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ABSTRACT

This study investigates the coupled lateral and torsional vibration analysis of a rotor-runner
system comprising an internally supported unbalanced runner and an overhung balanced rotor.
The Extended Hamilton’s principle is employed on the Euler-Bernoulli beam model to obtain
the governing differential equation of motion. To decouple the equation of motion for
hierarchical separation of equations into different orders, a perturbation-based expansion
approach is deployed, which assists in the investigation of the interaction between lateral and
torsional vibrations. The resulting system of equations is solved using the assumed mode
method to obtain the coupled torsional response of the given rotodynamic system. A numerical

example implementation is done to validate the analytical solution, with the simulation results.
Atx = g the analytical values are found to be 6.726 mm (0.027 rad) and 6.985 mm (0.028 rad)

from simulation, while at x = L, the analytical results are found to be 13.453 mm (0.054 rad),
and the simulation yielded 14.571 mm (0.058 rad).
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CHAPTER ONE: INTRODUCTION
1.1. Background

The necessity for in-depth analysis and research on rotating machinery has grown radically due
to its increasing demand. Rotodynamic systems are frequently employed in contemporary
industrial facilities and are essential to many different applications. One typical example of
such systems is a pump. In addition to these, these types of systems are often expected to
operate reliably under harsh and continuous service conditions. Even though the design
conditons are greatly addressed, the interaction between lateral and torsional vibrations is one

of the common causes of failure, which makes their study more crucial.

These systems have been extensively studied using various theoretical models since their
dynamic response is of great importance. To better represent the real-world operating
circumstances, such studies usually incorporate a wide range of assumptions and boundary

conditions, along with the investigations of free and forced vibration.

A rotor-runner system generally consists of a rotating shaft (rotor) coupled to a runner, which
essentially serves as an energy-conversion element in rotodynamic machines like turbines and
pumps. In several configurations, the rotor extends overhanging or cantilevered while the
runner is supported internally between bearings. This structural arrangement introduces an
inherent asymmetric distribution of mass and stiffness in the system, making the overall

vibration characteristics of the system much more complex in behaviour.

Furthermore, the runner can develop an imbalance due to fluid-structure interactions, wear, and
manufacturing tolerances. Simplified uncoupled models are quite unable to accurately capture
the coupled dynamic response of such systems caused by this imbalance, which is essentially

transmitted through the shaft even where the rotor is balanced.
1.2. Problem statement

Most of the existing rotor dynamics research has primarily focused on symmetric configuration
and uncoupled vibration modes often assuming balanced distribution of mass and stiffness. In
particular, there has been limited research on rotor-runner systems in which the rotor is
overhung beyond the last bearing support and the runner is unbalanced and supported internally
between bearings. Traditional investigations, which usually treat lateral and torsional
vibrations separately, fail to adequately capture the asymmetry in structure and dynamic
complexities introduced by this configuration in particular.
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The interaction between the unbalanced forces in the internally supported runner and the
overhung geometry rotor leads to strong coupling in lateral as well as torsional behavior.
Despite its practical significance in hydro-mechanical and turbomachinery systems, this
coupled vibration phenomena has not been extensively explored. By creating a model that
explicitly takes mass eccentricity and geometric asymmetry into account present in such
rotodynamic systems, this study attempts to present insight on the coupled lateral and torsional

vibrations in such systems.

1.3. Research objectives

1.3.1. Main objective

a) To develop a dynamic model and determine the coupled lateral and torsional vibration
response of a rotor-runner system with an internally supported unbalanced runner and

an overhung balanced rotor.

1.3.2. Specific objective

a) To develop the governing differential equation of motion using Extended Hamilton’s
principle for the Euler-Bernoulli beam model.

b) To make a hierarchical separation of the equation of motion into different orders using
a perturbation series to study the extent of interaction.

c) To develop and formulate a transcendental mode shape function for a pinned-pinned
overhung beam with a lumped mass at the free end and an intermediate lumped mass.

d) To solve the equation of motion for coupled vibration using the assumed mode method.

e) To perform a numerical example implementation on the solutions obtained and study

the coupled torsional vibration.

1.4. Scope and assumptions of the study

This study is envisioned to study the coupled lateral and torsional forced vibrations of a rotor-
runner system with a given fixed imbalance in the runner and an overhung balanced rotor,

focusing on torsional vibration response relevant to hydro-mechanical pumps applications.
Following assumptions are taken for development and analysis of this model:

a) The runner and the rotor is assumed to be rigid.

b) Bearings are considered rigid with no deformation.

c) Longitudinal displacement of the shaft is neglected.

14



d) Damping effects in the bearings are ignored.
e) Torsional and flexural deformations are assumed to be of the same order.

f) Material damping variations are not considered.

15



CHAPTER TWO: LITERATURE REVIEW
2.1. Overview of the Rotodynamic system
Most of the rotodynamic systems comprise of a runner mounted (which is essentially an energy

conversion element) on a shaft with a generator rotor positioned in an overhung configuration

(as shown in Figure 1).

I V
L\

Bearing

Bearing Runner

) Rotor
L/3 | L/3 L3
- ple—————————————————— Pl

Figure 1: A common rotodynamic system.

2.2. Literature survey

The theoretical foundation for the study of dynamic stability in rotating systems was
established on the grounds of fundamental issues in rotor dynamics. This is regarded as one of
the first contributions to comprehending the intricate interactions of vibrational modes in rotor
assemblies, particularly in association with the system on parametric excitation and the

phenomenon of resonance (Tondl, 1965).

An analytical framework for comprehending the interaction between flexural and torsional
modes in complex rotodynamic systems with continuous mass and stiffness distributions was
established through the study of coupled flexural-torsional vibrations of rotors. This early work
presented the importance of presenting continuous structural coupling and provided in-depth
insights into the dynamic behaviour of rotors beyond simplified discrete mass approximations
(Broniarek, 1968).

The dynamic behaviour of unbalanced rotors during acceleration through critical speeds was
studied with a focus on the amplification of vibration amplitudes and transitory effects,

examining how imbalance in mass influences response of rotor while passing through regions

16



of resonance. These findings presented the necessity of predicting precise critical operating

speed and controlled acceleration tactics in unbalanced rotor systems (Gasch et al., 1979).

Seal ring-induced spiral vibrations in turbo-generators were studied in the context of rotating
shafts for forced resonances, including flexural-torsional coupling. This work presented the
importance of peripheral elements like seal rings in influencing rotor stability by showing how
seal ring dynamics can interact with shaft flexure and torsion, producing complex resonance
(Kellenberger, 1980).

The coupled torsional and transverse vibrations in unbalanced rotors were investigated using
an analytical model, which highlighted that ignoring the interaction between flexural and
torsional modes could lead to inaccurate predictions of critical speeds and vibration amplitudes.
The study highlighted how important it is to take account of coupling effects in systems with

large mass imbalance, in particular (Cohen & Porat, 1985).

The idea of bisynchronous torsional vibrations in rotating shafts introduced the concept that
residual unbalance and synchronous whirling can produce torsional oscillations at twice the
rotational frequency. The study showed how torsional modes can be excited in general by

flexural motion effects even without any external torque stimulation (Bernasconi, 1987).

Both linear and nonlinear modelling were employed to investigate thecoupling between
torsional and flexural deformations in the case of rotating shafts. The results revealed that the
interaction between these two deformation modes has a significant impact on the rotor's
dynamic response. The study clearly highlighted the necessity to account for torsion-bending

coupling when analysing high-speed rotating machinery (Nataraj, 1993).

