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Abstract

Fixed point theory is considered as a core subject of non-linear analysis and

enters in the mainstream of mathematics due to its applications in diverse

fields. The roots of fixed point theory lie in the method of successive ap-

proximations for proving the existence of solutions of differential equations.

The abstraction of this classical theory is the pioneering work of the great

mathematician S. Banach[10] which provides a constructive method to find

fixed points of a function in 1922.

In 1942, Karl Menger [130] introduced the notion of a probabilistic metric

space (PM-space) as a generalization of metric space. Menger Theory ex-

plained how to replace the numerical distance between two points x and y

by a distribution function Fx,y whose value Fx,y(t) at the real number t is

interpreted as the probability that the distance between x and y is less than

t. B. Schweizer and A. Sklar [182] took up the work initiated by K. Menger

and developed the theory of probabilistic metric space.

V. M. Sehgal and A. T. Bharucha Reid [185] introduced fixed point in

probabilistic metric space by establishing a fixed point theorem in complete

Menger space. And S. N. Mishra [137] initiated the compatibility in this

space.

The existence and uniqueness of common fixed point results in metric space

and its generalized form like PM space for some contractive conditions are

the open areas of a research domain. Based on the results established by H.

K. Pathak, Y. J. Cho, S. S. Chang and S. M. Kang [154], K. Tas, M. Telci,

and B. Fischer [206] and by K. Jha, V. Popa, and K. B. Manandhar [94],

we have extended some notions in probabilistic metric space.

In this thesis, we have introduced new notions compatible mappings of type

(P ), weakly compatible mappings of type (P ) and compatible mappings
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of type (K) in Menger space. And established some common fixed point

theorems under compatible mappings for two pairs and three pairs of self-

mappings in this space. We have obtained relevant examples to verify our

established result.

Keywords: Fixed Point, common fixed point, probabilistic metric space,

T- norm, Menger space, compatible mappings, weakly compatible mappings
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Outline of the Dissertation

Chapter wise brief sketch of a dissertation is as follows:

Chapter 1 is introductory in nature. In this chapter, we have given a his-

torical overview of fixed point theory and probabilistic metric space in brief.

Also, we have defined some basic definitions and theorems needed for the

development of fixed point theory in probabilistic metric spaces.

Chapter 2 deals with compatible mappings study in probabilistic metric

spaces with fundamental concepts and fixed point theorems. We have intro-

duced and established a common fixed point theorem in complete Menger

space by using Meir Keeler contraction with (K) compatible mappings and

verified our result with examples.

In Chapter 3, we have introduced the notion of compatible mappings of

type (P ) in probabilistic metric space and used this compatible mapping to

establish a common fixed point theorem in complete Menger space. Also,

we introduced another notion of weakly compatible mappings of type (P )

in Menger space and obtained fixed point results in this space.

In Chapter 4, we have studied occasionally weakly compatible mappings

in probabilistic metric space and obtained some common fixed point theo-

rems in complete Menger space in four and six self-mappings. This result

generalizes and improves other similar results in the literature. This chapter

also includes conclusions and some future scopes.

The list of literature consulted has been placed at the end of the thesis as

References.

Our original contributions have been included in chapters 2, 3, and 4. A

part of the research work contained in this thesis has been already published

in international peer-reviewed journals [38, 39, 40, 41].
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Chapter 1

Introduction

The aim of this chapter is to discuss the historical overview of fixed point

theory on metric space, and on probabilistic metric space with basic def-

initions. Also, it deals with some fixed point theorems using contraction

and compatible mappings in Menger probabilistic metric space via metric

space as a concept that will be used in the entire thesis together with some

applications.

1.1 Introduction

1.1.1 A historical overview of fixed point theory

In the 17th century, the analysis in mathematics was created independently

as a part of a scientific revolution. Its development was aided by mathemati-

cians like Johannes Kepler (1571-1630), Galileo Galilei (1564-1642), Rene

Descartes (1596-1650), Pierre de Fermat ( 1607-1665), Christian Huygens

(1629-1695), Sir Isaac Newton (1643-1727), and Gottfried Wilhelm Leibniz

(1646-1716), to name a few.
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As the combinations, functional and variational analysis were developed as

an independent branch of mathematics, called nonlinear analysis, named by

famous mathematician Andrew Browder (1931-2019) in the mid of twentieth

century. Its nonlinear results have a wide range of applications in subjects

like physics, chemistry, biology, and also in economics, which leads to non-

linear models. The fixed point theory has been considered and developed as

one of the dynamical research domains of nonlinear analysis in the process of

advancement of the same and is a nice combination of analysis, topology, and

geometry. Over the past 80 years, fixed point theory has established itself as

a most powerful and considerable tool in the study of nonlinear phenomena.

The point at which function y = f(x) and the line y = x intersects gives the

solution of the curve, and the point of intersection is the fixed point of the

curve. The usefulness of concrete applications has increased enormously due

to the development of accurate techniques for computing fixed points. Fixed

point theory is rapidly moving into the mainstream of mathematics because

of its applications in diverse fields which include numerical methods like the

Newton-Raphson method, establishing Picards existence theorem [158], the

existence of solution of integral equations, and a system of linear equations.

Definition 1.1.1. [35]

Let X be a non-empty set and f : X → X be a mapping. Then, a solution

of f(x) = x is called a fixed point of f . In other words, a point that does

not change under a certain map is a fixed point.
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Example 1.1.1. [37]

(i) A translation mapping f(x) = x+ 5 for all X ∈ R has no fixed point.

(ii) A mapping f : [0, 6]→ [0, 6] defined by f(x) = x2+6
7

where x is a positive

integer. Then f(1) = 1 and f(6) = 6. So, 1 and 6 are fixed points of f .

(iii) A mapping f : R → R defined by f(x) = x, has infinitely many fixed

points, i.e., every point of the domain is a fixed point of f .

There are several methods to find the solution of equation f(x) = 0. Some

of these methods are used to find exact solutions and some are used to find

approximate solutions. And fixed point theory is also well-suited to tackle

such problems. For example, f(x) = x2−5x+ 6 = 0 then clearly we get the

roots of this quadratic equation as x = 2 and x = 3. Again, we rewrite the

given equation in the following way: x = (x2 + 6)/5 = f(x) then we again

find x = 2 and x = 3 as fixed points of f. So, we conclude that problem

of finding the solution to the functional equation g(x) = 0 is the same as

finding the fixed points of function f(x) where g(x) = f(x)− x.

Example 1.1.2. (a) f(x) = x2 + 7x+ 9 = 0. Suppose r be fixed point of a

given function then r2 + 6r + 9 = 0. So, r = −3 is a fixed point of f which

is shown in figure (1.1).

(b) f(x) = log(x) has no fixed point shown in figure (1.2).

(c) f(x) = − 1
x

has no fixed point shown in figure (1.3).

It is observed that

• A function can have more than one fixed point or none at all.

• The set of fixed points is always closed.

• Theorems concerning the existence of fixed points and their properties

are called fixed point theorems.
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Figure 1.1: Graph of fixed point

Figure 1.2: Graph of no fixed point

Figure 1.3: Graph of no fixed point
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Historically, the origin of fixed point theory was effectively applied to es-

tablish the existence and uniqueness of solutions to differential equations

via the method of successive approximations by eminent mathematicians

namely: Joseph Liouville (1809-1882) [119], Rudolf Otto Sigismund Lips-

chitz (1832-1903) [120] Baron Augustin-Louis Cauchy (1789-1857)[28], Jules

Henri Poincare (1854-1912) [159], Giuseppe Peano (1858-1932) [157] and

Charles Emile Picard (1856-1941)[158] at the end of the nineteenth century.

However, it was formally started in 1886 as an important part of the analysis

of pioneering work of the great mathematician H. Poincare [159].

There are mainly two types of fixed point theorems: Constructive fixed point

theorems and non-constructive fixed point theorems. Constructive fixed

point theorems are those theorems that provide the existence of a solution

as well as yield an algorithm such as Banach’s fixed point theorem. On the

other hand, non-constructive theorems define estimates of the number of

fixed points such as Brouwers and Tarski’s fixed point theorem. By nature,

fixed point theory has divided into the following three major areas:

1. Topological fixed point theory

2. Metric fixed point theory

3. Discrete fixed point theory

An extensive study of fixed point theory and its related results, one can

be referred to the classical books of K. Goebel and W. A. Kirk [69], W.

A. Kirk and B. Sims [112], M. A. Khamsi and W. A. Kirk [108], I. A. Rus

[174], R. P. Agarwal, D. O. Regan, and D. R. Sahu [5], W. A. Kirk and N.

Shahzad [111], S. Carl and S. Heikkila [27], S. P. Singh, B. Watson, and P.

Srivastava [199], J. Dugundji and A. Granas [58], D. R. Smart [201] and V.

I. Istratescu [83].
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Topological Fixed Point Theory was initiated by French mathematician

H. Poincare [159] in 1886. He introduced topological methods in the study

of non-linear problems of analysis. He applied a combinatorial approach

to topology and proved a result like the Poincare-Bendixson theorem us-

ing triangulation of geometrical structure into simplexes. In 1912, Dutch

mathematician L. E. J. Brouwer(1881-1966) [23] who was inspired by H.

Poincare’s idea, introduced and used the topological concepts of homotopy

and degree of mapping in the context of a fixed point. In addition, he also

established the fixed point results for a sphere (and a square), one of the

earliest results that came to be known as the ”Brouwer fixed point theorem”

and whose extension to n-dimensional Euclidean space as follows:

Theorem 1.1.1. Brouwer fixed point theorem [23]

Every continuous mapping defined on a closed unit ball in Rn has a fixed

point.

Brouwer’s fixed point theorem is existential by nature. But this theorem

just gave information about the solution that exists but no more informa-

tion about the uniqueness and determination of the solution. It also does

not give any information about the location of the fixed point.

Furthermore, when n = 1 then the above theorem becomes the ”interme-

diate value theorem”. In 1904, Piers Bohl (18651921) [16] established the

equivalent of the above theorem, whereas, in 1909, Brouwer proved the the-

orem (1.1.1) for n = 3. Jacques Salomon Hadamard (18651963) [74] proved

the general case in 1910, and thereafter L.E.J. Brouwer [23] independently

in 1912. The ”Brouwer fixed point theorem” was extended to an infinite

dimensional space in 1930 by Juliusz Pawe Schauder (18991943) [178] and

also proved the following theorem in Banach space:
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Theorem 1.1.2. Schauder fixed point theorem [178]

Every continuous mapping defined on a compact convex subset of a Banach

space has a fixed point.

The ”Schauder fixed point theorem” was subsequently expanded to a locally

convex topological vector space by Andrey Nikolayevich Tikhonov (1906-

1993) [207] in 1935 and established following theorem:

Theorem 1.1.3. Tychonoff fixed point theorem [207]

Every continuous mapping defined on a compact convex subset of a locally

convex topological vector space has a fixed point.

It is noted that all earlier proofs were indirect and non-constructive. Her-

bert Scarf (1930-2015) [177] had given the first constructive proof of L. E.

J. Brouwer’s fixed point theorem in 1967. The results of topological fixed

points for multi-valued mappings are seen in the literature. Shizuo Kaku-

tani (19112004), Henri Frederic Bohnenblust (19062000), and Samuel Karlin

(19242007), to mention a few, generalized the Brouwer fixed point theorem.

Ky Fan (19142010) and Irving Leonard Glicksberg (19142010) extended the

Tychonoff fixed point theorem for multi-valued mappings, and several au-

thors also extended the aforementioned theorems in multi-functions. Band

Karlin provided the multi-functions of the Schauder fixed point theorem.

The root of Metric fixed point theory is the classical Banach contraction

principle, which appeared in the 1920 doctoral dissertation of the eminent

Polish mathematician Stefen Banach (March 30, 1892- August 31, 1945).

In 1922, this classic work was published in the form of a research article [10].

Although the idea of successive approximations in some concrete situations

(solving differential and integral equations) appears in some works of E.

Picard (1856-1941), R. Caccioppoli (1904-1959), it was Banach who placed

7



it in the right abstract setting, making it is suitable for a wide range of

applications.

Theorem 1.1.4. Banach fixed point theorem [10]

Every contraction self-mapping f defined on a complete metric space (X, d)

has a unique fixed point.

Above theorem is a fundamental tool of non-linear analysis. Here, we men-

tion some relevant ones, R. Kannan [107], [169], S. K. Chatterjea [33], S.

Reich [165], G. E. Hardy and T. D. Rogers [76], L. B. Ciric [49], D. W.

Boyd and J. S. W. Wong [20], R. M. T. Bianchini [12], A. Meir and E.

Keeler [126], J. Caristi [26], M. Geraghty [66], F. E. Browder [24]. For com-

prehensive analysis also we refer to B. E. Rhoades [166], [166], [167], [168],

I. A. Rus [173], [174], J. Jachymski [87], W. A. Kirk and B. Sims [112], S.

Park [150], D. R. Smart [201] and V. I. Istratescu [83].

Banach fixed point theorem guarantees a unique solution but the disadvan-

tage of this classical result is the condition of contraction mapping is very

restrictive. In 1961, M. Edelstein [60] established the ”Edelstein fixed point

theorem” on compact metric space, embodying this circumstance.

Theorem 1.1.5. Edelstein fixed point theorem [60]

Every contractive self-mapping f defined on a compact metric space (X, d)

has a unique fixed point.

Then, in 1968, R. Kannan [107], [169] gave a turn to the metric fixed point

theory by investigating a new class of maps, not necessarily continuous, pos-

sessing the fixed point property in an ordinary metric space.

Here, we list some improvements and generalizations of Banach’s principle

in the literature:

1. Schauder theorem (1930);

2. Schauder-Tychonoff theorem (1935);

8



3. Markov-Kakutani fixed point theorem (1936);

4. Krasnoselskii theorem (1955);

5. Browder-Gohde-Kirk theorem (1965); and

6. Caristi’s fixed point theorem (1976).

Bronisaw Knaster (1893-1980) [114] introduced discrete (or algebraic)

fixed point theory in which the order-preserving mapping is defined on

a complete lattice in 1928. Alfred Tarski (1901-1983) [205] improved B.

Knasters [114] result in 1955. And the earliest discrete fixed point result is

often referred to as the ”Knaster-Tarski fixed point theorem.”

Theorem 1.1.6. Tarski or (Knaster-Tarski) fixed point theorem

[205]

Every order-preserving self-mapping defined on a complete lattice has a fixed

point. Moreover, the fixed points set is also a complete lattice.

Nicolas Bourbaki and Ernst Witt [19] established the Bourbaki-Witt fixed

point theorem as a generalization of The Knaster-Tarski fixed point the-

orem without lattice structure. Numerous researchers proved remarkable

results in this direction. For reference: we can consider S. Abian and A.

B. Brown [4], R. DeMarr [56], J. S. Vandergrift [208], J. S. W. Wong [213],

A. Abian [3], A. Pasini[152] , D. Kurepa [118], H. Amann [9], A. Brondsted

[22], P. Cousot and R. Cousot [156], A. Bjorner [14], J. Sun and Y. Sun [204].

In 1968, K. Goebels [68] first studied two self-mappings for common fixed

points by defining coincidence points and obtained a coincidence point theo-

rem. Also, G. Jungck [95] established the first common fixed point theorem

for a pair of two commuting maps in a complete metric space. Then, the

flow of common fixed point results appeared in the literature, some of the

details see in [[97], [54], [96], [98], [102], [81], [30], [184], [63], [43], [53],
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[109]]. A new dimension has been added to the fixed point theory as a

result of the invention of computers and the creation of new software for

quick and efficient computing. Algorithms, numerical analysis, and applied

mathematics are some of the new fields of study that have emerged. With

the introduction of G. Jungck’s fixed point theorem on commutative maps

and the subsequent relaxing of the constraint of commutativity by weakly

commutative results of S. Sessa, followed by the work and related concepts,

a new turn in the development of fixed point theory occurs. With the work

of L. B. Ciric, followed by the work of B. E. Rhoades, and W. A. Krik on

non-expansive mappings, significant changes were made. In addition, the

work of S. Park [150] and B. Sadovski [175] has made an important con-

tribution by taking new sorts of mapping circumstances into consideration.

The work of W. R. Mann [124] and S. Ishikawa [82] in the area of fixed point

theory changed the approach to the approximation of fixed points and the

convergence of iterative sequences. Moreover, fixed points can be controlled

either by altering the nature of mappings or by placing more emphasis on

research into the topological characteristics and spatial structure. Fixed

point theory is therefore a key field for fresh research and developments.

1.1.2 A historical overview of probabilistic metric

space

In the 19th century, which is considered to represent the beginning of the

modern era of science, saw significant development in the art of manage-

ment. These developments sparked comparable worries about the errors

they brought with them. However, it was still believed that any measure-

ment error could be made arbitrarily tiny with proper planning and adequate

data until the early decades of this century. This idea was disproved with

the development of quantum mechanics since, in this theory, measurement
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uncertainties are inherent to the measurement process itself and, in theory,

cannot be eliminated.

The reality of such inherent uncertainties and thresholds is widely acknowl-

edged in the fourth quarter of the 20th century. This is true not just for

physics but also for fields like psychometric [203], communication theory

[188], [21], and pattern recognition [57], [214], [163]. Additionally, it serves

as the foundation for several branches of mathematics, including cluster

analysis [88], [192] and interval analysis [138]. The measurement in ques-

tion is presumed to be done with regard to a rigid reference frame in almost

all mathematical models developed to characterize these diverse scenarios.

Several remarks are scattered throughout the literature [160], [161], [79],

[55], [15], [212], [140] that suggest this assumption might not be realistic

and that some of the uncertainties should be incorporated into the geome-

try. In this direction, there are also some significant efforts [59], [170], [171],

[64]. The theory of probabilistic metric space is also a direct outgrowth of

one of these attempts.

Here, we need to share H. Poincares essays on the philosophy of science,

characterizing the difference between mathematics and physics. In mathe-

matics, mathematical equality is a transitive relation, which means that if

the quantity X equals the quantity Y and the quantity Y equals the quan-

tity Z, then the quantity X equals the quantity Z. Although ”equal” in

the observable physical continuum refers to indistinguishably, in this con-

tinuum, if the quantity X is equal to the quantity Y and the quantity Y is

equal to the quantity Z, it may not follow that the quantity X is equal to

the quantity Z. In the language of psychologists Weber and Fechner [62],

X may be within the threshold of Y , and Y may be within the thresh-

old of Z, even though X is not within the threshold of Z. According to

Poincare, the relation X = Y , Y = Z, X < Z, is frequently referred to as
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the formula for the physical continuum. It, therefore, seems more promising

to keep the transitive relation in mathematics and introduce a probability,

that is, a number lying between 0 and 1, for the distinction of physical and

psychological quantities. This is instead of making a distinction between a

transitive mathematical and an intransitive physical relation of equality.

This concept is developed to give rise to the idea of a space where every pair

of elements is assigned a distribution function rather than a specific number.

The distance between two points is the number related to two points in met-

ric space, however, it is not always possible to forecast the distance between

two points with an exact number, thus we provide possible answers. So,

the distribution function is introduced in place of the distance function to

overcome such situations answer [130]. The distribution function associated

with two numbers of statistical metric space might be said to give, for every

x, the probability that the distance between two points in question does

not exceed x. Such a statistical generalization of metric spaces appears to

be well adapted for the investigation of the physical quantities and psycho-

logical thresholds. The idealization of local behaviors of rods and boards,

implied by this statistical approach, differs radically from that of Euclid. In

spite of this fact, or perhaps just because of it, the statistical approach may

provide a useful means for geometrizing the physics of microcosm [182].

Historically, French mathematician Rene Maurice Frechet (1878-1973)

creates a notion of distance in 1906 [65]. This notion now known as met-

ric space, named by F. Hausdorff in 1914 [77]. This approach provides

the widespread idealization of numerous mathematical, physical, and other

scientific constructs where the concept of ”distance” arises. The objects

under evaluation could be extremely diverse. They could be sets, points,

functions, or even purely irrational sensations. It is important that each

ordered pair of items in a given set can have a non-negative real number as-
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sociated with it, and that this number fulfills specific requirements for pairs

and triples of such elements. When the theory of metric spaces is used,

this identification of a single number with a pair of elements is typically

an over-idealization. Even when measuring an ordinary length, the number

provided as the distance between two points is frequently the average of a

number of measurements rather than the result of a single measurement. In

fact, in this instance and many similar situations, it is reasonable to see the

distance idea as a statistical rather than a determinate one.

More precisely, Austrian mathematician Karl Menger (1902-1985) in 1942

[130] [also refer Menger paper [127], [128], [129], [132]] introduced a prob-

abilistic version of metric space as a generalization of metric space, called

statistical metric space (or probabilistic metric space shortly PMS, the name

change in adjective from ”statistical ” to ”probabilistic” from 1964). Menger

proposed to replace the distance function in metric space with a distribu-

tion function to overcome the uncertainty case of the distance between two

points in space i.e. replaced number d(u, v) by a real function Fu,v whose

value Fu,v(t), for any real number t, is interpreted as the probability that

the distance between u to v less than t [181].

K. Menger provided the distribution function Fu,v postulates in the original

paper [130] where generalized triangle inequality was also included. In ad-

dition, K. Menger created a theory of betweenness and indicated possible

application areas.

In 1943, A. Wald [210] questioned Menger’s generalized triangle inequality

and also proposed an alternative inequality. A. Wald created a theory of

betweenness with certain advantages over Menger’s theory on the basis of

this new inequality [211].

In 1951, K. Menger [131] continued his research into statistical metric space

that was devoted to a review of earlier work where they developed a number
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of examples in detail and further considerations of the possible applications

of the theory. In this paper, Menger adopted Walds version of the triangle

inequality.

In 1956, when both K. Menger and A. Wald were constrained by the prob-

lems posed by Menger inequality, work was begun on developing the prob-

abilistic metric:

Fp,r(x+ y)>T (Fp,q(x), Fq,r(y)) (1.1)

for all p, q, r in S and all real numbers x and y, T is a function from the

closed unit square [0, 1] × [0, 1] into the closed unit internal [0, 1] satisfies

certain conditions.

(i) T (a, b) = T (b, a) (1.2)

(ii) T (a, b) < T(c, d) whenever a< c, b< d and (1.3)

(iii) T (a, 1) > 0 whenever a > 0 and T (1, 1) = 1 (1.4)

Wald suggested replacing (1.1) by the inequality

Fp r ≥ (Fp q ∗ Fq r)(x)

When ∗ denotes convolution, so that

(Fpq ∗ Pqr)(x) =

∫ ∞
−∞

Fpq(x− y)dFqr(y) =

∫ x

0

Fpq(x− y)dFqr(y)

A. Wald and K. Menger collaboration ”break through came in 1957 when,

in the course of studying certain particular spaces rediscovered Menger in-

equality (1.1) - not at first in its general form, but rather via particular

functions T satisfying conditions (1.2) to (1.4.). Among these were the fol-

lowing:
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W (a, b) = Max.(a+ b− 1, 0),

π(a, b) = ab,

M(a, b) = Min(a, b),

M∗(a, b) = Max(a, b),

π∗(a, b) = a+ b− ab,

W ∗(a, b) = Min(a+ b, 1) (1.5)

If T is taken to be anyone of the functions, then (1.1) not only tells us that

the probability Fpr(x+y) depends in some monotonic way on the probabili-

ties Fpq(x) and Fqr(y), but also makes the nature of this dependence precise.

