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ABSTRACT 

This study investigates the coupled lateral and torsional vibration analysis of a rotor-runner 

system comprising an internally supported unbalanced runner and an overhung balanced rotor. 

The Extended Hamilton’s principle is employed on the Euler-Bernoulli beam model to obtain 

the governing differential equation of motion. To decouple the equation of motion for 

hierarchical separation of equations into different orders, a perturbation-based expansion 

approach is deployed, which assists in the investigation of the interaction between lateral and 

torsional vibrations. The resulting system of equations is solved using the assumed mode 

method to obtain the coupled torsional response of the given rotodynamic system. A numerical 

example implementation is done to validate the analytical solution, with the simulation results. 

At 𝑥 =
𝐿

3
, the analytical values are found to be 6.726 mm (0.027 rad) and 6.985 mm (0.028 rad) 

from simulation, while at 𝑥 = 𝐿, the analytical results are found to be 13.453 mm (0.054 rad), 

and the simulation yielded 14.571 mm (0.058 rad). 
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1. CHAPTER ONE: INTRODUCTION 

1.1. Background 

The necessity for in-depth analysis and research on rotating machinery has grown radically due 

to its increasing demand. Rotodynamic systems are frequently employed in contemporary 

industrial facilities and are essential to many different applications. One typical example of 

such systems is a pump. In addition to these, these types of systems are often expected to 

operate reliably under harsh and continuous service conditions. Even though the design 

conditons are greatly addressed, the interaction between lateral and torsional vibrations is one 

of the common causes of failure, which makes their study more crucial. 

These systems have been extensively studied using various theoretical models since their 

dynamic response is of great importance. To better represent the real-world operating 

circumstances, such studies usually incorporate a wide range of assumptions and boundary 

conditions, along with the investigations of free and forced vibration. 

A rotor-runner system generally consists of a rotating shaft (rotor) coupled to a runner, which 

essentially serves as an energy-conversion element in rotodynamic machines like turbines and 

pumps. In several configurations, the rotor extends overhanging or cantilevered while the 

runner is supported internally between bearings. This structural arrangement introduces an 

inherent asymmetric distribution of mass and stiffness in the system, making the overall 

vibration characteristics of the system much more complex in behaviour. 

Furthermore, the runner can develop an imbalance due to fluid-structure interactions, wear, and 

manufacturing tolerances. Simplified uncoupled models are quite unable to accurately capture 

the coupled dynamic response of such systems caused by this imbalance, which is essentially 

transmitted through the shaft even where the rotor is balanced. 

1.2. Problem statement 

Most of the existing rotor dynamics research has primarily focused on symmetric configuration 

and uncoupled vibration modes often assuming balanced distribution of mass and stiffness. In 

particular, there has been limited research on rotor-runner systems in which the rotor is 

overhung beyond the last bearing support and the runner is unbalanced and supported internally 

between bearings. Traditional investigations, which usually treat lateral and torsional 

vibrations separately, fail to adequately capture the asymmetry in structure and dynamic 

complexities introduced by this configuration in particular. 
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The interaction between the unbalanced forces in the internally supported runner and the 

overhung geometry rotor leads to strong coupling in lateral as well as torsional behavior. 

Despite its practical significance in hydro-mechanical and turbomachinery systems, this 

coupled vibration phenomena has not been extensively explored. By creating a model that 

explicitly takes mass eccentricity and geometric asymmetry into account present in such 

rotodynamic systems, this study attempts to present insight on the coupled lateral and torsional 

vibrations in such systems. 

1.3. Research objectives 

1.3.1. Main objective 

a) To develop a dynamic model and determine the coupled lateral and torsional vibration 

response of a rotor-runner system with an internally supported unbalanced runner and 

an overhung balanced rotor. 

1.3.2. Specific objective 

a) To develop the governing differential equation of motion using Extended Hamilton’s 

principle for the Euler-Bernoulli beam model. 

b) To make a hierarchical separation of the equation of motion into different orders using 

a perturbation series to study the extent of interaction. 

c) To develop and formulate a transcendental mode shape function for a pinned-pinned 

overhung beam with a lumped mass at the free end and an intermediate lumped mass. 

d) To solve the equation of motion for coupled vibration using the assumed mode method. 

e) To perform a numerical example implementation on the solutions obtained and study 

the coupled torsional vibration. 

1.4. Scope and assumptions of the study 

This study is envisioned to study the coupled lateral and torsional forced vibrations of a rotor-

runner system with a given fixed imbalance in the runner and an overhung balanced rotor, 

focusing on torsional vibration response relevant to hydro-mechanical pumps applications. 

Following assumptions are taken for development and analysis of this model: 

a) The runner and the rotor is assumed to be rigid. 

b) Bearings are considered rigid with no deformation. 

c) Longitudinal displacement of the shaft is neglected. 
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d) Damping effects in the bearings are ignored. 

e) Torsional and flexural deformations are assumed to be of the same order. 

f) Material damping variations are not considered. 
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2. CHAPTER TWO: LITERATURE REVIEW 

2.1. Overview of the Rotodynamic system 

Most of the rotodynamic systems comprise of a runner mounted (which is essentially an energy 

conversion element) on a shaft with a generator rotor positioned in an overhung configuration 

(as shown in Figure 1). 

 

Figure 1: A common rotodynamic system. 

2.2. Literature survey 

The theoretical foundation for the study of dynamic stability in rotating systems was 

established on the grounds of fundamental issues in rotor dynamics. This is regarded as one of 

the first contributions to comprehending the intricate interactions of vibrational modes in rotor 

assemblies, particularly in association with the system on parametric excitation and the 

phenomenon of resonance (Tondl, 1965). 

An analytical framework for comprehending the interaction between flexural and torsional 

modes in complex rotodynamic systems with continuous mass and stiffness distributions was 

established through the study of coupled flexural-torsional vibrations of rotors. This early work 

presented the importance of presenting continuous structural coupling and provided in-depth 

insights into the dynamic behaviour of rotors beyond simplified discrete mass approximations 

(Broniarek, 1968). 

The dynamic behaviour of unbalanced rotors during acceleration through critical speeds was 

studied with a focus on the amplification of vibration amplitudes and transitory effects, 

examining how imbalance in mass influences response of rotor while passing through regions 
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of resonance. These findings presented the necessity of predicting precise critical operating 

speed and controlled acceleration tactics in unbalanced rotor systems (Gasch et al., 1979). 

Seal ring-induced spiral vibrations in turbo-generators were studied in the context of rotating 

shafts for forced resonances, including flexural-torsional coupling. This work presented the 

importance of peripheral elements like seal rings in influencing rotor stability by showing how 

seal ring dynamics can interact with shaft flexure and torsion, producing complex resonance 

(Kellenberger, 1980). 

The coupled torsional and transverse vibrations in unbalanced rotors were investigated using 

an analytical model, which highlighted that ignoring the interaction between flexural and 

torsional modes could lead to inaccurate predictions of critical speeds and vibration amplitudes. 

The study highlighted how important it is to take account of coupling effects in systems with 

large mass imbalance, in particular (Cohen & Porat, 1985). 

The idea of bisynchronous torsional vibrations in rotating shafts introduced the concept that 

residual unbalance and synchronous whirling can produce torsional oscillations at twice the 

rotational frequency. The study showed how torsional modes can be excited in general by 

flexural motion effects even without any external torque stimulation (Bernasconi, 1987). 

Both linear and nonlinear modelling were employed to investigate thecoupling between 

torsional and flexural deformations in the case of rotating shafts. The results revealed that the 

interaction between these two deformation modes has a significant impact on the rotor's 

dynamic response. The study clearly highlighted the necessity to account for torsion-bending 

coupling when analysing high-speed rotating machinery (Nataraj, 1993). 

A dynamic model incorporating both shaft torsional and blade bending deformations in rotors 

highlighted the importance of including blade flexibility in rotor dynamics problem. The study 

presented that if coupled effects are not appropriately taken into account, they may potentially 

lead to dynamic instability (Al-Bedoor, 1999). 

The coupled bending-torsional behaviour of rotors was investigated using the finite element 

model, which showed that taking both bending and torsional effects to the FEM model 

produced more accurate mode shapes and natural frequency values. In addition to these, this 

approach made it possible to evaluate sensitivity to structural flexibility in more precise manner 

(Mohiuddin & Khulief, 1999). 

Both theoretical and experimental studies were employed to study coupled torsional-lateral 

vibrations in rotors. Numerical estimates were verified using experimental data, signifying that 
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ignoring coupling in vibration leads to differences between modelled and observed behaviour. 

The study reinforced the importance of taking coupling effects into account while solving 

rotating machinery faults (Perera, 1998). 

The analysis of transient torsional and lateral vibrations of unbalanced rotors with rotor-to-

stator rubbing was conducted to understand the interactions that lead to the introduction of non-

linearities in the system response. The study presented that rubbing greatly increases vibration 

responsiveness and often leads to instability of rotors (Al-Bedoor, 2000). 

Coupled torsional and lateral vibrations in unbalanced rotors under forced stimulation were 

investigated to study how unbalance and coupling impact critical speeds, response amplitudes, 

and overall dynamic behaviour. The results indicated that neglecting such factors can lead to 

an underestimation of vibrational severity (Al-Bedoor, 2001). 

The investigation into bending-torsion coupling in rotor systems under rub-impact conditions 

indicated increased susceptibility to rubbing pressures and notable changes in frequency 

response and amplitude characteristics. The study emphasized how crucial it is to take coupling 

into account in contact-based rotor models (Zheng-ce et al., 2003). 

The study of coupled bending, longitudinal, and torsional vibrations of a balanced rotor stressed 

that the internal coupling processes are sufficiently capable enough to produce complicated 

vibration patterns even in the absence of unbalance. (Darpe et al., 2004). 

A stability study of spinning blade systems under torsional excitation showed that the torsional 

inputs can destabilise blade bending modes, particularly under conditions of resonance. This 

investigation enhanced knowledge regarding how torsional stresses influence the rotor stability 

and integrity of blades (Al-Bedoor & Al-Qaisia, 2005). 

Using Hamilton's principle along with perturbation-based expansion, the coupled transverse 

and torsional vibration behaviour of a rigid disc mounted on a simply supported flexible shaft 

was studied. The study demonstrated that coupling effects are seen at second and higher orders. 

The study highlighted non-linear coupling effects in flexible shaft-disk systems leads to the 

observation of resonance when rotor speed approaches approximately half of the torsional 

natural frequency (Poudel & Luintel, 2022). 

Similarly, an investigation on the torsional-flexural interaction in a shaft-disk system modelled 

as a rotating Euler-Bernoulli beam with a stiff disc highlighted that coupling appears in second-

order equations only, not in first order. The analysis of a double overhung rotor demonstrated 
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that the higher-order effects are crucial for accurately representing torsional-lateral interaction 

in real-world rotating machines (Dahal et al., 2023). 