A dynamic model incorporating both shaft torsional and blade bending deformations in rotors
highlighted the importance of including blade flexibility in rotor dynamics problem. The study
presented that if coupled effects are not appropriately taken into account, they may potentially
lead to dynamic instability (Al-Bedoor, 1999).

The coupled bending-torsional behaviour of rotors was investigated using the finite element
model, which showed that taking both bending and torsional effects to the FEM model
produced more accurate mode shapes and natural frequency values. In addition to these, this
approach made it possible to evaluate sensitivity to structural flexibility in more precise manner
(Mohiuddin & Khulief, 1999).

Both theoretical and experimental studies were employed to study coupled torsional-lateral
vibrations in rotors. Numerical estimates were verified using experimental data, signifying that

17



ignoring coupling in vibration leads to differences between modelled and observed behaviour.
The study reinforced the importance of taking coupling effects into account while solving

rotating machinery faults (Perera, 1998).

The analysis of transient torsional and lateral vibrations of unbalanced rotors with rotor-to-
stator rubbing was conducted to understand the interactions that lead to the introduction of non-
linearities in the system response. The study presented that rubbing greatly increases vibration

responsiveness and often leads to instability of rotors (Al-Bedoor, 2000).

Coupled torsional and lateral vibrations in unbalanced rotors under forced stimulation were
investigated to study how unbalance and coupling impact critical speeds, response amplitudes,
and overall dynamic behaviour. The results indicated that neglecting such factors can lead to

an underestimation of vibrational severity (Al-Bedoor, 2001).

The investigation into bending-torsion coupling in rotor systems under rub-impact conditions
indicated increased susceptibility to rubbing pressures and notable changes in frequency
response and amplitude characteristics. The study emphasized how crucial it is to take coupling

into account in contact-based rotor models (Zheng-ce et al., 2003).

The study of coupled bending, longitudinal, and torsional vibrations of a balanced rotor stressed
that the internal coupling processes are sufficiently capable enough to produce complicated

vibration patterns even in the absence of unbalance. (Darpe et al., 2004).

A stability study of spinning blade systems under torsional excitation showed that the torsional
inputs can destabilise blade bending modes, particularly under conditions of resonance. This
investigation enhanced knowledge regarding how torsional stresses influence the rotor stability
and integrity of blades (Al-Bedoor & Al-Qaisia, 2005).

Using Hamilton's principle along with perturbation-based expansion, the coupled transverse
and torsional vibration behaviour of a rigid disc mounted on a simply supported flexible shaft
was studied. The study demonstrated that coupling effects are seen at second and higher orders.
The study highlighted non-linear coupling effects in flexible shaft-disk systems leads to the
observation of resonance when rotor speed approaches approximately half of the torsional

natural frequency (Poudel & Luintel, 2022).

Similarly, an investigation on the torsional-flexural interaction in a shaft-disk system modelled
as a rotating Euler-Bernoulli beam with a stiff disc highlighted that coupling appears in second-

order equations only, not in first order. The analysis of a double overhung rotor demonstrated
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that the higher-order effects are crucial for accurately representing torsional-lateral interaction
in real-world rotating machines (Dahal et al., 2023).

Despite these studies, the analysis of coupled vibrations in rotodynamic systems with a pinned-
pinned overhung structure exposed to torsional stimulation has received relatively little
attention, out in the field of rotor dynamics. Hence, this study focuses on investigating coupled
vibration analysis of such systems.
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CHAPTER THREE: RESEARCH METHODOLOGY

This study is carried out using the following methodology.

Literature review

Kinematic relations and velocity definitions

Work and energy expressions using
kinematic inputs

Application of extended Hamilton’s
principle with given system constraints

Formulation of equations of motion

Perturbation based expansion approach

v

Hierarchical separation of equations by

Problem Modelling

Decoupling

order

—»| Numerical example implementation

Simulation based solution f—

Final analytical and simulation solution

Validation

Yes

| Documentation of findings |

Figure 2: Research methodology.

The methodology begins with a Literature Review to institute a foundational understanding of

the problem. This is trailed by a Problem Modelling phase, where the system is mathematically

defined. This phase includes instituting kinematic relations, formulating work and energy

expressions, and applying the extended Hamilton's principle with given system constraints to

develop the governing equations of motion.

To simplify these complex governing differential equations, a decoupling phase is introduced,

which deploys a perturbation-based expansion method. This leads to a hierarchical separation

of the equations by order, making them easier and convenient to solve.
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The methodology is then bifurcated into two parallel approaches: a Numerical example
implementation and a simulation-based analysis. The results from both paths are amalgamated

into a Final analytical and simulation solution.

A precarious Validation step follows, where the solution is checked. If the solutions fail to
validate, the process rounds back to the implementation and simulation steps for enhancement.
Upon successful validation, the final step is the Documentation of findings, which summarizes

the results and conclusions of the entire process.
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CHAPTER FOUR: MATHEMATICAL MODELLING
4.1. Kinematics of the system

4.1.1. Coordinate system

Let OXYZ denote the fixed coordinate system, which is essentially treated as an inertial
reference frame in this study. Similarly, let oxyz represent the body fixed frame. When the
systems of coordinate, namely, the inertial frame and the body fixed frame, are initially

coincident, then the series of rotations (as shown in Figure 3) is performed in the sequence of
Y about z, @ abouty, and ¢ about x, which is sufficient enough to achieve any arbitrary

configuration of oxyz coordinate system.

A
]
I
I
I
I
I
I
I
I
I
I
I
I

Figure 3: Rotation sequence.

The rotation matrix for y about z is given as shown in Equation (1),

cosyp sinyp O 1
R,(Y) = [— siny cosy 0] @
0 0 1
The rotation matrix for # about y is given as shown in Equation (2),
cos@ 0 —sinf
R, (6) = [ 0 1 o0 )
sin@ 0 cosé@
Similarly, the rotation matrix for ¢ about x is given as shown in Equation (3),
1 0 0
R,(8) = [0 cos¢  sin ¢] 3
0 —sing cosg
The final rotation matrix is given as shown in Equation (4),
cosy cos b cos @ siny —sin@ )

T =|sin¢sinf cosy —cospsiny singsinfsiny + cosp cosyp sing cosh
cos¢gsinfcosy +singsiny cos@sinfsiny —sing cosy cos @ cosb
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4.1.2. Expression for velocity

The angular velocity of the system in the body fixed frame is given by the vector sum of time

derivatives of Euler angles, as shown in Equation (5).

Wy —1jzsin9 + d) (5)
[wy] = | Gcos¢ + cosh sing
Wy

—@sing + cosb cos¢p

The velocity of the mass center of any point on a body when mapped from the inertial frame
to the body-fixed frame is given by Equation (6),

v, e sin(¢ + B) — ey cos(¢p + B) + v siny cosd — wsinb 6)
Vy| = | v(sind sing siny + cos¢p cosy) + wcosb sing + (1,bsint9 - qS)esinﬁ
4 v(cos¢ sind siny — sing cosy) + wcosep cosb + (—ll)sinH + (f))ecos[)’

4.1.3. Kinematic constraints

Since the angular displacements 1 and 6 are considered very small, 1 and 6 can be expressed

as shown in Equation (7) and Equation (8):

__ow 7
0= ox

_ov (8)
1'b_ax

4.2. Energy expression

4.2.1. Shaft

As the shaft considered in this study is considered to be flexible, it will be characterized using

the Kinetic energy as well as Potential energy.

