ 𝜔∗

and the backward bifurcation if 𝜔 > 𝜔∗ > 1, where 𝜔∗ =

(

𝑑ℎ + 𝛾ℎ
)

𝐴

𝜂
(

𝑑ℎ + 2𝜂 + 𝑞
)

𝐵
. □

In the presence of cross-border mobility (𝜂 ≠ 0) and the absence of malaria transmission abroad (𝑘 = 0), malaria elimination
in the home country is possible for 𝜔 ≤ 𝜔∗ and 𝑅1 < 1. However, if 𝜔 > 𝜔∗ > 1, elimination of malaria is possible only when
𝑅1 < 𝑅∗

1 < 1. Taking the parameters given in Table 1, we validated the analytic results with the numerical solution of the system
(1)–(8). The bifurcation diagrams and corresponding model solutions are shown in Fig. 3.

• Global stability and uniform persistence (Case-IIA: 𝜂 ≠ 0, 𝑘 = 0)

We apply the Krasovskii–LaSalle Theorem [41] to establish the condition for the global stability of the disease-free equilibrium
𝐸01.

Theorem 3.9 (Global Stability of 𝐸01). Assume that 𝜂 ≠ 0 and 𝑘 = 0, then the disease-free equilibrium 𝐸01 of the system (1)–(8) is globally
asymptotically stable when 𝑅2

1 +𝑀 < 1,where 𝑀 =
𝛽𝑣𝛽ℎ𝛿ℎ(𝑑ℎ + 2𝜂)(𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 𝜔𝜂)𝜙

𝑑2𝑣𝛬(𝑑ℎ + 𝜂)(𝑑ℎ + 𝛾ℎ + 𝛿ℎ)(𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜔𝜂)
+

𝜔𝜂
(𝑑ℎ + 𝛾ℎ + 𝛿ℎ + 2𝜔𝜂)

.

Proof. Let 𝑠 =
(

𝑆ℎ𝐻 (𝑡), 𝐼ℎ𝐻 (𝑡), 𝑅ℎ𝐻 (𝑡), 𝑆𝑣𝐻 (𝑡), 𝐼𝑣𝐻 (𝑡), 𝑆ℎ𝑀 (𝑡), 𝐼ℎ𝑀 (𝑡), 𝑅ℎ𝑀 (𝑡)
)

be any solution of the system (1)–(8), then 𝑁𝑣𝐻 (𝑡) ≤ 𝜙
𝑑𝑣

.
Again, 𝑁ℎ𝐻 = 𝑆ℎ𝐻 + 𝐼ℎ𝐻 + 𝑅ℎ𝐻 , and 𝑁ℎ𝑀 = 𝑆ℎ𝑀 + 𝐼ℎ𝑀 + 𝑅ℎ𝑀 , then 𝑁 ′

ℎ𝐻 + 𝑁 ′
ℎ𝑀 = 𝛬 − 𝑑ℎ(𝑁ℎ𝐻 + 𝑁ℎ𝑀 ) − 𝛿ℎ(𝐼ℎ𝐻 + 𝐼ℎ𝑀 ) ≥

𝛬 − (𝑑ℎ + 𝛿ℎ)(𝑁ℎ𝐻 + 𝑁ℎ𝑀 ). It follows that 𝑁ℎ𝐻 + 𝑁ℎ𝑀 ≥ 𝛬
𝑑ℎ + 𝛿ℎ

. Since the solutions 𝑁ℎ𝐻 (𝑡) and 𝑁ℎ𝑀 (𝑡) are general and
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should satisfy the disease-free equilibrium as well, we get 𝑁ℎ𝐻 (𝑡) ≥
(

𝛬(𝜂 + 𝑑ℎ)
(𝑑ℎ + 𝛿ℎ)(𝑑ℎ + 2𝜂)

)

. Here, we construct a Lyapunov function

𝑉1
(

𝐼ℎ𝐻 , 𝐼𝑣𝐻 , 𝐼ℎ𝑀
)