Despite these studies, the analysis of coupled vibrations in rotodynamic systems with a pinned-

pinned overhung structure exposed to torsional stimulation has received relatively little 

attention, out in the field of rotor dynamics. Hence, this study focuses on investigating coupled 

vibration analysis of such systems. 
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3. CHAPTER THREE: RESEARCH METHODOLOGY 

This study is carried out using the following methodology. 

 

Figure 2: Research methodology. 

The methodology begins with a Literature Review to institute a foundational understanding of 

the problem. This is trailed by a Problem Modelling phase, where the system is mathematically 

defined. This phase includes instituting kinematic relations, formulating work and energy 

expressions, and applying the extended Hamilton's principle with given system constraints to 

develop the governing equations of motion. 

To simplify these complex governing differential equations, a decoupling phase is introduced, 

which deploys a perturbation-based expansion method. This leads to a hierarchical separation 

of the equations by order, making them easier and convenient to solve. 
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The methodology is then bifurcated into two parallel approaches: a Numerical example 

implementation and a simulation-based analysis. The results from both paths are amalgamated 

into a Final analytical and simulation solution. 

A precarious Validation step follows, where the solution is checked. If the solutions fail to 

validate, the process rounds back to the implementation and simulation steps for enhancement. 

Upon successful validation, the final step is the Documentation of findings, which summarizes 

the results and conclusions of the entire process. 
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4. CHAPTER FOUR: MATHEMATICAL MODELLING 

4.1. Kinematics of the system 

4.1.1. Coordinate system 

Let 𝑂𝑋𝑌𝑍 denote the fixed coordinate system, which is essentially treated as an inertial 

reference frame in this study. Similarly, let 𝑜𝑥𝑦𝑧 represent the body fixed frame. When the 

systems of coordinate, namely, the inertial frame and the body fixed frame, are initially 

coincident, then the series of rotations (as shown in Figure 3) is performed in the sequence of 

𝜓 about 𝑧, θ about 𝑦, and ϕ about 𝑥, which is sufficient enough to achieve any arbitrary 

configuration of 𝑜𝑥𝑦𝑧 coordinate system. 

 

Figure 3: Rotation sequence. 

The rotation matrix for 𝜓 about 𝑧 is given as shown in Equation (1), 

𝑅𝑧(𝜓) = [
cos𝜓 sin𝜓 0
−sin𝜓 cos𝜓 0
0 0 1

] (1) 

The rotation matrix for θ about 𝑦 is given as shown in Equation (2), 

𝑅𝑦(θ) = [
cos 𝜃 0 − sin 𝜃
0 1 0

sin 𝜃 0 cos 𝜃
] (2) 

Similarly, the rotation matrix for ϕ about 𝑥 is given as shown in Equation (3), 

𝑅𝑦(θ) = [
1 0 0
0 cos𝜙 sin 𝜙
0 −sin𝜙 cos𝜙

] (3) 

The final rotation matrix is given as shown in Equation (4), 

𝑇 = [

cos𝜓 cos 𝜃 cos 𝜃 sin𝜓 −sin 𝜃
sin 𝜙 sin 𝜃 cos𝜓 − cos𝜙 sin𝜓 sin𝜙 sin 𝜃 sin𝜓 + cos𝜙 cos𝜓 sin𝜙 cos 𝜃
cos𝜙 sin 𝜃 cos𝜓 + sin𝜙 sin𝜓 cos𝜙 sin 𝜃 sin𝜓 − sin𝜙 cos𝜓 cos𝜙 cos 𝜃

] 
(4) 
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4.1.2. Expression for velocity 

The angular velocity of the system in the body fixed frame is given by the vector sum of time 

derivatives of Euler angles, as shown in Equation (5). 

[

𝜔𝑥
𝜔𝑦
𝜔𝑧
] = [

−𝜓̇𝑠𝑖𝑛𝜃 + 𝜙̇

𝜃̇𝑐𝑜𝑠𝜙 + 𝜓̇𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙

−𝜃̇𝑠𝑖𝑛𝜙 + 𝜓̇𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙

] 
(5) 

 

The velocity of the mass center of any point on a body when mapped from the inertial frame 

to the body-fixed frame is given by Equation (6), 

[

𝑉𝑥
𝑉𝑦
𝑉𝑧

] = [

𝑒𝜃̇ sin(𝜙 + 𝛽) − 𝑒𝜓̇ cos(𝜙 + 𝛽) + 𝑣̇ sin𝜓 𝑐𝑜𝑠𝜃 − 𝑤̇𝑠𝑖𝑛𝜃

𝑣̇(𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙 𝑠𝑖𝑛𝜓 + 𝑐𝑜𝑠𝜙 𝑐𝑜𝑠𝜓) + 𝑤̇𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙 + (𝜓̇𝑠𝑖𝑛𝜃 − 𝜙̇)𝑒𝑠𝑖𝑛𝛽

𝑣̇(𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜃 sin𝜓 − 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜓) + 𝑤̇𝑐𝑜𝑠𝜙 𝑐𝑜𝑠𝜃 + (−𝜓̇𝑠𝑖𝑛𝜃 + 𝜙̇)𝑒𝑐𝑜𝑠𝛽

] 
(6) 

 

 

4.1.3. Kinematic constraints 

Since the angular displacements 𝜓 and θ are considered very small, 𝜓 and θ can be expressed 

as shown in Equation (7) and Equation (8): 

𝜃 = −
𝜕𝑤

𝜕𝑥
 

(7) 

 

𝜓 =
𝜕𝑣

𝜕𝑥
 

(8) 

 

4.2. Energy expression 

4.2.1. Shaft 

As the shaft considered in this study is considered to be flexible, it will be characterized using 

the Kinetic energy as well as Potential energy. 

The Kinetic energy of this shaft is given by (as shown in Equation (9)), 

𝑇 =
1

2
𝜌𝐴∫ 𝑉2𝑑𝑥

𝐿

0

+
1

2
𝐼𝑃𝑆∫ 𝜔𝑥

2
𝐿

0

𝑑𝑥 +
1

2
𝐼𝐷𝑆∫ 𝜔𝑦

2 + 𝜔𝑧
2

𝐿

0

𝑑𝑥 
(9) 

 

This expression for Kinetic energy (as shown in Equation (9)) can be further simplified by 

substituting the expressions from Equation (5) as well as Equation (6). 
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𝑇 =
1

2
𝜌𝐴∫ 𝑣2̇

𝐿

0

𝑑𝑥 +
1

2
𝜌𝐴∫ 𝑤2̇

𝐿

0

𝑑𝑥 +
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜙2̇𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜃2̇ sin2(𝜙 + 𝛽𝑠) 𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜓2̇ [cos2 𝜃 cos2(𝜙 + 𝛽𝑠) + sin
2 𝜃]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠𝑣̇

𝐿

0

𝜙̇[−2 cos𝜓 sin(𝜙 + 𝛽𝑠)

+ 2 sin𝜓 sin 𝜃 cos(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑣̇𝜃̇[2 sin𝜓 cos 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠𝑣̇

𝐿

0

𝜓̇[−2 sin𝜓 cos(𝜙 + 𝛽𝑠)

+ 2 cos𝜓 sin 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑤̇𝜙̇[2 cos 𝜃 cos(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑤̇𝜃̇[−2 sin 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜃̇𝜓̇[−2 cos 𝜃 cos(𝜙 + 𝛽𝑠) sin(𝜙 + 𝛽𝑠)]𝑑𝑥

+
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜓̇𝜙̇[−2 sin 𝜃]𝑑𝑥

+
1

2
𝐼𝑃𝑆∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝑑𝑥

+
1

2
𝐼𝐷𝑆∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]

𝐿

0

𝑑𝑥 

(10) 

 

Similarly, the potential energy of the shaft is given by (as shown in Equation (11)), 

𝑉 =
𝐸𝐼

2
∫ [(

𝜕2𝑣

𝜕𝑥2
)

2

+ (
𝜕2𝑤

𝜕𝑥2
)

2

] 𝑑𝑥
𝐿

0

+
𝐺𝐽

2
∫ (

𝜕𝜙

𝜕𝑥
)
2𝐿

0

𝑑𝑥 (11) 

 

4.2.2. Disc 

Since both discs are assumed to be rigid it will be characterized by Kinetic energy only. 
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The kinetic energy of the first disc [Unbalanced disc] is given by (as shown in Equation (12)), 

𝑇 =
1

2
𝑀𝐷1∫ 𝑣2̇

𝐿

0

[cos2 𝜃 cos2𝜓 + sin2 𝜃]𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ 2𝑒𝐷𝑣̇

𝐿

0

𝜙̇[− cos𝜓 sin(𝜙 + 𝛽𝐷)

+ sin𝜓 sin 𝜃 cos(𝜙 + 𝛽𝐷)]𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥

+
1

2
𝑀𝐷1∫ 2𝑒𝐷𝑣̇

𝐿

0

𝜓̇[sin 𝜃 cos𝜓 sin(𝜙 + 𝛽𝐷)

− sin2 𝜃 sin𝜓 cos(𝜙 + 𝛽𝐷)]𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ 2𝑣̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 sin𝜓 𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥

+
1

2
𝑀𝐷1∫ 𝑒𝐷

2
𝐿

0

𝜙2̇ 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ 2𝑒𝐷

2
𝐿

0

𝜙̇𝜓̇ sin 𝜃 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ 2𝑒𝐷𝜙̇

𝐿

0

𝑤̇ cos 𝜃 cos(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ 𝑒𝐷

2
𝐿

0

𝜓2̇ sin2 𝜃 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝑀𝐷1∫ −2𝑒𝐷𝜓̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 cos(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥

+
1

2
𝑀𝐷1∫ 𝑤̇2

𝐿

0

cos2 𝜃𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝐼𝑃𝐷1∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

+
1

2
𝐼𝐷𝐷1∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]𝛿 (𝑥 −

𝐿

3
)

𝐿

0

𝑑𝑥 

 

(12) 

Similarly, the kinetic energy of the second disc [Balanced disc] is given by (as shown in 

Equation (13)), 

𝑇 =
1

2
𝑀𝐷2∫ 𝑣2̇

𝐿

0

[cos2 𝜃 cos2𝜓 + sin2 𝜃]𝛿(𝑥 − 𝐿)𝑑𝑥

+
1

2
𝑀𝐷2∫ 2𝑣̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 sin𝜓 𝛿(𝑥 − 𝐿) 𝑑𝑥

+
1

2
𝑀𝐷2∫ 𝑤̇2

𝐿

0

cos2 𝜃𝛿(𝑥 − 𝐿) 𝑑𝑥

+
1

2
𝐼𝑃𝐷2∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝛿(𝑥 − 𝐿)𝑑𝑥

+
1

2
𝐼𝐷𝐷2∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]𝛿(𝑥 − 𝐿)

𝐿

0

𝑑𝑥 

(13) 
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4.2.3. Non-conservatives 

The non-conservatives in the shaft due to torque, due to eccentricity, and due to eccentricity in 

the discs are given by (as shown in Equation (14), Equation (15), and Equation (16)) 

𝑊𝑛𝑐 = ∫ 𝑇(𝜙 − 𝜓𝑠𝑖𝑛𝜃)𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

𝐿

0

 (14) 

 

𝑊𝑛𝑐 = ∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦𝑣𝑑𝑥
𝐿

0

+∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧𝑤𝑑𝑥
𝐿

0

 
(15) 

 

𝑊𝑛𝑐 = ∫ 𝐹𝐷𝑖𝑠𝑐,𝑦𝑣𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

𝐿

0

+∫ 𝐹𝐷𝑖𝑠𝑐,𝑧𝑤𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

𝐿

0

 
(16) 

 

4.2.4. Lagrangian 

From Kinetic energy as well as Potential Energy of Shaft along with Kinetic energy of discs, 

the Lagrangian is given by (as shown in Equation (17)), 

𝐿 =∑𝑇 −∑𝑉 (17) 

 

The Lagrangian comprises a total of 31 Terms from Kinetic energy and 2 Terms from 

Potential Energy. 

