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ABSTRACT

A connection between measure theory and topology is established when a
o—field .# is defined in terms of topological properties. More precisely, we
defined .7 as the smallest o—field containing all the open sets of a topologi-
cal space 2, then there are interesting interrelation between measure theory
and topology. We study the interrelation between topological space, open
sets and continuous functions in one hand and measure space, measurable
set and measurable function on the other.
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{f € B} aset {weQ: f(w) € B}

I indicator of A

I max(f, 0)

f a max(—f ) 0)

lim,, .o, sup x, limit superior of x,,

lim,, .~ inf z,, limit inferior of z,,

I modulus

Il norm

F collection of subsets

S collection of subsets

() smallest o—field containing .

i measure

(Q,.7, 1) measure space

B(R) class of Borel sets of R

(Q,.Z,, 1) completion of (£, . %, )

F distributive function

ff f Riemann integral

B(R) class of Lebesgue measurable sets
(Q, F) measurable space

h:(Q, ) — (Qo, %) h:Qp — Qs is measurable relative to .%#; and %,
sup,, infg>, fi lower limit

inf,, supy>,, fx upper limit

{z, :n € D} net



v

fQ hdu Lebesgue integral

a.e.[py] a condition holds almost everywhere with respect to

AT upper variation or positive part of A

A~ lower variation or negative part of A

[\l total variation of A

T topology

Gy countable intersection of open sets

F, countable union of closed sets

d metric

By(z,€) e—ball centered at x

D directed set

[Lic; % Cartesian product of ;

pi(z) projection mapping

LSC lower semicontinuous

Usc upper semicontinuous

S lower envelope

f upper envelope

9 Dynkin system

L vector space

fvg max(f, g)

Y min(f, 9)

E positive linear functional

H* {feH:f>o0}

L collection of functions lim, f,, f, an increasing sequence of functions in L™
L collection of nets lim,, f,, f, form an increasing sequence of nets in L+
o(H) smallest o—field making every functions in H Borel measurable
LP(2, %, ) collection of all complex valued Borel measurable functions
Ty projection mapping

F" measurable rectangle

B, cylinder with base B"

JT——) weak convergence

J(a, b] boundary of (a, b]



Contents

(I _Introduction|

2 Measure and Integration Theory|

[3 Topology|

[4 The Interplay Between Measure Theory And Topology|

[4.2  The Daniel Integral|

[4.3  Measures on topological spaces| . . . .. ... ... ... ...

[4.4  Measures on Uncountably Infinite Product Spaces| . . . . . . .

[4.5 Weak Convergencel

5 Conclusion|

(Bibliography|

22

27
27
29
42
95
60

66

66



Chapter 1

Introduction

In this chapter, we state some definitions and theorems which will be used
in later chapter of the thesis. we begin with the definition of increasing and
decreasing sequences.

Definition 1.1. Let Ay, As, ... be subsets of a set Q. If Ay C Ay C ... and
U, A, = A, we say that the A, form an increasing sequence of sets with
limit A, or that the A, increase to A; we write A, T A. If Ay D Ay D ... and
Mo, A, = A, we say that the A, form a decreasing sequence of sets with
limit A, or that the A,, decrease to A; we write A, | A.

The set of real numbers is denoted by R, and R” denotes n dimensional
Euclidean Space.
In R the interval (a, b] is defined as

(a,b) ={x eR:a <z <b}
and the interval (a, 00) is defined as
(a,00) ={x e R:2>a}
Other types of intervals are defined similarly.
If a = (a1, a9, ...,a,),b = (b1, ba, ..., b,) € R", then a < b will mean a; < b; for
all 7. The interval (a, b] in 1" will be defined as

(a,b] ={xeR":a; <x; <bj,i=1,2,...,n}

and other types of intervals are defined similarly.
The set of extended real numbers is the two-point compactificatoin %U{oo}i)
{—0o0}, denoted by R. The set of n-tuples (z1,xs, ..., z,), with each z; € R,
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is denoted by ®. If f is a function from Q to €, written as f : Q — Q' and
B C €Y then the pre-image of B under f is defined as

f7(B)={weQ: f(w) € B}
If f: R — Ris a function,then f is increasing iff

r<y= f(r) < fly),

and f is decreasing iff

r<y= f(r)> f(y).

If f, : Q= R,n=1,2,..., then the f, are said to form an increasing sequence
iff

fow) < frnri(w) for all n and w
and f, are said to form a decreasing sequence iff
fa(w) > froi1(w) for all n and w

If fi, fo,... form an increasing sequence of functions with limit f, that is,
lim,, oo fu(w) = f(w) for all w, then we write f,, 1 f. Similarly, we write
fn 1 f for a decreasing sequence.

We abbreviate {f < g} for a set {w € Q: f(w) < g(w)}, similarly the pre-
image {w € Q: f(w) € B} is abbreviated as {f € B}.

For a subset A of 2, the indicator of A, denoted by I, is the function defined
by

() 1 forwe A
w) =
4 0 forwgA

If f:Q — Ris a function, then the positive and negative parts of f are
defined by

fT = max(f,0) and
fﬁ = max(—f, O)
We next define limit superior and limit inferior.

Definition 1.2. Let {z,} be a sequence of real numbers. Suppose there is a
real number b satisfying the following conditions:
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(a) For every € > 0 there exists an integer N such that n > N implies

T, < b+e

(b) Given € > 0 and given m > 0, there exists an integer n > m such that

Ty > b— €.

then b is called the limit superior or upper limit of {x,} and write

b= lim supx,.
n—oo

The limit inferior or lower limit of {x,} is defined as follows:

lim infz, = — lim supy,.
n—oo n—oo
where Yy, = —xp,n =1,2,.

For the sequence of sets Ay, As, ... of subsets of Q) we define

limsup A,, = ﬁ [OJ Ay

n=1k=n

and

liminf A,, = G ﬁ Ap.

n=1k=n

Thus, w € limsup,, A, iff for every n, w € A for some k > n and w €
liminf, A, iff for some n, w € Ay for all k > n.

The following is the useful theorem for our thesis.

Theorem 1.1. De Morgan’s Law Let Ay, As, ... be subsets of a set w. Then

(U An> =4 and (ﬂ An> =J 4.
Following is also the useful definition.

Definition 1.3. A norm on a vector space L is a function ||| from L to the
nonnegative reals satisfying

|ax|| = |a| ||z]| for allc € C,z € L.
o +yll < [lzll + Nyl for all z,y € L.

|z|| = 0 implies = = 0.



Chapter 2

Measure and Integration
Theory

In order to understand the interplay between the measure theory and topol-
ogy, we need to learn the measure theory in detail. Chapter 2 will be devoted
to measure theory. In this chapter, we state definitions and give examples
and state standard theorems with proofs of measure theory followed by inte-
gration theory. First we begin with the definition of field.

Definition 2.1. Let .F be a collection of subsets of a set Q. Then F is
called a field iff

(a) Q e.F
(b) If A€ F, then A° € F
(¢c) If Ay, As, ... Ay € F, then || Ai € F

It follows that .# is closed under finite intersection because by De Morgan
Law if Al,Ag, ,An S ﬁ, then

n

(4= (A5 e 7.
i=1 i=1
If (c) is replaced by
If A, Ay, ... € F, then | J A € 7,
i=1

then % is called a o-field.
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We note that if .% is a field, then a countable union of a set in .# can be
expressed as the limits of an increasing sequence of sets in .%, and conversely.
To see this if (J;~; A; = A, then by definition J;_, A; T A and conversely
if A, T A, then A = |J,2, A, a countable union of sets in .%#. This argu-
ment shows that a o-field is a field that is closed under limits of increasing
sequences.

We next give some examples of field and o—field.

(a) The largest o-field of subsets of a fixed set €2 is the collection of all
subsets of 2. The smallest o-field consists of the two subsets ¢ and (2.

(b) Let A be a non empty proper subset of (2. Then .7 = {¢,Q, A, A°} is
the smallest o-field containing A.

(c) Let Q = R. Let F consist of all finite disjoint unions of right-semiclosed
intervals(for convention we also count (a,o0), —00 < a < oo as right-
semiclosed). Then .# is a field but not a o-field because if A, =
(0,1-2i] e Fforn=1,2.andJ;"; A, =U,=, (0,1 = L] =(0,1) ¢
F.

Definition 2.2. Let . be a class of sets. Then the smallest o-field contain-
ing the sets of .7 is denoted by o() and called the minimal o-field over
.

Definition 2.3. A measure on a o-field ¥ is a non-negative, extended real-
valued function p on F such that whenever Ay, As, ... form a finite or count-
ably infinite collection of disjoint sets in #, we have

2 ([j An) = iM(AN)

If u(2) =1, p is called a probability measure.

Definition 2.4. A measure space is a triple (Q, %, ) where Q0 is a set, F
is a o—field of subsets of ), and u is a measure on % . If i is a probability
measure, then (2, %, ) is called a probability measure space.

Some examples of measures are as follows:
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(a) Let Q be any set and let .# consists of all subsets of 2. Define u(A)
as the number of points in A. Then if A has n members, then u(A) =
n,n = 1,2,... and if A is infinite set, then u(A) = oco. The set function
it is a measure on %, called a counting measure.

(b) Let Q = {1, x9, ...} be afinite or countably infinite set and let py, ps, ...be
non-negative numbers. Let .% be a collection of subsets of 2 and define

pw(A) = Z Y2

Then the set function p is a measure on %. If > p; = 1 then p is a
probability measure and if all p; = 1, then p is a counting measure.

Definition 2.5. The class of Borel sets of & denoted by Z(R), is defined as
the smallest o-field of subsets of R containing all intervals (a,b],a,b € R.

By definition, Z(R) can be described as the intersection of all o—fields con-
taining the intervals (a, b|,a,b € R. Since

(a,b] = fjl <a,b+ %) and(a,b) = n@l <a,b - H

and by definition of o—field, #(R) is the smallest o—field containing all
open intervals. Similarly, Z(R) can be described as the smallest o—field
containing the class of all intervals of 8. Moreover since an open set is a
countable union of open intervals, Z(R) is the smallest o—field containing
all open sets of R.

The following is the basic properties of the set functions:

Theorem 2.1. Let p be a finitely additive set function on the field F .
(a) () =0.
(b) W(AUB) + u(ANB) = u(A) + u(B) for all A,B € Z.

(c) If A,B €.% and B C A, then u(A) = u(B) + u(A — B)
(hence (A — B) = p(A) — u(B) if w(B) is finite, and p(B) < p(A) if
pA—=B)=0)

(d) If p is nonnegative,

1 (U AZ-) < Z,U,(Ai) for all Ay, ..., A, € ZF.
i=1 i=1
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If 1 is a measure,

L (U An> < Zu(An) for all Ay, As... € F such that U A, € .Z.
n=1 n=1 n=1

Proof. (a) Let A € .# such that p(A) is finite. Then
) = pAug)

= p(A) +pu(o.)
So p(¢) = 0.
(b) We know
A=(ANB)U(A-B)
and

B=(ANB)U(B - A).
Thus by finite additivity of u we have
w(A) = W(AC B) + (A - B)
and
w(B) = n(AN B) + pu(B — A).
By adding
w(A) +u(B) = w(ANB)+p(ANB)+ u(A - B) + u(B — A)
= wANB)+ u(AUB).
(c) We have
A=BU(A-B)
So
u(A) = u(B) + p(A - B)
If u(B) is finite, then
p(A) = w(B) = (A - B)
Morever, if y1/(A — B) > 0, then

1(A) > u(B).
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(d) We know
JAi=Au(AnA)u.u(Ain..nAS N A,)
=1

and the sets on the right are disjoint. Also, since u is nonnegative, by
()
p(ATN . NAS  NA,) < u(Ay).

Thus,

Morever, since

G A, = G(A§ N..NA;, | NA,),
n=1 n=1

same as the proof of first part of (d) we have

if 4 is a measure.

]

Definition 2.6. A set function p defined on F is said to be finite iff p(A)
is finite, that is, not Too, for each A € F. A nonnegative, finitely additive
set function p on the field F is said to be o-finite on F iff 2 can be written
as |~ A, where the A,, belong to F and p(A,) < oo for all n.

Countably additive set functions have a basic continuity property, which
as follows:

Theorem 2.2. Let u be a countably additive set function on the o-field % .
(a) If A1, As,... € F and A, T A, then u(A,) — p(A) asn — oo.

(b) If Ay, Ay, ... € F, Ay L A, and p(Ay) is finite, then u(A,) — u(A) as
n — oo.
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Proof.  (a) If u(A,) = oo for some n, then
1(A) = p(A,) + p(A — A,) = oo.

Replacing A by Ay, we have pu(Ag) = oo for all £ > n. So in this case
the statement is trivial.

Similar case arises if p(A,) = —oo for some n.

Thus we assume that pu(A,) is finite for all n. Since A, form an in-
creasing sequence, we can write

A - Al U (AQ - A1> U..u (An - An_1> U...

Thus
n(A) = (A + p((A2) — p(Ar) + o+ p((An) = p(Ap-a) + o
= Jim p(4n)

that is, u(A,) — u(A) as n — oo as desired.

