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ABSTRACT

The experimental and literature values of the excess free energy of mixing of Al–Fe,
Al–Mn, Al–Ti, and Li–Mg binary and Al–Li–Zn ternary liquid alloys were modeled in
terms of self-consistent interaction energy parameters within the framework of Redlich-
Kister (R-K) polynomials. Initially, these parameters were assumed to be linearly
dependent on temperature (T-dependent). The linear T-dependent interaction parameters
were used to study various thermodynamic properties, such as free energy of mixing,
enthalpy of mixing, activity, and concentration fluctuation in long wavelength limit of the
aforementioned liquid alloys at various temperatures. At temperatures close to the melting
point, it was found that the thermodynamic properties of the liquid alloys agree well with
the corresponding experimental values. However, at higher temperatures, thermodynamic
properties of the liquid alloys showed unusual phase equilibrium conditions. These
conditions were referred to be artifacts or artificial inverted miscibility gaps because they
were only observed in theoretical calculations and not in experimental measurements. The
linear T-dependent optimised parameters of R-K polynomials were, therefore, considered
inadequate at higher temperatures to account for the presence of such artifacts in the
thermodynamic properties of liquid alloys. Consequently, it became clear that the
interaction energy parameters must be re-optimized in order to produce parameters
appropriate throughout a broad range of T-dependence.

The interaction parameters for the respective excess free energy of mixing of the afore-
mentioned liquid alloys were then re-optimized within the R-K polynomial framework,
considering the exponential T-dependence of the parameters. Again, the optimized
exponential T-dependent interaction parameters were utilized to assess the thermody-
namic properties of the liquid alloys. As in the prior case, the thermodynamic properties
of the alloys were found to agree well with the corresponding experimental values at
temperatures close to the melting point. In addition, the thermodynamic properties of the
liquid alloys computed at higher temperatures with T-dependent exponential parameters
were free of artifacts. This study, thus, shows clearly that the poor modelling of interaction
energy parameters is responsible for the appearance of artifacts in the properties of liquid
alloys. It was also found that the exponential T-dependent parameters can be used over
a wide temperature range for the evaluation of the thermodynamic properties of liquid
alloys without producing artifacts. In addition, the ternary Al–Li–Zn liquid alloy showed
the critical mixing behaviour at a Li concentration of 0.3 and a temperature of 973 K at
the xAl : xZn = 1 : 1 cross section from the Li corner. This interesting behaviour in the
ternary Al–Li–Zn liquid alloy is recommended for further investigation.
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CHAPTER 1

1. INTRODUCTION

1.1 Prologue

In the present world, more new materials surround us than ever before. There is still a
growing demand for new materials. Much attention has been devoted to the research and
development of new materials through rapid industrialisation process to meet growing
demand. Material properties must be studied in order for them to be useful for specific
purposes. Metallic materials, in particular, have wide-range applications in a variety of
industries, including the automobile industry, aerospace, power plants, civil construction,
and medical instrumentation (Singh & Sommer, 1997).

Pure metals have very few desirable properties. Therefore, in metallurgical science,
metals are alloyed together to obtain new materials. Metal alloys are generally more
beneficial than pure metals for their various improved properties, such as increased
mechanical strength, heat resistance, electrical properties, and other features such as
decreased production costs and a wider range of colour not found naturally (Sarmiento-
Pérez et al., 2015; Anusionwu, 2006). Alloys have tremendous use in almost entire
fields. Brass (an alloy of copper and zinc) is used in musical instruments and decorative
items; bronze (an alloy of copper and tin) is used in making statues, bearings, and coins;
duralumin (an alloy of aluminum, copper, magnesium, and manganese) is used as a
material in aircraft and bicycles; and nichrome (an alloy of nickel and chromium) is
used as electrical heating elements. Similarly, steel (an alloy of iron and carbon) is
used as a material in construction, tools, and vehicles; stainless steel (an alloy of iron,
chromium, and carbon) is used in kitchen fixtures, cutlery, and surgical equipment; solder
(an alloy of lead and tin) is used in joining metals, etc. Materials with a good balance of
mechanical characteristics, microstructural stability, and corrosion resistance at relatively
high temperatures are needed for high temperature applications, such as those found in
aircraft and land-based turbine engines as well as boilers (Basuki et al., 2017).

Alloys are formed by combining metals or metal with nonmetals. Commercial alloys,
which are used in the solid state, are formed from the cooling of their initial melts. An
understanding of the mixing behaviour of liquid alloys may provide useful information
on the metallurgical process and on the energetics of the formation of solid alloys. A
knowledge of the thermo-physical and electrical properties of the liquid alloys helps
to understand the stability of the metallic glasses (Ramachandrarao et al., 1984; Singh,
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1987). The study of the mixing properties of liquid alloys is essential for producing new
materials required at normal and especially for high temperature applications. In order to
understand the mixing behaviour of alloys, it is thus important to study their properties
in the liquid state.

Mixing properties of a liquid alloy include mainly the thermodynamic properties,
microscopic properties, surface properties and transport properties. Themixing properties
of the liquid alloys often show deviations from ideal behaviour and the study of alloys
has always been a subject of challenge to researchers. The mixing thermo-physical
properties of binary liquid alloys can be studied by both experimental and theoretical
methods. Experimental methods (Ishiguro et al., 1982; Harada et al., 1988; Bergman et
al., 1994; Feufel et al., 1997; Kanibolotsky et al., 2002; Kehr et al., 2008; Gancarz et
al., 2011; Yakymovych et al., 2014; Gasior et al., 2016; Debski & Terlicka, 2016) have
several limitations, such as the fact that they provide only a few properties, often limited
to temperature changes, and are still not sufficient to fulfil the ever-increasing demand for
accurate data in technology and research.

As an alternative to the experimental methods of determining the mixing properties,
theoretical methods have been developed to fill the gaps in the data on binary and
multi-component alloys required for particular applications. The theoretical methods
so far developed over years are broadly classified into two major classes: electronic
models of mixing (Faber, 2010; Stroud, 1973) and statistical models of mixing (Butler,
1932; Darken, 1950; Bhatia et al., 1973; Lele & Ramachandrarao, 1981; Bhatia & Singh,
1982; Singh, 1987; Kaptay, 2004). Theoretical studies (Bhatia et al., 1973; Lele &
Ramachandrarao, 1981; Bhatia & Singh, 1982; Singh, 1987; Prasad & Singh, 1991;
Singh & Sommer, 1997; Anusionwu, 2000; Novakovic et al., 2002; Prasad & Jha, 2005;
Adhikari, Jha, & Singh, 2010) based on statistical consideration are beneficial as they
can be used to extrapolate data on various properties of mixing at relevant temperatures
of interest.

Alloying of metals is a complex phenomenon. In statistical view, this may be understood
in terms of the atomic arrangements. Basically, during mixing of metals, inter-atomic
arrangements may take place in different ways such as like atoms pairing, unlike atoms
pairing and complex formation. The bonding of atoms in the arrangements is due to
the inter-atomic forces. The energy associated with bonding or interaction between
like atoms is not always the same as that associated with unlike atoms. The magnitude
of the inter-atomic force of attraction between the two distinct species in the solution
must be greater than that of like species in order to form complexes. There is link
between the nature of atomic arrangements in an alloy and its mixing properties, which
mainly include thermodynamic, microscopic, surface and transport properties. The
major thermodynamic properties of alloys are the excess free energy of mixing (Gxs

M ),
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enthalpy of mixing (HM) and entropy of mixing (SM). The microscopic properties are
the structural functions namely concentration fluctuation in the long wavelength limit
(SCC(0)) and short-range parameter (Bhatia & Singh, 1982; Singh, 1987). The surface
properties of liquid alloy are the surface tension and surface concentration (Butler, 1932;
Prasad & Singh, 1991; Kaptay, 2015) and the transport properties are diffusion and
viscosity (Singh & Sommer, 1997; Kaptay, 2005; Iida et al., 2007).

1.2 Thermodynamic properties

The mixing properties of binary metal alloys vary as a function of composition, tem-
perature, and pressure. As the study of the liquid alloys is usually carried out at the
fixed pressure, most likely, the atmospheric pressure, the thermo-physical properties
of a binary liquid alloy at a given temperature vary with the composition of the alloy
and often show an interesting behaviour as a function of composition. In most alloys,
interactions or bond energies between like atoms and unlike atoms are different, and the
property of mixing cannot be expressed as the concentration average of the properties of
the constituent metals, i.e., they exhibit non-ideal mixing behaviour. From the viewpoint
of theoretical modelling, the binary molten alloys may be broadly grouped into two
categories: symmetric and asymmetric alloys. As the name suggests, the properties of
mixing, such as excess free energy of mixing (Gxs

M ), heat of mixing (or enthalpy of mixing,
HM ), concentration fluctuation in long wavelength limit (SCC(0)) etc. are symmetrical
or very close to it about the equiatomic composition in symmetric alloys. Symmetric
alloys such as Al–Ga, Bi–Pb and Na–K having their entropy of mixing (SM ) equal to
or very close to the ideal values are said to be regular alloys whereas the alloys such as
Au–Cu, Cu–Sn and Fe–Mn are asymmetrical in mixing properties about the equiatomic
composition.

In order to have comprehensive information regarding the mixing properties of alloys,
primarily knowledge of thermodynamic properties is necessary. In thermodynamics,
Helmholtz free energy is a thermodynamic potential that measures useful work at a
fixed temperature. The Gibbs free energy of mixing (GM) is the maximum amount of
non-expansion work or useful work at constant temperature and pressure. The function
GM provides information about the formation of the nature of the complex and its
stiochiometric composition in the metallic solution. Its positive value means the mixing
of components cannot be sustained going forward. The considerably high negative value
of GM means that there is a strong mixing tendency in the alloy, and its small negative
value indicates a weak mixing tendency. However, based on GM , one cannot distinguish
whether the alloy is ordering or segregating in nature. Therefore, the excess free energy
of mixing (Gxs

M ) is introduced in the study of alloy systems. Its positive value indicates

3



that the alloy is segregating in nature, which means that there is preferential among the
like atoms. The negative value of Gxs

M indicates the ordering nature in which unlike atom
pairing takes place.

When two pure metals of types A and B are combined to form an alloy, A-B, the chemical
bonds between A-A and B-B are broken and the chemical bond between A-B is formed.
In this process, energy is either liberated or absorbed from the system, which takes
the form of heat. During the mixing process, the entire quantity of heat evolved or
absorbed is equal to the system’s change in enthalpy under constant pressure, called
the enthalpy of mixing (HM). It can be measured directly from the experiments by the
calorimetric and emf methods. It is related to Gxs

M by standard thermodynamic relation
HM = Gxs

M − T∂Gxs
M/∂T . Its positive and negative values correspond to repulsive and

attractive interatomic forces between the atoms of the complex in the initial melt. In an
ideal mixture, interchange energy is assumed to be zero.

Systems of non-interacting constituents can be described by ideal models. In an ideal
solution A-B, the bond energy between two unlike constituents (A and B) is equal to the
average of the bond energies of like constituents (A-A andB-B). For non-ideal solution, the
difference in energy E is calculated by the following relation E = EAB − 0.5(EAA + EBB)

where EAB, EAA and EBB are bond energy of A-B, A-A and B-B. These energies are
identified by electronic, vibrational, magnetic, and configurational contribution (Porter
& Easterling, 2009). If E = 0, then the solution is ideal. In this case, the atoms are
randomly arranged in the solutions. If E < 0, then atoms are proffered to surround by
unlike atoms and this is case of short- and long-range order or clustering. If E > 0, there
is a tendency for phase separation, in which atoms prefer to be surrounded by like atoms.
This is also a case of the miscibility gap.

Activity is an important thermodynamic function that measures the escaping tendency of
the component from the complex in the phase. The activity of an alloy is an experimentally
observable thermodynamic function. Even though different methods have been used to
measure the activity, researchers consider the electromotive force method to be more
accurate (Alcock et al., 1973). Other properties such as the free energy of mixing,
concentration fluctuation in long wavelength limit (SCC(0)) and surface properties may
be determined on the basis of experimental activity data. The free energy of mixing
(GM) of a binary liquid alloy is calculated from the activity of individual component
(ak) using the equation GM = RT

∑
xk ln ak , where R is the universal gas constant, T is

absolute temperature, k = A, B species, and xk is the mole fraction of the component. The
mixing or demixing nature of the alloy components can be examined by comparing one’s
activity with the ideal values (Raoult’s law). The activity depends on the temperature
and composition. The activity at a particular composition of the alloy should shift toward
the ideal value as the temperature of the system is raised. At a very high temperature, the
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alloy behaves like an ideal for which free energy of mixing Gid
M = RT

∑
xk ln xk .

The entropy of mixing (SM) is another thermodynamic function that measures the
number of ways in which components are arranged in a system. In physics, order and
disorder refer to whether or not there is any symmetry or correlation in a system of many
particles. Systems are usually organised in condensed matter physics at low temperatures;
upon heating, they move through one or more phase transitions into less ordered states.
Entropy of alloys is calculated from statistical approximation by the relation S = kB ln W ,
where kB is Boltzmann’s constant and W is the ways of distribution of components in
a system. In an ideal alloy, no interaction is assumed; there is configurational entropy
SM = −R(xA ln xA + xB ln xB). In this case, an increase of the entropy of mixing it leads
not to an increase but to decrease (to larger negative values) of the free energy of mixing.
In non-ideal alloys, entropy is associated with both interaction and configuration. The
entropy of a system represents the sharing of energy among the atoms in the solution.
The entropic effect competes with the enthalpic effect to dictate the degree of segregation
in the binary liquid alloys (Singh & Sommer, 1997). Even for the positive values of the
interaction energy, phase separation may be prevented by the increase in entropy involved
in the alloying of metals (Adhikari, 2011). Moreover, high entropy multi-component
alloys are prone to phase separation because they include numerous elements in significant
amounts (Manzoor et al., 2018). The entropy of a system, which is affected by factors
such as vibrational, electronic, and configurational contributions, plays an important role
in determining the phase stability of binary alloys. Due to prominent thermal agitation,
the liquid alloy has no electronic or magnetic contribution at elevated temperatures.
Systems with negative enthalpies of mixing can nevertheless exhibit phase instability,
which manifests as a miscibility gap. In contrast, systems with positive enthalpies of
mixing might exhibit phase stability because of entropic contributions.

1.3 Structure factor in the long wavelength limit

Crystalline solids have a periodic arrangements of atoms and a defined number of atomic
bondings (Sundman et al., 2007). Unlike crystalline materials, the local arrangement
of atoms in the liquid state is not periodic. The non-periodicity in the local atomic
arrangement causes the disorder in liquid alloys. Because of the strong correlations
between the atoms and the lack of long-range structural periodicity, understanding the
properties of liquid binary alloys is much more complex than that of crystals. As a result,
the binary alloy can be further classified into two types based on the range of bonding or
nature of interaction among the atoms: ordering (hetero-coordinating) and segregating
(homo-coordinating) alloys (Singh, 1987; Novakovic, 2010). In alloys, ordering or
homogeneous atom mixing is possible when the interaction between unlike atoms is
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more attractive than that between like atoms. Similarly, when the interaction between
unlike atoms is repulsive, the association of like atoms (A-A) or (B-B) is favourable to
form the clusters in the binary A-B alloy. The nature of the atomic arrangement in a
binary liquid alloy is theoretically observed by calculating concentration fluctuation in
the long wavelength limit (SCC(0)), which can be calculated directly from the excess
free energy of mixing or activity of alloy species (Bhatia & Thornton, 1970; Singh &
Sommer, 1997) from the following expressions.

SCC(0) = RT

(
∂2GM

∂x2
k

)−1

=
xAaB

(∂aB/∂xA)T,p
=

xBaA

(∂aA/∂xA)T,p
(1.1)

SCC(0) gives the idea regarding arrangement of atoms in the nearest neighborhood
of initial melt. A positive deviation of SCC(0) from the ideal value (Sid

CC(0) = xAxB)
indicates segregating behaviour, whereas its negative deviation from the ideal value
indicates the ordering nature of an alloy.