4.3. Extended Hamilton’s principle 

Using the Extended Hamilton’s principle, the equations of motion can be obtained. The applied 

Extended Hamilton’s principle for individual terms from energy expressions and non-

conservatives is as shown below, 

4.3.1. Extended Hamilton’s principle for kinetic energy 

First Term: 

∫ 𝛿 (∫
1

2
𝜌𝐴

𝐿

0

𝑣̇2𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫
1

2
𝜌𝐴

𝐿

0

𝑡2

𝑡1

𝛿(𝑣̇2)𝑑𝑥𝑑𝑡 = ∫ ∫ 𝜌𝐴
𝑡2

𝑡1

𝐿

0

𝑣̇𝛿(𝑣̇)𝑑𝑡𝑑𝑥 

=  𝜌𝐴∫ (𝑣̇𝛿𝑣 |
𝑡2
𝑡1
−∫ 𝑣̈

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 = −𝜌𝐴∫ ∫ 𝑣̈𝛿𝑣𝑑𝑥𝑑𝑡 = ∫ ∫ −𝑚𝑣̈𝛿𝑣𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

 

Second Term: 
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∫ 𝛿 (∫
1

2
𝜌𝐴

𝐿

0

𝑤̇2𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫
1

2
𝜌𝐴

𝐿

0

𝑡2

𝑡1

𝛿(𝑤̇2)𝑑𝑥𝑑𝑡 = ∫ ∫ 𝜌𝐴
𝑡2

𝑡1

𝐿

0

𝑤̇𝛿(𝑤̇)𝑑𝑡𝑑𝑥 

=  𝜌𝐴∫ (𝑤̇𝛿𝑤 |
𝑡2
𝑡1
−∫ 𝑤̈

𝑡2

𝑡1

𝛿𝑤𝑑𝑡)
𝐿

0

𝑑𝑥 = −𝜌𝐴∫ ∫ 𝑤̈𝛿𝑤𝑑𝑥𝑑𝑡 = ∫ ∫ −𝑚𝑤̈𝛿𝑤𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

 

Third Term: 

∫ 𝛿 (∫
1

2
𝜌𝐴𝑒𝑠

2
𝐿

0

𝜙̇2𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫
1

2
𝜌𝐴𝑒𝑠

2
𝐿

0

𝑡2

𝑡1

𝛿(𝜙̇2)𝑑𝑥𝑑𝑡 = ∫ ∫ 𝜌𝐴
𝑡2

𝑡1

𝑒𝑠
2

𝐿

0

𝜙̇𝛿(𝜙̇)𝑑𝑡𝑑𝑥 

=  𝜌𝐴𝑒𝑠
2∫ (𝜙̇𝛿𝜙 |

𝑡2
𝑡1
−∫ 𝜙̈

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

= −𝜌𝐴𝑒𝑠
2∫ ∫ 𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡 = ∫ ∫ −𝑚𝑒𝑠

2𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

 

Fourth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜃2̇ sin2(𝜙 + 𝛽𝑠) 𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Fifth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜓2̇ [cos2 𝜃 cos2(𝜙 + 𝛽𝑠) + sin
2 𝜃]𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Sixth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠𝑣̇

𝐿

0

𝜙̇[−2 cos𝜓 sin(𝜙 + 𝛽𝑠) + 2 sin𝜓 sin 𝜃 cos(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

= ∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠𝑣̇

𝐿

0

𝜙̇[−2 cos𝜓 sin(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

+ Higher Order Term  

= ∫ 𝛿 (∫ −𝜌𝐴
𝑡2

𝑡1

𝑒𝑠𝑣̇𝜙̇ sin(𝜙 + 𝛽𝑠))
𝐿

0

𝑑𝑡 

= −𝜌𝐴𝑒𝑠 sin(𝜙 + 𝛽𝑠)∫ ∫ (𝑣̇𝛿𝜙̇ + 𝜙̇𝛿𝑣̇)
𝑡2

𝑡1

𝐿

0

𝑑𝑡𝑑𝑥 
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= −𝑚𝑒𝑠 sin(𝜙 + 𝛽𝑠)∫ (𝑣̇𝛿𝜙 |
𝑡2
𝑡1
−∫ 𝑣̈

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

−𝑚𝑒𝑠 sin(𝜙 + 𝛽𝑠)∫ (𝜙̇𝛿𝑣 |
𝑡2
𝑡1
−∫ 𝜙̈

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 

= ∫ ∫ 𝑚𝑒𝑠𝑣̈ sin(𝜙 + 𝛽𝑠) 𝛿𝜙𝑑𝑥𝑑𝑡 +
𝑡2

𝑡1

𝐿

0

∫ ∫
𝜕

𝜕𝑡
(𝑚𝑒𝑠𝜙̇ sin(𝜙 + 𝛽𝑠))

𝑡2

𝑡1

𝛿𝑣𝑑𝑥𝑑𝑡
𝐿

0

 

Seventh Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑣̇𝜃̇[2 sin𝜓 cos 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Eighth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠𝑣̇

𝐿

0

𝜓̇[−2 sin𝜓 cos(𝜙 + 𝛽𝑠) + 2 cos𝜓 sin 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

= Higher Order Term  

Ninth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑤̇𝜙̇[2 cos 𝜃 cos(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ 𝛿 (∫ 𝜌𝐴
𝑡2

𝑡1

𝑒𝑠𝑤̇𝜙̇ cos(𝜙 + 𝛽𝑠))
𝐿

0

𝑑𝑡

= 𝜌𝐴𝑒𝑠 cos(𝜙 + 𝛽𝑠)∫ ∫ (𝑤̇𝛿𝜙̇ + 𝜙̇𝛿𝑤̇)
𝑡2

𝑡1

𝐿

0

𝑑𝑡𝑑𝑥 

=  𝑚𝑒𝑠 cos(𝜙 + 𝛽𝑠)∫ (𝑤̇𝛿𝜙 |
𝑡2
𝑡1
−∫ 𝑤̈

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

+𝑚𝑒𝑠 cos(𝜙 + 𝛽𝑠)∫ (𝜙̇𝛿𝑤 |
𝑡2
𝑡1
−∫ 𝜙̈

𝑡2

𝑡1

𝛿𝑤𝑑𝑡)
𝐿

0

𝑑𝑥 

= −∫ ∫ 𝑚𝑒𝑠𝑤̈ cos(𝜙 + 𝛽𝑠) 𝛿𝜙𝑑𝑥𝑑𝑡 −
𝑡2

𝑡1

𝐿

0

∫ ∫
𝜕

𝜕𝑡
(𝑚𝑒𝑠𝜙̇ cos(𝜙 + 𝛽𝑠))

𝑡2

𝑡1

𝛿𝑤𝑑𝑥𝑑𝑡
𝐿

0

 

Tenth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

𝐿

0

𝑤̇𝜃̇[−2 sin 𝜃 sin(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Eleventh Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜃̇𝜓̇[−2 cos 𝜃 cos(𝜙 + 𝛽𝑠) sin(𝜙 + 𝛽𝑠)]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  
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Twelfth Term: 

∫ 𝛿 (
1

2
𝜌𝐴∫ 𝑒𝑠

2
𝐿

0

𝜓̇𝜙̇[−2 sin 𝜃]𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Thirteenth Term: 

∫ 𝛿 (
1

2
𝐼𝑃𝑆∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= ∫ 𝛿 (
1

2
𝐼𝑃𝑆∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 + Higher Order Term  

= ∫ 𝛿 (
1

2
𝐼𝑃𝑆∫ [𝜙̇2 − 2𝜓̇𝜙𝜃̇]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝑆𝛿(𝜙̇𝑣̇
′𝑤′)𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝑆𝑣̇
′𝑤′𝛿𝜙̇𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝑆𝜙̇𝑤
′𝛿𝑣̇′𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝑆𝜙̇𝑣̇
′𝛿𝑤′𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

+ 𝐼𝑃𝑆∫ (𝑤′𝑣̇′𝛿𝜙 |
𝑡2
𝑡1
−∫

𝜕

𝜕𝑡
(𝑤′𝑣̇′)

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

+ 𝐼𝑃𝑆∫ (𝜙̇𝑣̇′𝛿𝑤 |
𝐿
0
− ∫ (𝜙̇𝑣̇′)

′
𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ 𝐼𝑃𝑆∫ (𝜙̇𝑤′𝛿𝑣̇ |
𝐿
0
− ∫

𝜕

𝜕𝑥
(𝜙̇𝑤′)

𝐿

0

𝛿𝑣̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 

= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

− 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑡
(𝑤′𝑣̇′)

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

− 𝐼𝑃𝑆∫ (∫ (𝜙̇𝑣̇′)
′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 − 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑥
(𝜙̇𝑤′)

𝐿

0

𝛿𝑣̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ Boundary Conditions  
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= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

− 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑡
(𝑤′𝑣̇′)

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

− 𝐼𝑃𝑆∫ (∫ (𝜙̇𝑣̇′)
′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

− 𝐼𝑃𝑆∫ (
𝜕

𝜕𝑥
(𝜙̇𝑤′)𝛿𝑣 |

𝑡2
𝑡1
−∫

𝜕

𝜕𝑡

𝜕

𝜕𝑥
(𝜙̇𝑤′)

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥

+ Boundary Conditions  

= −∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

− 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑡
(𝑤′𝑣̇′)

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥

− 𝐼𝑃𝑆∫ (∫ (𝜙̇𝑣̇′)
′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑡

𝜕

𝜕𝑥
(𝜙̇𝑤′)

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥

+ Boundary Conditions  

−∫ ∫ 𝐼𝑃𝑆𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

− 𝐼𝑃𝑆∫ (∫
𝜕

𝜕𝑡
(𝑤′𝑣̇′)

𝑡2

𝑡1

𝛿𝜙𝑑𝑡)
𝐿

0

𝑑𝑥 − 𝐼𝑃𝑆∫ (∫ (𝜙̇𝑣̇′)
′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ 𝐼𝑃𝑆∫ (∫ (𝜙̈𝑤′ + 𝜙̇𝑤̇′)
′

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 + Boundary Conditions  

Fourteenth Term: 