(b) If A, | A, then Ay — A, T A1 — A. So by (a), u(A — A,) T (A — A).
Thus

(Ay — A) = u(Ay) — u(A) (as u(Ay) is finite, so is p(A))

u(A) = p(Ar) — p(Ar = A)
= p(Ar) = i p(Ay = Ay)
= lim u(A,) (by Th 2.1(c))

n—oo

Hence p(A,) — u(A) as n — oco.
[

The following theorem ensures that finite additivity plus continuity im-
plies countable additivity.

Theorem 2.3. Let p be a finitely additive set function on the field .F .

(a) Assume that p is continuous from below at each A € F, that is,
A Ay e F A= A€ F and A, 1 A, then p(A,) — p(A). It
follows that p is countably additive on F .

(b) Assume that p is continuous from above at the empty set, that is, if
Ay, Ag, ... € F and A, | ¢, then p(A,) — 0. It follows that p is
countably additive on F .
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Proof.  (a) Let Ay, Ao, ... be disjoint sets in .# such that A = J°, A; € Z.
Let B, = J.; A;. Then B, 1+ A. So by hypothisis u(B,,) — p(A). By
finite addivity of

p(B) = Y nA)
So
p(A) = lim > p(A)

as desired.

(b) Let A;, As, ... be disjoint sets in .# such that A = |J2, A; € Z. Let
B, =, A;. Soby Th 2.1

p(A) = u(Bn) + (A = By)

But A— B, | ¢, so by hypothesis, u(A—B,,) — 0. Thus u(B,) — u(A).
So

p(A) = lim u(B,)

n—oo
n

= lim (| J4)

i—1

= lim Z,u(Ai). (by finite additivity of u)

O

Definition 2.7. An outer measure on 2 is a nonnegative, extended real-
valued set function A on the class of all subsets of 2, satisfying

1. M¢) =0.
2. A C B implies \(A) < X(B) (monotonicity).
3 ANUrZ An) <5007 MAy) (countable subadditivity).

Definition 2.8. Let A\ be an outer measure on the set Q. We say that the
set E is \-measurable iff

AA) = AANE) + AANE)for all A C Q.
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In the definition if .# is the class of all A—measurable sets then ) is a
measure on . .

Definition 2.9. A measure p on a o—field F is said to be complete iff
whenever A € F and p(A) =0, we have B € F for all B C A.

The completion of a measure space (2, F, ) is defined as follows:

Let Z,, be the class of sets AU N, where A ranges over % and N, over all
subsets of measure 0 in F. Then .#, is a o—field including #. Now we
extend p to F, by setting (AU N) = pu(A). This definition is well defined
because if Ay UN; = Ay UN;y € %, then

p(Ar) = p(ArNAz) + p(Ar — As)
(AN As) ) (since Ay — Ay C Ny so that u(A; — Ay) = 0)

Thus,

L) < p(As)

Stmilarly

w(A2) = p(Ax N Ay + p(Ay — Ay)
u(As N Ay) , (since Ay — Ay C Ny so that u(As — Ap) = 0)

Thus,

pAs) < p(Ay)

So u(Ay) = u(As). So u is well defined.

The measure space (€2, F,, ) is called the completion of (,.%, ), #, the
completion of F relative to u. We note that the completion is in fact com-
plete. For let M C AUN € %, where A € F,u(A) = O,N C B €
F,(B) =0, then M C AUB € .Z,u(AUB) =0, hence M € Z,,.

Definition 2.10. A class € of subsets of Q2 is said to be monotone if €
satisfies the following condition:

if A, €€ and A, T A or A, | A ,then A€ %.

Theorem 2.4. Monotone class theorem.[6] Let %, be a field of subsets of €2,
and € a class of subsets of Q that is monotone. If € O %y, then € D o(Fy),
the minimal o— field over F.

The following is the useful fundamental extension theorem.
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Theorem 2.5. Caratheodory extension theorem.[6] Let p be a measure on
the field %y of subsets of ), and assume that u is o—finite on Fy, so that
Q can be decomposed as |J, -, A, where A, € Fy and p(A,) < oo for all n.
Then u has a unique extension to a measure on the minimal o—field F over
Z9.

Now we state Jordan-Hahn decomposion theorem which gives the defini-
tion of signed measure.

Theorem 2.6. Jordan-Hahn Decomposition Theorem.[6] Let X be a count-
ably additive extended real-valued set function on the o—field % . Define

AT (A) =sup{\(B): Be .Z,B C A}

AN (A)=—inf{\(B): Be #,BC A}
Then A\t and A\~ are measure on % and \ = \T — \~.

Definition 2.11. In the Jordan-Hahn Decomposition Theorem we call \*
the upper variation or positive part of X, A\~ the lower variation or negative
part, and |\ = AT + X\~ the total variation. The difference A = A\t — X\~ is
sometimes called the signed measure.

Theorem 2.7. Borel-Cantelli Lemma. [6] If Ay, As, ... € F and >~ u(An) <
oo, then u(limsup, A,) = 0.

Before defining Lebesgue integral, we define Riemann integral.

Definition 2.12. Let f be a bounded real valued function defined on the
closed, bounded interval [a,b]. Let P :a = xyg < 21 < ... < z,, = b is a
partition of [a,b]. Then we define the lower and upper Darboux sums for f
with respect to P, respectively, by

L(f, P) = Zml(xl — xi—l)

U(f, P) = ZMz(xz —ffi—1)

where for 1 <i < n,

m; =inf {f(x):2z;01 <z <ax;}and
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M; =sup{f(x):ziy <z <um}.

We define the lower and upper Riemann integrals of f over [a, b], respectively,
by

/bf =sup {L(f, P) : P a partition of [a,b]}

—b
/ f=mf{U(f, P): P a partition of [a,b]}.

By definition of lower and upper integrals, the upper integral is always at
least as large as the lower integral. If two integrals are equal, we say that f is
Reimann integrable over |a,b] and this common value is called the Reimann

integral of f over [a,b]. We denote it by fff
Next we define Lebesgue-Stieltjes measure on real line.

Definition 2.13. A Lebesgue-Stieltjes measure on R is a measure pn on B(R)
such that (1) < oo for each bounded interval I. A distribution function on R
is a map I : R — R that is increasing and right continuous(lim,_, .+ F(x) =

F(xg))

The following two theorems are the standard results related to Lebesgue-
Stieltjes measure.

Theorem 2.8. [6] Let pu be a Lebesque-Stieltjes measure on R. Let F : R —
R be defined, up to an additive constant, by F(b) — F(a) = u(a,b]. Then F
is a distribution function.

Theorem 2.9. [0] Let F' be a distribution function on R, and let p(a,b] =
F(b) — F(a),a < b. There is a unique extension of p to a Lebesque-Stieltjes
measure on R.

Here theorem [2.8| and theorem [2.9/show that the formula p(a, b] = F(b) —
F(a),a < b sets up a one-to-one correspondence between Lebesgue-Stieltjes
measures and distribution functions, where two distribution functions that
differ by a constant are identified.

Let F' be a distribution function and p the corresponding Lebesgue-
Stieltjes measure. Then u(a,b] = F(b) — F(a),a < b. Morever the measure
of any interval, right semi-closed or not, may be expressed in terms of F'. For
if F(x~) =lim,,,- F(y), then
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of F' at x coincides with the measure of {x}

To establish (2), we have
b) = i b L
pla,b) = lm p(a,b— ]
= lim[F(b— =) — F(a)]
n—oo

= F(b") - F(a).

S|

To establish (3), we have

1
u[a,b] = lim /L(CL - _7b]
n—00 n
: 1
= lim [F(b), F(a — )]
= F(b)—F(a").
Similarly (4) will follow because
1 1
by = i ——b—=
ptla,b) Jim p(a -~ b~ —]
1 1
= lim[F(b——-)—F(a——
Jim [F(b— ~) = Fla— )]
= F(b)—F(a).

(5) also holds because if a = b = z, then by the proof of expression (3), we
have p{z} = plz,27] = F(z) — F(x7).

If F' is continuous at a and b, then all four expressions (1-4) are equal.

Now let f : R — R, f > 0, and f is Riemann integrable on any finite
interval. Then if we fix F'(0) arbitrarily and define

F(z) — F(0) = /0 F)dt, x>0
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F(0) - F(z) = /Of(t)dt, z <0,

then F' is a continuous distribution function and so there exist a Lebesgue-
Stieltjes measure, specifically,

= [ s

In particular we may take f(z) =1 for all z, and F(x) = z; then

b
p(a,b) = / ldz,=b—a.

Here the set function p is called the Lebesgue measure on #(R). The com-

pletion of Z(R) relative to Lebesgue measure is called the class of Lebesgue

measurable sets, written as Z(R). Thus, Lebesgue measurable set is the

union of a Borel set and a subset of a Borel set of Lebesgue measure 0. The

extension of Lebesgue measure to %(R) is called Lebesgue measure also.
Now we define the measurable function.

Definition 2.14. Let h : Qy — (2 be a function. Then h is said to be
measurable relative to the o—fields F; of subsets of Q;,7 =1,2, iff " 1(A) €
1 for each A € .

It is sufficient to show that h™'(A) € F# for each A € € where € is the
class of subsets of €2, such that the minimal o—field over € is .%».
The notation h : (Qq,.%1) — (Q, . %3) will mean that h : Q; — Qy, measur-
able relative to .%#; and .%».
If # is a o—field of subsets of Q, (€2, .%#) is sometimes called a measurable
space, and the sets in .# are sometimes called measurable sets.

Definition 2.15. Let (Q,.%) be a measurable space and h : Q — R" (or R ).
Then h is said to be Borel measurable on (Q,.F) iff h is measurable relative
to the o—fields F and A, the class of Borel sets. If ) is a Borel subset

=k
of R (or R ) and we use the term Borel measurable, we always assume that
F =A.

Some of the consequences are in order:

(a) A continuous map h : R¥ — R™ is Borel measurable. To prove this let
% be the class of open subsets of R", then by definition of continuous

function h=1(A) is open, hence h'(A) € B(R*), for each A € €. Thus
h is Borel measurable.
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(b) If A is a subset of R that is not a Borel set and I, is the indicator of
A, then I is not Borel measurable. For {w: I4(w) =1} = A ¢ B(R).

(c) To show that a function h : Q — R (or R) is Borel measurable, it is
sufficient to show that {w : h(w) > ¢} belongs to .# for each real c. For
this let € be the class of sets {z : x > ¢}, ¢ € R. Then & consists all
types of intervals. So (%) = #(R). Thus if

' {z:x>c} = h*(c,0)
= {w:h(w) € (c,0)}
= {w:h(w)>c}

belongs to %, then h is Borel measurable as desired. Similarly {w : h(w)
can be replaced by {w : h(w) > ¢}, {w: h(w) < ¢}, or {w: h(w) < ¢},
or equally well {w : a < h(w) < b} for all real a, and b and so on.

(d) If (92,7, ) is a measure space, the terminology “h is measurable on
(Q,.7, )" will mean that h is Borel measurable on (2,.%) and u is a
measure on .% .

Definition 2.16. Let (Q,.7 ) be a measurable space. Let h : Q — R be a
function. Then h is said to be simple iff h is Borel measurable and takes only
finitely many distinct values. Equivalently, h is simple iff it can be written
as a finite sum Y., x;14,, where the A; are disjoint sets in F and I, is the
indicator of A;; x; need not be distinct.

We note that sums, differences, products, and quotients of simple func-
tions are simple provided the operations are well defined.
Now we define Lebesgue integral.

Definition 2.17. Let (2,.%) be a measure space and jv be a measure on % .
Let h : Q — R be Borel measurable. For a simple function h = Yoy wila,,
where the A; are disjoint sets in .F , we define the Lebesgue integral of h with
respect to p, written as [, hdp or [, h(w)du(w), by

/thﬂ = Z zip(A;)
i=1

provided +00 and —oo do not both appear in the sum. If they do, we say that
the integral does not exist.
If h is nonnegative Borel measurable, we define

/hduzsup {/sdu:ssimple, ogsgh}.
Q Q

> c}
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Finally if h is an arbitrary Borel measurable function, then we define

/hdu:/fﬁdu—/h_du
) Q Q

provided the right hand side is not of the form +o0o — oo where ht =max(h, 0)
and h™=max(—h,0).

Here the function h is said to be u—integrable (or simply integrable if u
is understood) iff [, hdy is finite, that is, iff [, h*dp and [, h~dp are both
finite.

If A e . %, then we define

/ hdp = / hadp.
A Q

If h is a step function from ® — R and p Lebesgue measure, [, hdu is
same as the Riemann integral. However, the integral of h with respect to
Lebesgue measure exists for many functions that are not Riemann integrable.
The following is an example of it.

Let the function f be defined on [0, 1] by

0 for z is rational

1 for z is irrational
f(z) = {

Then f is integrable with respect to Lebesgue measure. But f is not Riemann
integrable. For let P be a partition on [a,b]. The by the density of the
rationals and the irrationals, we have L(P, f) =0 and U(P, f) = 1. Thus

lj)f—0<1—7:f.

Hence f is not Riemann integrable.

The following are some theorems related on Borel measurable function
and Lebesgue integration that are useful to establish the result on “the in-
terplay between measure theory and topology”.

