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ABSTRACT 

This study investigates the dynamic behavior of beams supported by elastic springs at both 

ends and carrying a lumped mass at the centre, a configuration commonly found in practical 

mechanical and structural systems where support flexibility and attached components 

influence vibration response. The governing equations for both longitudinal and transverse 

free vibration were derived using Hamilton’s principle based on Euler–Bernoulli beam 

theory, and analytical solutions were developed for symmetric and asymmetric spring-

supported cases with and without a central lumped mass. Numerical modal analysis was 

then performed in ANSYS Workbench to validate the analytical model. The results showed 

that longitudinal natural frequencies were significantly higher than transverse frequencies 

due to greater axial stiffness, while the introduction of the central lumped mass reduced 

natural frequencies in a strongly mode-dependent manner. Modes with significant midpoint 

displacement experienced substantial frequency reduction, whereas modes having a nodal 

region near the centre remained nearly unaffected. Support asymmetry further shifted 

modal frequencies, nodal locations, and deformation patterns, producing unsymmetrical 

mode shapes. The close agreement between analytical and ANSYS results confirmed the 

validity of the developed formulation. Overall, the study demonstrates that support 

flexibility, mass concentration, and modal participation play decisive roles in governing the 

vibration characteristics of beam–spring–mass systems. 
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CHAPTER 1.  INTRODUCTION 

1.1 Background 

The structural element of a beam and rods is a vital constituent of engineering systems such 

as bridges, mechanical shafts, or frame structures. The vibration properties of these 

members are essential for stability analysis and proper operation of a particular system. 

Hence, the analysis of vibrations plays a central role in the field of structural dynamics. 

Conventional approaches, especially Euler-Bernoulli theory, have been applied extensively 

for the calculation of natural frequencies and mode shapes for various types of boundary 

conditions (Chen, 1963; Laura et al., 1987). Nonetheless, in actual engineering 

applications, there exist few cases where supports of structural members are perfectly rigid. 

Elasticity is often present as a result of foundation, joints, or connection flexibility, which 

makes it difficult to neglect. Elastically restrained supports can easily be simulated using 

springs, resulting in a drastic change in stiffness and boundary conditions. Many 

researchers, such as Goel (1976) and Liu et al. (1988), have shown the significance of the 

elasticity of the supports for the vibration behavior. Xiao et al. (2013) and Hozhabrossadati 

et al. (2015) have carried out research in this field in a more general approach towards 

elastically restrained beams with a variety of attachments. 

In addition to the role of boundary flexibility, another important aspect that affects the 

dynamic behavior is the inclusion of concentrated or lumped masses at certain sections of 

the beam. In actual practice, there may be cases where some mechanical devices such as 

discs, sensors, and actuators could be added to the structural element. Initial research into 

this concept was carried out by Chen (1963), while subsequent work by Laura et al. (1987) 

and Liu and Yeh (1987) revealed that a single lumped mass could play a significant role in 

the system's natural frequency and vibration modes. Combining the effect of elastic 

supports and lumped masses leads to increased complexity since both mass and stiffness 

distributions act together. Some examples of related studies include the study by Kukla 

(1994), which focused on axially loaded beams with lumped masses and elastic support 

conditions, and the work done by Banerjee (2012) using the dynamic stiffness method for 

spring-mass systems on beams. However, few investigations have been done on the 

dynamics of the beam supported by spring at both ends and having a concentrated mass in 

its centre simultaneously under both axial and lateral vibration effects, hence the 

significance of the current study. 
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1.2 Statement of problem 

Though many works have been carried out on vibration analysis of beams, existing studies 

mainly concentrate on the analysis of structures with only spring boundary support or 

lumped masses but not both at once. In practical engineering problems, such combination 

may occur, which has not been analyzed enough in existing literature. The interaction of 

spring supported boundary conditions and lumped masses placed symmetrically relative to 

the midpoint has not been investigated well yet. 

As far as practical applications go, beams are often mounted on elastic supports as well as 

having other elements attached to them at different points, such as disc or other machine 

parts. This adds inertia, while elasticity of supports adds complexity to boundary stiffness. 

This complicates matters to the point where no simplifications can be applied in order to 

make predictions. There is a need for a thorough analytical approach in this case. 

This research work seeks to fill this gap by considering the dynamical behavior of a beam 

having elastic supports at both ends and having a lumped mass at its midsection. Equations 

of motion are established based on Hamilton’s principle for an energy-based formulation. 

Exact solutions are found for longitudinal and transverse vibration problems, and the 

findings are validated using computer-based simulation software ANSYS. This 

comprehensive study reveals more about the effect of boundary conditions and 

concentrated masses on the dynamical behavior of beams, which plays a vital role in the 

development of engineering systems. 

1.3 Objectives of research 

The objective of this research is to analyze the dynamic behavior of beams supported by 

springs at both ends with a lumped mass located at the centre through analytical modelling 

and numerical simulation. 

1.3.1 Main objective 

 To investigate the dynamic behavior of beams supported by springs at both ends with 

a lumped mass at the centre using analytical and numerical approaches. 

1.3.2 Specific objectives  

   To derive the governing equations of motion for beams supported by springs using 

Hamilton’s principle. 
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  To develop analytical solutions for the longitudinal and transverse vibration response 

of beams supported by springs with and without a lumped mass at the centre.. 

  To simulate the dynamic response of the beam system using ANSYS software. 

  To compare the analytical solutions with the numerical results obtained from ANSYS 

simulations. 

1.4 Rationale of the study 

The need for understanding the vibration characteristics of beam structures in modern 

engineering applications has led to the design of this experiment. There exist various beam 

structures supported by elastic means like spring supports, where there is a need to consider 

the flexibility of the boundaries while conducting the analysis of the system dynamics. 

Further, there are systems with attached masses, like discs or sensors on particular sections 

of the beam. 

Despite extensive investigations in beam vibration analysis, most of them considered either 

the elastic boundary or the point mass alone. The combined effect of spring support at the 

boundary and presence of a point mass located at the centre has not received much attention 

even though it is an important issue from practical considerations. Such an approach results 

in complicated dynamics, causing changes in natural frequencies and mode shapes along 

with symmetric and antisymmetric oscillations. 

Thus, the objective of this work is to formulate a comprehensive model to examine the 

behavior of a beam resting on two springs located at each end, having a lumped mass at its 

midpoint. The formulation of equations of motion is done based on Hamilton's principle to 

maintain energy considerations, and the solutions are found analytically for longitudinal 

and transverse vibrations. Moreover, verification of results is done through finite element 

software ANSYS, thereby confirming the accuracy of the analytical solutions. This 

approach offers significant insights regarding the effect of boundary flexibility and the 

presence of a mass, which can be utilized for practical applications in structural engineering 

designs. 

1.5 Limitations of research  

 The beam is assumed to follow Euler–Bernoulli beam theory, which neglects shear 

deformation and rotary inertia effects.  
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 The analysis focuses only on free vibration and does not consider damping or external 

forcing effects.  

 The lumped mass is assumed to be located exactly at the centre of the beam, and 

material properties are considered uniform throughout the beam.  
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CHAPTER 2. LITERATURE REVIEW 

The fundamental analytical basis of analyzing a beam/rod loaded with an attached mass 

was provided by Chen (1963). The primary finding from the work included the fact that 

a concentrated mass could not be considered simply as an add-on effect as the same 

produces an inertia discontinuity which affects the natural frequencies and mode shapes 

of the member. This aspect holds tremendous significance for the current research work, 

wherein the beam is also subjected to an additional concentrated mass at its mid-section. 

It was evident from their work that the attached mass needs to be considered while 

solving for the vibration problem in the continuous beam. In fact, the early theoretical 

basis of considering a central mass as a governing dynamic aspect. 

Goel (1976) studied free vibration analysis of a beam-mass model whose ends were 

elastically supported and gave one of the earliest examples of the coupled treatment of 

both support flexibility and mass attachment. The most significant contribution of this 

research is the conclusion that elastic supports greatly influence the frequencies and that 

the combination of restraint elasticity and mass attachment gives rise to a behavior much 

more complicated than each individual factor. This study clearly shows that practical 

support characteristics should be taken into consideration when the vibrations of the 

model are to be determined correctly.  

Laura et al. (1987) expanded the analysis of concentrated mass to include beams and 

plates having concentrated masses and considering the significance of mass magnitude 

and its position. Their main contribution was proving that the placement of the 

concentrated mass has a critical impact on the lower vibration modes and frequency shift 

due to the presence of such concentrated mass. This has increased the importance of 

concentrated-mass beams because vibration behavior is dependent not only on the size 

but also on the position of the concentrated mass.  

In another development to the area, Liu et al. (1988) investigated beams with edge 

conditions elastically restrained and having concentrated masses at some locations 

between the two supports. The key contribution of their work was the confirmation that 

the combined effects of flexible boundary conditions and internal loads significantly 

affect the frequency distribution and the associated mode shapes. The paper also 

revealed that the presence of internal masses causes localized behavior while the edge 
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conditions cause global effects. The findings support the need for joint analysis of the 

central mass and end springs. 

Kukla (1994) studied the free vibrations of axially loaded beams with concentrated 

masses and elastic supports. The main contribution from this paper is proving that axial 

loading, concentrated masses, and elastic supports all have a coupling effect on the 

dynamic behavior of the beam. This research extended previous works which only 

included flexural behavior of beams to include the effects of axial loading, thereby 

proving that concentrated masses were still relevant in such cases.  

A new dynamic stiffness method for beam-spring mass structures has been proposed by 

Banerjee (2012). They have made an important contribution to the research area through 

their more efficient computational model. The main achievement of this work has been 

that it has been shown how a dynamic system incorporating beam and spring-mass sub-

system can be solved effectively without any oversimplification. 

Xiao et al. (2013) developed a more general approach to analyze elastically restrained 

beams subjected to arbitrary attachments of various kinds. The main contribution of their 

study was in presenting a generalized analysis of the beam-attachment system, wherein 

the modal characteristics of the beam are governed by the combined effects of its 

boundary conditions, attachment type, and attachment distribution. In contrast to 

previous research which has concentrated on particular cases, Xiao et al. emphasize the 

importance of developing general approaches for solving the problem. This underlines 

the relevance of the analytical approach to non-classical beams.  

Hozhabrossadati et al. (2015) investigated a beam with elastic boundary supports at the 

ends and a spring-rotational mass system in the middle span of the beam. The most 

important result from their research is that an introduced dynamic sub-system in the 

middle of the beam can greatly affect the natural frequencies and mode shapes, 

particularly those of the lower modes. While Hozhabrossadati’s intermediate dynamic 

system incorporates the effect of rotational movement, the critical point stays the same, 

and that is, the mid-span attachment becomes the key element of the beam. 

According to Abbas et al., (2016), an application of a transfer matrix approach was used 

in the free vibration study of beams having point masses supported by elastic supports. 

One of the key findings in their investigation is the finding that discrete attachments in 

beams can be represented as local dynamic systems without losing any systematic study 
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of the entire system. It turns out that the locally attached masses have the ability to affect 

significantly the global vibration response of the beam structure depending on the 

coupling of attachment with the beam structure.  

The research by Kumar et al. (2019) dealt with free vibrations of spring-mounted beams 

and stressed the significance of non-classical boundary conditions. The most important 

result of the analysis conducted by Kumar et al. (2019) was the explicit recognition of 

the stiffness of the beam supports as a crucial factor defining the natural frequencies of 

the beam. It is especially significant to your work because the beam you are investigating 

is also fixed with springs at its ends. Although the paper does not have the specific case 

of lumped mass in the middle, it provides ample justification for the boundary condition 

aspect of your work. 

The main achievement reported by Lee et al. (2023) in their recent research is the 

affirmation that the interaction among the elastic restraint, concentrated mass, and axial 

force still represents a topic worth researching today. In spite of the fact that the beam 

considered by the authors is tapered, unlike the uniform one, the importance of the 

finding cannot be overlooked; rda the flexible nature of boundary conditions and 

concentrated masses attached at certain locations still define the modal characteristics of 

beam systems.  

Yayli et al. (2024) have investigated a beam supported by an elastic foundation and 

having its end supported by an elastic constraint and presented a relatively efficient 

analytical solution for vibration of such a beam. The key point made in this paper is the 

observation that even without any applied concentrated load, the conditions of elastic 

restraints can greatly change the frequency equation and dynamic behavior of a beam. 