The Kinetic energy of this shaft is given by (as shown in Equation (9)),

1t 1t 1
T=—pAf Vzdx+—lpsf a)xzdx+—IDSf w,? + w,? dx ©)
2 0 2 0 2 0

This expression for Kinetic energy (as shown in Equation (9)) can be further simplified by

substituting the expressions from Equation (5) as well as Equation (6).
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L L

1 L. 1 : .
T=—pAf vzdx+—pAf w2 dx+—pAf es? p2dx
2P ), 2P ), 2P% ),

1 L .
+ EpAf es? 62 sin?(¢ + B,) dx
0

1 L .
+ EpAf es2 P2 [cos? 0 cos?(¢ + B,) + sin? §]dx
0

2
+ 2siny sin 6 cos(¢ + Bs)]dx

1 L
+_pAf esv ¢p[—2 cos P sin(p + Bs)
0

1 L .
+ EPA f es v0[2 sin cos O sin(¢ + B)]dx
0

Tt
+_pAf esvYP[—2siny cos(¢ + Bs)
27 Jo

+ 2 cosy sin @ sin(¢ + Bs)]dx

(10)

1 L .
+-pA f es; W2 cos 8 cos(¢p + Bs)]dx
2 0

S
+ EPA f e; wO[—2sin 0 sin(¢ + B)]dx
0

L
+ %pAJ es? 0Y[—2 cos 0 cos(¢p + Bs) sin(¢p + Bs)]dx
0
L

+ %pA Jo es2 Ppd[—2sin H]dx

1ok .
+ —IPSJ [¢p% — 2y sin O + ? sin? 8] dx

27

1 L .
+§Iosf [62 + 2 cos? 0] dx
0

Similarly, the potential energy of the shaft is given by (as shown in Equation (11)),

EI ([(02v\*  [8%w\? GJ [~ a2 (1)
=7 (ﬁ) +<ﬁ”d"+7fo (5x) @

2 Jy

4.2.2. Disc

Since both discs are assumed to be rigid it will be characterized by Kinetic energy only.
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The kinetic energy of the first disc [Unbalanced disc] is given by (as shown in Equation (12)),

1 L. L
T = EMle v2 [cos? 0 cos?  + sin? 618 (x - §) dx
0

1 L ;
+—M01j 2epv p[—cosyPsin(p + fp)
2 0

+ siny sin 6 cos(¢p + Bp)]6 <x - g) dx
L
+ lMmf 2ep v [sin O cos P sin(¢p + Bp)
2 0

— sin? @ siny cos(¢ + Bp)]6 (x — g) dx

1 L L
+§MD1f 21&Wsin0cos€sin¢6<x—§> dx
0

1 b L
+§MD1f0eD 0] 5(x—§>dx
1 L . L (12)
+§Mmf 26D2¢¢51n96<x—§>dx

0

1 L . L
+ EMmf 2eppwcosBcos(¢p + Bp)d (x — §) dx
0

1 L o L
+—MD1f eDzlpzsm298<x——>dx
271 ) 3

1 L . L
+ EMm f —2epPWsinb cos O cos(¢p + fp) 6 (x — §) dx
0

1 L L
+—MD1f W< cos 95<x——)dx
2 0 3

O L
+3hoon [ 182 = 20sing +4j2 sin? 616 (x = 3 ) ax
0

1 L , L
+—IDmf [62 + ? cos? 6]8(x——> dx
2P0 3

Similarly, the kinetic energy of the second disc [Balanced disc] is given by (as shown in
Equation (13)),

1 L.
T = EMDZ J v2 [cos? 6 cos? P + sin? 8]5(x — L)dx
0 1 L
+§MD2 f 2vwsinf cosOsiny §(x — L) dx

0
1 L

+ EMDZ J w2 cos? 05(x — L) dx (13)
0

1 L .. .
+§IPDZJ [¢? — 2y sin O + YP? sin? 6] §(x — L)dx
1 L : .
+§IDD2f [60% + Y2 cos? 0]6(x — L) dx
0
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4.2.3. Non-conservatives

The non-conservatives in the shaft due to torque, due to eccentricity, and due to eccentricity in

the discs are given by (as shown in Equation (14), Equation (15), and Equation (16))

W = f b — ysing)s (x - g) dx (14)
0

L L

15

Whe :f FShaft,yvdx'i'f FShaft,Zde (15)
0 0

L L
Fpisczw6 (x — §> dx (16)

L L
W, = ] FpiscyVd (x - —) dx + f
0 3 0
4.2.4. Lagrangian

From Kinetic energy as well as Potential Energy of Shaft along with Kinetic energy of discs,
the Lagrangian is given by (as shown in Equation (17)),

L=ZT—ZV 1n

The Lagrangian comprises a total of 31 Terms from Kinetic energy and 2 Terms from
Potential Energy.

4.3. Extended Hamilton’s principle

Using the Extended Hamilton’s principle, the equations of motion can be obtained. The applied
Extended Hamilton’s principle for individual terms from energy expressions and non-

conservatives is as shown below,
4.3.1. Extended Hamilton’s principle for Kinetic energy

First Term:

tz L1 tz Ll L tz
f 6<f —pA 1'72dx> dt =f f —pA 5(132)dxdt=f f pAvS(V)dtdx
t 0 2 t, Jo 2 0 Je
1 1

1

L ¢ ty L rty L rty
= .DAJ (1’76v|t2 —] i7'5vdt> dx = —,DA] ] vévdxdt =] f —midvdxdt
1
0 tl 0 tl 0 tl

Second Term:
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tz L1 t2 L1 L t2
f 5 f —pAw?dx dt:f f —pA S(Wz)dxdt:f f pAWS (W)dtdx
t 0 2 t, Jo 2 0 Je

1 1 1
tz

L t
= pAf <v'v6w|t2—
0 1 t

Third Term:

L (t,

L (t,
w 5wdt> dx = —pAf wowdxdt = f f —-mwdéwdxdt
0 0 Yty

t1

tz Lq . ta rLq : Lot ; ;
] ) (j EpAes2 (l)zdx) dt = ] j E,{)Aes2 §($?)dxdt = f f pAes® p8(p)dtdx
t1 0 tl 0 0 tl
L/ ¢ tz
= pAeszf (d)&],') |t2 - ¢ 5¢dt> dx
0 1 t1

L ty L t2
= —pAeszj PSpdxdt = j f —meg?pSpdxdt
0 0 Yty

51

Fourth Term:

tz 1 L .
f 8 <§ pAf es? 02 sin?(¢ + Bs) dx) dt = [Higher Order Term
t1 0

Fifth Term:

tz 1 L .

f 8 <§pAf es2 P2 [cos? O cos?(¢p + f,) + sin? 9]dx> dt = |Higher Order Term
t1 0

Sixth Term:

f ) <%pA f esV p[—2 cos sin(g + B;) + 2 sinyp sin @ cos(¢ + ﬁs)]dx> dt
tl 0

t, 1 L .
= f 1) (— pA f esV ¢[—2 cos P sin(¢p + ,BS)]dx> dt
Y 0

+ |Higher Order Term|

L t;
= f ) (f —pAesv sin(¢p + ﬁs)> dt
0 t

1

L pty
= —pde, sin(¢p + By) J j (98¢ + H6v) dtdx
0 Jtq
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L ts
= —me,sin(¢p + B) fo (1’75(]5 |2 - ft 1 ﬁ6¢dt> dx

Lo oty [t
— me; sin(¢ + Bs) J <(;b6v |t1 —| ¢ 6vdt> dx
0 1

t

L pty L rt2 9 .
= f mes¥ sin(¢ + B) Spdxdt + f ] — (mes sin(¢ + B;)) Svdxdt
0 0 Jt; at

ty

Seventh Term:

2 (1 L
f ) <E pA f es v0[2 siny cos B sin(¢ + ﬂs)]dx) dt = |Higher Order Term
t1 0