Theorem 2.10. If hy, ho, .. are Borel measurable function from Q to R and
hn(w) — h(w) for all w € 2, then h is Borel measurable
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Proof. To prove h is Borel measurable, we show that the set {w : h(w) > ¢}
is Borel measurable, that is, {w : h(w) > ¢} € .Z for each real c. We have

{w:h(w)>c} = {w : lim Ay (w) > c}

n— o0
1
= {w hy(w) > c+ — for some r = 1,2, }
r

> 1
- U {w . hy(w) > ¢+ — for all but finitely many n}
r

r=1

> 1
= U lim inf {w thp(w) > c+ ;} (by definition of lower limit)

r=1
0o oo oo

1
= U U ﬂ {W Dhp(w) > c+ —} (by definition of lower limit)
r

r=1n=1k=n
which belongs to .%# because .% is a o—field. Thus h is Borel measurable. [

Theorem 2.11. (a) A nonnegative Borel measurable function h is the limit
of an increasing sequence of nonnegative, finite valued, simple functions
By

(b) An arbitrary Borel measurable function f is the limit of a sequence of
finite valued simple functions f,, with |f,| < |f| for all n.

Proof. (a) Let us define h,, by

Then h,, is increasing, finite-valued, nonnegative and simple. Next, if
hn(w) < 0o, then for some n,

0 < h(w) — h(w,) <

S0
lim(h(w) — hp(w)) = 0= lim h,(w) = h(w).

n—oo
So the theorem is proved for in this case.
If h(w) = o0, then h,(w) = n for every n. Hence as n — oo, we have
hp(w) = h(w).
This completes the proof of the (a).
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(b) Let g, and h, be nonnegative, finite valued, simple functions with
g, 1t [t and h, T f~. Let us define f, by f, = g, — h,. Then f, is also
nonnegative, finite valued and simple functions and f, + f* — f~ = f.
Morever, |f,| < f for all n since f, form an increasing sequence of

functions with limit f.
O

Theorem 2.12. [6] If hy, and hy are Borel measurable functions from €2 to
R, so are hy + hg, hy — ha, hiha, and hy/hy assuming these are well defined.

Theorem 2.13. A composition of measurable function is measurable.

Proof. Let g : (,.71) — (Qa,.%3) and h : (Qq, %) — (Q3,.%3). Then we
have to show that hog is measurable. For, let B € .%. Then

(hog)™'(B) = g~ (h™}(B))

which belongs to .Z (because h™!(B) belongs to .Z and hence g~'(h™!(B))
belongs to .# as g and h are measurable.) O]

Theorem 2.14. [6]
(a) If [, hdp exists and c € R, then [, chdp exists and

/chdu = c/ hdy.
Q Q

(b) If g(w) > h(w) for all w, then

/gduz/hdu.
0 0
/hdﬂ‘ < [ hla
0 0

(d) If h >0 and B € F, then

/hd,u:sup{/ sdp:0<s<h,s sz’mple}
B B

(e) If |, hdp exists, so does [, hdu for each A € F; if [, hdu is finite,
then [, hdp is also finite for each A € F.

(¢) If |, hdp exists, then
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Theorem 2.15. Monotone Convergence Theorem. [2] Let hy,ho, ... form
an increasing sequence of nonnegative Borel measurable functions, and let

h(w) = limy, o0 hy (W), w € Q, then [, hpdp — [, hdp.

Theorem 2.16. Additivity Theorem. [2] Let f and g be Borel measurable,
and assume that f + g is well defined. If fQ fdu and fQ gdu exists and
fQ fdu + fQ gdp is well defined, then

/gz(erg)du:/Qfdwr/diu-

In particular, if f and g are integrable, so is f + g.
Corollary 2.1. [2/

(a) If hq, ha, ... are nonnegative Borel measurable,

/ (z h) = z [

(b) If h is Borel measurable, then h is integrable iff |h| is integrable.

(c) If g and h are Borel measurable with |g| < h, h is integrable, then g is
integrable.

Definition 2.18. A condition is said to hold almost everywhere with respect
to the measure j (written a.e. [u]) iff there is a set B € F of u—measure 0
such that the condition holds outside of B.

In the integration theory, the functions that differ only on a set of measure
0 can be identified. This is established by the following theorem.

Theorem 2.17. [6] Let f,g, and h be Borel measurable functions.

(a) If f =0 a.e. [u], then [, fdu=0.

(b) jfg = h a.e. [p] and [, gdp exists, then so does [, hdu and [, gdp =
hdyp.
Q

Theorem 2.18. [6] Let h be Borel measurable.
(a) If h is integrable, then h is finite a.e. [p].

(b) If h >0 and [, hdp =0, then h =0 a.e. [u].



CHAPTER 2. MEASURE AND INTEGRATION THEORY 21

The following theorem asserts that under appropriate conditions, the limit
of the integral of sequence of functions is the integral of the limit functions.

Theorem 2.19. Ezxtended monotone convergence theorem. [2] Let g1, g2, ..., g, h
be Borel measurable.

(a) If gn > h, for all n, where [, hdp > —oco, and g, 1 g, then

/ Indp T / gdyu.
Q Q

(b) If gn > h, for all n, where [, hdp < oo, and g, | g, then

/ Indp | / gdp.
Q Q

Definition 2.19. If f1, fs, ... are functions from 2 to R, we define lim inf,,_, f»
and lim sup,,_, fn by

(lim inf fn) (w) = sup gf fr(w).

n—oo

(lim sup fn> (w) = inf sup fr(w).

n—o00 " k>n
Theorem 2.20. Fatou’s Lemma. [2] Let fi, fo, ..., f be Borel measurable.

(a) If fo > f for all n, where [, fdu > —oo, then
lim inf / Fodps > / (nm inf fn> dy.
(b) If fo < f for all n, where [, fdu < oo, then

lim sup / fndp g/ <lim sup fn> du.
n—oo J O QO n— o0

Theorem 2.21. Dominated Convergence Theorem. [2] If fi, fa,...f,q are
Borel measurable functions, |f,| < gfor all n where g is pu—integrable and
fo = f a.e. [u], then [ is p—integrable and [, fudp — [, fdp.



Chapter 3

Topology

In this chapter, we focus our attention on the basics about the topology which
will be helpful to study the interplay between measure theory and topology.
For, first we define topology.

Definition 3.1. A collection T of subsets of a set Q) is said to be a topology
in S if T has the following three properties:

(a) ¢, Q2 € T.
(b) If Ve fori=1,2,...n, then(\_, Vi € 7.
(¢) If Vi, is an arbitrary collection of members of T, then |, Vo € 7.

If T is a topology in ), Q is called a topological space, and the members of T
are called the open sets of Q). A subset A of a topological space ) is said to
be closed if the set 2 — A is open.

If Q1 and Qs are topological spaces and f is a mapping of Q1 into s,
then f is said to be continuous provided that f~*(V) is an open set in Qy for
every open set 'V in (s.

Definition 3.2. Let )y, Q5 be topological spaces. A map f : Q1 — Qq is said
to be an open map if for every open set U of )y, the set f(U) is open in .

Definition 3.3. A neighborhood of a point w € ) is an open set containing
w; an over neighborhood of w is an overset of a neighborhood of w.

Definition 3.4. Let €2 be a set. A basis for a topology on ) is a collection
A of subsets of Q (called basis element) such that

(a) For each w € ), there is at least one basis element K containing w.

22
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(b) If w belongs to the intersection of two basis element K; and K,, then
there is a basis element K3 containing w such that K3 C K1 N Ks.

Definition 3.5. A metric space is a set Q with a function d (called a metric)
from Q x Q to the nonnegative reals, satisfying d(x,y) > 0,d(x,y) = 0 iff
r=vy,d(x,y) =d(y,x), and d(x,z) < d(z,y) + d(y, z)

Definition 3.6. Let € > 0 be given. Consider the set

By(z,€) = {y : d(z,y) <€}

of all points y whose distance from x is less than €. Then the set By(x,¢€) is
called the e—ball centered at x.

Definition 3.7. Let Q be a metric space with metric d. A subset A of €2
is said to be bounded if there is some number M such that d(z,y) < M for
every pair of points x,y of A.

Definition 3.8. A directed set is a set D on which there is defined a pre-
ordering (a reflexive and transitive relation), denoted by <, with the property
that whenever a,b € D, there is a ¢ € D with a < ¢ and b < c. A net in
a topological space € is a function from a directed set D into Q2. A net is
denoted by {x,,n € D} or simply by {x,}. The net {x,} is said to converge
to the point x iff for every neighborhood U of x, there is an ng € D such that
xn, € U for alln € D such that n > ny.

Definition 3.9. Let Q) be a topological space. Then ) is said to have a
countable basis at w if there is a countable collection € of neighborhoods of
w such that each neighborhood of w contains at least one of the elements of
€. A space that has a countable basis at each of its points is said to satisfy
first countability axiom or to be first countable.

Definition 3.10. If a topological space €2 has a countable basis for its topol-
oqy, then § is said to satisfy the second countability axiom or to be second
countable.

Definition 3.11. Let ;.1 € I be an arbitrary collection of topological spaces.
Then the Cartesian product of 4,1 € I, denoted by [[,c; % = Q(say), is
defined as the collection of all families (x;,i € I), that is, all functions on I
such that x; € Q; for each i. The product topology (also called the topology
of point wise convergence) on Q = [[,.; Qs has as a base all sets of the form

{reQ i, el, k=12 .,n}

%]

where Uy, are open in Q;, and n is an arbitrary positive integer.



CHAPTER 3. TOPOLOGY 24

Definition 3.12. Let p; : [[,c; % — Q be the function assigning to each
element of the product topological space its 7" coordinate,

pi(z) = ;.
Then p; is called the projection mapping associated with the index j.

Definition 3.13. A collection € of subsets of a topological space €2 is said
to cover €, or to be a covering of Q, if the union of elements of € is equal
to Q). It is called an open covering of 2 if its elements are open subsets of §2.
A topological space 2 is said to be compact iff every open covering of Q0 has
a finite subcovering.

Definition 3.14. A topological space ) is said to be Hausdorff if for each
pair x,y of distinct points of §2, there exist disjoint open sets containing x
and y, respectively. A Hausdorff space is said to be locally compact iff each
x € ) has a neighborhood whose closure is compact.

Definition 3.15. Let Q) be a topological space. Assume that one point sets
are closed in ). The space §2 is said to be normal if for each pair A, B of
disjoint closed sets of §2, there exists disjoint open sets containing A and B,
respectively.

The following are useful theorems for our main part “The interplay be-
tween measure theory and topology”.

Theorem 3.1. Urysohn Lemma. [1] Let 2 be a Hausdorff space. Then § is
normal iff for each pair of disjoint closed sets A and B, there is a continuous
function f:Q — (0,1) with f =0 on A and f =1 on B.

Theorem 3.2. Tietze Extension Theorem. [1] Let Q2 be a Hausdorff space.
Then 2 is normal iff for every closed set A C Q and every continuous real-
valued function f defined on A, f has an extension to a continuous real valued
function F' on Q.Furthermore, if |f| < ¢ on A, then Fcan be taken less than
c on ).

Theorem 3.3. [1] Let A be a closed subset of the normal space 2. There is
a continuous function f:w — (0,1) such that A = f~1(0) iff A is a Gs, that
is, a countable intersection of open sets.

Theorem 3.4. Every metric space is normal.

Proof. Let € be a metric space with metric d. Let A and B be disjoint closed
subset of 2. For each a € A, choose €, > 0 so that the ball B(a,¢,) does not
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intersect B. Similarily, for each b € B, choose €, > 0 so that the ball B(b,¢,)
does not intersect A. Define

v=Us(e5).v=Us(3)

Then U and V are open containing A and B, respectively. Now we asserts
that UNV = ¢.

For, if possible let us suppose U NV # ¢. Then there exist a point z such
that z € UNV. Then

zeB(m%>ﬂB(a%>

for some a € A and some b € B. So by triangle inequality

€p

d@@g%wmw@m<%+5

If €, < €, then d(a,b) < ¢ so that a € B(b, €,), a contradiction.

If €, < €, then d(a,b) < ¢, so that b € B(a,€,), again a contradiction.
Hence UNV = ¢.

So €2 is normal.

Theorem 3.5. [I] Every compact Hausdorff space is normal.

Definition 3.16. Let Q be topological space. The function f : Q — R is
said to be lower semicontinuous (LSC) on Q iff {x € Q: f(x) > a} is open
in Q for each a € R. Similarly the function f : Q — R is said to be upper
semicontinuous (USC) on Q iff {x € Q: f(x) < a} is open in Q for each
a €R. Thus f is LSC iff —f is USC. The function f : Q — R is continuous
iff it s both LSC and USC.

The following is the criterion for a function to be semicontinuious.

Theorem 3.6. The function f is LSC on a topological space €2 iff, for each
net {x,} converging to a point x € Q, we have liminf, f(x,) > f(z). Sim-
ilarly, f is USC iff limsup,, < f(x), whenever x, — x.(In first countable
space 'net” may be replaced by ’sequence.’)

Proof. Let f be LSC on Q. Let x, — x and b < f(z). Then by definition
of LSC z € f~!(b,00], an open subset of Q. Hence z,, € f~1(b, 00] for all
but finitely many n, that is, f(x,) > b for all but finitely many n. Thus,

liminf, f(z,) > f(z).
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Conversely, Let x, — x implies liminf,, f(z,) > f(z). Then we have to show
that f is LSC on €. For this it is sufficient to show that V = {f(x) > a}
is open in Q for any a € R. For, let z, — =z, where f(z) > a. Then
liminf, f(z,) > a, hence f(x,) > a for all but finitely many n. Thus z,, € V
for all but finitely many n. So V' is open. O

Following are some properties of semicontinuous functions.