The paper is especially interesting because of the important contribution it makes to the 

theory of flexible boundary condition modelling, which represents one of the most 

crucial elements in the present thesis.   
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CHAPTER 3.  METHODOLOGY 

3.1 Conceptual Framework 

 

 

Figure 1. Schematic diagram of research process 

In the present research work, the methods used for the analysis include both analytical and 

numerical approaches that investigate the dynamic behavior of the beam supported by 

elastic supports at both ends, while there is a mass concentration at its centre. The objective 

of the current research is to find out the natural frequency, mode shapes, and influence of 

stiffness of the supports and concentrated mass on the dynamics of the structure. For the 

investigation of the present topic, two lines of investigation were followed: analytical 

vibrations and numerical ANSYS approach. 

First, the literature review was conducted to identify the research problem and develop the 

mathematical model. After that, the governing equation was developed based on 

Hamilton’s principle and Euler-Bernoulli beam theory for both longitudinal and transverse 

vibrations. Simultaneously, the formulation of the FEM was carried out using ANSYS 

software with equivalent dimensions and material properties and spring boundary 
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conditions. These results were compared to ensure validation. Further, any discrepancy 

identified was again verified. After validating the results, interpretation was done. 

3.2 Literature Review 

The project began with a detailed literature review regarding vibration of beams having 

elastic supports, vibration of beams having masses attached to them, and techniques 

adopted for mode analysis. Literature about vibrations of beams supported by springs, 

vibrations of beams with masses attached to them, and continuous vibration system analysis 

has been critically reviewed. Concepts of vibration, classical analysis, and eigenvalue 

analysis have also been explored. 

This is where it has been found that most researchers have concentrated on rigidly 

supported beams or simply un-loaded beams. It can be seen that few researchers have taken 

up the challenge to conduct studies regarding the effects of spring supports in the two 

extreme ends of the beams along with loading the centre of the beam with a lumped mass. 

3.3 Gap Identification 

From a survey of literature, it is evident that minimal consideration has been given to the 

impact of both flexible supports and centrally concentrated mass on the dynamics of the 

beam. The previous studies only analyzed the effects of either fixed or simply supported 

beams. However, in reality, flexible supports are always considered. Moreover, the 

presence of concentrated mass in the mid-span region of the beam significantly influences 

the dynamic behavior of the beam. 

Yet another gap identified during the literature review is that the study has not yet compared 

the solution obtained in analytical form with the solution obtained using finite element 

modal analysis. In order to fill this gap, the present study deals with the problem of beam 

on spring with concentrated mass at the centre. 

3.4 Evaluation of Research Gap 

After identifying the problem, the significance and feasibility of the problem were assessed. 

The mathematical model of beam-spring-mass system can be utilized for modeling some 

engineering problems such as a flexible shaft, a pipeline transporting some devices, bridge 

element carrying suspended devices, and mechanical elements with elastic boundary 

conditions. Hence, it is necessary to analyze the vibration characteristics of the beam-

spring-mass model. 
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Academic value of this research can also be found in the sense that it will make theoretical 

contribution in the field of classical vibrations of beams by means of using elastic boundary 

conditions and masses. Therefore, the selected research problem can be considered to be 

technically sound and feasible. 

3.5 Definition of Research Problem 

The problem statement was to determine the dynamic behavior of a uniform beam 

supported by springs at both ends under a point load applied to the centre of the beam. The 

objectives included formulating the differential equations of motion, natural frequencies, 

and vibration modes for both longitudinal and transverse vibrations. 

This special attention was given to studying the correlation between spring stiffness and 

mass change in terms of beam modes. Furthermore, the problem was widened to compare 

the theoretical results with numerical calculations using ANSYS. 

3.6 Concept Development 

The problem was clearly formulated, followed by conceptual modeling of the beam system. 

It was assumed that the beam was homogenous, linearly elastic, and had uniform sections. 

Spring systems were introduced at the two ends, representing flexible supports, whereas a 

point load was applied at mid-span 

Considerations were made of two types of vibrations; the first type of vibrations considered 

is longitudinal vibrations, which depend on axial deformation, while the second type is 

transverse vibrations, which depend on bending deformation. 

3.7 Analytical Solution 

At the analytical stage, the mathematical model of the beam-spring-mass system was 

developed. Kinetic and potential energy of the beam, springs, and lumped masses were 

calculated. Based on the Hamiltonian principle, the differential equation governing the 

system and its boundary/compatibility equations were developed. 

This resulted in solving an eigenvalue problem, where characteristic equations, natural 

frequencies, and mode shapes were derived. Various mathematical techniques were 

adopted for the longitudinal and transverse vibrations analysis. The first three natural 

frequencies and the corresponding normalized mode shapes were chosen for subsequent 

studies. 
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3.8 Numerical Simulation 

The numerical analysis for the problem is carried out by using ANSYS Workbench. A 

model of the beam was created using the beam element. The material properties of the 

beam, dimensions, and spring supports were input based on data from the analytical model. 

Point mass is attached to the beam using the point mass element. 

The modal analysis was conducted in order to obtain the first three natural frequencies and 

their modes. Particular emphasis was placed on ensuring that there were no discrepancies 

between the analytical and numerical boundary conditions. 

3.9 Comparison 

The comparison was carried out between the analytical and numerical methods based on 

natural frequency and corresponding mode shapes. The percentage error approach was used 

to calculate the error between two methods. Mode shapes were also analyzed visually to 

check whether the analytical mode shapes match ANSYS mode shapes or not. 

Good correlation between the two methods confirms the reliability of the derived governing 

equations and validates the numerical model. 

3.10 Data Validation 

The results were validated using the process of iterations. In case the error between the 

analytical frequency and the frequency obtained using ANSYS software became higher 

than the tolerance limit, the governing equations, spring constants, meshing, and boundary 

conditions were reconsidered. The required changes were incorporated to obtain consistent 

results. 

This process ensured that both models accurately represented the physical beam–spring–

mass system. 

3.11 Data Analysis and Interpretation of Results 

With validation in place, the data collected were analyzed to determine the influence of the 

stiffness of the support and the central mass on the dynamic response of the system. The 

observations made included that with the increase in the stiffness of the spring, the natural 

frequency of the system increases. 
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Symmetric and antisymmetric motion characteristics were identified in the vibration 

modes. These findings may prove useful in future studies on vibration control and spring 

beam designs.   
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 CHAPTER 4. DESIGN & MODELLING  

4.1 Beam-Spring-Mass System 

In terms of methodology of the study, the first stage is to provide information about the 

geometry of the beam-spring-mass system. Specifically, the homogenous beam is 

considered during this research. At the same time, the beam is attached to the two boundary 

points by means of the linear elastic springs. Flexible boundary conditions are selected 

instead of the stiff rigid boundary conditions which can be found in real engineering 

problems. For the purpose of modeling additional masses of the beam, a mass point is 

considered located at the middle of the beam. The analysis of the beam is made under the 

framework of the Euler-Bernoulli beam theory when the shearing effects and rotary inertia 

are not considered. In other words, all physical parameters of the beam (beam length, 

Young's modulus, density, cross-sectional area, and moment of inertia) are known. The 

spring constants at each boundary are also provided. Finally, the information about mass 

point's weight is known. 

4.2 Governing Equations (Hamilton's Principle) 

Once the geometry of the beam is established, the equation of motion will be derived using 

Hamilton's principle. The use of Hamilton's principle is typical in vibrational analysis 

because this principle provides an elegant method for the derivation of the equations of 

motion through energy considerations. According to Hamilton's principle, the dynamic 

response of any system can be found by minimizing the variation of the integral of the 

difference between kinetic energy and potential energy. In this study, the kinetic energies 

of the beam and the lumped masses will be considered first. After that, the strain energy of 

the beam due to deformation and the potential energy associated with the spring supports 

are considered. All of these energies are then substituted into Hamilton's principle to derive 

the differential equations of motion. 

I. Longitudinal vibration without lumped mass 

The governing partial differential equation is 

ρA
∂2u

∂t2
=

∂

∂x
(EA

∂u

∂x
). 

Since E and A are constant, 

ρA
∂2u

∂t2
= EA

∂2u

∂x2
. 



14 
 

The spring-supported boundary conditions are 

EAU′(0) − kLHU(0) = 0 

 and 

EAU′(L) + kRHU(L) = 0 

II. Longitudinal vibration with lumped mass 

For a uniform rod with a concentrated disc mass at x = a, the governing equation can be 

written in delta-function form as 

[ρA + Md δ(x − a)] ü(x, t) − EA uxx(x, t) = 0. 

The spring-supported boundary conditions are 

EAU′(0) − kLU(0) = 0, 

EAU′(L) + kRU(L) = 0. 

III. Transverse vibration without lumped mass 

The governing transverse bending PDE is 

ρA ẅ(x, t) + EI wxxxx(x, t) = 0. 

The four boundary conditions used in the supplied PDF are as follows. 

At 𝒙 = 𝟎 

Boundary condition 1: zero bending moment 

EI wxx(0, t) = 0. 

Boundary condition 2: shear-spring relation 

EI wxxx(0, t) + kLV w(0, t) = 0. 

At 𝐱 = 𝐋 

Boundary condition 3: zero bending moment 

EI wxx(L, t) = 0. 

Boundary condition 4: shear-spring relation 

EI wxxx(L, t) − kRV w(L, t) = 0. 

IV. Transverse vibration with lumped mass 
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The governing transverse bending PDE is 

ρA wtt(x, t) + EI wxxxx(x, t) + md δ (x −
L

2
) wtt(z, t) = 0. 

The end boundary conditions are 

EI wxx(0, t) = 0, 

EI wxxx(0, t) + kLV w(0, t) = 0, 

EI wxx(L, t) = 0, 

EI wxxx(L, t) + kRV w(L, t) = 0 

4.3 Analytical Solution-Longitudinal Vibration (No Lumped Mass) 

 Following the derivation of the equations, the study of the longitudinal vibration behavior 

of the beam without taking into account the influence of the mass on the beam will be 

performed. Longitudinal vibrations of the beam may be described as axial vibrations of the 

beam. At first, the method of separation of variables will be applied to solve the longitudinal 

vibrations equation. The differential equation describing the longitudinal vibration of the 

spring-supported beam will be broken down into two differential equations where one is 

concerned with the time variable, whereas the other with the space variable. Following this, 

the boundary conditions of the springs will be applied to derive the characteristic equation. 

Frequency equation 

tan(λL) =
2k(EA)λ

(EAλ)2 − k2
. 

4.4 Analytical Solution- Longitudinal Vibration (With Lumped Mass) 

In addition, the analysis can also be extended to find the influence on the vibrations of a 

lumped mass that is attached at the centre of the beam. If there exists a lumped mass, the 

governing differential equation will be modified due to the introduction of an additional 

inertia force at the midpoint of the beam. The compatibility and equilibrium equations will 

be applied at the location of the lumped mass. Thus, the condition of continuity in the 

displacement along with the dynamic force from the mass will be taken into consideration. 

Hence, a new characteristic equation can be obtained based on the modified governing 

differential equation. By solving the equation, the new natural frequencies and mode shapes 

can be found for the longitudinal vibration of the beam with a lumped mass. 
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Frequency equation  

−EAλsin(λL) + (kL + kR)cos(λL) +
kLkR

EAλ
sin(λL)

− μS(λ)[EAλ2cos(λ(L − a)) + kRλsin(λ(L − a))] = 0. 

4.5 Analytical Solution- Transverse Vibration (No Lumped Mass) 

Along with axial vibration, the transverse vibration of the beam is also taken into 

consideration. Transverse vibration is defined as the bending vibration of the beam around 

its longitudinal axis. The differential equation that governs transverse vibration can be 

obtained from the Euler-Bernoulli beam theory. Just like the axial vibration equation, the 

equation for transverse vibration is solved using separation of variables to obtain the space 

and time functions of the displacement. Boundary conditions associated with the springs 

can be used to derive the characteristic equation for transverse vibration. 

Frequency equation

 

For a non-trivial solution, 

det[K(β)] = 0. 

This determinant equation is the frequency equation. 

4.6 Analytical Solution- Transverse Vibration (With Lumped Mass) 

Beside the ones mentioned above, another way of further analysis of the transverse 

vibration could be through inclusion of the effect of the lumped mass at the centre of the 

beam. As with the case of longitudinal vibration, here the presence of the lumped mass 

means that there will be some inertia forces which will have to be considered while writing 

down the differential equation. Inclusion of the conditions for continuity of the deflections 

and the slopes of both segments of the beam at the point of attachment of the mass will 

provide a new equation having the mass parameter. 

Frequency equation for symmetric modes 
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For a non-trivial solution, the determinant must vanish: 

det[Ks(β)] = 0. 

This is the symmetric frequency equation. 

Frequency equation for Anti-symmetric modes 

Ka(β) = [

1 0 −1 0
kLV EIβ3 kLV −EIβ3

coshλ sinhλ cosλ sinλ
coshλ sinhλ −cosλ −sinλ

]. 

The anti-symmetric frequency equation is therefore 

det[Ka(β)] = 0. 

This is the Anti-symmetric frequency equation. 