∫ 𝛿 (
1

2
𝐼𝐷𝑆∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ 𝛿 (
1

2
𝐼𝐷𝑆∫ [𝜃̇2 + 𝜓̇2]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= ∫ 𝛿 (
1

2
𝐼𝐷𝑆∫ [(𝑤̇)′

2
+ (𝑣̇)′

2
]

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫ 𝐼𝐷𝑆𝛿(𝑤̇)
′2𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝐷𝑆𝛿(𝑣̇)
′2𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

= 𝐼𝐷𝑆∫ (𝑤̇′𝛿𝑤̇ |
𝐿
0
− ∫ 𝑤̇′′

𝐿

0

𝛿𝑤̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝐷𝑆∫ (𝑣̇′𝛿𝑣̇ |
𝐿
0
− ∫ 𝑣̇′

′
𝐿

0

𝛿𝑣̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 

= 𝐼𝐷𝑆∫ (−∫ 𝑤̇′′
𝐿

0

𝛿𝑤̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝐷𝑆∫ (−∫ 𝑣̇′
′

𝐿

0

𝛿𝑣̇𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + Boundary Conditions  

= − 𝐼𝐷𝑆∫ (𝑤̇′′𝛿𝑤 |
𝐿
0
− ∫ 𝑤̈′′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 − 𝐼𝐷𝑆∫ (𝑣̇′
′
𝛿𝑣 |

𝐿
0
−∫ 𝑣̈′

′
𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ Boundary Conditions  

= 𝐼𝐷𝑆∫ (∫ 𝑤̈′′
𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝐷𝑆∫ (∫ 𝑣̈′
′

𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + Boundary Conditions  
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Fifteenth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 𝑣2̇

𝐿

0

[cos2 𝜃 cos2𝜓 + sin2 𝜃]𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡

= ∫ 𝛿 (
1

2
𝑀𝐷1∫ [𝑣2̇ + 𝑣2̇𝜃2]

𝐿

0

𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 

= ∫ ∫ −𝑀𝐷1𝑣̈ (𝑥 −
𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 + ∫ 𝛿 (

1

2
𝑀𝐷1∫ [𝑣2̇𝑤′2]

𝐿

0

𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡
𝑡2

𝑡1

𝐿

0

 

= ∫ ∫ −𝑀𝐷1𝑣̈𝛿 (𝑥 −
𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 +

𝑡2

𝑡1

𝐿

0

1

2
𝑀𝐷1∫ ∫ 2(𝑣2̇𝑤′𝛿𝑤′ +𝑤′2𝑣̇𝛿𝑣̇)𝛿 (𝑥 −

𝐿

3
)𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

= ∫ ∫ −𝑀𝐷1𝑣̈𝛿 (𝑥 −
𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 +

𝑡2

𝑡1

𝐿

0

𝑀𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (𝑣̇2𝑤′𝛿𝑤 |

𝐿
0
− ∫ 𝑣2̇𝑤′′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+𝑀𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (𝑤′2𝑣̇𝛿𝑣 |

𝑡2
𝑡1
−∫ (𝑤′2𝑣̇)′

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 

= ∫ ∫ −𝑀𝐷1𝑣̈𝛿 (𝑥 −
𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 −

𝑡2

𝑡1

𝐿

0

𝑀𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (∫ (𝑣2̇ 𝑤′)′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

−𝑀𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (∫

𝜕

𝜕𝑡
(𝑤′2𝑣̇)

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 + Boundary Conditions  

Sixteenth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑒𝐷𝑣̇

𝐿

0

𝜙̇[− cos𝜓 sin(𝜙 + 𝛽𝐷) + sin𝜓 sin 𝜃 cos(𝜙 + 𝛽𝐷)]𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 

= ∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑒𝐷𝑣̇

𝐿

0

𝜙̇[− cos𝜓 sin(𝜙 + 𝛽𝐷)]𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 

= ∫ ∫ 𝑀𝐷1𝑒𝐷𝑣̈ sin(𝜙 + 𝛽𝐷)𝛿 (𝑥 −
𝐿

3
) 𝛿𝜙𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷𝜙̇ sin(𝜙 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
)

𝑡2

𝑡1

𝛿𝑣𝑑𝑥𝑑𝑡
𝐿

0

 

Seventeenth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑒𝐷𝑣̇

𝐿

0

𝜓̇[sin 𝜃 cos𝜓 sin(𝜙 + 𝛽𝐷) − sin
2 𝜃 sin𝜓 cos(𝜙 + 𝛽𝐷)]𝛿 (𝑥

𝑡2

𝑡1

−
𝐿

3
)𝑑𝑥)𝑑𝑡 = Higher Order Term  
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Eighteenth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑣̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 sin𝜓 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Nineteenth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 𝑒𝐷

2
𝐿

0

𝜙2̇ 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = ∫ ∫ −𝑀𝐷1𝑒𝐷
2𝛿 (𝑥 −

𝐿

3
) 𝜙̈𝛿𝜙𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

Twentieth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑒𝐷

2
𝐿

0

𝜙̇𝜓̇ sin 𝜃 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Twenty-first Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 2𝑒𝐷𝜙̇

𝐿

0

𝑤̇ cos 𝜃 cos(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 

= −∫ ∫ 𝑀𝐷1𝑒𝐷𝑤̈ cos(𝜙 + 𝛽𝐷)𝛿 (𝑥 −
𝐿

3
) 𝛿𝜙𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

−∫ ∫
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷𝜙̇ cos(𝜙 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
)

𝑡2

𝑡1

𝛿𝑤𝑑𝑥𝑑𝑡
𝐿

0

 

Twenty-second Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 𝑒𝐷

2
𝐿

0

𝜓2̇ sin2 𝜃 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Twenty-third Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ −2𝑒𝐷𝜓̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 cos(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡

= Higher Order Term  

Twenty-fourth Term: 

∫ 𝛿 (
1

2
𝑀𝐷1∫ 𝑤̇2

𝐿

0

cos2 𝜃𝛿 (𝑥 −
𝐿

3
)𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 = ∫ ∫ −𝑀𝐷1𝑤̈𝛿 (𝑥 −
𝐿

3
) 𝛿𝑤𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

 

Twenty-fifth Term: 

∫ 𝛿 (
1

2
𝐼𝑃𝐷1∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥)

𝑡2

𝑡1

𝑑𝑡 
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= ∫ ∫ −𝐼𝑃𝐷1𝜙̈𝛿 (𝑥 −
𝐿

3
) 𝛿𝜙𝑑𝑥𝑑𝑡 − ∫ ∫ 𝐼𝑃𝐷1

𝜕

𝜕𝑡
(𝑤′𝑣̇′)𝛿 (𝑥 −

𝐿

3
) 𝛿𝜙𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

−∫ ∫ 𝐼𝑃𝐷1(𝜙̇𝑣̇
′)
′
𝛿 (𝑥 −

𝐿

3
) 𝛿𝑤𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝐷1(𝑤
′𝜙̈)

′
𝛿 (𝑥 −

𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝐷1(𝜙̇𝑤̇
′)
′
𝛿 (𝑥 −

𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 + Boundary Conditions

𝑡2

𝑡1

𝐿

0

 

Twenty-sixth Term: 

∫ 𝛿 (
1

2
𝐼𝐷𝐷1∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]𝛿 (𝑥 −

𝐿

3
)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= 𝐼𝐷𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (∫ 𝑤̈′′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝐷𝐷1𝛿 (𝑥 −
𝐿

3
)∫ (∫ 𝑣̈′

′
𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ Boundary Conditions  

Twenty-seventh Term: 

∫ 𝛿 (
1

2
𝑀𝐷2∫ 𝑣2̇

𝐿

0

[cos2 𝜃 cos2𝜓 + sin2 𝜃]𝛿(𝑥 − 𝐿)𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= ∫ ∫ −𝑀𝐷2𝑣̈𝛿(𝑥 − 𝐿)𝛿𝑣𝑑𝑥𝑑𝑡 −
𝑡2

𝑡1

𝐿

0

𝑀𝐷2𝛿(𝑥 − 𝐿)∫ (∫ (𝑣2̇ 𝑤′)′
𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

−𝑀𝐷2𝛿(𝑥 − 𝐿)∫ (∫
𝜕

𝜕𝑡
(𝑤′2𝑣̇)

𝑡2

𝑡1

𝛿𝑣𝑑𝑡)
𝐿

0

𝑑𝑥 + Boundary Conditions  

Twenty-eighth Term: 

∫ 𝛿 (
1

2
𝑀𝐷2∫ 2𝑣̇

𝐿

0

𝑤̇ sin 𝜃 cos 𝜃 sin𝜓 𝛿(𝑥 − 𝐿) 𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = Higher Order Term  

Twenty-ninth Term: 

∫ 𝛿 (
1

2
𝑀𝐷2∫ 𝑤̇2

𝐿

0

cos2 𝜃𝛿(𝑥 − 𝐿) 𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫ −𝑀𝐷2𝑤̈𝛿(𝑥 − 𝐿)𝛿𝑤𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

 

Thirtieth Term: 

∫ 𝛿 (
1

2
𝐼𝑃𝐷2∫ [𝜙̇2 − 2𝜓̇𝜙̇ sin 𝜃 + 𝜓̇2 sin2 𝜃]

𝐿

0

𝛿(𝑥 − 𝐿)𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 
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= ∫ ∫ −𝐼𝑃𝐷2𝜙̈𝛿(𝑥 − 𝐿)𝛿𝜙𝑑𝑥𝑑𝑡 − ∫ ∫ 𝐼𝑃𝐷2
𝜕

𝜕𝑡
(𝑤′𝑣̇′)𝛿(𝑥 − 𝐿)𝛿𝜙𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

−∫ ∫ 𝐼𝑃𝐷2(𝜙̇𝑣̇
′)
′
𝛿(𝑥 − 𝐿)𝛿𝑤𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝐷2(𝑤
′𝜙̈)

′
𝛿(𝑥 − 𝐿)𝛿𝑣𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

+∫ ∫ 𝐼𝑃𝐷2(𝜙̇𝑤̇
′)
′
𝛿(𝑥 − 𝐿)𝛿𝑣𝑑𝑥𝑑𝑡 + Boundary Conditions

𝑡2

𝑡1

𝐿

0

 

Thirty-first Term: 

∫ 𝛿 (
1

2
𝐼𝐷𝐷2∫ [𝜃̇2 + 𝜓̇2 cos2 𝜃]𝛿(𝑥 − 𝐿)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= 𝐼𝐷𝐷2𝛿(𝑥 − 𝐿)∫ (∫ 𝑤̈′′
𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 + 𝐼𝐷𝐷2𝛿(𝑥 − 𝐿)∫ (∫ 𝑣̈′
′

𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ Boundary Conditions  

4.3.2. Extended Hamilton’s principle for potential energy 

Thirty-second Term: 

∫ 𝛿 (
𝐸𝐼

2
∫ [(

𝜕2𝑣

𝜕𝑥2
)

2

+ (
𝜕2𝑤

𝜕𝑥2
)