Example 1.1.3. If T = π , then (1.1) states that the probability that the

distance from p to r is less than x + y is at least as large as the joint

probability that independently, the distance from p to q is less than x and

the distance from q to r less than y. The other function in (1.5) yield

corresponding interpretation.

In 1962, A.N. Serstnev [186] introduced an inequality that includes all those

previously proposed as special cases and is without doubt the appropriate

probabilistic generalization of the ordinary triangle inequality

d(p, r) < d(p, q) + d(q, r) ∀ p, q, r in S.

After 1963, the probabilistic metric space grew rapidly [[139], [179], [84],

[86], [85]]. And many authors studied the geometrical and topological prop-

erties of probabilistic metric spaces based on Menger’s paper and developed

the probabilistic operator theory.

This space becomes famous when B. Schweizer and A.Sklar [182] studied
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the properties of spaces introduced by K. Menger and gave some basic re-

sults. They studied topology, the convergence of sequences, the continuity

of mappings, defined the completeness of these spaces. Following A. N. Ser-

stnev [186], H. Sherwood [193] gave a notion of probabilistic metric spaces

and also proved a theorem of characterization of a nested, closed sequence

of nonempty sets in complete probabilistic metric space.

Researchers take interest after great creation of contraction mapping on

probabilistic metric spaces, by V.M. Sehgal and A.T. Bharucha in 1972

[185]. They introduced fixed point theory in probabilistic metric spaces

by establishing theorem Every such mapping on a complete Menger

probabilistic metric space (S,F,min) has a unique fixed point. Im-

mediately, T.L. Hicks [78] considered another notation of contraction map-

ping and showed that Every such contraction mapping on a complete

Menger metric space (S, F,min) has a unique fixed point.

In 1975, L. J. Ciric [47], [48] introduced the notion of generalized contrac-

tion on a PMS and V. I. Istratescu[83] in 1981 developed some interest-

ing problems in this space. For details, one can refer books in PM space:

Probabilistic metric spaces by B. Schweizer and A. Sklar [182], Elements of

probabilistic analysis with applications’ by G.Constantin and I.

Istractescu [51], ”Lectures on probabilistic Analysis by V. Radu [164], Fixed

point theory in PM Space by O. Hadzic and E. Pap [75], Triangular Norms

by E. P. Klement, R. Mesiar and E. Pap [113], Non-linear operator theory

in PMS by S. S. Chang, and Y. J. Cho and S. M. Kang [31].

The Fixed point and common fixed point properties for a mapping defined

on probabilistic space has been the center of research domain and have been

studied by many authors. Most of the properties provide the existence of

fixed points and common fixed points are of linear contractive type condi-

tions.
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Above are the fundamental mathematicians in the development of Menger

probabilistic metric spaces. After that this space has become very popular

among mathematics researchers and introduced many contractions and com-

patible mappings as an extension of Banach contraction in Menger space and

established fixed point theorems in single mapping, two pair, three pairs self

mappings in this space. For details, one can refer some references of main

contributors in this domain by G. Jungck [95], [96], S. Sessa [187], B. D.

Pant [141], S. N. Mishra [137], H. K. Pathak [154], S. L. Singh and B. D.

Pant [198], B. Singh and S. Jain [196], Y.J. Cho, P. P. Murthy and M. Sto-

jakovic [45], K. Jha, V. Popa and K. B. Manadhar [94], G. Jungck and B.

E. Rhodes [104], Al-Thagafi and N. Shahzad [6], H. Chandra and A. Bhatt

[29], M. Aamri and D. E. Moutawakil [1], I. Kubiaczyk and S. Sharma [116].

Recently in 2021, A. K. Chaudhary, K. Jha, K. B. Manandhar and P. P.

Murthy introduced compatible mapping of type (P ) in Menger space [40]

and introduced and established common fixed point theorem using compat-

ible mappings of type (K) [38] and also have introduced weakly compatible

mappings of type (P ) [41] in 2022 and established theorems on occasionally

compatible mapping [39] in Menger space.

1.1.3 Some applications of fixed point theory

Fixed point theories are used to demonstrate the existence and uniqueness

of many mathematical models like differential, integral and partial differ-

ential equations and variational inequalities, etc., to represent phenomena

arising in fields like steady state temperature distribution, chemical equa-

tions, neutron transport theory, economic theories, epidemics and flow of

fluids. It is also useful in the field of computer science, image processing,

artificial intelligence, decision-making, population dynamics, operational re-

search, industrial engineering, pattern recognition, medicine, group health
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underwriting, management, and many others. Equilibrium and stability are

fundamental ideas that can be represented in the way of fixed points in

many different fields. Additionally, many compilers that convert the nat-

ural language to programming language use fixed-point computations for

program analysis. Taking data flow analysis as an example. Followings are

very some applications of fixed point theory as an examples :

1.2.1 Application to differential equation:[194]

Consider the differential equation:

dy
dx

= f(x, y), y(x0) = y0. (DE)

Using Banach fixed point theorem to show following differential equation:

Theorem 1.1.7. (Picard Theorem) [194]: Let f(x, y) be continuous

function on X = {(x, y) : a<x<b, c<y<d} satisfies Lipschitz conditions of

the form: |f(x, y) − f(x, y′)|<α|y − y′| for all y, y′ ∈ [c, d]. Let (x0, y0) be

an interior point of X. Then, the differential equation (DE) with the given

initial condition has a unique solution.

1.2.2 Application to integral equation:[44]

Consider F (x, y) be a continuous function on [a, b] × [a, b] and φ(x) be a

continuous function on [a, b]. Consider the following integral equation:

f(x) = φ(x) + λ
∫ x
a
F (x, y)f(y)dy (V E)

for all x ∈ [a, b], where λ is parameter, is a Volterra equation. By using

Banach fixed point theorem, showing following theorem:

Theorem 1.1.8. For each λ∈R, the Volterra equation (V E) has a unique

solution f which is continuous on [a, b].
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1.2.3 Application to matrix equation:[90]

By using Banach fixed point theorem, we may find unique solutions of sys-

tems of n linear algebraic equations with n unknowns.

1.2.4 Application to image compression :[197] The proper way to save

an image in memory is to preserve each pixel’s color. The two issues with

this approach are as follows::

a) It requires a huge amount of memory.

b) If we try to enlarge the image, such as for using it in a large poster, then

the pixels will enlarge into larger squares and we will be missing information

on how to fill in the details in these squares.

It is necessary to encode less information than the original image so that

the eye cannot see that image observed is determined. The demand for ef-

fective image compression has increased due to the internet. Indeed, images

significantly slow down web navigation. Therefore, it is best to have images

encoded in files that are as small as possible for internet navigation. The

process of compressing image files can be done in several ways. The JPEG

format and the GIF format are typically the two more high-quality com-

pressed graphic image formats for use on the internet. The GIF format is

typically used for line art and other images with relatively simple geometric

shapes, while the JPEG method is more frequently used for photographs.

Wavelets and fractals are two additional methods of image compression. As

of the time of this writing, these techniques are not widely accepted for

use on the internet. There is another approach, which has remained more

experimental. This approach is an Iteration function system given by Barns-

ley. The main motive behind this method is to approximate an image with

geometric objects. Geometric objects include fractal objects like the fern,

the Sierpinski Carpet, the Menger Sponge, and many others in addition to

straight lines and smooth curves.
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1.2.5 Application to Page Rank algorithm :[197] Incredible use of

Banach’s fixed point theorem is the Page Rank algorithm. Google search

uses an algorithm called Page rank to rank websites in their search engine

results. Page rank is a concept that Larry Page created. Additionally, he

established Google. In 1998, he created it. In order to determine a web

page’s importance, Page rank looked at the pages that linked to it. It is a

method of determining a website’s importance. In the Page rank algorithm,

the contraction-based fixed point of a linear operator Rn is calculated, and

this fixed point yields the ordering of pages. Google is successful because a

search engine arrives from its algorithm: the page rank algorithm. In this

algorithm, one can determine a fixed point of a linear operator on Euclidean

space which is a contraction, and this fixed point yields the arranging of the

pages.

1.2.6 Application in Game Theory: [153]

Consider a game with n>2 players, under the assumption that the players do

not cooperate among themselves. Each player pursues a strategy, in depen-

dence of the strategies of the other players. Denoting the set of all possible

strategies of the Kth player by Kk, and set K = K1 ×K2 ×K3 × ...×Kn.

An element x ∈ K is called strategy profile. For each k, let fk : K → R

be the loss function of Kth player. If
∑n

1 fk(x) = 0,∀x ∈ K then the game

is said to be Zero- sum. The aim of each player is to minimize his loss, or

equivalently, to maximize his gain. Following theorems helps to overcome

on game theory:

Definition 1.1.2. A Nash equilibrium is a strategy profile with the property

that no player can benefit by changing his strategy, while all other players

keep their strategies unchanged. In formulas, it is an element

x̄ = (x̄1, x̄2, x̄3, ...x̄n) ∈ K such that fk(x̄)<fk{x̄1, ..., ¯xk−1, x̄k, ¯xk+1, ..., x̄n},

∀x ∈ Kk , for every k = 1, 2, 3, ..., n.
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Nash equilibrium suggests a convenient cautious strategy to be adopted by

each player in the game. We said a strategy rather than the strategy since

a Nash equilibrium (if it exists) might not be unique. We need of course

further hypotheses on the sets Kk and on the maps fk. It is reasonable to

assume that, with all the other strategies fixed, the loss function fk has a

small variation in correspondence of a small variation of xk. Also, loosely

speaking, it is assumed that the average of losses corresponding to two

different strategies of the k th player is greater than the loss corresponding

to the ”average” strategy. Convexity can suitably translate this issue. The

fundamental result of game theory is the following:

Theorem 1.1.9. (Nash) For every k = 1, 2, 3, ..., n, let Kk be non void,

compact and convex subset of locally convex space Xk. Assume that for

every k, the loss function fk is continuous on K. In addition, for every fixed

xj ∈ Kj with j 6= k, the map fk{x̄1, ..., ¯xk−1, x̄k, ¯xk+1, ..., x̄n} : Kk → R is

convex. Then there exist x̄ ∈ K satisfying above Nash equilibrium equation.

Theorem 1.1.10. (von Neumann) Let K1 ⊂ X1 and K2 ⊂ X2 be as in

theorem 1.1.13. Let Ψ : K1 ×K2 → R be such that

(a) Ψ(., x2) is lower semi continuous and convex, ∀x2 ∈ K2;

(b) Ψ(x2, .) is upper semi continuous and concave, ∀x1 ∈ K1.

Then, there exists a Nash equilibrium (x1, x2) ∈ K1 ×K2.

This theorem is called minimax theorem in literature.

1.2.7 Application to solve Kepler’s equation: [25]

The contraction principle is an abstract version of the successive approxima-

tion method; this method has been used empirically from antiquity, in order

to solve numeric equations, and it has been successfully used, for instance, to

solve Keplers equation, E = M + esinE, in order to determine the position
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of the planets in orbit (E0 = M,E1 = M+esin(E0)..., En = M+esin(En−1).

Keplers equations are used to calculate the position of objects from our So-

lar System, by using the eccentricity e of the orbit and the mean anomaly

M. E represents the eccentric anomaly.

1.2 Basic Definitions

Metric space generalize and clarify the notion of distance in real line.

M. Frechet[65] introduced metric on set as:

Definition 1.2.1. Let X be a non empty set and d be a real function from

X ×X → R+ such that for all u, v, w ∈ X, we have

1. d(u, v) > 0, (Positivity)

2. d(u, v) = 0 ⇐⇒ u = v, (Identity)

3. d(u, v) = d(v, u) (Symmetry) and

4. d(u,w) ≤ d(u, v) + d(v, w), (Triangle Inequality)

then d is called a metric or distance function and the pair (X, d) is called

a metric space.

Definition 1.2.2. [35] A sequence {un} in a metric space (X, d) is said to

be Cauchy sequence if for given ε > 0, there corresponds n0 ∈ N such

that for all m,n ≥ n0, we have d(um, un) < ε.

Definition 1.2.3. [35] A sequence {un} in metric space is said to be con-

vergent to a point z ∈ X if for given ε > 0, there exists a positive number

n0 ∈ N such that d(un, z) < ε. In this case, z is called limit point of {un}

and we write: un → z.

Definition 1.2.4. [94] A metric space (X, d) is said to be complete met-

ric space if every Cauchy sequence in it is convergent to a point in X.
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Definition 1.2.5. [94] A function f : X → Y from a metric space (X, dx) to

a metric space (Y, dy) is said to be continuous at u0 ∈ X if whenever u→

u0 in X, (f(x)) → f(u0) in Y . We say f is continuous if it is continuous

at each u0 ∈ X .

Definition 1.2.6. [94] A metric space X is said to be compact if every

sequence in it has a convergent subsequence.

Definition 1.2.7. [94] A subset f of metric space X is called a closed set

if it contains each of its limit points.

Definition 1.2.8. [35] Let y = f(x) be a function on interval (a, b).

If for any two points x1, x2 ∈ (a, b) such that x1 < x2, there holds the inequal-

ity f(x1)<f(x2), the function is called increasing (or non-decreasing)

in this interval. And if f(x1) < f(x2) then function y = f(x) is said to be

strictly increasing on the interval (a, b).

Definition 1.2.9. [35] A set A ⊂ R of real numbers is bounded from above

if there exists a real number b ∈ R, called an upper bound of A such that

x<b for every x ∈ A. Similarly, A is said to be bounded from below if there

exists c ∈ R called a lower bound of A such that x > c for every x ∈ A.

The set A is said to be bounded if it is bounded both from above and below.

Definition 1.2.10. [35] Let A ⊂ R is a set of real number. If b ∈ R is an

upper bound of A such that b < b′ for every upper bound b′ of A, then b is

called supremum of A, denoted by sup A = b. If c ∈ R is lower bound of

A such that c > c′ for every lower bound c′ of A, then c is called infimum

of A, denoted as Inf A = c.
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Definition 1.2.11. [90] Let (X, d) be a metric space and let f : X → X

be a mapping. Then,

(i) f is called contraction if there exists a number α ∈ [0, 1), such that

d(f(x), f(y))<αd(x, y), ∀x, y ∈ X.

So, contraction shrinks distances by a uniform factor α < 1 for all

pair of points.

(ii) f is called contractive or strict contractive if

d(f(x), f(y)) < d(x, y), ∀x, y ∈ X, x 6= y

(iii) f is called non-expansive if

d(f(x), f(y)) < d(x, y), ∀x, y ∈ X.

(iv) f is called isometry if

d(f(x), f(y)) = d(x, y), ∀ x, y ∈ X.

(v) f is called Lipschitzian continuous (or L - Lipschitzian) if there

exists α > 0 such that

d(f(x), f(y)) ≤ α d(x, y).

So, we find that:

Contraction ⇒ Contractive ⇒ Non expansive ⇒ Lipschitz Continuous.

Example 1.2.1. a) Consider the usual metric space (R, d), and function

f(x) =
x

b
+ c, for all x ∈ R

Then, f is contraction on R if b > 1 and the solution of the equation

x− f(x) = 0 is x =
bc

b− 1
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b) Consider the Euclidean metric space (R2, d). Define

f(x, y) = (
x

a
+ b,

y

c
+ b), for all (x, y) ∈ R2.

Then, f is contraction on R2 if a, c > 1. Now, solving the equation f(x, y) =

(x, y) for a fixed point, we get

x =
ab

a− 1
and y =

cb

c− 1
.

c) Let f : [0, 2]→ [0, 2] be defined by

f(x) =

0, x ∈ [0, 1],

1, x ∈ (1, 2].

Then, f 2(x) = 0 for all x ∈[0,2], and so, f 2 is a contraction on [0, 2] but f

is not continuous and thus not a contraction map.

d) Let T : X → X be a mapping defined by Tx = x2, where X = [0, 1
3
] then T

is a contraction mapping on X with the usual metric d.

Solution: ∀ x, y ∈ X,

d(Tx, Ty) =d(x2, y2)

=|x2 − y2|

=|x− y||x+ y|

<
2

3
|x− y|

∵ |x| < 1

3

∴ d(Tx, Ty) <
2

3
d(x, y).

Therefore, T is a contraction mapping on X with h = 2
3
.
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Example 1.2.2. [90]

i) Let T : [1/2, 2] → [1/2, 2] be a defined as T (x) = 1/x, then T is 4-

Lipschitzian with Fix(T ) = {1}, where Fix(T ) denotes fixed point of the

mapping T .

ii) T : R→ R, T (x) = x/2+3, x ∈ R. Obviously T is a Banach contraction

and Fix(T ) = {6}.

iii)Tx = 1− x, x ∈ R is non expansive and Fix(T ) = {1/2}

iv) T : [1,∞]→ [1,∞], T (x) = x+ 1/x, is contractive and Fix(T ) = φ

v) T (x) = x+ 2, then Fix(T ) = φ is isometry.

In 1976, G. Jungck [95] introduced commuting mapping in metric space as:

Definition 1.2.12. [95] Two self mappings Q and R of a metric space

(X, d) are said to be commuting if,

Q(R(x)) = R(Q(x)), ∀x ∈ X.

We shall also denote it by QRx = RQx. And, Q and R are said to be non

commuting if there is no such point x in X where Q and R commute.

In 2002, Z. Lu [121] defined following definition in metric space:

Definition 1.2.13. [121] Two mappings Q,R : X → X are said to be

conversely commuting mappings in metric space (X, d) if

for all x ∈ X, QRx = RQx implies Qx = Rx.

In 1982, S. Sessa [187] introduced weakly commuting mappings as:

Definition 1.2.14. [187] Two self mappings Q and R of a metric space X

are said to be weakly commuting if

d(QRx,RQx) ≤ d(Qx,Rx), ∀x ∈ X.
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In 1986, G. Jungck [96] introduced compatible mappings in metric space as:

Definition 1.2.15. [96] Two self mappings Q and R of a metric space

(X, d) are called compatible mappings if

lim
n→∞

d(QRxn, RQxn) = 0,

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = t,

for some t ∈ X.

In metric space the following implication holds :

Commutativity =⇒ Weak commutativity =⇒ Compatibility =⇒ Weak

compatibility but not conversely.

Example 1.2.3. [145] Let (X, d) be a usual metric where X = [0, 5] and

defining function Q,R : X → X by Q(x) = x
x+2

and R(x) = x
2

then (Q,R)

is weakly commuting but not commuting.

Example 1.2.4. [45] Let (X, d) be a usual metric where X = R and defining

function Q,R : X → X by Q(x) = x3 and R(x) = 2x3 then (Q,R) is

compatible but not weakly commuting.

Example 1.2.5. [93] Let (X, d) be a metric space where X = [1, 8] and

Q,R : X → X is defined by

Q(x) =

2 for x = 2 or x ∈ (5, 8]

7 for x ∈ [1, 2) or x ∈ (2, 5]

and

R(x) =

x for x ∈ [1, 5]

x− 3 for x ∈ (5, 8]

Then Q and R are weakly compatible on X but not compatible.

27



Definition 1.2.16. [96] Two self mappings Q and R of a metric space X

are said to be non -compatible mappings if they are not compatible

mappings.

Definition 1.2.17. [99] Two self mappings Q and R of a metric space

(X, d) are said to be weakly compatible mappings if they commute at

their coincident point;

that is, Qx = Rx for some x ∈ X implies QRx = RQx.

Example 1.2.6. [104] Let X = [0,∞) be endowed with usual metric and

Q,R : X → X such that Qx = x3 and Rx = 2x3. Then QRx 6= RQx.

so, Q and R are not commuting on X and d(QRx,RQx) > d(Qx,Rx).

Therefore, Q and R are not weakly commuting as well on X. However,

lim
n→∞

d(Qx,Rx) = 0 ∈ X and it implies that lim
n→∞

d(QRx,RQx).

Q and R are compatible mappings.

In 2008, M. A. Thapagi and N. shahzad [6] introduced following definition

in metric space:

Definition 1.2.18. [6] Two self mappings Q and R of a metric space (X, d)

are occasionally weakly compatible (owc) if and only if there is a point

x in X which is a coincident point of Q and R at which Q and R commute.

In 1993, G. Jungck, P. P. Murthy and Y. J. Cho [101] introduced following

definition:

Definition 1.2.19. [101] Two self mappings Q and R of a metric space

(X, d) are said to be compatible mappings of type (A) if

lim
n→∞

d(RQxn, QQxn) = 0 and lim
n→∞

d(QRxn, RRxn) = 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = t, for some t ∈ X.
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In 1996, H. K. Pathak, Y. J. Cho, S. S. Chang and S. M. Kang [154] intro-

duced compatible mapping of type (P ) in metric space as:

Definition 1.2.20. [154] Two self mappings Q and R of a metric space

(X, d) are said to be compatible mappings of type (P ) if

lim
n→∞

d(QQxn, RRxn) = 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = t, for some t ∈ X.

In 2007, M. R. Singh and Y. R. Singh [172] introduced following theorem:

Definition 1.2.21. [172] Two self mappings Q and R of a metric space

(X, d) are said to be compatible mappings of type (E), if

lim
n→∞

QQxn = lim
n→∞

QRxn = R(t), and

lim
n→∞

RRxn = lim
n→∞

RQxn = Q(t),

whenever {xn} is a sequence in X such that

limn→∞Qxn = limn→∞Rxn = t for some t ∈ X.

In 2014, K. Jha, V. Popa and K. B. Manandhar [94] introduced compatible

mappings of type (K) in metric space as:

Definition 1.2.22. [94] Two self mappings Q and R of a metric space

(X, d) are said to be compatible mappings of type (K) if

lim
n→∞

QQxn = Rt and lim
n→∞

RRxn = Qt,

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = t for some t in X.
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Example 1.2.7. [94] Let X = [0, 2] with the usual metric d(x, y) = |x− y|.

We define self-mappings Q and R as:

Qx = 2, Rx = 0 for x ∈ [0, 1] − 1/2, Qx = 0, Rx = 2 for x = 1
2

and

Qx = 2−x
2

, Rx = x
2

for x ∈ (1, 2].

Then, Q and R are compatible of type (K).

In1942, K. Menger [130] defined following definition:

Definition 1.2.23. [130] A function F : R→ R+ is said to be a distribu-

tion function if

(i) F is non-decreasing;

(ii) F is left continuous, and

(iii) inf
x∈R

F (x) = 0 and sup
x∈R

F (x) = 1.

If X is a non empty set, F : X ×X →4 is called probabilistic distance on

X and F (x, y) is usually denoted by Fxy.

We will denote by 4 the family of all distribution function on (−∞,∞) and

4+ on [0,∞).

Example 1.2.8. [182] Let H(x) denote the specific distribution function

defined by

H(x) =

0, if x<0,

1, if x > 0.