If the deviations of mixing behaviour of alloys from Raoult’s law are considerably large
for which (SCC(0)) also shows large departure from ideal values,they may lead either
to phase separation or compound formation in the binary system. There are liquid
alloys such as Au–Ni and Cr–Mo that neither show phase separation nor compound
formation but exhibit immiscibility in the solid phase, which is not evidently visible in the
corresponding liquid phase. Also, alloys such as Al–Pb, Cd–Ga, Ga–Pb, Pb–Zn, Cu–Pb,
etc. show liquid miscibility gaps. In the region of the miscibility gap, SCC(0) increases
sharply with the decrease in temperature in Cd–Ga and Bi–Zn alloys. The properties
in the liquid phase tend to change markedly as a function of composition, temperature,
and pressure. Liquid alloys with a miscibility gap are important for advanced bearing
materials (Singh & Sommer, 1997). Thus, it seems instructive to study the miscibility
gap in liquid alloys.

1.4 Miscibility gap in alloy

Miscibility is the property of two substances to dissolve into each other in any composition
to form a homogeneous mixture or solution. This term is generally used for liquids,
but it is also used for solids and gases. Many metals are dissolved in each other at all
compositions and temperatures. Alloys cannot be formed by mixing immiscible metals.
In some cases, metals mix in their molten state, but on freezing, they separate from each
other. For example, when copper and cobalt are mixed in a molten state, they precipitate
during solidification (Mallinson, 2001). An eutectic alloy freezes and melts at a single
temperature that is lower than the melting temperatures of its constituents (Guthrie, 1884).
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This temperature is known as the eutectic temperature of the alloy. A peritectic alloy
decomposes into another solid compound and a liquid. Herein, a reaction between a
liquid and a solid phase in a given ratio occurs at a given temperature to produce a single
solid phase (Nic et al., 2005). Since the solid product develops at the interface of the two
reactants, it has the potential to create a diffusion barrier and slow down the reaction
process significantly compared to eutectic transformations.

A phase is a portion of a system with homogeneous properties and composition that
is physically distinguishable from other portions of the system. Phase transformations
are the processes by which one or more phases in an alloy change into a new phase or
mixture of phases. The initial state is unstable relative to final state of alloy is reason of
phase transformations. The stability state of alloys can be measured by study of their
thermodynamics.

Phase separation in certain liquid alloys appears when their temperature is lowered due
to nucleation growth or spinodal decomposition. Alloys undergo stable or metastable
liquid phase separations, resulting in their having very distinct microstructures. The
compositions of these microstructures depend upon the rate of cooling or route preferred
for the solidification process. The slow rate of cooling and the static environment are the
main causes of liquid-phase separations (Derimow & Abbaschian, 2018).

The calculated phase diagram of some binary systems shows the non-mixing of constituent
elements in a certain range of compositions and temperatures, which is identified as the
miscibility gap (Chen et al., 2001). A miscibility gap is a region in a phase diagram
where two or more phases co-exist. The most common phenomenon in glass-forming
alloys is the liquid-liquid phase transition. Such transition is observed in the alloys having
the same composition but different crystal structures, densities, and entropies (Xu et al.,
2015; Kobayashi & Tanaka, 2016; Zhao et al., 2017; Bo et al., 2018). Also it has been
noticed in ternary Al55Bi36Cu9 alloy during the solidification process from 1190 K to
926 K (Bo et al., 2018).

Alloys cannot be directly distinguished as to whether they are ordered or disordered
systems. Therefore, it is analysed from thermodynamic functions (heat of mixing, the
excess free energy of mixing, activity), structural function (concentration fluctuation in
the long wavelength limit), and thermo-physical functions (viscosity, surface tension,
diffusivity, electrical resistivity). Liquid-phase separation is observed in alloys due to
the heterogeneous mixing of constituent atoms. It can be analysed by positive heat of
mixing, considerable positive deviation of activity from Raoult’s law, and larger values of
concentration fluctuation in the long wavelength limit over its ideal values. It is actually
due to the sign of excess free energy of mixing (Gxs

M ) which has contributions from
the heat of mixing (HM) and excess entropy of mixing (Sxs

M ). Generally, a system with
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a negative value of heat of mixing shows phase stability, whereas one with a positive
value shows an unstable phase. But in the case of high entropy systems, alloys having
negative heat of mixing show phase unstability, and conversely, systems with positive
heat of mixing show stability due to the contribution of entropy of mixing (Manzoor et
al., 2018). However, if negative heat of mixing dominates high entropy of mixing of the
system in any phase, the phase is super stable. The unstable liquid phase of Cu-Si at
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Figure 1: Excess free energy of mixing (Gxs
M ) of liquid Cu-Si alloy at 2500 K.

temperature 2500 K is observed in the calculated excess free energy of mixing the Gxs
M

by linear temperature interaction parameters (Yan & Chang, 2000; Lüdecke, 1987) and
Cost 507 (Ansara et al., 1998) (Figure 1).

However, this discrepancy has been removed by considering exponential temperature-
dependent interaction optimised parameters (R. K. Gohivar, Koirala, et al., 2020). The
calculation of the structural properties of the liquid Cu-Si alloy at temperature 2500 K
using these linear interaction parameters shows the phase transiton from segregating to
ordering whereas the behaviour changes on using the exponential interaction parameters
(Figure 2).

1.5 Prediction of properties of alloys at high temperature

The mixing properties of initial melts of different alloys can be determined using different
statistical models such as Flory’s model (Flory, 1942), R-K polynomial model (Redlich
& Kister, 1948), ideal solution model (Hildebrand & Scott, 1950; Prigogine & Defay,
1954; Bhatia & Hargrove, 1974), conformal solution model (Longuet-Higgins, 1951),
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Figure 2: SCC(0) of liquid Cu-Si alloy at 2500 K.

compound formation model (Bhatia & Hargrove, 1974), quasi-chemical model (Bhatia
& Singh, 1982), quasi-lattice model (Bhatia & Singh, 1984), regular associated solution
model (Lele & Ramachandrarao, 1981; Adhikari, Jha, & Singh, 2010) and quasi-chemical
approximation (Singh & Sommer, 1992, 1997). The properties at high temperatures can
be predicted theoretically by extrapolating the data from the optimization. Ternary or
higher-order alloys are created by melting each constituent element and mixing them
in the appropriate proportions. Because each sub-binary alloy has a different melting
temperature, the working temperature for multi-component alloys should be higher
than that of the individual binary systems. As a result, the temperature-dependent
interaction energy parameters of sub-binary systems are required for calculation. When
the melting temperatures of sub-binary systems are close to each other, linear temperature-
dependent interaction parameters are used to study alloy properties at their melting
temperatures. With the linear interaction parameters in some cases at higher temperatures,
artificial miscibility gaps may appear in the computed mixing properties. Interaction
energy parameters may be assumed to vary exponentially with temperature (Kaptay,
2004) when there is a large difference in melting temperatures of sub-binary alloys
or when the mixing properties are computed at higher temperatures using the R-K
polynomial framework (L. Zhang et al., 2006; Tang et al., 2011; S. M. Liang et al.,
2016; Ghasemi et al., 2019; R. K. Gohivar, Yadav, et al., 2021b). To compute the
mixing properties of the alloy systems at different temperatures, the optimised interaction
parameters of Gxs

M are required. In this work, interaction parameters Li = (ai + biT)
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and then Li = hi exp(−T/τi) for Gxs
M have been determined using the frame work of R-K

polynomial, i.e., Gxs
M = xk(1 − xk)

∑
i Li(1 − 2xk)

i where k= A, B.

However, the properties of an alloy may change at higher temperatures. The quality of
an alloy may decrease greatly with rise in temperature and this is referred in literature
as degradation of alloy. The amount of vacancies necessary for atom and ion diffusion
in alloy increases exponentially with temperature (Basuki et al., 2017). A severe
high temperature corrosion mode known as hot corrosion was created as a result of
the interaction between high temperature operation and environmental pollutants such
sulphur, sodium, halides, and vanadium. The very worst alloy degradation processes
are oxidation and hot corrosion because of their close links to environments that are
challenging to manage. Protective scales are made of oxides (Al2O3,Cr2O3, SiO2) that
are thermodynamically stable at high temperatures, have a high melting point, a low
vapour pressure, a slow formation rate, a high level of attachment to the surface of the
alloy, a low thermal expansion, and good erosion resistance. Aluminum is mostly added
to Fe and Ni based alloys to increase alloy strength and provide protective scales (Pettit
et al., 1984). Therefore, high temperature alloys are typically designed to minimise this
change.

1.6 Thermodynamic artifacts

The excess free energy of mixing of phases of alloy is usually obtained from R-K
polynomials in the calculation of phase diagram (CALPHAD). The energy interaction
parameters of R-K polynomial are expressed as Li = ai−biT , where both ai and bi should
have the same signs. The excess free energy changes its sign at a certain temperature and
has large value at high temperature. In some cases this can also result in an artificial
phase stability at high temperature which is of course an emergence of an artificial
miscibility gap in the phase diagram. The appearance of artificial inverted miscibility
gap and re-stabilization of liquid phase in solidus region are thermodynamic artifacts.
In the calculation of phase diagram, the artifacts were seen as (i) inverted miscibility
gap, (ii) re-stabilization of solid phases at high temperature and (iii) inadvertent stability
of ordered phases. Many researchers have found such artifacts in the calculated phase
diagrams of different systems (Chen et al., 2001; Kevorkov et al., 2004; Kaptay, 2004;
Balakumar & Medraj, 2005; Arroyave & Liu, 2006; Schmid-Fetzer et al., 2007; Yuan et
al., 2009; Wang, Du, & Liu, 2011; Tang et al., 2011; Abe et al., 2012; S. M. Liang et
al., 2016; Ghasemi et al., 2019). Chang et al. (2004) used second generation software
(PANDAT) and published binary thermodynamic descriptions. They found unintended
phase equilibria in three system namely Sn–Zr, Ni–Ti and Al–Nb. The appearance of
such artifacts in study of mixing properties of alloys at higher temperatures are generally
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due to the incompetency of modelling parameters in wide temperature range.

In the present work, we have investigated mixing properties of some binary and ternary
liquid alloys at different high temperatures on the framework of R-K polynomial using
linear temperature dependent interaction parameters. In our calculations for the alloys
Al–Fe, Al–Mn, Al–Ti and Li–Mg and Al–Li–Zn, artificial miscibility gaps appear in the
alloys. We have next computed the thermodynamic and structural properties of the above
mentioned liquid alloys using exponential temperature dependent interaction parameters
in the R-K polynomial. The calculations in the latter case show removal of the artificial
miscibility gaps for the allows with the prediction of the thermodynamic and structural
properties at different high temperatures which may serve as a short database in case
unavailability of experimental data.

1.7 Problem statement

As stated in the literature review, numerous efforts have been made over the years by
researchers in the field of metallurgical science to understand the mixing properties of
binary and ternary liquid alloys. The selection of the micro-ingredients for the formation
of alloys in order to get the desired attributes is aided by an understanding of the
thermodynamic, structural, and surface properties of liquid alloys. The mixing properties
of alloys have been studied in the framework of several models at temperatures near their
melting points. Redlick-Kister polynomial was widely used to study the thermodynamics,
structural, surface, and transport characteristics of binary and, especially, ternary systems
at different temperatures. The appearance of artificial inverted miscibility gaps was
observed in some cases when the phase diagrams of these alloys were projected at higher
temperatures. Poorly optimised modelling parameters were the most common cause
of such artifacts. The available databases of the alloying properties of the initial melts
were not enough to comprehend the various studies in depth. Moreover, the datasets
produced by different methods may not be in proper consistency with the actual data
for the interpolation and extrapolation of these properties at temperatures of interest.
Generating a universal method for producing reliable datasets is an important goal for
researchers in order to boost the development of modern technologies.

1.8 Objectives

The general and specific objectives of the present work are mentioned as follows:

A. General objective
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To study the appearance of thermodynamic artifacts in liquid alloys and use a model to
remove them.

B. Specific objectives

i. To study the thermodynamic properties, such as excess free energy of mixing,
enthalpy of mixing, activity and concentration structure factor in long wave-length
limit of binary Al–Fe, Al–Mn, Al–Ti and Li–Mg and ternary Al–Li–Zn liquid alloys
in the Redlich-Kister model at different temperatures.

ii. To re-optimise the model parameters of R-K polynomial assuming them to be
exponential T-dependent in order prevent the emergence of artificial inverted
miscibilty gaps.

iii. To predict the heat of mixing and other properties at various temperatures using the
modified model.

1.9 Plan of Thesis

The work of the present thesis is arranged in different chapters and their subdivision is as
follows.:

CHAPTER 1: In this chapter we have presented general introduction about this work.
It deals with the thermodynamic properties of mixing, miscibility gap, basic idea about
thermodynamic artifacts and problem statement along with objectives of the study.

CHAPTER 2: This chapter contains a brief review of literature survey about study of
liquid alloys and also about theoretical models and thermodynamic artifacts.

CHAPTER 3: This chapter presents the necessary background of the Redlich-Kister
polynomial model and formulation of analytical expressions for thermodynamic and
structural functions of liquid alloys.

CHAPTER 4: This chapter outlines the results of our calculations for thermodynamic
and structural properties of binary liquid alloys Al-Fe, Al-Mn, Al-Ti, Li-Mg, and ternary
alloy Al-Li-Zn at different temperatures which is followed by the discussion section.

CHAPTER 5: This chapter contains the conclusions of the present work and recom-
mendations for the further work.

CHAPTER 6: This chapter includes a summary about the study of thermodynamic
properties and structural properties of selected binary and ternary alloys along with
thermodynamic artifacts.
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CHAPTER 2

2. LITERATURE REVIEW

For the designing, developing, and fabricating of newmetallic materials, many researchers
have been working in the fields of material and metallurgical science. There are mainly
two types of work: one is experimental work (Feufel et al., 1997; Bergman et al., 1994;
Trybula et al., 2014; Gasior et al., 2016; Debski & Terlicka, 2016) , and the other
is statistical work (Butler, 1932; Darken, 1950; Bhatia & Singh, 1984; Desai, 1987;
Chou & Chang, 1989; Gasior et al., 1996; Chen et al., 2001; Kaptay, 2004; Schmid-
Fetzer et al., 2007; Adhikari, Jha, & Singh, 2010; Novakovic et al., 2012), including
theoretical modelling and simulation. In the experimental work of alloys, only limited
thermodynamic functions can be measured, such as the activity coefficient, enthalpy
of mixing, heat capacity, and chemical potential. There are different experimental
methods like the calorimetric method, electromotive force (Emf), vapour method, and
the Knudsen effusion method, etc. Among them, the calorimetric method is used for
the measurement of the enthalpy of mixing and heat capacity of alloys. There are
four classes of calorimeter, namely isothermal, adiabatic, heat-flow, and isoperibol
calorimeters (Saunders & Miodownik, 1998) . Similarly, the activity can be measured
by the electromotive force (Emf) method, the vapour method, or the Knudsen effusion
method. On the basis of these experimental data, other properties like free energy of
mixing, surface tension, structural and transport properties can be calculated by means
of theoretical procedures.

2.1 Theoretical models for liquid alloys

Unlike crystals, liquid alloys are disordered systems whose properties are so varied that
single theoretical approach is not sufficient to explain alloying behaviour of different
alloys. In order to account the observed behaviour of the alloys, so many researchers
have suggested several models over time. Basically, the theoretical study of alloys is
carried out in two broad categories: the electronic model of mixing and the statistical
model of mixing. With the idea of theoretical models for alloying that primarily stem
from binary alloys are being extended for ternary and higher order alloys.
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2.1.1 Electronic model of alloys

In an electronic model of mixing, a liquid alloy can be considered as ions of the metals
present in the cloud of conduction electrons in which coulomb interaction of electrons
and ions is assumed to take place. At a given temperature and pressure, the interactions
between ions and electrons give rise to the properties of the alloys in liquid phase (Alblas et
al., 1983). The major contributions in the electronic theories are from hard sphere model
(Lebowitz, 1964; Carnahan & Starling, 1969; Visser et al., 1980; Singh & Choudhary,
1981; A. K. Mishra et al., 1993; Vora, 2010) and pseudo-potential theory (Harrison, 1966;
Heine, 1970; Faber, 2010) In the pseudo-potential theory, the ion-electron interaction in
an alloy is expressed in terms of pseudo-potential and partial structure factors. In the
hard sphere model, the molecules of the metals in the solution are assumed to be hard
spherical cores which have finite configurational internal energy and there is repulsive
inter-molecular interactions. It is possible to explain the symmetry of an alloy and the
band structure of an ordered alloy using a theory of the electronic structure of alloys,
which provides a straightforward framework for a disordered substitutional alloy (Beeby,
1964). The alloys in which strong interaction between the unlike atoms exists leading to
compound formation tendency, pseudopotential theory cannot be applied. Therefore,
the electronic theories require improvements to yield better results for the properties of
binary liquid alloys. The literature (Ashcroft & Mermin, 1976; Kittel & McEuen, 2018)
contains more information on the fundamental knowledge of bonding. Furthermore,
the stability of an alloy phase can be explained in terms of thermodynamic parameters
like free energy of formation, enthalpy of formation, and entropy of formation using
statistical theory of alloys.