Theorem 3.7. Let f be a LSC on the compact space ). Then f attains its
infimum. (Hence if f is USC on the compact space S, f attains its supremum.)

Proof. Let b = inf f. Then there is a sequence of points x,, € € such that
f(z,) — b. But since 2 is compact, we have a subnet x,, converging to some
x € Q. Since f is LSC, liminfy, f(z,,) > f(x). (by preceeding theorem) But
as f(z,,) — b, we must have f(x) <b. Since b is infimum of such functions,
we must have b = f(z) as required. ]

Theorem 3.8. If f; is LSC on Q for each i € I, then sup, f; is LSC; if 1
is finite, then min; f; is LSC.(Hence if f; is USC for each i, then inf; f; is
USC; and if I is finite, then max; f; is USC.)

Theorem 3.9. [6] Let f : Q — R, Q any topological space, f arbitrary.
Define
f(z) =lim inf f(y), =€

Yy—x

that s,
f(x) = sup inf f(y),

v yeV

where V' ranges over all neighborhoods of x. Then f is LSC on 2 and f < f;
Jurthermore if g 1s LSC on Q and g < f, then g < f.

Similarly, if f(z) = lim sup, ., f(y) = infy sup,cy f(y), then f, is USC and
f > f;in fact f is is the inf of all USC' functions that are less than or equal
to f.

Definition 3.17. In the above theorem, [, the sup of all LSC functions that
are less than or equal to f is called the lower envelope of f and f, the inf

of all USC' functions that are greater than or equal to f is called the upper
envelope of f.

Theorem 3.10. [6] Let Q2 be a metric space, f a LSC function on ). There is
a sequence of continuous functions f, : Q0 — R such that f, T f. (Thus, if f
is USC, there is a sequence of continuous functions f, | f.) If | f| < M < oo,
the f, may chosen so that |f,| < M for all n.



Chapter 4

The Interplay Between
Measure Theory And Topology

4.1 Introduction

In this chapter, we will focus on the interplay between measure theory and
topology. More precisely, we will establish the natural relation between mea-
sure theoritic and topological questions. We will investigate these natural
relation in details. We begin with the situation in which there is connection
between measure theory and topology.

We already defined o—field in previous chapter. Let us define a o—field
Z as the smallest o—field containing all open sets of a topological space
Q). Doing this we can connect the measure theory and topology and further
connections can be established. For example, if u is a measure on .# and
A € 7, then we wish to know whether A can be approximated by compact
subsets by using measure p. In other words, we wish to know the relation :

w(A) =sup {u(K): K is a compact subset of A}

Another example, we will focus on the question that whether a function in
the space LY (Q,.%, i) can be approximated by a continuous function or not.
In Other words, whether the set of continuous functions are dense in the
space L¥(Q, F, ).

The results in the first two sections are not topological but they serve as
basic tools in the later development.

Definition 4.1. Let & be a class of subsets of a set . Then Z is said to
be a Dynkin system (D-system for short) iff the following conditions hold:

27
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(a) Q€ 9.

(b) If ABe 2,B C A, then A— B € 9. Thus 2 is closed under the
proper differences.

(c) If Ay, Ag, ... € D and A, T A, then A€ D.

In definition, by (a) and (b), Z is closed under complementation; hence
by (c) Z is a monotone class. Thus if Z is closed under finite union (or
closed under finite intersection), then & is a field, and hence a o—field.

Theorem 4.1. Dynkin System Theorem. Let . be a class of subsets of €2
and assume that .7 is closed under finite intersection. If & is Dynkin system

and 2 O ., Then 9 includes the minimal o—field F = o(.%).

Proof. Let %y be the smallest D—system including .. Then we asserts that
Dy = F. Since Yy C 2, the result will follow.

Now, since .7 itself is a D—system containing .¥, we have %, C .%. so it
sufficient to show that .% C Z,. For this let us define

‘52{146.@0:AﬁBE.@OforallBEY}.

Then . C € since .¥ is closed under finite intersection. Also since %
is a D—system, € is also a D—system. Thus %, C €. Hence %, = €.
Now let €' = {C € Zy:CND € PDyand D € Yy}. Since € = Py, same
as above . C ¢’ and since %' is a D—system, we have %, C ¢’. Hence
Yy = €'. This follows that %, is closed under finite intersection. Hence %,
is a field; so that .# C %, as desired. O

Corollary 4.1. Let . be a class of subsets of Q0 and let py and ps be finite
measure on o(). Assume Q € % and . is closed under finite intersection.
If uy = pe on &, then py = pe on ().

Proof. Let & be a class of sets A € o() such that p;(A) = pa(A). Then
< C 9. Now we asserts that & is a D—system. For 2 € & because Q) € .&.
Let A, B € 2 with B C A. Then A — B € ¢(.¥) and

(A= B) = pi(A) = p1(B) = pa(A) — po(B) = p2(A — B)

Thus A— B € 9.
further, let Aq, As, ... € Z and A, T A. Then p;(A,) — p1(A) and ps(A,) —
p2(A) asn — oo. But for all n, A, € 2. So pu1(A,) = pa(A,) for all n; hence
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f1(A) = ua(A). This implies that A € 2.

Thus Z is a D—system.

Hence 2 is a D—system including .. So by above theorem, o(%) C 2.
But 2 C o(). Thus Z = o(.¥).

This proves the corollary. O

Corollary 4.2. Let .7 be a class of subsets of €); assume that 2 € ¥ and
< is closed under finite intersection. Let H be a vector space of real-valued
functions on € such that 14 € H for each A € .. Suppose that whenever
f1, fa, ... are nonnegative functions in H, | f,| < M < oo for alln, and f, 1 f,
the limit function f belongs to H. Then 14 € H for all A € (7).

Proof. Let us define & by
2={ACQ:1,€eH}.

Then by hypothesis . C & and hence Q € 2. First we show that Z is a
D—system. For thislet A, B € 9. Then I4_p = 14— Ip € H (because H is
a vector space). So, A— B € Z. Also if A,, be a sequence of sets in & such
that A, T A, then I, T I4. Hence by hypothesis [, € H. So A € ¥. Thus
2 is a D—system including .. So by above Theorem, ¥ O o(.¥) which
proves the corollary. O]

4.2 The Daniel Integral

We know that one of the properties of integration is linearity; if f and g are
p—integrable and a, b are real or complex, then

/Q(aerbg)du:a/Qdeb/diu.

Thus, the integral can be regarded as a linear functional on the vector space
of integrable functions. We use this idea to define integration theory. We
begin with a linear functional £ on a vector space and extend E to a larger
space. We finally show that there is a measure p such that E is infact the
integral with respect to pu.

Some notations are in order as follows:

Throughout this section, a vector space of real-valued functions on a set
Q will be denoted by L. We also assume that L is closed under the lattice
operations, that is, if f,g € L, then fV g = max(f,g), fAg=min(f,g) € L.
We can find several examples of such spaces. For example, if L is the class
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of continuous real-valued functions, then L is closed under lattice operations.

E will denote the positive linear functional on L. This implies that E is
monotone, that is, f < g implies that E(f) < E(g).

If H is any class of functions from Q to ® (or R), then H* denotes
{f € H:f>0} The collection of functions f : Q — R of the form lim, f,
where f,, form an increasing sequence of functions in L™, is denoted by L’.
If f,, form an increasing net in L*, then the resulting class is denoted by L”.
If H is defined as above, then o(H) is defined as the smallest o —field making
every function in H Borel measurable.

Throughout this section the following hypothesis will be assumed.

Hypothesis A: If f,, | 0in L, then E(f,) | 0. Equivalently, if f, € L and
fo T fin L, then E(f,) T E(f).

Hypothesis B: if the function f, form a net in L decreasing to 0, then
E(f,) decrease to 0. Equivalently, if the nets f,, € F' and increase to a net
f € L, then E(f,) 1T E(f).

The main purpose for this section is to establish Daniel representation
theorem which is important for our next section “The interplay between
measure theory and topology.” To establish Daniel representation theorem
we need following some Lemmas.

Lemma 4.1. Let {f,,} and {f.} be sequences in L increasing to f and f
,respectively, with f < f'( f and f’ need not belong to L). Then

lim B(f,.) < lim E(f)).
Hence E may be extended to L' by defining E(lim,, f,) = lim,, E(f,).(Under

hypothesis B and with ‘sequence’ replaced by 'net’ in the above statement, E
may be extended to L" in the same fashion.)

Proof. As n — oo, we have f,, A fI 1 f A f'. But both {f,,} and {f]} are
increasing sequences in L increasing to f and f’, respectively, with f < f’.
So fru N fL foo A f' = fm. Hence

lim E(f,) 2 lim E(fm A f) 2 E(fm A f') = E(fm).
This inequality holds for all m. So as m — oo, we have

lim E(f,,) < lim E(f})



CHAPTER 4. THE INTERPLAY BETWEEN MEASURE THEORY AND TOPOLOGY31

as desired. ]
Lemma 4.2. The extension of E to L' has the following properties:
(a) 0 < E(f) <oo forall felL.
(b) If f.g € L', f < g, then E(f) < E(g).
(c) If feL and 0 < c < oo, then cf € L' and E(cf) = cE(f).
(d) If f,ge L', then f+qg,f Vg, fAg€EL and
E(f+9)=E(fVg)+E(fNg)=E(f)+ E(9).

(e) If {fn} is a sequence in L' increasing to f, then f € L' and E(f,)
increase to E(f).

(Under the hypothesis B, the extension of E to L" has exactly the same
properties; ‘sequence’ is replaced by ‘net’ in (e).)

Proof. (a) Let f € L'. Then there is a sequence of functions {f,} in L*
such that lim, f, = f. But by lemmald.1| we have

0 <lim E(f,) = E(lim f,,) = E(f)

Thus o < E(f) <ocforall fe L

(b) Here f,g € L' with f < g. So there are sequence of functions {f,} and
{gn} in LT such that f, 1T f and g, T g. So by lemm

lim E(f,) < lim E(gy).

It follows that E(f) < E(g).

(¢) Here f € L’ and 0 < ¢ < o0. So ¢f > 0. Thus by the definition of L',
there is a sequence of functions f,, € Lt such that lim, cf, = ¢f. But
it follows that there is a sequence of functions {cf,} in L* such that
cfntef. Socf el
Also by lemmaf.T]

E(limcf,) = limE(cf,)
= limcE(f,)
= clim E(f,).

Hence E(cf) = cE(f) as required.
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(d) Here f,g € L', so there are sequence of functions {f,},{g.} in Lt such
that f, T f and g, T ¢g. Then

E(faVgn) +E(fuNgn) = E((faVgn)+ (fuAgn)) (Since E is linear)
= E(fu+9gn)
E(fn) + E(gn)

Now as n — oo, then
E(fVg)+E(fNg)=E(f)+ E(g) = E(f+9)
as desired.
(e) Let {fum} be a sequence in LT such that f,,, T f. as m — oo. Let us

define g,, by

Im = flmvam\/ \/fmm

Then {g,,} form an increasing sequence in L*, and satisfy

Jrnm < gm < o for n <m. (4.1)
So by (b)

E(fom) < E(gm) < E(fn) for n < m. (4.2)

Now, let m — oo in 4.1, we get

lim fo, < lim g, < lim f,
This implies that

fo < limgn, < f

Now as n — oo, then

lim f,, < lim (hﬂIlH gm> < f
So

f<limg, < f.
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Thus lim,, g,, = f, that is, g,, T f. Hence by hypothesis B, E(g,,) 1
E(f).

Next let m — oo in 4.2, then

lim E(frm) < lim E(g,) < lim E(f,).
S0

E(f,) < B(f) < lm E(f,,).
Now as n — oo

lim E(f,) < E(f) < lim E(f,).
Thus
lim B(f,) = E(f)

Hence E(f,) T E(f).
[l

Lemma 4.3. Let 9 = {G C Q: Ig € L'} and define u(G) = E(Ig),G € 9.
Then ¢ satisfies the following conditions:

(a) $,2€ G, u(¢) =0, () =1,0 < pu(A) <1 forall Ac Y
(b) [fGl,GQ Eg, then G1UG2,G1QG2 Gg, and

1(G1UGa) + p(Gr N Ga) = p(Gr) + p(Ga).

(C) [fGl,GQ € g and G1 C Gg, then /L(Gl) S M(Gg)
(d) If G, € 9,n=1,2,... and G, 1 G, then G € 4 and n(G,) T u(QG).

Thus p*(A) = inf{u(G): G €¥,G D A} is a probability measure on the
o—field

S ={HeQ:u(H)+p (H) =1}

and p* = p on 4.(Under hypothesis B, we take ¢ = {G € Q:Ig€ L}
and replace sequences by nets in (d). The class 4 then has exactly the same
properties.)
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Proof. (a) We have I, = 0,1 = 1. So I; and I are constant functions
and hence belong to L*(and so L’.) Thus ¢,Q) € 4. Also

u(9) = E(I,) = E(0) = 0.
w(Q) = B(lo) = E(1) = 1.