In 1942, K. Menger [130] defined probabilistic metric space as:

Definition 1.2.24. [130] A probabilistic metric space (briefly, PM-

space) is an order pair (X,F ) where X is a non-empty set and F is a

function defined by F : X ×X →4+ (the set of all distribution functions)
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that is F associates a distribution function F (u, v) with every pair (u, v) of

points in X. The distribution function F (u, v) is denoted by Fu,v, whence the

symbol Fu,v(x) will represent the value of Fu,v at x ∈ R. And the function

Fu,v, for u, v ∈ X are assumed to satisfy following conditions:

(i) Fu,v(0) = 0;

(ii) Fu,v(x) = Fv,u(x)

(iii) Fu,v(x) = 1, for every x > 0⇔ u = v.

(iv) For every u, v, w ∈ X and for every

x, y > 0, Fu,v(x) = 1, Fv,w(y)= 1 ⇒ Fu,w(x+ y) = 1.

The interpretation of Fu,v(x) as the probability that the distance from u to v

is less than x, we know that PM condition (iii), (i) and (ii) are staright

forward generalizations of the corresponding metric space conditions (i),

(ii) and (iii). The PM condition (iv) is a ’minimal’ generalization of the

triangle inequality of metric space condition (iv). If it is certain that the

distance of u and v is less than x, and like wise certain that the distance

of v and w is less than y, then it is certain that the distance of u and w is

less than x+ y. The PM condition (iv) is always satisfied in metric spaces,

where it reduces to the ordinary triangle inequality.
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Example 1.2.9. [36] Let X = R be set of real number and let distribution

function be defined by

Fu,v(t) =

e
− d(u,v)

t
for t > 0

0 for t = 0

for all u, v ∈X, Then (X,F ) is PM space.

In 1996, E. Pap and O. Hadzic [149] defined following definition:

Definition 1.2.25. [149] Let X be a non empty set and F be a distribution

function. Then, an ordered pair (X,F ) is said to be probabistic semi

metric space (PSM) if it holds the following inequality:

(i) Fu,v(x) = 1, for every x > 0⇔ u = v, and

(ii) Fu,v(x) = Fv,u(x)

for every u, v ∈ X.

K. Menger [130] also defined triangular norm in 1942 as:

Definition 1.2.26. [130] A mapping T : [0, 1] × [0, 1] → [0, 1] is called a

triangular norm (shortly t-norm) if for all a, b, c, d,∈ [0, 1] the following

conditions are satisfied :

(i) T (a, 1) = a for every a ∈ [0, 1], (Neutral Element)

(ii) T (a, b) = T (b, a) for every a, b ∈ [0, 1], (Commutativity)

(iii) T (a, b) < T (c, d) whenever a< c and b<d (Monotonicity)

(iv) T (a, T (b, c)) = T (T (a, b), c)) (a, b, c ∈ [0, 1]). (Associativity)

Example 1.2.10. [75]

T (a, b) = max{(a+ b)− 1, 0} and T (a, b) = min{a, b}
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The four basic t-norms are [75]:

(i) The Minimum t-norm, TM , is defined by TM(x, y) = min{x, y},

(ii) The Product t-norm, Tp, is defined by TP (x, y) = x.y,

(iii) The Lukasiewicz t-norm, TL, is defined by TL(x, y) = max{x+y−1, 0},

(iv) The Weakest t-norm, the drastic product, TD, is defined by

TD(x, y) =

min(x, y)if max(x, y) = 1, and

0 otherwise

With references to the point wise ordering, we have the following inequalities

TD < TL < TP < TM .

We have obtained following example in Triangular norm:

Example 1.2.11.

T (a, b) =


0 for a = b = 0,

a or b for b = 1 or a = 1

ab
a+b

otherwise

In 2001, O. Hadzic and E. Pap [75] defined following definition:

Definition 1.2.27. [75] A mapping T : [0, 1] × [0, 1] → [0, 1] is called a

continuous t-norm if it satisfies the following conditions:

(i) T is associative and commutative,

(ii) T is continuous,

(iii) T (a, 1) = a for all a ∈ (0, 1), and

(iv) T (a, b) < T (c, d) wherever a ≤ c and b ≤ d for all a, b, c, d ∈ [0, l].

Example 1.2.12. T (a, b) = ab for all a, b ∈ [0, 1] is a continuous t-norm.
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K. Menger [130] introduced Menger space in 1942 as:

Definition 1.2.28. [130] A Menger probabilistic metric space (briefly,

Menger PM-space) is a triple (X,F, T ), where (X,F ) is a probabilistic met-

ric space, T is a triangular norm (abbreviated t-norm) which satisfies the

following conditions, for all u, v, w ∈ X and x, y > 0,

(V) Fu,w(x+ y) > T (Fu,v(x), Fv,w(y)).

This is the extension of triangle inequality. This inequality is called Menger’s

triangle inequality.

Example 1.2.13. [37] Let X = R, a ∗ b = min (a, b) ∀ a, b ∈ (0, 1) and

Fu,v(x) =

H(x) for u 6= v

1 for u = v

where

H(x) =


0 if x<0

x, if 0 < x<1

1, if x > 1

then (X,F, ∗) is Menger Space.

Definition 1.2.29. [45] Let (X, d) be a metric space then the metric d

induces a mapping from X×X → L(is the set of all distribution functions),

defined by Fx,y(t) = H(t− d(x, y)),∀x, y ∈ X and t ∈ R.

Further if the t -norm t : [0, 1] × [0, 1] → [0, 1] is defined by t(a, b) =

min{a, b} then (X,F, t) is called induced Menger space.

Proposition 1.2.1. [45] Let t be a T -norm defined by t(a, b) = min{a, b}.

Then, induced Menger space (X,F, t) is complete if a metric space (X, d) is

complete.
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Definition 1.2.30. [40] Let (X,F, T ) be a Menger space and T be a

continuous t-norm. Then,

(1) A sequence {xn} in X is said to be converge to a point x in X (written

xn → x) iff for every ε > 0 and λ ∈ (0, 1), there exists an integer N such

that Fxn,x(ε) > 1− λ for all n>N.

(2) A sequence {xn} in X is called a Cauchy if for every ε > 0 and λ ∈

(0, 1), there exists an integer N such that Fxn,xm(ε) > 1−λ for all n,m>N.

(3) Every Cauchy sequence in X is convergent in a point X is said to be

complete Menger space.

Definition 1.2.31. [130]Let (X,F, T ) be a Menger space. Then, a mapping

f : X → X is continuous at x ∈ X, if for each 0 < λ < 1, there exist a

real number 0 < δ < 1 satisfies condition:

Fx,y(t)>1− δ implies Ffx,fy(t)>1− λ.

The definition of contraction mapping was first suggested and studied by

V.M. Seghal [183] in his doctoral dissertation at Wayne state university,

which is probabilistic version of the notion of Banach contraction in metric

space.

Definition 1.2.32. [183] Let (X,F ) be a probabilistic metric space. A

mapping T : X → X is a contraction Mapping on (X,F ) if and only if

there is an k ∈ (0, 1) such that

FTp,Tq(kt) >Fp,q(t),

where p, q ∈ X and t > 0.

It is interpreted that probability that the distance between the image of Tp

and Tq is less than kt is at least as large as the probability that the distance

between p and q is less than t.

In 1972, V. M. Sehgal and A. T. Bharucha-Reid [185] asserted that any

contraction mapping on a complete Menger space in which the triangle in-

equality is formulated under the strongest triangular norm TM has a unique
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fixed point.

In 1983, T.L. Hicks [78] introduced another contraction in PM space as:

Definition 1.2.33. [78] Let (X,F ) be a probabilistic metric spaces and a

mapping T : X → X. The mapping T is called Hicks C-contraction

(Or, C-contraction) if there exists k ∈ (0, 1) such that the following im-

plication holds for every p, q ∈ S: and for every t > 0

Fpq(t) > 1− t⇒ FT (p)T (q)(kt) > 1− kt.

By weakening the contraction (C), D. Mihet [135] in 2005 introduced the

following w-H contraction:

Definition 1.2.34. Let X be a nonempty set and F be a probabilistic dis-

tance on X. A mapping f : X → X is a said to be a weak - Hicks contraction

(w-H contraction) if there exists k ∈ (0, 1) such that, for all p, q ∈ X.

(w −H) : t ∈ (0, 1), Fpq(t) > 1− t⇒ Ff(p)f(q)(kt) > 1− kt.

Example 1.2.14. [135] Let X = [0,∞) and

Fxy(t) =
min(x, y)

max(x, y)
, ∀ t ∈ (0,∞), ∀ x, y ∈ X, x 6= y.

It is known that (X,F, T ) is a complete Menger space under the triangular

norm T = Tp > TL.

Also, it can be seen that the mapping g : X → X defined by

g(x) =

0, ifx = 0

1, ifx > 0

is a w-H contraction for every k ∈ (0, 1).

Indeed, if Fg(x),g(y)(kt)<1− kt then (exactly) one of the numbers x and y is

0, which implies Fxy(t) = 0 < 1− t.
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It is noted that this mapping has two fixed points viz x = 0 and x = 1.

In 1976, G. Jungck [95] defined following definition:

Definition 1.2.35. [95] Two mappings Q,R : X → X are said to be com-

muting mappings in probabilistic metric space (X,F ) if QRt = RQt for

each t in X

In 1982, S. Sessa [187] initiated weakly commuting in metric space and S.

L. Singh and B. D. Pant [144] extended it into PM space as:

Definition 1.2.36. Two mappings Q,R : X → X are said to be weakly

commuting mappings in probabilistic metric space (X,F ) if

FQRx,RQx(t) >FQx,Rx(t) for each x in X and t > 0

It is noted that every pair of commuting self mappings is weakly com-

muting but converse is not true.

In 1991 S. N. Mishra [137] had introduced following compatible mapping in

Menger probabilistic metric space as the extension of compatible mapping

in metric space introduced by G. Jungck in 1986 [96].

Definition 1.2.37. [137] Two mappings Q,R : X → X are said to be

compatible mappings in Menger space (X,F, t) iff

lim
n→∞

FQRxn,RQxn(t) = 1 for all t > 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

Y. J. Cho, P. P. Murthy and M. Stojakovic [45] introduce the compatible

mapping of type(A) in Menger space which is the extension of compatible

mapping of type (A) in metric space [101].

Definition 1.2.38. [45] Two mappings Q,R : X → X are said to be com-

patible mappings of type (A) in Menger space (X,F, t) iff
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lim
n→∞

FRQxn, QQxn(t) = 1 and lim
n→∞

FQRxn, RRxn(t) = 1,∀ t > 0

whenever {xn} is a sequence in X such that lim
n→∞

Qxn = lim
n→∞

Rxn = z

for some z in X.

The notion of non-compatible mappings in metric space introduced by R.

P. Pant in 1994 [145] and extended this concept in PM space by J. Ali, M.

Imdad, and D. Bahuguna [7] as follows:

Definition 1.2.39. [7] Two mappings Q,R : X → X are said to be non-

compatible Mappings in probabilistic metric space (X,F ) if there exist

at least one sequence xn in X such that whenever

lim
n→∞

Qxn = lim
n→∞

Rxn = t for some t in X then we get

lim
n→∞

FQRxn, RQxn(x) < 1 or non existent for all x > 0.

Y. J. Cho, B. K. Sharma and D. R. Sahu [46] introduced the non-symmetric

concept of semi-compatible mappings in a d− topological space in 1995 and

B. Singh and S. Jain [195] extended the notion of semi-compatibility in

PM-space as follows:

Definition 1.2.40. [195] Two mappings Q,R : X → X are said to be

semi -compatible mappings in PM space (X,F ) iff

lim
n→∞

FQRxn, Rx(t) = 1 for all t > 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = x for some x in X.

The following example shows that semi- compatible need not to be a com-

patible mappings in PM space:

Example 1.2.15. [195] Let (X, d) be a metric space where X = [0, 1] and

let

Fx,y(t) =

t/t+ d(x, y) for t > 0

0 for t = 0
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for all x, y ∈ X.Then (X,F ) is a PM Space. Also, let Q,R : X → X be

defined by

Q(x) =

x for 0<x < 1/2

1 for (1
2
)<x<1

and

R(x) =

1− x for 0<x < 1/2

1 for (1
2
)<x< 1

Taking sequence xn = 1
2
− 1

n
.

Then, we get Qxn = 1
2
− 1

n
, Rxn = 1

2
+ 1

n
.

So, Qxn → 1
2

, Rxn → 1
2

as n→∞.

Further, QRxn = 1 , RQxn = 1
2

+ 1
n

.

Now, lim
n→∞

FQRxn,RQxn(t) = lim
n→∞

F1, 1
2
+ 1
n
(t) =

t

t+ 1
2

=
2t

2t+ 1
< 1 for all

t > 0.

So, (Q,R) is not compatible.

Also, lim
n→∞

FQRxn, Rx(t) = lim
n→∞

F1, 1(t) = 1.

So, it is clear that (Q,R) is semi- compatible.

On the other hand,

lim
n→∞

FRQxn, Qx(t) = lim
n→∞

F1/2,1(t) =
t

t+ 1
2

=
2t

2t+ 1
< 1.

That is (R,Q) is not semi- compatible.

In 2005, B. Singh and S. Jain [196] extended the notion of weakly compatible

mappings in PM space as follows:

Definition 1.2.41. [196] Two mappings Q,R : X → X are said to be

weakly compatible mappings in Menger space (X,F, t) if they commute

at their coincidence points i.e. Qx = Rx for some x ∈ X, then QRx =

RQx.

Example 1.2.16. [41] Let (X, d) be a metric space where X = [0, 2] and

(X,F, t) be induced Menger space with Fx,y(t) = H(t − d(x, y)), x, y ∈ X
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and t > 0. Defining Q,R : X → X as:

Q(x) =

1− x for 0<x < 1/2

1 for 1/2<x<2

and

R(x) =

x for 0<x < 1/2

1 for 1/2<x<2

Taking xn = 1
2
− 1

n
. Then, Qxn = Q(1

2
− 1

n
) = 1− (1

2
− 1

n
) = 1

2
+ 1

n
.

So, Qxn → 1
2
.

Rxn = R(1
2
− 1

n
) = 1

2
− 1

n
. So, Rxn → 1

2
.

Further, QRxn = 1
2

+ 1
n

and RQxn = 1.

Now, lim
n→∞

FQRxn,RQxn(t) = lim
n→∞

F 1
2
+ 1
n
,1(t) = F 1

2
,1(t) = H(t − 1

2
) 6= 1 for

0 < t<1
2
. Therefore, (Q,R) is not compatible.

Again, since coincidence of Q and R are in [1
2
, 2].

so, for any x ∈ [1
2
, 2], Qx = Rx = 1 and QR(x) = Q(1) = 1 = RQ(x).

Hence, (Q,R) is weakly compatible.

In 2008, I. Kubiaczyk and S. Sharma [116] extended the notion of (E.A)

property to PM-space as follows:

Definition 1.2.42. [116] Two mappings Q,R : X → X are said to satisfy

E.A. Property in PM space (X,F ) if their exists a sequence xn in X such

that lim
n→∞

Qxn = lim
n→∞

Rxn = x for some x in X.

The notions of weakly compatible mappings and (E.A) property are inde-

pendent of each other.

In 2008, S. Kumar and B. D. Pant [117] extended the notion of reciprocal

continuity to PM-spaces as follows:

Definition 1.2.43. [117] Two mappings Q,R : X → X are said to be re-

ciprocal continuous in PM space (X,F ) if lim
n→∞

QRxn = Qx and lim
n→∞

RQxn =
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Rx whenever {xn} in X such that lim
n→∞

Qxn = lim
n→∞

Rxn = x for some x in

X.

It is noted that if Q and R are both continuous self-mappings then they are

obviously reciprocally continuous but the converse is not true. This fact can

be understood by the following example

Example 1.2.17. [117] Let (X, d) be a metric space where X = [2, 20] and

Q,R : X → X be defined by

Q(x) =

2 for x = 2

3 for x > 2

and

R(x) =

2 for x = 2

6 for x > 2.

Then, (Q,R) are reciprocal continuous mappings but not continuous.

In 2007, Kohli and Vasistha[115] extended the concepts of R-weak commu-

tativity to PM space which is introduced by Pant [145] in metric space as

follows:

Definition 1.2.44. A pair of self-mappings (f, g) of a probabilistic metric

space (X,F ) is said to be

(1) Weakly commuting if F (fgx, gfx, t)>F (fx, gx, t),

(2) R-weakly commuting if there exists some R > 0 such that

F (fgx, gfx, t)>F (fx, gx, t/R),

(3) R-weakly commuting mappings of type (1) if there exists some

R > 0 such that F (gfx, ffx, t)>F (fx, gx, t/R),

(4) R-weakly commuting mappings of type (2) if there exists some

R > 0 such that

F (fgx, ggx, t)>F (fx, gx, t/R),
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(5)R-weakly commuting mappings of type (3) if there exists some

R > 0 such that

F (ffx, ggx, t)>F (fx, gx, t/R), for all x ∈ X and t > 0.

Moreover, such mappings commute at their coincidence points.

1.3 Some common fixed point theorems in

metric and probabilistic metric space

1.3.1 Some common fixed point theorems in metric

space

In this section, we state some common fixed point theorems in metric and

PM space with necessary proof relevant to our results.

Stefan Banach [10] established following benchmark theorem which ensures

existence and uniqueness of a fixed point in metric space under appropri-

ate conditions, called Banach fixed point theorem or Banach contraction

principle.

Theorem 1.3.1. [10] Let (X, d) be a complete metric space, then each con-

traction map f : X → X has a unique fixed point.

This theorem has enormous applications inside as well as outside math-

ematics. And this theorem has been generalized and improved in dif-

ferent directions such as metric space, 2-metric space, PM-space, 2-PM-

space, fuzzy metric space, D-metric space, probabilistic D-metric space,

Non-archimedean Menger probabilistic metric space, intuitionistic Fuzzy

metric space, intuitionistic Menger space, complex-valued metric space [127,

181, 99, 91, 123, 122].

42



In 2014 F. Khojasteh, M. Abbas and S. Costache [110] established the fol-

lowing fixed point theorem in single-valued mappings in complete metric

spaces.

Theorem 1.3.2. [110] Let (X, d) be a complete metric space. And mapping

f : X → X satisfies following condition:

d(fx, fy)< { d(x, fy) + d(y, fx)

d(x, fx) + d(y, fy) + 1
} d(x, y), for all x, y ∈ X. Then,

(i) f has at least one fixed point x1 ∈ X ;

(ii) (fnx) converges to a fixed point, for all x in X; and

(iii) if x1, y1 are two distinct fixed points of f , then d(x1, y1)> 1/2.

In 1976, G. Jungck [95] proved the following theorem as a generalization of

Bancah contraction principle as:

Theorem 1.3.3. [95] Let T be a continuous mappings of a complete metric

space (X, d) into itself. Then, T has a fixed point in X if there exists

α ∈ (0,1) and a mapping S : X → X which commutes with T and satisfies

S(X) ⊂ T (X) and d(Sx, Sy)< α d(Tx, Ty), for all x, y ∈ X.

In 2008, M. Imdaad and J. Ali [80] established fixed point theorems in two

self mappings in metric space as:

Theorem 1.3.4. Let T and I be self mappings of a metric space (X, d) such

that:

(i) T and I satisfy (E.A) property;

(ii) for all x in X and ψ ∈ Ψ,

Ψ{d(Tx, Ty), d(Ix, Iy), d(Ix, Tx), d(Tx, Ty), d(Iy, Ty), d(Ix, Ty), d(Iy, Tx)}<0;

(iii) I(X) is complete subspace of X.
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Then, (T, I) has a point of coincidence and the pair (T, I) has a common

fixed point provided it is weakly compatible.

In 2012, V. Parbaneh, G. G. Branach and G. Gharab [151] established

following theorem in three self mappings in metric space:

Theorem 1.3.5. [151] Let (X, d) be a complete metric space and E be a

nonempty closed subset of X. Let T, S : E → E be such that

d(Sx, Ty)<1/2{d(Rx, Sy) + d(Ry, Tx)− (d(Rx, Sy), d(Ry, Tx))}, for every

(x, y) ∈ X × X, where ψ: [0,∞)2 → [0,∞) is a continuous function such

that ψ(x, y) = 0 if and only if x = y = 0 and R : E → X satisfying following

hypotheses:

(i) T (E) ⊆ R(E) and S(E) ⊆ R(E);

(ii) Pairs (T,R) and (S,R) are weakly compatible.

In addition, if R(E) is closed subset of X then T , R, and S have a unique

common fixed point.

In 1986, G. Jungck [96] established the first common fixed point theorem

by using compatible mapping in complete metric space:

Theorem 1.3.6. [96] Let S and T be self-maps of a metric space (X, d) and

let A and B be (ε, δ) - S, T - contractions such that pairs (A, S), (B, T ) are

compatible. Let x0 ∈ X and let {yn} be any S, T - contractions of x0 under

A and B. If {yn} has a cluster point z in X, then {yn} converges to z

and Tz is the unique common fixed point of A,B, S and T provided these

functions are continuous at z.

Theorem 1.3.7. [96] Let S and T be continuous self-maps of a complete

metric space (X, d) and let A and B be (ε, δ) - S, T - contractions such

that pairs (A, S), (B, T ) are compatible. If δ is lower semi-continuous, then

A,B, S and T have a unique common fixed point.
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In 2004, R. P. Pant, V. Pant and V. P. Pandey [162] established following

theorems in metric space:

Theorem 1.3.8. [162] Let (A, S) and (B, T ) be compatible pairs of self-

mappings of a complete metric space (X,d) such that

1. A(X) ⊂ T (X) and B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y ∈ X,

ε < M(x, y) < ε+ δ ⇒ d(Ax, By)<ε

where M(x, y) = max

{
d(Sx, Ty), d(Ax, Sx), d(By, Ty),

d(Ax, Ty) + d(Sx, By)

2

}
,

3. d(Ax, By) < max

{
d(Sx, Ty), k

d(Ax, Sx) + d(By, Ty)

2
,
d(Ax, Ty) + d(Sx, By)

2

}
for 0 < k ≤ 2

Suppose that the mappings in one of the pair (A, S) or (B, T ) are reciprocal

continuous. Then A, B, S and T have unique common fixed point.

In 2005, K. Jha, R.P. Pant and S. L. Singh [93] established following theo-

rems for compatible pairs of self mappings in complete metric space.

Theorem 1.3.9. [93] Let (A, S) and (B, T ) be compatible pairs of self-

mappings of a complete metric space (X, d) such that

1. A(X) ⊂ T (X) and B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y ∈ X,

ε<M(x, y) < ε+ δ ⇒ d(Ax,By) < ε

3. d(Ax,By) < [k[d(Sx, Ty) + d(Ax, Sx) + d(By, Ty) + d(Ax, Ty)]

for 0 ≤ k1 < 1/3.

where, M(x, y) = max

{
d(Sx, Ty), d(Ax, Sx), d(By, Ty),

d(Sx,By) + d(Ax, Ty)

2

}
If one of the mappings A, B, S and T is continuous then A, B, S and T

have unique common fixed point.
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In 2014, K. Jha, R. P. Pant and K. B. Manandhar [92] established following

theorem:

Theorem 1.3.10. [92] Let (A, S) and (B, T ) be compatible and reciprocally

continuous pairs of self-mappings in a complete metric space (X,d) such that

1. A(X) ⊂ T (X) and B(X) ⊂ S(X),

2. Given ε > 0, there exists δ > 0 such that for all x, y ∈ X, we have

ε ≤M(x, y) < ε+ δ ⇒ d(Ax,By) < ε,

and d(Ax,By) < M(x, y) where

M(x, y) = max

{
d(Sx, Ty), d(Ax, Sx), d(By, Ty),

d(Sx,By) + d(Ax, Ty)

2

}
,

and

3. d(Ax,By) < max [k1[d(Sx, Ty)+d(Ax, Sx)+d(By, Ty)], k2
d(Sx,By) + d(Ax, Ty)

2
]

for 0 ≤ k1, k2 ≤ 1.