2.1.2 Statistical model of alloys

Along with electronic theory, statistical models have been used to study the properties of
liquid alloys in metallurgical science. Theoreticians have concentrated their efforts on
thermodynamic and statistical mechanics-based solution theories. Earlier researchers
(Hildebrand& Scott, 1950; Prigogine&Defay, 1954; Bhatia &Hargrove, 1974) described
the thermodynamic properties of liquid alloys using the paradigm of a real solutions as
ideal ones. The ideal solution model states that the two atomic species are very similar in
size, are surrounded by the same number of nearest neighbour atoms, and mix together
randomly without any perceptible volume change or heat expulsion or absorption, such
as Co and Ni in a Co-Ni alloy (Dinsdale, 1984). In the real solution model, there is
no enthalpy change on mixing, but there is an entropic contribution to the Gibbs free
of mixing since the mixture has gained some disorder. As a result, configurational
entropy, or the total number of alternative distributions over lattice sites, determines the
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free energy of mixing (Alblas et al., 1983). The ideal solution model is not a feasible
paradigm for explaining observed alloy mixing behaviour. Longuet-Higgins (1951)
proposed a conformal solution model that combines the energetic effects and is a theory
of small atomic size ratio.

Transport, surface, and thermodynamic properties are associated with an arrangement of
species at the micro-and macroscopic level (Alblas et al., 1983; Plevachuk et al., 2014;
Adhikari, Jha, & Singh, 2010; Koirala et al., 2013; Yadav, Jha, & Adhikari, 2016; Awe,
2019). Statistical theory deals with the configuration of atoms in a system. The entropy
of a system is a measurement of randomness, which is due to thermal contribution and
configuration contribution. In a solid, there is thermal energy distribution over atoms,
which provides vibrational motion. In solutions, the randomness of atoms depends upon
the number of ways in which they are arranged. A theory associated with the electronic
structure of alloys is present, which accounts for the symmetry in the alloy and the band
structure for an ordered alloy, giving a simple frame for a disordered substitutional alloy.

Several researchers (Bhatia & Thornton, 1970; Lele & Ramachandrarao, 1981; Chou &
Chang, 1989; Desai, 1987; Kaptay, 2004; Debski & Terlicka, 2016; Arslan & Dogan,
2022; R. K. Mishra et al., 2023; K. Sun et al., 2023) have long been working on the
development of different statistical models. They are: complex formation model (Bhatia
& Singh, 1982; Singh et al., 1991; Kumar et al., 2005; Thakur et al., 2005), quasi-chemical
model (Cobos, 1997; Pelton et al., 2001; Su & Wang, 2013), regular associated solution
model (Lele & Ramachandrarao, 1981; Kelley et al., 1982; Adhikari, Singh, et al., 2010),
and quasi-lattice theory (Vera et al., 1977; Singh, 1987; Prasad & Singh, 1990) have
been employed to study and explain the mixing properties of binary liquid alloys.

2.1.3 Compound formation model (CFM)

The complex-forming alloys have been thoroughly explored and are known by a variety of
names in the literature, including compound-forming solution, complex-forming solution
and regular associated solution. These systems have high interactions in general. Even
though there aren’t many size differences between the constitutent species, GM and
SCC(0) are frequently observed to be asymmetric approximately about the equi-atomic
composition. In the compound formation model, alloy is treated as pseudo-ternary
mixture of A-atoms, B-atoms and cluster AµBν (µ and ν are small integers). The cluster
is a solid-state intermetallic complex that is energetically favoured and is in chemical
equilibrium with every other component (Bhatia & Hargrove, 1974; Bhatia & Singh,
1984). The model is reduced to the quasi-chemical approximation for regular solutions
assuming the absence of clusters in the melt (Singh, 1987). Bhatia & Singh (1982)
developed the complex formation model further by introducing the idea of grand partition
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function and taking into account the energy of A-B, A-A, or B-B bond pairs depending
on whether the bond is a component of the complex AµBν or not. On the basis of
this assumption, they developed the analytical expressions for various thermodynamic
functions, and the model was given the name quasi-chemical theory.

2.1.4 Quasi-lattice theory

The fundamental principle is that a binary A-B alloy capable of producing compounds
in a liquid state is composed of a specific number of individual A and B atoms as well
as chemical complexes AµBν which are all in chemical equilibrium with one another
(Bhatia & Singh, 1984). It is assumed that every atom is situated on a lattice site. The
closest neighbours of each site are z (co-ordination number). Each atom can be regarded
of as a monomer if the size difference between the two types of atoms, A and B, is less
than 50%. The complex AµBν is considered as µ + ν-mer and occupies µ + ν lattice
sites. Pelton modified quasi-chemical model to allow free choice of the composition of
maximum short-range ordering in a binary system, to express the energy of pair formation
as a function of composition and to extend the model to multicomponent systems. Since
then, the model has been used to evaluate and optimise many liquid oxide, salt, and alloy
solutions Pelton et al. (2000).

2.1.5 Redlich-Kister formulation

Among the different statistical models, one of the most widely used models to study
mixing properties of an alloy is the Redlich-Kister polynomial(Redlich & Kister, 1948).
Many researchers (Lüdecke, 1987; Chevalier, 1989; Soon-Don, 1992; Feufel et al., 1997;
Yan & Chang, 2000; Chang et al., 2004; Kaptay, 2004; Du et al., 2008; Tang et al., 2012;
Abe et al., 2012; Gancarz et al., 2013; Trybula et al., 2018; R. Gohivar et al., 2021;
Mehta et al., 2020) have employed this polynomial to explain the properties of binary
alloys. Teichert et al. (2017) compared the results of chemical potential obtained using
Redlich-Kister polynomial with that from cubic spline. Kohler (1960); Toop (1965);
Muggianu et al. (1975); Chou & Chang (1989) developed model under frame work of the
Redlich-Kister polynomial in order to apply it to calculate mixing properties of ternary
alloys (Du et al., 2008; Tang et al., 2012; Bencze & Popovic, 2013; Trybula et al., 2018;
R. K. Gohivar, Yadav, et al., 2021c; Mehta et al., 2020). Du et al. (2007, 2008) have used
this polynomial to describe liquid phase of ternary Al–Mg–Mn and Al–Fe–Si system.
Tang et al. (2012) described thermodynamic of Al–Mg–Si system in this model. Bencze
& Popovic (2013) used Redlich-Kister-Muggianu (RKM) sub-regular solution model to
study thermodynamic mixing properties of ternary Cu–In–Sn, Ag–In–Sn, Al–Cu–Sn and
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Cu–Sb–Sn liquid alloys. Mehta et al. (2020) have described thermo-physical properties
of ternary Al–Cu–Fe system in this frame. This model is extended to calculate mixing
properties of multi-components alloy (higher order). In framework of this model, Kaptay
(2004) developed exponential interaction parameters for high temperature calculation in
place of linear interaction parameters. Besides these, the calculation of phase diagrams
(CALPHAD) is a technique to couple all phases (stable and metastable phases at a
wide range of composition, temperature, and pressure), stoichiometric compounds,
intermetallic compounds, and thermochemicals of a system.

2.1.6 Calculation of phase diagram (CALPHAD)

Phase diagrams are widely used as an initial roadmap in material science and engineering.
It displays the phase stability of an alloy with respect to different parameters, such as com-
position, temperature, and rarely pressure. Calculation of phase diagram (CALPHAD) is
a technique based on the least square optimization procedure to evaluate values of model
parameters by taking into account different phases and experimental values. In other
words, thermodynamic software packages are used for the optimization, which assure
only the accuracy of phase models within the region where experiments were carried out.
Kattner (1997) have described a thorough explanation of Calphad method. When excess
free energy in liquid phase is modeled such that interaction parameters depend linearly
on temperature then in some cases inverted miscibility gap appears (Chen et al., 2001;
Kevorkov et al., 2004; Kaptay, 2004; Balakumar & Medraj, 2005; Arroyave & Liu, 2006;
Malakhov & Balakumar, 2007; Schmid-Fetzer et al., 2007; Yuan et al., 2009; Wang, Du,
& Liu, 2011; Tang et al., 2011; Kaptay, 2012; Abe et al., 2012; Kaptay, 2014; S. M. Liang
et al., 2016; Liu et al., 2016; Kaptay, 2017; Ghasemi et al., 2019). Chen et al. (2001)
had used the PANDAT computer-based software package and prior published model
parameters to calculate phase-diagrams of some binary alloy systems. The phase diagram
for the Si–Ta system, Al–Nb system, and Co–Si system were calculated by Chen et al.
(2001) using respective modelling parameters from (Vahlas et al., 1989; Soon-Don, 1992)
and Cost 507. Chen et al. (2001) had found that an inverted miscibility gap appeared
in these calculated phase diagrams due to poor modelling parameters. Kevorkov et
al. (2004) had also detected the appearance of an artificial inverted miscibility gap in
Mg–Si system at higher temperatures. Therefore, this system was remodelled and these
parameters were then used in the Mg-Si-Li system, which supported the experimental
results. Kaptay (2004) developed a new modelling equation to remove the artifacts
that appeared due to poor modelling rather than developing software by Chen et al.
(2001). In this new equation, he made the assumption that in the Redlich-Kister (R-K)
polynomial model, the interaction energy parameters were exponentially temperature
dependent. Balakumar and Medraj (2005) optimised the model parameters for liquid
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sub-binaries Al-Sb and Mg-Sb of the ternary Mg–Al–Sb system following this process.
To test the validity of optimised parameters, thermodynamic functions were calculated
and compared with experimental results. When these parameters were used for the
ternary system, miscibility gap appeared in the calculated mixing properties (Balakumar
& Medraj, 2005).

Arroyave & Liu (2006) used three models, namely, linear and exponential temperature
dependence interaction parameters and an associated model to calculate the phase
diagram and thermodynamic properties of the Zn–Zr system. There were unstable liquid
phases in the range T > 2973 K when linear-T model parameters were used. Further, the
excess free energy of mixing of liquid phases was found to decrease exponentially with
temperature when exponential temperature-dependent parameters were used. But the
results of associated model showed ideal behaviour at higher temperatures.

Schmid-Fetzer et al. (2007) used corrected parameters of theMg–Si system fromKevorkov
et al. (2004) to calculate the phase diagram and found that artifacts appeared at higher
temperatures. In order to avoid the artifacts at high temperatures, they re-modelled the
system by considering exponential temperature-dependent interaction parameters, which
were proposed in (Kaptay, 2004). On using these parameters, artifacts (re-stabilization of
liquid phase below solidus) were observed at low temperatures. Further, they pointed out
that the presence of the low-temperature artifact was due to the exponential temperature-
dependent parameters which exaggerate negative values of excess Gibbs energy of mixing
at the very low temperature. According to Yuan et al. (2009), the presence of liquid
phase at low temperatures is most likely due to the fact that they (Schmid-Fetzer et al.,
2007) accomplished a simplified evaluation of the Mg–Si system without considering all
of the experimental data. In addition, to assess the full thermodynamics of the Mg-Si
system, the exponential parameters were optimised by using the PARROT module of
Thermo-Calc. When these parameters were used to calculate the phase diagram, no any
high-temperature or low-temperature artifacts appeared in the calculations (Yuan et al.,
2009). Wang, Zhou, et al. (2011) introduced thermodynamic constraints to remove the
artifacts in the Cu—Nd system by using density functional theory. The thermodynamic
constraint was that the second derivative of the Gibbs energy of the phase with respect to
the concentration of constituents of the system should be greater than zero. In the liquidus
region of the Cu–Nd system, where the unrealistic miscibility gap appeared, a negative
value of the second derivative of Gibbs energy was found. When the thermodynamic
constraints were introduced, it was found that there was no such gap. Tang et al. (2011)
used exponential model without introducing any thermodynamic constraint to eliminate
the presence of an artificial miscibility gap in the phase diagram of the Fe-Zn system at
higher temperatures. The presence and elimination of the gap was also shown in the plot
of the enthalpy of mixing (Tang et al., 2011). For high temperature study of binary alloys,
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Kaptay (2012) reformulated the rule of Lupis and Elliott (LE), and he further checked
the validity of the new formulations by considering twelve different binary systems.
He also showed that when exponential temperature-dependent parameters for excess
Gibbs free energy of mixing were computed based on the LE rule, no artifacts were
observed at elevated temperatures. But when linear temperature-dependent parameters
(contrary to the LE rule) were considered, artificial inverted miscibility appeared in
the phase diagram. The interaction parameters of the sub-binary Al–Mg, Mg–Si, and
Al–Si systems were optimised as exponential temperature-dependent to remove the
artificial inverted miscibility gap caused by the linear model in excess Gibbs energy of
mixing of ternary Al–Mg–Si system (Tang et al., 2012). Abe et al. (2012) analyzed
linear temperature-dependent interaction parameters Li = ai + biT of Redlick-Kister
polynomial for binary systems and concluded that no miscibility gap appears at high
temperatures when −2R ≤ bi ≤ 2R, where R is universal gas constant. Liu et al. (2016)
found inverted miscibility gap in Zn–P system by using linear temperature-dependent
interaction L0 = −125601.92 − 248.0033T and L1 = 324677.14 − 385.3940T (Tu et al.,
2009) and so he optimized interaction parameters exponentially to study thermodynamics
of ternary Zn–Si–P system.

Kaptay (2014) put forwarded the combination of linear and exponential temperature-
dependent LETmodel to explain the re-stabilization liquid phase in "exceptional systems"
seen by using exponential model. S. M. Liang et al. (2016) proposed new temperature
function for interaction parameters Li which was inherently consistent. The new
function excluded both the exaggerated negative values and positive values of Li for low
temperature and high temperature respectively. Kaptay (2017) revisited the exponential
model and suggested that the combined linear-exponential model should be used when
the excess free energy of mixing changes sign with the change of temperature. Further,
Kaptay used an exponential model for the reassessment of the Mg–Si system and it was
shown that no low-temperature artifact appeared as claimed in (Schmid-Fetzer et al.,
2007). Ghasemi et al. (2019) reassessed the Zn–P system by using exponential model
(Kaptay, 2004) and combined model (S. M. Liang et al., 2016) to solve the problem
of artifact found in the excess Gibbs energy of mixing, entropy of mixing, enthalpy
of mixing and specific heat capacity at elevated temperatures. Artifacts are known to
appear when thermodynamic functions do not shift towards ideal values at extremely
high temperatures due to inadequacy of the interaction parameters.
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CHAPTER 3

3. MATERIALS AND METHODS

The physics of many phenomena can be understood through relevant mathematical
analysis. Analytical expressions are essential tools for easy understanding of physical
quantities. Experimentally observed data for liquid alloys are interpreted in many ways
with the help of different models. This section deals with the detailed mathematical
formulation necessary in the framework of Redlich-Kister (R-K) polynomials for studying
the thermodynamic and structural properties of some liquid alloys. In the R-K polynomial,
the interaction parameters for liquid alloys are needed to explain the properties of mixing.
The procedure for optimising the required interaction parameters is described in detail
below.

3.1 Thermodynamic properties

In general, the mixing behaviour of liquid alloys can be characterised by the temperature,
pressure, and composition. As the study of the liquid alloys is usually carried out at the
fixed pressure, most likely, the atmospheric pressure, the thermo-physical properties of a
binary liquid alloy at a given temperature vary with the composition of the alloy and
often show an interesting behaviour as a function of composition. It is convenient to take
relative composition, i.e., mole fraction concentrations of components, in the analysis
of binary mixtures than to use the actual amount present in the combination. The mole
fraction xk of component k of a binary mixture A-B is calculated as xk = nk/

∑
nk where

nk is the number of moles of component k.