If A e ¢, then A C Q implies that I, < I, < Ig. So by (b),
E(ly) < E(I4) < E(lg). Hence, 0 = pu(¢) < pu(A) < p(2) =1 for all
AcY.

(b) Here G1,G € ¥, so IG17]G2 e L. So by lemm(d) IGl \ IGQJIgl A
I, € L'. But we have

IGlUGQ = ]Gl V IG2 and IGIQGQ = IGl A IG2.
Thus I¢,ua,, laina, € L. Hence Gy U Gy, G1 NGy € 4. Moreover,

w(GLUGy) +u(GiNGy) = E(lgua) +E(lane)
= E(le, V1a,) + E(le, Ao,
= E(lg)+ E(lg,)
= pu(G1) + pu(Ga).

(C) If Gl,GQ and G7 C GQ, then IG17]G2 € L' and IGl < IGQ' So by the
monotonicity of £, E(Ilg,) < E(lg,). Hence u(Gy) < u(Gs).

(d) fG,eG,n=1,2,... G, 1 G, then I, € L' forn=1,2,... and {Ig, }
is an increasing sequence in L' such that I¢, 1 Ig. So by lemmafd.2)(e),

Ig € L' and p(G,) 1 pu(G).
O

Lemma 4.4. If f € L' and a € R, then {w : f(w) > a} € 4. Hence
f:(Q,09)) = (R 2R)).
(The same result holds for f € L™ under hypothesis B)

Proof. Here f € L', so there are sequence of functions {f,} in LT such that
fn T f.Thus the sequence (f, —a)t = (f, —a) V0 € LT C L. Hence
(fa —a)t 1t (f —a)™. Thus by definition of L', we have (f —a)t € L'
and by lemmad.2fe), k(f —a)* € L' for k > 0. But as k — oo, we have
LAK(f—a)™ T Iff>a). So by lemm(e), we have I{y., € L'. Thus by
definition of ¢, we have {f > a} € L’ as desired. O
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Lemma 4.5. The o—fields o(L),o(L'), and 0(¥) are identical. (Under the
hypothesis B, we only have o(L") = 0(4) and o(L) C o(L").)

Proof. Under our hypothesis o(L’) is the smallest o—field of subsets of
making every function in L’ Borel measurable. But by lemmad.4] we haveo (4 )makes
every function in L' Borel measurable Thus (L") C 0(¥). To prove con-

verse inclusion, let G € ¢. Thus I € L'. Hence G = {Igz =1} € o(L).
Therefore, (%) C o(L'). Thus o(¥) = o(L’).

Now we assert that o(L') = o(L). For let f € L. Then f = ft — f~
where [T, f~ € LT C L'.Since f* and f~ are o(L')—measurable, f is also
o(L')—measurable. Thus o(L’) makes every function in L Borel measur-

able. So o(L) C o(L'). Next let f € L'. Then there is a sequence {f,}

in Lt C L such that f is a limit of the sequence {f,}. But since {f,} are
o(L)—measurable, we have f is also o(L)—measurable. Thus o(L’) C o(L).
Hence o(L') = o(L).

Thus we have 0(¥) = o(L') = o(L). O
Lemma 4.6. For any A C Q,pu*(A) = inf{E(f): fe L f>14}. The
result is the same under hypothesis B, with L' is replaced by L.

Proof. Let A € Q). Then by the definition of p*
p*(A) = inf{u(@):Ge¥,G DA}
= inf{E(lg): Ge¥Y GD A}
= inf{E(f): f=Ice L f>14}
> inf{E(F): fel f>1Is}.

Next let f € L',f > I4. Then for 0 < a < 1, we have A C {f > a}.

But by lemmdd.4 {f >a} € 4. Thus p*(A) < p*{f >a} = p{f>a} =
E(I{f>q)). But since f > 0, we have f > alfsqy. Hence aE(I{5-q)) < E(f),

that is E([{f>a}) < @.
Now as a — 1

E(Iir>ay) < E(f)
that is,
1 (A) < E(Iiysay) < E(f)
Now taking inf over all f € L/, we get
pi(A) <inf{E(f): fe L f>1a}.

This completes the proof of the lemma. n
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Lemma 4.7. If 5 ={H C Q: p*(H) + p*(H®) = 1}, then ¢ C S, hence
o(94) C . (The result is the same under the hypothesis B)

Proof. If G € ¢, then I € L'. So by definition of L', there is a sequence
{fn} of functions in LT such that f, 1 Is. Thus

' (G) = (@) = E(Ig) = lim E(f,) by lemmad.2{e)
But since G € 4,G° € 4. So by lemmd4.¢]

WG <inf{E(f): fe L f>1Ig).

But since f, < Ig and Ig + Ige = 1, we have 1 — f,, > Ige. Also since
1—f,>0,wehave 1 — f, € LT C L.
Hence

WG < E(L- f,) = inf(B(L) — E(f,)

EQ1) —infnE(fn)

1 —lim E(f,)

= 1- En(fc)

1 —p*(G)
Thus p*(G°) + p*(G) < 1. But since p*(G°) + p*(G) is always at least 1, we
have

W(G) + 1 (G) = 1.

Hence G € . Thus 4 C s and hence 0(¥) € . O

Now we prove the Daniel Representation theorem.

Theorem 4.2. Let L be a vector space of real-valued functions on the set
Q; assume that L contains the constant functions and is closed under lattice
operations. Let E be a Daniel Integral on L, that is, a positive linear func-
tional on L such that E(f,) | 0 for each sequence of functions f, € L with
fn 4 0; assume that E(1) = 1.

Then there is a unique probability measure P on o(L)(= o(L') = 0(¥)) such
that each f € L is P—integrable and E(f) = [, fdP.

Proof. Let P be the restriction of p* to o(L). Then P is a probability measure
ono(L)(=o(L)=0(9)). If G € ¥, then

E(Ig) = 4(G) = p*(G) = P(G) = / IodP (4.3)
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Now first let f € L. let us define h,, by

n2m

k-1
hn =D S T cpe gy T 7o
k=1

Then h, form a sequence of nonnegative simple functions increasing to f.
Also since Ijgcrapy = I{fsay — I{p>py for a < b, and {f >a},{f >0} € 9,
we have I{%qg%},]{bn} € ¢. Hence

n2"
E—1
E(hn) = E(E on ]{%<f§2in}+nl{f>n})
k=1

n2m
E—1
= ; on E(I{%<f§2in})+”E(I{f>n})
= k- I dP I dP
k=1

n2m

k—1
N /Q(Z on [{'Z_nl<fﬁ2’%}+nl{f>n}) ap

k=1

= / hy,dP.
Q

Thus by monotone convergence theorem

E(f):/fdp.
Q
Now let f € L. Then f = f* — f~, so that f*,f~ € L™ C L. Then

E(f) E(f") = E(f7)

- /Qf+dP—/Qf-dP
~ [ur-pap

Q
= [ fdp.
Q

Thus for all f € L, we have E(f) = [, fdP.
Now since f*, f~ € L, we have the integrals are finite. So each f € L is
P—integrable.
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This establish the existence of desire probability measure P.
Now we show that P is unique. For, let P’ be another such measure. Then

/fdP:/fdP’ forall fe L
Q Q

But by monotone convergence theorem

/fdP: / fdP' for all fe L’
Q Q

Setting f = I for G € 4, then we have

/]GdP:/]GdP’
Q Q

So P(G) = P'(G); hence P = P’ on 4. But by lemma [4.3(b), ¢ is closed
under finite intersection. So by corollary 1, we have P = P’ on o() = o(L) =
o(L"). Thus P is unique. O

Following is also the Daniel Representation Theorem under the hypothesis

B.

Theorem 4.3. Let L be a vector space of real valued functions on the set
Q; assume that L contains the constant functions and is closed under Lattice
operations. Let E be a positive linear functional on L such that E(f,) | 0
for each net of functions f, € L with f, | 0; assume that E(1) = 1.

Then there is a unique probability measure P on o(L")(= 0(¥)) such that:

(a) Each f € L is P—integrable and E(f) = [, fdP.

(b) If {G,} is a net of sets in 94 and G, T G, then G € 4 and P,(G) 1
P(G).

Proof. Let P be the restriction of p* to o(L”). Then same as the proof of the
Daniel Representation Theorem P satisfies (a) with L’ is replaced by L” and
sequence is replaced by net. Then P satisfies (b) as well by lemma [£.3(d).
Now it remains to show that P is unique(Actually we can not use the method
of proving uniqueness part of Daniel representation Theorem for this theorem
because the monotone convergence theorem fails in general for nets.) To
prove uniqueness of P, let P’ be another probability measure satisfying (a)
and (b).

Let f € L”. Then there is a net of functions f, € L*such that f, 1T f. Let
us define h,,, by

n2m

1
hna = % ;I{fa>j21}7 n = 1, 2, (44)



CHAPTER 4. THE INTERPLAY BETWEEN MEASURE THEORY AND TOPOLOGY39

Then if% < falw) < zﬁn,k =1,2,...,n2", then h,, = %, and if f,(w) > n,

then h,o(w) = n. Then h,,n = 1,2, ... are the sequence of nonnegative
simple functions increasing to f,.
Similarly, if

n2n

1

then h,, are nonnegative simple functions increasing to f.
Now

n2™m
1
/hndP' = /272]{]0>j21}dpl (using 4.5)
Q Q4 5
1 n2m
= —Z Iisein-11dP’
n {f>52-1}
w2,

n2m
1

= 2 Pdr=527)

j=1
1 n2"
= 2—nZli£n P'({f.>3j27"}) (Using (b))
j=1
n2"

1
= lim o Z P'({fa > j27"}) (Since the sum on j is finite)
j=1

So

/hndP’ = lim/ hpodP' Using 4.4. (4.6)
Q “ Ja
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But
/Q farP = li7rln /Q h,dP' (By the monotone convergence theorem)
= liTIlnligl/thdP' (Using 4.6)
= lién 117131 /Q hpadP" (since h,, is monotone in each variable)
= lién /Q fadP" (By the monotone convergence theorem)

= lim E(f,) (By hypothesis since P’ satisfies (a))
= lim/ fadP (Using (a))
@ Ja

= / fdP (Same as above if we replace P’ by P).
0

/Q fdP' = /Q #dP.

Again setting f = I, G € ¢, then same as proof in Daniel Representation
Theorem, we have P = P’ in 0(¥) = o(L") proving the uniqueness of P. [J

So

The following approximation theorem will be useful to establish some
results in the next section.

Theorem 4.4. Assume the hypothesis of the Daniel Representation The-
orem, and in addition assume that L is closed under limits of uniformly
convergent sequences. Let

¢ ={GcQ:G={f>0} forsomefecL"}
Then
(a) 9 =9.
(b) If A€ o(L), then P(A) =inf{P(G): G ¥ G D A}.
(c) If G €9, then P(G) =sup{E(f): feL", f<Ic}.
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Proof. (a) By Lemma[d.4] if f € L' and a € R, then {f > a} € 4. Then
4’ C 9. For converse, suppose that G € ¢4 and let f, € Lt with
fa T Ig(€ L'). Let us define f by

f = Z 27nfn-
n=1

Since 0 < f,, <1, we have 0 < 27" f, < 1. Thus the series is uniformly
convergent. Hence by hypothesis f € L™. But

{r>0 = J{fmn>0}

= {lg=1} (since f, T Ic)
= G

So by definition of ¢¥’, we have G € ¥’. Hence ¥ C ¥'.
Therefore, 4 = ¥4'.

(b) Let G € 9',G D A. Then P(G) > P(A). So P(A) is lower bound for
P(G),Ge¥9 =9 Alsolet A€ o(L) with G €¥4,G D A. Then

P(A) = u*(A) (since P = p* on o(L))
= inf{u(G):Ge¥ G > A} (By Lemma[4.3)
inf{u(G):Ge¥9 G>DA}

as desired.
(c) Let f € L*, f < I. Then
E(f) < E(lg) = P(G) (4.7)
Next, let G € ¢ with f, € L*, f, 1 I. Then
P(G) = B(lg) = lim E(fn) = sup E(fx)

Hence
P(G) <sup{B(f): f e L*, f < Ia}.

But by 4.7, P(G) is upper bound for E(f), f € L*, f < I5. Hence for
G € ¢4, we have

P(G) = sup {E(f): f € L*. f < Iu}.
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4.3 Measures on topological spaces

First we define the Baire o—field which is as follows:

Definition 4.2. Let ) be a topological space. The Baire o—field, which we
denote by 7 () or simply by <7 is defined as the smallest o—field of subsets
of Q0 for which the functions in C(2) are Borel measurable. In other words
o/ is the minimal o—field containing all sets f~'(B) where B ranges over
B(R) and [ ranges over the class C()) of continuous maps from € to R.
FEvery sets in </ (Q2) are called Baire sets.

Some consequences are:

(a) The class of Baire sets .o/ is the minimal o—field making all bounded
continuous functions Borel measurable. For let .# be a o—field that
makes all bounded continuous functions measurable. If f € C'(Q2), then
fT Anis a bounded continuous function and f* An 1 f* as n — oc.
Thus f* is measurable. Similarly f~ is also is measurable. Hence
f=f"—fis #—measurable. Thus &/ C .#. But we have ¥ C .&/.
Hence .# = & as required.