Then, the mappings A, B, S and T have unique common fixed point.

In 2014, K. Jha, V. Popa and K. B. Manandhar have established following

theorem for two pairs of self mappings in metric space:

Theorem 1.3.11. [94] Let (X, d) be a complete metric space and A, B, S

and T be a self mappings of X satisfying the following conditions:

1. A(X) ⊂ T (X), B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y in X

ε < M(x, y) < ε+ δ ⇒ d(Ax,By) ≤ ε and d(Ax,By) < M(x, y)

where M(x, y) = Max [d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty)]

3. S and T are continuous.

If (A, S) and (B, T ) compatible mappings of type (K), then A, B, S and T

have a unique common fixed point.
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1.3.2 Some common fixed point theorem in Menger

probabilistic metric space

In 1972, V. M. Sehgal and A. T. Bharucha-Reid [185] established following

fixed point theorem in Menger space as a first generalization of Banach

contraction principle on complete Menger space as:

Theorem 1.3.12. [185] Let (X,F,4) be a complete Menger space, where

4 is a continuous function satisfying 4(x, x)>x for each x ∈ [0, 1], if T is

any contraction mapping of X into itself, then there is unique p ∈ X such

that Tp = p. Moreover, T nq → p for each q ∈ X.

In 1966, H. Sherwood [193] established the following theorem in Menger

space:

Theorem 1.3.13. [193] Every Menger space with a continuous t-norm has

a completion that is unique up to isometry.

In 1983, T. L. Hicks [78] studied probabilistic metric space and established

following theorems in Menger space :

Theorem 1.3.14. [78] Let (X,F,min) be a complete Menger probabilistic

metric space,

T : X → X be a contraction mapping satisfying the condition for every

p, q ∈ S, k ∈ (0, 1) and every x > 0

Fp,q(x) > 1− x⇒ FTp.Tq(kx) > 1− kx.

Then, T has a fixed point in X.

In 2005, D. Mihet [135] introduced weak-Hicks contraction and established

fixed point theorems in Probabilistic Metric Space:

Theorem 1.3.15. [135] The mapping f : X → X is an H-contraction

on the PM space (X,F, τ) with

τ > τM
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if and only if there is a γ ∈ (0, 1) such that

β(fp, fq)<γ β(p, q) for all p, q ∈ S.

Theorem 1.3.16. [134] Let (X,F, T ) be a complete Menger sapce where

either 4>4L or T is of Hadzic type and f : X → X be a weaks-Hicks

contraction. If Fp,f(p)(1) > 0 for some p ∈ S, then f has a fixed point.

In 2008, I. Kubiaczyk and S. Sharma [116] established following theorem:

Theorem 1.3.17. [116] Let (X,F,4) be a Menger space with 4(x, y) =

min{x, y} ∀x, y ∈ [0, 1] and S and T be weakly compatible mappings of X

into itself such that S and T satisfy the property (E.A), there exists a number

k ∈ (0, 1) such that

FTu,Tv(kx) > min {FSu,Sv(x), FSu,Tu(x), FSv ,Tv(x), FSu,Tu(x), FSu,Tv(x)}.

for all u, v ∈ X, and T (X) ⊂ S(X). If S(X) or T (X) be a closed subset of

X, then S and T have a unique common fixed point.

In complete Menger space, K. P. R. Sastry, G. A. Naidu, P. V. S. Prasad

and S. S. A. Sastri [176] established following common fixed point theorems:

Theorem 1.3.18. [176] Let (X,F,4) be a Menger space with 4(x, y) =

min{x, y}, ∀x, y ∈ [0, 1]. S and T be weakly compatible mappings of X into

itself such that

i) S and T satisfy the property (E.A), and

ii) there exists a number k ∈ (0, 1) such that

FTu,Tv(kx)>min{FSu,Sv(x), FSu,Tu(x), FSv ,Tv(x), FSv ,Tu(x), FSu,Tvx}

for all u, v ∈ X and for x > 0.

If S(X) be a closed subset of X, then S and T have a unique common fixed

point.
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Theorem 1.3.19. [176] Let (X,F,4) be a Menger space with 4(x, y) =

min{x, y} for all x, y ∈ [0, 1], S and T be occasionally weakly compatible

maps of X satisfying there exists a number k ∈ (0, 1)such that

FTu,Tv(kx) >min{ FSu,Sv(x), FSu,Tu(x), FSv ,Tv(x), FSv ,Tu(x), FSu,Tv(x)}.

for all u, v ∈ X.

Then S and T have a unique common fixed point.

Theorem 1.3.20. [176] Let (X,F,4) be a Menger space with 4(x, y) =

min{x, y} for all x, y ∈ [0, 1], S and T be self mappings of X into itself such

that

i. S and T satisfy the property (E.A), and

ii. there exist a number k ∈ (0, 1) such that

FTu,Tv(kx)>min{FSu,Sv(x), FSu,Tu(x), FSv ,Tv(x), FSv ,Tu(x), FSu,Tv(x)}.

for all u, v ∈ X

If S(X) be a closed subset of X, then S and T have a coincidence point.

In 2013, S. Mantro, S. Kumar, S. S. Bhatia and S. M. Kang [125] established

following theorem:

Theorem 1.3.21. [125] Let f and g be weakly reciprocally continuous

self-mappings of a complete Menger space (X,F,4) satisfying

(i) f(X) ⊂ g(X).

(ii) there exists a number k ∈ (0, 1) such that

F (fx, fy, kt)>min{F (gx, gy, t), F (Fx, gx, t), F (fy, gy, t)}

for any x, y ∈ X and t > 0 . If f and g are either compatible or R-weakly

commuting of type (Ag) or R-weakly commuting of type (Af ) or R-weakly

commuting of type (P), then f and g have a unique common fixed point.
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In 2007, J. K. Kohli and S. Vashistha [115] proved the following common

fixed point results in Menger Space:

Theorem 1.3.22. [115] Let f and g be R-weakly commuting self mappings

of a Menger probabilistic metric space (X,F,4), where 4 denotes a con-

tinuous t-norm, satisfying conditions

(i) f(X) ⊂ g(x)

(ii) F (fx, fy, t)>r(F (gx, gy, t)), for all x, y in X,

where r : [0, 1] → [0, 1] is a continuous function such that r(t) > t for each

0 < t < 1, r(0) = 0 and r(1) = 1.

(iii) If there exist sequence {xn} and {yn} in X such that xn → x, yn → y

and t > 0, then F (xn, yn, t)→ F (x, y, t).

If one of the mapping f and g is continuous, then the mappings f and g

have a unique common fixed point.

Theorem 1.3.23. [115] Let (X,F,4) be a complete Menger space and let

A and S be self-mappings of X. Let the pair (A, S) be occasionally weakly-

compatible. If there exists a point k ∈ (0, 1) for all x, y ∈ X and t > 0, such

that

F (Sx, Sy, kt) > aF (Ax,Ay, t) + b min{F (Ax,Ay, t), F (Sx,Ax, t), F (Sy,Ay, t)}

where a, b > 0, a+ b > 1.

Then A and S have a unique common fixed point.

In 1991, S.N. Mishra [137] established following common fixed point theorem

by using compatible mapping in Menger space as:

Theorem 1.3.24. [137] Let (X,F, t) be a complete Menger space with

t(x, x)>x ,for all x ∈ [0, 1] and A,B, S, T : X → X be a mapping such

that

1) A(X) ⊂ T (X) and B(X) ⊂ S(X)
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2) the pairs (A, S) and (B, T ) are compatible mapping.

3) one of S and T are continuous, and

4) there exists a constant k ∈ (0, 1) such that

FAp,Bq(kx) ≥ t(FAp,Sp(x), t(FBq,Tq(x), t(FSp,Tq(x), t(FAp,Tq(αx), FBq,Sp(2− α)x)))))

for all p, q ∈ X, α ∈ (0, 2) and x > 0.

Then, A,B, S, T have a unique common fixed point in X.

In 1992, Y. J. Cho, P. P. Murthy and M. Stojakovic [45] have introduced

compatible mappings of type (A) established following common fixed point

theorem in Menger space as:

Theorem 1.3.25. [45] Let (X,F, t) be a complete Menger space with t(x, y) =

min{x, y} for all x, y ∈ [0, 1] and A,B, S, T : X → X be a mapping such

that

1) A(X) ⊂ T (X) and B(X) ⊂ S(X),

2) the pairs (A, S) and (B, T ) are compatible mappings of type (A),

3) one of A,B, S and T is continuous.

4) there exists a constant k ∈ (0, 1) such that

FAp,Bq(kx) ≥ min{FSp,Tq(x)2, FSp,Ap(x), FTq,Bq(x), FSp,Bq(2x),

FTq,Ap(x), FTq,Ap(x)FSp,Ap(x), FSp,Bq(2x)FTq,Bq(x)}

for all p, q ∈ X, and x > 0.

Then, A,B, S, T have a unique common fixed point in X.
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In 2018, S. Gupta, S. Kumar and G. K. Soni [71] established common fixed

point theorem in five self mappings as:

Theorem 1.3.26. [71] Let A,B, S, T and P be self maps on complete

Menger space(X,F, ∗) with t ∗ t>t for all t ∈ [0, 1], satisfying:

1) P (X) ⊆ AB(X), P (X) ⊆ ST (X);

2) there exists a constant k ∈ (0, 1) such that

MPx, Py(kt)>MABx, Px(t) ∗MPx, STy(t) ∗MABx, STy(t) ∗ MPx,ABx(t) ∗MPx, STy(t)

MSTy,ABx(t)

∗MABx, Py(3− α)t

for all x, y ∈ X, α ∈ (0, 3) and t > 0;

3) PB = BP , PT = TP , AB = BA, ST = TS;

4) A and B are continuous ; and

5) the pair (P,AB) is compatible( if compatible then it is weak compati-

ble).

Then, A,B, S, T and P have a unique common fixed point in X.

In 2005, B. Singh and S. Jain [196] have established common fixed point

theorem in Menger space by using weakly compatible mappings for three

pairs of self mappings as:

Theorem 1.3.27. [196] Let (X,F, t) be a complete Menger space with

t(a, a)>a ,for all a ∈ [0, 1] and A,B, S, T, L,M : X → X be a mapping

such that

1) L(X) ⊂ ST (X) and M(X) ⊂ AB(X)

2) AB = BA, ST = TS, LB = BL,MT = TM

3) the pairs (L,AB) is compatible mappings and (M,ST ) is weakly com-

patible mappings.
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4) Either AB or L is continuous, and

5) there exists a constant k ∈ (0, 1) such that

FLp,Mq(kx)≥ min{(FABp,Lp(x), FSTq,Mq(x), FSTq,Lp(αx), FABp,Mq(2−α)x), FABp,STq(x)}

for all p, q ∈ X, α ∈ (0, 2) and x > 0.

Then, A,B, S, T, L and M have a unique common fixed point in X.

In 2020, V. Gupta, M. S.Khan, B. Singh and S. Kumar [72] have established

followings fixed point theorems for Meir -Keeler Contractive conditions in

Menger Space :

Theorem 1.3.28. [72] Let (X,F, t) be a complete Menger space with t(a, b) =

min{a, b} for all a, b ∈ [0, 1] and A,B, S, T : X → X be a mapping such

that

1) A(X) ⊆ T (X) and B(X) ⊆ S(X),

2) for ε > 0 there exists δ ∈ (0, ε) such that for all x, y in X,

ε− δ < m(x, y, t)<ε⇒ F (Ax,By, t) > ε

where m(x, y, t) = min{F (Sx, Ty, t), F (Ax, Sx, t), F (By, Ty, t)},

3) one of A,B, S or T is complete subspace of X.

Then Av = z = Sv and Bw = z = Tv. Also, if the pair (A, S) as well

as (B, T ) are weakly compatible, then AZ = Bz = Sz = Tz = z, and z is

unique in X.

Theorem 1.3.29. [72] Let (X,F, t) be a complete Menger space with t(a, b) =

min{a, b} for all a, b ∈ [0, 1] and A,B, S, T : X → X be a mapping such

that

1) for ε > 0 there exists δ ∈ (0, ε) such that for all x, y in X,

ε− δ < m(x, y, t)<ε⇒ F (Ax,By, t) > ε

where m(x, y, t) = min{F (Sx, Ty, t), F (Ax, Sx, t), F (By, Ty, t)},
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2) pairs (A, S) and (B, T ) holds E.A. common property,

3) S or T is closed in X.

Then Au = r = Su and Bv = r = Tv. Also, if the pair (A, S) as well as

(B, T ) are weakly compatible, then Ar = Br = Sr = Tr = r and r is unique

in X.

In 2021, I. H. Jebril, S. K. Datta, S. Sarkar and N. G. Biswas [89] have

established followings common fixed point theorems in probabilistic metric

space using Lukasiecz t-norm and product t-norm:

Theorem 1.3.30. [89] Let A,B, P,Q : X → X be a self mapping in prob-

abilistic metric space satisfying

1) P (X) ⊂ B(X) and Q(X) ⊂ A(X)

2) FPx,Qy(kt)≥ max{FAx,By,4L(FPx,Ax(t), FQx,Bx(t))} for all x, y ∈ X, k ∈

(0, 1) and t > 0. where 4L is Lukasiecz t-norm ;

3) If one of P,B,Q and A is complete subset of X then (a) P and A

have a coincident point, (b) Q and B have a coincident point; and

4) pairs (P,A)and(Q,B) are weakly compatible.

Then, A,B, P and T have a unique common fixed point in X.

Theorem 1.3.31. [89] Let (X,F,4M) be a complete Menger space. More-

over, let (A, S) and (B, T ) be point wise R weakly commuting self pairs of

mappings of X satisfying

1) A(X) ⊆ T (X) and B(X) ⊆ S(X)

2) 4P (FAu,Bv(ht), FBv,Tv(ht))≥ 4P (FSu,Tv(t), FAu,Su(t))

for all u, v ∈ X, h ∈ (0, 1) and t > 0 and P is the product t− norm on 4.

If one of the mappings in compatible pair (A, S) or (B, T ) is continuous ,

then A,B, S, T have a unique common fixed point.
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1.3.3 Interrelation between contraction mappings in

probabilistic metric space

In Metric space, If (X, d) be a metric space and f : X → X. Then, there

exists b ∈ (0, 1) such that

d(fp, fq)<b d(p, q), for every p, q ∈ X, (1.6)

f is a contraction mapping, say, b− contraction. And for every b− contrac-

tion mapping on complete metric space has one and only one fixed point

which is called Banach contraction principle or b- contraction principle [37].

As its generalization in probabilistic metric space, V. M. Sehgal and A. T.

Bharucha Reid [185] introduced b- contraction:

A mapping f : X → X is a contraction mapping (or a SB - Contraction

mapping or b- contraction) on probabilistic metric space (X,F ) if and only

if there is b ∈ (0, 1) such that

Ffp,fq(x)>Fp,q(x/b), forevery p, q ∈ X and x ∈ R (1.7)

The inequality (1.7) is a generalization of inequality (1.6). In order to prove

that (1.6) implies (1.7). We just recall that every metric space (X, d) is also

a Menger space (X,F, Tm), if F is defined in the following way:

Fp,q(x) =

1 if d(p, q) < x,

0 if d(p, q)>x for x ∈ R.
(1.8)

Suppose that f : X → X is such that (1.6) holds and prove that (1.7) is

satisfied i.e., for every x > 0, we have

Fp,q (
x

b
) = 1⇒ Ffp, fq(x) = 1.

55



If Fp,q(
x
b
) = 1, then d(p, q) < x

b
and (1.6) implies

d(fp, fq) < b.
x

b
= x,

which means that

Ffp,fq(x) = 1.

[34]

In 2001, Dorel Mihet [133] defined following contractions in his Doctoral

thesis:

Definition 1.3.1. [133] Let (X,F ) be probabilistic metric space and (qn), n ∈

N an increasing sequence from (0, 1) such that limn→∞qn = 1. A mapping

f : X → X is a strict (qn)− probabilistic contraction if there exist

b = bn ∈ (0, 1), we have

Fp, q(x) > qn =⇒ Ffp, fq(bnx) > qn, for all p, q ∈ X, ∀x > 0.

The class of qn- probabilistic contraction is strictly larger than the class of

probabilistic b-contraction.

Theorem 1.3.32. [133] Let (X,F, t) be a complete Menger space, t be a T -

norm of type H and f : X → X a strict qn- probabilistic contraction. Then,

there exist a unique fixed point x ∈ X of the mapping f and x = lim
n→∞

fnp

for every p ∈ X.

In 1970, L. F. Guseman [73] defined following locally contraction in PM

space:

Definition 1.3.2. [73] Let (X,F ) be probabilistic metric space . A mapping

f : X → X is a probabilistic (q, n)− locally contraction q ∈ (0, 1), if for

every x ∈ X there exists n(x) ∈ N such that for every y ∈ X and t ∈ R :

Ffn(x)x, fn(x)y(qt)>Fx, y(t).
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In 1996, S. S. Chang, B. S. Lee, Y. J. Cho, Y. Q. Chen, S. M. Kang and J. S.

Jung [32] defined generalized contraction mapping and established following

theorem:

Definition 1.3.3. [32] Let (X,F ) be probabilistic metric space and f : X →

X. Then, f is generalized b- contraction if for every x, y ∈ X and every

α, β > 0:

Fx,y(α) > 0, Fx,y(β) < 1 =⇒ Ffx,fy(t)>Fx,y(
t

L(α, β)
), for every t > 0,

where L : R+ × R+ → (0, 1).

Theorem 1.3.33. [32] Let (X,F, Tm) be a complete Menger space and f :

X → X be such that following implication holds for every x, y ∈ X and

every α, β > 0:

Fx,y(α) > 0, Fx,y(β) < 1 =⇒ Ffx,fy(t)>Fx,y(
t

L(α,β)
), for every t > 0,

where L : R+ × R+ → (0, 1). Then, f has a unique fixed point.

As a generalization of the notion of a probabilistic B-contraction, the notion

of a probabilistic (m, k) - B-contraction where m>1 and k ∈ (0, 1) is

Definition 1.3.4. [136] If (S, ϕ) is a PSM-space, m>1 and k ∈ (0, 1), a

function f : S → S is called probabilistic (m, k)-B-contraction if for any

p, q ∈ S there is an i with 1< i < m such that for every t > 0,

Ff i, f i q (ki t)>Fp,q(t).

If m = 1 and k ∈ (0, 1) then a probabilistic (1 − k) − B-contraction f is a

probabilistic B-contraction.

As a generalization of C-contraction, we have

Definition 1.3.5. [75] A mapping f : X → X is a generalized C- con-

traction of Krasnoselski’s type if for each pair of real numbers (a, b), with

0 < a < b, there exists L(a, b) ∈ (0, 1) such that for every x, y ∈ X if
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a< 1− Fx,y(a) and 1− Fx,y(b+)<b, then following implications holds

for every t > 0:, Fx,y(t) > 1− t =⇒ Ffx,fy(L(a, b)t) > 1− L(a, b)t

Theorem 1.3.34. [75] Let (X,F, T ) be a complete Menger space, where

T >TL. If f : X → X is a generalized C -contraction of Krasnoselski’s

type, then there exists a unique fixed point of the mapping f which is globally

attractive.

D. Mihet [135] weakens the Hick’s contraction as:

Definition 1.3.6. [135] Let S be a nonempty set and F be a probabilistic

distance on S. A mapping f : S → S is a said to be a weak - Hicks contrac-

tion (w-H contraction) if there exists k ∈ (0, 1) such that, for all p, q ∈ S.

(w −H) : t ∈ (0, 1), Fpq(t) > 1− t⇒ Ff(p)f(q)(kt) > 1− kt.

The notion of (Ψ, C)-contraction, where Ψ : [0,∞) → [0,∞) is a multi

valued generalization of C contraction defined as:

Definition 1.3.7. [149] Let (X,F ) be probabilistic metric space and f :

X → 2X . The mapping f is called a (Ψ, C)-contraction, where Ψ : [0,∞)→

[0,∞), if for every x, y ∈ X and every t > 0 the following implications holds:

Fx,y(t) > 1− t =⇒ (∀u ∈ fx)(∃v ∈ fy)Fu,v(Ψ(t)) > 1−Ψ(t).

If Ψ(t) = kt, t > 0, k ∈ (0, 1), then (Ψ, C)-contraction f : X → X is a

C-contraction.

Definition 1.3.8. [136] If (S, ϕ) is a PSM - space, m> 1 and k ∈ (0, 1), a

function f : S → S is called a (m,k)-C-contraction if for any p, q ∈ S there

is an i with l < i<m such that for every t > 0, we have

Fp,q(t) > 1− t⇒ Ff ip,f iq(k
it) > 1− kit.

If m = 1 and k ∈ (0, 1) then a probabilistic (1, k) − C-contraction f is a

probabilistic C-contraction.

58



In 2004, I. Goelet [70] introduced g- contraction mapping as generalization

of C- contraction as:

Definition 1.3.9. [70] Let f, g be two mappings defined on a Menger space

(S, F, T ) with values into itself and let us suppose that g is bijective. The

mapping f is called a probabilistic g-contraction with a constant k ∈ (0, 1)

if

t > 0 and Fg(x), g(y)(t) > 1− t implies Ff(x), f(y)(kt) > 1− kt.

The notion of g-contraction is justified because the images of two points x, y

under the function f are nearer than images of the same points under the

functions g.

Theorem 1.3.35. [70] Let g be a injective mapping defined on a Menger

space (S, F, T ) into self. Then the following statements are true:

a) The mapping F g defined on S × S with values in D+, by F g(x, y) =

Fg(x),g(y) is a probabilistic metric on S, that is, (S, F g, T ) is a Menger space

under the same t-norm T .

b) If S1 = g(s) and (S1, F, T ) is a complete Menger space then (S, F g, T ) is

also a complete Menger space .

c) If (S1, F, T ) is compact, then (S, F g, T ) is also compact.

Theorem 1.3.36. [70] Let g be a injective mapping defined on a Menger

space (S, F, T ) into itself. Then the following statements are true:

a) The mapping F g defined on S×S with values in D+, given by F g(x, y) =

Fg(x),g(y) is a probabilistic metric on S, that is, (S, F g, T ) is a Menger space

under the same t-norm T .

b) If S1 = g(s)and(S1, F, T ) is a complete Menger space then (S, F g, T ) is

also a complete Menger space .

c) If (S1, F, T ) is compact, then (S, F g, T ) is also compact.
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Theorem 1.3.37. [70] If f is a probabilistic g-contraction, then we have:

a) f is a continuous mapping on (S, F g, T ) with values in(S, F, T ).

b) g−1of is a continuous mapping on (S, F g, T ) with values into itself.