The necessary mathematical formulation for thermodynamic properties such as excess
free energy of mixing (Gxs

M ), partial excess free energy of mixing (Gxs
k ), excess entropy

of mixing (Sxs
M ), enthalpy of mixing (HM) and activity (ak) of alloy is described in the

following sections.

3.1.1 Free energy of mixing (GM) of binary A-B liquid alloy

The stability of solutions can be comprehended in terms of their thermodynamic function
namely the free energy of mixing. Atoms of components A and B of mole fraction xA

and xB are mixed to form one mole of a binary solution. The free energies of components
A and B are GA and GB, respectively, and the initial total free energy before mixing is
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given as

G1 = xAGA + xBGB (3.1)

The free energy of an alloy in a phase is related to the free energies of its components
and the energy associated with interaction terms in that phase. After mixing the atoms A
and B, the free energy of solution becomes

G2 = G1 + GM (3.2)

whereGM is the change in free energy onmixing.The values of free energy ofmixing (GM)

of liquid alloys determines the bonding strength between atoms. At a given temperature
T, the free energy of mixing is expressed in terms of enthalpy of mixing (HM) and entropy
of mixing (SM) through the standard thermodynamic relation GM = HM − TSM . The
free energy should always be negative in all cases for the spontaneous process of mixing
to occur. The free energy of mixing of a solution in phase (φ) may be expressed as

Gφ = xA Gφ
A + xB Gφ

B + Gxs
M + Gid

M (3.3)

where Gφ
A and Gφ

B are free energy of components A and B in pure state; Gxs
M is excess

free energy of mixing and Gid
M is the ideal free energy of mixing of the A-B alloy in the

phase φ.

The excess free energy of mixing of alloys is the excess amount of integral free energy
of mixing from its ideal value at a given temperature. In ideal case, the constituent
atoms are supposed to be distributed randomly in solutions. However, in real solutions,
there are some specific atomic arrangements. For the change from random to particular
distribution, some work should be performed which is known as excess free energy of
mixing. This function at a temperature may be expressed in terms of the excess entropy
of mixing (Sxs

M ) as Gxs
M = HM − TSxs

M .

The excess free energy of mixing may be positive or negative depending on the nature
alloy.The conditions for Gxs

M < 0 may be mentioned as follows:

i. HM << 0 and Sxs
M < 0, ordering nature of alloy (Ag-Au, Ag-In, Al-Au, Al-Fe,

Al-Mg, Au-Cd, Au-Zn, Cd-Hg, Cd-Mg, Cd-Na, Fe-Si, Ga-Mg, Hg-Na, In-Na, K-Pb,
Mg-Tl, Pb-Tl, etc.)

ii. HM < 0 and Sxs
M > 0, ordering nature of alloy (Ag-Al, Ag-Ga, Al-Cu, Al-Ge, Au-Cu,

Au-Pb, Au-Sn, Bi-Hg, Bi-In, Bi-Mg, Bi-Pb, Cu-Sn, In-Mg, In-Sb, In-Sn, Li-Mg,
Pb-Sb, etc.)

iii. HM > 0 and Sxs
M >> 0, ordering nature of alloy (Au-Bi, Au-Tl, Bi-Cd, Bi-Sb, etc.)
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On the other hand, the conditions for Gxs
M > 0 may be summarised as below:

i. HM > 0 and Sxs
M < 0, segregating nature of alloy (Al-Cd, Bi-Sn, Cu-Ni, Fe-Pd,

Hg-Pb, In-Tl, Ni-Pd, Pb-Sn, etc.)

ii. HM >> 0 and Sxs
M > 0, segregating nature of alloy (Ag-Cu, Ag-Pb, Ag-Tl, Al-Ga,

Al-In, Al-Sn, Al-Zn, Au-Fe, Bi-Zn, Cd-Ga, Cd-In, Cd-Pb, Cd-Sn, Cd-Tl, Cd-Zn,
Cu-Fe, Cu-Pb, Cu-Tl, Ga-Zn, In-Pb, In-Zn, etc.)

iii. HM < 0 and Sxs
M << 0, segregating nature of alloy (Co-Fe)

In the most of cases, the sign of Gxs
M is similar to sign of HM for low entropy alloy and

their signs differ for only some alloys of high entropy or low enthalpy of mixing.

The excess free energy of mixing (Gxs
M ) is calculated in the framework of Redlich-Kister

(R-K) polynomials (Redlich & Kister, 1948) by the following relation

Gxs
M = xAxB

n∑
i=0

Li (xA − xB)
i (3.4)

where xA and xB are concentration of constituents A and B of the A-B alloy, and Li are
interaction parameters due to all types of bonding between them that are expressed as
(Singh & Sommer, 1997)

Li = ai + biT + ciT lnT + diT−2 + ... (3.5)

where ai, bi and ci are the contributions of the enthalpy of mixing (HM), excess entropy
of mixing (Sxs

M ) and specific heat capacity (C) respectively and are independent of
concentration and temperature.

Considering interaction between components A and B as linear temperature-dependent,
the interaction parameter in Equation (3.5) contains only the first two terms as

Li = ai + biT (3.6)

The excess free energy of mixing (Gxs
M ) in Equations (3.4) can then be expressed in terms

of linear temperature-dependent interaction parameters as below

Gxs
M = xAxB

n∑
i=0
(ai + biT) (xA − xB)

i (3.7)

Equations (3.7) suggests the enthalpy of mixing and excess entropy of mixing of the
alloys are temperature-independent thermodynamic functions. However, with increasing
temperature, the behaviour of all thermodynamic functions should shift toward ideal
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behaviour. In order to account this behaviour, Kaptay (2004) considered interaction
parameters to depend exponentially on temperature as

Li = hi exp
(
−

T
τi

)
(3.8)

where hi and τi are contribution of enthalpy of mixing and excess entropy of mixing
respectively which are independent of concentration and temperature.

On expanding Equation (3.8), we get

Li = hi[1 +
(− T

τi
)

1!
+
(− T

τi
)2

2!
+ . . . ] (3.9)

At lower temperatures, T
τi
<< 1, then Equation (3.9) is reduced in the form

Li = hi

[
1 −

T
τi

]
(3.10)

The exponential temperature-dependent excess free energy of mixing (Gxs
M ) is obtained

by using Equations (3.4) in (3.8) as

Gxs
M = xAxB

n∑
i=0

hi exp
(
−

T
τi

)
(xA − xB)

i (3.11)

The ideal value of free energy of mixing of the alloy (Gid) at temperature T is calculated
from the following relation

Gid
M = RT (xA ln xA + xB ln xB) (3.12)

The free energy of mixing of binary A-B alloy (GM) is given by the relation

GM = Gxs
M + Gid

M (3.13)

Using the Equations (3.4) and (3.12) in Equation (3.13), we get the analytical equation
for GM in the following form

GM = xAxB

n∑
i=0

Li (xA − xB)
i + RT (xA ln xA + xB ln xB) (3.14)
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3.1.2 Excess free energy of mixing of ternary A-B-C liquid alloy

The majority of commercial ternary alloys such as Al–Cu–Zn, Cu–Sn–Zn, Ni–Co–Fe,
Al–Zn–Mg etc. are formed by combining at least three components. The ternary and
higher order systems can be studied by extending the concepts developed for binary
systems (Chou & Chang, 1989). The free energy of ternary A-B-C alloy in phase (φ) is
computed by

Gφ = xAGφ
A + xBGφ

B + xCGφ
C + Gxs

M + Gid
M (3.15)

where xA, xB and xC are concentration of constituents A, B and C of ternary A-B-C
alloy such that xA + xB + xC = 1 and Gφ

A, Gφ
B and Gφ

C are free energy of corresponding
constituents and Gxs

M is the excess free energy of mixing and Gid
M is the ideal free energy of

mixing of the alloy in the phase φ. The excess free energy of mixing (Gxs
M ) is calculated in

framework of Redlich-Kister-Muggianu (R-K-M) polynomials by the following relation

Gxs
M = (G

xs
M )

A−B
+ (Gxs

M )
B−C
+ (Gxs

M )
C−A
+ Gter

M (3.16)

where the first three terms are from the sub-binary A-B, B-C, and C-A contributions,
and the last term arises from the ternary contribution. The analytical expression for Gxs

M

of the ternary alloy can then be obtained in terms of the interaction parameters in the
following form

Gxs
M =xAxB

n∑
i=0

LA−B
i (xA − xB)

i + xB xC

n∑
i=0

LB−C
i (xB − xC)

i

+ xC xA

n∑
i=0

LC−A
i (xC − xA)

i + xAxB xC (L0xA + L1xB + L2xC) (3.17)

where LA−B
i , LB−C

i and LC−A
i are interaction parameters of respective sub-binary A-B,

B-C and C-A systems of ternary A-B-C alloy and L0, L1 and L2 are the ternary interaction
terms given as L0 = h0 exp(−T/τ0), L1 = h1 exp(−T/τ1) and L2 = h2 exp(−T/τ2).

The ideal value of free energy of mixing of the ternary alloy (Gid
M) at temperature T is

calculated from the relation

Gid
M = RT (xA ln xA + xB ln xB + xC ln xC) (3.18)

Similarly, the free energy of mixing of ternary A-B-C alloy (GM) is obtained from
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Equations (3.1.2) and (3.18), in the form

GM =xAxB

n∑
i=0

LA−B
i (xA − xB)

i + xB xC

n∑
i=0

LB−C
i (xB − xC)

i

+ xC xA

n∑
i=0

LC−A
i (xC − xA)

i + xAxB xC (L0xA + L1xB + L2xC)

+ RT (xA ln xA + xB ln xB + xC ln xC) (3.19)

3.1.3 Excess entropy of mixing (Sxs
M )

The entropy of mixing of a system is carried out by considering equal-priority for
constituents in configuration arrangements which is arrangement of ideal case. In a real
system, interaction among constituents causes the entropy of mixing to shift from ideal
value. The entropy of mixing of the system deviates from ideal value according to nature
of interaction (attractive or repulsive). The difference of entropy of mixing from ideal
value is termed as excess entropy of mixing. The excess entropy of mixing (Sxs

M ) of
binary A-B alloy is derived from the excess free energy of mixing using the standard
thermodynamic relation

Sxs
M = −

∂Gxs
M

∂T
(3.20)

Now using Equation (3.4) in Equation (3.20), one can obtain the relation for Sxs
M as

Sxs
M = −xAxB

n∑
i=0

∂Li

∂T
(xA − xB)

i (3.21)

On using linear temperature-dependent interaction parameters of Equation (3.6) in
Equation (3.21),the temperature independent Sxs

M is obtained as

Sxs
M = xAxB

n∑
i=0
(−bi) (xA − xB)

i (3.22)

Similarly, on using Equation (3.8), Equation (3.21) for the temperature dependent case
becomes

Sxs
M = xAxB

n∑
i=0

(
hi

τi

)
exp

(
−

T
τi

)
(xA − xB)

i (3.23)
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3.1.4 Enthalpy of mixing (HM)

Enthalpy ofmixingHM of binaryA-B alloy is calculated from the standard thermodynamic
relation

HM = Gxs
M + TSxs

M (3.24)

Using Equations (3.7) and (3.22) in Equation (3.24) then we obtain a relation for
temperature independent HM as

HM = xAxB

n∑
i=0
(ai + bi T) (xA − xB)

i + T xAxB

n∑
i=0
(−bi) (xA − xB)

i

= xAxB

n∑
i=0

ai (xA − xB)
i (3.25)

Similarly, using Equations (3.11 & 3.23), which incorporate the exponential temperature-
dependent interaction parameters, in Equation(3.24), the analytical expression for the
enthalpy of mixing of binary alloy is obtained in the form

HM = xAxB

n∑
i=0
(1 +

T
τi
)hi exp

(
−

T
τi

)
(xA − xB)

i (3.26)

3.1.5 Enthalpy of mixing of ternary A-B-C liquid alloy

The enthalpy of mixing (HM) of ternary A-B-C liquid alloy is computed by taking the
contribution of sub-binary A-B, B-C, C-A interactions and the ternary interaction with
exponential parameters in R-K-M model.

HM = (HM)
A−B + (HM)

B−C + (HM)
C−A + (HM)

ter (3.27)

An analytical expression for HM may be expressed in the following form

HM =xAxB

n∑
i=0
[Li(1 +

T
τi
)]A−B (xA − xB)

i + xB xC

n∑
i=0
[Li(1 +

T
τi
)]B−C (xB − xC)

i

+ xC xA

n∑
i=0
[Li(1 +

T
τi
)]C−A (xC − xA)

i

+ xAxB xC[L0(1 +
T
τ0
)xA + L1(1 +

T
τ1
)xB + L2(1 +

T
τ2
)xC] (3.28)

LA−B
i , LB−C

i and LC−A
i are interaction parameters of respective sub-binary A-B, B-C and

C-A systems of ternary A-B-C alloy and L0, L1 and L2 are the ternary interaction terms
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given as L0 = h0 exp(−T/τ0), L1 = h1 exp(−T/τ1) and L2 = h2 exp(−T/τ2)

For the comparative study of the enthalpy of mixing of ternary liquid alloy, we have also
employed the following expression of Toop model (Toop, 1965)

HM =
xB

1 − xA
(HM)

A−B + (xB + xC)
2(HM)

B−C +
xC

1 − xA
(HM)

C−A (3.29)

where

(HM)
A−B = xA(1 − xA)

n∑
i=0
[Li(1 +

T
τi
)]A−B (2xA − 1)i (3.30a)

(HM)
B−C =

xB xC

(xB + xC)
2

n∑
i=0
[Li(1 +

T
τi
)]B−C (

xB − xC

xB + xC
)i (3.30b)

(HM)
C−A = xA(1 − xA)

n∑
i=0
[Li(1 +

T
τi
)]C−A (2xA − 1)i, (3.30c)

3.1.6 Activity

The activity is an experimentally measurable fundamental thermodynamic function. It
can be measured directly using a variety of experimental techniques such as electromotive
force, vapour pressure, chemical equilibria, and so on. Activity represents the tendency
of atoms to leave a solution and it can be used to interpret the stability of complexes
in an alloy in terms of its constituents through the study of the thermodynamic and
structural functions. Any variation from the ideal behaviour of liquid binary alloys can
be integrated into the activity. In theoretical study, it can be determined as function of
the alloy composition and temperature.