(b) If V' is an open subset of 2 and f € C'(£2), then by definition of contin-
uous function f~1(V) is open in Q. Hence f~1(V) € Z(Q), the class
of Borel sets. Since any set containing the sets f~!(V/) for all open set
V must contain the sets f~!(B) for all Borel set B, we have the sets
fHV) generate o7 (2). Thus we must have &7 (Q) C B().

(¢) An F, set in € is a countable union of closed sets and a G set in  is
a countable intersection of closed sets.

We now establish the precise result on the interplay between measure
theory and topology.

Theorem 4.5. Let 2 be a normal topological space. Then o7 (Q) is the
minimal o—field containing the open F, sets (or equally well, the minimal
o—field containing the closed Gg sets.)

Proof. Let J be the minimal o—field over the F, sets in ). Then we have
to show that o7 (§2) = J. For this let f € C(£2). Then

{f>a}=[]{f2a+%}.

n=1

Since f € C(Q), we have {f > a} is open in Q. Similarly, {f >a+ 1} is
closed in 2 for all n,n = 1,2,... So {f > a} is an open F, set. But the sets
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{f>a},feC(Q),a € R are Borel measurable sets; and hence generate the
class of Baire sets 27 (Q2). Thus &7 (Q2) C J7.

For converse, let H = Uzozl F,, F, closed, be an open F, set. Then H€¢ is
closed and disjoint from Fj, for each n. Since () is the normal topological
space, we have by Urysohn’s lemma, there are continuous functions f, : Q —
[0, 1] such that

fn=0o0n H® and

fn=1on F,.

Now let us define f by
s
n=1
Then f € C(2) with 0 < f <1, and
>0 =Ulh>0 -8
n=1

Thus, since f € C(Q),{f >0} € . Hence H € o. Therefore, 7 C o .
This completes the proof of the theorem. O

Corollary 4.3. If Q) is a normal topological space, then open F, sets are
precisely the sets {f > 0} where f € Cy(Q), the class of bounded real valued
function of Q, f > 0.

Proof. If f € Cy(Q) and f > 0, then by the proof of the theorem 4.5, we
have

{f>0}=[j{fn2%}

n=1

is an open Fj, set.

Conversely, if H = |J.~, F,,, F,, closed, be an open F, set. Then again by
the proof of the theorem 4.5, there is a bounded continuous function f with
o< f <1suchthat H={f > 0}.

This completes the proof of the corollary. n

The following corallary ensures that in a metric space the class of Borel
sets and the class of Baire sets are same.
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Corollary 4.4. If Q is a metric space, then o7 (2) = B(Q).

Proof. We know that every metric space is normal and 27 (Q2) C #(Q2). So
it suffices to show that Z(Q) C & (Q).
For this, let F' be a closed subset of 2. Since {2 is a metric space, we have

> 1
F = U {w:dist(w,F) < —}.
n
n=1

Thus F'is a closed G set. So by theorem 4.5,47(2) contains F'. Since F'
was arbitrary, & contains all closed sets of 2. So B(Q) C 7 (f2). Therefore,
B(Q) = A (Q). O

Corollary 4.4 proved that in a metric space, the Baire and Borel sets
coincide.

Lemma 4.8. Let A be an open F, set in the normal space 2. Then I, is
the limit of an increasing sequence of continuous functions.

Proof. Since A is an open F, set, by corollary 4.3

A:{f>0}:[j{f2%}.

n=1

Since the set A = {f > 0} is open, A° = {f =0} is the closed set and
disjoint from { f> %} for each n. So by Urysohn’s lemma, there are functions
fn € C(Q) with 0 < f,, <1, such that

fn =0 on {f:O}v
fnzlon {le}
n

gn — Mmax {fl, fg, . fn}

Then g, is an increasing sequence of continuous functions such that g, T
Ity~0y where A = {f > 0} as required. O

Define g,, by

Now by using Daniel Representation Theorem we prove the following
approximation theorem.
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Theorem 4.6. Let P be any probability measure on </ (Q2), where § is a
normal topological space. If A € o , then

(a) P(A) =inf{P(V):V D A,V an open F, set}.
(b) P(A) =sup{P(C):C C A,C a closed G5 set}.

Proof. Let L = Cy,(2) and let us define E(f) = [, fdP, f € L. Here we note
that o(L) = &7, so that each f € L is &/ —measurable. Furthermore, since
f is bounded, the integral [, fdP is finite. So E is well defined. Also F is
a positive linear functional on L. hence by dominated convergence theorem,
E' is a Daniel integral. Thus this satisfies all the conditions for theorem 4.4.

Thus by theorem 4.4(b),
P(A)=mf{P(G):Ge ¥ G> A}
where
9 ={GCQ:G={f>0} forsome f e L}
But by corollary 4.3, ¢’ is the class of open F, sets. Thus
P(A) =inf{P(V):V D A,V an open F,set}

This proves (a).

Next, we know that, the complement of open set is closed and that of closed
set is open. Thus the complement of open F, set is a closed G set. We also
know that for any set A and B, if A D B, then A° C B¢. Thus by (a), we
have

P(A) =sup{P(C):C C A,C aclosed Ggset} .
[

Corollary 4.5. If ) is a metric space and P is a probability measure on
B(Q), then for each A € B(R),

(a) P(A) =inf{P(V):V D A,V open}.
(b) P(A) =sup{P(C):C C A,C closed}.
Proof. 1f G is a closed subset of €2, then

G = ﬁ{w dist(w )<%}.

n=1



CHAPTER 4. THE INTERPLAY BETWEEN MEASURE THEORY AND TOPOLOGY46

So G is a Gy set.

If F is an open subset of {2, then F* is closed and hence is a G4 set. Since
complement of a Gs set is an I, we have I is also an F}.

Thus in a metric space, every closed set is a G5 and every open set is an F,.
Also by corollary 4.4, in a metric space we have o/ (Q2) = Z(Q2). Thus by
theorem 4.6, we have for each A € Z(Q),

P(A) =inf{P(V):V D A,V open}.

P(A) =sup{P(C): C C A,C closed}.
[

By corollary 4.5, we conclude that in metric space every Borel set can be
approximate by an open set (as well as a closed set).

Definition 4.3. A metric space ) with metric d, is said to be complete iff
each Cauchy sequence converges to a point in the space ).

Definition 4.4. A subset A of a topological space § is said to be dense in €
if A= Q, where A is the closure of A in Q. A topological space 2 is said to
be separable if there is a countable dense subset of ).

If €2 is a complete separable metric space, then the following theorem tells
us that each Borel set can be approximate by a compact subset of 2.

Theorem 4.7. Let Q) be a complete separable metric space. If P is a proba-
bility measure on AB(SY), then for each A € (1),

P(A) =sup{P(K) : K compact subset of A} .

Proof. To prove the theorem we show that if € > 0, there is a compact set
K. such that P(K,) > 1 —e. This implies the theorem. For if C' is closed
subset of 2, then C'N K, is compact and

P(C) = P(CNK,)+PC—-(CNK,))
= P(CNK,)+P(CNK,).

So
P(C)-P(CNK,) = P(C-K,)
< P(Q-K,)
= P(Q) - P(K)
— 1- P(K))

IA
™
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So P(C) — P(CNK,) <eforanye>0.

This implies that C' can be approximate by K.. But by theorem 4.5, A
can be approximate by C' for each Borel set A € #(2). Hence A can be
approximate by compact subset K, of €.

Since () is separable, there is a countable dense set {wy,ws, ...}. Let B(w,,r)
(respectively, B(w,,7)) be open (respectively, closed) ball with center at w,
and radius r. Then since {2 is separable, for every r > 0,

[]Ewn,

so that i, B(wg, ) T Q as m — oo (n fixed).
Thus, for given ¢ > 0 and a positive integer n, there is a positive integer
m(n) such that

U B( wk, ) >1—e27" for all m > m(n).

Let Ko = (2>, U™ B(wy, 1). Then K. is closed(being countable intersec-
tion of closed sets) and

Cc

m(n)
P(K?) < ZP UBwk,
< ieQ‘"
n=1

= € (since ZQ‘"zl)
n=1
Therefore

P(Ke) + P(K?) = P(w)

P(K.)=1-P(K°) >1—-e.

Now it remains to show that K, is compact. For thislet {z1,zs,...} be a
sequence in K. Then we show that there is a subsequence of {z,} in K, that

is Cauchy.

For we have z, € K, = (>, " B(wy, +) for all p. Hence x,, € UMY B(wy, 1)
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for all p. Thus we conclude that for some integer ki, z, € B(wy,,1) for in-
finitely many p, say, for p € 71 an infinite set of positive integers.

Also z, € UZL:(?)E (wkl, %) for all p, in particular for all p € T;. hence for
some ko

— — 1
z, € B(wg, 1) N B (w;@, 5)

for infinitely many p € T}, say, for p € T, C Tj.
Continue inductively to obtain integers ki, ko, ... and infinite sets 17,75, ...
such that

N 1
T, € mB (wkj,—,) for all p € T;.
- J
j
Pick p; € T;,i = 1,2, ... with p; < ps < ... Then for j < 4, we have

— 1
Tp;, Ty, € B (wkj, ;) .

So d(xy,, zp,) < % — 0 as j — o0.

Thus {x,,} is a Cauchy sequence, hence converges to a point in K, since K,
is closed and Q is complete. Thus {z,} has a subsequence converging to a
point of K.. So K, is compact. O

The following is the representation theorem of positive linear functional
in a topological context.

Theorem 4.8. Let Q be a compact Hausdorff space, and let E be a posi-
tie linear functional on C(Q2), with E(1) = 1.There is a unique probability
measure P on <7 () such that

E(f):/ﬂfdp for all f e C().

Proof. Let L = C(2). Then first we show that for f, € L with f, | 0,
then f, — 0 uniformly.. For this, let 6 > 0 be given. Then we have 2 =

Unzy {fn < 0}

But since €2 is compact, there is a natural number N such that

Q= J{f. <3}
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But since € is compact , there is a natural number N such that

Q = J{f<}
= {fn<9d}.

for some integer N. Thus n > N implies that 0 < f,(w) < fy(w) < § for all
w. Since § > 0 was arbitrary, we conclude that f,, — 0 uniformly.

Thus if for f € L, f, | 0 and § > 0 is given, then 0 < f, < 6. So by
monotonicity of E, we have 0 < E(f,) < E(§) = d. Therefore, E(f,) | 0.
So F is a Daniel integral. Thus, by Daniel Representation Theorem, there is
a unique probability measure P on &/ (Q) = o(L) such that E(f) = [, fdP
forall fe L =0C(Q). O

If we use the Daniel Theory with hypothesis B, then the following some-
what different result is obtained.

Theorem 4.9. Let ) be a compact Hausdorff space, and let E be a positive
linear functional on C(Q), with E(1) = 1. There is a unique probability
measure P on B(Q) such that

(a) E(f) = [, fdP for all f € C(Q), and
(b) for all A € B(Q),
P(A) =inf{P(V):V D AV open}.
Or equivalently,
P(A) =sup{P(K): K C A,K compact} .
(Compact may be replaced by closed since Q is compact Hausdorff.)

Proof. Let L = C(Q). Let {f,,n € D} is anet in L and assume that f, | 0.
Then for any § > 0, we have Q = |, ., {fn < d}. But since w is compact,
we have

Q=J{f<a
jEF
for some finite set F' C D.
If Ne Dand N > j for all j € F, then by the monotonicity of the net,

we have 2 = {fy < d}. Thus n > N implies that 0 < f,, < fy < J. Since
0 > 0 was arbitrary, we have f,, — 0 uniformly. So if 6 > 0 is given, then
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0 < f, <dsothat 0 < E(f,) < E(J) = 9. Therefore, E(f, | 0).

Therefore, these all meets the criteria for the theorem 4.3. Hence there is
a probability measure P on o(L") = o(%) such that E(f) = [, fdP for all
felLl.

Now we prove o(¥¢) = A(f2), which proves part (a) of our theorem. For let
f € L". Then there is a net of continuous functions f, such that f, 1 f.
Hence for each real a,

{(f>a=Jifh>a

is an open set.

Thus if G € ¢, then Ig € L"; so that G = {Ig > 0} is open. Thus o(¥) C
A(). Conversely, if G is open and w € ¢, then by Urysohn Lemma, there
is a continuous function f, : @ — [0, 1] such that f,(w) =1 and f, = 0 on
G°. Thus I = sup,, f., so that if for each finite set /' C G we define gp =
max{f, :w € F}, and the sets by inclusion, Then we obtain the monotone
net of nonnegative continuous functions increasing to I5. Therefore, I € L,
so that G € 4. Hence we have #(Q) C 0(¥). This proves that o(¥4) =
Thus we have established the existence of a probability measure P on Z({2)
satisfying (a).

For part (b), we know P = p* on o(%) and by above discussion, ¢ is the
class of open sets. So by lemma [4.3] we have for each A € ¥4,

P(A) =inf{P(V):V D A,V open}.
If we replace A by the complement of A, then we get
P(A) =sup{P(C):C C A,C closed}
and in a Hausdorff space every compact subset is closed, so we have
P(A) =sup{P(K): K C A, K compact}.