4.7 Determine First Three Mode Shapes  

With the analytical expression of the natural frequency obtained, the first three vibration 

mode shapes for the beam structure are obtained. The vibration mode shape is the particular 

way that the beam vibrates when deformed. Whereas the first vibration mode shape is 

associated with the first vibration mode of the beam, the second and third mode shapes 

correspond to the other modes of vibration. Mode shapes are essential because they provide 

the deformation pattern of the beam. In the present study, mode shapes are determined 

using the analytical approach to solving the differential equation. Graphical representations 

of the mode shapes are plotted. Additionally, the effects of the spring stiffness and lumped 

mass on the mode shapes are investigated. 

I. Longitudinal vibration without lumped mass 

The general mode-shape expression is 

Un(x) = Ancos(λnx) + Bnsin(λnx). 

Substituting the values of An, Bn and λn for each mode: 

Mode 1 
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U1(x) = cos(1.653911x) + 0.438772sin(1.653911x) 

Mode 2 

U2(x) = cos(6.713945x) + 0.108087sin(6.713945x) 

Mode 3 

U3(x) = cos(12.793574x) + 0.056723sin(12.793574x) 

II. Longitudinal vibration with lumped mass 

Mode 1 

U1(z) = cos(0.962121z) + 0.754260sin(0.962121z)

− 0.988657 H(z − 0.25)sin(0.962121(z − 0.25)). 

Mode 2 

U2(z) = cos(6.713866z) + 0.108088sin(6.713866z) + 0

⋅ H(z − 0.25)sin(6.713866(z − 0.25)). 

  Since C2 ≈ 0, this can be written more compactly as 

U2(z) = cos(6.713866z) + 0.108088sin(6.713866z). 

Mode 3 

U3(z) = cos(7.777092z) + 0.093311sin(7.777092z)

+ 1.930219 H(z − 0.25)sin(7.777092(z − 0.25)). 

III. Transverse vibration without lumped mass 

The general mode-shape expression is 

Wn(x) = Ancosh(βnx) + Bnsinh(βnx) + Cncos(βnx) + Dnsin(βnx). 

The first three transverse mode shapes are: 

Mode 1 

W1(x) = cosh(β1x) − 0.9169247470 sinh(β1x) + cos(β1x)

+ 698.8051713908 sin(β1x). 

Mode 2 

W2(x) = cosh(β2x) − 1.0038288653 sinh(β2x) + cos(β2x)

+ 87.1849655534 sin(β2x). 
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Mode 3 

W3(x) = cosh(β3x) − 0.9998254552 sinh(β3x) + cos(β3x)

+ 25.5008007519 sin(β3x). 

IV. Transverse vibration with lumped mass 

Mode 1 

ψ1(z) = cosh(4.284723969z) − 499.863811sinh(4.284723969z)

+ cos(4.284723969z) + 1700.574330sin(4.284723969z). 

Mode 2 

ψ2(z) = cosh(12.520493156z) − 1.003829sinh(12.520493156z)

+ cos(12.520493156z) + 87.184965sin(12.520493156z). 

Mode 3 

ψ3(z) = cosh(16.096693800z) − 0.086689sinh(16.096693800z)

+ cos(16.096693800z) + 41.415181sin(16.096693800z). 

4.8 ANSYS Finite Element Simulation 

As part of validation for the results obtained from the analysis of the structure, the 

numerical simulation analysis was performed using ANSYS Workbench 2024 R1 software. 

To conduct this, an analytical model with the same dimensions and properties as the 

theoretical model was developed using suitable beam elements. The conditions of elastic 

support at the two ends of the beam were modeled by applying boundary conditions of 

spring stiffness, while a mass element was added in the centre of the beam to represent the 

lumped mass. 

The accuracy of the solution was achieved by discretizing the beam using sufficient finite 

elements, particularly around the point where the effect of the loading was applied, namely 

the midspan. The boundaries were also specified such that movement is allowed only 

within the direction of vibration. Modal analysis was used to obtain the natural frequency 

of vibration and its respective mode shapes. Results of the simulation were then compared 

to the theoretical results, proving that the mathematical model was correct. 

4.9 Compare Analytical VS ANSYS Results  

This stage is the final part of the methodology, which involves verification of the analytical 

solutions against those obtained numerically by ANSYS software. This stage entails the 
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use of the natural frequency and mode shapes of the first three vibration modes in the 

comparison process. If there is an agreement between both solutions, then the analytical 

solution is considered accurate, which implies that the model can accurately describe the 

dynamics of the beam structure. Conversely, if there is any discrepancy, then it is essential 

to trace back the derivation process from the governing equation to the analytical solution 

stages. 

4.10 System Description and Model  

 A schematics of the beam spring mass system model is depicted in Figure 2 that is similar 

to the one used in ANSYS software. In the proposed model, the beam is equipped with 

horizontal springs at the two ends to depict the stiffening effect of the supports in the 

longitudinal direction. In addition, the beam is equipped with vertical springs to depict the 

transverse stiffening effects. 

 

 

Figure 2 ANSYS-style schematic model of the beam supported by horizontal and vertical 

springs 

Table 1 Main model parameters used in the analytical solution 

Parameter Variable (unit) Value 

Young’s modulus E (Pa) 6.89 × 10^10 

Density ρ (kg/m³) 2.8 × 10^3 

Beam / rod length L (m) 0.5 
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Cross-sectional area A (m²) 2 × 10^-4 

Second moment of area I (m⁴) 1.677 × 10^-9 

Spring Stiffness(For Symmetric Spring) 
kLH, kRH, kLV, kRV 

(N/m) 
1 × 10^7 

Spring Stiffness(For 

Asymmetric Spring) 

Right vertical spring 

stiffness 
kRH, kRV (N/m) 1 × 10^8 

Left vertical spring 

stiffness 
kLH, kLV (N/m) 1 × 10^5 

Right vertical spring stiffness (N/m) 1 × 10^7 

Disc / lumped mass location a = L/2 (m) 0.25 

Disc area Ad (m²) 4 × 10^-4 

Disc density ρd (kg/m³) 7800 

Disc thickness td (m) 0.160256 

Disc mass Md (kg) 0.5 

Axial rigidity EA (N) 1.378 × 10^7 

Flexural rigidity EI (N·m²) 115.5453 

Distributed mass per unit length ρA (kg/m) 0.56 

Axial wave speed c (m/s) 4960.56 

Non-dimensional mass ratio μ 0.892857 
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CHAPTER 5.  RESULTS & DISCUSSION 

5.1 Longitudinal Vibration of the Symmetrical Spring-supported Beam without 

Lumped Mass 

The Natural frequencies are 

 

Figure 3. Frequency comparison of ANSYS and Maple 

The natural frequencies obtained from the calculations of the beam when attached to the 

springs without the presence of any lumped mass at the centre of the beam are 1305.76 Hz, 

5300.64 Hz, and 10100.49 Hz for the first, second, and third modes of axial vibration, 

respectively. These frequencies increase significantly with increasing mode numbers. Since 

the axial stiffness is proportional to EA, the axial frequencies will be much larger as 

compared to those of transverse frequencies. This means that there is more opposition to 

axial vibrations than transverse vibrations. 

The frequency comparison shown in Figure 3 of the longitudinal vibrations of the spring-

supported beam without a lumped mass is found to be very close for the first three modes 

of vibration. This is because the analytical solution with Maple and ANSYS solution result 

in the same value of frequency for the first mode, which is 1305.76 Hz for analytical and 

1305.8 Hz for the ANSYS solution. Similarly, the analytical solution gives 5300.64 Hz 

while the numerical solution by ANSYS gives 5300.2 Hz for the second mode. For the third 

mode, the analytical frequency is 10100.49 Hz while the ANSYS solution frequency is 
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10097 Hz. This means that the difference is very minimal between the two solutions, 

especially in the higher-order modes due to discretization and numerical errors. 

Interpretation of the First Three Axial Mode Shapes:  

 

Maple output for First Mode 

Shape (Analytical) 

 

ANSYS validation for First Mode Shape 

 

 

Maple output for Second 

Mode Shape (Analytical) 

 

 

 

ANSYS validation for Second Mode Shape 
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Maple output for Second 

Mode Shape (Analytical) 

 

 

ANSYS validation for Third Mode Shape 

 

Figure 4. Mode shape 1; Mode shape 2; Mode shape 3 

The first three axial mode shapes of the spring-supported beam without a lumped mass 

show a clear progression in deformation complexity as the mode number increases. The 

first mode represents the fundamental global axial response, with a smooth symmetric 

deformation and no internal node, indicating that the entire beam vibrates in the same 

phase. The second mode introduces one internal nodal point where the displacement 

changes sign, dividing the beam into two regions vibrating in opposite phases. The third 

mode contains two internal nodes, creating three vibrating segments and demonstrating a 

shorter modal wavelength with higher spatial variation.  

The first three longitudinal mode shapes of the beam with spring support, but without any 

lumped mass, derived from the ANSYS software are in complete conformity with those of 

the theory, as illustrated by the above Figure 4. 

5.2 Longitudinal Vibration of the Symmetrical Spring-Supported Beam with Central 

Lumped Mass 

The natural frequencies are 
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Figure 5. Frequency comparison of ANSYS and Maple 

When heavy loads are attached to the middle point of the beam, then the frequency for the 

first three vibrations along the axis become 759.59 Hz, 5300.58 Hz, and 6139.99 Hz, 

respectively. From the above results, it can be noted that the frequency of the first and the 

third mode of vibration has reduced significantly, but the second mode of vibration has 

been slightly affected. From the above findings, it shows that the effect of heavy masses 

will differ according to the mode of vibration. 

There is a very good comparison of the natural frequency value from analysis of 6139.99 

Hz and the natural frequency value of ANSYS of about 6026 Hz. Though there is a big 

difference in the values obtained, this is still acceptable. The natural frequency of the mode 

increases with the increase in the number of modes in both cases, and both have taken into 

consideration the effect of the mass located at the centre. From the discussion above, one 

may conclude that there is good correlation between the analytical results and the numerical 

results. 

Interpretation of Modified Axial Mode Shapes 
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Maple Output for First Mode 

Shape (Analytical) 

 

ANSYS validation for First mode shape 

 

 

Maple Output for Second Mode 

Shape (Analytical) 

 

 

ANSYS validation for Second mode shape 
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Maple Output for Second Mode 

Shape (Analytical) 

 

ANSYS validation for Third mode shape 

 

Figure 6.  Maple generated Mode shape 1; Mode shape 2; Mode shape 3 

From the analysis of the first three vibration modes for the case when the mass is attached 

to the midpoint of the spring-loaded beam, it follows that apart from the natural frequency 

values, also the vibration modes depend on the presence of an added mass. However, 

despite the fact that the first vibration mode is still symmetric with respect to the midpoint 

of the beam, which coincides with the location of the maximal displacements for the first 

vibration mode, the shape of the mode is largely defined by the midpoint of the beam, where 

the mass is placed. The second mode is characterized by an antisymmetric shape with a 

node being at the midpoint of the beam. As a result, due to the absence of displacements in 

this mode around the midpoint of the beam, the added mass does not significantly affect 

the shape of the vibration mode. 

The first three longitudinal mode shapes of the beam with spring support with lumped mass 

at centre, derived from the ANSYS software are in complete conformity with those of the 

theory, as illustrated by the above Figure 6. 

5.2.1 Comparative Discussion of Longitudinal Vibration Results  

In comparing the longitudinal frequencies of both modes, it is seen that the first mode 

decreases by approximately 41.83%, the second one remains the same, while the third one 

decreases by approximately 39.21%. It shows that the effect of additional mass is dependent 

on the contributions made by the mode at the centre of the beam instead of being dependent 

on mass only. The first mode is highly sensitive because of its high displacement at the 

centre, the second mode is insensitive because the centre lies in the transition area of the 
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modal, while the third mode is again sensitive due to higher displacement at the centre. 

From the theoretical point of view, the additional mass contributes to increased generalized 

inertia, while there is no change in stiffness. 

Table 2 Comparison of longitudinal natural frequencies with and without central lumped 

mass 

Mode Without Mass (Hz) With Mass (Hz) Change (%) 

1 1305.76 759.59 -41.83 

2 5300.64 5300.58 ~0.00 

3 10100.49 6139.99 -39.21 

5.3 Transverse Vibration of the Symmetrical Spring-supported Beam without 

Lumped Mass 

5.3.1 Analytical Solution 

The analytical frequencies are 

 

Figure 7. Frequency comparison of ANSYS and Maple 

For the spring-supported beam without a lumped mass, the first three transverse natural 

frequencies are 90.0887 Hz, 358.3811 Hz, and 798.8219 Hz, which are much lower than 
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the corresponding axial frequencies because the flexural stiffness EI is significantly smaller 

than the axial stiffness EA in a slender beam. The first mode represents the fundamental 

bending response, while the second and third modes show progressively more complex 

flexural patterns with one and two internal sign changes, respectively. The nonlinear 

spacing of these frequencies reflects the fourth-order Euler–Bernoulli beam behavior 

together with the influence of elastic end springs, which provide less restraint than perfectly 

fixed supports and therefore reduce the frequencies. From a practical standpoint, bending 

vibration is more flexible and more likely to control service-level resonance, making the 

first transverse mode the most critical under low-frequency excitation, while higher modes 

become important under broadband or high-speed loading. 