2

] 𝑑𝑥
𝐿

0

)
𝑡2

𝑡1

𝑑𝑡

= ∫ ∫ 𝐸𝐼
𝑡2

𝑡1

𝐿

0

(
𝜕2𝑣

𝜕𝑥2
)𝛿 (

𝜕2𝑣

𝜕𝑥2
)𝑑𝑡𝑑𝑥 + ∫ ∫ 𝐸𝐼

𝑡2

𝑡1

𝐿

0

(
𝜕2𝑤

𝜕𝑥2
)𝛿 (

𝜕2𝑤

𝜕𝑥2
)𝑑𝑡𝑑𝑥 

= 𝐸𝐼 ∫ ((
𝜕2𝑣

𝜕𝑥2
)𝛿 (

𝜕𝑣

𝜕𝑥
) |
𝐿
0
− ∫ (

𝜕3𝑣

𝜕𝑥3
)𝛿 (

𝜕𝑣

𝜕𝑥
)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

+ 𝐸𝐼 ∫ ((
𝜕2𝑤

𝜕𝑥2
)𝛿 (

𝜕𝑤

𝜕𝑥
) |
𝐿
0
− ∫ (

𝜕3𝑤

𝜕𝑥3
)𝛿 (

𝜕𝑤

𝜕𝑥
)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= −𝐸𝐼 ∫ (∫ (
𝜕3𝑣

𝜕𝑥3
)𝛿 (

𝜕𝑣

𝜕𝑥
)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 − 𝐸𝐼 ∫ (∫ (
𝜕3𝑤

𝜕𝑥3
)𝛿 (

𝜕𝑤

𝜕𝑥
)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

+ Boundary Conditions  
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= −𝐸𝐼 ∫ ((
𝜕3𝑣

𝜕𝑥3
)𝛿(𝑣) |

𝐿
0
+ ∫ (

𝜕4𝑣

𝜕𝑥4
)𝛿(𝑣)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

− 𝐸𝐼 ∫ ((
𝜕3𝑤

𝜕𝑥3
)𝛿(𝑤) |

𝐿
0
+ ∫ (

𝜕4𝑤

𝜕𝑥4
)𝛿(𝑤)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 

= 𝐸𝐼 ∫ (∫ (
𝜕4𝑣

𝜕𝑥4
)𝛿(𝑣)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 + 𝐸𝐼 ∫ (∫ (
𝜕4𝑤

𝜕𝑥4
)𝛿(𝑤)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

+ Boundary Conditions  

Thirty-third Term: 

∫ 𝛿 (
𝐺𝐽

2
∫ (

𝜕𝜙

𝜕𝑥
)
2𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 = ∫ ∫ 𝐺𝐽
𝑡2

𝑡1

𝐿

0

(
𝜕𝜙

𝜕𝑥
) 𝛿 (

𝜕𝜙

𝜕𝑥
) 𝑑𝑡𝑑𝑥

= 𝐺𝐽∫ ((
𝜕𝜙

𝜕𝑥
) 𝛿(𝜙) |

𝐿
0
− ∫ (

𝜕2𝜙

𝜕𝑥2
)𝛿(𝜙)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡

= −𝐺𝐽∫ (∫ (
𝜕2𝜙

𝜕𝑥2
)𝛿(𝜙)

𝐿

0

𝑑𝑥)
𝑡2

𝑡1

𝑑𝑡 + Boundary Conditions  

4.3.3. Extended Hamilton’s principle for non-conservatives 

Thirty-fourth Term: 

∫ 𝛿 (∫ 𝑇(𝜙 − 𝜓𝑠𝑖𝑛𝜃)𝑑𝑥
𝐿

0

)
𝑡2

𝑡1

𝑑𝑡

= ∫ ∫ 𝑇
𝑡2

𝑡1

𝐿

0

𝛿𝜙𝑑𝑥𝑑𝑡 + ∫ ∫ 𝑇
𝑡2

𝑡1

𝑤′
𝐿

0

𝛿𝑣′𝑑𝑥𝑑𝑡 + ∫ ∫ 𝑇
𝑡2

𝑡1

𝑣′
𝐿

0

𝛿𝑤′𝑑𝑥𝑑𝑡 

= ∫ ∫ 𝑇
𝑡2

𝑡1

𝐿

0

𝛿𝜙𝑑𝑥𝑑𝑡 + 𝑇∫ (𝑤′𝛿𝑣 |
𝐿
0
− ∫ 𝑤′′

𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ 𝑇∫ (𝑣′𝛿𝑤 |
𝐿
0
− ∫ 𝑣′

′
𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 

= ∫ ∫ 𝑇
𝑡2

𝑡1

𝐿

0

𝛿𝜙𝑑𝑥𝑑𝑡 − 𝑇∫ (∫ 𝑤′′
𝐿

0

𝛿𝑣𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥 − 𝑇∫ (∫ 𝑣′
′

𝐿

0

𝛿𝑤𝑑𝑡)
𝑡2

𝑡1

𝑑𝑥

+ Boundary Conditions  

Thirty-fifth Term: 
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∫ 𝛿 (∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦𝑣𝑑𝑥
𝐿

0

+∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧𝑤𝑑𝑥
𝐿

0

)
𝑡2

𝑡1

𝑑𝑡

= ∫ ∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦𝛿𝑣𝑑𝑥𝑑𝑡 + ∫ ∫ 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧𝛿𝑤𝑑𝑥𝑑𝑡
𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

 

Thirty-sixth Term: 

∫ 𝛿 (∫ 𝐹𝐷𝑖𝑠𝑐,𝑦𝑣𝛿 (𝑥 −
𝐿

3
)𝑑𝑥

𝐿

0

+∫ 𝐹𝐷𝑖𝑠𝑐,𝑧𝑤𝛿 (𝑥 −
𝐿

3
) 𝑑𝑥

𝐿

0

)
𝑡2

𝑡1

𝑑𝑡 

= ∫ ∫ 𝐹𝐷𝑖𝑠𝑐,𝑦𝛿 (𝑥 −
𝐿

3
) 𝛿𝑣𝑑𝑥𝑑𝑡 + ∫ ∫ 𝐹𝐷𝑖𝑠𝑐,𝑧𝛿 (𝑥 −

𝐿

3
) 𝛿𝑤𝑑𝑥𝑑𝑡

𝑡2

𝑡1

𝐿

0

𝑡2

𝑡1

𝐿

0

 

4.4. Equation of motion 

The equation of motion in three fundamental directions after application of the Extended 

Hamilton principle is given as shown in Equation (18), Equation (19), and Equation (20). 

𝐸𝐼𝑣′′′′ +𝑚𝑣̈ − 𝐼𝑃𝑆(𝑤
′𝜙̈)

′
− 𝐼𝑃𝑆(𝜙̇𝑤̇

′)
′
− 𝐼𝐷𝑆(𝑣̈

′)′

=
𝜕

𝜕𝑡
(𝑚𝑒𝑆𝜙̇ sin(𝜙 + 𝛽𝑆)) − 𝑀𝐷1𝑣̈𝛿 (𝑥 −

𝐿

3
)

−𝑀𝐷1

𝜕

𝜕𝑡
(𝑤′2𝑣̇)𝛿 (𝑥 −

𝐿

3
) +

𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷𝜙̇ sin(𝜙 + 𝛽𝐷))

+ 𝐼𝑃𝐷1(𝑤
′𝜙̈)

′
𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷1(𝜙̇𝑤̇

′)
′
𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝐷𝐷1(𝑣̈
′)′𝛿 (𝑥 −

𝐿

3
) −𝑀𝐷2𝑣̈𝛿(𝑥 − 𝐿) − 𝑀𝐷2

𝜕

𝜕𝑡
(𝑤′2𝑣̇)𝛿(𝑥 − 𝐿)

+ 𝐼𝑃𝐷2(𝑤
′𝜙̈)

′
𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷2(𝜙̇𝑤̇

′)
′
𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝐷𝐷2(𝑣̈
′)′𝛿 (𝑥 −

𝐿

3
) − 𝑇𝑤′′𝛿 (𝑥 −

𝐿

3
) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦

+ 𝐹𝐷𝑖𝑠𝑐,𝑦𝛿 (𝑥 −
𝐿

3
) 

(18) 

 

𝐸𝐼𝑤′′′′ +𝑚𝑤̈ + 𝐼𝑃𝑆(𝜙̇𝑣̇
′)
′
− 𝐼𝐷𝑆(𝑤̈

′)′

= −
𝜕

𝜕𝑡
(𝑚𝑒𝑆𝜙̇ cos(𝜙 + 𝛽𝑆)) −𝑀𝐷1𝑤̈𝛿 (𝑥 −

𝐿

3
)

−𝑀𝐷1(𝑤
′𝑣̇2)′𝛿 (𝑥 −

𝐿

3
) −

𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷𝜙̇ cos(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −

𝐿

3
))

− 𝐼𝑃𝐷1(𝜙̇𝑣̇
′)
′
𝛿 (𝑥 −

𝐿

3
) + 𝐼𝐷𝐷1(𝑤̈

′)′𝛿 (𝑥 −
𝐿

3
) −𝑀𝐷2𝑤̈𝛿(𝑥 − 𝐿)

− 𝑀𝐷2(𝑤
′𝑣̇2)′𝛿(𝑥 − 𝐿) − 𝐼𝑃𝐷2(𝜙̇𝑣̇

′)
′
𝛿(𝑥 − 𝐿) + 𝐼𝐷𝐷2(𝑤̈

′)′𝛿(𝑥 − 𝐿)

− 𝑇𝑣′′𝛿 (𝑥 −
𝐿

3
) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧 + 𝐹𝐷𝑖𝑠𝑐,𝑧𝛿 (𝑥 −

𝐿

3
) 

(19) 
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𝐺𝐽𝜙′′ −𝑚𝑒𝑆
2𝜙̈ − 𝐼𝑃𝑆𝜙̈ − 𝐼𝑃𝑆

𝜕

𝜕𝑡
(𝑤′𝑣̇′)

= −𝑚𝑒𝑆𝑣̈ sin(𝜙 + 𝛽𝑆) + 𝑚𝑒𝑆𝑤̈ cos(𝜙 + 𝛽𝑆)

− 𝑀𝐷1𝑒𝐷𝑣̈ sin(𝜙 + 𝛽𝐷) 𝛿 (𝑥 −
𝐿

3
)

+𝑀𝐷1𝑒𝐷𝑤̈ cos(𝜙 + 𝛽𝐷)𝛿 (𝑥 −
𝐿

3
) + 𝐼𝑃𝐷1𝜙̈𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝑃𝐷1
𝜕

𝜕𝑡
(𝑤′𝑣̇′)𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷2𝜙̈𝛿(𝑥 − 𝐿)

+ 𝐼𝑃𝐷2
𝜕

𝜕𝑡
(𝑤′𝑣̇′)𝛿(𝑥 − 𝐿) − 𝑇 𝛿 (𝑥 −

𝐿

3
) 

(20) 

 

4.5. Perturbation application 

To better understand the extent of interaction, applying the perturbation series (as shown in 