=
𝑑𝑣
𝛽ℎ

𝐼ℎ𝐻 + 𝐼𝑣𝐻 +
𝑑𝑣
𝛽ℎ

𝐼ℎ𝑀 . Now, taking the derivative of 𝑉1 with respect to 𝑡,

𝑉 ′
1 =

𝑑𝑣
𝛽ℎ

𝐼 ′ℎ𝐻 + 𝐼 ′𝑣𝐻 +
𝑑𝑣
𝛽ℎ

𝐼 ′ℎ𝑀

=
𝑑𝑣𝐼𝑣𝐻𝑆ℎ𝐻

𝑁ℎ𝐻
+

𝑑𝑣
𝛽ℎ

𝜔𝜂𝐼ℎ𝑀 −
𝑑𝑣
𝛽ℎ

(𝜔𝜂 + 𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝐼ℎ𝐻+

𝛽𝑣𝐼ℎ𝐻𝑆𝑣𝐻
𝑁ℎ𝐻

− 𝑑𝑣𝐼𝑣𝐻 + 𝑧𝜔𝜂𝐼ℎ𝑀 −
𝑑𝑣
𝛽ℎ

(𝜔𝜂 + 𝑑ℎ + 𝛿ℎ + 𝛾ℎ)𝐼ℎ𝑀

=
[

𝑑𝑣
𝛽ℎ

𝜔𝜂 +
𝛽𝑣𝑆𝑣𝐻
𝑁ℎ𝐻

−
𝑑𝑣
𝛽ℎ

(𝜔𝜂 + 𝑑ℎ + 𝛿ℎ + 𝛾ℎ)
]

𝐼ℎ𝐻 −
[

−
𝑑𝑣𝑆ℎ𝐻
𝑁ℎ𝐻

+ 𝑑𝑣

]

𝐼𝑣𝐻+
[

𝑑𝑣
𝛽ℎ

𝜔𝜂 −
𝑑𝑣
𝛽ℎ

(𝜔𝜂 + 𝑑ℎ + 𝛿ℎ + 𝛾ℎ)
]

𝐼ℎ𝑀

≤

⎡

⎢

⎢

⎢

⎢

⎣

𝜙
𝑑𝑣

𝛽ℎ𝛽𝑣
(

𝛬(𝜂 + 𝑑ℎ)
(𝑑ℎ + 𝛿ℎ)(𝑑ℎ + 2𝜂)

)

𝑑𝑣(𝑑ℎ + 𝛿ℎ + 𝛾ℎ)
− 1

⎤

⎥

⎥

⎥

⎥

⎦

𝐼ℎ𝐻

=

[

𝛽𝑣𝛽ℎ(𝑑ℎ + 𝛿ℎ)(𝑑ℎ + 2𝜂)𝜙
𝑑2𝑣𝛬(𝑑ℎ + 𝜂)(𝑑ℎ + 𝛾ℎ + 𝛿ℎ)

− 1

]

𝐼ℎ𝐻 ,

After some algebraic manipulations, we get 𝑉 ′
1 < 0 when 𝑅2

1 +𝑀 < 1. Therefore, 𝑉1 is a Lyapunov function when 𝑅2
1 +𝑀 < 1. Let

𝑠 = (𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀 ) be any solution of the system (1)–(8) and 𝐷 = {𝑠 ∶ 𝑉 ′
1 = 0}, then 𝐷 ⊂ {𝑠 ∶ 𝐼ℎ𝐻 = 0}. If

𝐹 ⊂ 𝐷 is the largest invariant set of the system (1)–(8) and 𝑠 is any solution of the system (1)–(8) in 𝐹 , then for all 𝑡 ∈ 𝑅, 𝑠 is
defined and bounded. Again 𝐹 ⊆ {𝑠 ∶ 𝐼ℎ𝐻 = 0}, thus 𝐼ℎ𝐻 ≡ 0. Then from Eq. (7), 𝐼ℎ𝑀 ≡ 0. Also, from Eq. (5)𝐼𝑣𝐻 ≡ 0 and from
Eq. (4)𝑆𝑣𝐻 ≡ 𝜙