Both analytical and numerical simulation methods shows the increase in fequency with an 

increase in modes and account for the influence of elastic boundary conditions on the 

bending behavior. The extremely good match between both methods validates the accuracy 

of the analysis and ANSYS modeling in calculating the transverse dynamic response of the 

beam resting on springs with no mass in its middle point. 

Interpretation of the First Three Transverse Mode Shapes 

 

Maple Output for First Mode 

Shape (Analytical) 

 

 

ANSYS validation for first mode shape 
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Maple Output for Second Mode 

Shape (Analytical) 

 

 

ANSYS validation for second mode shape 

 

Maple Output for Third Mode 

Shape (Analytical) 

 

 

ANSYS validation for third mode shape 

 

Figure 8. Maple generated a. Mode shape 1; Mode shape 2; Mode shape 3 

It is clear from the above results that the first three transverse modes of vibration of the 

beam loaded by elastic springs without any further loads correspond to the natural pattern 

of bending vibrations. In addition, there is a growth of modal complexity in the higher order 

modes. Namely, the first transverse mode is a symmetrical bending mode with the peak 

deflection of the beam achieved in its middle point; hence, this mode has the largest 

deflections and is considered the most essential mode. At the same time, the second mode 

of vibration has a single node on the beam that divides it into two bending areas. Thereby, 

the third transverse mode contains two nodes and corresponds to three bending segments 
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of the beam. Higher-order transverse modes become important only under excitation of 

higher frequency loads. The usage of elastic springs as the boundary condition implies that 

the ends of the beam have some freedom and cause slight softening of the system. It should 

be emphasized that the analysis of transverse modes allows detecting regions with maximal 

deflections and maximal curvatures of the beam. 

The first three transverse mode shapes of the beam with spring support without lumped 

mass at centre, derived from the ANSYS software are in complete conformity with those 

of the theory, as illustrated by the above Figure 8.  

5.4 Transverse Vibration of the Symmetrical Spring-supported Beam with Central 

Lumped Mass 

The natural frequencies are 

 

Figure 9. Frequency comparison of ANSYS and Maple 

Regarding the situation where there is a concentrated mass located at the centre of the beam, 

the first three bending frequencies are determined to be 41.970869 Hz, 358.381127 Hz, and 

592.346226 Hz respectively. Particularly, there is a decrease in frequency in the first 

bending mode by 53.41%, no changes in the frequency in the second mode, and reduction 

of the third bending mode frequency by 25.85%. There is a very strong influence of the 

concentrated mass at the beam centre on symmetric modes of vibrations, but none or 

minimal influence on the antisymmetric mode. From the Figure 9, we can conclude that 

there is good correlation between the analytical results and the numerical results. 
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Interpretation of modified transverse mode shapes  

 

Maple Output for First Mode 

Shape (Analytical) 

 

 

ANSYS validation for first mode shape 

 

Maple Output for Second Mode 

Shape (Analytical) 

 

 

ANSYS validation for second mode shape 
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Maple Output for Third Mode 

Shape (Analytical) 

 

 

 ANSYS validation for third mode shape 

 

Figure 10. Maple generated Mode shape 1; Mode shape 2; Mode shape 3 

Mode shapes 1 to 3 of the spring supported beam with a central lumped mass show the 

influence of mode shapes on the presence of the attached lumped mass. The mode shape of 

the first mode of vibration is the symmetric mode shape with maximum deformation at 

mid-span. This suggests that there is full participation of the lumped mass together with 

reduced natural frequencies due to increased inertia. Conversely, the mode shape of the 

second mode of vibration is the anti-symmetric mode shape with zero deformation at the 

centre. This shows that the centre has now become a node of the mode shape. As a result, 

the lumped mass is dynamically inactive, hence very minimal effect of the mass in this 

mode shape. The mode shape of the third mode of vibration takes on another high order 

symmetric mode shape with side maximum deformations and central minimum 

deformations. This implies that the centre and the lumped mass both contribute to the 

vibration characteristics. 

The first three transverse mode shapes of the beam with spring support without lumped 

mass at centre, derived from the ANSYS software are in complete conformity with those 

of the theory, as illustrated by the above figure 10. 

5.4.1 Comparative Discussion of Transverse Vibration Results 

By comparing the transverse natural frequencies of systems with and without mass added 

at the centre, it can be seen that only the first and third frequencies are reduced, while the 

second frequency remains unaffected. This shows that bending vibration is highly 



34 
 

susceptible to the presence of extra inertia at locations where modal amplitudes are large. 

The first frequency is affected to a greater extent because the bending motion is most 

prominent in the middle part, whereas the second frequency is symmetrical with a nodal 

point at the centre. Thus, the presence of the added mass has no influence on the inertia at 

the nodal point. 

Table 3. Comparison of transverse natural frequencies with and without central lumped 

mass 

Mode Without Mass (Hz) With Mass (Hz) Change (%) 

1 90.0887 41.9709 -53.41 

2 358.3811 358.3811 ~0.00 

3 798.8219 592.3462 -25.85 

5.5 Longitudinal Vibration of the Asymmetric Spring-supported Beam without 

Lumped Mass 

The natural frequencies are 

 

Figure 11. Frequency comparison of ANSYS and Maple 

For longitudinal vibration of the non-symmetric spring supported beam without a lumped 

mass, the first three frequencies are 1963.54 Hz, 6146.69 Hz, and 10698.30 Hz. It is evident 
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from the data that a big jump occurs in the frequency value with an increasing mode 

number. This conforms to the expected trend for an axially restrained continuous system 

where the higher modes have shorter wavelengths and consequently axial strain energies. 

The high values also confirm the dynamic stiffness property of the beam for longitudinal 

vibration. Unlike the beam with symmetrical spring support, in which the two ends have 

similar boundary conditions, in the present case the ends have different supports, and 

therefore eigenvalues differ accordingly. 

The comparison of the longitudinal vibration of the asymmetric spring supported beam 

without the lumped mass further proves that the theoretical model, which was developed 

with the help of the Maple program, is also accurate enough since there is only a negligible 

difference between the theoretical results that were obtained with the help of the Maple 

program and the results obtained with the help of the ANSYS program as seen in figure 11. 

It should be noted that the difference between these two sets of results is insignificant, 

although it is more noticeable in the high mode due to the influence of numerical 

approximation and discretization. It is due to the fact that the higher mode implies a higher 

natural frequency, and the role of springs of different stiffnesses mounted at both ends of 

the beam should not be ignored. 

Interpretation of the First Three Axial Mode Shapes:  

 

Maple Output for First Mode 

Shape (Analytical) 

 

 

ANSYS validation for first mode shape 
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Maple Output for Second 

Mode Shape (Analytical) 

 

ANSYS validation for second mode shape 

 

 

Maple Output for Third Mode 

Shape (Analytical) 

 

 

ANSYS validation for third mode shape 

 

Figure 12.Mode shape 1; Mode shape 2; Mode shape 3 

As follows from the results obtained by using ANSYS, the first three longitudinal modes 

of vibration for the asymmetric spring-supported beam that have not got any additional 

mass nodes demonstrate the highest similarity to their theoretical counterparts, and thus 

prove the validity of the proposed mathematical model. In its turn, the first mode represents 

the first global mode of vibration without any node inside, but features some degree of 

asymmetry as the result of unequal conditions of attachment at its edges (in the form of 

different springs). With regards to the second mode, it is represented by one node and two 

oppositely vibrating zones, while the third one is characterized by two nodes and three 



37 
 

zones. It should be emphasized, however, that in all those cases, the position of nodal lines 

and values of displacements differ slightly when compared to the corresponding symmetric 

example due to the effect exerted by different levels of restrains at the edge points as seen 

in Figure 12 . 

5.6 Longitudinal Vibration of the Asymmetric Spring-Supported Beam with Central 

Lumped Mass 

5.6.1 Analytical Solution  

The natural frequencies are 

 

Figure 13. Frequency comparison of ANSYS and Maple 

In terms of frequency comparison of longitudinal vibration of an asymmetric spring 

supported beam with concentrated mass located at its centre, the result of the analytical 

solution through Maple software and ANSYS is satisfactory as seen in figure 13. The first 

and second modes were observed to have high correlation with slight variations in their 

values, indicating that the formula was able to capture the influence of both the asymmetric 

beam and the additional concentrated mass. However, the third mode exhibited remarkable 

differences in the analysis. It is expected because the higher modes are more sensitive to 

finite elements as well as other factors like local inertia. 

On the other hand, the difference in the third mode can be anticipated because high-order 

modes are more sensitive to meshing, approximations, and inertia. Both methods are able 

to accurately represent the trend of increase in frequencies along with the increase in mode 

1
,1

2
2
.5

4
 

5
,3

9
1
.7

4
 

7
,4

5
2
.5

8
 

1
1
2
0
.5

5
3
5
1
.6 7

3
6
7
.8

0

1,000

2,000

3,000

4,000

5,000

6,000

7,000

8,000

Mode1 Mode2 Mode3

F
re

q
u
e
n
c
y
 (

H
z
)

Mode shapes 

Maple(Analytical) ANSYS



38 
 

order and impact of the mass on the frequency of each particular mode. Therefore, this 

comparison proves that the analytical model used to estimate the longitudinal dynamics of 

the mass-loaded beam has been developed effectively. 

Interpretation of Modified Axial Mode Shapes. 

 

Maple Output for First Mode 

Shape (Analytical) 

 

ANSYS validation for First mode shape 

 

 

Maple Output for Second Mode 

Shape (Analytical) 

 

 

ANSYS validation for Second mode shape 
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Maple Output for Third Mode 

Shape (Analytical) 

 

 

ANSYS validation for Third mode shape  

 

 Figure 14. Maple generated Mode shape 1; Mode shape 2; Mode shape 3 

Natural frequencies of the unsymmetrical beam system with a central lumped mass are 

found to be in an increasing trend with respect to mode number, which is a characteristic 

feature of all continuous systems. The effect of the various spring stiffnesses and lumped 

mass at the centre point of the beam plays an important role in the dynamics of the system. 

From the results obtained, it is found that the first mode gets significantly influenced due 

to the presence of the midspan lumped mass.. 

The mode shapes used for comparison also verifies on these factors. The first mode shape 

includes axial deformation of the entire structure with an unbalanced shape and distinct 

centre impact. On the other hand, the second mode includes only one node located between 

the springs, dividing the beam into two parts with opposite vibrations. The third mode has 

two nodes representing a complex structure consisting of three segments. However, all 

curves remain continuous without any symmetry, given that the spring arrangement is 

unbalanced and the centre has inertia. 

The first three transverse mode shapes of the beam with spring support without lumped 

mass at centre, derived from the ANSYS software are in complete conformity with those 

of the theory, as illustrated by the above figure 14. 

5.6.2 Comparative Discussion of Longitudinal Vibration Results  

Regardless of the mode considered, the decrease in frequency always occurs depending on 

the displacement of the point of maximal displacement that is the centre of the beam where 
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the concentrated mass is located. As for Mode 1, it is seen that the maximum decrease in 

the frequency is achieved since the first axial mode is a global deformation mode featuring 

significant displacements at the middle point of the beam, therefore the concentrated mass 

significantly increases the generalized inertia of the system. As for Mode 2, the decrease in 

frequency is not as significant since the displacements of the middle point of the beam are 

minimal, therefore the mass acts only actively in the vibrations. 

Table 4 Comparison of longitudinal natural frequencies with and without central lumped 

mass 

Mode 
Without Mass 

(Hz) 
With Mass (Hz) Change (%) 

1 1963.54  1,122.54   -42.83 

2 6146.69 5,391.74 -12.28 

3 10698.30 7,452.58 -30.33 

5.7 Transverse Vibration of the Asymmetric Spring-supported Beam without 

Lumped Mass 

5.7.1 Analytical Solution  

The natural frequencies are 
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Figure 15.  Frequency comparison of ANSYS and Maple 

The comparison of the frequencies for the transverse vibrations of the beam resting on the 

springs without a lumped mass exhibits a high degree of consistency in the results obtained 

analytically using Maple and numerically using ANSYS as seen in figure 15. The 

differences observed in the calculation results of both approaches are quite small and are 

acceptable within engineering tolerances; however, they are larger for the higher mode due 

to the nature of the finite element method and numerical integration. In addition, both 

approaches show identical tendencies in an increasing trend of the frequencies with an 

increasing number of the mode and in the influence of different stiffness of the beams 

supporting the ends of the beam. 