The above concept of probabilistic g-contraction is a generalization of Hick’s

probabilistic contraction [78] which can be obtained when g is considered to

be an identity on the Menger space (X,F, T ).

Theorem 1.3.38. [70] If f and g are two mappings defined on a complete

Menger space (S, F, T ) with values into itself, g is bijective and f is a g-

contraction, there exists a unique point p ∈ S such that f(p) = g(p), (p

is considered a fixed point of the probabilistic g- contraction f). Moreover,

p = lim
n→∞

xn, where the sequence (xn)n>1 is defined by recurrence relation

g(xn+1) = f(xn).

Theorem 1.3.39. [70] If f and g are two mappings defined on a com-

plete metric space (S, d) with values into itself, g is bijective and f is a

g-contraction, that is, there exists a constant k ∈ (0, 1) such that

d(f(x), f(y))<k d (g(x)), g(y)),

for every x, y ∈ S, then there exists a unique point p ∈ S such that f(p) =

g(p).

As an interrelation between contractions on PM space, contractions B-

and C-contractions are independent. B. Schweizer, H. Sherwood and R.M.

Tardff [180] shows that an Hicks- contraction (C) need not be a B -contraction.
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Example 1.3.1. [180] Let S = {0, 1, 2, ...} and, for p 6= q, wedefine F :

S × S →4+where4+ is all set of distribution function by

Fpq(x) = Fqp(x) =


0 x< 2−min(p,q)

1− 2−min(p,q) 2−min(p,q) < x< 1

1, 1 < x.

Then, (S, F, τM) is PM - space. We define f : S → S such that f(r) = r+1

then since

τM >τWand β (fp, fq) =
1

2
β(p, q),

so f is H-contraction.

Next, let γ be any number in (0, 1) and we choose x ∈ (1, 1/γ). Then γx < 1

such that

Ff(0) f(1) (y(x)) = F12(γ x)<
1

2
< 1 = F01(x),

where f is not a B-contraction on (S, F ).

It is noted that M is the strongest t- norm. The following lemma [180]

shows that notion of a B-contraction is some times stronger than that of an

H-contraction in PM space.

Lemma 1.3.1. [180] If f is a B-contraction on a probabilistic metric space

(S, F ) and if the distribution function F (fp, fq) is strictly increasing on [0, 1],

then

β(fp, fq) < β(p, q).

Proof. We find η such that

0 < η <
1− γ
γ

β(p, q).

Then, we have

β(p, q) > γ [β(p, q) + η].
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Since Ffp,fq is strictly increasing on [0,1], so 0<β(p, q)< 1, and since f is a

B-contraction, so we have

β(fp, fq) = Ffp,fq (β(p, q)) > Ffp,fq (γ [β(p, q)+η]) >Fpq (β(p, q)+n > 1−β(p, q).

This implies that β(fp, fq) < β(p, q). This completes the proof.

Following examples show that every B- contraction is not an H- contraction

in general:

Example 1.3.2. [180]. Let S = {p, q, r} and let F : S × S → 4+ where

4+ is all set of distribution function, defined by

Fpr(x) = Frp(x) = Frq(x) = Fqr(x) =


0 ifx< 0

1/2 if0 < x < 2

1, ifx > 2

and

Fpq(x) = Fqp(x) =


0 ifx< 0

1/2 if0 < x< 3/2

1, ifx > 3/2

It is again straightforward to show that (S, F, τM) is a PM space. we define

f as follows: f(p) = f(q) = p and f(r) = q. Since, Fpq(3x/4) = Fpr(x) for

all x, it follows at once that f is a B- contraction on (S, F ). By theorem, f

is not an H-contraction because β{fp, fr} = β{p, q} = 1/2 = β{p, r}.

The difference between this type of contractions and Hicks C-contractions

has nicely been illustrated by V. Radu [164] in the following example:

Example 1.3.3. [164] Let X be a set containing at least two elements.

Consider the discrete Menger space under TM determined (for x 6= y) by
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the probabilistic metric defined by

fxy(t) =

0, ift<1

1, ift > 1.

Then any mapping A : X → X is a weak-Hicks contraction, while the only

Hicks C-contraction on (X,F, TM) are the constant mappings.

The Probabilistic g-contraction is Hicks C-contraction when g = I an iden-

tity mapping. Since C-contraction need not be B-contraction. So, Proba-

bilistic g-contraction need not be B-contraction. Moreover, C-contraction

is an extension of B- contraction in probabilistic metric space.

The generalizations of B and C- contractions and their interrelation and

fixed point results in single mapping in probabilistic metric space have been

published in following journals:

(i) American Journal of Mathematics and Statistics 2019, 9(5):

199-202.

(DOI: 10.5923/j.ajms.20190905.03) and

(ii) International Journal of Mathematics And its Applications,

7(4)(2019), 23-30.

(Available Online: http://ijmaa.in/)
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Chapter 2

Compatible mappings of type

(K) and Common fixed point

theorems in probabilistic

metric space

This chapter includes the notion of compatible mappings of type (K) in

Menger probabilistic metric space and also some common fixed point theo-

rems for two pairs of self mappings using Meir-Keeler contractive condition

in this space.

2.1 Introduction

The notion of compatible mappings is the generalization of commutative

mappings. This concept was introduced by G. Jungck [96] in metric space

and established common fixed point theorems. In 1991, S. N. Mishra [137]

introduced the notion of compatible mappings in Menger probabilistic met-

ric and established a common fixed point theorem in this space.
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And gradually different compatible mappings types like A, B, C, E, P , and

R have introduced and established common fixed point theorems by using

these compatible mappings. In 2014, K. Jha, V. Popa, and K. B. Manand-

har introduced new compatible mappings of type (K) in metric [94] and

in fuzzy metric space [123], [122] and also established some common fixed

point theorem in four self-mappings.

Recently, in 2020, V, Gupta, and B. Singh, M. S. Khan and S. Kumar [72]

and in 2021, R. K. Bisht and V. Rakocevic [13] have established common

fixed point theorems using A. Meir and E. Keeler contractive condition in

Menger space.

In this chapter, we extend compatible mappings of type (K) in Menger

space and have established a new common fixed point theorem using Meir

-Keeler contractive condition in four self-mappings with example.

2.2 Basic Definitions

In 1969, A. Meir and E. Keeler [126] introduced following contraction in

metric space:

Definition 2.2.1. [126] Let (X, d) be a metric space and Q : X → X

be self mapping. Then mapping Q is said to be Meir- Keeler or (ε, δ)

contraction mapping if for every ε > 0 there exists δ > 0 such that

ε ≤ d(x, y) < ε+ δ =⇒ d(Qx,Qy) < ε.

In 1999, R. P. pant defined reciprocal continuous in metric space as:

Definition 2.2.2. [146] Two self mappings Q and R of a metric space

(X, d) are said to be reciprocally continuous on X if

lim
n→∞

QRxn = Qt and lim
n→∞

RQxn = Rt

whenever {xn} is a sequence in X such that limn→∞Qxn = limn→∞Rxn = t

for some t in X.
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In 2007, M. R. Singh and Y. R. Singh [172] introduced following compatible

mapping in metric space:

Definition 2.2.3. [172] Two self mappings Q and R of a metric space

(X, d) are said to be compatible mappings of type (E), if

lim
n→∞

QQxn = lim
n→∞

QRxn = R(t) and

lim
n→∞

RRxn = lim
n→∞

RQxn = Q(t),

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = t for some t ∈ X.

The new notion of compatible mappings of type (K) in metric space was

introduced by K. Jha, V.Popa, and K.B. Manandhar [94]in 2014.

Definition 2.2.4. [94] Two self mappings Q and R of a metric space (X, d)

are said to be compatible mappings of type (K) if

lim
n→∞

QQxn = Rt and lim
n→∞

RRxn = Qt,

whenever {xn} is a sequence in X such that lim
n→∞

Qxn = lim
n→∞

Rxn = t for

some t in X.

Example 2.2.1. [94] Let X = [0, 2] with the usual metric d(x, y) = |x− y|.

We define self-mappings Q and R as Qx = 2, Rx = 0 for x ∈ [0, 1] − 1/2,

Qx = 0, Rx = 2 for x = 1
2

and Qx = 2−x
2

, Rx = x
2

for x ∈ (1, 2].

Then, Q and R are not continuous at x = 1, 1/2.

So, (Q,R) is compatible mappings of type (K).

In 2005, B. Singh and S. Jain [196] introduced weakly compatible mappings

in PM space as:
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Definition 2.2.5. [196] Two mappings Q,R : X → X are said to be weakly

compatible mappings in PM space (X,F ) if they commute at their coin-

cidence points i.e. Qx = Rx for some x ∈ X, then QRx = RQx.

In 2008, I. Kubiaczyk and S. Sharma [116] defined following property:

Definition 2.2.6. [116] Two mappings Q,R : X → X are said to satisfy

E. A. Property in PM space (X,F ) if their exists a sequence xn in X

such that lim
n→∞

Qxn = lim
n→∞

Rxn = x for some x in X.

Definition 2.2.7. [37] Let (X,F, T ) be a Menger space and T be a con-

tinuous t-norm. Then,

(1) A sequence {xn} in X is said to be converge to a point x in X (written

xn → x) iff for every ε > 0 and λ ∈ (0, 1), there exists an integer N such

that Fxn,x(ε) > 1− λ for all n>N.

(2) A sequence {xn} in X is said to be a Cauchy if for every ε > 0 and

λ ∈ (0, 1), there exists an integer N such that Fxn,xm(ε) > 1 − λ for all

n,m>N.

(3) A Menger space in which every Cauchy sequence is convergent is said

to be complete Menger space.

We have extended the following definition of compatible mappings of type

(K) in Menger space.

Definition 2.2.8. [38] Two mappings Q,R : X → X are said to be com-

patible mappings of type (K) in Menger space (X,F, t) iff

lim
n→∞

FQQxn,Rz(t) = 1 and lim
n→∞

FRRxn,Qz(t) = 1 for all t > 0

whenever {xn} is a sequence in X such that lim
n→∞

Qxn = lim
n→∞

Rxn = z for

some z in X.
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Example 2.2.2. [38] Let (X, d) be a metric space where X = [0, 2] and let

(X,F, t) be Menger space with

Fx,y(t) =


t

t+ d(x, y)
for t > 0

0 for t = 0

for all x, y ∈ X. Let Q,R : X → X be defined by

Q(x) =


2 for x ∈ [0, 1]− 1

2

0 for x = 1
2

2−x
2

for x ∈ (1, 2]

and

R(x) =


0 for x ∈ [0, 1]− 1

2

2 for x = 1
2

x
2

for x ∈ (1, 2]

Taking sequence {xn} where xn = 1 + 1
n
, n ∈ N .

Then, it is neither compatible mappings of type (A) nor compatible map-

pings of type (P ) but (Q,R) is compatible mappings of type (K).
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2.3 Some common fixed point theorem in

Menger probabilistic metric space

In 1969, A. Meir and E. Keeler [126] proved the following very interest-

ing fixed point theorem, which is one of the generalizations of the Banach

contraction principle [10].

Theorem 2.3.1. [126] Let (X, d) be a complete metric space and A be a

Meir- Keeler or (ε, δ) contraction on X, i.e., if for every ε > 0 there

exists δ > 0 such that

ε ≤ d(x, y) < ε+ δ =⇒ d(Ax,Ay) < ε. Then, A has a unique fixed point.

In 2004, R. P. Pant, V. Pant and V. P. Pandey [162] established following

theorems:

Theorem 2.3.2. [162] Let (A, S) and (B, T ) be compatible pairs of self-

mappings of a complete metric space (X, d) such that

1. A(X) ⊂ T (X) and B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y ∈ X,

ε < M(x, y) < ε+ δ ⇒ d(Ax, By)<ε

where M(x, y) = max
{
d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty)+d(Sx,By)

2

}
,

3. d(Ax,By) < max
{
d(Sx, Ty), k d(Ax, Sx)+d(By, Ty)

2
, d(Ax, Ty)+d(Sx,By)

2

}
for 0 < k ≤ 2

Suppose that the mappings in one of the pair (A, S) or (B, T ) are reciprocal

continuous. Then A, B, S and T have unique common fixed point.

In 2005, K. Jha , R. P. Pant and S. L. Singh[93] established following theo-

rems for compatible pairs of mappings in complete metric space.

Theorem 2.3.3. [93] Let (A, S) and (B, T ) be compatible pairs of self-

mappings of a complete metric space (X, d) such that
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1. A(X) ⊂ T (X) and B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y ∈ X,

ε<M(x, y) < ε+ δ ⇒ d(Ax,By) < ε

3. d(Ax,By) < [k[d(Sx, Ty) + d(Ax, Sx) + d(By, Ty) + d(Ax, Ty)]

for 0 ≤ k1 < 1/3.

where, M(x, y) = max
{
d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Sx+By)+d(Ax+Ty)

2

}
If one of the mappings A,B, S and T is continuous then A,B, S and T have

unique common fixed point.

In 2014, K. Jha, V. Popa and K. B. Manandhar [94] have established fol-

lowing theorem using Compatible mappings of type (K) in metric space

as:

Theorem 2.3.4. [94] Let (X, d) be a complete metric space and A, B, S

and T be a self mappings of X satisfying the following conditions:

1. A(X) ⊂ T (X), B(X) ⊂ S(X),

2. Given ε > 0 there exists δ > 0 such that for all x, y in X,

ε < M(x, y) < ε+ δ ⇒ d(Ax,By) ≤ ε and

d(Ax,By) < M(x, y)

where M(x, y) = Max [d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty)]

3. S and T are continuous.

If (A, S) and (B, T ) compatible mappings of type (K), then A,B, S and T

have a unique common fixed point.

In 2019, The following theorem established by R. P. Pant, A. Pant, M.

Nikoli and S. N. Jevic [148] in Menger space:

Theorem 2.3.5. [148] Let (X,F, t) be a complete Menger space,and let f

be self-mappings of X satisfying one of the following conditions:
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(i) for every ε ∈ (0, 1), there exists δ ∈ (0, ε] such that

ε− δ < min{(Fx,gx(t), Fy,gy(t)} < ε implies F (gx, gy, t)>ε

(ii) Fgx,gy(t) > min{(Fx,gx(t), Fy,gy(t)}

or,

(i) for every ε ∈ (0, 1), there exists δ ∈ (0, ε] such that

ε− δ < min{(Fx,gx(t), Fy,gy(t)} < ε implies F (gx, gy, t) > ε

for all x, y ∈ X. Then, for any x ∈ X the sequence of iterates {gnx}, n ∈ N

is a cauchy sequence and there exists a point z in X such that limn→∞ gnx =

z for each x ∈ X.

Using Meir- Keeler contractive condition, V. Gupta, B. Singh, M.. S. Khan

and S. Kumar [72]established followings common fixed point theorem in

Menger space in 2020.

Theorem 2.3.6. [72] Let (X,F, t) be a complete Menger space with t(a, b) =

min(a, b) for all a, b ∈ [0, 1] and A,B, S, T : X → X be four self mappings

such that

(i) A(X) ⊆ T (X) and B(X) ⊆ S(X);

(ii) for every ε > 0, and for all x, y ∈ X, there exists δ ∈ (0, ε]

such that ε− δ < m(x, y, t) ≤ ε implies F (Ax,By, t)>ε, where

m(x, y, t)= min{(F (Sx, Ty, t), F (Ax, Sx, t), F (By, Ty, t)}

for all t > 0, and

(iii) one of A(X), B(X), S(X) or T (X) is complete subspace of X.

Then, Av = z = Sv and Bw = z = Tv. Also, if the pair (A, S) as well

as (B, T ) are weakly compatible then Az = Bz = Sz = Tz = z, and z is

unique in X.
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Theorem 2.3.7. [72] Let (X,F, t) be a complete Menger space with t(a, b) =

min(a, b) for all a, b ∈ [0, 1] and A,B, S, T : X → X be four self mappings

such that

(i) A(X) ⊆ T (X) and B(X) ⊆ S(X);

(ii) for every ε > 0, and for all x, y ∈ X, there exists δ ∈ (0, ε]

such that ε− δ < m(x, y, t) ≤ ε implies F (Ax,By, t)>ε, where

m(x, y, t)= min{(F (Sx, Ty, t), F (Ax, Sx, t), F (By, Ty, t)}

for all t > 0;

(iii) (A, S) and (B, T ) holds E.A. common property, and

(iv) S(X) or T (X) are closed in X.

Then, Au = r = Su and Bv = z = Tv. Also, if the pair (A, S) as well as

(B, T ) are weakly compatible then Ar = Br = Sr = Tr = r, and r is unique

in X.

2.3.1 Common fixed point theorem using compatible

mapping of type (K) in Menger probabilistic

metric space

We now introduce new theorem in Menger space by using compatible map-

ping of type (K) under Meir- Keeler contractive condition. The following

lemma need to prove our main result:

Lemma 2.3.1. [38] Let {xn} be a sequence in Menger space (X, F, t), where

t is continuous T−norm and t(x, x) >x for all x ∈ [0, 1]. If there exists a

constant k ∈ (0, 1) such that lim
n→∞

Fxn, xn+1(kt)>Fxn−1, xn(x), for all t > 0

and n ∈ N , then {xn} is a Cauchy sequence in X.
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Lemma 2.3.2. [196] Let (X,F, t) be a Menger space. If there exists k ∈

(0, 1) such that for all p, q ∈ X, F p,q(kt)>F p,q(t) then p = q.

Now, we prove our main theorem by using compatible mappings of type (K)

in complete Menger space:

Theorem 2.3.8. Let (X,F, t) be a complete Menger space with t(a, b) =

min(a, b) for all a, b ∈ [0, 1] and A,B, S, T : X → X be four self mappings

such that

(2.1) A(X) ⊂ T (X) and B(X) ⊂ S(X),

(2.2) the pairs (A, S) and (B, T ) are compatible mappings of type (K),

(2.3) S and T be continuous, and

(2.4) there exists a constant k ∈ (0, 1) and for every ε ∈ (0, 1), there exists

δ ∈ (0, ε] such that ε − δ < Mx, y < ε implies FAx,By(kt)>ε and

FAx,By(kt)≥ Mx, y(t) where

Mx, y(t)= min{(FSx, Ty(t), FAx, Sx(t), FBy, Ty(t), FAx, Ty(t)}

for all x, y ∈ X and t > 0.

Then, A, B, S and T have a unique common fixed point in X.

Proof. Consider x0 ∈ X. From condition (2.1), we have

A(X) ⊂ T (X)and B(X) ⊂ S(X). So if there exists a point x1 in X such

that Ax0 = Tx1. And for x1 ∈ X there exist x2 ∈ X such that Bx1 = Sx2

and so on. And inductively, we may construct sequence {yn} in X such that

y2n−1 = Ax2n−2 = Tx2n−1,

and y2n = Bx2n−1 = Sx2n, for n = 1, 2, 3...

Putting x = x2n and y = x2n+1 in condition (2.4), We get
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Fy2n+1,y2n+2(kt) = FAx2n,Bx2n+1(kt)

≥ min{(FSx2n,Tx2n+1(t), FAx2n,Sx2n(t), FBx2n,Tx2n+1(t), FAx2n,Tx2n+1(t)}

≥ min{(Fy2n,y2n+1(t), Fy2n+1,y2n(t), Fy2n+2,y2n+1(t), Fy2n+1,y2n+1(t)}

≥ min{(Fy2n,y2n+1(t), Fy2n+1,y2n+2(t)}

So, Fy2n+1,y2n+2(kt)>Fy2n,y2n+1

Therefore, for every n ∈ N, Fyn, yn+1(kt)>Fyn−1, yn

So, by Lemma (2.3.1), {yn} is Cauchy sequence in X.

Since the Menger space (X,F, t) is complete, so {yn} converges to a point

z in X and consequently the sub sequences

{Ax2n−2} , {Sx2n} , {Bx2n−1} and {Tx2n−1}, also converges to z.

Since S and T are continuous and (A, S) and (B, T ) are compatible map-

pings of type (K). So, we have

AAx2n−2 → Sz and SSx2n → Az. Also BBx2n−1 → Tz

and TTx2n−1 → Bz. .............................. (2.1)

Also, from condition (2.4), we get

FAAx2n−2,BBx2n−1(kt)

≥min{(FSAx2n−2,TBx2n−1(t), FAAx2n−2,SAx2n−2(t), FBBx2n−1,TBx2n−1(t), FAAx2n−2,TBx2n−1(t)}

As n→∞ and by using equation (2.1), we have

FSz,Tz(kt)≥min{(FSz,Tz(t), FSz,Sz(t), FTz,Tz(t), FSz,Tz(t)}

or, FSz,Tz(kt)≥FSz,Tz(t)

From Lemma (2.3.2), we get

Sz = Tz .............................................(2.2)

Again, from (2.4) condition, we have

FAz,BBx2n−1(kt)≥min{(FSz,TBx2n−1(t), FAz,Sz(t), FBz,TBx2n−1(t), FAz,TBx2n−1(t)}

Taking n→∞ and using equation (2.1) and (2.2), we get
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FAz,Tz(kt)≥min{(FSz,Sz(t), FAz,Tz(t), FTz,Tz(t), FAz,Tz(t)}

or, FAz,Tz(kt)≥ FAz,Tz(t)

From Lemma (2.3.2) , we get

Az = Tz .................................(2.3)

Then, from equation (2.2) and (2.3), we obtain

FAz,Bz(kt)≥min{(FSz,Tz(t), FAz,Sz(t), FBz,Tz(t), FAz,Tz(t)}

or, FAz,Bz(kt)≥min{(FAz,Az(t), FAz,Az(t), FBz,Az(t), FAz,Az(t)}

or, FAz,Bz(kt)≥ FAz,Bz(t). So, we get

Az = Bz ........................................(2.4)

From equation (2.2), (2.3) and (2.4), we get

Az = Bz = Tz = Sz .........................................(2.5)

Now, we have to show that Az = z.

From condition (2.4), we have

FAz,Bx2n−1(kt)≥min{(FSz,Tx2n−1(t), FAz,Sz(t), FBx2n−1,Tx2n−1(t), FAz,Tx2n−1(t)}

Taking n→∞ and using equation (2.2) and (2.3), we get

FAz,z(kt)≥min{(FSz,z(t), FAz,Sz(t), Fz,z(t), FAz,z(t)}

≥min{(FAz,z(t), FAz,Az(t), Fz,z(t), FAz,z(t)}

or, FAz,z(kt)≥ FAz,z(t)

or, by Lemma (2.3.2) Az = z

Hence, from equation (2.5), we get

z = Az = Bz = Tz = Sz and z is a common fixed point of A,B, S, and T .