𝑑𝑣
. Now, the system (1)–(8) for the rest four compartments reduce to

𝑅′
ℎ𝐻 = 𝜂𝑅ℎ𝑀 − (𝜂 + 𝑑ℎ + 𝑞)𝑅ℎ𝐻 , 𝑅′

ℎ𝑀 = 𝜂𝑅ℎ𝐻 − (𝜂 + 𝑑ℎ + 𝑞)𝑅ℎ𝑀 , (19)

𝑆′
ℎ𝐻 = 𝛬 + 𝜂𝑆ℎ𝑀 + 𝑞𝑅ℎ𝐻 − (𝜂 + 𝑑ℎ)𝑆ℎ𝐻 , 𝑆′

ℎ𝑀 = 𝜂𝑆ℎ𝐻 + 𝑞𝑅ℎ𝑀 − (𝜂 + 𝑑ℎ)𝑆ℎ𝑀 . (20)

From Eq. (19), we get (𝑅ℎ𝐻 + 𝑅ℎ𝑀 )′ = −(𝑑ℎ + 𝑞)(𝑅ℎ𝐻 + 𝑅ℎ𝑀 ). It follows that 𝑅ℎ𝐻 ≡ 0 and 𝑅ℎ𝑀 ≡ 0. Again, from Eq. (20), we
get (𝑆ℎ𝐻 + 𝑆ℎ𝑀 )′ = 𝛬 − 𝑑ℎ(𝑆ℎ𝐻 + 𝑆ℎ𝑀 ). It follows that 𝑆ℎ𝐻 + 𝑆ℎ𝑀 ≡ 𝛬

𝑑ℎ
. Now, substituting 𝑆ℎ𝑀 = 𝛬

𝑑ℎ
− 𝑆ℎ𝐻 in Eq. (1), we

get 𝑆ℎ𝐻 ≡
𝛬
(

𝑑ℎ + 𝜂
)

𝑑ℎ
(

𝑑ℎ + 2𝜂
) and then 𝑆ℎ𝑀 ≡ 𝜂𝛬

2𝜂𝑑ℎ + 𝑑2ℎ
. Thus, 𝑠 =

(

𝛬
(

𝑑ℎ + 𝜂
)

𝑑ℎ
(

𝑑ℎ + 2𝜂
) , 0, 0,

𝜙
𝑑𝑣

,
𝜂𝛬

2𝜂𝑑ℎ + 𝑑2ℎ
, 0, 0

)

and 𝐹 ≡ {𝐸01}. Then,

applying Krasovskii–LaSalle Theorem [41], the disease-free equilibrium 𝐸01 is globally asymptotically stable when
𝑅2
1 +𝑀 < 1. □

In the presence of mobility and absence of malaria transmission abroad, malaria elimination is possible only when the mobility
factor of infectious migrants 𝜔 is less than the threshold 𝜔∗ when 𝑅1 < 1. It can be proved that the disease persists when 𝑅1 > 1 [7].
The result for persistence is summarized in Theorem 3.10.

Theorem 3.10 (Uniform Persistence). If 𝑅1 > 1, then the system (1)–(8) is uniformly persistent with respect to
(

𝛺𝑜, 𝜕𝛺𝑜
)

in the sense that
there is a positive constant 𝜎 > 0 such that every solution

(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀
)

with
(

𝑆ℎ𝐻 (0), 𝐼ℎ𝐻 (0), 𝑅ℎ𝐻 (0), 𝑆𝑣𝐻 (0), 𝐼𝑣𝐻 (0), 𝑆ℎ𝑀 (0), 𝐼ℎ𝑀 (0), 𝑅ℎ𝑀 (0)
)

∈ 𝛺𝑜 satisfies lim inf 𝐼ℎ𝐻 ≥ 𝜎, lim inf 𝐼𝑣𝐻 ≥ 𝜎, lim inf 𝐼ℎ𝑀 ≥ 𝜎,
where

𝛺𝑜 = {
(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀
)

∈ ℜ8
+ ∶ 𝐼ℎ𝐻 > 0or 𝐼𝑣𝐻 > 0 or 𝐼ℎ𝑀 > 0},

𝜕𝛺𝑜 = {
(

𝑆ℎ𝐻 , 𝐼ℎ𝐻 , 𝑅ℎ𝐻 , 𝑆𝑣𝐻 , 𝐼𝑣𝐻 , 𝑆ℎ𝑀 , 𝐼ℎ𝑀 , 𝑅ℎ𝑀
)

∈ ℜ8
+ ∶ 𝐼ℎ𝐻 = 0, 𝐼𝑣𝐻 = 0, 𝐼ℎ𝑀 = 0}.