Interpretation of the First Three Transverse Mode Shapes 

 

Maple Output for First Mode 

Shape (Analytical) 

 

 

ANSYS validation for First mode shape 
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Maple Output for Second Mode 

Shape (Analytical) 

 

 

 

ANSYS validation for Second mode shape 

 

 

Maple Output for Third Mode 

Shape (Analytical) 

 

 

ANSYS validation for Third mode shape 

 

Figure 16. Mode shape 1; Mode shape 2; Mode shape 3 

The shapes of the modes also indicate the effect of asymmetry of the supporting condition. 

The first mode represents overall bending, for which the point of maximum deflection is 

not symmetrical. Moreover, the second and third modes include one and two nodes 

respectively, and have complex deflection patterns. Nonetheless, all the deflection patterns 

remain smooth and continuous, although they are asymmetrical with respect to the mid-

point of the beam. 
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The first three transverse mode shapes of the beam with spring support without lumped 

mass at centre, derived from the ANSYS software are in complete conformity with those 

of the theory, as illustrated by the above Figure 16. 

5.8 Transverse Vibration of the Asymmetric Spring-supported Beam with Central 

Lumped Mass 

The natural frequencies are 

 

Figure 17. Frequency comparison of ANSYS and Maple 

Comparison of the frequency of analytical solution of the Maple software package with the 

numerical analysis of ANSYS demonstrates a significant correlation factor in all three cases 

of natural vibration modes as seen in Figure 17. The deviation of frequencies obtained using 

both methods is very insignificant, indicating that the right equations, boundary conditions, 

and lumped mass method have been applied in both cases. Therefore, it can be concluded 

that the mathematical model developed to analyze transverse vibrations of the asymmetric 

beam is correct. 

Interpretation of modified transverse mode shapes  
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Maple Output for First Mode Shape 

(Analytical) 

 

 

 

ANSYS validation for First mode shape 

 

 

Maple Output for Second Mode Shape 

(Analytical) 

 

 

 

ANSYS validation for Second mode shape 
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Maple Output for Third Mode Shape 

(Analytical) 

 

 

ANSYS validation for Third mode shape 

 

Figure 18. Maple generated. Mode shape 1; Mode shape 2; Mode shape 3 

The modal shapes from the ANSYS software simulation for the case of the transverse 

vibrations of the asymmetrically supported beam with the central concentrated mass 

coincide quite well with those calculated analytically from Maple mathematical software 

in respect of mode shapes and deformation pattern. Specifically, the mode one represents 

the fundamental shape of bending characterized by the single curvature with the maximum 

deflection located at the middle point of the span, which is the fundamental vibrational 

mode. Moreover, the second mode exhibits the single node with opposite deflections, while 

the third mode is marked by two nodes and higher curvature as seen in figure 18. Minor 

asymmetry in mode shapes is found due to different stiffnesses at both ends of the beam. 

5.8.1 Comparative Discussion of Transverse Vibration Results 

Based on the above analysis of the natural frequencies, it can be observed that the impact 

of the attached mass at the centre of the beam depends on the deformation of the centre 

point during the modal displacement. In the first mode of vibration, it can be observed that 

there is a drastic reduction in the natural frequency because of the behavior of the first 

bending mode, where the displacement is maximum at the centre position; hence, the 

impact of the attached mass is highly significant. In the second mode of vibration, the 

impact of the attached mass is insignificant because of the fact that the second mode of 

vibration is antisymmetric in nature, meaning that it has nodes at the middle part of the 

beam. 
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Table 5. Comparison of transverse natural frequencies with and without central lumped 

mass 

Mode Without Mass (Hz) With Mass (Hz) Change (%) 

1 82.28 39.56 -51.92 

2 247.59 236.03 -4.67 

3 502.59   457.96 -8.88 
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CHAPTER 6.  Conclusion & Recommendations 

6.1 Conclusion 

This research was thus successful in meeting the objective of investigating the vibration 

behavior of beams under elastic support with concentrated mass on the mid-span. It was 

possible to establish the formulation of the governing differential equation for both 

longitudinal and transverse vibrations of the beam by taking into consideration the elastic 

supports and concentrated mass through the application of the Hamilton principle. 

Solutions for natural frequencies have been obtained satisfactorily in cases when the spring 

system was symmetric as well as asymmetric, considering the presence of lumped masses 

at centre of beam. From the data thus obtained, it can be concluded that natural frequencies 

increase with an increase in mode numbers for all cases and that longitudinal frequencies 

are much higher than the transverse frequencies as longitudinal frequencies are relatively 

stiffer. In case there are lumped masses, natural frequencies tend to decrease depending on 

mode numbers; however, only those cases with greater displacement at the centre get 

affected. 

ANSYS finite element analyses agreed well with the frequencies and modes obtained 

analytically, thus verifying the proposed mathematical formulations. Small errors occurred 

in higher modes due to discretization and numerical approximations. In general, it can be 

concluded that elastic supports, asymmetric supports, and midpoint mass have an important 

effect on the dynamic behavior of beams. The results will prove beneficial for the design 

of spring-supported machinery and structures, such as machine members, shafts, flexible 

supports, mounted mechanisms, and light structural members. 

6.2 Recommendations 

 In light of the current investigation, further work can explore incorporating the damping 

effect, nonlinearity of the spring force, load variation with time, and the presence of moving 

mass into the model. 

 The use of Timoshenko beam theory may also be adopted to include shear deformation 

and rotary inertia for thick or short beams.  

 Experimental validation using laboratory modal testing is strongly recommended to 

further confirm the analytical and numerical findings.  
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 Additional studies may investigate multiple lumped masses, distributed attachments, 

variable cross-sections, composite materials, crack effects, thermal loading, and 

uncertainty in spring stiffness parameters.  

 Optimization techniques can also be applied to determine ideal spring constants and 

mass locations for vibration suppression.  

 Furthermore, transient, forced, and harmonic response analyses may be carried out to 

evaluate resonance behavior under real operating conditions. These improvements 

would enhance the practical applicability of the developed model in advanced structural 

and mechanical design.  
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APPENDICES  

APPENDIX 1. Analytical Solution for Longitudinal Vibration of the Spring-

supported Beam without Lumped Mass 

1. Problem Statement 

A uniform rod undergoing axial (longitudinal) vibration is considered. The rod is supported 

by linear springs at both ends without considering center lumped mass. 

 

The physical parameters are: 

L = 0.5 m 

E = 6.89 × 1010 Pa 

ρ = 2.8 × 103 kg/m
3
 

A = 2 × 10−4 m2 

kLH = kRH = 107 N/m 

Let the axial displacement of the rod be denoted by 

u(x, t). 

The governing partial differential equation is 

ρA
∂2u

∂t2
=

∂

∂x
(EA

∂u

∂x
). 

Since 𝐸 and 𝐴 are constant, 

ρA
∂2u

∂t2
= EA

∂2u

∂x2
. 

The spring-supported boundary conditions are 

EAU′(0) − kLHU(0) = 0 

and 

EAU′(L) + kRHU(L) = 0. 

2. Separation of Variables 

Assume the displacement field in separable form: 
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u(x, t) = U(x)q(t). 

Substituting this into the governing equation gives 

ρA U(x)q̈(t) = EA U″(x)q(t). 

Dividing by EAU(x)q(t), 

ρ

E

q̈

q
=

U″

U
. 

Because the left-hand side depends only on 𝑡 and the right-hand side depends only on 𝑥, 

each side must be equal to a constant. Let the separation constant be −𝜆2. Therefore, 

q̈

q
= −ω2 

and 

U″

U
= −λ2. 

Hence, 

q̈ + ω2q = 0 

and 

U″ + λ2U = 0. 

The wave speed is 

c = √
E

ρ
. 

Using, 

c = √
6.89 × 1010

2.8 × 103
= 4960.56 m/s. 

Therefore, 

ω = cλ. 

3. General Spatial Solution 

The spatial differential equation is 
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U″ + λ2U = 0. 

Its general solution is 

U(x) = Acos(λx) + Bsin(λx). 

Differentiating with respect to x, 

U′(x) = −Aλsin(λx) + Bλcos(λx). 

4. Application of the Boundary Condition at 𝒙 = 𝟎 

At x = 0, 

U(0) = A 

and 

U′(0) = Bλ. 

Substitute these into the left-end boundary condition 

EAU′(0) − kLHU(0) = 0. 

Then, 

EA(Bλ) − kLHA = 0. 

So, 

EA Bλ = kLHA. 

Hence, 

B =
kLH

EAλ
A. 

Now compute the quantity EA: 

EA = (6.89 × 1010)(2 × 10−4) = 1.378 × 107 N. 

Therefore, 

B =
107

(1.378 × 107)λ
A. 

5. Application of the Boundary Condition at 𝐱 = 𝐋 

At x = L, 

U(L) = Acos(λL) + Bsin(λL) 
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and 

U′(L) = −Aλsin(λL) + Bλcos(λL). 

Substitute these into the right-end boundary condition 

EAU′(L) + kRHU(L) = 0. 

This gives 

EA[−Aλsin(λL) + Bλcos(λL)] + kRH[Acos(λL) + Bsin(λL)] = 0. 

Now replace B using 

B =
kLH

EAλ
A. 

Then, 

EA [−Aλsin(λL) +
kLH

EAλ
A ⋅ λcos(λL)] + kRH [Acos(λL) +

kLH

EAλ
Asin(λL)] = 0. 

Simplifying, 

EA[−Aλsin(λL)] + kLHAcos(λL) + kRHAcos(λL) +
kLHkRH

EAλ
Asin(λL) = 0. 

Factoring out A: 

A [−EAλsin(λL) + (kLH + kRH)cos(λL) +
kLHkRH

EAλ
sin(λL)] = 0. 

For a nontrivial solution, A ≠ 0. Therefore, 

−EAλsin(λL) + (kLH + kRH)cos(λL) +
kLHkRH

EAλ
sin(λL) = 0. 

Rearranging, 

(kLH + kRH)cos(λL) = (EAλ −
kLHkRH

EAλ
) sin(λL). 

Dividing by cos(λL) and by the coefficient on the right, 

tan(λL) =
(EAλ)(kLH + kRH)

(EAλ)2 − kLHkRH
. 

Since 

kLH = kRH = k = 107 N/m, 
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the characteristic equation becomes 

tan(λL) =
2k(EA)λ

(EAλ)2 − k2
. 

With L = 0.5 m, 

tan(0.5λ) =
2k(EA)λ

(EAλ)2 − k2
. 

Define 

F(λ) = tan(0.5λ) −
2k(EA)λ

(EAλ)2 − k2
. 

The admissible eigenvalues are obtained from 

F(λ) = 0. 

6. Root Selection and Eigenvalues 

The first three numerical roots approximately as 

0.725689,  1.653910,  6.713866. 

Those roots produced the frequencies 

572.93 Hz,  1305.76 Hz,  5300.58 Hz. 

However, the supplied revised derivation states that the first low root is discarded as it 

gives a linear mode shape plot and the next admissible roots are selected. This discarded 

low root is also verified through ANSYS as the mass participation in the low root is seen 

significantly low. So that the analytical sequence matches the ANSYS mode sequence. 

Therefore, the revised eigenvalues are taken as 

λ1 = 1.653911 m−1 

λ2 = 6.713945 m−1 

and 

λ3 = 12.793574 m−1. 

7. Natural Frequencies 𝐅𝟏, 𝐅𝟐 and 𝐅𝟑 

The  natural frequency is 

ωn = cλn, 
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and the corresponding natural frequency in hertz is 

Fn =
ωn

2π
=

cλn

2π
. 

Using c = 4960.56 m/s: 

Mode 1 

λ1 = 1.653911 

F1 =
(4960.56)(1.653911)

2π
= 1305.76 Hz. 

Mode 2 

λ2 = 6.713945 

F2 =
(4960.56)(6.713945)

2π
= 5300.64 Hz. 

Mode 3 

λ3 = 12.793574 

F3 =
(4960.56)(12.793574)

2π
= 10100.49 Hz. 

Hence, the revised analytical frequencies are 

F1 = 1305.76 Hz,  F2 = 5300.64 Hz,  F3 = 10100.49 Hz. 

8. Calculation of Constants 𝐀 and 𝐁 

 Choosing 

An = 1 

for each mode. 

From the left boundary condition, 

Bn =
k

EAλn
An. 