Eighth Term:

ty L
f ) (%pA f esvP[—2sin cos(¢p + Bs) + 2 cos P sin @ sin(¢p + ,BS)]dx> dt
ty 0

= [Higher Order Term |

Ninth Term:

ft25<%pz4 jLeS W@ [2 cos 8 cos(¢ +,85)]dx> dt = ]L5<j
" 0 0 t

Lt
= pAeg cos(¢p + ﬁs)f f (v'v&;[) + d)é‘v'v) dtdx
0o Jty

t2

pAeswe cos(¢p + ﬁs)> dt

1

L ) ts
= me, cos(¢p + ﬁs)f <v’v6¢ |t1 - | w 6¢dt> dx
0

ty
L ty
+ me; cos(¢ + Bs) f <¢38w |2 - f ¢ 8wdt> dx
0 ty

L rt, L rt, 0 .
= — f mesWw cos(¢ + B;) dpdxdt —f f — (mesd) cos(¢ + ﬁs)) dwdxdt
0 o Ji, Ot

ty

Tenth Term:

t2 11 L .
f ) (E pA f es wWO[—2 sin 0 sin(¢ + Bs)]dx> dt = |Higher Order Term
t1 0

Eleventh Term:

t2 11 L ..
j 5 (EPA ] es? OyP[—2 cos B cos(¢p + Bs) sin(¢p + ,BS)]dx> dt = [Higher Order Term|
t1 0

28



Twelfth Term:

2 (1 L
f ) (5 pA f es2 PPp[—2sin 9]dx> dt = |Higher Order Term|
ty 0

Thirteenth Term:

t2 11 L .. .
j 5 <—IP5J [¢? — 24)¢p sin 6 + )% sin? 6] dx) dt
ts 2 0

t2 11 L ..
= f ) (5 Ipsf [¢2? — 29 sin 6] dx) dt + [Higher Order Term|
t1 0

t2 (1 L. .
= ft 6(51ps jo [¢2—2¢¢9]dx)dt

1

L ty . L t2 .
=— f f IpspSpdxdt + f f Ips8(dv'w")dxdt
0 t1 0 ty

L rt, . L rt, . L rt, .
= _.I. J‘ Ips¢6¢dxdt + f f Ipsﬁ'W'(S(l)dxdt + f f Ips(l)W’a'l‘],dxdt
0 Jtq 0 Yty 0 Jt;

L rt; )
+ f f Ipsv’' Sw' dxdt
0 tl

L tz B L t tz a
. f f IpspSpdxdt + Ipg f <w’1’7’6¢| 2 f —(w'p") 5¢dt) dx
0 Jty 0 1 t at
t2 . L L . ’
+ Ips f <¢1’7’6w| 0" j (¢9") 6wdt> dx
Laf. L Lo .
+Ipsft1 <¢W5v|0—j0a(¢w)5vdt>dx

ta

L pty L
= - f f IpspSpdxdt — Ipg f ( —(w’1'7’)6¢dt> dx
0 tl 0 tl at

— Ipg L : < ]0 L(dm')’ 6wdt> dx — Ipg ft : ( fo L% (¢pw') 61’7dt> dx

+|Boundary Conditions|
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L tz . L t2 a
= —f f IpspSpdxdt — Ipsf — (w'v") 6¢dt | dx
0 Jty 0 ot

t1

— Ips ft ltz ( fo L(¢'na')' 6wdt> dx

Lra . .t 299 . |
_Ipsfo <a(¢w )év tj— t Ea(cpw)@vdt)dx

+ |Boundary Conditions |

L ty . L t, a
= —J J IpspSpdxdt — IPSJ <J —Ww'v") 6¢dt> dx
0o Jty o \Jg, 0t

1

NN Lif2a 0 .
— Ips f ( f (¢v") 6wdt> dx + Ips f < ——(éw’) 8vdt> dx
t1 0 0 ty ot 0x

+ |Boundary Conditions |

- jo ' L tzlpsq}56¢dxdt — Ips jo ' ( ft tz%(w'v') 6¢dt> dx — Ips jt § ( JO L((]Sv’)’(Swdt) dx

1

L tz . . 12
+ IPsf ( (dw' + dw") 5vdt> dx + |Boundary Conditions|
0

t1

Fourteenth Term:

2 /1 L . 2 /1 L .
f 1) (—IDSf [62 + 2 cos? 0] dx) dt = f ) (—Iosf [62 +?] dx) dt
t 2 0 t 2 0
1 1
tl 2 0 0 tl 0 tl
- IDSf WS |2 — f W' Swdt | dx + IDSf v'sv | - f v Svdt | dx
t1 O 0 t1 0 0

t2 L t, L
= IDSf <—f w'’ 6v’vdt> dx + Iz)sf <—f o'’ 61’7dt> dx + |Boundary Conditions|
0 t, 0

ty L L t2 L L
= —Ipg w'sw |2 — | W' swdt |dx — Ipg v'6v|.— | ¥ Svdt |dx
0 0
tl 0 tl 0

+|Boundary Conditions|

tz L tz L
= IDSf <f W' 6wdt) dx + IDsf <f v’ 5vdt> dx + |Boundary Conditions
t1 0 tl 0
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Fifteenth Term:

t2 (1 L, L
f ) (EMDl f v2 [cos? 0 cos? 1 + sin? 815 (x - 5) dx) dt
t1 0
t, 1 L . . L
=f 6<—Mmf [v2 +v292]6<x——) dx) dt
t1 2 0 3
L tz L tz 1 L . 2 L
=f f —MD1i7'<x——) 6vdxdt+f 5 —Mmf [v2w’ ]6<x——> dx | dt
0 t1 3 t1 2 0 3

L rty L 1 L rty . 5 L
= f —Mp,76 (x — §> Svdxdt +§MD1f f Z(VZW’SW’ +w' 1'761})6 (x — §) dxdt
0 0 Yty

ty

L tz L L tz L L . ’
= f —Mp, U6 (x — §) Sdvdxdt + Mp,6 (x - §>j (1'72W'5W |0 - f viw' 6wdt) dx
0 0

ty ty

Ly (* 2 ty 2o,
+ Mp, 8 <x——)f w'tosy | —f (W)’ Svdt | dx
3/ ), ty t

L tz L L tz L .
= ] ] —Mp, 16 (x - —) Svdxdt — Mp,6 (x — —) ] J (v2w') Swdt | dx
0 t1 3 3 t1 0

Ly (“( (0
— Mp,6 (x - —) f <f 3 (W’Zl'ﬂ) 6vdt> dx + |Boundary Conditions|
0 t1

3

Sixteenth Term:

t2 (1 L . L
j é <— Mp, f 2epV p[—cos Y sin(¢p + Bp) + siny sin 6 cos(¢p + Bp)]6 (x - —) dx> dt

t2 1 L . L
= ol=M 2epvV O[— i 6lx—=)dx)d
ftl (2 leo epV ¢p[— cosysin(¢p + Lp)] (x 3> x) t

L tz L
= f Mp,epvsin(¢p + )0 (x - §) dpdxdt
0

ty

N fOL f:%(MmeD‘IS sin(¢ + fp))d (x — g) dvdxdt

Seventeenth Term:

ty L
f 1) <%Mmf 2ep v [sin @ cosyp sin(¢ + Bp) — sin? O sinyp cos(¢p + )] (x
t; 0

L
- §> dx) dt = |Higher Order Term|
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Eighteenth Term:

ty L L
f 5 (E Mp, f 29 W sin 6 cos 0 siny § (x — §) dx) dt = [Higher Order Term|
ty 0

Nineteenth Term:

L (1 L : L L rta L\ ..
j 5 —Mmf eD2¢26(x——)dx dt=j —MDleD26<x——)¢5¢)dxdt
tl 2 0 3 0 3

ty

Twentieth Term:

t2 L . L
f 1) <§ Mp, f 2ep? PpPsinf S <x — §) dx) dt = |Higher Order Term
t; 0

Twenty-first Term:

2 1 L L
f 8<§Mmf 2ep¢ w cos 0 cos(¢ +,8D)6(x—§) dx) dt
tl 0

L tz L
= —f Mp,epw cos(¢p + Bp)d (x — §) dpdxdt
0

t1

_ fOL f:%(MmeD(i) cos(¢p + ﬁD))(S (x — %) owdxdt

Twenty-second Term:

2

ty 1 L . L
f 1) (— Mp, ] ep?y?sin?6 6 (x - §) dx) dt = |Higher Order Term|
ty 0

Twenty-third Term:

t2 11 L . L
f 5<EMD1f —2ep wsin 6 cos 6 cos(¢p +ﬁD)6(x —§) dx) dt
tl 0

= |Higher Order Term|

Twenty-fourth Term:

ty 1 L L L rt; L
f 5| =Mp, f Ww? cos? 66 (x — —) dx |dt = f —Mp, W8 (x — —) Swdxdt
o \2 0 3 0 3

ty

Twenty-fifth Term:

ts L
ft ) (%Ipm fo [$? — 2 sin @ + Y% sin® 0] & (x — g) dx> dt

1
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L rt . L L rte d L
= f f _IPD1¢5 (x - _) 6¢dxdt - f f IPDl - (W’v’)5 (x - _> 6¢dxdt
0 Jt, 3 0 Jt, ot 3
L rta . L
- f f Iopr(607)'8 (x - —) Swdxdt
0o Jt, 3

Lt L
+ f f Ipm(w’¢)6(x—§)6vdxdt
0 tl

Lt N L
+ f f IPDl(d)W’) é (x — §> Svdxdt + |B0undary Conditi0n5|

Twenty-sixth Term:

t2 11 L . L
f 5<—1Dmf [62 + 2 cos? 6]5 (x ——) dx) dt
t 2 0 3

1

L t2 L L ty L
= IDD15 (X — —)j <f w'' 5Wdt> dx + IDD1(S (x - —>f (f v’ 6vdt> dx
3 ty 0 3 ty 0

+ |Boundary Conditions|

Twenty-seventh Term:

t2 1 L .
j ) (E Mp, j v2 [cos? 0 cos? Y + sin? B]5(x — L)dx> dt
t1 0

L rt, tz L.
= f —Mp, U6 (x — L)Svdxdt — Mp,5(x — L) <f (v2w')’ 5wdt> dx
0 t; \Jo

t1

[
1

L 9]
— Mp,86(x — L) f <f T (w'%v) 6vdt) dx + |Boundary Conditions|
0 t

Twenty-eighth Term:

2

t, L
f 6 <— Mp, f 2vWwsinf cosOsiny §(x — L) dx) dt = |Higher Order Term
ty 0

Twenty-ninth Term:

t, 1 L L rt;
f ) <E Mp, f w?cos?85(x — L) dx> dt = f —Mp, w8 (x — L)éwdxdt
t 0 0

1 t1

Thirtieth Term:

2 11 L .. .
f 1) <§1puz f [¢? — 2¢¢psin O + P2 sin? 6] 5 (x — L)dx) dt
t 0

1
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L t2 . L t2 a
= f f —IPD2¢5(X - L)(S(l)dth - f f IPDZ a (W'U')(S(X - L)6¢dxdt
0 Jt 0 Jtq

1

L rty ,
- f f Ipp2(v") 8(x — L)Swdxdt
0 Jtq

L tz e
+ f f Ippz (W' $) 8(x — L)Svdxdt
0 tl

L t, ,
+ f f Ippa (pW') 8(x — L)Svdxdt + |Boundary Conditions|

Thirty-first Term:

2 (1 L ,
f ) EIDsz [0% + 2 cos? 0]6(x — L) dx | dt
ts 0

[

L ty / L
= Ipp,6(x — L) <f W"6wdt>dx+ Ipp26(x — L) <f ii"é'vdt) dx
0 0

ty ty

+ | Boundary Conditions |

4.3.2. Extended Hamilton’s principle for potential energy

o (5L L) () ]e)
[ (G e [ o () (e
o[ (B2)o e [ (3o (e
o [((Z2)o G- [ (32 )
([ Ry ([ () o)

1

+ | Boundary Conditionsl
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t2 (193 L (f(o*v
:—Elft1 <<ﬁ)8(17)|0+f0 (W>6(U)dx>dt
3w L o*w
_Elft ((a 3>6(w)| f <a 4>5(w)dx>
tz Lg%y tz L /94w

+|Boundary Conditions|

Thirty-third Term:
ftz(s(?f(_ )dt—fftzG] (22)6(32) aeax
ty 0
_G/ftz( 5(¢)|L f(azd’)a(qb)dx)dt

2
=—GJ (f (ax¢> 5() dx) dt + [Boundary Conditions|
t, \Jo

4.3.3. Extended Hamilton’s principle for non-conservatives

Thirty-fourth Term:

tz L
f 5(] T(¢ —1psin0)dx> dt
ts1 0
L tz L t2 L t2
=f f T5¢>dxdt+f f Tw’6v’dxdt+f f Tv' sw'dxdt
0 tl 0 tl 0 tl
L (ty t, L L
:f j T6(;bdxdt+Tf <w’6v| —f w"6vdt> dx
0 Jtg ty 0 0
ty L L
+Tf v'sw | —f "' Swdt | dx
tl 0 0
L t2 t2 L tz L
:] J T&i)dxdt—Tj <f w"6vdt> dx—Tj (J v"6wdt)dx
0 tl t1 0 t1 0

+|Boundary Conditions|

Thirty-fifth Term:
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t, L L
f 0 (f FShaft'yvdx + .f FShaft,Zde> dt
t 0 0

1
L rty L rt;
=ff FShaft_ySdedt+J J Fspagt,0wdxdt
0 Yt 0 Jty

Thirty-sixth Term:

t2 L L L L
f 6 <f Fpiscyvd (x - §) dx + f Fpisc W0 (x - §) dx) dt
t; 0 0

L rty L L rty L
- f f Foise.y (x - §) Svdxdt + f f Fpisesd <x - 5) Swdxdt
0 Jt, 0o Jt,

4.4. Equation of motion

The equation of motion in three fundamental directions after application of the Extended

Hamilton principle is given as shown in Equation (18), Equation (19), and Equation (20).

EIV" +mi — Ips(w'$) = Los(pw’) = Ips(©")’

9, L

= (rr;e5¢> sin(¢ + BS)L) - Mglv6 (x - 5)

= Mpy o (w*9)8 (xL— 2) 5 (Mprend smL(¢ +65))

+ 1o (w'$)'8 (x = 3) + oo (607) 8 (x = 5)

L )
+ Ipp (56 (x - 5) — Mp8(x = L) = My, = (w'*9)8(x = 1)
o L N L

+ IPDZ(W ¢) é (x - §) + IPD2(¢W ) 1) (x - §)
) L L

+ Ipp, (0')'6 (x - §> —-Tw"é (x - §> + Fsnafty

L
+ FDiSC,y6 (x - §>

(18)

EIw"" + mw + Ips((ﬁ‘l},)’ - IDS(W,),
0 , N L
=~ (mes cos(¢p + Bs)) — Mpywé (x - §)
o Ly o , L
— Mp;(W'v?)'6 (x — §> - E(MDleDd) cos(¢ + Bp) 6 (x - §)> (19)

v L L
— Ipp1(¢p0') 6 (x - §) + Ipp (W')'S (x - §) — Mp,wé(x — L)
— Mp,(W'9?)'8(x — L) — Ippy(¢9") 8Cx — L) + Ippy (") 8(x — L)

L L
- TU”5 (x - §) + FShaft,z + FDiSC,25 (x - §)
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. " 0
G]p" —mes*p — Ipsp — Ipsa (w'v’")

= —mes¥ sin(¢ + Bs) + mesw cos(¢p + Bs)
L

— Mp,epvsin(¢p + Bp) S <x — §)
L ..