The general expression for partial excess free energy constituents k (=A,B) of liquid A–B
alloy (S. B. Zhang & Li, 1986) is

Gxs
k = Gxs

M +

k∑
j=1
(δk j − x j)

∂Gxs
M

∂x j
(3.31)

where δk j is Kronecker delta function. On solving Equation (3.31), the expressions for
the partial excess free energy of constituents A and B of binary A-B alloy are deduced as

Gxs
A = Gxs

M + (1 − xA)
∂Gxs

M

∂xA
, Gxs

B = Gxs
M + (1 − xB)

∂Gxs
M

∂xB
(3.32)
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On using Equation (3.4) in Equation (3.32) and solving, we get

Gxs
A = (1 − xA)

2
n∑

i=0
Li[(1 + 2i)xA − (1 − xA)](2xA − 1)i−1 (3.33)

and

Gxs
B = (1 − xB)

2
n∑

i=0
Li[(1 + 2i)xB − (1 − xB)](2xB − 1)i−1 (3.34)

The activity of constituents A and B of binary A-B alloy are computed by using their
corresponding values of partial excess free energy from Equations (3.33) and (3.34) in
the following expressions

aA = xA exp
(
Gxs

A

RT

)
, aB = xB exp

(
Gxs

B

RT

)
(3.35)

3.1.7 Activity of ternary A–B–C liquid alloy

For simplicity Equation (3.19) is written in the following form

GM = Gxs
M + Gid

M = xAxBYAB + xB xCYBC + xC xAYCA

+ xAxB xC(xAL0 + xBL1 + xC L2) + Gid
M (3.36)

where

YAB = LA−B
0 + LA−B

1 (xA − xB) + LA−B
2 (xA − xB)

2 + LA−B
3 (xA − xB)

3 + LA−B
4 (xA − xB)

4

(3.37)

YBC = LB−C
0 + LB−C

1 (xB − xC) + LB−C
2 (xB − xC)

2 + LB−C
3 (xB − xC)

3 + LB−C
4 (xB − xC)

4

(3.38)

YCA = LC−A
0 + LC−A

1 (xC − xA) + LC−A
2 (xC − xA)

2 + LC−A
3 (xC − xA)

3 + LC−A
4 (xC − xA)

4

(3.39)

The first derivative of Gxs
M w.r.t. xA, xB and xC from Equation (3.1.7) are expressed in

the following expressions

∂Gxs
M

∂xA
= xBYAB + xAxB

∂YAB

∂xA
+ xCYCA + xAxC

∂YCA

∂xA

+xB xC(xAL0 + xBL1 + xC L2) + xAxB xC L0
(3.40a)
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∂Gxs
M

∂xB
= xAYAB + xAxB

∂YAB

∂xB
+ xCYBC + xB xC

∂YBC

∂xB

+xAxC(xAL0 + xBL1 + xC L2) + xAxB xC L1
(3.40b)

∂Gxs
M

∂xC
= xBYBC + xB xC

∂YBC

∂xC
+ xAYCA + xAxC

∂YCA

∂xC

+xAxB(xAL0 + xBL1 + xC L2) + xAxB xC L2
(3.40c)

For the derivative terms of Equations (3.40a-3.40c), one can obtain derivative of Equations
(3.37-3.39) w.r.t. xA, xB and xC in the following forms

∂YAB

∂xA
= LA−B

1 +2LA−B
2 (xA−xB)+3LA−B

3 (xA−xB)
2+4LA−B

4 (xA−xB)
3 = −

∂YAB

∂xB
(3.41a)

∂YCA

∂xA
= −LC−A

1 −2LC−A
2 (xC−xA)−3LC−A

3 (xC−xA)
2−4LC−A

4 (xC−xA)
3 =

∂YCA

∂xC
(3.41b)

∂YBC

∂xB
= LB−C

1 +2LB−C
2 (xB−xC)+3LB−C

3 (xB−xC)
2+4LB−C

4 (xB−xC)
3 = −

∂YBC

∂xC
(3.41c)

Moreover, it should be mentioned that in each solution one of the components should be
selected as "dependent", while the other components are "independent" and the derivative
of excess free energy of mixing by the mole fraction of the dependent must be zero. This
will simply the following equations (Hillert & Staffansson, 1970)

Gxs
A = Gxs

M +
∂Gxs

M

∂xA
−

(
xA
∂Gxs

M

∂xA
+ xB

∂Gxs
M

∂xB
+ xC

∂Gxs
M

∂xC

)
,

Gxs
B = Gxs

M +
∂Gxs

M

∂xB
−

(
xA
∂Gxs

M

∂xA
+ xB

∂Gxs
M

∂xB
+ xC

∂Gxs
M

∂xC

)
,

Gxs
C = Gxs

M +
∂Gxs

M

∂xC
−

(
xA
∂Gxs

M

∂xA
+ xB

∂Gxs
M

∂xB
+ xC

∂Gxs
M

∂xC

) (3.42)

Finally, activity of ternary components can be calculated with aid of Equations (3.42) in
the following expressions

aA = xA exp
(
Gxs

A

RT

)
, aB = xB exp

(
Gxs

B

RT

)
, aC = xC exp

(Gxs
C

RT

)
(3.43)
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3.2 Structural properties

The study of structural functions helps to understand the complexity of mixing behaviour
of liquid alloys. Because the alloys are formed from a liquid state, they are considered
as disordered systems having only local interactions. Structural functions such as
concentration fluctuation in the long wavelength limit (SCC(0)) can be used to interpret
the local configurations of atoms in the initial melt.

3.2.1 Concentration fluctuation in long wavelength limit for binary liquid alloy

The stability of a system can be determined by the calculating stability function. It is
calculated by taking second derivatives of free energy of mixing with respect to mole
fraction. A phase is stable against fluctuations in compositions if this function is greater
than zero. In some systems, this function changes its sign and the point where this function
becomes zero, is called spinodal (Sundman et al., 2007). Further if the stability function
is less than zero then the free energy of mixing is lowered spontaneously and the phase
decomposes into two phases of different compositions having same structure. Among the
three structure factors in long wavelength limit namely mean square fluctuation in number-
number (SNN (0)), mean square fluctuation in concentration-concentration (SCC(0)) and
mean square fluctuation of number-concentration (SNC(0)), SCC(0) is commonly used
structure factor for binary alloys in literature. An important function that describes the
nature of ordering or segregation of mixing behaviour is the concentration fluctuation
in the long wavelength limit (SCC(0)) of the binary system which is computed from the
standard expression (Bhatia & Thornton, 1970)

SCC(0) = N
〈
(∆c)2

〉
The function

〈
(∆c)2

〉
represents mean square fluctuation in the concentration and N is

total number of atoms. It can be derived from the free energy of mixing, GM (Bhatia &
Thornton, 1970) as,

SCC(0) = RT

(
∂2GM

∂x2
A

)−1

= RT

(
∂2GM

∂x2
B

)−1

(3.44)

The Equation (3.14) can also be expressed in the following form

GM = (xA − x2
A)

n∑
i=0

Li(2xA − 1)i + RT[xA ln xA + (1 − xA) ln(1 − xA)] (3.45)
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Taking differentiation of Equation (3.45) w.r.t. concentration of component A in liquid
A–B alloy twice, we have

∂GM

∂xA
= (1 − 2xA)

n∑
i=0

Li(2xA − 1)i + (xA − x2
A)

n∑
i=0

2iLi(2xA − 1)i−1

+ RT[1 + ln xA + 1 − ln(1 − xA)] (3.46)

and,

∂2GM

∂x2
A

= −2
n∑

i=0
Li(2xA − 1)i + (1 − 2xA)

n∑
i=0

2iLi(2xA − 1)i−1

+ (1 − 2xA)

n∑
i=0

2iLi(2xA − 1)i−1

+ (xA − x2
A)

n∑
i=0

4i(i − 1)Li(2xA − 1)i−2 + RT[
1
xA
+

1
(1 − xA)

] (3.47)

or,

∂2GM

∂x2
A

=

n∑
i=0
[4i(i−1)xA(1−xA)(2xA−1)i−2−(4i+2)(2xA−1)i]Li+

RT
xA(1 − xA)

(3.48)

Substituting the value from Equation (3.48) in Equation (3.44), we get the analytical
expression for SCC(0) as

SCC(0) = RT

[
n∑
i=0
(4i(i − 1)xA(1 − xA)(2xA − 1)i−2 − (4i + 2)(2xA − 1)i)Li +

RT
xA(1 − xA)

]−1

(3.49)

The ideal value of concentration fluctuation in long wavelength limit (Sid
cc(0)) is calculated

by simple relation

Sid
CC(0) = xAxB = xA(1 − xA) (3.50)

This ideal value is same for all liquid binary alloys. However, in real case, the value of
SCC(0) is either greater or smaller than the ideal value depending on the nature of local
arrangement of atoms in the alloys.
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3.2.2 Concentration fluctuation in long wavelength limit for ternary liquid alloy

The expressions of concentration fluctuation in long wavelength limit for ternary A–B–C
mixture (Bhatia & Ratti, 1977) are given as

SC1C1(0) =
RTG22

G11G22 − (G12)2
, Sid

C1C1
(0) = xA(1 − xA) (3.51)

SC2C2(0) =
RTG11

G11G22 − (G12)2
, Sid

C2C2
(0) = xB(1 − xB) (3.52)

SC1C2(0) =
−RTG12

G11G22 − (G12)2
, Sid

C1C2
(0) = −xAxB (3.53)

where

G11 =
∂2GM

∂x2
A

, G22 =
∂2GM

∂x2
B

, G12 =
∂2GM

∂xA∂xB
(3.54)

The second derivative of Gxs
M are obtained by taking derivative of Equations (3.40a-3.40c)

in the following forms

∂2Gxs
M

∂x2
A

= 2xB
∂YAB

∂xA
+ xAxB

∂2YAB

∂x2
A

+ 2xC
∂YCA

∂xA
+ xC xA

∂2YCA

∂x2
A

+ xB xC L0 + xB xC L0 (3.55a)
∂2Gxs

M

∂x2
B

= 2xA
∂YAB

∂xB
+ xAxB

∂2YAB

∂x2
B

+ 2xC
∂YBC

∂xB
+ xB xC

∂2YBC

∂x2
B

+ xAxC L1 + xAxC L1 (3.55b)
∂2Gxs

M

∂xA∂xB
= YAB + xA

∂YAB

∂xA
+ xB

∂YAB

∂xB
+ xAxB

∂2YAB

∂xA∂xB

+ xC(xAL0 + xBL1 + xC L2) + xC xAL0 + xB xC L1 (3.55c)

Now taking derivative of Equations (3.41a & 3.41b) w.r.t. xA and xB respectively, we get

∂2YAB

∂x2
A

= 2LA−B
2 + 6LA−B

3 (xA − xB) + 12LA−B
4 (xA − xB)

2 =
∂2YAB

∂x2
B

(3.56a)

∂2YBC

∂x2
B

= 2LB−C
2 + 6LB−C

3 (xB − xC) + 12LB−C
4 (xB − xC)

2 =
∂2YBC

∂x2
C

(3.56b)
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Taking derivative of Equation (3.41b ) w.r.t. xA

∂2YAB

∂xA∂xB
= −2LA−B

2 − 6LA−B
3 (xA − xB) − 12LA−B

4 (xA − xB)
2 (3.57a)

The second derivative of Gxs
M are used to obtain G11, G22 and G12 from the following

equations

G11 =
∂2Gxs

M

∂x2
A

+ RT
(

1
xA
+

1
xC

)
, (3.58)

G22 =
∂2Gxs

M

∂x2
B

+ RT
(

1
xB
+

1
xC

)
, (3.59)

G12 =
∂2Gxs

M

∂xAxB
+

RT
xC

(3.60)

Finally, the values of SCC(0) of ternary liquid alloys are computed from Equations (3.51).

3.3 Optimization process for linear interaction parameters

The optimization technique is a strong tool for obtaining desirable parameters. Optimiza-
tion is a mathematical technique in which different model parameters are incorporated to
predict various thermodynamic functions at different compositions and temperatures.
This would serve as an alternative guide for the experimental work which may assist to
reduce the risk and save operating costs.

3.3.1 Least square method

The least squaremethod is used for computation parameters ai and bi of linear temperature-
dependent interaction parameter (Li = ai + biT) of excess free energy of mixing. In this
process, the experimental or literature values of HM and Sxs

M at available concentrations
are taken into account to compute fitting parameters ai and bi. The enthalpic and entropic
contributions in the linear interaction parameters are described below.

Enthalpy of mixing contribution

For optimization of parameters ai, Equation (3.25) is extended up to 4th power as

HM = xAxB[a0 + a1(xA − xB)+ a2(xA − xB)
2 + a3(xA − xB)

3 + a4(xA − xB)
4] (3.61)
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For simplification, suppose (xA − xB)
i = di.

Taking summation over entire concentration range, we have∑ (
HM

xAxB

)
=

∑
a0 + a1

∑
d1 + a2

∑
d2 + a3

∑
d3 + a4

∑
d4 (3.62)

∑ (
HM d1
xAxB

)
= a0

∑
d1 + a1

∑
d2 + a2

∑
d3 + a3

∑
d4 + a4

∑
d5 (3.63)

∑ (
HM d2
xAxB

)
= a0

∑
d2 + a1

∑
d3 + a2

∑
d4 + a3

∑
d5 + a4

∑
d6 (3.64)

∑ (
HM d3
xAxB

)
= a0

∑
d3 + a1

∑
d4 + a2

∑
d5 + a3

∑
d6 + a4

∑
d7 (3.65)

∑ (
HM d4
xAxB

)
= a0

∑
d4 + a1

∑
d5 + a2

∑
d6 + a3

∑
d7 + a4

∑
d8 (3.66)

Writing Equations (3.61) – (3.66) in matrix form

©«

∑ HM

xAxB∑ HMd1
xAxB∑ HMd2
xAxB∑ HMd3
xAxB∑ HMd4
xAxB

ª®®®®®®®®¬
=

©«

∑
1

∑
d1

∑
d2

∑
d3

∑
d4∑

d1
∑

d2
∑

d3
∑

d4
∑

d5∑
d2

∑
d3

∑
d4

∑
d5

∑
d6∑

d3
∑

d4
∑

d5
∑

d6
∑

d7∑
d4

∑
d5

∑
d6

∑
d7

∑
d8

ª®®®®®®®®¬

©«

a0

a1

a2

a3

a4

ª®®®®®®®®¬
(3.67)

Equation (3.67) is solved for the values of ai in the following matrix equation

©«

a0

a1

a2

a3

a4

ª®®®®®®®®¬
=



∑
1

∑
d1

∑
d2

∑
d3

∑
d4∑

d1
∑

d2
∑

d3
∑

d4
∑

d5∑
d2

∑
d3

∑
d4

∑
d5

∑
d6∑

d3
∑

d4
∑

d5
∑

d6
∑

d7∑
d4

∑
d5

∑
d6

∑
d7

∑
d8



−1 ©«

∑ HM

xAxB∑ HMd1
xAxB∑ HMd2
xAxB∑ HMd3
xAxB∑ HMd4
xAxB

ª®®®®®®®®¬
(3.68)

The experimental values of enthalpy of mixing (HM) of selected alloy at available concen-
tration and temperature are used in Equation (3.68) and we get value of a0, a1, a2, a3, a4.
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Excess entropy of mixing contribution

For optimization of excess entropy contribution parameters bi, Equation (3.22) is extended
up to 4th power as

Sxs
M = xAxB[−b0 − b1(xA− xB) − b2(xA− xB)

2 − b3(xA− xB)
3 − b4(xA− xB)

4] (3.69)

For simplification, again suppose (xA − xB)
i = di.

Taking summation over the concentration range, we have∑ (
Sxs

M

xAxB

)
=

∑
−b0 − b1

∑
d1 − b2

∑
d2 − b3

∑
d3 − b4

∑
d4 (3.70)

∑ (
Sxs

M d1

xAxB

)
=

∑
−b0d1 − b1

∑
d2 − b2

∑
d3 − b3

∑
d4 − b4

∑
d5 (3.71)

∑ (
Sxs

M d2

xAxB

)
=

∑
−b0d2 − b1

∑
d4 − b3

∑
d4 − b3

∑
d5 − b4

∑
d6 (3.72)

∑ (
Sxs

M d3

xAxB

)
=

∑
−b0d3 − b1

∑
d4 − b2

∑
d5 − b3

∑
d6 − b4

∑
d7 (3.73)

∑ (
Sxs

M d4

xAxB

)
=

∑
−b0d4 − b1

∑
d5 − b2

∑
d6 − b3

∑
d7 − b4

∑
d8 (3.74)

The parameters bi are computed similar to Equation (3.68) in the following form

©«

−b0

−b1

−b2

−b3

−b4

ª®®®®®®®®¬
=



∑
1

∑
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∑
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∑
d3

∑
d4∑
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∑
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∑

d3
∑

d4
∑

d5∑
d2

∑
d3

∑
d4

∑
d5

∑
d6∑

d3
∑

d4
∑

d5
∑

d6
∑

d7∑
d4

∑
d5

∑
d6

∑
d7

∑
d8



−1 ©«

∑ Sxs
M

xAxB∑ Sxs
M d1

xAxB∑ Sxs
M d2

xAxB∑ Sxs
M d3

xAxB∑ Sxs
M d4

xAxB

ª®®®®®®®®¬
(3.75)

The experimental values of excess entropy of mixing (Sxs
M ) of selected alloy at avail-

able concentration and temperature are used in Equation (3.75) and we get the value
b0, b1, b2, b3, b4.

Finally linear temperature-dependent interaction parameters for excess free energy of
mixing are obtained from Equation (3.6).
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3.4 Optimization of exponential parameters

The optimization procedures for parameters of hi and τi of Equation (3.8) are described
below.
At temperature T = T1, Equation (3.8) can be written as

Li = hi exp
(
−

T1
τi

)
(3.76)

On solving

Li

hi
= exp

(
−

T1
τi

)
or,

ln
(
±Li

±hi

)
= exp

(
−

T1
τi

)
or,

ln(±Li) − ln(±hi) = −
T1
τi

or,

ln(±Li) = ln(±hi) −
T1
τi

(3.77)

Similarly, at temperature T = T2 the interaction parameters become

L′i = hi exp
(
−

T2
τi

)
(3.78)

Similar to Equation (3.77), we can obtain

ln(±L′i ) = ln(±hi) −
T2
τi

(3.79)

Writing Equation (3.77) and (3.79) in matrix form, we have[
ln(±Li)

ln(±L′i )

]
=

[
1 T1

1 T2

] [
ln(±hi)

−1
τi

]
(3.80)

The values of Li are calculated from linear temperature-dependent parameters ai and bi

at temperatures T1 and T2. Then Equation (3.80) is solved for hi and τi in the following

36



matrix equation.