Uniqueness: Suppose w 6= z is another common fixed point of A,B, S,

and T . Then Aw = Bw = Sw = Tw = w.
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Therefore, from condition (2.4), we have

Fz,w(kt) = FAz,Bw(kt)≥min{(FSz,Tw(t), FAz,Sz(t), FBw,Tw(t), FAz,Tw(t)}

or, Fz,w(kt)≥min{(Fz,w(t), Fz,z(t), Fw,w(t), Fz,w(t)}

or, Fz,w(kt)≥ Fz,w(t)

By Lemma (2.3.2), we get z = w. Hence, z = Az = Bz = Tz = Sz and z

is unique in X. This completes the proof.

We verify our main Theorem (2.3.8) through following example:

Example 2.3.1. Let (X,F, t) be a complete Menger space with

t(x, y) = min(x, y) for all x, y ∈ [0, 1] where X = [1, 10] with metric d

defined by d(x, y) = |x− y| and F is defined by

Fx,y(t) =


t

t+d(x,y)
for t > 0

0 for t = 0

for all x, y ∈ X. We define A,B, S, T : X → X as:

A(x) =

1 for x<4

2 for x > 4,

B(x) =

1 for x<5

2 for x > 5

and S(x) = T (x) = x for all x ∈ X. Taking sequence {xn} where xn =

1 + 1
n
, n ∈ N . Then, the mappings A,B, S and T satisfy all the conditions

of the above Theorem (2.3.8) and have a unique common fixed point at x = 1.

Our main result help to prove following corollary:

If we take in theorem (2.3.8) A = B, T = S then we obtain following result:

Corollary 2.3.1. Let A and S be self-mappings in complete Menger space

(X,F, t) with continuous t(x, y) = min(x, y) for all x, y ∈ [0, 1] satisfying

the following conditions:
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(2.1) A(X) ⊂ S(X)

(2.2) the pairs (A, S) be compatible mappings of type (K),

(2.3) S be continuous, and

(2.4) there exists a constant k ∈ (0, 1) and for every ε ∈ (0, 1), there ex-

ists δ ∈ (0, ε] such that ε − δ < Mx,y < ε implies FAx,Ay(kt)>ε and

FAx,Ay(kt)≥ Mx,y(t)

where Mx,y(t)= min{(FSx,Sy(t), FAx,Sx(t), FAy,Sy(t), FAx,Sy(t)}

for all x, y ∈ X and t > 0. Then, A and S have a unique common fixed

point in X.

Remarks: Our result Theorem (2.3.8) generalize the results of Jungck et.al

[101], Meir Keeler [126] and K. Jha et al [94]. Also, this result improves other

similar results in the literature.

The above Theorem (2.3.8) has been published in

Advances in Mathematics: Scientific Journal 11 (2022), no.10,

883-892.

(https://doi.org/10.37418/amsj.11.10.6)
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Chapter 3

Compatible and Weakly

compatible mappings of type

(P ) in probabilistic metric

space

This chapter includes compatible mappings of type (P ) in Menger proba-

bilistic metric space with common fixed point theorem. Also, we study the

notion to weakens compatible mapping of type (P ) in Menger space that is

introducing weakly compatible mapping of type (P ) in Menger probabilistic

metric space and established new common fixed point theorem in four self

mappings with verification through example.

3.1 Introduction

In 1982, S. Sessa [187] introduced the notion of weakly commuting mappings

in metric space in 1982. In 1986, G. Jungck [96] enlarged this concept

to compatible mappings. The notion of compatible mappings in Menger
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space has been introduced by S. N. Mishra [137]. Also, G. Jungck and B.

E. Rhoades [102] introduced the notion of weak compatibility and showed

that compatible mappings are weakly compatible mappings but the reverse

is always not true. B. Singh and S. Jain [196] generalized the notion of

compatible maps by introducing the notion of weakly compatible mappings

and established a common fixed point theorem for six self-mappings.

Here, we extends compatible mappings of type (P ) in Menger probabilistic

metric space which is introduced by H. K. Pathak, Y. J. Cho, S. S. Chang,

and S. M. Kang [154] in metric space. Also, we give new notion of weakly

compatible mapping of type (P ) in Menger space with establishing common

fixed point theorem in this section.

3.2 Basic Definitions

In 1991, S. N. Mishra [137] introduced compatible notion in Menger space:

Definition 3.2.1. [137] Two mappings Q,R : X → X are said to be com-

patible mappings in Menger space (X,F, t) iff

lim
n→∞

FQRxn,RQxn(t) = 1 for all t > 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

In 2005, B. Singh and S. Jain [196] introduced following weakly compatible

notion in Menger space:

Definition 3.2.2. [196] Two mappings Q,R : X → X are said to be weakly

compatible mappings in Menger space (X,F, t) if they commute at their

coincidence points i.e. Qx = Rx for some x ∈ X, then QRx = RQx.

In 1992, Y. J. Cho, P. P. Murthi and M. Stojakovic [45] extended compatible

Mappings of type (A) in Menger space as:
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Definition 3.2.3. [45] Two mappings Q,R : X → X are said to be com-

patible Mappings of type (A) in Menger space (X,F, t) iff

lim
n→∞

FQRxn,RRxn(t) = 1

and

lim
n→∞

FRQxn,QQxn(t) = 1

for all t > 0 whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

In 1995, H. K. Pathak, S. M. Kang and J. H. Beak [155] introduced weakly

compatible mappings of type (A) in Menger space as :

Definition 3.2.4. [155]Two mappings Q,R : X → X are said to be Weak

compatible Mappings of type (A) in Menger space (X,F, t) iff

lim
n→∞

FQRxn,RRxn(t)> lim
n→∞

FRQxn,RRxn(t)

and

lim
n→∞

FRQxn,QQxn(t)> lim
n→∞

FQRxn,QQxn(t)

for all t > 0 whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

In 1996, H. K. Pathak, Y. J. Cho, S. S. Chang, and S. M. Kang [154]

introduced compatible mappings of type (P ) in metric space as:

Definition 3.2.5. [154] Two self mappings Q,R : X → X in metric space

(X, d) are said to be Compatible mappings of type (P )

if lim
n→∞

d(QQxn, RRxn) = 0

whenever {xn} is a sequence in X such that limn→∞Qxn = limn→∞Rxn = z

for some z in X.

We have introduced and extended the above definition in Menger proba-

bilistic metric space as:
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Definition 3.2.6. Two mappings Q,R : X → X are said to be compatible

mappings of type (P ) in Menger space (X,F, t) iff

lim
n→∞

FQQxn,RRxn(t) = 1 for all t > 0

whenever {xn} is a sequence in X such that

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

Example 3.2.1. Let (X, d) be a metric space where X = [0, 2] with usual

metric d(x, y) = |x− y| and let (X,F ) be PM space with

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0

for all x, y ∈ K. Let Q,R : X → X be defined by

Q(x) =

1 for x ∈ [0, 1)

2− x for x ∈ [1, 2]

and

R(x) =

1 for x ∈ [0, 1)

x for x ∈ [1, 2]

Taking sequence {xn} where xn = 1 + 1
n

.

Then, Qxn = lim
n→∞

Q(1 + (
1

n
)) = 2− (1 +

1

n
) = 1 = z.

Rxn = lim
n→∞

R(1 + (
1

n
)) = (1 +

1

n
) = 1 = z.

Also, QQxn = Q(Q((1 + 1
n
))) = Q(1) = 1 = z.

and RRxn = R(R((1 + 1
n
))) = R(1) = 1 = z.

So that lim
n→∞

FQQxn,RRxn(t) = lim
n→∞

F1,1(t) = t
t+|1−1| = 1 for all t > 0.

So, (Q, R) are compatible mappings of type (P ).
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Example 3.2.2. Let (X, d) be a metric space where X = [0, 2],

d(x, y) = |x− y| and (X,F, t) be induced Menger space with

Fx,y(t) = H(t− d(x, y)), x, y ∈ X and t > 0.

Defining Q,R : X → X as:

Q(x) =

2− x for 0<x < 1

1 for 1 < x< 2

and

R(x) =

x for 0 <x < 1

1 for 1 < x< 2

Taking xn = 1− 1
n

. As n→∞. Then, Qxn = Q(1− 1
n
) = 2−(1− 1

n
) = 1+ 1

n
.

So, Qxn → 1.

Since, Rxn = R(1− 1
n
) = 1− 1

n
. So, Rxn → 1.

Further, QQxn = Q(1 + 1
n
) = 1 and RRxn = 1− 1

n
.

Now, lim
n→∞

FQQxn,RRxn(t) = H(t− 1

n
)→ H(t)→ 1 as n→∞.

So, lim
n→∞

FQQxn,RRxn(t) = 1.

Hence, (Q, R) are compatible mappings of type (P ).

Example 3.2.3. Let (X, d) be a metric space where X = [0,∞) and t(a, b) =

ab be t- norm. We define distribution function as :

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0

for all x, y ∈ X. Then, (X,F, t) be Menger space.

Let Q,R : X → X be defined by

Q(x) =

5 for x ∈ [0, 1)

x for x ∈ [1,∞)

and

R(x) =

1 for x ∈ [0, 1)

1/x for x ∈ [1,∞).
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Taking sequence {xn} where xn = 1 + 1
n
.

Then, Qxn = lim
n→∞

Q(1 + (
1

n
)) = (1 +

1

n
) = 1 as n→∞.

Rxn = lim
n→∞

R(1 + (
1

n
)) = 1/(1 +

1

n
) = 1, as n→∞.

Now, QQxn = Q(Q((1 + 1
n
))) = 1, as n→∞

and RRxn = R(1/(1 + 1
n
)) = 1, as n→∞

So that lim
n→∞

FQQxn,RRxn(t) = lim
n→∞

F1+ 1
n
,1(t) = t

t+ 1
n

→ 1, as n→∞.

So, (Q,R) are compatible mappings of type (P ).

Again, QRxn = 5 and RQxn = 1/(1 + 1
n
) = n/(n+ 1) = 1− 1/(n+ 1)

So, FQRxn,RQxn(t) = F5,1−1/(n+1)(t) = t
t+|5−(1−1/(n+1))| = t

t+4−1/n+1
→ t

t+4
6=

1, as n→∞.

So, (Q, R) are not compatible mappings.

Example 3.2.4. Let (X, d) be a metric space where X = [0, 2] and t(a, b) =

ab be t- norm. Define distribution function as :

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0

for all x, y ∈ X. Then, (X,F, t) be Menger space.

Let Q,R : X → X be defined by

Q(x) =

1− x for x ∈ [0, 1/2]

1 for x ∈ (1/2, 2]

and R(x) = x, for all x ∈ X.

Taking sequence {xn} where xn = |1
2
− 1

n
|.

Then, Qxn = RQxn = QRxn = 1− |1
2
− 1

n
|

, Rxn = RRxn = |1
2
− 1

n
| → 1

2
and QQxn = Q(1− |1

2
− 1

n
|)→ 1, as n→∞

. Since, QRxn = RQxn, lim
n→∞

FQRxn,RQxn(t) = 1 =⇒ (Q,R) are compatible

mappings.

But lim
n→∞

FQQxn,RRxn(t) = lim
n→∞

F1, 1
2
(t) = t

t+ 1
2

= 2t
2t+1
6= 1.

Therefore, (Q,R) are not compatible mappings mappings of type (P ).
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We also prove that compatible mappings and compatible mappings of type

P are equivalent under conditions as follows:

Proposition 3.2.1. Let (X,F, t) be Menger space and also let self mappings

Q and R be continuous. Then, Q and R are compatible if and only if they

are compatible mappings of type P .

Proof. Consider a sequence {xn} in X such that lim
n→∞

Qxn = Rxn = z,

for some z ∈ X. Since, Q and R are continuous, so we may write

lim
n→∞

QQxn = lim
n→∞

QRxn = Qz and

lim
n→∞

RQxn = lim
n→∞

RRxn = Rz

Since as n→∞, QQxn, QRxn → Qz, so we write

FQQxn,QRxn(t)→ 1 as n→∞, for all t > 0.

Consider Q and R are compatible mappings. Then,

FQRxn,RQxn(t)→ 1 as n→∞.

By definition of Menger space,

FQQxn,RRxn(t)>t{FQQxn,QRxn(t/2), FQRxn,RRxn(t/2)}

>t{FQQxn,QRxn(t/2), t{FQRxn,RQxn(t/4), FRQxn,RRxn(t/4)}

So, FQQxn,RRxn(t) → t{1, t(1, 1)} = 1, as n → ∞. Hence, Q and R are

compatible mappings of type P .

Conversely, Suppose that Q and R are compatible mappings of type P .

So, FQQxn, RRxn(t)→ 1, as n→∞.

Again from Menger space definition, we have

FQRxn,RQxn(t)>t{FQRxn,QQxn(t/2), FQQxn,RQxn(t/2)}

>t{FQRxn,QQxn(t/2), t{FQQxn,RRxn(t/4), FRRxn,RQxn(t/4)}

When n→∞, FQRxn,RQxn(t)→ 1.

Therefore, Q and R are compatible mappings. Hence, proved.
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Now, we have introduced weakly compatible mappings of type (P) in Menger

space with an example as follows:

Definition 3.2.7. Two mappings Q,R : X → X are said to be Weakly

compatible Mappings of type (P ) in Menger space (X,F, t) if and only

if lim
n→∞

FQQxn,RRxn(t)>FQxn,Rxn(t) for all t > 0 whenever {xn} is a sequence

in X such that lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z in X.

Example 3.2.5. Let (X, d) be a metric space where X = [0, 2] with usual

metric d(x, y) = |x− y| and let (X,F ) be PM space with

Fx,y(t) =

e
d(x,y)
t for t > 0

0 for t = 0

for all x, y ∈ K. Let Q,R : X → X be defined by

Q(x) =

1− x for x ∈ [0, 1
2
)

1 for x ∈ [1
2
, 2]

and

R(x) =

x for x ∈ [0, 1
2
)

1 for x ∈ [1
2
, 2]

Taking sequence {xn} where xn = 1
2
− 1

n
.

Then, Qxn = lim
n→∞

Q(1− (
1

2
− 1

n
)) =

1

2
+

1

n
=

1

2
= k, and

Rxn = lim
n→∞

(
1

2
− 1

n
) =

1

2
= k.

Also, QQxn = Q((1
2

+ 1
n
)) = 1

and RRxn = R((1
2
− 1

n
)) = 1

2
− 1

n
= 1

2
.

So that lim
n→∞

FQQxn,RRxn(t) = lim
n→∞

F1, 1
2
(t) = ed(1,1/2)

t
= e 1

2t
> 1 6= 1 for all

t > 0 and lim
n→∞

FQxn,Rxn(t) = lim
n→∞

F1,1(t) = ed(1,1)
t

= 1

for all t > 0.

Therefore, we have lim
n→∞

FQQxn,RRxn(x)>FQxn,Rxn(x) for all x > 0.

Hence, (Q, R) are weakly compatible mappings of type (P ) but it is neither

compatible mappings of type (P ) nor compatible mappings.
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3.3 Some common fixed point theorem in

Menger space

The following theorems established by H. K. Pathak, Y. J. Cho, S. S. Chang

and S. M. Kang [154] in metric space:

Theorem 3.3.1. [154] Let X, d) be a complete metric space and A, B, S,

T :X → X be four self mappings such that

(1) A(X) ⊂ T (X) and B(X) ⊂ S(X),

(2) the pairs (A, S) and (B, T ) are compatible mappings of type (P ),

(3) one of A, B, S and T be continuous, and

(4) there exists φ ∈ G such that

d(Ax,By)<φ{d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(By, Sx),

d(Sx, Ty)}

for all x, y ∈ X. Here, G be the family of mappings φ : (R+)5 → R+

such that φ is upper semi continuous and non decreasing in each coordinate

variable. Then, A,B, S, and T have a unique common fixed point in X.

In 2003, S. Sharma and B. Despandey [191] established following theorem

in Menger space:

Theorem 3.3.2. [191] Let (X,F, t) be a complete Menger space where t is

continuous with t(x, x)>x for all x ∈ [0, 1] and

A,B, S, T : X → X be four self mappings such that

(1) A(X) ⊂ T (X) and B(X) ⊂ S(X),

(2) there exists a constant k ∈ (0, 1) such that

FAu,Bv(kx)≥ t{(FAu,Su(x), t{FBv,Tv(x), t FAu,Tv(αx), FBv,Su((2− α)x)}

for all u, v ∈ X,α ∈ (0, 2) and x > 0, if
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(3) one of A(X), B(X), S(X) and T (X) is complete subspace of X, then

(i) A and S have coincidence point and

(ii) B and T have a coincidence point. Further if

(4) the pairs (A, S) and (B, T ) are weakly compatible mappings

Then, A,B, S, and T have a unique common fixed point in X.

In 2003, S. Sharma and K. Dubey [190] established following theorem:

Theorem 3.3.3. [190] Let (X,F, t) be a complete Menger space where t is

continuous with t(x, x)>x for all x ∈ [0, 1] and A,B, S, T : X → X be four

self mappings such that

(1) A(X), B(X) are closed sets of X and A(X) ⊂ T (X) and B(X) ⊂

S(X),

(2) there exists a constant k ∈ (0, 1) such that

FAu,Bv(kx)≥ t{(FAu,Su(x), t{FBv,Tv(x), t FAu,Tv(αx), FBv,Su((2− α)x)}

for all u, v ∈ X,α ∈ (0, 2) and x > 0, and

(3) (A, S) and (B, T ) are weakly compatible mapping,

Then, A, B, S, and T have a unique common fixed point in X.

By using weak compatible mappings of type (A), H. K. Pathak, S. M. Kang,

and J. H. Beak [155] established following theorem in Menger space:

Theorem 3.3.4. [155] Let (X,F, t) be a complete Menger space where t

is continuous with t(x, y) = min(x, y) for all x, y ∈ [0, 1] and A, B, S,

T :X → X be four self mappings such that

(1) A(X) ⊂ T (X) and B(X) ⊂ S(X),
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(2) (A, S) and (B, T ) are weak compatible mappings of type (A)

(3) One of A,B, S, T be continuous , and

(4) there exists a constant k ∈ (0, 1) such that

[FAu,Bv(kx)]2

≥ min{[FSu,Tv(x)]2, FSu,Au(x).FTv,Bv(x), FSu,Tv(x).FSu,Au(x), FSu,Tv(x).FTv,Bv(x),

FSu,Tv(2x).FSu,Bv(x), FSu,Tv(x).FTv,Au(x), FSu,Bv(2x).FTv,Au(x), FSu,Au(x).FTv,Au(x),

FSu,Bv(2x).FTv,Bv(x)}

for all u, v ∈ X, and x > 0.

Then, A, B, S, and T have a unique common fixed point in X.

In 2021, T. N. C. Raju, V. Nagaraju, and M. Venkatakrishna established

common fixed point theorem for five self mappings in complete Menger space

as:

Theorem 3.3.5. Let (X,F, t) be a complete Menger space with

t(a, b) = min(a, b) for all a, b ∈ [0, 1] and A,B, S, T, P : X → X be four self

mappings such that

(1) P (X) ⊆ AB(X) and P (X) ⊆ ST (X),

(2) the pairs (P,AB) is compatible mappings,

(3) PB = AB,PT = TP,AB = BA, ST = TS

(4) A and B be continuous, and

(5) there exists a constant k ∈ (0, 1) such that

FPx, Py(kt)≥ FABx, Px(t)∗FPx, STy(t)∗FABx, STy(t)∗ FPx,ABx(t)∗FPx, STy(t)FSTy,ABx(t)
∗

FABx, Py ((3− α)t) for all x, y ∈ X,α ∈ (0, 3) and t > 0.

Then, A, B, S, T and P have a unique common fixed point in X.
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3.3.1 Common fixed point theorem in Menger space

with compatible mappings of type (P )

We need following theorem, lemma and propositions to establish main the-

orem in Menger space:

Theorem 3.3.6. [40] Let (X,F, t) be Menger space with the continuous

T − norm t and Q : X → X be self mapping. Then, Q is continuous at

a point x ∈ X if and only if for every sequence {xn} in X converging to a

point x, then sequence {Qxn} converges to the point Qx, i.e. if {xn} → x

then it implies Qxn → Qx.

Lemma 3.3.1. [196] Let (X,F, t) be a Menger space. If there exists

k ∈ (0, 1) such that for all p, q ∈ X, Fp,q (kx)>Fp,q (x)then p = q.

We introduce following propositions to prove our main results:

Proposition 3.3.1. Let (X,F, t) be a Menger Space such that the T−norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be

mappings. Let Q and R are compatible mappings of type(P ) and Qz = Rz

for some z ∈ X, then, QQz = QRz = RQz = RRz.

Proof. Suppose {xn} is a sequence in X defined by xn = z

where n = 1, 2, 3, ... for some z ∈ X and Qz = Rz.

Then, we have Qxn, Rxn → Qz as n→∞.

Since, Q and R are compatible mappings of type (P ), then for every ε > o

FQQz,RRz(ε) = lim
n→∞

FQQxn,RRxn(ε) = 1.

Therefore, QQz = RRz. But Qz = Rz

implies QQz = QRz = RQz = RRz.

Proposition 3.3.2. Let (X,F, t) be a Menger Space such that the T− norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be
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mappings. Let Q and R are compatible mappings of type(P ) and

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z ∈ X. Then, we have

(i) lim
n→∞

RRxn = Qz if Q is continuous at z;

(ii) lim
n→∞

QQxn = Rz if R is continuous at z; and

(iii) QRz = RQz and Qz = Rz if Q and R are continuous at z.

Proof. (i) Suppose that Q is continuous at z. Since, we have

lim
n→∞

Qxn = lim
n→∞

Rxn = z for some z ∈ X.

So, lim
n→∞

QQxn = Qz

Again, since Q and R are compatible mappings of type(P ).

Therefore, lim
n→∞

FQQxn,RRxn(ε) = 1, for all ε > o.

So, FRRxn,Qz(ε)>t(FRRxn,QQxn(ε/2), FQQxn,Qz(ε/2))

>t(1, FQz,Qz(ε/2))

>t(1, 1)

So, FRRxn,Qz(ε) = 1

Therefore, limn→∞RRxn = Qz.

(ii): We may prove (ii) as we prove (i).

(iii): Suppose that Q,R : X → X are continuous at z.

Since, lim
n→∞

Rxn = z and Q is continuous at z.

So, by propostion (3.3.2) (i), lim
n→∞

RRxn = Qz,as n→∞.

On the other hand, since , lim
n→∞

Rxn = z and R is continuous at z.

So, lim
n→∞

RRxn = Rz. Thus, we have Qz = Rz by uniqueness of limit and

by proposition (3.3.1), RQz = QRz. This completes the proof.

Lemma 3.3.2. [41] Let {xn} be a sequence in Menger space (X,F, t), where

t is continuous T−norm and t(x, x)>x for all x ∈ [0, 1]. If there exists a

constant k ∈ [0, 1] such that limn→∞ Fxn, xn+1(kx)>Fxn−1, xn(x), for all

x > 0 and n ∈ N , then {xn} is a Cauchy sequence in X.
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Now, we prove our Main Theorem for compatible mappings of type (P )

in complete Menger space:

Theorem 3.3.7. Let (X,F, t) be a complete Menger space with

t(x, y) = min(x, y) for all x, y ∈ [0, 1] and Q,S,R, T : X → X be mappings

such that

(1) Q(X) ⊂ T (X) and S(X) ⊂ R(X),

(2) the pairs (Q,R) and (S, T ) are compatible mappings of type (P ),

(3) One of Q,S,R, T be continuous, and

(4) there exists a constant k ∈ (0, 1) such that

FQx,Sy(kt)≥ min{(FRx,Qx(t), FTy,Qx(αt), FRx,Sy((2− α)t), FRx,Ty(t)}

for all x, y ∈ X,α ∈ (0, 2) and t > 0.