+ Mp,epw cos(¢p + Bp)d (x - §) + IPD1¢6<

d L ..
+ Ippy 5= (WD) (x _ §) oy 8(x — L)

9 L
+lppy o (WSS (x 1) = T (x - 5)

4.5. Perturbation application

(20)

To better understand the extent of interaction, applying the perturbation series (as shown in

Equation (21) to Equation (34)),

v =¢cvy +&2v, + -+ My
W= ew; + 2w, + - + gwy,
¢ =o+eps+ 2Py + -+ P,
T =¢eTy + 2T, + -+ + £"'T,,
es = gegq + e2egy + -+ + ey,
ep = gepy + e2epy, + - + £"epy,
Fsnarty = €Fsnareyr + €%Fsnaseyz + - + € Fsnareyn
Fsnartz = €Fsnaptz1 + € Fsnasez2 + - + € Fsnarezn
Fpiscy = €Fpiscyr + €*Fpiscyz + -+ € Fpiscyn

— 2 n
FDisc,z - SFDisc,zl +é& FDisc,zZ +--te FDisc,zn

Similarly, using Taylor’s series expansion for harmonic terms,
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sin(¢ + Bs) =sin(¢g + Bs) + £y cos(Pg + Bs) + ... (31)

cos(¢ + fs) =cos(Pg + fs) — epy sin(¢g + Bs) + ... (32)
sin(¢ + fp) =sin(¢o + Bp) + £ cos(¢pg + fp) + ... (33)
cos(¢ + Bp) =cos(¢o + Bp) — €y sin(do + fp) + ... (34)

4.6. Equation of motion of different orders

4.6.1. First order

At the 0(¢), the obtained equation of motion in three fundamental directions is as shown in
Equation (35), Equation (36), and Equation (37).
m‘ﬁl + E1v1”” - Ips(lel), - IDSﬁ.lu

B a . . L
- E(memﬂ sin(¢o + Bs)) — Mp, V18 (x B §>

f) _ L Sy L
+ 57 (Mp1ep: 0 sin(¢, + Bp)) & (x - §> + Ipp1 (Qw, )’ (X - §> (35)

L
+ IDDII}.IHS (x - §) - MDzlj'lS(x - L) + IpDz(lel)la(x - L)

o Il L
+ Ippavy 6(x — L) + Fspaseyr + FDisc,y15 (x - §>

mw, + EIw;"" + Irs(Qv;")' — Ipsw,”
0 L
= - ot (meg1Q cos(p, + fs)) — Mp W6 (x - §)
0 L i L
- E(Mmemﬂ Coz(¢o +Bp))6 (x - §) — Ipp1 (201)'6 (x - g) (36)
+ IDD1W1”6 (x - §> — Mpw6(x — L) — IPDZ(QTj1’)’5(x —L)

o I L
+ Ippwy 6(x — L) + Fshagtz1 + Fpisc,z10 (x - §)

L L ) L
GJdy — Ipsp1 = Ipp11 6 (x - g) + Ipppp1 6(x — L) = Ty 6 (x - §> (37)

The absence of torsional vibration component in the transverse vibration equation, and the
absence of transverse vibration term in the torsional vibration equation, demonstrates the

complete decoupling of the transverse and torsional terms in the case for first order.
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4.6.2. Second order
At the 0(£?), the obtained equation of motion in three fundamental directions is as shown in
Equation (38), Equation (39) and Equation (40)).
mv, + Elv,""" — IPS(qb.lWl,)l — Ips(Qw,")" — IPS(¢1W1,)’ — Ipsv"”
= %(meﬁﬂd’l cos(¢, + Bs)) + % (mes1¢b; sin(¢, + Bs))
+ % (meg,Qsin(p, + Bs)) — Mp, 0,6 (x — g)

d L
+ = (Mprep 2y 05(gy + o)) (x = 2)

3
d o L
+ % (Mpiep16, sin(¢p, + p)) & <X —Lg) )
= (MDleszin(%L + Bp))5 (x _ §) + 1PD1(L<51W1')’5 (x - §) (38)
+ Ipp1 (QW,")'8 (x — 5) + IPDl((ﬁlWl’),(S (x - §)
L . I
+Ipp1 V56 (x - g) — Mp,v56(x — L) + 1PD2(¢1W1,) 5(x—1L)

+ IPDZ(QWZI),S(X - L)+ IPDZ(¢51W1’) 8(x—1L)
7 I7] L
+ IpppVy 6(x — L) — Tyw;,"6 (x - §> + FShaft,yZ

L
+ FDisc,y26 (x - §>

miv, + EIw,"" + Ips(Q0,") + Ips(d1vy") — Ipswiiy”
d _ d .
= a (m3519¢1 Sln((.bo + .35)) - a (meg1¢4 C05(¢o + ﬁs))

a . L
ot (mes,Q cos(y + Bs)) — Mp1 w8 (x B §>

0 ) L
+ It (Mp1ep1Q¢; sin(¢, + Bp))d (x - §>

0 . L
ot (Mpiep1¢1 cos(@, + Bp)) b (x - §) (39)

9 L . L
FT (Mpepzcos(p, + Bp))d (x - §) — Ipp1 (W,)'S (x - 5)

* o ! ! L o I L 3
- IPD1(¢1171 ) 5 (x - §) + Ipp1W, 6 (x - §) — Mp,w,6(x — L)
- IPDZ(Qljz’)'S(x —L) - IPD2(¢'1U'1’),5(X - L)+ IDDZWZHS(X —-L)

L L
- T1v1”6 (X - §> + FShaft,ZZ + FDisc,226 (x - g)
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” i a .7 ’
G/, — Ipsd, — IPSE (W' wy)
= — meg, V] sin(¢, + fs) + m951£/|71 cos(¢, + fBs)
— Mpyep, vy sin(g, + fp)d (x - —)

3
L . L 40
+ Mp,ep W, cos(¢p, + Bp)d (x - §) + Ipp1926 (x - _) (40)

3
o ., , L ..
+ IPD1E(U1 wy')6 (x - §> + Ipp2p26(x — L)
o, ., , L
+ Ipng(vl Wl )5(x - L) - T26 (x - §>
It is observed that the terms of transverse vibration appears in the equation of motion of

torsional vibration as a forcing term, and torsional vibration appears in the equation of motion

of transverse vibration as a forcing term.
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CHAPTER FIVE: ANALYTICAL SOLUTION

To better understand the extent of interaction, the system is made to operate at constant angular
speed Q. Furthermore, for simplicity, it is assumed that there exists no fluctuation in torque as

well as force.

Based on these assumptions, the analytical solution in this study is developed for the torsional

vibration of the system.
5.1. First order

To solve the equation of motion of first-order torsional vibration, using the assumed mode

method, the torsional response can be expressed as shown in Equation (41),

nmx )

d1(x, ) = z $n(t) sin ( 3L (41)

Similarly, the temporal and spatial derivatives (Second order) of Equation (41) are given as

shown in Equation (42) and Equation (43), respectively.