Equation (21) to Equation (34)), 

𝑣 = 𝜀𝑣1 + 𝜀
2𝑣2 +⋯+ 𝜀

𝑛𝑣𝑛  (21) 

 

𝑤 = 𝜀𝑤1 + 𝜀
2𝑤2 +⋯+ 𝜀

𝑛𝑤𝑛 (22) 

 

𝜙 = 𝜙0 + 𝜀𝜙1 + 𝜀
2𝜙2 +⋯+ 𝜀𝑛𝜙𝑛  (23) 

 

𝑇 = 𝜀𝑇1 + 𝜀
2𝑇2 +⋯+ 𝜀

𝑛𝑇𝑛 (24) 

 

𝑒𝑆 = 𝜀𝑒𝑆1 + 𝜀
2𝑒𝑆2 +⋯+ 𝜀

𝑛𝑒𝑆𝑛 (25) 

 

𝑒𝐷 = 𝜀𝑒𝐷1 + 𝜀
2𝑒𝐷2 +⋯+ 𝜀𝑛𝑒𝐷𝑛 (26) 

 

𝐹𝑆ℎ𝑎𝑓𝑡,𝑦 = 𝜀𝐹𝑆ℎ𝑎𝑓𝑡,𝑦1 + 𝜀
2𝐹𝑆ℎ𝑎𝑓𝑡,𝑦2 +⋯+ 𝜀

𝑛𝐹𝑆ℎ𝑎𝑓𝑡,𝑦𝑛 (27) 

 

𝐹𝑆ℎ𝑎𝑓𝑡,𝑧 = 𝜀𝐹𝑆ℎ𝑎𝑓𝑡,𝑧1 + 𝜀
2𝐹𝑆ℎ𝑎𝑓𝑡,𝑧2 +⋯+ 𝜀𝑛𝐹𝑆ℎ𝑎𝑓𝑡,𝑧𝑛 (28) 

 

𝐹𝐷𝑖𝑠𝑐,𝑦 = 𝜀𝐹𝐷𝑖𝑠𝑐,𝑦1 + 𝜀
2𝐹𝐷𝑖𝑠𝑐,𝑦2 +⋯+ 𝜀𝑛𝐹𝐷𝑖𝑠𝑐,𝑦𝑛 (29) 

 

𝐹𝐷𝑖𝑠𝑐,𝑧 = 𝜀𝐹𝐷𝑖𝑠𝑐,𝑧1 + 𝜀
2𝐹𝐷𝑖𝑠𝑐,𝑧2 +⋯+ 𝜀

𝑛𝐹𝐷𝑖𝑠𝑐,𝑧𝑛 (30) 

Similarly, using Taylor’s series expansion for harmonic terms, 
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sin(𝜙 + 𝛽𝑆) = sin(𝜙0 + 𝛽𝑆) + 𝜀𝜙1 cos(𝜙0 + 𝛽𝑆) +… (31) 

 

cos(𝜙 + 𝛽𝑆) = cos(𝜙0 + 𝛽𝑆) − 𝜀𝜙1 sin(𝜙0 + 𝛽𝑆) +… (32) 

 

sin(𝜙 + 𝛽𝐷) = sin(𝜙0 + 𝛽𝐷) + 𝜀𝜙1 cos(𝜙0 + 𝛽𝐷) +… (33) 

 

cos(𝜙 + 𝛽𝐷) = cos(𝜙0 + 𝛽𝐷) − 𝜀𝜙1 sin(𝜙0 + 𝛽𝐷) +… (34) 

 

4.6. Equation of motion of different orders 

4.6.1. First order 

At the 𝑂(𝜀), the obtained equation of motion in three fundamental directions is as shown in 

Equation (35), Equation (36), and Equation (37). 

𝑚𝑣1̈ + 𝐸𝐼𝑣1
′′′′ − 𝐼𝑃𝑆(Ω𝑤1̇

′)′ − 𝐼𝐷𝑆𝑣1̈
′′

=
𝜕

𝜕𝑡
(𝑚𝑒𝑆1Ω sin(𝜙𝑜 + 𝛽𝑆)) − 𝑀𝐷1𝑣1̈𝛿 (𝑥 −

𝐿

3
)

+
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1Ωsin(𝜙𝑜 + 𝛽𝐷)) 𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷1(Ω𝑤1̇

′)′𝛿 (𝑥 −
𝐿

3
)

+ 𝐼𝐷𝐷1𝑣1̈
′′𝛿 (𝑥 −

𝐿

3
) −𝑀𝐷2𝑣1̈𝛿(𝑥 − 𝐿) + 𝐼𝑃𝐷2(Ω𝑤1̇

′)′𝛿(𝑥 − 𝐿)

+ 𝐼𝐷𝐷2𝑣1̈
′′𝛿(𝑥 − 𝐿) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦1 + 𝐹𝐷𝑖𝑠𝑐,𝑦1𝛿 (𝑥 −

𝐿

3
) 

(35) 

 

𝑚𝑤1̈ + 𝐸𝐼𝑤1
′′′′ + 𝐼𝑃𝑆(Ω𝑣1̇

′)′ − 𝐼𝐷𝑆𝑤1̈
′′

= −
𝜕

𝜕𝑡
(𝑚𝑒𝑆1Ω cos(𝜙𝑜 + 𝛽𝑆)) −𝑀𝐷1𝑤1̈𝛿 (𝑥 −

𝐿

3
)

−
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1Ωcos(𝜙𝑜 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
) − 𝐼𝑃𝐷1(Ω𝑣1̇

′)′𝛿 (𝑥 −
𝐿

3
)

+ 𝐼𝐷𝐷1𝑤1̈
′′𝛿 (𝑥 −

𝐿

3
) −𝑀𝐷2𝑤1̈𝛿(𝑥 − 𝐿) − 𝐼𝑃𝐷2(Ω𝑣1̇

′)′𝛿(𝑥 − 𝐿)

+ 𝐼𝐷𝐷2𝑤1̈
′′𝛿(𝑥 − 𝐿) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧1 + 𝐹𝐷𝑖𝑠𝑐,𝑧1𝛿 (𝑥 −

𝐿

3
) 

(36) 

 

𝐺𝐽𝜙1
′′ − 𝐼𝑃𝑆𝜙1̈ = 𝐼𝑃𝐷1𝜙1̈ 𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷2𝜙1̈ 𝛿(𝑥 − 𝐿) − 𝑇1𝛿 (𝑥 −

𝐿

3
) (37) 

 

The absence of torsional vibration component in the transverse vibration equation, and the 

absence of transverse vibration term in the torsional vibration equation, demonstrates the 

complete decoupling of the transverse and torsional terms in the case for first order. 
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4.6.2. Second order 

At the 𝑂(𝜀2), the obtained equation of motion in three fundamental directions is as shown in 

Equation (38), Equation (39) and Equation (40)). 

𝑚𝑣2̈ + 𝐸𝐼𝑣2
′′′′ − 𝐼𝑃𝑆(𝜙1̈𝑤1

′)
′
− 𝐼𝑃𝑆(Ω𝑤2̇

′)′ − 𝐼𝑃𝑆(𝜙1̇𝑤1̇
′)
′
− 𝐼𝐷𝑠𝑣2̈

′′

=
𝜕

𝜕𝑡
(𝑚𝑒𝑆1Ω𝜙1 cos(𝜙𝑜 + 𝛽𝑆)) +

𝜕

𝜕𝑡
(𝑚𝑒𝑆1𝜙1̇ sin(𝜙𝑜 + 𝛽𝑆))

+
𝜕

𝜕𝑡
(𝑚𝑒𝑆2Ω sin(𝜙𝑜 + 𝛽𝑆)) − 𝑀𝐷1𝑣2̈𝛿 (𝑥 −

𝐿

3
)

+
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1Ω𝜙1 cos(𝜙𝑜 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
)

+
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1𝜙1̇ sin(𝜙𝑜 + 𝛽𝐷)) 𝛿 (𝑥 −

𝐿

3
)

+
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1Ωsin(𝜙𝑜 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷1(𝜙1̈𝑤1

′)
′
𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝑃𝐷1(Ω𝑤2̇
′)′𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷1(𝜙1̇𝑤1̇

′)
′
𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝐷𝐷1𝑣2̈
′′𝛿 (𝑥 −

𝐿

3
) −𝑀𝐷2𝑣2̈𝛿(𝑥 − 𝐿) + 𝐼𝑃𝐷2(𝜙1̈𝑤1

′)
′
𝛿(𝑥 − 𝐿)

+ 𝐼𝑃𝐷2(Ω𝑤2̇
′)′𝛿(𝑥 − 𝐿) + 𝐼𝑃𝐷2(𝜙1̇𝑤1̇

′)
′
𝛿(𝑥 − 𝐿)

+ 𝐼𝐷𝐷2𝑣2̈
′′𝛿(𝑥 − 𝐿) − 𝑇1𝑤1

′′𝛿 (𝑥 −
𝐿

3
) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑦2

+ 𝐹𝐷𝑖𝑠𝑐,𝑦2𝛿 (𝑥 −
𝐿

3
) 
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𝑚𝑤2̈ + 𝐸𝐼𝑤2
′′′′ + 𝐼𝑃𝑆(Ω𝑣2̇

′)′ + 𝐼𝑃𝑆(𝜙1̇𝑣1̇
′)
′
− 𝐼𝐷𝑠𝑤2̈

′′

=
𝜕

𝜕𝑡
(𝑚𝑒𝑆1Ω𝜙1 sin(𝜙𝑜 + 𝛽𝑆)) −

𝜕

𝜕𝑡
(𝑚𝑒𝑆1𝜙1̇ cos(𝜙𝑜 + 𝛽𝑆))

−
𝜕

𝜕𝑡
(𝑚𝑒𝑆2Ω cos(𝜙𝑜 + 𝛽𝑆)) − 𝑀𝐷1𝑤2̈𝛿 (𝑥 −

𝐿

3
)

+
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1Ω𝜙1 sin(𝜙𝑜 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
)

−
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷1𝜙1̇ cos(𝜙𝑜 + 𝛽𝐷)) 𝛿 (𝑥 −

𝐿

3
)

−
𝜕

𝜕𝑡
(𝑀𝐷1𝑒𝐷2Ωcos(𝜙𝑜 + 𝛽𝐷))𝛿 (𝑥 −

𝐿

3
) − 𝐼𝑃𝐷1(Ω𝑣2̇

′)′𝛿 (𝑥 −
𝐿

3
)

− 𝐼𝑃𝐷1(𝜙1̇𝑣1̇
′)
′
𝛿 (𝑥 −

𝐿

3
) + 𝐼𝐷𝐷1𝑤2̈

′′𝛿 (𝑥 −
𝐿

3
) −𝑀𝐷2𝑤2̈𝛿(𝑥 − 𝐿)

− 𝐼𝑃𝐷2(Ω𝑣2̇
′)′𝛿(𝑥 − 𝐿) − 𝐼𝑃𝐷2(𝜙1̇𝑣1̇

′)
′
𝛿(𝑥 − 𝐿) + 𝐼𝐷𝐷2𝑤2̈

′′𝛿(𝑥 − 𝐿)