Then, Q,S,R, T have a unique common fixed point in X.

Proof. Consider u0 ∈ X. Since Q(X) ⊂ T (X), so there exists a point u1 in

X such that Qu0 = Tu1 = v0. Again, since S(X) ⊂ R(X), so for u1, we

may choose u2 in X such that Su1 = Ru2 = v1 and so on.

And inductively, we may construct sequence {un} and {vn} in X such that

Qu2n = Tu2n+1 = v2n, and Su2n+1 = Ru2n+2 = v2n+1, for n = 0, 1, 2, ...

Putting x = u2n and y = u2n+1 for all t > 0 and α = 1 − q with q ∈ (0, 1)

in theorem (3.3.7) condition (4), We get

FQu2n,Su2n+1(kt)≥min{(FRu2n,Qu2n(t), FTu2n+1,Su2n+1(t), FTu2n+1,Qu2n((1−q)t),

FRu2n,Su2n+1(1 + q)t), FRu2n,Tu2n+1(t)}

or, Fv2n,v2n+1(kt)≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n,v2n((1− q)t),

Fv2n−1,v2n+1(1 + q)t), Fv2n−1,v2n(t)}

Fv2n,v2n+1(kt)≥min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), 1, Fv2n−1,v2n+1(1+q)t), Fv2n−1,v2n(t)}
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≥min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n−1,v2n(t), Fv2n,v2n+1(qt), Fv2n−1,v2n(t)}

≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n,v2n+1(qt)}

As q → 1, we obtain

Fv2n,v2n+1(kt)≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n,v2n+1(t)}

≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t)}

Hence, we get Fv2n,v2n+1(kt)≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t)}

i.e. Fv2n,v2n+1(kt)>Fv2n−1,v2n(t)

Similarly, we obtain

Fv2n+1,v2n+2(kt)>Fv2n,v2n+1(t)

Therefore, for every n ∈ N , Fvn,vn+1(kt)>Fvn−1,vn(t).

So, using Lemma (3.3.2), {vn} is a Cauchy sequence in X. Since the Menger

space (X,F, t) is complete, so {vn} converges to a point z in X and con-

sequently the sub sequences {Qu2n} , {Su2n+1} , {Ru2n} , {Tu2n+1}, of {vn}

also converges to z.

Now, suppose that T is continuous. Then, since S and T are compatible

mappings of type (P ) then by proposition (3.3.2), SSu2n+1 , TSu2n+1→ Tz

as n → ∞. Putting x = u2n and y = Su2n+1 in theorem (3.3.7) condition

(4), we get

FQu2n,SSu2n+1(kt)≥min{(FRu2n,Qu2n(t), FTSu2n+1,SSu2n+1(t), FTSu2n+1,Qu2n((α)t),

FRu2n,SSu2n+1(2− α)t), FRu2n,TSu2n+1(t)}

Taking n→∞, we have

Fz ,T z(kt)≥ min{(Fz,z(t), FTz,Tz(t), FTz,z((α)t), Fz,Tz(2− α)t), Fz,Tz(t)}

Letting α = 1− q with q ∈ (0, 1) then

Fz ,T z(kt)≥ min{(FTz,z((1− q)t), Fz,Tz((1 + q)t), Fz,Tz(t)}

or, Fz ,T z(kt)≥ min{(FTz,Tz((1− q + 1 + q)t), Fz,Tz(t)}
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≥ min{Fz,Tz(t)}

Therefore, Fz ,T z(kt)≥ Fz,Tz(t)

which implies z = Tz by Lemma (3.3.1)

Similarly, replacing x by u2n and y by z in condition (4), we have

FQu2n,Sz(kt)≥min{(FRu2n,Qu2n(t), FTz,Sz(t), FTz,Qu2n((α)t), FRu2n,Sz(2−α)t), FRu2n,T z(t)}

Taking n→∞, we get

Fz ,Sz(kt)≥ min{(Fz,z(t), Fz,Sz(t), Fz,z((α)t), Fz,Sz(2− α)t), Fz,z(t)}

Fz ,Sz(kt)≥ min{(Fz,Sz(t), , Fz,Sz(2− (1− q)t)}

≥ min{(Fz,Sz(t), , Fz,Sz(1 + q)t)}

≥ min{(Fz,Sz(t), Fz,z(t), Fz,Sz(qt)}

≥ min{(Fz,Sz(t), Fz,Sz(t)} as q → 1

So that Fz ,Sz(kt)≥ {(Fz,Sz(t)}

which implies z = Sz. Since, S(K) ⊂ R(K), so there exists a point w in X

such that Sz = Rw = z.

By using theorem (3.3.7) condition (4) with x = w, y = z, we have

FQw,z(kt)≥min{(FRw,Qw(t), FTz,Sz(t), FTz,Qw(αt), FRw,Sz(2−α)t), FRw,Tz(t)}

≥ min{(Fz,Qw(t), FTz,z(t), Fz,Qw((1−q)t), FRw,z(1+q)t), Fz,Tz(t)}

≥ min{(Fz,Qw(t), FTz,z(t), FQw,z((1−q)t), FRw,z(1+q)t), Fz,Tz(t)}

≥ min{(Fz,Qw(t), Fz,z(t), FQw,Rw((1− q + 1 + q)t)}

≥ min{(Fz,Qw(t), FQw,z(2t)}

Therefore, F
Qw,z(kt)≥ Fz,Qw(t)= FQw,z(t)

which implies Qw = z , by Lemma (3.3.1)

Again, since Q and R are compatible mappings of type (P ) and

Qw = Rw = z, by proposition (3.3.1), we have for every ε > 0

1 = FQQw,RRw(ε)
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Hence, Qw = QQw = RRw = Rw.

Finally, by theorem (3.3.7) condition (4) with x = z, y = Sz = z, we

have FQz,z(kt) =FQz,Sz(kt)≥ min{(FRz,Qz(t), FTz,z(t), FTz,Qz(αt), FRz,z(2 −

α)t), FRz,Tz(t)}

≥ min{(FQz,Qz(t), Fz,z(t), Fz,Qz(αt), FQz,z(2− α)t), FQz,z(t)}

≥ min{(FQz,z(αt), Fz,Qz(2− α)t), FQz,z(t)}

≥ min{(FQz,Qz(αt+ 2t− αt), FQz,z(t)}

or, F
Qz,z(kt)≥ FQz,z(t)

Therefore, Qz = z. Hence, Qz = Sz = Rz = Tz = z. That is, z is common

fixed point of given mappings Q,S,R and T .

Uniqueness: Suppose z1 be other point in X such that z1 = Qz1 = Sz1 =

Rz1 = Tz1. Then, putting x = z and y = z1, α = 1 in theorem (3.3.7)

condition (4), we get

FQz,Sz1(kt) =Fz,z1(kt)≥min{(FRz,Qz(t), FTz1,Sz1(t), FTz1,Qz(t), FRz,Sz1(t), FRz,Tz1(t)}

or, Fz,z1(kt)≥ min{(Fz,z1(t), Fz,z(t)}

or, Fz,z1(kt)≥ Fz,z1(t)

By Lemma (3.3.1), z = z1. Hence, z = Qz = Sz = Rz = Tz and z is unique

common fixed point for Q,S,R, T in X.

This completes the proof.

We verify our main Theorem with following example:

Example 3.3.1. Let (X,F, t) be a complete Menger space with t(x, y) =

min(x, y) for all x, y ∈ [0, 1] where X = [1, 10] with usual metric
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d(x, y) = |x− y| and F is defined by

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0

for all x, y ∈ K. Define Q,S,R, T : X → X as below

Q(x) =

1 for x<4

2 for x > 4; and

S(x) =

1 for x<5

2 for x > 5

R(x) = T (x) = x, for all x ∈ X.

Taking sequence {xn} where xn = 1 + 1
n
, n ∈ N . Then, Q,S,R, T satisfy all

condition of above theorem (3.3.7) and have a unique common fixed point at

x = 1.

In the Theorem (3.3.7), if we take Q = S, T = R, then we have

Corollary 3.3.1. Let Q and R be self maps in complete Menger space

(X,F, t) with continuous t(x, y) = min(x, y) for all x, y ∈ [0, 1] satisfying

following conditions Q,R : X → X be mappings such that

(i) Q(X) ⊂ R(X),

(ii) the pairs (Q,R) be compatible mappings of type (P ),

(iii) R be continuous, and

(iv) there exists a constant k ∈ (0, 1) such that

FQx,Qy(kt)≥ min{(FRx,Qx(t), FRy,Qy(t), FRy,Qx(αt), FRx,Qy(2−α)t), FRx,Ry(t)}

for all x, y ∈ X,α ∈ (0, 2) and t > 0.

Then, Q and R have a unique common fixed point in X.
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In the Theorem (3.3.7), if we take S = Q = g, R = T = IK , an identity

mapping on X. Then we have following result:

Corollary 3.3.2. Let g be self maps in complete Menger space (X,F, t) with

continuous t(x, y) = min(x, y) for all x, y ∈ [0, 1] if there exists a constant

k ∈ (0, 1) such that

Fgx,gy(kt)≥ Fx,y(t) = min{(Fx,gx(t), Fy,gy(t), Fy,gx(αt), Fx,gy(2−α)t), Fx,y(t)}

for all x, y ∈ X,α ∈ (0, 2) and t > 0.

Then, Q and R have a unique common fixed point in X.

Which is the probabilistic version of the Banach contraction theorem estab-

lished by V. M. Sehgal and A. T. Bharucha Reid [185] in 1972.

Our result theorem (3.3.7) extends and generalizes the results of G. Jungck

[96], [101] in metric space. Also, this result improves other similar results

in literature.

This result have been published in International Journal of Mathematical

Sciences and Engineering Applications (IJMSEA), Vol. 15 (2) (2021), pp.

59-70.
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3.3.2 Common fixed point theorem in Menger space

with weakly compatible mapping of type (P )

We introduce another notion weakly compatible mapping of type (P ) and

establish common fixed point theorem in complete Menger space. We also

introduce the following propositions for the establishment of our main result

in the Menger space.

Proposition 3.3.3. Let (X,F, t) be a Menger Space such that the T−norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be

continuous mappings. Then, Q and R also written as (Q,R), are weakly

compatible mappings of type (P ) if they are compatible mappings of type(P ).

Proof. Suppose Q and R be compatible mappings of type (P ) and {kn} be

a sequence in X. Then, we have, 1 = lim
n→∞

FQQkn, RRkn(x)>FQkn,Rkn(x).

So, (Q,R) be weakly compatible mappings of type(P).

Proposition 3.3.4. Let (X,F, t) be a Menger space such that the T− norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be

continuous mappings. Then, Q and R are compatible mappings of type (P )

if they are weakly compatible mappings of type (P ).

Proof. Let {kn} be a sequence in X and since Q and R be continuous

mappings. Then, by Theorem (3.3.6), we have lim
n→∞

Qkn = lim
n→∞

Rkn = k for

some k in K. If Q and R are weakly compatible mappings of type (P ).

Then, we have lim
n→∞

FQQkn,RRkn(x)>FQkn,Rkn(x) = Fk,k(x) = 1, for all x > 0.

So, (Q,R) be compatible mappings of type (P ).

Proposition 3.3.5. Let (X,F, t) be a Menger space such that the T−norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be

mappings. If Q and R are weakly compatible mappings of type (P ) and

Qk = Rk for some k ∈ X then, QQk = QRk = RQk = RRk.
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Proof. Suppose {kn} is a sequence in X defined by kn = k where n = 1, 2, 3,

for some k ∈ X and Qk = Rk. Then, we have Qkn, Rkn → Qk as n→∞.

Since Q and R are weakly compatible mappings of type (P ), then for every

ε > O

FQQk,RRk(ε) = limn→∞ FQQkn,RRkn(ε)>FQkn,Rkn(ε)

= FQk,Rk(ε) = FQk,Qk(ε) = 1.

So, QQk = RRk, since Qk = Rk implies QQk = QRk = RQk = RRk.

Proposition 3.3.6. Let (X,F, t) be a Manger space such that the T−norm

t is continuous and t(x, x)>x for all x ∈ [0, 1] and Q,R : X → X be

mappings. Let Q and R be weakly compatible mappings of type (P ) and

lim
n→∞

Qkn = lim
n→∞

Rkn = k for some k in X. Then We have,

(i) lim
n→∞

RRkn = Qk, if Q is continuous at k,

(ii) lim
n→∞

QQkn = Rk, if R is continuous at k,

(iii) QRk = RQk and Qk = Rk if Q and R are continuous at k.

Proof. (i) Suppose that Q is continuous at k. Since, we have lim
n→∞

Qkn =

lim
n→∞

Rkn = k for some k in K. So, lim
n→∞

QQkn = Qk, as n→∞. Again, since

Q and R are weakly compatible mappings of type (P ), So for every ε > 0,

FQQkn, RRkn(ε)>FQkn,Rkn(ε). Therefore, we have

FRRkn,Qk(ε)> t(FRRkn,QQkn( ε
2
), FQQkn,Qk(

ε
2
)), by definition of Menger space

or, FRRkn,Qk(ε)> t(FQkn,Rkn( ε
2
), FQk,Qk(

ε
2
)),

> t(Fk,k(
ε
2
), 1)),

> t(1, 1))

This implies that FRRkn,Qk(ε) = 1. So, lim
n→∞

RRkn = Qk.

(ii) We may prove (ii) as we prove (i)

(iii) Suppose that Q,RX → X are continuous at k. So, by (i) , RRkn → Qk

as n→∞.
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On the other hand, since lim
n→∞

Qkn → k, as n→∞ and R is continuous at

k. So, by proposition (3.3.6) (ii), we get lim
n→∞

QQkn = Rk. Thus, we have

Qk = Rk by the uniqueness of the limit and so by preposition (3.3.5), we

get QRk = RQk.

This completes the proof.

Now, we prove our main theorem for weakly compatible mappings of type

(P ) in complete Menger space:

Theorem 3.3.8. Let (X,F, t) be a complete Menger space with t(x, y) =

min(x, y) for all x, y ∈ [0, 1] and Q,S,R, T : X → X be mappings such that

(1) Q(X) ⊆ T (X) and S(X) ⊆ R(X),

(2) the pairs (Q,R) and (S, T ) are weakly compatible mappings of type

(P ),

(3) One of Q,S,R, T be continuous, and

(4) there exists a constant k ∈ (0, 1) such that

FQx,Sy(kt)≥ min{(FRx,Qx(t), FTy,Sy(t), FTy,Qx(αt), FRx,Sy((2−α)t), FRx,Ty(t)}

for all x, y ∈ X,α ∈ (0, 2) and t > 0.

Then, Q,S,R, T have a unique common fixed point in X.

Proof. Consider u0 ∈ X. Since Q(X) ⊆ T (X), so there exists a point u1 in

X such that Qu0 = Tu1 = v0. Again, since S(X) ⊆ R(X), so for u1, we

may choose u2 in X such that Su1 = Ru2 = v1 and so on.

And inductively, we may construct sequence {un} and {vn} in X such that

Qu2n = Tu2n+1 = v2n,

and Su2n+1 = Ru2n+2 = v2n+1, for n = 0, 1, 2, ...
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Putting x = u2n and y = u2n+1 for all t > 0 and α = 1 − q with q ∈ (0, 1)

in theorem (3.3.8) condition (4). We get

FQu2n, Su2n+1(kt)≥ min{(FRu2n, Qu2n(t), FTu2n+1, Su2n+1(t), FTu2n+1, Qu2n((1−q)t),

FRu2n, Su2n+1(1 + q)t), FRu2n, Tu2n+1(t)}

or, Fv2n, v2n+1(kt)≥ min{(Fv2n−1, v2n(t), Fv2n, v2n+1(t), Fv2n, v2n((1− q)t),

Fv2n−1, v2n+1(1 + q)t), Fv2n−1, v2n(t)}

Fv2n,v2n+1(kt)≥min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), 1, Fv2n−1,v2n+1(1+q)t), Fv2n−1,v2n(t)}

≥min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n−1,v2n(t), Fv2n,v2n+1(qt), Fv2n−1,v2n(t)}

≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n,v2n+1(qt)}

As q → 1, we obtain

Fv2n,v2n+1(kt)≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t), Fv2n,v2n+1(t)}

≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t)}

Hence, we get Fv2n,v2n+1(kt)≥ min{(Fv2n−1,v2n(t), Fv2n,v2n+1(t)}

i.e. Fv2n,v2n+1(kt)>Fv2n−1,v2n(t)

Similarly, we obtain

Fv2n+1,v2n+2(kt)>Fv2n,v2n+1(t)

Therefore, for every n ∈ N , Fvn,vn+1(kt)>Fvn−1,vn(t).

So, using Lemma (3.3.2), {vn} is a Cauchy sequence in K. Since the Menger

space (X,F, t) is complete, so {vn} converges to a point z in X and con-

sequently the sub sequences {Qu2n} , {Su2n+1} , {Ru2n} , {Tu2n+1}, of {vn}

also converges to z.

Now, suppose that T is continuous. Then, since S and T are weakly

compatible mappings of type (P ) then by proposition (3.3.6), SSu2n+1 ,

TSu2n+1→ Tz as n → ∞. Putting x = u2n and y = Su2n+1 in theorem
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(3.3.8) condition (4), we get

FQu2n, SSu2n+1(kt) ≥ min{(FRu2n,Qu2n(t), FTSu2n+1,SSu2n+1(t), FTSu2n+1,Qu2n((α)t),

FRu2n,SSu2n+1(2− α)t), FRu2n,TSu2n+1(t)}

Taking n→∞, we have

Fz ,T z(kt) ≥ min{(Fz,z(t), FTz,Tz(t), FTz,z((α)t), Fz,Tz(2− α)t), Fz,Tz(t)}

Letting α = 1− q with q ∈ (0, 1) then

Fz ,T z(kt)≥ min{(FTz,z((1− q)t), Fz,Tz((1 + q)t), Fz,Tz(t)}

or, Fz ,T z(kt)≥ min{(FTz,Tz((1− q + 1 + q)t), Fz,Tz(t)}

≥ min{Fz,Tz(t)}

Therefore, Fz ,T z(kt)≥ Fz,Tz(t)

which implies z = Tz by Lemma (3.3.1)

Similarly, replacing x by u2n and y by z in condition ( 4), we have

FQu2n,Sz(kt)≥min{(FRu2n,Qu2n(t), FTz,Sz(t), FTz,Qu2n((α)t), FRu2n,Sz(2−α)t), FRu2n,T z(t)}

Taking n→∞, we get

Fz ,Sz(kt)≥ min{(Fz,z(t), Fz,Sz(t), Fz,z((α)t), Fz,Sz(2− α)t), Fz,z(t)}

Fz ,Sz(kt)≥ min{(Fz,Sz(t), , Fz,Sz(2− (1− q)t)}

≥ min{(Fz,Sz(t), , Fz,Sz(1 + q)t)}

≥ min{(Fz,Sz(t), Fz,z(t), Fz,Sz(qt)}

≥ min{(Fz,Sz(t), Fz,Sz(t)} as q → 1

So that Fz ,Sz(kt)≥ {(Fz,Sz(t)}

which implies z = Sz. Since, S(K) ⊆ R(K), so there exists a point w in K

such that Sz = Rw = z.

By using theorem (3.3.8) condition (4) with x = w, y = z, we have

FQw,z(kt)≥min{(FRw,Qw(t), FTz,Sz(t), FTz,Qw(αt), FRw,Sz(2−α)t), FRw,Tz(t)}
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≥ min{(Fz,Qw(t), FTz,z(t), Fz,Qw((1−q)t), FRw,z(1+q)t), Fz,Tz(t)}

≥ min{(Fz,Qw(t), FTz,z(t), FQw,z((1−q)t), FRw,z(1+q)t), Fz,Tz(t)}

≥ min{(Fz,Qw(t), Fz,z(t), FQw,Rw((1− q + 1 + q)t)}

≥ min{(Fz,Qw(t), FQw,z(2t)}

Therefore, F
Qw,z(kt)≥ Fz,Qw(t)= FQw,z(t)

which implies Qw = z , by Lemma (3.3.1)

Again, since Q and R are weakly compatible mappings of type (P ) and

Qw = Rw = z, by proposition (3.3.5), we have for every ε > 0

1 = FQQw,RRw(ε)>FQw,Rw(ε)

Hence, Qw = QQw = RRw = Rw.

Finally, by theorem (3.3.8)condition (4) with x = z, y = Sz = z, we have

FQz,z(kt) =FQz,Sz(kt)≥min{(FRz,Qz(t), FTz,z(t), FTz,Qz(αt), FRz,z(2−

α)t), FRz,Tz(t)}

≥ min{(FQz,Qz(t), Fz,z(t), Fz,Qz(αt), FQz,z(2− α)t), FQz,z(t)}

≥ min{(FQz,z(αt), Fz,Qz(2− α)t), FQz,z(t)}

≥ min{(FQz,Qz(αt+ 2t− αt), FQz,z(t)}

or, F
Qz,z(kt)≥ FQz,z(t)

Therefore, Qz = z.

Hence, Qz = Sz = Rz = Tz = z. That is, z is common fixed point of given

mappings Q,S,R and T .

Uniqueness: Suppose z1 be other point in X such that z1 = Qz1 = Sz1 =

Rz1 = Tz1. Then, putting x = z and y = z1, α = 1 in (4), we get

FQz,Sz1(kt) =Fz,z1(kt)≥min{(FRz,Qz(t), FTz1,Sz1(t), FTz1,Qz(t), FRz,Sz1(t), FRz,Tz1(t)}

or, Fz,z1(kt)≥ min{(Fz,z1(t), Fz,z(t)}

or, Fz,z1(kt)≥ Fz,z1(t)
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By Lemma (3.3.1), z = z1. Hence, z = Qz = Sz = Rz = Tz and z is unique

common fixed point for Q,S,R, T in X.

This completes the proof.