AL iqfs'n(t) sin () “2)
$1"(x,0) = Z () (3) sin (2) @3)
Substituting Equation (42) and Equation (43) in Equation (37), we get
~6 2 00 (51 sin (55) = I 2 Gu()sin ()
_ ~ Ips Z Gu(0) sin (S ;) 5(x-3) (44)
= Iez Z Bu(®) sin (5-) 6(x —1) = 0

Using conditions of orthogonality, after application of the assumed mode method in Equation

(44), the equation of Torsional vibration reduces to an ODE as shown in Equation (45),
nm nm Ipp; ., nm _
[G] (ZL) ( )] Pn(0) + [IPS< ) + Ippy Sin (6L) + — sin (Z)] d.(t) =0  (45)
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From Equation (45), it can be clearly seen that the torsional natural frequency for n*"* mode is

given as shown in Equation (46).

L eaH0 »
" Ips (%) + Ippq sin? (2—7;) + I’J%Sinz (721—72)

5.2. Second order

To solve the equation of motion of 0(&?), the transverse displacements can be expressed as

shown in Equation (47) and Equation (48), respectively.

vi(x,t) = X, (x) cos(Qt + ) (47)
wi(x, t) = ) X,(x) sin(Qt +B) (48)

The term X,,(x) in Equation (47) and Equation (48) can be expressed in piecewise form as

shown in Equation (49).

L
|( X1(x), 0<x< 3
L 2L
Xn(x) =4 X, (%), FSxS—% (49)
2L
X3 (), S Sx<L

Equation (49) can be further expressed in transcendental form as shown below in Equation
(50), Equation (51), and Equation (52).

X,(x) = asin(Bx) + b cos(Bx) + c sinh(Bx) + d cosh(Bx) (50)
X,(x) = esin(Bx) + f cos(Bx) + g sinh(Bx) + h cosh(Bx) (51)
X3(x) = isin(Bx) + j cos(Bx) + k sinh(Bx) + [ cosh(fx) (52)

To solve the above mentioned sets of equation, the boundary condition are set as follows.
At the left bearing, deflection and moment are equal to zero.
X1(0)=0 (53)
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60 _

dx? (4)

At the point of application of First disc in between the bearings, there exists continuity in

deflection, slope, and moment values, followed by a jump in shear force.

WG)-n -0
ax (3) _ak G _ 0 (56)
dx dx

K (3)_e%(3)

o (57)
dx? dx?
L L
a°X; (3) X (3) _mbty (5) _0 (58)
dx3 dx3 pA “1\3

Similarly, at the right bearing deflection is zero, followed by continuity in values of slope and

moment.
2L
X, (—) —0 (59)
3
2L
X (—) —0 (60)
3
2L 2L
dx: (3) _ aXs (%) —o (61)
dx dx
sy (2LY gy (2L
dX2(3)_dX3(3)=O (62)
dx? dx?

Similarly, at the free end moment value is zero, followed by a jump in shear force values.

d*X,(L) _

72 (63)
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d3X3 (L) _ m2,84
dx3 pA

X5(L) =0 (64)

The above-mentioned set of equations from Equation (53) to Equation (64), when substituted
in Equation (50), Equation (51), and Equation (52), gives the required transcendental
equation.

Substituting Equation (47) and Equation (48) in Equation (40), we get,

—G/Zdan(t) 2L) sin (S5 _Ipsi(p (i ()

_Ipmzczs'n(t) sin ()8 (x=3)

— Ipp2 Z $n () sin (nzﬂ) 8(x—1L)

3
R

(65)

. i ’ L
= IPsa_t(171 wy') +1PDla_t(v1 Wy )5<x —§)

0 .
+ Ipnza(vﬁ w;)6(x — L)

Although the torsional mode shape function theoretically spans from n =1 ton = oo, for
simplicity and to reduce computational effort, only the fundamental mode (First mode)

corresponding to n = 1 is considered in this analysis.

Using conditions of orthogonality, after application of the assumed mode method in Equation
(65), the equation of Torsional vibration reduces to,

1
Ips (12,) + Ippy Sin? (67-2) + IPZDZ sin® (ZHL)

The term E. in Equation (66) is given as shown in Equation (67).

d@) + 6, %p(t) = Q%E, sin2(Qt + B) (66)

1
~ 0Zsin2(Qt + B)]

L a ., a ., . L
fo IPS%(UI wy') + 1P01a(171 Wy )5<x - —>

3

(67)
+ Ippy — 5% (vl w; )6 (x — L))] sm( )dx

The value of Term E. can be solved computationally, and can be used in further analysis for

determination of the final coupled torsional response.

44



It is clearly evident that Equation (66) resembles that of the SDOF harmonic oscillator, and it

is obvious to assume the solution as,
d(t) = ¢, sin2(Qt + B) (68)

Substituting Equation (68) in Equation (66) we get,

1 F, 1
b = — 3 (69)

Ips (é) + Ippy Sin® (6L) + IPZDZ sin (ZL) ! -1+ (269)

Substituting Equation (69) in Equation (68), the temporal response reduces as shown in
Equation (70).

1

Ips (7) + Ippy sin? (6L) + IPZDZ sin? (ZHL) -1+ (m)

4>|§11

¢(t) = sin2(Qt + B) (70)

2

Substituting Equation (70) in Equation (41), the combined Spatial as well as temporal

response (Considering only the Fundamental mode) reduces as shown in Equation (71).

! &
s (5) + s s () + g2 () * \ -1 () 2
+ ) sin (Zz)

It is evident that the flexural motion is responsible for torsional motion at twice the spin speed.

P(x,t) =

Therefore, resonance may occur when the spin speed (Q) is close to one-half of any of the

torsional natural frequencies ().
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CHAPTER SIX: NUMERICAL EXAMPLE IMPLEMENTATION

6.1. Analytical numerical solution

For a numerical example implementation, the following tabulated parameters are taken as
shown in Table 1. Further, the system is made to operate at a constant rotational speed of 1500

RPM to observe the torsional response.

Table 1: System parameters.

S.N. Parameters Values

1 Mass of First Disc 2575 kg

2  Diameter of First Disc 176 cm

3 Moment of inertia of the First Disc about the transverse axis 499 kg-m?2

4 Polar moment of inertia of the First Disc about the longitudinal 998 kg-m2
axis

5 Mass of Second Disc 35000 kg

6 Diameter of Second Disc 240 cm

7 Moment of inertia of the Second Disc about the transverse axis 12600 kg-m?

8 z)c()ilsr moment of inertia of the Second Disc about the longitudinal 25200 kg-m?2

9 Density of the shaft 7850 kg/m3

10 Diameter of the shaft 50 cm

11 Young’s modulus of elasticity of the shaft material 202 GPa

12 aS)r:iasft cross-sectional area, moment of inertia about the transverse 0.003067 m*

13 Shaﬂ cr_oss-segﬂonal polar area moment of inertia about the 0.006135 m*
longitudinal axis

14  Cross-sectional area of the shaft 0.1963 m?

15 Length of the shaft 100 cm

6.1.1. First order

Substituting the tabulated parameters as shown in Table 1, the fundamental mode torsional

natural frequency (8) (From Equation (46)) is obtained as 35.38 Hz.