[
ln(±hi)

−1
τi

]
=

[
1 T1

1 T2

]−1 [
ln(±Li)

ln(±L′i )

]
(3.81)

Solving Equation (3.81), we obtain the values of hi and τi

During the optimization process, two different temperatures, T1 and T2 are selected at
which respective interaction parameters L1 and L2 should have same sign, otherwise the
equations cannot be solved.
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CHAPTER 4

4. RESULTS AND DISCUSSION

In chapter 3, we have presented the theoretical foundation in the framework of Redlich-
Kister (R-K) polynomial in order to study the thermodynamic and structural properties
of a few binary and ternary liquid alloys. The analytical expressions for the excess
free energy of mixing (Gxs

M ), activity of constituents (ak), enthalpy of mixing (HM) and
concentration fluctuation in long wavelength limit (SCC(0)) were derived.

In this chapter, the results and discussion of the present study are outlined. The present
work basically stems from the study of excess free energy of mixing of binary liquid
alloys. The calculation of Gxs

M in the framework of R-K polynomial involves interaction
energy parameters defined in Equation (3.5). Thus it is rational to discuss first the role
of the parameters on Gxs

M for the computation of other thermodynamic and structural
properties. For the computation of the mixing properties, we have first optimised the
interaction energy parameters of the R-K polynomial for Gxs

M for binary Al–Fe, Al–Mn,
Al–Ti, and Li–Mg liquid alloys and ternary liquid Al–Li–Zn alloy. The thermodynamic
and structural functions of these alloys were then computed at different temperatures and
compositions.

4.1 Effect of interaction parameters on Gxs
M

The excess free energy of mixing (Gxs
M ) of alloys is a function of composition and

temperature. The interaction energy parameters of R-K polynomials are basically
assumed to vary linearly with temperature (Equation (3.6)). The parameters ai and bi

are considered to arise from the contribution of enthalpy of mixing and excess entropy
of mixing respectively. In this formulation, the enthalpy of mixing and excess entropy
of mixing are found to be temperature-independent (T-independent) functions. The
variation of Gxs

M with temperature is due to the energy contribution of excess entropy
of mixing. When the values of coefficients bi > 2R, where R is universal gas constant,
then artificial inverted miscibility gap may appear at higher temperatures in some alloys
(Kaptay, 2004). The large value of bi means a high contribution of entropy of mixing
in the alloys. These coefficients may lead to incorrect predictions when extrapolated to
higher-order systems. The contribution of various terms of the interaction parameter
(L0, L1, L2 & L3) with the same typical value of 20000 J/mol in the Gxs

Mare shown in
Figure 3. The calculated values of Gxs

M with contribution of individual even term (L0
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Figure 3: Variation of Gxs
M of A–B alloy with interaction parameters Li = 20000 J/mol.

& L2) have positive sign throughout whole concentration and that from odd terms (L1

& L3) have changed the sign at equi-atomic compositions of the system. The value of
Gxs

M has been found to decrease on increasing the order of terms L0, L1, L2 & L3. When
the first term L0 alone is used, the system always exhibits regular-solution behaviour.
Symmetric or asymmetric behaviour and the miscibility gap observed in some liquid
alloys may be described using at least first two terms of R-K polynomials. To eliminate
the artificial miscibility gap, Kaptay (2004) assumed the interaction parameters to be
exponential temperature dependent (Equation (3.8)). In this model, τi must be positive, so
the interaction energy decreases with increase in temperature. Otherwise, the excess free
energy of mixing and other thermodynamic functions deviate from ideal behaviour while
extrapolating at higher temperatures. As HM varies with temperature under consideration
of exponential parameters, it may be assumed that the mixing properties of alloys are
correctly calculated at different temperatures.

The effect of linear (this work and Cost 507) and exponential interaction parameters
on Gxs

M at xFe = 0.5 for Al–Fe system is observed nearly the same near the melting
temperature (Figure 4). It is observed that with use of linear parameters, Gxs

M varies more
rapidly than with the exponential parameters.
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Figure 4: Variation of Gxs
M at xFe = 0.5 of liquid Al–Fe alloy with temperature.

4.2 Thermodynamic properties of binary liquid alloys

In this section, results and discussion associated with the thermodynamic properties, such
as the excess free energy of mixing (Gxs

M ) and activity of constituents (ak) of binary and
ternary liquid alloys are presented. Furthermore, the enthalpy of mixing (HM) of binary
Li-Mg and ternary Al-Li-Zn alloys are also presented in the following sub-sections.

4.3 Excess free energy of mixing (Gxs
M ) for binary liquid alloys

4.3.1 Gxs
M for liquid Al–Fe alloy

The binary Al–Fe and Al–Fe-based higher order alloys can be used in high-temperature
appliances as they have superior oxidation resistance, reduced weight, and improved
mechanical strength (Basuki et al., 2017). For these favourable qualities, Al–Fe alloys
are mixed with various metals (Si, Zn, Mg, Ni, Cr, etc.) at various compositions to
produce higher order alloys such as Al–Fe–Si, Al–Fe–Zn, Al–Fe–Mg, Al–Fe–Ni–Cr
alloys. In this section, we have investigated the excess free energy of mixing (Gxs

M ) of
Al–Fe system at different temperatures using the R-K polynomial.

The experimental data of HM and Sxs
M for Al–Fe alloy at melting temperature (1873

K) were taken from Hultgren et al. (1973). Using the least square fit technique i.e.,
the optimization process mentioned in Section 3.3, the linear T-dependent interaction
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parameters were calculated for Gxs
M . Further, the parameters (hi & τi) of exponential

T-dependent interaction parameters were then calculated using these linear T-dependent
parameters by following the steps mentioned in the Section 3.4. The optimised interaction
parameters of this work and Cost 507 are presented in Table 1. The interaction parameters
of Table 1 were utilized in Equation (3.4) to calculate Gxs

M of Al–Fe system at 1873 K,
2500 K, 3500 K and 3800 K at various compositions.

Table 1: Optimised coefficients of R-K polynomial for Gxs
M of liquid Al–Fe alloy

Interaction Parameters (J/mol)
Exponential fit Linear fit Cost 507 (Ansara et al., 1998)

L0 −90837.2 exp(−3.33 × 10−4T) −86088 + 20.96T −91976.5 + 22.1314T
L1 −32581.6 exp(−7.26 × 10−4T) −26415 + 10.65T −5672.58 + 4.8728T
L2 −4458.6 exp(−1.66 × 10−5T) −4458 + 0.07T 121.9

Table 2: Gxs
M of liquid Al–Fe alloy at 1873 K and 2500 K

Gxs
M (kJ/mol)

xFe T=1873 K T=2500 K
Linear fit Exponential fit Experimental* Cost 507 Ref.** Linear fit Exponential fit Cost 507

0.1 -4.927 -5.234 -4.866 -4.291 -4.955 -3.260 -4.185 -2.823
0.2 -8.359 -8.843 -8.331 -7.745 -8.747 -5.612 -7.079 -5.232
0.3 -10.519 -11.074 -10.538 -10.316 -11.124 -7.195 -8.889 -7.145
0.4 -11.587 -12.130 -11.625 -11.959 -12.222 -8.110 -9.781 -8.482
0.5 -11.703 -12.174 -11.729 -12.631 -12.250 -8.416 -9.881 -9.162
0.6 -10.966 -11.327 -10.968 -12.290 -11.369 -8.131 -9.272 -9.107
0.7 -9.433 -9.669 -9.430 -10.896 -9.682 -7.231 -7.998 -8.239
0.8 -7.119 -7.238 -7.119 -8.408 -7.210 -5.653 -6.061 -6.482
0.9 -3.997 -4.030 -3.996 -4.789 -4.013 -3.292 -3.422 -3.760

*Hultgren et al. (1973),**Adhikari et al. (2014)
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Figure 5: Gxs
M of liquid Al–Fe alloy at 1873 K.
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Figure 6: Gxs
M of liquid Al–Fe alloy at 2500 K.

These computed values, along with the experimental data of Hultgren et al. (1973) and
computed values from Adhikari et al. (2014) are displayed in Tables 2-3 and plotted in
Figures 5-8. The computed values of Gxs

M at 1873 K are found in good agreement with
experimental and literature data, whereas they differ slightly from Cost 507 (Figure 5).
At xFe = 0.6 and 1873 K, the experimental and computed values of Gxs

M are respectively
found to be (−10.968 ± 2.09) kJ/mol (Hultgren et al., 1973), and −10.966 kJ/mol
(using linear parameters) and −11.327 kJ/mol (using exponential parameters). These
investigations validate the present optimisation procedures and hence these parameters
can be used for further computations of thermodynamic and structural functions. At 2500
K, Gxs

M computed using exponential T-dependent interaction parameters (exponential
parameter) and linear T-dependent interaction parameters (linear parameters) in this
work are found to differ from each other at a low concentration of xFe (Figure 6). At
temperatures 3500 K and 3800 K, the plots of the Gxs

M using linear parameters are found
S-shaped whereas those with exponential parameters are obtained symmetric about the
equi-atomic composition (Figures 7 and 8). The value of Gxs

M at 3800 K changes from
negative to positive in the region xFe < 0.2 while linear parameters are used. In general,
as temperature rises, Gxs

M should approach the ideal behaviour (Kaptay, 2012). This
transition indicates that alloy changes its phase from ordering to segregating at higher
temperatures. This unusual tendency is termed as artificial inverted miscibility gap. The
value of b0 for L0 in the linear model were found to be 20.96 J/(mol K) (linear fit) and
22.1314 J/(mol K) (Cost 507) in Table 1 which are greater than 2R, leading to the artifact.
When exponential parameters were used, such transition was not observed. Hence, it can
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Table 3: Gxs
M of liquid Al–Fe alloy at 3500 K and 3800 K

Gxs
M (kJ/mol)

xFe T=3500 K T=3800 K
Linear fit Exponential fit Cost 507 Linear fit Exponential fit Cost 507

0.1 -0.602 -2.977 -0.480 0.196 -2.697 0.223
0.2 -1.230 -5.022 -1.223 0.085 -4.542 -0.020
0.3 -1.894 -6.307 -2.088 -0.304 -5.699 -0.571
0.4 -2.565 -6.964 -2.936 -0.902 -6.293 -1.273
0.5 -3.174 -7.083 -3.629 -1.601 -6.410 -1.969
0.6 -3.609 -6.717 -4.029 -2.252 -6.095 -2.506
0.7 -3.720 -5.876 -4.001 -2.667 -5.352 -2.729
0.8 -3.317 -4.529 -3.408 -2.616 -4.146 -2.486
0.9 -2.167 -2.608 -2.119 -1.830 -2.400 -1.627
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Figure 7: Gxs
M of liquid Al–Fe alloy at 3500 K.

be concluded that exponential parameters are more appropriate to explain the mixing
behaviour of the system at higher temperatures.

4.3.2 Gxs
M for liquid Al–Mn alloy

The Al–Mn system has been a matter of interest for a long time due to its wide
range applications, such as in manufacturing foil, roof sheets, cooking utensils, rigid
containers, bearing assembly, step soldering, and radiation shielding. So, several
researchers (Bergman et al., 1994; Jansson, 1992; Du et al., 2007; Shukla & Pelton,
2009; R. K. Gohivar, Yadav, et al., 2020) have studied the mixing properties of the
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Figure 8: Gxs
M of liquid Al–Fe alloy at 3800 K.

system using different experimental methods and theoretical models. Du et al. (2007)
detected the appearance of the inverted miscibility gap in the Al–Mn system at 4227 K
while assuming the linear T-dependent interaction parameters. Shukla & Pelton (2009)
assessed thermodynamic properties of Al–Mn and predicted Al–Mn-based ternary Al–
Mn–Mg system using FactSage thermochemical software in the framework of modified
quasi-chemical model.

Table 4: Optimised coefficients of R-K polynomial for Gxs
M of liquid Al–Mn alloy

Interaction parameters (J/mol)
Exponential Cost 507 Du et al. (2007)

L0 −80175.0 exp(−7.14 × 10−4T) −66174 + 27.0988T −70584.9 + 28.22693T
L1 −47609.8 exp(−3.16 × 10−3T) −7509 + 5.4836T −13293.5 + 9.82551T
L2 −2639 −2639 -

To predict Gxs
M of Al–Mn liquid alloy at higher temperatures, we took the linear T-

dependent interaction parameters of the R-K model from Cost 507 and Du et al. (2007).
The values of parameter b0 in Cost 507 and Du et al. (2007) were respectively 27.0988
J/(mol K) and 28.22693 J/(mol K) which are greater than 2R, leading to the artifact.
According to Abe et al. (2012), there might be an inverted miscibility gap at higher
temperatures when b0 is greater than 2R. Therefore, exponential parameters were
optimised by taking linear parameters from Cost 507 following a similar procedure as for
the Al–Fe system. All these interaction parameters are displayed in Table 4.

We have computed the compositional dependence of Gxs
M of binary Al–Mn alloy at
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Table 5: Gxs
M of liquid Al–Mn alloy at 1570 K and 1900 K

Gxs
M (kJ/mol)

xMn T=1570 K T=1900 K
Ref.1* Exponential fit Cost 507 Ref.2** Ref.1* Exponential fit Cost 507

0.1 -2.211 -2.511 -2.199 -3.382 -1.139 -2.002 -1.264
0.2 -3.998 -4.335 -3.827 -5.857 -2.197 -3.437 -2.222
0.3 -5.337 -5.564 -4.958 -7.485 -3.109 -4.396 -2.928
0.4 -6.202 -6.267 -5.643 -8.322 -3.811 -4.942 -3.410
0.5 -6.567 -6.485 -5.907 -8.426 -4.238 -5.116 -3.672
0.6 -6.407 -6.235 -5.749 -7.857 -4.327 -4.931 -3.690
0.7 -5.696 -5.508 -5.143 -6.671 -4.012 -4.376 -3.417
0.8 -4.408 -4.270 -4.038 -4.928 -3.229 -3.415 -2.781
0.9 -2.518 -2.463 -2.358 -2.685 -1.913 -1.985 -1.683

*Du et al. (2007), **Bergman et al. (1994)
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Figure 9: Gxs
M of liquid Al–Mn alloy at 1570 K.

temperatures 1570 K, 1900 K, 2200 K and 2500 K using the parameters of Table 4 in
Equation (3.4). Bergman et al. (1994) optimised and used T-independent interaction
parameters of Al–Mn alloy at melting temperature (1570 K) to calculate Gxs

M . The
calculated values of Gxs

M are displayed in Table 5and plotted in Figures 9-12 as a function
of the concentration of Mn (xMn). At temperature 1570 K, the calculated values of Gxs

M

using exponential parameters are found in excellent agreement with the values computed
using linear parameters of Du et al. (2007). But they differ slightly with the values
calculated using linear parameters of Cost 507 and greatly with the values of Bergman
et al. (1994). When the temperature of the system is increased to 1900 K, there is
distinguishable variation among the computed values of Gxs

M using above mentioned
parameters (Figure 10). The plot of Gxs

M at 2200 K and 2500 K, using linear parameters
shows unsymmetrical behaviour. The values ofGxs

M at 2500K using linear parameters shift
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Figure 10: Gxs
M of liquid Al–Mn alloy at 1900 K.