• Sensitivity of backward bifurcation phenomenon (Case-IIA: 𝜂 ≠ 0, 𝑘 = 0)

As established in Theorem 3.8, the cross-border mobility factor 𝜔 can bring the backward bifurcation, resulting in a threshold
𝑅∗
1 < 1 such that malaria eradication requires 𝑅1 < 𝑅∗

1 < 1. In Fig. 4, we present the sensitivity of these backward bifurcation
phenomena (i.e., the sensitivity of 𝑅∗

1) to the cross-border mobility rate (𝜂), the immunity loss rate of human (𝑞), human recovery
rate (𝛾ℎ), and mosquito death rate (𝑑𝑣).

If the mobility rate (𝜂) is reduced to 0.013, 0.01, and 0.005 from its base value (𝜂 = 0.04), then the elimination threshold 𝑅∗
1

increases towards 1 with its values 0.8975, 0.9169, and 0.9776, respectively (Fig. 4, 1st row). With this trend, the threshold 𝑅∗
1



Nonlinear Analysis: Real World Applications 81 (2025) 104173

13

R. Gautam et al.

Fig. 4. Sensitivity of the backward bifurcation threshold 𝑅∗
1 . (a), (b), and (c) are for the reduction of the mobility rate (𝜂) from its base value of 0.04 to 0.013,

0.01, and 0.005, respectively. (d), (e), and (f) are for the reduction of immunity loss rate 𝑞 from its base value of 4 to 1.33, 1, and 0.8, respectively. (g), (h),
and (i) are for the increment of human recovery rate 𝛾ℎ from its base value of 1.85 to 3.7, 7.4 and 11.1, respectively. (j), (k), and (l) are for the increment of
mosquito death rate 𝑑𝑣 from its base value of 27 to 54, 108 and 162, respectively.

approaches one when 𝜂 → 0, transforming the backward bifurcation into a forward bifurcation at 𝜂 = 0. This result is consistent
with Theorem 3.3, which shows forward bifurcation for 𝜂 = 0, 𝛿ℎ = 0. The reduction of the immunity loss rate (𝑞) to 1.33 (loss of
immunity in nine months), 1 (loss of immunity in one year), and 0.8 (loss of immunity for 15 months) from the base value (𝑞 = 4),
the threshold 𝑅∗

1 increases to 0.9587, 0.9757, and 0.9865, respectively (Fig. 4, 2nd row).
Making the human recovery rate double (three-month recovery time), four-fold (45 days recovery time), and six-fold (27 days

recovery time) from its base value 𝛾ℎ = 1.85 per year (6.45 months recovery time) increases the thresholds 𝑅∗
1 to 0.9175, 0.967, and

0.99, respectively (Fig. 4, 3rd row). Similarly, making the mosquito mortality rate double, four-fold, and six-fold of its base value
(𝑑𝑣 = 27) increases the threshold 𝑅∗

1 to 0.9345, 0.9759, and 0.99, respectively (Fig. 4, 4th row). From the 2nd, 3rd, and 4th rows
of Fig. 4, it is clear that in the presence of cross-border mobility and the absence of malaria transmission abroad (𝜂 ≠ 0, 𝑘 = 0), an
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increase in the parameters 𝑞, 𝛾ℎ, or 𝑑𝑣 increases the threshold 𝑅∗
1 converging to 1 and transferring the backward bifurcation into

the forward bifurcation.