− 𝑇1𝑣1
′′𝛿 (𝑥 −

𝐿

3
) + 𝐹𝑆ℎ𝑎𝑓𝑡,𝑧2 + 𝐹𝐷𝑖𝑠𝑐,𝑧2𝛿 (𝑥 −

𝐿

3
) 

(39) 
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𝐺𝐽𝜙2
′′ − 𝐼𝑃𝑆𝜙2̈ − 𝐼𝑃𝑆

𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)

= − 𝑚𝑒𝑆1𝑣1̈ sin(𝜙𝑜 + 𝛽𝑆) + 𝑚𝑒𝑆1𝑤1̈ cos(𝜙𝑜 + 𝛽𝑆)

− 𝑀𝐷1𝑒𝐷1𝑣1̈ sin(𝜙𝑜 + 𝛽𝐷)𝛿 (𝑥 −
𝐿

3
)

+𝑀𝐷1𝑒𝐷1𝑤1̈ cos(𝜙𝑜 + 𝛽𝐷)𝛿 (𝑥 −
𝐿

3
) + 𝐼𝑃𝐷1𝜙2̈𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝑃𝐷1
𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿 (𝑥 −

𝐿

3
) + 𝐼𝑃𝐷2𝜙2̈𝛿(𝑥 − 𝐿)

+ 𝐼𝑃𝐷2
𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿(𝑥 − 𝐿) − 𝑇2𝛿 (𝑥 −

𝐿

3
) 

(40) 

 

It is observed that the terms of transverse vibration appears in the equation of motion of 

torsional vibration as a forcing term, and torsional vibration appears in the equation of motion 

of transverse vibration as a forcing term. 
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5. CHAPTER FIVE: ANALYTICAL SOLUTION 

To better understand the extent of interaction, the system is made to operate at constant angular 

speed Ω. Furthermore, for simplicity, it is assumed that there exists no fluctuation in torque as 

well as force. 

Based on these assumptions, the analytical solution in this study is developed for the torsional 

vibration of the system. 

5.1. First order 

To solve the equation of motion of first-order torsional vibration, using the assumed mode 

method, the torsional response can be expressed as shown in Equation (41), 

𝜙1(𝑥, 𝑡) = ∑𝜙𝑛(𝑡) sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

 (41) 

 

Similarly, the temporal and spatial derivatives (Second order) of Equation (41) are given as 

shown in Equation (42) and Equation (43), respectively. 

𝜙1̈(𝑥, 𝑡) = ∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

 (42) 

 

𝜙1
′′(𝑥, 𝑡) = −∑𝜙𝑛(𝑡) (

𝑛𝜋

2𝐿
)
2

sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

 (43) 

 

Substituting Equation (42) and Equation (43) in Equation (37), we get 

−𝐺𝐽∑𝜙𝑛(𝑡) (
𝑛𝜋

2𝐿
)
2

sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

− 𝐼𝑃𝑆∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

− 𝐼𝑃𝐷1∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
) 𝛿 (𝑥 −

𝐿

3
)

∞

𝑛=1

− 𝐼𝑃𝐷2∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
) 𝛿(𝑥 − 𝐿)

∞

𝑛=1

= 0 

(44) 

 

Using conditions of orthogonality, after application of the assumed mode method in Equation 

(44), the equation of Torsional vibration reduces to an ODE as shown in Equation (45), 

[𝐺𝐽 (
𝑛𝜋

2𝐿
)
2

(
𝐿

2
)] 𝜙𝑛̈(𝑡) + [𝐼𝑃𝑆 (

𝐿

2
) + 𝐼𝑃𝐷1 sin

2 (
𝑛𝜋

6𝐿
) +

𝐼𝑃𝐷2
2
sin2 (

𝑛𝜋

2𝐿
)] 𝜙𝑛(𝑡) = 0 (45) 
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From Equation (45), it can be clearly seen that the torsional natural frequency for 𝑛𝑡ℎ mode is 

given as shown in Equation (46). 

𝛿𝑛 = √
𝐺𝐽 (

𝑛𝜋
2𝐿
)
2

(
𝐿
2
)

𝐼𝑃𝑆 (
𝐿
2) + 𝐼𝑃𝐷1 sin

2 (
𝑛𝜋
6𝐿) +

𝐼𝑃𝐷2
2 sin2 (

𝑛𝜋
2𝐿)

 (46) 

 

5.2. Second order 

To solve the equation of motion of 𝑂(𝜀2), the transverse displacements can be expressed as 

shown in Equation (47) and Equation (48), respectively. 

𝑣1(𝑥, 𝑡) = ∑𝑋𝑛(𝑥)

∞

𝑛=1

 cos(Ω𝑡 + 𝛽) (47) 

 

𝑤1(𝑥, 𝑡) = ∑𝑋𝑛(𝑥)

∞

𝑛=1

 sin(Ω𝑡 + 𝛽) (48) 

 

The term 𝑋𝑛(𝑥) in Equation (47) and Equation (48) can be expressed in piecewise form as 

shown in Equation (49). 

𝑋𝑛(𝑥) =

{
 
 

 
 𝑋1(𝑥),                 0 ≤ 𝑥 ≤

𝐿

3

𝑋2(𝑥),                 
𝐿

3
≤ 𝑥 ≤

2𝐿

3

𝑋3(𝑥),                 
2𝐿

3
≤ 𝑥 ≤ 𝐿

 (49) 

 

Equation (49) can be further expressed in transcendental form as shown below in Equation 

(50), Equation (51), and Equation (52). 

𝑋1(𝑥) = 𝑎 sin(𝛽𝑥) + 𝑏 cos(𝛽𝑥) + 𝑐 sinh(𝛽𝑥) +𝑑 cosh(𝛽𝑥) (50) 

 

𝑋2(𝑥) = 𝑒 sin(𝛽𝑥) + 𝑓 cos(𝛽𝑥) + 𝑔 sinh(𝛽𝑥) +ℎ cosh(𝛽𝑥) (51) 

 

𝑋3(𝑥) = 𝑖 sin(𝛽𝑥) + 𝑗 cos(𝛽𝑥) + 𝑘 sinh(𝛽𝑥) + 𝑙 cosh(𝛽𝑥) (52) 

 

To solve the above mentioned sets of equation, the boundary condition are set as follows. 

At the left bearing, deflection and moment are equal to zero. 

𝑋1(0) = 0 (53) 
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𝑑2𝑋1(0)

𝑑𝑥2
= 0 (54) 

 

At the point of application of First disc in between the bearings, there exists continuity in 

deflection, slope, and moment values, followed by a jump in shear force. 

𝑋1 (
𝐿

3
) − 𝑋2 (

𝐿

3
) = 0 (55) 

 

𝑑𝑋1 (
𝐿
3)

𝑑𝑥
−
𝑑𝑋2 (

𝐿
3)

𝑑𝑥
= 0 

(56) 

 

𝑑2𝑋1 (
𝐿
3)

𝑑𝑥2
−
𝑑2𝑋2 (

𝐿
3)

𝑑𝑥2
= 0 

(57) 

 

𝑑3𝑋2 (
𝐿
3)

𝑑𝑥3
−
𝑑3𝑋1 (

𝐿
3)

𝑑𝑥3
−
𝑚1𝛽

4

𝜌𝐴
𝑋1 (

𝐿

3
) = 0 (58) 

 

Similarly, at the right bearing deflection is zero, followed by continuity in values of slope and 

moment. 

𝑋2 (
2𝐿

3
) = 0 (59) 

 

𝑋3 (
2𝐿

3
) = 0 (60) 

 

𝑑𝑋2 (
2𝐿
3 )

𝑑𝑥
−
𝑑𝑋3 (

2𝐿
3 )

𝑑𝑥
= 0 

(61) 

 

𝑑2𝑋2 (
2𝐿
3 )

𝑑𝑥2
−
𝑑2𝑋3 (

2𝐿
3 )

𝑑𝑥2
= 0 

(62) 

 

Similarly, at the free end moment value is zero, followed by a jump in shear force values. 

𝑑2𝑋3(𝐿)

𝑑𝑥2
= 0 (63) 
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𝑑3𝑋3(𝐿)

𝑑𝑥3
−
𝑚2𝛽

4

𝜌𝐴
𝑋3(𝐿) = 0 (64) 

 

The above-mentioned set of equations from Equation (53) to Equation (64), when substituted 

in Equation (50), Equation (51), and Equation (52), gives the required transcendental 

equation. 

Substituting Equation (47) and Equation (48) in Equation (40), we get, 

−𝐺𝐽∑𝜙𝑛(𝑡) (
𝑛𝜋

2𝐿
)
2

sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

− 𝐼𝑃𝑆∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
)

∞

𝑛=1

− 𝐼𝑃𝐷1∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
) 𝛿 (𝑥 −

𝐿

3
)

∞

𝑛=1

− 𝐼𝑃𝐷2∑𝜙𝑛̈(𝑡) sin (
𝑛𝜋𝑥

2𝐿
) 𝛿(𝑥 − 𝐿)

∞

𝑛=1

= 𝐼𝑃𝑆
𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′) + 𝐼𝑃𝐷1

𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿 (𝑥 −

𝐿

3
)

+ 𝐼𝑃𝐷2
𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿(𝑥 − 𝐿) 

(65) 

 

Although the torsional mode shape function theoretically spans from 𝑛 = 1 to 𝑛 = ∞, for 

simplicity and to reduce computational effort, only the fundamental mode (First mode) 

corresponding to  𝑛 = 1 is considered in this analysis. 

Using conditions of orthogonality, after application of the assumed mode method in Equation 

(65), the equation of Torsional vibration reduces to, 

𝜙̈(𝑡) + 𝛿1
2𝜙(𝑡) =

1

𝐼𝑃𝑆 (
𝐿
2
) + 𝐼𝑃𝐷1 sin2 (

𝜋
6𝐿
) +

𝐼𝑃𝐷2
2
sin2 (

𝜋
2𝐿
)
Ω2𝐹𝑟 sin 2(Ω𝑡 + 𝛽) (66) 

 

The term 𝐹𝑟 in Equation (66) is given as shown in Equation (67). 

𝐹𝑟 =
1

Ω2 sin[2(Ω𝑡 + 𝛽)]
[∫ (𝐼𝑃𝑆

𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′) + 𝐼𝑃𝐷1

𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿 (𝑥 −

𝐿

3
)

𝐿

0

+ 𝐼𝑃𝐷2
𝜕

𝜕𝑡
(𝑣1̇

′𝑤1
′)𝛿(𝑥 − 𝐿))] sin (

𝜋𝑥

2𝐿
) 𝑑𝑥 

(67) 

 

The value of Term 𝐹𝑟 can be solved computationally, and can be used in further analysis for 

determination of the final coupled torsional response. 
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It is clearly evident that Equation (66) resembles that of the SDOF harmonic oscillator, and it 

is obvious to assume the solution as, 

𝜙(𝑡) = 𝜙𝑟 sin 2(Ω𝑡 + 𝛽) (68) 

  

Substituting Equation (68) in Equation (66) we get, 

𝜙𝑟 =
1

𝐼𝑃𝑆 (
𝐿
2
) + 𝐼𝑃𝐷1 sin2 (

𝜋
6𝐿
) +

𝐼𝑃𝐷2
2
sin2 (

𝜋
2𝐿
)

𝐹𝑟
4
(

1

−1 + (
𝛿
2Ω
)
2) (69) 

 

Substituting Equation (69) in Equation (68), the temporal response reduces as shown in 

Equation (70). 