Table 6: Gxs
M of liquid Al–Mn alloy at 2200 K and 2500 K

Gxs
M (kJ/mol)

xMn T=2200 K T=2500 K
Ref.* Exponential fit Cost 507 Ref.* Exponential fit Cost 507

0.1 -0.164 -1.640 -0.414 0.810 -1.350 0.436
0.2 -0.559 -2.796 -0.764 1.079 -2.281 0.695
0.3 -1.083 -3.556 -1.083 0.943 -2.882 0.762
0.4 -1.637 -3.986 -1.380 0.537 -3.217 0.650
0.5 -2.121 -4.124 -1.639 -0.004 -3.324 0.393
0.6 -2.436 -3.982 -1.818 -0.545 -3.215 0.055
0.7 -2.481 -3.549 -1.848 -0.950 -2.879 -0.279
0.8 -2.157 -2.787 -1.638 -1.085 -2.278 -0.496
0.9 -1.363 -1.633 -1.070 -0.813 -1.347 -0.457

*Du et al. (2007)

from negative to positive in the region xMn < 0.6 indicating the phase transformation from
ordering to segregating. However, the computed values using exponential parameters at
all above mentioned temperatures are symmetrical about the equiatomic composition
which corresponds that there no such unusual phase transformation (Figure 12). Present
investigation suggests that at higher temperatures exponential parameters well explain
Gxs

M of the system as compared to the linear parameters.
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Figure 11: Gxs
M of liquid Al–Mn alloy at 2200 K.
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Figure 12: Gxs
M of liquid Al–Mn alloy at 2500 K.

4.3.3 Gxs
M for liquid Al–Ti alloy

The fabrication of materials for their various applications at high temperatures is one of
the major tasks for researchers working in this field. Such high-temperature materials
have been used as exhaust valves and turbine blades in aerospace and automotive vehicles.
Al–Ti and Ti–based alloys have high melting temperatures, lightweight as well as high
strength and hence they are often preferred as high-temperature materials. Therefore,
knowledge of mixing properties of Al–Ti alloys is mandatory and hence many researchers
have so far studied the phase diagram of this system. Witusiewicz et al. (2008) optimised
the thermodynamic parameters of the Al–Ti system taking account of Gxs

M of different
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phases using computer-based software PARROT optimizer of Thermo-Calc.

Table 7: Optimised coefficients of R-K polynomial for Gxs
M of liquid Al–Ti alloy

Interaction parameters (J/mol)
Exponential Cost 507

L0 −134188.7 exp(−5.68 × 10−4T) −108250 + 38T
L1 −4343504.6 exp(−7.01 × 10−3T) −6000 + 5T
L2 41482.8 exp(−6.85 × 10−4) 15000

F. Zhang et al. (1997) Witusiewicz et al. (2008)
L0 −111811.4 + 34.199T −118048 + 41.972T
L1 9746.9 + 7.69T −23613 + 19.704T
L2 - 34757 − 13.844T

Table 8: Gxs
M of liquid Al–Ti alloy at 1500 K and 2000 K

Gxs
M (kJ/mol)

xTi T=1500 K T=2000 K
Cost 507 Exponential fit Ref.1* Ref.2** Cost 507 Exponential fit Ref.1* Ref.2**

0.1 -3.641 -4.308 -3.913 -3.724 -1.751 -3.275 -2.097 -1.525
0.2 -7.192 -8.321 -7.638 -7.438 -3.912 -6.294 -4.533 -3.533
0.3 -10.133 -11.540 -10.919 -10.600 -5.933 -8.703 -7.005 -5.598
0.4 -12.084 -13.611 -13.501 -12.802 -7.404 -10.250 -9.212 -7.359
0.5 -12.813 -14.320 -15.128 -13.773 -8.063 -10.782 -10.853 -8.526
0.6 -12.228 -13.599 -15.545 -13.373 -7.788 -10.250 -11.625 -8.875
0.7 -10.385 -11.520 -14.496 -11.598 -6.605 -8.703 -11.228 -8.251
0.8 -7.480 -8.298 -11.726 -8.579 -4.680 -6.293 -9.359 -6.566
0.9 -3.857 -4.292 -6.979 -4.580 -2.327 -3.274 -5.717 -3.799

*F. Zhang et al. (1997),**Witusiewicz et al. (2008)
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Figure 13: Gxs
M of liquid Al–Ti alloy at 1500 K.

The linear parameters from Cost 507, F. Zhang et al. (1997) and Witusiewicz et al. (2008)
were used to compute Gxs

M of Al–Ti system at temperatures 1500 K, 2000 K, 2500 K and
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Figure 14: Gxs
M of liquid Al–Ti alloy at 2000 K.

Table 9: Gxs
M of liquid Al–Ti alloy at 2500 K and 2700 K

Gxs
M (kJ/mol)

xTi T=2500 K T=2700 K
Cost 507 Exponential fit Ref.1* Ref.2** Cost 507 Exponential fit Ref.1* Ref.2**

0.1 0.140 -2.492 -0.281 0.674 0.896 -2.233 0.445 1.554
0.2 -0.632 -4.765 -1.428 0.372 0.680 -4.262 -0.186 1.934
0.3 -1.733 -6.568 -3.091 -0.595 -0.053 -5.869 -1.525 1.405
0.4 -2.724 -7.722 -4.924 -1.916 -0.852 -6.895 -3.208 0.261
0.5 -3.313 -8.119 -6.578 -3.280 -1.413 -7.248 -4.868 -1.181
0.6 -3.348 -7.722 -7.706 -4.378 -1.572 -6.895 -6.138 -2.579
0.7 -2.825 -6.568 -7.960 -4.904 -1.313 -5.869 -6.653 -3.565
0.8 -1.880 -4.765 -6.992 -4.553 -0.760 -4.262 -6.046 -3.747
0.9 -0.797 -2.492 -4.455 -3.019 -0.185 -2.233 -3.950 -2.706

*F. Zhang et al. (1997), **Witusiewicz et al. (2008)
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Figure 15: Gxs
M of liquid Al–Ti alloy at 2500 K.
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Figure 16: Gxs
M of liquid Al–Ti alloy at 2700 K.

2700 K using Equation (3.4). An artificial miscibility gap was observed at 2000 K and
above. The presence of an artificial miscibility gap was due to b0>2R. Therefore, the
interaction parameters were re-optimised assuming them to be exponential T-dependent.
For this purpose, we took interaction parameters of Witusiewicz et al. (2008) as reference.
These linear and exponential interaction parameters are presented in Table 7.

We took exponential interaction parameters of Table 7 and employed Equation (3.4)
to compute Gxs

M at above mentioned temperatures as a function of concentration. The
computed values of Gxs

M using linear and exponential parameters are tabulated in Table
8 and plotted in Figures 13-15. It can be observed that as the temperature of system is
gradually raised above 1500 K, the plots of Gxs

M using linear parameters show unusual
variations, termed as the artificial miscibility gap. However, the plots of Gxs

M using
exponential parameters did not show such behaviours. Hence, the present theoretical
investigations revealed that exponential T-dependent interaction parameters were found
to be more appropriate in predicting Gxs

M at elevated temperatures. Additionally, the plots
of Gxs

M gradually shallow up with an increase in the temperature indicating a decrease in
the complex forming tendency of the system.

4.3.4 Gxs
M for liquid Li–Mg alloy

Lithium-magnesium-based alloys are low-density metallic compounds and hence are
mostly preferred in portable electronics, aerospace, and the automotive industries (Wu et
al., 2015). Li–Mg alloys, in particular, are incredibly light, mechanically strong and stiff.
Wang, Du, & Liu (2011) calculated the phase equilibria of the system using the interaction
parameters of Gasior et al. (1996) and Braga et al. (2000). They noticed the appearance
of an inverted miscibility gap above 973 K. In order to remove the gap at its melting
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temperature, they re-evaluated the parameters taking account of new experimental data.

Table 10: Optimised coefficients of R-K polynomial for Gxs
M of liquid Li–Mg alloy

Interaction parameters (J/mol)
Linear Exponential

L0 −21318 + 2.9T −31362.0 exp(−1.46 × 10−4T)
L1 7930 − 15.1T 1154251.0 exp(−1.60 × 10−2T)
L2 10668 − 8.9T 12138.0 exp(−1.34 × 10−3T)
L3 −7765 + 7.4T −9382.0 exp(−1.67 × 10−3T)

Wang, Du, & Liu (2011) Cost 507 (Ansara et al., 1998)
L0 −13172 − 4.3009T −14935 + 10.371T
L1 912 + 2.7115T −1789 + 1.143T
L2 2531 6533 − 6.6915T

Table 11: Gxs
M of liquid Li–Mg alloy at 1000 K and 1300 K

Gxs
M (kJ/mol)

xMg T=1000 K T=1300 K
Linear fit Exponential fit Experimental* Ref.** Cost 507 Linear fit Exponential fit Ref.**

0.1 -2.095 -1.558 -2.086 -1.369 -0.466 -2.336 -1.515 -1.427
0.2 -3.563 -2.829 -3.54 -2.573 -0.801 -3.798 -2.739 -2.701
0.3 -4.434 -3.791 -4.406 -3.517 -1.018 -4.533 -3.650 -3.720
0.4 -4.757 -4.400 -4.740 -4.131 -1.128 -4.682 -4.218 -4.401
0.5 -4.596 -4.612 -4.598 -4.368 -1.141 -4.376 -4.413 -4.691
0.6 -4.034 -4.393 -4.050 -4.208 -1.066 -3.737 -4.214 -4.556
0.7 -3.169 -3.743 -3.194 -3.651 -0.91 -2.880 -3.621 -3.991
0.8 -2.117 -2.707 -2.136 -2.727 -0.677 -1.908 -2.665 -3.011
0.9 -1.011 -1.396 -1.020 -1.484 -0.373 -0.919 -1.417 -1.659

*Hultgren et al. (1973), **Wang, Du, & Liu (2011)
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Figure 17: Gxs
M of liquid Li–Mg alloy at 1000 K.

We took the experimental data of HM and Sxs
M for liquid Li–Mg alloy from Hultgren et al.

(1973). These data were used to optimise the linear T-dependent interaction parameters
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Figure 18: Gxs
M of liquid Li–Mg alloy at 1300 K.

Table 12: Gxs
M of liquid Li–Mg alloy at 1900 K and 2200 K

Gxs
M (kJ/mol)

xMg T=1900 K T=2200 K
Linear fit Exponential fit Ref.* Linear fit Exponential fit Ref.*

0.1 -2.818 -1.418 -1.542 -3.059 -1.366 -1.599
0.2 -4.267 -2.545 -2.958 -4.502 -2.446 -3.087
0.3 -4.731 -3.368 -4.125 -4.830 -3.230 -4.328
0.4 -4.533 -3.871 -4.943 -4.458 -3.707 -5.213
0.5 -3.936 -4.041 -5.336 -3.716 -3.867 -5.658
0.6 -3.144 -3.870 -5.254 -2.848 -3.706 -5.602
0.7 -2.301 -3.357 -4.669 -2.012 -3.224 -5.009
0.8 -1.491 -2.518 -3.580 -1.282 -2.430 -3.865
0.9 -0.736 -1.382 -2.008 -0.644 -1.345 -2.183
*Wang, Du, & Liu (2011)

of R-K polynomials for (Gxs
M ) using Equations (3.68 and 3.75). These parameters were

then used to obtain exponential T-dependent interaction parameters using Equations
(3.76-3.81). Table 10 displays the interaction parameters of this work, Cost 507 and
Wang, Du, & Liu (2011). The values of Gxs

M for the system were computed using Equation
(3.4) and parameters from Table 10 at 1000 K, 1300 K, 1900 K, and 2200 K. All the
computed values and experimental data of Gxs

M are presented in Tables 11 & 12 and
plotted in Figures 17-20.

The experimental and computed values of Gxs
M at 1000 K and xMg = 0.5 are found

to be 4.598 ± 0.8360 kJ/mol (Hultgren et al., 1973) and −4.596 kJ/mol (using linear
parameters) and −4.612 kJ/mol (using exponential parameters). Both the experimental
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Figure 19: Gxs
M of liquid Li–Mg alloy at 1900 K.
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Figure 20: Gxs
M of liquid Li–Mg alloy at 2200 K.

and computed values of Gxs
M are found to be consistent with each other (Figures 17).

Therefore, these optimised parameters have been considered for further computations
of thermodynamic and structural properties of the system. When temperature of the
system is gradually increased in the range of 1000 K–2200 K, the negative values of Gxs

M

gradually decrease while using the exponential parameters. However, the values increase
while using the linear interaction parameters of Wang, Du, & Liu (2011). It is obvious
that the values of Gxs

M should decrease with an increase in the temperature of the liquid
alloys Kaptay (2012). In this regard, it can be stated that the exponential parameters are
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found to be more appropriate in order to predict the mixing tendency of Li–Mg system at
higher temperatures (R. K. Gohivar, Yadav, et al., 2021b).

4.4 Enthalpy of mixing (HM) of binary liquid alloys

It has already been mentioned that HM is an important thermodynamic function for
understanding the nature and extent of bonding among the constituent atoms of liquid
alloys. Thus, understanding HM is essential in materials processing, design, and
characterization. We have derived the working expressions for HM of binary liquid alloys
within the framework of R-K polynomial in the Sections 3.1.3, 3.3, and 3.3.2 of the
Chapter 3. In the Chapter 2, we highlighted a few efforts made by various researchers to
investigate HM of binary liquid alloys. The results, along with the discussion related to
Al–Fe, Al–Mn, Al–Ti and Li–Mg binary and Al–Li–Zn ternary systems, of the present
findings are presented in the following sub-sections. Furthermore, we have computed
compositional contributions to HM at various temperatures of the corresponding liquid
alloys using exponential T-dependent interaction energy parameters.

4.4.1 HM for liquid Al–Fe alloy

The linear and exponential parameters of Table 1 were used to calculate HM of Al–Fe
alloy at 1873 K with the help of Equations (3.25 and 3.26). The values so obtained
were compared with observed values (Desai, 1987). At xFe = 0.5 and 1873 K, the
experimental and computed values of HM are (−19.742 ± 1.700) kJ/mol (Desai, 1987)
and −19.730 kJ/mol (using exponential parameters)respectively. Both of these values are
consistent with each other at all concentrations (Figure 21). This validates the present
optimisation process. Hence, the values of HM were computed higher temperatures 2500
K, 3500 K and 3800 K using the optimised exponential parameters. All these values
are presented in Table 13 and plotted as a function of concentration in Figure 21. The
computed negative values of HM gradually decrease with the increase in temperature
of the system, corresponding the decrease in its mixing tendency. Similar results were
predicted as for other thermodynamic functions computed above.

4.4.2 HM for liquid Al–Mn alloy

The values of HM were calculated using exponential parameters of Table 4 in Equation
(3.26) at 1600 K, 1900 K, 2200 K, and 2500 K. The computed as well as observed values
(Desai, 1987) are presented in Table 14 and plotted in Figure 22. The values of HM

computed in this work have large deviation from those of Desai (1987) at 1600 K. The
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Table 13: HM of liquid Al–Fe alloy at different temperatures

HM (kJ/mol)
xFe Desai (1987) Exponential fit

T= 1873 K T= 1873 K T= 2500 K T= 3500 K T= 3800 K
0.1 -8.380 -8.779 -7.870 -6.480 -6.100
0.2 -14.291 -14.780 -13.310 -11.030 -10.390
0.3 -14.997 -18.390 -16.640 -13.886 -13.100
0.4 -19.743 -19.942 -18.160 -15.290 -14.460
0.5 -19.742 -19.730 -18.120 -15.410 -14.610
0.6 -18.175 -18.041 -16.710 -14.380 -13.680
0. 7 -15.265 -15.060 -14.090 -12.300 -11.740
0.8 -11.165 10.988 -10.390 -9.210 -8.830
0.9 6.029 5.937 -5.680 -5.121 -4.931
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Figure 21: HM of liquid Al–Fe alloy at various temperatures.

value of HM at xMn = 0.5 was observed to be −16.848 ± 4.000 kJ/mol by (Desai, 1987).
In this appreciable range, it is found to be in agreement with the results of present work
(HM = −13.65 kJ/mol) at the same concentration. Moreover, observed values of (Desai,
1987) show an asymmetric nature, whereas those of the present work show a symmetric
nature. The computed negative values of HM gradually decrease with an increase in the
temperatures of the system, revealing the decrease in the bonding strength among the
atoms of the complex.
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Table 14: HM of liquid Al–Mn alloy at different temperatures

HM (kJ/mol)
xMn Desai (1987) Exponential fit

T=1600 K T= 1600 K T=1900 K T=2200 K T=2500 K
0.1 -6.392 -5.200 -4.570 -4.012 -3.214
0.2 -11.901 -9.064 -7.981 -7.000 -5.581
0.3 -15.414 -11.713 -10.323 -9.061 -7.207
0.4 -16.908 -13.210 -11.681 -10.260 -8.159
0.5 -16.848 -13.650 -12.102 -10.640 -8.472
0.6 -15.470 -13.04 -11.601 -10.230 -8.151
0.7 -13.171 -11.400 -10.180 -9.000 -7.192
0.8 -10.048 -8.710 -7.820 -6.931 -5.561
0.9 -5.687 -4.930 -4.450 -3.962 -3.190
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Figure 22: HM of liquid Al–Mn alloy at various temperatures.