3.2.2. Case-IIB: 𝜂 ≠ 0, 𝑘 ≠ 0
• Equilibria
Note that there is no disease-free equilibria in the presence of mobility and infection abroad (𝜂 ≠ 0, 𝑘 ≠ 0). Here, the product of

the roots of Eq. (10) is
−𝑎0
𝑎3

> 0, then Eq. (10) has either three positive roots or one positive root with two negative or a complex pair
and corresponding endemic equilibria can be obtained from Eq. (9). We consider two sub cases: three endemic equilibria (Case-IIB1)
and one endemic equilibrium (Case-IIB2). Eq. (10) is transformed into

𝑡3 + 𝑝𝑡 + 𝑞 = 0, (21)

where 𝜆∗ℎ = 𝑡 −
𝑎2
3𝑎3

, 𝑝 =
3𝑎3𝑎1 − 𝑎22

3𝑎23
, 𝑞 =

2𝑎32 − 9𝑎3𝑎2𝑎1 + 27𝑎23𝑎0
27𝑎33

and the discriminant 𝐷 of Eq. (21) is −(4𝑝3 + 27𝑞2) [42–44]. For

the Case-IIB1, 𝐷 ≥ 0 (i.e. 𝑝 ≤ 0) together with 𝑎2 < 0 and 𝑎1 > 0 (Descart’s rule of sign [45]), i.e.,
𝑝1

𝑝2𝛼ℎ𝑣𝛼𝑣ℎ
< 𝑏2 <

𝑝3
𝑝4𝛼ℎ𝑣𝛼𝑣ℎ

. (22)

If 𝐷 = 0 and 𝑝 = 0, then 𝑞 = 0. In this case, Eq. (21) has triple roots and hence Eq. (10) has triple positive roots 𝜆∗ℎ =
−𝑎2
3𝑎3

. Again, if
𝐷 ≥ 0 and 𝑝 < 0 then trigonometric identity

4 cos3𝜃 − 3 cos𝜃 − cos3𝜃 = 0 (23)

can be used to obtain three real roots of Eq. (21) (double root with one simple root or three distinct roots). Let 𝑡 = 𝐴cos𝜃, then
Eq. (21) becomes

𝐴3cos3𝜃 + 𝑝𝐴cos𝜃 + 𝑞 = 0. (24)

Now, consider the trigonometric identity

4 cos3𝜃 − 3 cos𝜃 − cos3𝜃 = 0. (25)

Comparing Eq. (24) with Eq. (25), we get 4
𝐴3

= −3
𝐴𝑝

= −cos3𝜃
𝑞

. It follows that 𝐴 = 2
√

−𝑝
3

and cos3𝜃 =
3𝑞
𝐴𝑝

= cos𝜙, where

𝜃 =
2𝑛𝜋 ± 𝜙

3
, and 𝜙 = cos−1

(

9𝑞

2𝑝
√

−3𝑝

)

∈ [0, 𝜋]. Using the periodicity and even property of the cosine function, 𝑛 = 0, 1, 2,

we get three values of 𝜃 and then three values of 𝑡 and hence 𝜆∗ℎ are 2
√

−𝑝
3

cos
(

𝜙
3

)

−
𝑎2
3𝑎3

, 2
√

−𝑝
3

cos
(

2𝜋 + 𝜙
3

)

−
𝑎2
3𝑎3

,

2
√

−𝑝
3

cos
(

4𝜋 + 𝜙
3

)

−
𝑎2
3𝑎3

, where 𝜙 = cos−1
(

9𝑞

2𝑝
√

−3𝑝

)

∈ [0, 𝜋]. In particular, if 𝜙 = 0, then two of 𝜆∗ℎ are equal. Now for

Case-IIB2, there are two possibilities. (1) One positive 𝜆∗ℎ exists with two negatives if 𝐷 ≥ 0, 𝑝 < 0 together with 𝑎2 = 0, 𝑎1 < 0, or
𝑎2 > 0, 𝑎1 = 0, or 𝑎2 > 0, 𝑎1 < 0 (Descart’s rule of sign [45]). The value of 𝑡 and corresponding endemic equilibrium can be obtained
using the trigonometric identity [42–44] as discussed in Case-IIB1. (2) One positive 𝜆∗ℎ exists with complex pair when 𝐷 < 0. In
this case, if 𝑝 = 0, then 𝑡 = (−𝑞)

1
3 and 𝜆∗ℎ = (−𝑞)

1
3 −

𝑎2
3𝑎3

. If 𝑝 ≠ 0 then the real root 𝑡 can be obtained by using the sine or cosine
hyperbolic identities according to 𝑝 > 0 or 𝑝 < 0. In each case, corresponding endemic equilibria can be obtained from Eq. (9).