Now it remains to show that P is unique. For let P’ is another probability
measure satisfying (a) and (b) of the theorem. Now we show that P’ satisfies
all the requirement for the theorem 4.3(b). Then uniqueness part of the
theorem 4.3(b) follows that P = P’. Thus, let {G,,} be a net of open sets
with G, T G. Since G = |J,, G, we have G is open. Then by part (b) of
the theorem, there is a compact set K C G such that P'(G) < P'(K) + ¢.
Thus G, U K¢ 1 G U K¢ = . Hence by compactness and the monotonicity
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of {G.},G,, UK = for some m, so that K C G,,. Consequently

P(G) < P(K)+6
P'(Gp) +0

<
< lim P'(G,) + 9.

This implies that P'(G,) T P'(G).

Thus by using uniqueness part of the theorem 4.3(b) we conclude that P =
P O
Definition 4.5. If i is a measure on Z(S2), where € is normal topological
space, 1 is said to be regqular iff for each A € ()

p(A) =inf {u(V):V O AV open}
and
pu(A) =sup {u(C): C C A,C closed} .

If 1 is finite, then either of one condition implies other. Moreover, the
probability measure P is regular in theorem 4.9.
If w = pt — = is a finite signed measure on Z(Q), ) normal, we say that u
is regular iff ©* and p~ are regular(equivalently, iff the total variation |u| is
regular).

The following theorem connects the theorem 4.8 and theorem 4.9.

Theorem 4.10. If P is a probability measure on <7 (2),Q) compact Haus-
dorff, then P has a unique extension to a reqular probability measure on

Proof. Define E by

E(f) = /QfdP,f e L=0C().

Then E is a positive linear functional on L. Thus if {f,} is a net in L
decreasing to 0, then E(f,) | 0. But since f € L = C(Q2), by theorem
4.9, there is a unique regular probability measure P’ on %(f)) such that
E(f) = [, fdP'. So we have

/fdP: / fdP' for all f € L.
Q Q

But by definition of &7 (2), each f € L is measurable:(€2, &7 (Q2)) — (R, B(R)).
Hence fQ fdP'is determined by the values of P’ on Baire sets. Thus the con-
dition that [, fdP = [, fdP’ for all f € L is equivalent to P = P on «/(2),
by the uniqueness part of the theorem 4.8. O
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Definition 4.6. Let p > 0. Then we define the space LP = LP(Q, F, )
as the collection of all complex-valued Borel measurable function f such that

Jo lfIPdp < .

We define Hpr

1

1f]l, = (/Q\f\pduy, ferr

Following is the result on the approximation of Borel measurable functions
by continuous functions.

Theorem 4.11. [6/ Consider the measure space (Q,.F, ), where 2 is a
normal topological space, F = PB(2), and p is a reqgular measure on F. If
0<p<oo,e>0,and f € LP(Q,.Z,u), there is a continuous complex valued
function g € LP(Q), F, ) such that |[f —gll, < € ; furthermore, g can be
chosen so that sup |g| < sup |f|. Thus the continuous functions are dense in
LP.

Theorem 4.12. Let p be a regular finite measure on Z(2), Q2 normal. If f
is a complex valued Borel measurable function on ) and 6 > 0, there is a
continuous complex valued function g on € such that

piw: flw) # gw)} < 6.
Furthermore it is possible to choose g so that sup |g| < sup |f].
Proof. Let us define h,, by

k—1 k—1 k
hp(w) = o if o gf(w)§2—n,k:1,2,...,n2"

and
hp(w) =n if f(w) > n.

Then h,, are nonnegative simple functions increasing to f. Let f, = h, —
hn_1,n=1,2,... with hy = 0. Then

F=>fu

We note that f,, has only two possible values 0 and 27". If A,, = {f,, # 0}, let
C, be a closed subset of A,, and V,, an open Overset of A, such that pu(V,, —
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Cy,) < 627", Since 2 is normal, by Urysohn lemma, there is a continuous
function g, :  — [0, 1] such that

gn=1 on C,

gn =0 off V,,.

If g => ", ,2"g,, then by Weierstrass M-test, ¢ is continuous map of
onto [0, 1]. We claim that if w ¢ |J7—,(V,, — C,), a set of measure less than
d, then f(w) = g(w). To see this we observe that for each n,w € C, or
weV, Ifwed, C A, then 27"g,(w) = 27" = f,(w) and if w ¢ V,,, then
27"g(w) =0 = fu(w) since w ¢ A,,.

This proves the existence of g when 0 < f < 1.

The extension to a complex valued bounded f is immediate.

If f is unbounded , we write

f=Typ<ny + fypsny = [1 + |2

where f; is bounded and p{fs =0} = p{|f| > n}, which can be made less
than 2 for sufficiently large n. Thus if g is continuous and and p {f; # g} < £

then p{f # g} <é.
Finally, if | f| > M < oo, and g approximates f as above, we define

g1(w) = g(w) if [g(w)] < M and

_ Myg(w)
lg(w)|

Then ¢ is continuous, |¢g1| < M, and f(w) = g(w) implies that |g(w)| < M.
Hence ¢;(w) = g(w) = f(w).

Therefore, 11 {f # g1} < p{f # g} < 6.

This completes the proof of the theorem. O

91 (w) if |g(w)[ > M

Corollary 4.6. Assume the hypothesis of the theorem 4.11.

(a) There is a sequence of continuous complex valued functions f, on €
converging to f a.e.[u], with |f,| < sup|f| for all n.

(b) Given € > 0, there is a closed set C' C Q and a continuous complex
valued function g on Q such that u(C) > u(Q) —e and f = g on C,
hence the restriction of f to C is continuous. If p has the additional
property that u(A) = sup{u(K): K C A, K compact} for each A €
AB(), then C may be taken as compact.
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Proof.  (a) By theorem 4.12, there is a continuous function f, such that

Iful < M = sup|f| and p{f. =f} < 2™ If A, = {f, # [} and
A = limsup,, A,, then by Borel-Cantelli lemma

u(A) = p(lim sup A4,) = 0
But if w € A, then f,(w) = f(w) for sufficiently large m. This means
that lim,, f,, = f a.e.[u| as desired.

For given € > 0, by theorem 4.11, there is a continuous function g such
that

u{f%g}<§'

But by the regularity of p, there is a closed set C' C {f = g} with
w(C) > p{f =g} —5 (Here {f = g} is a Borel measurable set, so it
can be approximate by a closed subset of ).

Thus
u(O) = uif =g} - 5
But
plf =gy +u{f #g) = ().
So,
pi{f =9 = W) —lé{f%g}
= W) -3
Thus
#(C) = p(€2) —€ and f =g on C
as desired.

If u(A) =sup{u(K): K C A, K compact}, for each A € Z(Q2), then
since every closed set is Borel set, the closed set discussed as above can
be approximate by K. This means that for given ¢; > 0, there is a
compact set K such that

1(K)

VAW,
=
8

|

l
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S0
w(K) > p(w) — € where ¢ =€+ ;.

and f = g on K as desired.
O

Corollary (b) is also called Lusins theorem. This corollary shows that the
Borel measurable function can be approximate by a continuous function.

4.4 Measures on Uncountably Infinite Prod-
uct Spaces

In this section we consider probability measure on countably infinite product
spaces and extend them to uncountable products under certain topological
assumptions about the individual factor spaces. For this first we define some
basics.

Definition 4.7. Let .%#; be a o—field of subsets of Q;,j = 1,2,....,n, and
let Q@ = Q1 x Qy X ... X Q,. A measurable rectangle in  is a set A =
Ay x Ay x ... x Ay, where A; € F; for each j = 1,2,...,n. The smallest
o—field containing the measurable rectangles is called the product o—field,
written F1 X Fo X ... X Fp. If all F; coincide with a fized o—field 7, the
product o— field is denoted by .#™. Note that the notation %1 X Fy X ... X F,,
is not the Cartesian product of the ;. The product o—field is the minimal
ofield over the measurable rectangles. Note also that the collection of finite
disjoint unions of measurable rectangles forms a field.

Definition 4.8. For each j = 1,2, ..., let (Q;,.%;) be a measurable space.
Let Q = H;; Q;, the set of all sequences (wy,ws, ...) such that w; € Q;,j =
L2, If B C [[32, Q;, we define

B,={weQ: (w,....,w,) € B"}.

The set B, s called the cylinder with base B™. The cylinder is said to be
measurable if B™ € H?Zl F;. If B* = A) x ... x A,,, where A; C Q; for each
i, By, is called a rectangle, a measurable rectangle if A; € F; for each i.

Remarks: A cylinder with an n—dimensional base may always be regarded
as having a higher dimensional base. For example

B={weQ: (w,w,w3) € B},
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then

B = {wGQ:(wl,wQ,w3)€B3,w4€Q4}
= {wEQ:(wl,wQ,wg,w4)€BS><Q4}.

It follows that the measurable cylinders form a field. It is also true that finite
disjoint union of measurable rectangles form a field.

Definition 4.9. The minimal o— field over the measurable cylinders is called
the product of ofields F;, written [ 72, F;; [[;2, F; is also called the minimal
o—field over the measurable rectangles. If all F; coincide with a fived o— field
F , then H;; F; is denoted by F>°, and if all Q; coincide with a fized set
S, 1152, Q; is denoted by S*.

Now we defined the product of uncountably many o—fields

Definition 4.10. For t in the arbitrary index set T, let (2, F;) be a mea-
surable space. Let [[,cp Q4 be the set of all functions w = (w(t),t € T) on T
such that w(t) € Q for eacht € T. Ifty,..t, € T and B" C [}, Q,, we
define the set B™(ty,...,t,) as

{w e [T : (wtr), ... w(tn) € B”)} .

We call B™(ty,...,t,) the cylinder with base B"™ at (ty,...,t,); the cylinder is
said to be measurable iff B" € [[;_, Z,. If B" = By X ... X By, then the
cylinder is called a rectangle, a measurable rectangle iff B; € i =1, ...,n.

If all Q, = Q, then we write [ [, Q4 = Qr.

Example:
Let T =1[0,1],Q; =R for all t € T, B* = {(u,v) : u > 3,1 < v < 2}. Then

82(%,2):{336?}%T:x(%)>3,1<x(§1)<2}.

Note:The measurable cylinders form a field, as do the finite disjoint unions
of measurable rectangles.

Definition 4.11. The minimal o—field over the measurable cylinders is de-
noted by [[,cr i, and called the product of the o—fields F. If Qy = S and
Fy = S for all t,]],cr F is denoted by T [Lier &+ is also the minimal

o—field over the measurable rectangles.
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Definition 4.12. Ifv = {t1, ..., t,} . t1 < ... <y, the space ([[;—, Q. [ 1=, Zt)
is denoted by (Qy, Fy). If u = {t;,...,ti} is a non empty subset of v and
y = (y(t1),....y(tn)) € Q, the k—tuple (y(t1),...,y(tx)) is denoted by y,.
Similarly, if w = (w(t),t € T) belongs to [[,cp 4, the notation w, will be
used for (w(ty),...,w(t,)).

Definition 4.13. If P, is a probability measure on %,, the projection of P,
on F, is the probability measure m,(P,) on %, defined by

[Tu(P)](B) =P, {y € Q, :y, € B}, Be.Z,.

Similarly, if Q is a probability measure on [[,. %, the projection of Q on
F, is defined by

[, (Q)](B) = Q {w e[[@n:w e B} = Q(B(v)) Be %,

teT

To prove main result of this section we first prove preliminary result.

Theorem 4.13. For each n = 1,2, ..., suppose that %, is the class of Borel
sets of a separable metric space ,. Let Q =[], Q,, with the product topology
and let F = B(QY). Then F is the product o—field [, Zu.

Proof. We note that the separability and second countability are equivalent
in metric spaces. So the sets {w € Q:w; € Ay, ...,w, € A} ,n = 1,2, ...,
where A; ranges over the countable base for €2;, form a countable base for ().
Since the sets {w € Q:w; € Ay, ...,w, € Ay} ,n = 1,2, ..., defined as above
are measurable rectangles and since every open subset of €2 is the countable
union of such sets, every open subset of Q belongs to [[, .%#,. Hence .# C
I1,,%,. On the other hand, for a fixed positive integer i, let

¢ ={BecAB() {weQ:w €B}eF}.

Then % is a o—field containing the open sets of €2;, hence € = #(f;). Thus
every measurable rectangle with one-dimensional base belong to .%. Since an
arbitrary measurable rectangle is a finite intersection of such sets, it follows
that [[, #, C Z. O

We now establish the main result of this section.

Theorem 4.14. Kolmogorov Extension Theorem. For each t in the arbitrary
index set T, let Q; be a complete, separable metric space, and %, the class of
Borel sets of €);. Assume that for each finite nonempty subset v of T', we are
given a probability measure P, on %#,. Assume that P, are consistent, that
is, my(P,) = P, for each nonempty u C v.

Then there is a unique probability measure P of F = [[,cp % such that
m(P) = P, for all v.
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Proof. We define the set function P on measurable cylinders by
P(B"(v)) = P,(B"), B" € %,.

Now we prove this set function P satisfies our requirements.