𝜙(𝑡) =
1

𝐼𝑃𝑆 (
𝐿
2) + 𝐼𝑃𝐷1 sin

2 (
𝜋
6𝐿) +

𝐼𝑃𝐷2
2 sin2 (

𝜋
2𝐿)

𝐹𝑟
4
(

1

−1 + (
𝛿
2Ω)

2)sin 2(Ω𝑡 + 𝛽) (70) 

 

Substituting Equation (70) in Equation (41), the combined Spatial as well as temporal 

response (Considering only the Fundamental mode) reduces as shown in Equation (71). 

𝜙(𝑥, 𝑡) =
1

𝐼𝑃𝑆 (
𝐿
2
) + 𝐼𝑃𝐷1 sin2 (

𝜋
6𝐿
) +

𝐼𝑃𝐷2
2
sin2 (

𝜋
2𝐿
)

𝐹𝑟
4
(

1

−1 + (
𝛿
2Ω)

2)sin 2(Ω𝑡

+ 𝛽) sin (
𝜋𝑥

2𝐿
) 

(71) 

It is evident that the flexural motion is responsible for torsional motion at twice the spin speed. 

Therefore, resonance may occur when the spin speed (Ω) is close to one-half of any of the 

torsional natural frequencies (𝛿). 
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6. CHAPTER SIX: NUMERICAL EXAMPLE IMPLEMENTATION   

6.1. Analytical numerical solution 

For a numerical example implementation, the following tabulated parameters are taken as 

shown in Table 1. Further, the system is made to operate at a constant rotational speed of 1500 

RPM to observe the torsional response. 

Table 1: System parameters. 

S.N. Parameters Values 

1 Mass of First Disc 2575 kg 

2 Diameter of First Disc 176 cm 

3 Moment of inertia of the First Disc about the transverse axis 499 kg·m² 

4 
Polar moment of inertia of the First Disc about the longitudinal 

axis 
998 kg·m² 

5 Mass of Second Disc 35000 kg 

6 Diameter of Second Disc 240 cm 

7 Moment of inertia of the Second Disc about the transverse axis 12600 kg·m² 

8 
Polar moment of inertia of the Second Disc about the longitudinal 

axis 
25200 kg·m² 

9 Density of the shaft 7850 kg/m³ 

10 Diameter of the shaft 50 cm 

11 Young’s modulus of elasticity of the shaft material 202 GPa 

12 
Shaft cross-sectional area, moment of inertia about the transverse 

axis 
0.003067 m⁴ 

13 
Shaft cross-sectional polar area moment of inertia about the 

longitudinal axis 
0.006135 m⁴ 

14 Cross-sectional area of the shaft 0.1963 m² 

15 Length of the shaft 100 cm 

 

6.1.1. First order 

Substituting the tabulated parameters as shown in Table 1, the fundamental mode torsional 

natural frequency (𝛿) (From Equation (46)) is obtained as 35.38 Hz. 

6.1.2. Second order 

Using the tabulated parameters as shown in Table 1, the bending vibration mode shapes are 

given as shown in Equation (72), Equation (73), and Equation (74). 
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𝑋1(𝑥) =

{
 
 
 
 

 
 
 
 𝑠𝑖𝑛(1.041576829𝑥)  −  0.8520812506𝑠𝑖𝑛ℎ(1.041576829𝑥), 𝑥 ≤

1

3
0.9685404103 sin(1.041576829𝑥)

+ 0.01138364949 cos(1.041576829𝑥)

− 0.8165886482𝑠𝑖𝑛ℎ(1.041576829𝑥) −  0.01185038236𝑐𝑜𝑠ℎ(1.041576829𝑥),
1

3
≤ 𝑥 ≤

2

3
−1.104606707 sin(1.041576829𝑥) + 1.737764042 cos(1.041576829𝑥)

 + 2.558214724𝑠𝑖𝑛ℎ(1.041576829𝑥)  −  2.039402990𝑐𝑜𝑠ℎ(1.041576829𝑥), 𝑥 ≥
2

3

 (72) 

 

𝑋2(𝑥) =

{
 
 
 
 

 
 
 
 𝑠𝑖𝑛(3.385526128𝑥)  −  0.3029701293𝑠𝑖𝑛ℎ(3.385526128𝑥), 𝑥 ≤

1

3
0.4133741012𝑠𝑖𝑛(3.385526128𝑥)

+1.238709734𝑐𝑜𝑠(3.385526128𝑥)

− 2.037019144𝑠𝑖𝑛ℎ(3.385526128𝑥) − 1.896580619𝑐𝑜𝑠ℎ(3.385526128𝑥),
1

3
≤ 𝑥 ≤

2

3
−0.5032041477𝑠𝑖𝑛(3.385526128𝑥) + 0.1195704087𝑐𝑜𝑠(3.385526128𝑥)

− 4.949383429𝑠𝑖𝑛ℎ(3.385526128𝑥) +  4.938419919𝑐𝑜𝑠ℎ(3.385526128𝑥), 𝑥 ≥
2

3

 (73) 

 

𝑋3(𝑥) =

{
 
 
 
 

 
 
 
 𝑠𝑖𝑛(9.427102050𝑥) + 0.00005182028418𝑠𝑖𝑛ℎ(9.427102050𝑥), 𝑥 ≤

1

3
0.9986155264𝑠𝑖𝑛(9.427102050𝑥)

+1.072503588 . 10−6𝑐𝑜𝑠(9.427102050𝑥)

−0.01600932793𝑠𝑖𝑛ℎ(9.427102050𝑥) + 0.01600136600𝑐𝑜𝑠ℎ(9.427102050𝑥),
1

3
≤ 𝑥 ≤

2

3
0.9945380776𝑠𝑖𝑛(9.427102050𝑥) + +7.381385044. 10−6 𝑐𝑜𝑠(9.427102050 𝑥)

+1.077431180 𝑠𝑖𝑛ℎ(9.427102050 𝑥) − 1.077431539𝑐𝑜𝑠ℎ(9.427102050𝑥), 𝑥 ≥
2

3

 (74) 

The corresponding mode shapes for three different modes are shown in Figure 4. 

 

Figure 4: Mode shapes obtained through analytical solution. 
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Substituting Equation (72), Equation (73), and Equation (74) in Equation (49) and thereafter 

into Equation (47) and Equation (48), Equation (67) can be solved computationally to obtain 

the value of 𝐹𝑟 as 1384.86. 

The value of 𝐹𝑟 and 𝛿, along with tabulated parameters as shown in Table 1 when substituted 

in Equation (71) leads to the development of the final torsional response as shown in Equation 

(75). 

𝜙(𝑥, 𝑡) = 0.054 sin (
𝜋𝑥

2
) sin(314.20𝑡) (75) 

Equation (75) gives the response of the system in radians. Equation (75), when plotted in the 

spatial as well as temporal domain, gives the final torsional response of the system as shown 

in Figure 5. 

 

Figure 5: Torsional vibration response in spatial as well as temporal domain. 

Figure 5 clearly shows that the response of the system is sinusoidal in the spatial as well as the 

temporal domain. 
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6.2. Simulation-based solution 

Finite element analysis was used to implement the simulation-based solution. For the model, a 

three-dimensional tetrahedral mesh with a consistent element size of 25 mm was created. In 

order to better reflect the real support condition, the right bearing was constrained against 

translation but permitted rotational freedom, while the left bearing was constrained to restrict 

both translational and rotational degrees of freedom through remote displacements at the 

bearing locations. 

Two lumped masses were included at the proper locations (at 𝑥 =
𝐿

3
 𝑎𝑛𝑑 𝑎𝑡 𝑥 = 𝐿) to represent 

the discs in order to appropriately model the physical system. The shaft was then excited, and 

its torsional response was obtained by applying a torsional moment to the system. 

The simulation-based solution produced the corresponding values at the location of discs, as 

shown in Table 2 as well as in Figure 6 and Figure 7, respectively. 

Table 2: Comparative results between analytical and simulation results. 

Method At 𝒙 =
𝑳

𝟑
 At 𝒙 = 𝑳 

Analytical 6.726 mm (0.027 rad) 13.453 mm (0.054 rad) 

Simulation 6.985 mm (0.028 rad) 14.571 mm (0.058 rad) 

 

 

Figure 6: Torsional vibration response at 𝑥 = 𝐿/3 
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Figure 7: Torsional vibration response at 𝑥 = 𝐿. 
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7. CHAPTER SEVEN: CONCLUSION AND RECOMMENDATIONS 

7.1. Conclusion 

a) The governing differential equation of motion for the Euler-Bernoulli beam is 

developed using Extended Hamilton’s principle, and the system of equations obtained 

is found to be a coupled system of partial differential equations. 

b) The use of perturbation series allowed the equation of motion to be hierarchically 

separated into different orders to study the extent of interaction, which showed that 

coupling occurs in the second and higher orders.  

c) The transcendental mode shape function for a pinned-pinned overhung beam with a 

lumped mass at the free end and an intermediate lumped mass is formulated in a 

piecewise manner. 

d) The assumed mode method is employed to solve the equation of motion for torsional 

response, which reveals that the flexural motion of frequency Ω excites torsional 

motion at twice that frequency, and resonance can take place if the operational speed 

approaches close to half of the torsional natural frequency. 

e) Numerical example is implemented to the obtained solutions, which yielded closely 

matching results in between the analytical and simulation approaches. At 𝑥 =
𝐿

3
, the 

analytical values are 6.726 mm (0.027 rad) compared to 6.985 mm (0.028 rad) from 

simulation, while at 𝑥 = 𝐿, the analytical results are 13.453 mm (0.054 rad) and the 

simulation produced 14.571 mm (0.058 rad). 

7.2. Recommendations 

This work can be further extended as following: 

a) The beam can be modelled as a Timoshenko beam, to incorporate the effects of shear 

deformation and rotary inertia, leading to a more accurate representation of system 

dynamics. 

b) The present study can be further extended by considering the disc as a flexible element 

instead of rigid bodies to better incorporate the deformation effects on the entire system 

dynamics. 

c) The assumption of rigid bearings can be modified by the use of flexible damped 

bearings, which would more realistically represent the conditions of support. 

d) Inclusion of higher modes, beyond the fundamental mode, can help achieve more 

comprehensive results of torsional response. 
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e) The model can be further improved in simulation part by accounting the distributed 

eccentricity along the length of shaft. 
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