• Bifurcation Analysis (Case-IIB: 𝜂 ≠ 0, 𝑘 ≠ 0)

As revealed in Eq. (22), mosquito biting rate 𝑏 plays a vital role in the existence of three endemic equilibria when 𝐷 ≥ 0.
Therefore, we took 𝑏 as a bifurcation parameter. Note that there is no disease-free equilibrium or reproduction number to establish
the threshold criteria. This causes the stability analysis of endemic equilibria to be mathematically untractable. Thus, we numerically
demonstrated the possibility of one and three endemic equilibria and their stability. We also estimated the approximate threshold
value of the mosquito biting rate (𝑏) for the low endemic level, bi-stability, and high malaria endemic level in the home country of
Nepal (Fig. 5).

• Sensitivity of threshold for malaria burden (Case-IIB: 𝜂 ≠ 0, 𝑘 ≠ 0)

In this section, we estimated the impacts of cross-border mobility rate (𝜂), incidence rate abroad (𝑘), mobility factor of infectious
migrants (𝜔), loss of immunity rate (𝑞), increase of mosquito death rate (𝑑𝑣), and increase of human recovery rate (𝛾ℎ) on the
threshold (𝑏∗) to maintain lower endemic level, bi-stability, and the higher endemic level of malaria in Nepal (Figs. 6 and 7).

If the mobility rate (𝜂) is reduced to 0.013, 0.01, and 0.005 from its base value (𝜂 = 0.04), malaria can be maintained at a lower
endemic level in the home country when the biting rate is less than threshold 72.67 (0.19 bites per day), 75 (0.20 bites per day),
and 82 (0.22 bites per day), respectively (Fig. 6, 1st row). Here, the range of bistability decreases as 𝜂 decreases, and eventually,
the region vanishes for 𝜂 → 0, giving the smooth transition from the lower endemic level to the higher endemic level. However, the
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Fig. 5. Bifurcation diagram and model solutions with 𝛿ℎ = 0. (a) Backward bifurcations showing the intervals of 𝑏 for the existence of lower-level stable endemic
equilibrium, bi-stability, and the existence of higher-level stable endemic equilibrium. The lower green section represents one stable endemic equilibrium, with a
complex pair representing the lower level of stable endemic equilibrium of malaria in the home country that exists when 𝑏 < 72.39. The upper green section (one
endemic equilibrium with a complex pair) and the magenta section (one endemic equilibrium with two negative solutions), respectively, represent the higher
level stable endemic equilibrium of malaria in the home country that exists when 𝑏 > 80. The three endemic equilibria in bistability region (72.39 < 𝑏 < 80)
are represented by the blue, dotted red, and black lines. (b) Model solutions verifying the backward bifurcation (a), where the model solution converges to
a higher level stable endemic equilibrium when 𝑏 = 100(𝑏 > 80) (end of the magenta curve) and converges to a lower level stable endemic equilibrium when
𝑏 = 50(𝑏 < 𝑏∗) (end of the green curve), regardless of the initial conditions. For 72.39 < 𝑏 < 80, bi-stability (ends of the black and blue curves) occurs, i.e., the
solution converges to a higher endemic level or lower endemic level depending on the prevalence above or below the breakpoint density, respectively. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
Summary of bifurcation analysis of malaria model with cross-border mobility. DFE: disease-free equilibrium, EE: endemic
equilibrium, CB: cross-border, FB: forward bifurcation, BB: backward bifurcation, and GS: global stability.