First we show that P is well defined because a given measurable cylinder
can be represented in several ways. For this it is sufficient to consider dual
representation of the same measurable cylinder in the form B"(v) = B*(u)
where k < n and v C v. Then

P,(B*) = [m(P,)](B*) by the consistency hypothesis
= P, {y €y, 1y, € Bk} . by the definition of projection

But the assumption B"(v) = B*(u) implies that if y € Q,, then y € B" iff
Yo € B* hence P,(B*) = P,(B"). Thus P is well defined on the measur-
able cylinders. Since the class %, of measurable cylinders form a field and
o(Fy) = F, P is well defined on & = [, F.

Next we asserts that P is countably additive. For let Ay, ..., A,, be disjoint
sets in .%,. Then we may write A; = Bl'(v),i = 1,...,m, where v = {t1, ..., t,}
is fixed and the B}',i = 1, ..., m are disjoint sets in .%,. Thus

= P, (U B?) (by definition of P)
i=1

(B

Z P,(B!') ( since P, is a measure)
i=1

= Z P(A;). (by definition of P)
i=1

Therefore P is finitely additive on .%,. To show that P is countably additive
on %y, it is sufficient to show that P is continuous from above at ¢.

Let A,k = 1,2,... be a sequence of measurable cylinders decreasing to ¢.
For contrary let us suppose P(Ay) does not approach to 0. Then for some
e > 0,P(Ax) > € > 0 for all k. Suppose Ay = B™(vy). By taking on extra
factors, we may assume that the numbers n, and the sets v, increase with
k. But by theorem [£.13] each Q,, is a complete, separable metric space and
Fo, = B(y, ). So by theorem 4.7 there exist a compact set C™ C B™ such
that P, (B™ — C™) < 55t. Define A} = C™ (v;,) C Ay. Then

P(Ay — A)) = P, (B™ —C™) <

2k+1°
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In this way we can approximate the given cylinders by cylinders with compact
bases. Now take

Dk:Allﬂ...ﬂA;cCAlﬂ...ﬂAk:Ak.

Then

k
P(Ay,—Dy) = P (Ak N U A;C> (De Morgans law)

=1

k
< Y P(ANAY)
=1
k
< Y P(A; - A)
=1
k €
< D5
=1
< £
5

Also, since Dy, C A}, we have P(Ag — Dy) = P(Ax) — P(Dy). Consequently,
P(Ak) — P(Dk) = P(Ak — Dk) < % So P(Dk) > P(Ak) — % ThUS, in
particular Dy is nonempty.

Now pick 2% € Dy, k = 1,..., say, A; = C" (t11,to1...,tn1) = C™(v1). Con-
sider the sequence

(g, sty )y (@], s t2 ), (2], s tD ),
that is,

1 2 3

Ty s Ty Ty oo

Since zj, belongs to C™, a compact subset of €2,,, we have a convergent
subsequence z}!* approaching some x,, € C™. If Ay = O™ (vy) (so that Dy C
Aj), consider the sequence x7il, z2, 278, ... € Cy, and extract a convergent
subsequence x2" — x,, € C"2.
We note that (zj?"), = z;**. Also as n — oo, the left side approaches
(24, )w,, and since {rq,} is a subsequence of {ry,}, the right side approaches
Ty, . Hence (2y,)y, = Ty, -
Continue in this fashion, at step ¢ we have a subsequence

rym = 1, € C™ and (),

;= @y, for j <1
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Since (2, )y, = u;,J < 4, we can choose w € [[,c4 € such that w,, = z,, for
all j =1,2,... Hence

weﬁAgcﬁAj:qs,
j=1 j=1

a contradiction.

Thus, P(Ax) — 0. So by theorem 1.3(b) P is countably additive. Also
by Caratheodory extension theorem P may be extends to .. Hence by
construction of P

m(P) = P, for all v.

Now it remains to show that P is unique. For let P and () be two probability
measure on .% such that m,(P) = 7,(Q) for all finite v C T". Then for any
B" € %,

P(B"(v))

— Q(B"(v)).

Thus P and @) are equal on the measurable cylinders. Hence again by the
uniqueness part of Caratheodory extension theorem P = (Q on .%.
This completes the proof of the theorem. n

4.5 Weak Convergence

By theorem 4.8 and theorem 4.9(also called representation theorem), a con-
tinuous linear functional on C(2), where  is a compact Housdorff space
can be identified with a regular finite measure on #(Q2). Thus, if {u,} is a
sequence of such measures, weak convergence of the sequence to the measure

v means that [, fdu, — [, fdu for all f e C(Q).

In this section, we establish such type of convergence in different con-
text. For this, we start with the following theorem which gives us somewhat
different definition of weak convergence.

Theorem 4.15. Let pu, iy, o, ... be finite measures on the Borel sets of metric
space 2. The following conditions are equivalent:

(a) [, fdpn — [o fdp for all bounded continuous f: Q — R.
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(b) liminf, . fQ fdu, > fQ fdu for all bounded lower semi continuous
f: Q=R

(b’) limsup, o [o fdpn < [, fdu for all bounded upper semi continuous
f: Q=N

(c) Jo fdpn — [o fdup for all bounded f : (Q, AB()) — (R, B(R)) such

that f is continuous a.e. [u]

(d) iminf, o pun,(A) > p(A) for every open set A C Q, and p,(Q2) —
1(§2).

(d’) limsup,, . pn(A) < p(A) for every closed set A C Q, and p,(2) —
1(§2).

(e) pn(A) — p(A) for every A € B(Q) such that u(0A) = 0(0A denotes
the boundary of A).

Proof. (a) = (b)
Let f: Q — R be a lower semi continuous (LSC). If g is bounded continuous
with g < f, then

n—o0 n—oo

lim inf /fd,un > lim inf /gd,un
Q Q
= / gdp. (by hypothesis since g is bounded continuous)
Q

But since f is LSC, by theorem f is a limit of a sequence of continuous
functions. Also since f is bounded, |f| < M < co. So again by theorem [3.10]
all functions in the sequence may be chosen so that all less than or equal to
M in absolute value. Thus taking sup over g in the above equations we get

lim inf /fd,unZsup/gd,u:/fdu.

as desired.
(b)= (b7)
We know that a function f is LSC iff — f is USC. Thus (b) holds iff (c) holds.
(b) = (¢)

Let f be the lower envelope of f(the sup of all LSC functions g such that

g < f) and f the upper envelope of f (the_ inf of all USC functions such that
g > f). Then by the definition of f and f, we have

f=liminf f(y) and f = limsup f(y)

- y—rx y—
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But since f is continuous at x we have
f(@) = f(z) = f(a).
Also by theorem S and f are LSC and USC, respectively. Thus if f is

bounded and continuous a.e. [y,

/fd,u:/fd,u < lim inf /fdun (by hypothesis)
Q Q- o~

n—oo

n—oo

< lim inf /fdpm (since f < f)
Q

n—oo

< lim sup/fdun
Q

n—oo

< / fdu
Q
This proves (c).

= /Q Jdu
(c) = (d)

Suppose (c) holds. Then (a) also holds, consequently (b) also holds. Now let
A be open subset of . Then I, is LSC, so by (b) limsup,,_, [, Tadp, >
Jo Ladp, that is, limsup,,_, fin(A) > p(A). Since A C Q is arbitrary, we
have shown that lim sup,, .. pn(A) > pu(A) for all open subset A of €.

Next, we know that I = 1, so that I, is bounded and measurable:(Q, (2)) —

(R, Z(R)). Thus by (c)
/QIQCZ/LH—)/Q[QCZ,M

= pn(€2) = p(€2).

< lim sup / fdun,
Q

(d) < (d)
We know that a set A C € is open iff A°(where A° denote complement of A)
is closed in 2. Thus (d) holds iff (d’) holds.
(d) = (e) _
Let A € B(R). Let A be the interior of A and A be the closure of A. Then
by definition, A° is open and A is closed. So

lim sup p,(A) < lim sup p,(A) (since A C A)

n—o0 n—oo

< pu(4) (by (d))
= p(A). (since pu(0A) =0)
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Also
lim inf 4, (A) > lim inf pin(A%) (since A° C A)
> (A% (by (e))
= p(A). (since p(9A) =0)
So
p(A) <lim inf p,(A) < lim sup fin(A) < p(A).
Hence
fin(A) = p(A).
(e) = (a)

Let f be a bounded continuous functions on 2. Suppose that |f| < M for
some 0 < M < oco. Let us define a set A by

A={ceR:u(f"{c}) #0}.

Then A is countable since the sets f~* {c} are disjoint and y is finite. Let us
construct a partition of [—M, M|, say, —M =1ty < t; < ... < t; = M, with
t; ¢ Aji =0,1,...,5(M may be increased if necessary). Such a partition is
exist since A is countable. Let

Bi={z:t; < f(z) <tipa} i=1,..,j

Since f~1(t;,t;41) is open, we have Of 't;, t;41) C f7' {t;,tir1} = O(since
ti,tiz1 ¢ A). Thus from (e), we have

j—1 j—1
=1 =1

Now

zMn z Z tz,u

j—1
0 fdlvbn - Zhﬂn( Z,M(B ) —
i=1

dit, — du| <
qu /qu‘<

The first term on the right can be written as

i/ ) — t;)dpn ()
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which is bounded by max;(t;11 — ;) 1, (€2), which can be made arbitrarily
small by choice of the partition since p, (2) = u(Q2) < oo.

The second term on the right approaches 0 as n — oc.

The third term on the right is bounded by max;(t;1 — ;) (€2) which can be
made arbitrarily small by the choice of the partition since p,(€2) — p(2) <
00.

Thus for given € > 0, we have

/Qfdun—/gfdu‘ <e

dp, d
:‘/Qf Z —>/Qf p
proving (a).

This completes the poof of the theorem. n

Definition 4.14. The convergence described in theorem is sometimes
called weak or vague convergence of measures and we write (i, — fi.

Definition 4.15. A continuity point of a distribution function F on R is a
point © € R such that F is continuous at x, or oo (thus by convention, oo
and —oo are continuity points.)

If the measures p, and p are defined on Z(R), then there exist corre-
sponding distribution functions F), and F on R. The following theorem relate
the convergence of measure to convergence of distribution functions.

Theorem 4.16. Let p, piq, fia, ... be finite measures on B(R) with correspond-
ing distribution functions F, Fy, Fy, .... Then the following are equivalent:

(@) i = pu.

(b) F.(a,b] — F(a,b] for all continuity points a,b of F, where F(a,b] =
F(b) — F(a), F(o0) = lim,_,o F(z), F(—00) = lim,_, o, F(z).

If all distributions are 0 at —oo, conditions (b) equivalent to the statement
F.(x) — F(x) at all points x € R at which F is continuous, and F,(c0) —

Proof. (a)=-(b)

Suppose (a) holds. Let a,b € R be continuity points of F. Then (a,b] is a
Borel set with 1(9(a,b]) = 0, where d(a, b] denotes the boundary of (a, b]. So
by theorem [1.15] (g), pn(a, b] = p(a,b], that is, F,(a,b] — F(a,b.
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If a = —oo, then same as above (—o0,b] is a Borel set whose boundary
has p measure 0. So by theorem [4.15] (e),4,(—00,b] — p(—o0,b], that is,
F,(—00,b] = F(—00,b].

If b = oo then (a,00) is also a Borel set whose boundary has pg—measure 0,
and so F,,(a,00) — F(a,00) same as above.

(b) = (a)

Suppose (b) holds. Let A be an open subset of . Then we can express A
as the disjoint union of open intervals, I, I5... Then

lim inf u,(A;) = lim inf p, (U ]k)
n—o0 n—o0

n=1

= lim nlilgo Zl tn (1) (countable additivity)

> Zlim inf p,(I;). (by Fatou’sLemma)

n—00
k=1

Let € > 0 be given. For each k, let I}, be a right semi closed subinterval of Ij
such that the end points of I}, are continuity points of I, and p(I},) > u(ly) —
¢27%. Here I, can be choose since F' has only countably many discontinuities.
So

. . . . /
lim inf g, (1) > lim inf pe, (1).
Thus
lim inf p,(A) > Y pu(l})
k

n—o0
> > ) — e
k
= p(4) —e
Since € is arbitrary, we have

lim inf p,(A) > p(A)

n—00 -

for every open set A C 2. Thus by theorem M(d), we have [, — L. O

Definition 4.16. Condition (b) of theorem 18 called weak convergence
of the sequence {F,} to F, and written F,, = F.



Chapter 5

Conclusion

The class of Borel measurable functions plays a fundamental role in inte-
gration theory. It has some basic properties in common with another most
important class, the class of continuous functions. More precisely, there are
interrelation between the concepts topological space, open set, and continu-
ous function, on the one hand, and measurable space, measurable set, and
measurable function, on the other. After discussing “The interplay between

measure theory and topology ’

9

we arrive at the following conclusions.
In a metric space, Borel sets and Baire sets are same.

In complete separable metric space () and for a finite measure u, a
Borel set can be approximated by an open set (or by a closed set and
hence by a compact set) in €2.

In a compact Hausdorff space, a positive linear functional in C'(€2) can
be represented in terms of Lebesgue integration.

The continuous functions are dense in LP.

In a normal space, a complex valued Borel measurable function can be
approximated by a complex valued continuous functions.

Probability measure on countably infinite product spaces can be ex-
tended to uncountable products under some topological assumptions.

In the class of Borel sets in real numbers, the weak convergence of finite
measures and weak convergence of corresponding distribution functions
are equivalent.
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