Using 

EA = 1.378 × 107,   k = 107, 

we obtain the constants for each mode as follows. 
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Mode 1 

A1 = 1 

B1 =
107

(1.378 × 107)(1.653911)
= 0.438772. 

Mode 2 

A2 = 1 

B2 =
107

(1.378 × 107)(6.713945)
= 0.108087. 

Mode 3 

A3 = 1 

B3 =
107

(1.378 × 107)(12.793574)
= 0.056723. 

9. Expressions for the Mode Shapes 

The general mode-shape expression is 

Un(x) = Ancos(λnx) + Bnsin(λnx). 

Substituting the values of An, Bn and λn for each mode: 

Mode 1 

U1(x) = cos(1.653911x) + 0.438772sin(1.653911x) 

Mode 2 

U2(x) = cos(6.713945x) + 0.108087sin(6.713945x) 

Mode 3 

U3(x) = cos(12.793574x) + 0.056723sin(12.793574x) 

10. Normalization of the Mode Shapes 

Each mode shape is normalized as 

Un,norm(x) =
Un(x)

max
0≤x≤L

|Un(x)|
, 

so that 
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−1 ≤ Un,norm(x) ≤ 1. 

These normalized forms are used to generate the final mode-shape curves. 

11. Final Results Summary 

Mode 𝝀𝒏 (m−𝟏) 𝑭𝒏 (Hz) 𝑨𝒏 𝑩𝒏 

1 1.653911 1305.76 1 0.438772 

2 6.713945 5300.64 1 0.108087 

3 12.793574 10100.49 1 0.056723 

Therefore, the final analytical mode shapes are 

U1(x) = cos(1.653911x) + 0.438772sin(1.653911x) 

U2(x) = cos(6.713945x) + 0.108087sin(6.713945x) 

U3(x) = cos(12.793574x) + 0.056723sin(12.793574x). 
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APPENDIX 2 Analytical Solution for Longitudinal Vibration of the Spring-

Supported Beam with Central Lumped Mass 

1. Problem statement 

A uniform rod undergoing axial (longitudinal) vibration is considered. The rod is supported 

by linear springs at both ends and carries a concentrated disc mass at the centre, located at 

a =
L

2
. 

The axial displacement is denoted by u(z, t). The rod parameters used in the supplied 

derivation are 

Parameter Value 

Rod length, L 0.5 m 

Young’s modulus, E 6.89 × 1010 Pa 

Density, ρ 2.8 × 103 kg/m
3
 

Cross-sectional area, A 2 × 10−4 m2 

Left spring stiffness, kL 1 × 107 N/m 

Right spring stiffness, kR 1 × 107 N/m 

The axial rigidity is 

EA = (6.89 × 1010)(2 × 10−4) = 1.378 × 107 N. 

The axial wave speed is 

c = √
E

ρ
= √

6.89 × 1010

2.8 × 103
= 4960.56 m/s. 

The non-dimensional disc mass ratio is 

μ =
Md

ρA
=

0.5

(2800)(2 × 10−4)
= 0.892857. 

The spring-supported boundary conditions are 
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EAU′(0) − kLU(0) = 0, 

EAU′(L) + kRU(L) = 0. 

2. Governing equation and separation of variables 

For a uniform rod with a concentrated disc mass at z = a, the governing equation can be 

written in delta-function form as 

[ρA + Md δ(z − a)] ü(z, t) − EA uzz(z, t) = 0. 

Assume a separable solution of the form 

u(z, t) = U(z)q(t). 

Substituting into the governing equation gives 

[ρA + Md δ(z − a)]U(z)q̈(t) − EAU″(z)q(t) = 0. 

Dividing by U(z)q(t) for nontrivial motion, 

[ρA + Md δ(z − a)]
q̈

q
= EA

U″

U
. 

Set the separation constant equal to −ω2. Then the time equation becomes 

q̈ + ω2q = 0, 

and, away from z = a, the spatial equation becomes 

EAU″ + ρAω2U = 0. 

Dividing by EA, 

U″ + λ2U = 0, 

where 

λ2 =
ρ

E
ω2,   ω = cλ,   c = √

E

ρ
. 

Therefore, the smooth solution away from the disc is 

U(z) = Acos(λz) + Bsin(λz). 

3. Global mode-shape formulation using the Heaviside function 

To avoid a piecewise expression, we define the global mode shape using the Heaviside 

step function H(z − a) as 
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U(z) = Acos(λz) + Bsin(λz) + C H(z − a)sin(λ(z − a)). 

This representation is convenient because 

 it remains continuous at z = a, 

 it automatically introduces the slope jump at the disc location, and 

The derivative is 

U′(z) = −Aλsin(λz) + Bλcos(λz) + C H(z − a)λcos(λ(z − a)). 

4. Jump condition at the disc location 

Integrating the governing equation over a small interval around z = a. The disc (Lump 

Mass) produces a jump in axial slope: 

EA[U′(a+) − U′(a−)] + ω2MdU(a) = 0. 

Using ω = cλ and c2 = E/ρ, 

U′(a+) − U′(a−) = −
Md

ρA
λ2U(a) = −μλ2U(a). 

From the global Heaviside term, 

U′(a+) − U′(a−) = Cλ. 

Hence, 

Cλ = −μλ2U(a), 

so that 

C = −μλU(a). 

Now 

U(a) = Acos(λa) + Bsin(λa). 

Therefore, 

C = −μλ[Acos(λa) + Bsin(λa)]. 

Substituting this into the global form, the final non-piecewise global mode shape becomes 

U(z) = Acos(λz) + Bsin(λz) − μλ[Acos(λa) + Bsin(λa)]H(z − a)sin(λ(z − a)). 

This is the required global mode-shape expression. 
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5. Application of boundary conditions 

5.1 Boundary condition at 𝒛 = 𝟎 

Since 0 < a, the Heaviside term does not appear at z = 0. Therefore, 

U(0) = A, 

and 

U′(0) = Bλ. 

Substituting into the left boundary condition, 

EAU′(0) − kLU(0) = 0, 

we obtain 

EA(Bλ) − kLA = 0. 

Hence, 

B =
kL

EAλ
A. 

 

5.2 Evaluate 𝐔(𝐚) in terms of 𝑨 

Using 

B =
kL

EAλ
A, 

we get 

U(a) = Acos(λa) +
kL

EAλ
Asin(λa). 

Factor out A: 

U(a) = A [cos(λa) +
kL

EAλ
sin(λa)]. 

Define 

S(λ) = cos(λa) +
kL

EAλ
sin(λa). 

Then 
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U(a) = AS(λ), 

and therefore 

C = −μλAS(λ). 

5.3 Boundary condition at 𝒛 = 𝑳 

For L > a, the Heaviside term is active, so H(L − a) = 1. The displacement at z = L is 

U(L) = Acos(λL) + Bsin(λL) + Csin(λ(L − a)), 

and the derivative at z = L is 

U′(L) = −Aλsin(λL) + Bλcos(λL) + Cλcos(λ(L − a)). 

Substitute these into the right boundary condition 

EAU′(L) + kRU(L) = 0. 

This gives 

EA[−Aλsin(λL) + Bλcos(λL) + Cλcos(λ(L − a))]

+ kR[Acos(λL) + Bsin(λL) + Csin(λ(L − a))] = 0. 

Substitute 

B =
kL

EAλ
A,   C = −μλAS(λ). 

After collecting terms and factoring out A, the characteristic equation in λ becomes 

−EAλsin(λL) + (kL + kR)cos(λL) +
kLkR

EAλ
sin(λL)

− μS(λ)[EAλ2cos(λ(L − a)) + kRλsin(λ(L − a))] = 0. 

This transcendental equation is solved numerically. 

6. Derivation of eigenvalues 𝝀𝟏, 𝝀𝟐, and 𝝀𝟑 

For the present system, 

L = 0.5 m,   a = 0.25 m,   EA = 1.378 × 107 N, 

kL = kR = 107 N/m,   μ = 0.892857. 

The roots are obtained numerically from the characteristic equation. 

6.1 First eigenvalue 
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The first admissible root gives 

λ1 = 0.962121 m−1. 

The corresponding natural circular frequency is 

ω1 = cλ1 = (4960.56)(0.962121) = 4773.69 rad/s. 

Hence the natural frequency is 

F1 =
ω1

2π
=

(4960.56)(0.962121)

2π
= 759.59 Hz. 

6.2 Second eigenvalue 

The next admissible root gives 

λ2 = 6.713866 m−1. 

Therefore, 

ω2 = cλ2 = (4960.56)(6.713866) = 33303.93 rad/s, 

and 

F2 =
ω2

2π
=

(4960.56)(6.713866)

2π
= 5300.58 Hz. 

6.3 Third eigenvalue 

The next admissible root gives 

λ3 = 7.777092 m−1. 

Therefore, 

ω3 = cλ3 = (4960.56)(7.777092) = 38578.43 rad/s, 

and 

F3 =
ω3

2π
=

(4960.56)(7.777092)

2π
= 6139.99 Hz. 

7. Calculation of constants for each mode 

For  scaling 

An = 1  (n = 1,2,3). 

Then 
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Bn =
kL

EAλn
An, 

and the disc-induced Heaviside coefficient is 

Cn = −μλnUn(a), 

where 

Un(a) = Ancos(λna) + Bnsin(λna). 

7.1 Mode 1 

For λ1 = 0.962121 and A1 = 1, 

B1 =
107

(1.378 × 107)(0.962121)
= 0.754260. 

At the disc location, 

U1(a) = cos(0.962121 × 0.25) + 0.754260sin(0.962121 × 0.25) = 1.150890. 

Hence, 

C1 = −μλ1U1(a) = −(0.892857)(0.962121)(1.150890) = −0.988657. 

Therefore, the first mode constants are 

A1 = 1,  B1 = 0.754260,  C1 = −0.988657. 

7.2 Mode 2 

For λ2 = 6.713866 and A2 = 1, 

B2 =
107

(1.378 × 107)(6.713866)
= 0.108088. 

At the disc location, 

U2(a) = cos(6.713866 × 0.25) + 0.108088sin(6.713866 × 0.25) ≈ 0. 

Hence, 

C2 = −μλ2U2(a) ≈ 0. 

Therefore, the second mode constants are 

A2 = 1,  B2 = 0.108088,  C2 ≈ 0. 

7.3 Mode 3 
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For λ3 = 7.777092 and A3 = 1, 

B3 =
107

(1.378 × 107)(7.777092)
= 0.093311. 

At the disc location, 

U3(a) = cos(7.777092 × 0.25) + 0.093311sin(7.777092 × 0.25) = −0.277976. 

Hence, 

C3 = −μλ3U3(a) = −(0.892857)(7.777092)(−0.277976) = 1.930219. 

Therefore, the third mode constants are 

A3 = 1,  B3 = 0.093311,  C3 = 1.930219. 

8. Expressions for the three global mode shapes 

Using a = L/2 = 0.25 m and the computed constants, the three global mode shapes are 

8.1 Mode 1 

U1(z) = cos(0.962121z) + 0.754260sin(0.962121z)

− 0.988657 H(z − 0.25)sin(0.962121(z − 0.25)). 

8.2 Mode 2 

U2(z) = cos(6.713866z) + 0.108088sin(6.713866z) + 0

⋅ H(z − 0.25)sin(6.713866(z − 0.25)). 

Since C2 ≈ 0, this can be written more compactly as 

U2(z) = cos(6.713866z) + 0.108088sin(6.713866z). 

8.3 Mode 3 

U3(z) = cos(7.777092z) + 0.093311sin(7.777092z)

+ 1.930219 H(z − 0.25)sin(7.777092(z − 0.25)). 

9. Normalization 

To plot the mode shapes in normalized form, use 

Un,norm(z) =
Un(z)

max
0≤z≤L

|Un(z)|
. 

This ensures that each normalized mode shape satisfies 
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−1 ≤ Un,norm(z) ≤ 1. 

10. Final presentation and summary of results 

The final computed quantities are summarized below. 

Mode 𝛌𝐧 (m−𝟏) 𝐅𝐧 (Hz) 𝐀𝐧 𝐁𝐧 𝐂𝐧 

1 0.962121 759.59 1 0.754260 -0.988657 

2 6.713866 5300.58 1 0.108088 ≈ 0 

3 7.777092 6139.99 1 0.093311 1.930219 
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APPENDIX 3. Analytical Solution for Transverse Vibration of the Spring-supported 

Beam without Lumped Mass 

1. Problem statement 

A uniform Euler-Bernoulli beam of length L undergoes free transverse vibration. Both 

beam ends are restrained by translational springs. Following the supplied derivation, the 

governing equation, the four boundary conditions, the characteristic equation, the 4 × 4 

coefficient matrix, the Eigen valuesβ1, β2, β3, the modal constants (A, B, C, D), and the 

normalized mode-shape plots are prepared: 

Parameter Value 

Length, L 0.5 m 

Young’s modulus, E 6.89 × 1010 Pa 

Density, ρ 2.8 × 103 kg/m
3
 

Area, A 2 × 10−4 m2 

Second moment of area, I 1.677 × 10−9 m4 

Left spring stiffness, kLV 107 N/m 

Right spring stiffness, kRV 107 N/m 

Hence, 

EI = (6.89 × 1010)(1.677 × 10−9) = 115.5453 N ⋅ m2 

and 

ρA = (2.8 × 103)(2 × 10−4) = 0.56 kg/m. 