6.1.2. Second order

Using the tabulated parameters as shown in Table 1, the bending vibration mode shapes are

given as shown in Equation (72), Equation (73), and Equation (74).
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X1 (x) =

X,(x) =

X3(x) =

sin(1.041576829x) — 0.8520812506sinh(1.041576829x), x <

0.9685404103 sin(1.041576829x)
+ 0.01138364949 cos(1.041576829x)

[SSAIE

— 0.8165886482sinh(1.041576829x) — 0.01185038236cosh(1.041576829x),% <x< g
—1.104606707 sin(1.041576829x) + 1.737764042 cos(1.041576829x)
+ 2.558214724sinh(1.041576829x) — 2.039402990co0sh(1.041576829x), x = g
sin(3.385526128x) — 0.3029701293sinh(3.385526128x), x S%
0.4133741012sin(3.385526128x)
+1.238709734c0s(3.385526128x)
—2.037019144sinh(3.385526128x) — 1.896580619cosh(3.385526128x),% <x< %
—0.5032041477sin(3.385526128x) + 0.1195704087c0s(3.385526128x)
—4.949383429sinh(3.385526128x) + 4.938419919cosh(3.385526128x), x = ;
5in(9.427102050x) + 0.00005182028418sinh(9.427102050x), x < %

0.9986155264sin(9.427102050x)
+1.072503588 .10 °c0s(9.427102050x)

1 2
—0.016009327935sinh(9.427102050x) + 0.01600136600605h(9.427102050x),§ <x< 3
0.9945380776sin(9.427102050x) + +7.381385044. 107 c0s(9.427102050 x)

+1.077431180 sinh(9.427102050 x) — 1.077431539cosh(9.427102050x), x =

wl N

The corresponding mode shapes for three different modes are shown in Figure 4.

0.8

0.6

X(x)

0.4

04 0.6
Distance (x)

-0.4-

-0.64

-0.81

First mode Second mode Third mode

Figure 4: Mode shapes obtained through analytical solution.
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Substituting Equation (72), Equation (73), and Equation (74) in Equation (49) and thereafter
into Equation (47) and Equation (48), Equation (67) can be solved computationally to obtain
the value of F. as 1384.86.

The value of F. and &, along with tabulated parameters as shown in Table 1 when substituted
in Equation (71) leads to the development of the final torsional response as shown in Equation
(75).

X
é(x,t) = 0.054sin (7) sin(314.20t) (75)

Equation (75) gives the response of the system in radians. Equation (75), when plotted in the

spatial as well as temporal domain, gives the final torsional response of the system as shown

in Figure 5.
Torsional Vibration Response
0.05
0.05 4
2
=
=]
[=2
6
£ 0. {0
<
=
2
=
-0.05 < §
0 0.1
0.5 0.05 0.05

Length (x) 1 0 Time (t)

Figure 5: Torsional vibration response in spatial as well as temporal domain.

Figure 5 clearly shows that the response of the system is sinusoidal in the spatial as well as the

temporal domain.
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6.2. Simulation-based solution

Finite element analysis was used to implement the simulation-based solution. For the model, a
three-dimensional tetrahedral mesh with a consistent element size of 25 mm was created. In
order to better reflect the real support condition, the right bearing was constrained against
translation but permitted rotational freedom, while the left bearing was constrained to restrict
both translational and rotational degrees of freedom through remote displacements at the

bearing locations.

Two lumped masses were included at the proper locations (at x = § and at x = L) to represent

the discs in order to appropriately model the physical system. The shaft was then excited, and
its torsional response was obtained by applying a torsional moment to the system.

The simulation-based solution produced the corresponding values at the location of discs, as

shown in Table 2 as well as in Figure 6 and Figure 7, respectively.

Table 2: Comparative results between analytical and simulation results.

Method Atx =7 Atx =L
Analytical 6.726 mm (0.027 rad) 13.453 mm (0.054 rad)
Simulation 6.985 mm (0.028 rad) 14.571 mm (0.058 rad)

000 40000 800.00 (mm)

20000 600.00

Figure 6: Torsional vibration response at x = L/3
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000 40000 800.00 (mm)

20000 600.00

Figure 7: Torsional vibration response at x = L.
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CHAPTER SEVEN: CONCLUSION AND RECOMMENDATIONS

7.1. Conclusion

a)

b)

d)

The governing differential equation of motion for the Euler-Bernoulli beam is
developed using Extended Hamilton’s principle, and the system of equations obtained
is found to be a coupled system of partial differential equations.

The use of perturbation series allowed the equation of motion to be hierarchically
separated into different orders to study the extent of interaction, which showed that
coupling occurs in the second and higher orders.

The transcendental mode shape function for a pinned-pinned overhung beam with a
lumped mass at the free end and an intermediate lumped mass is formulated in a
piecewise manner.

The assumed mode method is employed to solve the equation of motion for torsional
response, which reveals that the flexural motion of frequency Q excites torsional
motion at twice that frequency, and resonance can take place if the operational speed
approaches close to half of the torsional natural frequency.

Numerical example is implemented to the obtained solutions, which yielded closely
matching results in between the analytical and simulation approaches. At x = % the

analytical values are 6.726 mm (0.027 rad) compared to 6.985 mm (0.028 rad) from
simulation, while at x = L, the analytical results are 13.453 mm (0.054 rad) and the
simulation produced 14.571 mm (0.058 rad).

7.2. Recommendations

This work can be further extended as following:

a)

b)

d)

The beam can be modelled as a Timoshenko beam, to incorporate the effects of shear
deformation and rotary inertia, leading to a more accurate representation of system
dynamics.

The present study can be further extended by considering the disc as a flexible element
instead of rigid bodies to better incorporate the deformation effects on the entire system
dynamics.

The assumption of rigid bearings can be modified by the use of flexible damped
bearings, which would more realistically represent the conditions of support.

Inclusion of higher modes, beyond the fundamental mode, can help achieve more

comprehensive results of torsional response.
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e) The model can be further improved in simulation part by accounting the distributed

eccentricity along the length of shaft.
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+9% detected as Al il sl

N etection indludes the possibllity of false positives. Although some text in Itis essential to understand the bmitati

) § ons of Al detection Lefore maku{q decisions
s submission is likely Al generated, scores below the 20% threshold are not abouit a student's work. We encoura

9¢ you (0 Jearn mere about Turritin's Al detection

disclaimer

Jur ATwriting assessmient is designed to help educators identify text that mignt be prepared by a generatve Al tool. Our Al wrrting assessment may not always be accurate (1.2, cur Al models
ray produce e ther false positive results or false negauve results), so it should not be Lsed as the <ole basis for adverse actions agalnst a student. It takes further scratiny and Pumran
pegmertin conjunction with an organization’s application of its specific aademic policies to determine whether any academ ¢ misconduct has occurred.

frequently Asked Questions

How should I Interpret Turnitin's Al writing percentage and false positives?

The percentage shown in the Al writing report Is the amount of qualifying text within the submission that Turnitin's Al writing
detection model determines was either likely Al-generated text from a large-language model or likely Al-generated text that was
Ikely revised using an Al paraphrase tool or word spinner.

False positives (incorrectly flagging human-written text as Al-generated) are a possibility in Al models.

Al detection scores under 20%, which we do not surface In new reports, have a higher likelihood of false positives. To reduce the
Fkelihood of misinterpretation, no score or highlights are attributed and are Indicated with an asterisk in the report (*%).

The Al writing percentage should not be the sole basls to determine whether misconduct has occurred. The reviewer/instructor
should use the percentage as a means to start a formative conversation with their student and/or use it to examine the submitted
assignment in accordance with their school's policies.

What does QAI n ' mean? .
Our model ::W ;:z'cegs::::]‘::;!ying text in the form of long-form writing. Long-form writing means Individual sentences contained in paragraphs that make up a

bonger plece of written work, such as an essay, a dissertation, or an article, etc. Qualifying text that ha? been dexermlnled to be likely Al-generated will be
highlighted in cyan in the submission, and likely Al-generated and then likely Al-paraphrased will be highlighted purple.

i ights and th
Non-qualifying text, such as bullet points, annotated bibliographes, etc., will not be processed and can create disparity between the submission highlights and the
percentage shown,
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