We verify our above main theorem with following example:

Example 3.3.2. Let (X, d) be metric space where X = [0, 2] with usual

metric d(x, y) = |x− y| and distribution function F is defined by

Fx,y(t) =

e
d(x,y)
t for t > 0

0 for t = 0

for all x, y ∈ X. Let Q,R, S, T : X → X be defined by

Q(X) =

1− x for x ∈ [0, 1
2
)

1 for x ∈ [1
2
, 2]

,

S(X) =


1
2
− x for x ∈ [0, 1

2
)

1 for x ∈ [1
2
, 2]

R(X) =

x for x ∈ [0, 1
2
)

1 for x ∈ [1
2
, 2]

and

T (X) =

0 for x ∈ [0, 1
2
)

1 for x ∈ [1
2
, 2]

we take sequence {kn} in X where kn = 1
2
− 1

n
, n ∈ N

Then Q,S,R and T satisfy all the conditions of the above Theorem (3.3.8)

and have a unique common fixed point x = 1 in K.
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Our established Theorem (3.3.8) may apply in consequences results in metric

space in four self mappings and also may use to prove following corollaries:

In the Theorem (3.3.8), if we take Q = S,T = R, then we have

Corollary 3.3.3. Let (X,F, t) be a complete Menger space with continuous

t(x, y) = min(x, y) for all x, y ∈ [0, 1] and Q,R : X → X be mappings such

that

(1) Q(X) ⊆ R(X),

(2) the pairs (Q,R) be weakly compatible mappings of type (P ),

(3) R be continuous, and

(4) there exists a constant k ∈ (0, 1) such that

FQx,Qy(kt)≥ min{(FRx,Qx(t), FRy,Qy(t), FRy,Qx(αt), FRx,Qy(2−α)t), FRx,Ry(t)}

for all x, y ∈ K,α ∈ (0, 2) and t > 0.

Then, Q and R have a unique common fixed point in X.

Our result Theorem (3.3.8) extends and generalize the results of G. Jungck,

K. B. Moon, S. Park and B. E. Rhodes [100], G. Jungck, P. P. Murthy, Y.

J. Cho [101] and of A. K. Chaudhary, K. B. Manandhar, K. Jha and P. P.

Murthy [40]. This result also generalizes and improve the result of H. K.

Pathak, Y. J. Cho, S. S. Chang and S. M. Kang [154], Y. J. Cho, P. P.

Murthy, and M. Stojavic [45] and other similar results in literature.

The above result have been published in Advances in Mathematics: Sci-

entific Journal 11 (2022), no.11, 1019-1031.

(https://doi.org/10.37418/amsj.11.11.3)
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Chapter 4

Some common fixed point

theorems for occasionally

weakly compatible mappings in

Menger space

In this chapter, we have studied some common fixed point theorems for

occasionally weakly compatible mappings in Menger space and established

common fixed point theorem in two pairs and in three pairs of self mappings

in this space.

4.1 Introduction

In 2008, Al-Thagafi and N. Shahzad [6] introduced the notion of occasion-

ally weakly compatible mappings (shortly owc) in metric spaces, while H.

Chandra and A. Bhatt [29] extended the notion of owc in probabilistic set-

tings. It is worth mentioning that every pair of weakly commuting self-

mappings is compatible, each pair of compatible self-mappings is weakly
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compatible and each pair of weak compatible self-mappings is owc but the

reverse is not always true. And the notion of occasionally weakly compatible

mappings is more general than all the commutativity concepts. In histor-

ical development, it is seen that S. Sessa [187] weakened the condition of

commutativity to that of pairwise weakly commuting. Jungck generalized

the notion of weak commutativity to that of pairwise compatible and then

pairwise weakly compatible mappings. G. Jungck and B. E. Rhodes [103]

introduced the concept of occasionally weakly compatible mappings. Also,

M. Abbas and B. E. Rhodes [2] generalized the concept of weak compat-

ibility in the setting of single and multi-valued maps by introducing the

notion of owc. Many authors proved a number of fixed point theorems us-

ing the notion of owc mappings on different spaces ( we refer for references

[2, 8, 6, 11, 18, 42, 50, 105, 142, 143, 148, 209]).

Here, we have established common fixed point results in Menger space for

two pairs and three pairs of self-mappings using occasionally weakly com-

patible mappings and verified it by examples.

4.2 Basic Definitions

Definition 4.2.1. [200] Let Q,R : X → X be two self-mappings in Menger

Space (X,F, t). Then, t ∈ Xis said to be a coincidence point of Q and R iff

Qt = Rt = w for some t ∈ X. And w ∈ Xis called a point of coincidence

of Q and R.

In 2005, B. Singh and S. Jain introduced coincidentally commuting mapping

as:

Definition 4.2.2. [196] Two mappings Q,R : X → X are said to be weakly

compatible mappings or coincidentally commuting in Menger space
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(X,F, t) if they commute at their coincidence points i.e. Qx = Rx for some

x ∈ X, then QRx = RQx.

Example 4.2.1. [39] Let X = [0, 5] equipped with the usual metric d(x, y) =

|x− y| and define self-maps Q,R : [0, 5]→ [0, 5] by

Q(x) =

5− x, if 0<x < 3,

5, if 3<x<5,

and

R(x) =

x, if 0<x < 3,

5, if 3<x<5,

Then, we see that for any x ∈ [3, 5], x is a coincidence point and QRx =

RQx, showing Q and R are weakly compatible.

In 2008, M.A. AI-Thapagi and N. Shahzad [6] had given the concept of

occasionally weakly compatible mappings and introduced it in metric space

and extended it in Menger space by S. Chauhan, S. Kumar and B.D. Pant

[42] as:

Definition 4.2.3. [42] Two self-mappings Q,R : X → X are said to be oc-

casionally weakly compatible mapping (shortly owc) in Menger space

(X,F, t) iff there is a point t in K which is a coincidence point of Q and R

at which Q and R commute.

It is remarked that every weakly compatible mappings is occasionally weakly

compatible mappings but the converse is not true.

Example 4.2.2. Let (X,F, t) be Menger space, where X = R and F is

defined by

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0
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Define two self-mappings Q and R by Q(x) = 2x and R(x) = x2 for all x ∈

R. We see here that Qx = Rx for 0, 2. And QR0 = RQ0 but QR2 6= RQ2.

So, Q and R are not weakly compatible but occasionally weakly compatible.

4.3 Some common fixed point theorem in

Menger probabilistic metric space

In 2008, Al-Thagafi and N. Shahzad [6] proved the following theorem:

Theorem 4.3.1. [6] Let D be a subset of a metric space (X, d), I and T be

self mappings of D , T (D) ⊆ I(D) , and T (D) is complete. Suppose that I

and T are occasionally weakly compatible and d(Tx, Ty) <k ψI ,T (x, y) for

all x, y ∈ D and some k ∈ [0, 1). Then I and T have a unique common

fixed point.

In 2012, R. P. Pant and R. K. Bisht established following theorem in Metric

space:

Theorem 4.3.2. [147] Let I and T be occasionally weakly compatible self-

mappings of a metric space (X, d) satisfying

d(Tx, T 2x) 6= max{d(Ix, ITx), d(Ix, Tx), d(ITx, TTx), d(Ix, TTx), d(ITx, Tx)},

whenever Tx 6= T 2x. Then I and T have a common fixed point.

In 2019, V. Srinivas and S. Ravi established following theorem in metric

space:

Theorem 4.3.3. [202] Let P,Q, S, and T be self- mappings from a complete

metric space (X, d) into itself satisfying the following conditions:

(i) S(X) ⊂ Q(X) and T (X) ⊂ P (X),

(ii) (S(x), T (y)<α
d(Q(y), T (y)[1 + d(P (x), S(x))]

1 + d(P (x), Q(y))
+ β d(P (x), Q(y))

for all x, y ∈ X where α, β > 0, α + β < 1.
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(iii) one of P,Q, S, and T be continuous, and

(iv) the pairs (S, P ) and (T,Q) are occasionally weakly compatible map-

pings on X.

Further associated sequence relative to four self mappings P,Q, S, and

T such that the sequence Sx0, Tx1, Sx2, Tx3, · · · , Sx2n, Tx2n+1, · · · con-

verges to z as n→∞.

Then, P,Q, S, and T have a unique common fixed point in X.

In 2011, B. D. Pant and S. Chauhan [143] established following theorem in

Menger space:

Theorem 4.3.4. [143] Let (X,F, t) be Menger space. Further let (Q,R)

and (S, T ) are occasionally weakly compatible mappings on X satisfying

min{FQx,Sy(kt), FTy,Qx(kt)}+ γFTy,Sy(kt)> [αFRx,Qx(t) + βFRx,Ty(t)]

for all x, y ∈ X, k ∈ (0, 1) and t > 0 where 0 < α ,β < 1, and 0 < γ < 1

such that α+β− γ = 1. Then, Q,R, S, and T have a unique common fixed

point in X.

In 2012, The following theorem established by S. Kumar and A. Rani [200]:

Theorem 4.3.5. [200] Let (X,F, t) be complete Menger space and A,B, S,

and T be self mappings of X. Let the pairs (A, S) and (B, T ) are occasionally

weakly compatible mappings and k ∈ (0, 1) such that

FAx,By(kt)≥ min{(FSx,Ty(t), FAx,Sx(t), FBy,Ty(t), FSx,By(2t), FAx,Ty(t)}

for all x, y ∈ X, and t > 0 there exists a unique point w ∈ X such that

Aw = Sw = w and a unique point z ∈ X such that Bz = Tz = z. Moreover,

z = w, so that there is a unique common fixed point of A,B, S, and T .

In 2013, S. Dalal established following theorem:

Theorem 4.3.6. [52] Let (X,F, t) be Menger space with A,B : X → X

and S, T : X → κ(X) be mappings satisfying the followings
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(i) the pairs (A, S) and (B, T ) are occasionally weakly compatible map-

pings,

(ii) γ
( ∫ F4(Ty,By,t)

0
ψ(t)dt

)p
+w

{( ∫ F4(Ax,By,t)

0
ψ(t)dt

)p
,
( ∫ F4(Ty,By,t)

0
ψ(t)dt

)p
,( ∫ F4(Ty,Ax,t)

0
ψ(t)dt

)p
,
( ∫ F4(Sx,Ax,t)

0
ψ(t)dt

)p
,
( ∫ F∇(Sx,Ty,t)

0
ψ(t)dt

)p}
,

>α
( ∫ F4(Sx,Ax,t)

0
ψ(t)dt

)p
+ β

( ∫ F∇(Sx,Ty,t)
0

ψ(t)dt
)p

for all x, y ∈ X,0 < α ,β < 1, and 0 < γ < 1 such that α+ β − γ = 1

and ψ : R+ → R is a Lebseque- Integrable mapping which is summable,

non-negative and such that
∫ F ε
0
ψ(t)dt > 0 for each ε > 0. Then,

A,B, S, and T have a unique common fixed point in X.

4.3.1 Some common fixed point theorems for occa-

sionally weakly compatible mappings in Menger

space

The followings lemmas help us to prove main theorems:

Lemma 4.3.1. [42] Let Q and R be occasionally weakly compatible self-

mappings of Menger space (K,F, t). If Q and R have a unique point of

coincidence, w = Qt = Rt then w is a unique common fixed point of Q and

R.

Lemma 4.3.2. [196] Let (K,F, t) be a Menger space. If there exists k ∈

(0, 1) such that for all u, v ∈ K, Fu,v (kx)>Fu,v (x) then u = v.

Now we prove our main theorem for four self-mappings by using occasionally

weakly compatible mappings in Menger Space:

Theorem 4.3.7. Let (K,F, t) be complete Menger space and Q, S, R, T :

K → K be four mappings. Let (Q,R) and (S, T ) be occasionally weakly

compatible mappings. And if there exists a constant k ∈ (0, 1) such that
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(1) [FQx, Sy(kt)]
2>c1 min{[FRx,Qx(t)]2, [FTy, Sy(t)]2, [FRx, Ty(t)]2}

+c2 min{FRx,Qx(t)FRx, Sy(t)FQx, Ty(t)FSy, Ty(t)}+c3FSy,Rx(t)FTy,Qx(t)

for all x, y ∈ K, and t > 0, c1, c2, c3 > 0 and c1 + c2 + c3 > 1. Then there

exists a unique point w ∈ K such that Qw = Rw = w and a unique point

k ∈ K such that Sk = Tk = k. Moreover, k = w so that there is a unique

common fixed point of Q, S, R and T .

Proof. Consider (Q,R) and (S, T ) be occasionally weakly compatible map-

pings. Then there exist x, y ∈ K such that Qx = Rx and Sy = Ty.

We claim Qx = Sy.

Suppose, Qx 6= Sy then by Theorem (4.3.7) condition (1)

[FQx,Sy(kt)]
2>c1 min{[FQx,Qx(t)]2, [FSy,Sy(t)]2, [FQx,Sy(t)]2}

+ c2 min{FQx,Qx(t)FQx,Sy(t)FQx,Sy(t)FSy,Sy(t)}+ c3FSy,Qx(t)FSy,Qx(t)

or, [FQx,Sy(kt)]
2>c1 min{1, 1, [FQx,Sy(t)]2}

+ c2 min{1.FQx,Sy(t)FQx,Sy(t).1}+ c3FSy,Qx(t)FSy,Qx(t)

or, [FQx,Sy(kt)]
2>c1[FQx,Sy(t)]

2 + c2[FQx,Sy(t)]
2 + c3[FQx,Sy(t)]

2

or, [FQx,Sy(kt)]
2>(c1 + c2 + c3)[FQx,Sy(t)]

2

Which is a contradiction because c1 + c2 + c3 > 1.

So, by Lemma (4.3.2), we have

Qx = Sy, that is Qx = Rx = Sy = Ty. Let z be another point such

that Qz = Rz,then by theorem (4.3.7) condition (1) Qz = Rz = Sy = Ty.

So, Qx = Qz and w = Qx = Rx is the unique point of coincidence of Q

and R. By Lemma (4.3.1), w is the only common fixed point of Q and R.

That is w = Qw = Rw. Similarly, there is a unique point z ∈ K such that

z = Sz = Tz.
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Assume that w 6= z. Then by theorem (4.3.7) condition (1), we have

[Fw,z(kt)]
2 = [FQw,Sz(kt)]

2 ≥ c1 min{[FRw,Qw(t)]2, [FTz,Sz(t)]
2, [FRw,Tz(t)]

2}

+ c2 min{FRw,Qw(t)FRw,Sz(t)FQw,Tz(t)FSz,Tz(t)}

+ c3FSz,Rw(t)FTz,Qw(t)

or, [Fw,z(kt)]
2 = [FQw,Sz(kt)]

2 ≥ c1 min{[Fw,w(t)]2, [Fz,z(t)]
2, [Fw,z(t)]

2}

+ c2 min{Fw,w(t)Fw,z(t)Fw,z(t)Fz,z(t)}

+ c3Fz,w(t)Fz,w(t)

[Fw,z(kt)]
2 = [FQw,Sz(kt)]

2 ≥ c1 min{1, 1, [Fw,z(t)]2}+ c2 min{1.[Fw,z(t)]2.1}

+ c3[Fw,z(t)]
2

≥ c1 min{[Fw,z(t)]2}+ c2 min{[Fw,z(t)]2}+ c3[Fw,z(t)]
2

≥ (c1 + c2 + c3)[Fw,z(t)]
2

Which is a contradiction because c1 + c2 + c3 > 1.

Therefore, by Lemma (4.3.2) z = w and z is a common fixed point of Q,S,R

and T .

Uniqueness:

Let z1 (z1 6= z) be another common fixed point of Q,S,R and T .

Taking x = z and y = z1 then from (1), we have

[FQz,Sz1(kt)]
2>c1 min{[FRz,Qz(t)]2, [FTz1,Sz1(t)]2, [FRz,Tz1(t)]2}

+ c2 min{FRz,Qz(t)FRz,Sz1(t)FQz,Tz1(t)FSz1,T z1(t)}+ c3FSz1,Rz(t)FTz1,Qz(t)

On simplification, [Fz,z1(kt)]
2 >(c1 + c2 + c3)[Fz,z1(t)]

2

Which is a contradiction because c1 + c2 + c3 > 1. Thus, by Lemma (4.3.2),

z = z1 and hence uniqueness of common fixed point.
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The following example verify our main Theorem (4.3.7)

Example 4.3.1. Let K = [0, 20] with metric d defined by d(x, y) = |x− y|

and F is defined by

Fx,y(t) =


t

t+|x−y| for t > 0

0 for t = 0

for all x, y ∈ K. Then, (K,F, t) be a complete Menger Space with

t(a, b) = min(a, b) for all a, b ∈ [0, 1]. Let Q,R, S, T : K → K be defined by

Q(K) =

0 for x = 0

4 for 0 < x< 20

,

S(K) =

0 for x = 0

7 for 0 < x< 20

R(K) =


0 for x = 0

11− x for 0 < x< 11

x− 7 for 11 < x< 20

and

T (K) =


0 for x = 0

11− x for 0 < x< 11

x− 4 for 11 < x< 20

Then Q,S,R and T satisfy all the conditions of the above Theorem (4.3.7)

with k ∈ (0, 1) and have a unique common fixed point x = 0 in K. That

is, Q(0) = 0 = R(0),QR(0) = 0 = RQ(0). And S(0) = 0 = T (0), ST (0) =

0 = TS(0). Also, Q and S as well as R and T are occasionally weakly
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compatible. Hence, 0 is unique common fixed point of Q , S, R, and T .

Also, these maps are discontinuous at x = 0.

If we put Q = S and R = T in Theorem (4.3.7) then, we obtain

Corollary 4.3.1. Let (K,F, t) be Menger Space and Q,R : K → K be

mappings. Let (Q,R) be occasionally weakly compatible mappings. And if

there exist a constant k ∈ (0, 1) such that

[FQx,Qy(kt)]
2> c1 min{[FRx,Qx(t)]2, [FRy,Qy(t)]2, [FRx,Ry(t)]2}

+ c2 min{FRx,Qx(t)FRx,Qy(t)FQx,Ry(t)FQy,Ry(t)}+ c3FQy,Rx(t)FRy,Qx(t)

for all x, y ∈ K,and t > 0 , c1, c2, c3 > 0 and c1 + c2 + c3 > 1.

Then, there is a unique common fixed point of Q and R.

Introducing our another result in Menger space in six self-mappings.

Theorem 4.3.8. Let (K,F, t) be a complete Menger Space with t(x, y) =

min(x, y) for all x, y ∈ [0, 1] and

P,Q,R, S, T, U : K → K be mappings such that

(i) the pairs (PQ, T ) and (RS,U) are occasionally weak compatible,

(ii) there exists a constant k ∈ (0, 1)such that

FPQx,RSy(kt) ≥ min{(FTx,Uy(t),
1

2
[FPQx,Tx(t) + FRSy,Uy(t)],

1

2
[FPQx,Uy(t) + FRSy,Tx(t)]}

for all x, y ∈ K and t > 0.

Then, PQ, RS, T , U have a unique common fixed point in K. Furthermore,

if the pairs (P,Q) and (R, S) are commuting pairs of mappings then P , Q,

R, S, T , U have a unique common fixed point.

114



Proof. Here, (PQ, T ) and (RS,U) are occasionally weak compatible. So,

for all x, y ∈ K, we have PQx = Tx and RSy = Uy. We claim RSy = Uy.

From condition (ii), we have

FPQx,RSy(kt) ≥ min{(FPQx,RSy(t),
1

2
[FPQx,PQx(t) + FRSy,RSy(t)],

1

2
[FPQx,RSy(t)

+ FRSy,PQx(t)]}

≥ min{(FPQx,RSy(t), 1,
1

2
[FPQx,RSy(t) + FRSy,PQx(t)]}

≥ min{(FPQx,RSy(t), 1, 1}

≥ FPQx,RSy(t)

From lemma (4.3.2), we get , PQx = RSy. So,

PQx = Tx = RSy = Uy (4.1)

Moreover, if there is another coincidence point z such that PQz = Tz then

from condition (ii), we get

PQz = Tz = RSy = Uy (4.2)

Also, from relations (4.1)and (4.2) it follows that

PQx = PQz =⇒ z = x.

Hence, w = PQx = Tx for w ∈ K is the unique point of coincidence of PQ

and T .

By lemma (4.3.1), w is unique common fixed point of PQ and T .

Hence, PQw = Tw = w. Similarly, there is unique common fixed point

u ∈ K such that u = RSu = Uu.

Uniqueness: Suppose that u 6= w then by condition (ii)

Fw,u(kt) =FPQw,RSu(kt)≥min{(FTw,Uu(t), 12 [FPQw,Tw(t)+FRSu,Uu(t)],
1
2
[FPQw,Uu(t)+

FRSu,Tw(t)]}

≥ min{(Fw,u(t), 12 [Fw,w(t) + Fu,u(t)],
1
2
[Fw,u(t) + Fu,w(t)]}

115



≥ min{(Fw,u(t), 1, 12 [Fw,u(t) + Fw,u(t)]}

≥ min{(Fw,u(t), 1, Fw,u(t)}

≥ Fw,u(t)

By lemma (4.3.2), w = u.

Hence, w is unique common fixed point of PQ,RS,T , U . Finally, we have

to show that w is only the common fixed point of P,Q,R, S, T and U . If

the pairs (P,Q)and (R, S) are commuting pairs.

We may write, Pw = P (PQw) = P (QPw) = PQ(Pw) =⇒ Pw = w.

Also, Qw = Q(PQw) = QP (Qw) = PQ(Qw) =⇒ Qw = w. Similarly, we

have Rw = w and Sw = w.

Hence, then P , Q, R, S, T and U have a unique common fixed point.

As the consequences of Theorem (4.3.8), we have following theorem in metric

space:

Theorem 4.3.9. Let (K, d) be a complete metric space and P , R, T and

U be self-mappings in K such that

(i) (P, T ) and (R,U) are occasionally weakly compatible.

(ii) d(Px,Ry)≤ φ(max{(d(Tx, Ty), 1
2
[d(Px, Tx)+d(Ry, Uy)], 1

2
[d(Px, Uy)+

d(Ry, Tx)]}), for all x, y ∈ K.

Then, P , R, T and U have a unique common fixed point.

Our Theorem (4.3.7) generalizes the theorems of B. K. Sharma and N. K.

Shahu [189] and K. Tas, M. Telci and B. Fisher [206]. And theorem (4.3.8)

extends and generalize theorem K. Jha, M. Imdaad and U. Rajopadhayaya

[91] and G. Jungck and B. E. Rhodes [105]. Our result also generalizes and

improves other similar results in literature.

The above result have been published in Journal of Computer Science
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and Applied Mathematics, Vol. 3, no.2, (2022), 6576.

(https://doi.org/10.37418/jcsam.3.2.3)
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Conclusions:

In conclusions, we have introduced three new notions namely compatible

mappings of type (K), compatible mappings of type (P), and weakly com-

patible mappings of type (P) in Menger probabilistic metric space. We

have established six original common fixed-point theorems for four and six

self-mappings in Menger pm space with the help of our notions and our

propositions and have five corollaries. We have obtained eleven examples

for the verification of new results.

Our results generalize, extend, and improve other similar results in the lit-

erature. Our work has definitely helped in the knowledge increment in the

domain of fixed point theory and applications

Future Work:

The future research scope for further study in fixed point theory may be

considered as follows:

• In this dissertation, compatible and weakly compatible mappings of

type -(P ), of type- (K), in Menger probabilistic metric space have

been formulated. So, by using these compatible mappings, one can

establish common fixed point theorem in another generalized spaces

of metric space and also can be extended in other spaces too.

• The introduced compatible mappings can be used for sequence of self

mappings in Menger space.

• To Study the interrelationship between various type of contractive

mappings in generalized forms of probabilistic metric space.

• Our results can be used for further study for applications in different

fields.
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[49] Lj. B. Ćirić, A generalization of banachs contraction principle, Pro-

ceedings of the American Mathematical society 45 (1974), no. 2, 267–

273.
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