2. Governing Differential Equation and Boundary Conditions 

The governing transverse bending PDE is 

ρA ẅ(x, t) + EI wxxxx(x, t) = 0. 

The four boundary conditions used are as follows. 

At 𝐱 = 𝟎 
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Boundary condition 1: zero bending moment 

EI wxx(0, t) = 0. 

Boundary condition 2: shear-spring relation 

EI wxxx(0, t) + kLV w(0, t) = 0. 

At 𝐱 = 𝐋 

Boundary condition 3: zero bending moment 

EI wxx(L, t) = 0. 

Boundary condition 4: shear-spring relation 

EI wxxx(L, t) − kRV w(L, t) = 0. 

3. Separation of Variables 

Assume the separable solution 

w(x, t) = W(x) q(t). 

Substituting into the governing PDE gives 

ρA W q̈ + EI W(4)q = 0. 

Dividing by Wq gives 

ρA 
q̈

q
+ EI 

W(4)

W
= 0. 

Rearranging, 

q̈

q
= −

EI

ρA

W(4)

W
. 

Set both sides equal to the separation constant −ω2. Then 

q̈ + ω2q = 0 

and 

W(4) − β4W = 0, 

where 
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β4 =
ρA ω2

EI
   ⇒   ω = β2√

EI

ρA
. 

Using the numerical values, 

√
EI

ρA
= √

115.5453

0.56
= 14.36422267. 

4. General Solution of the Spatial ODE 

For 

W(4) − β4W = 0, 

the standard spatial solution is 

W(x) = Acosh(βx) + Bsinh(βx) + Ccos(βx) + Dsin(βx). 

Its derivatives are 

W′(x) = β[Asinh(βx) + Bcosh(βx) − Csin(βx) + Dcos(βx)], 

W″(x) = β2[Acosh(βx) + Bsinh(βx) − Ccos(βx) − Dsin(βx)], 

W‴(x) = β3[Asinh(βx) + Bcosh(βx) + Csin(βx) − Dcos(βx)]. 

5. Application of All Four Boundary Conditions 

5.1 Apply BC1: 𝐄𝐈 𝐖″(𝟎) = 𝟎 

At x = 0, 

cosh0 = 1,   sinh0 = 0,   cos0 = 1,   sin0 = 0. 

Therefore, 

W″(0) = β2(A − C). 

Thus, 

EIβ2(A − C) = 0 

which gives 

A − C = 0   ⇒   A = C. 

5.2 Apply BC2: 𝐄𝐈 𝐖‴(𝟎) + 𝐤𝐋𝐕𝐖(𝟎) = 𝟎 

At x = 0, 
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W‴(0) = β3(B − D),   W(0) = A + C. 

Substituting into BC2, 

EIβ3(B − D) + kLV(A + C) = 0. 

Expanding into the constants gives 

kLVA + EIβ3B + kLVC − EIβ3D = 0. 

5.3 Apply BC3: 𝐄𝐈 𝐖″(𝐋) = 𝟎 

Let 

λ = βL. 

Then 

W″(L) = β2[Acoshλ + Bsinhλ − Ccosλ − Dsinλ]. 

Hence, 

Acoshλ + Bsinhλ − Ccosλ − Dsinλ = 0. 

5.4 Apply BC4: 𝐄𝐈 𝐖‴(𝐋) − 𝐤𝐑𝐕𝐖(𝐋) = 𝟎 

First write 

W‴(L) = β3[Asinhλ + Bcoshλ + Csinλ − Dcosλ], 

and 

W(L) = Acoshλ + Bsinhλ + Ccosλ + Dsinλ. 

Substituting into BC4 gives 

EIβ3[Asinhλ + Bcoshλ + Csinλ − Dcosλ] − kRV[Acoshλ + Bsinhλ + Ccosλ + Dsinλ]

= 0. 

Collecting coefficients of A, B, C, and D, 

(EIβ3sinhλ − kRVcoshλ)A + (EIβ3coshλ − kRVsinhλ)B 

+(EIβ3sinλ − kRVcosλ)C + (−EIβ3cosλ − kRVsinλ)D = 0. 

6. Formation of the 𝟒 × 𝟒 Matrix System 

Collecting BC1 to BC4 together, 
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𝐾(𝛽) [

𝐴
𝐵
𝐶
𝐷

] = [

0
0
0
0

], 

where 

 

For a non-trivial solution, 

det[K(β)] = 0. 

This determinant equation is the frequency equation from which the eigenvalues 𝛽1, 𝛽2, 

and 𝛽3 are obtained. 

7. Derivation of the Eigenvalues 𝛃𝟏, 𝛃𝟐, and 𝛃𝟑 

Using the supplied numerical values, 

E = 6.89 × 1010,   ρ = 2.8 × 103,   L = 0.5,   A = 2 × 10−4,   I

= 1.677 × 10−9, 

EI = 115.5453 N ⋅ m2,   ρA = 0.56 kg/m,  kLV = kRV = 107 N/m. 

Solving 

det[K(β)] = 0 

produces the first three eigenvalues reported in the supplied PDF: 

β1 = 6.277461255 rad/m 

β2 = 12.520493156 rad/m 

β3 = 18.692778432 rad/m. 

8. Natural Frequencies 𝛚𝐧 and 𝐟𝐧 

The natural circular frequencies are computed from 

ωn = βn
2√

EI

ρA
, 

and the natural frequencies in hertz are 
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fn =
ωn

2π
. 

Since 

√
EI

ρA
= 14.36422267, 

the first three natural frequencies are obtained one by one as follows. 

Mode 1 

ω1 = (6.277461255)2(14.36422267) = 566.0440 rad/s 

f1 =
566.0440

2π
= 90.0887 Hz. 

Mode 2 

ω2 = (12.520493156)2(14.36422267) = 2251.7750 rad/s 

f2 =
2251.7750

2π
= 358.3811 Hz. 

Mode 3 

ω3 = (18.692778432)2(14.36422267) = 5019.1462 rad/s 

f3 =
5019.1462

2π
= 798.8219 Hz. 

9. Calculation of the Constants 𝐀, 𝐁, 𝐂, and 𝐃 

For  scaling, 

A = 1. 

From BC1, 

A = C   ⇒   C = 1. 

Thus only B and D remain to be determined for each mode. 

9.1 Relation between 𝐁 and 𝐃 from BC2 

From BC2, 

EIβ3(B − D) + kLV(A + C) = 0. 

Using A = C = 1, 
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EIβ3(B − D) + 2kLV = 0. 

Hence, 

B − D = −
2kLV

EIβ3
. 

Define 

Δ(β) =
2kLV

EIβ3
. 

Then 

B − D = −Δ(β)    ⇒   D = B + Δ(β). 

9.2 Solve for 𝐁 from BC3 

BC3 is 

Acoshλ + Bsinhλ − Ccosλ − Dsinλ = 0. 

Substituting A = C = 1 and D = B + Δ(β), 

coshλ + Bsinhλ − cosλ − (B + Δ(β))sinλ = 0. 

Grouping the terms in B, 

B(sinhλ − sinλ) + (coshλ − cosλ) − Δ(β)sinλ = 0. 

Therefore, 

B =
cosλ − coshλ + Δ(β)sinλ

sinhλ − sinλ
. 

Once B is known, 

D = B + Δ(β). 

Because βn is already a root of det[K(β)] = 0, BC4 is automatically satisfied by the 

corresponding constants. 

10. Constants for the First Three Modes 

Using kLV = kRV = 107 N/m and the eigenvalues obtained above, the constants are: 

Mode 1: 𝛃𝟏 = 𝟔. 𝟐𝟕𝟕𝟒𝟔𝟏𝟐𝟓𝟓 

A1 = 1,  C1 = 1,  B1 = −0.9169247470,  D1 = 698.8051713908. 
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Mode 2: 𝛃𝟐 = 𝟏𝟐. 𝟓𝟐𝟎𝟒𝟗𝟑𝟏𝟓𝟔 

A2 = 1,  C2 = 1,  B2 = −1.0038288653,  D2 = 87.1849655534. 

Mode 3: 𝛃𝟑 = 𝟏𝟖. 𝟔𝟗𝟐𝟕𝟕𝟖𝟒𝟑𝟐 

A3 = 1,  C3 = 1,  B3 = −0.9998254552,  D3 = 25.5008007519. 

11. Expressions of the Mode Shapes 

The general mode-shape expression is 

Wn(x) = Ancosh(βnx) + Bnsinh(βnx) + Cncos(βnx) + Dnsin(βnx). 

Therefore, the first three transverse mode shapes are: 

Mode 1 

W1(x) = cosh(β1x) − 0.9169247470 sinh(β1x) + cos(β1x)

+ 698.8051713908 sin(β1x). 

Mode 2 

W2(x) = cosh(β2x) − 1.0038288653 sinh(β2x) + cos(β2x)

+ 87.1849655534 sin(β2x). 

Mode 3 

W3(x) = cosh(β3x) − 0.9998254552 sinh(β3x) + cos(β3x)

+ 25.5008007519 sin(β3x). 

12. Normalization of the Mode Shapes 

Each mode shape is normalized by its maximum absolute value over the beam span: 

Wn,norm(x) =
Wn(x)

max
0≤x≤L

|Wn(x)|
. 

Therefore, 

−1 ≤ Wn,norm(x) ≤ 1. 

13. Final Results Summary 
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Mode 𝛃𝐧 

(rad/m) 

𝛚𝐧 

(rad/s) 

𝐟𝐧 (Hz) 𝐀𝐧 𝐁𝐧 𝐂𝐧 𝐃𝐧 

1 6.277461

255 

566.0440 90.0887 1 -

0.916924

7470 

1 698.8051

713908 

2 12.52049

3156 

2251.775

0 

358.3811 1 -

1.003828

8653 

1 87.18496

55534 

3 18.69277

8432 

5019.146

2 

798.8219 1 -

0.999825

4552 

1 25.50080

07519 
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APPENDIX 4. Analytical Solution for Transverse Vibration of the Spring-supported 

Beam with Central Lumped Mass 

1. Problem statement 

We consider a uniform Euler-Bernoulli beam of total length 

L = 0.5 m, 

undergoing transverse vibration. The beam has flexural rigidity EI, distributed mass ρA, 

and equal transverse support springs at the two ends. A concentrated disc mass is attached 

at the beam centre. 

The support stiffnesses are 

kLV = kRV = 107 N/m. 

The governing equation is 

ρA wtt(z, t) + EI wzzzz(z, t) + md δ (z −
L

2
) wtt(z, t) = 0. 

The end boundary conditions are 

EI wzz(0, t) = 0, 

EI wzzz(0, t) + kLV w(0, t) = 0, 

EI wzz(L, t) = 0, 

EI wzzz(L, t) + kRV w(L, t) = 0. 

The centre conditions implied by the delta-mass term are 

w− = w+,  wz
− = wz

+,  wzz
− = wzz

+ , 

and the shear jump condition at the centre is written as 

EI[wzzz
+ − wzzz

− ]z=L/2 = md wtt (
L

2
, t). 

Using the values, 

E = 6.89 × 1010 Pa,   ρ = 2.8 × 103 kg/m
3, 

A = 2 × 10−4 m2,   I = 1.677 × 10−9 m4, 

EI = 115.5453 N m2,   ρA = 0.56 kg/m, 
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md = 0.5 kg,   l =
L

2
= 0.25 m. 

2. Derivation of Eigenvalues 𝛃𝟏, 𝛃𝟐 and 𝛃𝟑 

2.1 Separation of variables 

Assume separable solution of the form 

w(z, t) = W(z) q(t). 

Substituting into the governing equation away from the disc gives 

ρA W(z) q̈(t) + EI W(4)(z) q(t) = 0. 

Divide by Wq: 

q̈

q
= −ω2. 

Hence the time equation becomes 

q̈ + ω2q = 0, 

and the spatial equation becomes 

EI W(4) − ρA ω2W = 0. 

Define 

β4 =
ρA ω2

EI
. 

Then the spatial ordinary differential equation reduces to 

W(4) − β4W = 0. 

3. General solution of the spatial equation 

The standard closed-form solution of the spatial equation is 

W(z) = Acosh(βz) + Bsinh(βz) + Ccos(βz) + Dsin(βz). 