Bifurcation Analysis of malaria model with cross-border mobility

Case-I ( 𝜂 = 0) Case-IIA (𝜂 ≠ 0, 𝑘 = 0) Case-IIB (𝜂 ≠ 0, 𝑘 ≠ 0)

Absence of CB mobility CB Mobility and protection CB Mobility without protection
DFE exist DFE exist No DFE
FB if 0 ≤ 𝛿ℎ ≤ 𝛿∗ℎ FB if 𝜔 ≤ 𝜔∗ , 𝛿ℎ = 0 One or three EE
BB if 𝛿ℎ > 𝛿∗ℎ BB if 𝜔 > 𝜔∗ > 1, 𝛿ℎ = 0 Low-high, bi-stability
Elimination: 𝑅0 < 𝑅∗

0 Elimination: 𝑅1 < 𝑅∗
1 Endemic

GS, 𝐸0: 𝑅0 < 1, 𝛿ℎ = 0 GS, 𝐸01 : 𝑅1 < 1, 𝛿ℎ = 0, 𝜔 = 0 Endemic

reduction of incidence rate abroad (𝑘) to 0.000035, 0.000026, and 0.000013 from its base value (𝑘 = 0.000105) has a negligible
impact on the threshold for malaria endemic level (Fig. 6, 2nd row). Similarly, reducing the infectious migrants’ mobility factor 𝜔
to 8.33 from its base value (𝜔 = 25) changes convergence to a higher endemic level to a lower endemic level, and further reduction
to 6.25 and 3.15 allow the malaria epidemic to maintain at an even lower level in the home country (Fig. 6, 3rd row).

With the reduction of the immunity loss rate (𝑞) to 1.33 (loss of immunity in nine months), 1 (loss of immunity in one-year),
and 0.5 (loss of immunity in two years) from its base value 𝑞 = 4 (loss of immunity in three months), the malaria epidemic can
be maintained at a lower level in the home country Nepal when the biting rate is less than 77 (0.21 bites per day), 79 (0.21 bites
per day), and 82 (0.22 bites per day), respectively (Fig. 7, 1st row). Making the human recovery rate double (three-month recovery
time), four-fold (45 days recovery time), and eight-fold (24 days recovery time) of its base value 𝛾ℎ = 1.85 per year (about 6 months
recovery time), the malaria epidemic can be maintained at a lower level with the controlled biting rate below 100 (0.27 bites per
day), 142 (0.38 bites per day), and 1500 (4.1 bites per day), respectively (Fig. 7, 2rd row). Similarly, when the biting rate remains
below 213 (0.58 bites per day), 632 (1.7 bites per day), and 1500 (4.1 bites per day), making the mosquito mortality rate double (7
days life), four-fold (3.5 days life), and eight-fold (1.5 days life), respectively, of its base value (𝑑𝑣 = 27) helps maintain the malaria
epidemic at a lower level (Fig. 7, 3rd row). Here, decreasing 𝑞, increasing 𝛾ℎ, or increasing 𝑑𝑣 eventually provides a curve with
smooth transitioning from lower to higher epidemic level (see Table 2).

4. Discussion

Malaria is a major public health challenge worldwide, with millions of cases reported annually, leading to a significant burden
of illness and death [14]. Despite the efforts of many countries to eliminate malaria, cases are rising in many places, primarily
due to the mobility of migrant workers [46]. This indicates that local malaria control and intervention programs focused locally
alone may not be enough to achieve the elimination goal. Therefore, a thorough analysis of why many countries with a long history
of low malaria burdens struggle to achieve their elimination plan is necessary. We implemented an in-depth bifurcation analysis
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Fig. 6. The sensitivity of threshold (𝑏∗) for malaria burden to migration-related parameters with 𝛿ℎ = 0. (a), (b), and (c) are the successive reduction in mobility
rate (𝜂) to 0.013, 0.01 and 0.005, respectively, from its base value (𝜂 = 0.02). (d), (e), and (f) are the successive reduction in incidence rate abroad (𝑘) to
0.000035, 0.000026 and 0.000013, respectively, from its base value (𝑘 = 0.000105). (g), (h), and (i) are the successive reduction in the mobility factor of
infectious migrants (𝜔) to 8.33, 6.25, and 3.12, respectively, from its base value (𝜔 = 25).

to evaluate the role of mobility in hindering the achievement of malaria elimination goals. Our ultimate focus is on the existence
of a backward bifurcation, an interesting phenomenon in which the disease cannot be eliminated by simply reducing the basic
reproduction number 𝑅0 below unity; instead, another critical threshold 𝑅∗