Its derivatives are 

W′(z) = β[Asinh(βz) + Bcosh(βz) − Csin(βz) + Dcos(βz)], 

W″(z) = β2[Acosh(βz) + Bsinh(βz) − Ccos(βz) − Dsin(βz)], 

W‴(z) = β3[Asinh(βz) + Bcosh(βz) + Csin(βz) − Dcos(βz)]. 
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4. Why the modified problem is not a direct full-beam 𝟒 × 𝟒 system? 

For the beam without a centre disc, the four end boundary conditions are sufficient to 

produce a single 4 × 4 homogeneous system in the constants A, B, C and D over the full 

span. 

For the present modified problem, the centre disc introduces a shear-force jump at z =

L/2. Therefore, the exact full-beam description is not a direct one-span 4 × 4 system. 

Instead, the full-beam solution must be viewed as two span functions: 

WL(z) = A1cosh(βz) + B1sinh(βz) + C1cos(βz) + D1sin(βz),   0 ≤ z ≤
L

2
, 

WR(z) = A2cosh(βz) + B2sinh(βz) + C2cos(βz) + D2sin(βz),  
L

2
≤ z ≤ L. 

Thus, the exact full-beam problem contains 

• 4 end conditions, and 

• 4 centre conditions, 

which gives an 8 × 8 homogeneous system. 

Because the beam, the centre mass, and the end springs are symmetric, the problem may 

be reduced to a half-beam formulation. It leads to separate symmetric and anti-symmetric 

families. 

5. Symmetry reduction to the half-beam 

Work only on the half-beam 

0 ≤ z ≤ l,   l =
L

2
= 0.25 m. 

Use the same spatial form 

W(z) = Acosh(βz) + Bsinh(βz) + Ccos(βz) + Dsin(βz). 

At the left end z = 0, the boundary conditions are 

EI W″(0) = 0, 

EI W‴(0) + kLVW(0) = 0. 

At the centre z = l, the additional conditions depend on whether the mode is symmetric or 

anti-symmetric. 
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First two conditions at 𝐳 = 𝟎 

BC1 

At z = 0, 

W″(0) = β2(A − C). 

Applying EI W″(0) = 0 gives 

EIβ2(A − C) = 0. 

Hence 

A − C = 0   ⇒   C = A. 

BC2 

At z = 0, 

W‴(0) = β3(B − D),   W(0) = A + C. 

Therefore, 

EIβ3(B − D) + kLV(A + C) = 0. 

Using C = A, 

EIβ3(B − D) + 2kLVA = 0. 

Thus, 

B − D = −
2kLV

EIβ3
A. 

Define 

Δ(β) =
2kLV

EIβ3
. 

Then 

D = B + Δ(β) A. 

6. Symmetric modes 

6.1 Centre conditions for symmetric modes 

For symmetric motion, the slope at the centre vanishes: 

W′(l) = 0. 
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For the shear jump relation, symmetry implies that the shear on the right half is the mirror 

image of the shear on the left half. Substituting the harmonic time factor gives 

2EI W‴(l) + mdω2 W(l) = 0. 

Therefore, the four homogeneous equations for the symmetric family are 

A − C = 0, 

kLVA + EIβ3B + kLVC − EIβ3D = 0, 

Asinhλ + Bcoshλ − Csinλ + Dcosλ = 0, 

(2EIβ3sinhλ + mdω2coshλ)A + (2EIβ3coshλ + mdω2sinhλ)B

+ (2EIβ3sinλ + mdω2cosλ)C + (−2EIβ3cosλ + mdω2sinλ)D = 0, 

where 

λ = βl. 

6.2 Symmetric 𝟒 × 𝟒 matrix 

The four equations can be written in matrix form as 

Ks(β) [

A
B
C
D

] = [

0
0
0
0

], 

with 

 

For a non-trivial solution, the determinant must vanish: 

det[Ks(β)] = 0. 

This is the symmetric frequency equation. 

7. Anti-symmetric modes 

7.1 Centre conditions for anti-symmetric modes 

For anti-symmetric modes, the centre displacement is zero and the curvature at the centre 

is zero: 

W(l) = 0,   W″(l) = 0. 
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Thus the four homogeneous equations become 

A − C = 0, 

kLVA + EIβ3B + kLVC − EIβ3D = 0, 

Acoshλ + Bsinhλ + Ccosλ + Dsinλ = 0, 

Acoshλ + Bsinhλ − Ccosλ − Dsinλ = 0. 

7.2 Anti-symmetric 𝟒 × 𝟒 matrix 

Hence 

Ka(β) [

A
B
C
D

] = [

0
0
0
0

], 

with 

Ka(β) = [

1 0 −1 0
kLV EIβ3 kLV −EIβ3

coshλ sinhλ cosλ sinλ
coshλ sinhλ −cosλ −sinλ

]. 

The anti-symmetric frequency equation is therefore 

det[Ka(β)] = 0. 

8. Numerical roots and natural frequencies 

Using 

EI = 115.5453,   ρA = 0.56,   l = 0.25,  kLV = 107,  md = 0.5, 

together with 

ω2 = β4  
EI

ρA
,   ω = β2√

EI

ρA
,   f =

ω

2π
, 

the determinant equations give the first three roots 

β1 = 4.284723969 m−1, 

β2 = 12.520493156 m−1, 

β3 = 16.096693800 m−1. 

Here 
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• β1 is the first symmetric root of det[Ks(β)] = 0, 

• β2 is the first anti-symmetric root of det[Ka(β)] = 0, 

• β3 is the second symmetric root of det[Ks(β)] = 0. 

Also, 

√
EI

ρA
= 14.364222668. 

Hence 

ω1 = β1
2√

EI

ρA
= 263.710746 rad/s,  f1 = 41.970869 Hz, 

ω2 = β2
2√

EI

ρA
= 2251.775031 rad/s,  f2 = 358.381127 Hz, 

ω3 = β3
2√

EI

ρA
= 3721.821105 rad/s,  f3 = 592.346226 Hz. 

9. Calculation of Constants 𝐀, 𝐁, 𝐂 and 𝐃 

Because the eigenvector system is homogeneous, one amplitude may be chosen 

arbitrarily. Following the usual mode-shape convention, we take 

A = 1. 

From A − C = 0, we obtain 

C = 1. 

The remaining constants are found from the centre and boundary relations. 

Mode 1: first symmetric mode (𝛃
𝟏

= 𝟒. 𝟐𝟖𝟒𝟕𝟐𝟑𝟗𝟔𝟗) 

For symmetric modes, 

D = B + Δ(β)A,   Δ(β) =
2kLV

EIβ3
. 

For β = β1, 

Δ(β1) =
2kLV

EIβ1
3 = 2200.438141. 
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The centre slope condition W′(l) = 0 gives 

Asinhλ1 + Bcoshλ1 − Csinλ1 + Dcosλ1 = 0, 

where 

λ1 = β1l = 1.071180992. 

Substituting A = C = 1 and D = B + Δ(β1), 

sinhλ1 + Bcoshλ1 − sinλ1 + (B + Δ(β1))cosλ1 = 0. 

Collecting the terms in B gives 

B(coshλ1 + cosλ1) + sinhλ1 − sinλ1 + Δ(β1)cosλ1 = 0. 

Hence 

B1 = −
sinhλ1 − sinλ1 + Δ(β1)cosλ1

coshλ1 + cosλ1
= −499.863811. 

Then 

D1 = B1 + Δ(β1) = 1700.574330. 

Therefore the first-mode constants are 

A1 = 1,  B1 = −499.863811,  C1 = 1,  D1 = 1700.574330. 

Mode 2: first anti-symmetric mode (𝛃
𝟐

= 𝟏𝟐. 𝟓𝟐𝟎𝟒𝟗𝟑𝟏𝟓𝟔) 

For the anti-symmetric family, the centre conditions are 

W(l) = 0,   W″(l) = 0. 

Using A = C = 1, these become 

coshλ2 + Bsinhλ2 + cosλ2 + Dsinλ2 = 0, 

coshλ2 + Bsinhλ2 − cosλ2 − Dsinλ2 = 0, 

with 

λ2 = β2l = 3.130123289. 

Add and subtract the two equations. Then 

2(coshλ2 + Bsinhλ2) = 0, 

2(cosλ2 + Dsinλ2) = 0. 
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Hence 

B2 = −
coshλ2

sinhλ2
= −1.003829, 

D2 = −
cosλ2

sinλ2
= 87.184965. 

The left-end boundary relation gives the same compatibility result because 

D = B + Δ(β),   Δ(β2) =
2kLV

EIβ2
3 = 88.188794, 

and numerically 

B2 + Δ(β2) = 87.184966 ≈ D2. 

Therefore the second-mode constants are 

A2 = 1,  B2 = −1.003829,  C2 = 1,  D2 = 87.184965. 

Mode 3: second symmetric mode (𝛃
𝟑

= 𝟏𝟔. 𝟎𝟗𝟔𝟔𝟗𝟑𝟖𝟎𝟎) 

Again, 

A3 = 1,  C3 = 1. 

For β = β3, 

Δ(β3) =
2kLV

EIβ3
3 = 41.501870,  λ3 = β3l = 4.024173450. 

Using the same symmetric-mode reduction, 

B3 = −
sinhλ3 − sinλ3 + Δ(β3)cosλ3

coshλ3 + cosλ3
= −0.086689, 

and 

D3 = B3 + Δ(β3) = 41.415181. 

Therefore the third-mode constants are 

A3 = 1,  B3 = −0.086689,  C3 = 1,  D3 = 41.415181. 

10. Expression of Mode Shapes 

Define the half-beam function 

ψn(z) = Ancosh(βnz) + Bnsinh(βnz) + Cncos(βnz) + Dnsin(βnz),   0 ≤ z ≤ l. 
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Then the full-beam mode shape is reconstructed as follows. 

For the symmetric modes (n = 1,3), 

Wn(z) = ψn(z) H(l − z) + ψn(L − z) H(z − l), 

where H(⋅) is the Heaviside function. 

For the anti-symmetric mode (n = 2), 

W2(z) = ψ2(z) H(l − z) − ψ2(L − z) H(z − l). 

Mode shape equations with constants included 

Mode 1 

ψ1(z) = cosh(4.284723969z) − 499.863811sinh(4.284723969z)

+ cos(4.284723969z) + 1700.574330sin(4.284723969z). 

Hence 

W1(z) = ψ1(z) H(l − z) + ψ1(L − z) H(z − l). 

Mode 2 

ψ2(z) = cosh(12.520493156z) − 1.003829sinh(12.520493156z)

+ cos(12.520493156z) + 87.184965sin(12.520493156z). 

Hence 

W2(z) = ψ2(z) H(l − z) − ψ2(L − z) H(z − l). 

Mode 3 

ψ3(z) = cosh(16.096693800z) − 0.086689sinh(16.096693800z)

+ cos(16.096693800z) + 41.415181sin(16.096693800z). 

Hence 

W3(z) = ψ3(z) H(l − z) + ψ3(L − z) H(z − l). 

11. Normalized Mode Shapes 

The normalized mode shape is written as 

Φn(z) =
Wn(z)

Mn
,  Mn = max

0≤z≤L
|Wn(z)|. 

Numerically, 
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M1 = 850.937886,  M2 = 87.392498,  M3 = 43.739875.

Therefore, 

Φ1(z) =
W1(z)

850.937886
, 

Φ2(z) =
W2(z)

87.392498
, 

Φ3(z) =
W3(z)

43.739875
. 

12. Final Presentation

Summary of eigenvalues, frequencies and constants 

Mode 1 (symmetric) 

β1 = 4.284723969 m−1,  ω1 = 263.710746 rad/s,  f1 = 41.970869 Hz. 

A1 = 1,  B1 = −499.863811,  C1 = 1,  D1 = 1700.574330. 

Mode 2 (anti-symmetric) 

β2 = 12.520493156 m−1,  ω2 = 2251.775031 rad/s,  f2 = 358.381127 Hz. 

A2 = 1,  B2 = −1.003829,  C2 = 1,  D2 = 87.184965. 

Mode 3 (symmetric) 

β3 = 16.096693800 m−1,  ω3 = 3721.821105 rad/s,  f3 = 592.346226 Hz. 

A3 = 1,  B3 = −0.086689,  C3 = 1,  D3 = 41.415181. 

13. Final normalized mode-shape equations

Φ1(z) =
ψ1(z) H(l − z) + ψ1(L − z) H(z − l)

850.937886
, 

Φ2(z) =
ψ2(z) H(l − z) − ψ2(L − z) H(z − l)

87.392498
, 

Φ3(z) =
ψ3(z) H(l − z) + ψ3(L − z) H(z − l)

43.739875
. 
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