0 is required for the elimination of the disease.
Using the malaria model with cross-border mobility developed in our earlier study [7], we performed the bifurcation analysis,

exploring two critical cases: the absence and presence of cross-border mobility. The condition for forward and backward bifurcation
of our model in the lack of cross-border mobility is consistent with the results obtained for some other malaria models [14–16,19–
22]. Specifically, the disease-induced death rate (𝛿ℎ) is a primary driver for backward bifurcation. However, our advanced model
with cross-border mobility establishes that mobility can be a vital factor responsible for backward bifurcation even without the
disease’s death. Our results underscoring mobility as a critical factor for backward bifurcation, even in the absence of disease
death, significantly contributes to vector-borne diseases, providing a valuable tool to design mobility-focused controls for disease
eradication.

Through our bifurcation analysis, we have established a mobility threshold 𝜔∗ of infectious migrants, such that the backward
bifurcation does not occur in the absence of malaria transmission abroad (𝜂 ≠ 0, 𝑘 = 0) (Section 3.1.2) when the mobility factor
of infectious migrants is below the threshold (𝜔 ≤ 𝜔∗). Note that the mobility of infectious migrants can be reduced through the
strict border screening implemented with collaboration between the home country and abroad, and our result on the threshold
can help to identify the level of border screening required to avoid backward bifurcation. In this case, we also established a critical
threshold 𝑅∗

1 corresponding to a condition for eradicating disease (Theorem 3.6). In the presence of malaria transmission abroad, our
models show that malaria elimination is only possible in the home country unless cross-border mobility is allowed. In the presence
of cross-border mobility, two epidemic levels (lower and higher) are possible, as revealed by numerical simulations of our model.
We have conducted detailed simulations to identify threshold conditions, depending on various parameters, that help us maintain
the epidemic at a lower level. In particular, the mosquito biting rate, which may vary with location, season, and mosquito type, as
a bifurcation and control parameter, is one of the determinant factors of whether the epidemic stays at the lower or higher level. It
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Fig. 7. The sensitivity of threshold for malaria burden to humans and mosquito parameters for 𝛿ℎ = 0. (a), (b), (c) are the impact of the reduction of the
immunity loss rate to 1.33, 1 and 0.5, respectively, of its base value (q=4). (d), (e), (f) are the impact of two-fold, four-fold, and eight-fold of the recovery rate,
respectively, of its base value (𝛾ℎ = 1.85). (g), (h), (i) are the impact of a two-fold, four-fold, and eight-fold increase in the mosquito death rate, respectively,
from its base value (𝑑𝑣 = 27 i.e.13.5 days lifetime of a mosquito).

is worth noting that the current status of malaria in Nepal, as predicted by our model with current parameters of Nepal ( Table 1),
is at the low endemic level but struggles to achieve the elimination goal due to cross-border mobility.

We acknowledge some limitations of our study. We were not able to prove the global stability of the endemic equilibrium for
𝑅0 > 1 and 𝑅1 > 1 analytically. Instead, we showed persistence for 𝑅0 > 1 and 𝑅1 > 1 in our previous study [7]. We could not
provide analytical proof of the stability of one or three endemic equilibria when there is a presence of mobility and infection abroad.
However, taking the wide range of parameters, we numerically demonstrated the stability of lower and upper endemic equilibria
and the instability of the middle endemic equilibrium. Furthermore, our model approximated the incidence rate abroad, keeping
the mosquito’s role in the disease spread abroad constant. Analysis of the model with the entire transmission dynamics through
mosquitoes abroad as in the home country would provide broad opportunities for model analysis and produce more advanced
results.

In summary, we studied in detail how backward bifurcation arises due to the cross-border mobility of migrant workers in the
malaria dynamics model. Our central result on the role of mobility in backward bifurcation provides a novel insight into the cross-
border mobility rate impacting the persistence and eradication of malaria in the home country. Our results may aid in developing
effective malaria elimination strategies for countries like Nepal with low local malaria transmission but vulnerable to obstacles to
eradication due to the cross-border mobility across other high epidemic countries.
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