4.4.3 HM for liquid Al–Ti alloy

The values of HM were calculated using exponential parameters of Table 7 in Equation
(3.26) at 1500 K, 2000 K, 2500 K and 2700 K. The computed and observed (Desai,
1987) values of HM at 2000 K are presented in Table 15 and are plotted in Figure
23. The experimental and computed values of HM are found to be (−27.710 ± 2.000)
kJ/mol (Desai, 1987) and −23.022 kJ/mol respectively at 2000 K and xMn = 0.5. As
the exponential parameters of the work were optimised using the linear parameters of
Witusiewicz et al. (2008), the computed values of HM deviated with those of Desai
(1987). The computed values show symmetric variations at higher temperatures and their
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curves gradually shallow up, indicating the decrease in mixing tendency of the system.

Table 15: HM of liquid Al–Ti alloy at different temperatures

HM (kJ/mol)
xTi Desai (1987) Exponential fit

T=2000 K T=1500 K T= 2000 K T=2500 K T=2700 K
0.1 -11.161 -7.912 -6.850 -5.901 -5.542
0.2 -19.949 -15.361 -13.301 -11.402 -10.668
0.3 -25.274 -21.370 -18.502 -15.810 -14.787
0.4 -27.669 -25.232 -21.861 -18.656 -17.440
0.5 -27.710 -26.511 -23.022 -19.634 -18.350
0.6 -25.752 -25.103 -21.861 -18.659 -17.441
0.7 -21.908 -21.140 -18.493 -15.806 -14.787
0.8 -16.275 -15.101 -13.292 -11.402 -10.664
0.9 -8.978 -7.713 -6.842 -5.900 -5.541
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Figure 23: HM of liquid Al–Ti alloy at various temperatures.

4.4.4 HM for liquid Li–Mg alloy

Using the exponential T-dependent energy interaction parameters from Table 10, we
calculated HM of liquid Li-Mg alloy at 1000 K, 1300 K, 1900 K and 2200 K using
Equation (3.26). Table 16 consists of the calculated values of HM along with the literature
values from Wang, Du, & Liu (2011) and experimental data from Hultgren et al. (1973).
Since the values of HM for Li–Mg system are very small, these values have expressed
in terms of HM/RT in this case. Figures 24 and 25 depict plots of the compositional
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dependence of HM at different temperatures. The computed and experimental values of
HM/RT at 1000 K and xLi = 0.5 are found to be −0.636 and −0.645 ± 0.251 (Hultgren
et al., 1973) respectively. There is appreciable agreement between the calculated and
experimental values thereby validating the optimisation procedures. However, they differ
greatly with the values of Wang, Du, & Liu (2011) at higher concentration of Mg (Figure
24). The computed negative values of HM gradually decrease as the system’s temperature
rises above 1000 K (Figure 25). This variation is in accordance with expected trend.
According to the current theoretical investigations, the compound forming tendency
of the considered system gradually decreases as its temperature rises. These results
support the results predicted by the excess free energy of mixing in the previous sections
of the work and are also in accordance with the findings of other researchers (Kaptay
(2017), Yadav, Jha, Jha, et al. (2016), R. K. Gohivar, Yadav, et al. (2021b)). This finding
strengthens the applicability of exponential T-dependent parameters to calculate the HM

at various temperatures.

Table 16: HM of liquid Li–Mg alloy at 1000 K, 1300 K, 1900 K and 2200 K

HM/RT
xMg T=1000 K Exponential fit

Exponential fit Experimental* Wang, Du, & Liu (2011) 1300 K 1900 K 2200 K
0.1 -0.204 -0.131 -0.151 -0.158 -0.110 -0.095
0.2 -0.375 -0.282 -0.274 -0.291 -0.201 -0.173
0.3 -0.512 -0.431 -0.364 -0.394 -0.269 -0.231
0.4 -0.603 -0.559 -0.413 -0.462 -0.312 -0.267
0.5 -0.636 -0.645 -0.421 -0.486 -0.327 -0.280
0.6 -0.601 -0.647 -0.390 -0.461 -0.312 -0.267
0.7 -0.497 -0.554 -0.323 -0.386 -0.266 -0.223
0.8 -0.336 -0.385 -0.228 -0.269 -0.194 -0.169
0.9 -0.151 -0.183 -0.115 -0.130 -0.101 -0.090

*Hultgren et al. (1973)

4.5 Activity

The activity is a thermodynamic function that can be measured directly from experiments.
It measures tendency of a component to leave the complex. In the absence of experimental
data, it can be determined by using different modelling equations. It also gives information
regarding the extent of bonding between the constituent atoms of complex.In Section
3.1.4, we have presented necessary theoretical basis and derived analytical expressions
for activity. The optimised model parameters used for the computations of Gxs

M should
also reproduce the activity of respective systems. For the assessment of the activity, the
partial excess free energy of mixing (Gxs

k , k=A, B) of the components of liquid alloys
were first calculated using the T-dependent interaction energy parameters. The activities
of components were then computed at various temperatures and compositions using the
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Figure 24: HM of liquid Li–Mg alloy at 1000 K.
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Figure 25: HM of liquid Li–Mg alloy at 1300 K, 1900, 2200 K.

values of Gxs
k . The results of this work are presented in the following sub-sections. We

have also compared the results with the available experimental and literature data in
order to see the validity of optimised parameters.
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4.5.1 Activity of liquid Al–Fe alloy

We first computed Gxs
k (k=Al, Fe) of components of liquid Al–Fe alloy at temperatures

of 1873 K, 2500 K, 2500 K and 3800 K using Equations (3.33) and (3.34) with the aid
of parameters from Table 1. The activities of components were then calculated from
Equation (3.35) using these computed values. The results so obtained are presented in
Tables 18–19 and plotted as a function of concentration in Figures 26–29 along with the
experimental data (Hultgren et al., 1973) and literature values (Adhikari et al., 2014) in
Figure 26.

Table 17: Activity of liquid Al–Fe alloy at 1873 K

Activity

xFe

This work Experimental* Cost 507 Ref.**
Linear fit Exponential fit

aAl aFe aAl aFe aAl aFeaAl aFe aAl aFe
0.1 0.856 0.007 0.852 0.006 0.859 0.007 0.876 0.008 0.868 0.005
0.2 0.667 0.028 0.657 0.026 0.672 0.027 0.715 0.026 0.697 0.025
0.3 0.484 0.075 0.469 0.071 0.486 0.073 0.539 0.060 0.508 0.069
0.4 0.330 0.152 0.315 0.150 0.329 0.152 0.372 0.118 0.340 0.146
0.5 0.213 0.262 0.200 0.262 0.211 0.263 0.231 0.210 0.211 0.259
0.6 0.127 0.398 0.119 0.401 0.126 0.400 0.127 0.340 0.122 0.400
0.7 0.069 0.553 0.064 0.558 0.069 0.553 0.060 0.505 0.064 0.559
0.8 0.031 0.717 0.030 0.722 0.031 0.717 0.0230 0.690 0.027 0.729
0.9 0.010 0.874 0.010 0.876 0.010 0.875 0.006 0.866 0.009 0.879

*Hultgren et al. (1973), ** Adhikari et al. (2014)

The experimental values of aAl = 0.126 ± 0.016 and aFe = 0.400 ± 0.02 (Hultgren et al.,
1973) and computed values of aAl = 0.127 and aFe = 0.398 (using linear parameters),
and aAl = 0.119 and aFe = 0.401 (using exponential parameters) at xFe = 0.5 and 1873
K. It is observed that the results obtained using both linear and exponential parameters
are in good agreement with the experimental (Hultgren et al., 1973) and literature data of
Adhikari et al. (2014) at 1873 K at all concentrations. These investigations validate the
present optimisation processes. The computed values of the activities of both components
are less than ideal values (large negative deviation from Raoult’s law). These results
indicate that the alloy is strongly interacting in nature at its melting temperature (1873 K).
When the temperature of the system is raised in the range of 1873 K to 3800 K, the activity
computed using exponential parameters shifts towards ideal values (Figures 26–29).
These results correspond that the complex forming tendency of the alloy decreases
with an increase in its temperature. However, the activity of Al component computed
using linear parameters of this work as well as that of Cost 507 exceeds the ideal values
above 3500 K (Figures 28–29). These behaviours do not support the usual trend that
the thermodynamic functions should shift towards ideal values at higher temperatures.
These unusual tendencies are termed as artificial miscibility gaps. Thus, the artificial
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Figure 26: Activity of liquid Al–Fe alloy at 1873 K.

miscibility gaps that appeared in the activity of Al atom at higher temperatures using
linear parameters have been removed by the use of exponential parameters. These
findings are in accordance with the results obtained for Gxs

M in section 4.3 along with
literature (Yadav et al., 2018; R. K. Gohivar, Yadav, et al., 2021a).

Table 18: Activity of liquid Al–Fe alloy at 2500 K and 3500 K

Activity
T=2500 K T=3500 K

This work Cost 507 This work Cost 507
xFe Linear fit Exponential fit

aAl aFe
Linear fit Exponential fit

aAl aFeaAl aFe aAl aFe aAl aFe aAl aFe
0.1 0.879 0.026 0.871 0.018 0.892 0.028 0.900 0.081 0.885 0.042 0.905 0.081
0.2 0.737 0.072 0.711 0.058 0.766 0.067 0.802 0.160 0.753 0.107 0.812 0.153
0.3 0.592 0.140 0.553 0.125 0.627 0.123 0.703 0.239 0.622 0.192 0.714 0.226
0.4 0.456 0.227 0.411 0.218 0.483 0.198 0.601 0.320 0.497 0.291 0.605 0.307
0.5 0.334 0.333 0.292 0.331 0.345 0.298 0.492 0.408 0.383 0.401 0.486 0.400
0.6 0.228 0.454 0.195 0.461 0.224 0.422 0.376 0.508 0.280 0.517 0.363 0.508
0.7 0.140 0.590 0.119 0.600 0.128 0.568 0.257 0.623 0.189 0.640 0.243 0.628
0.8 0.072 0.735 0.062 0.744 0.061 0.726 0.146 0.751 0.110 0.765 0.137 0.758
0.9 0.025 0.879 0.023 0.883 0.020 0.877 0.056 0.883 0.046 0.889 0.055 0.887

4.5.2 Activity of liquid Al–Mn alloy

We calculated Gxs
k , (k = Al, Mn) of components of liquid Al–Mn alloy using Equations

(3.33) and (3.34) with the help of linear (Cost 507) and exponential parameters from
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Figure 27: Activity of liquid Al–Fe alloy at 2500 K.
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Figure 28: Activity of liquid Al–Fe alloy at 3500 K.

Table 4 at temperatures of 1600 K, 1900 K, and 2200 K. The values so obtained were
then used in Equation (3.35) to compute the activities of Al and Mn. The results are
presented in the Tables 20 & 21 and plotted as a function of concentration in Figures
30–33.
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Table 19: Activity of liquid Al–Fe alloy at 3800 K

Activity
xFe Linear fit Exponential fit Cost 507

aAl aFe aAl aFe aAl aFe
0.1 0.904 0.102 0.887 0.049 0.908 0.100
0.2 0.815 0.188 0.761 0.119 0.822 0.180
0.3 0.728 0.265 0.634 0.207 0.732 0.255
0.4 0.635 0.342 0.514 0.307 0.632 0.335
0.5 0.531 0.425 0.402 0.415 0.520 0.424
0.6 0.415 0.520 0.298 0.529 0.399 0.527
0.7 0.290 0.630 0.204 0.648 0.276 0.641
0.8 0.168 0.754 0.121 0.770 0.161 0.764
0.9 0.066 0.884 0.052 0.890 0.067 0.888
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Figure 29: Activity of liquid Al–Fe alloy at 3800 K.

Figure 30 shows an excellent agreement between the values of activity calculated using
linear and exponential interaction parameters at 1600 K. However, there is high negative
deviation from ideal values throughout the entire concentration range indicating the
system to be strongly interacting in nature. The activities of both the components were
found to increase with increase in temperature. These results reveal that the compound
forming tendency of the system decreases at higher temperatures. But the activity of Al
calculated using linear interaction parameters was found to be greater than its ideal values
at 2500 K while the results using exponential interaction parameters showed negative
deviation from Raoult’s law at 2500 K . These results are similar to those predicted
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Table 20: Activity of liquid Al–Mn alloy at 1600 K and 1900 K

Activity
T=1600 K T=1900 K

xMn Cost 507 Exponential fit Cost 507 Exponential fit
aAl aMn aAl aMn aAl aMn aAl aMn

0.1 0.881 0.025 0.876 0.020 0.891 0.049 0.883 0.033
0.2 0.740 0.068 0.726 0.060 0.772 0.114 0.748 0.088
0.3 0.595 0.132 0.574 0.122 0.651 0.192 0.61 0.163
0.4 0.458 0.216 0.433 0.206 0.531 0.28 0.480 0.256
0.5 0.333 0.318 0.309 0.312 0.415 0.378 0.361 0.362
0.6 0.225 0.439 0.204 0.437 0.303 0.489 0.255 0.482
0.7 0.135 0.577 0.121 0.578 0.199 0.613 0.163 0.612
0.8 0.067 0.724 0.060 0.729 0.109 0.747 0.089 0.749
0.9 0.023 0.876 0.020 0.877 0.041 0.882 0.034 0.883
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Figure 30: Activity of liquid Al–Mn alloy at 1600 K.

above for other systems. Further, this suggests that exponential interaction parameters
are preferred over the linear parameters for study of the thermodynamic properties of
liquid alloys at higher temperatures.

4.5.3 Activity of liquid Al–Ti alloy

The activities of the components Al (aAl) and Ti (aTi) of Al–Ti liquid alloy were computed
at temperatures 1500 K, 2000 K, 2500 K and 2700 K using Equations (3.33) and (3.34).
For this purpose, both linear (Cost 507) and exponential (this work) parameters were used
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Figure 31: Activity of liquid Al–Mn alloy at 1900 K.

Table 21: Activity of liquid Al–Mn alloy at 2200 K and 2500 K

Activity
T=2200 K T=2500 K

xMn Cost 507 Exponential fit Cost 507 Exponential fit
aAl aMn aAl aMn aAl aMn aAl aMn

0.1 0.898 0.081 0.887 0.046 0.904 0.119 0.89 0.058
0.2 0.796 0.166 0.761 0.114 0.814 0.220 0.771 0.134
0.3 0.694 0.251 0.635 0.197 0.729 0.308 0.651 0.224
0.4 0.592 0.338 0.513 0.294 0.642 0.39 0.536 0.322
0.5 0.487 0.430 0.399 0.399 0.549 0.473 0.426 0.426
0.6 0.376 0.529 0.293 0.513 0.444 0.562 0.322 0.536
0.7 0.264 0.64 0.197 0.635 0.327 0.662 0.224 0.651
0.8 0.156 0.761 0.114 0.762 0.204 0.773 0.134 0.771
0.9 0.064 0.886 0.046 0.887 0.089 0.890 0.058 0.890

(Table 7). These values were computed following the similar procedure as mentioned
above in the Section 4.4. The obtained values are presented in Tables 22 & 23 and plotted
as a function of composition in Figures 34–37.

The estimated values of aAl and aTi using both the linear and exponential parameters at
1500 K were found to be in good agreement. Moreover, their curves show large negative
deviation from ideal values throughout the entire concentration range indicating the
strong association between them in the complexes of initial melt. At the equiatomic
composition, aAl = aTl which indicates both components have equal tendency to leave
the compound at this temperature. At higher temperatures (T > 1500K), the computed
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Figure 32: Activity of liquid Al–Mn alloy at 2200 K.
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Figure 33: Activity of liquid Al–Mn alloy at 2500 K.

values of aAl and aTi gradually increase and approach their respective ideal values
indicating the decrease in mixing tendency of the system. Therefore, it may be concluded
in this work that the system is the most interacting at its melting temperature. The
computed value of aAl at 2700 K calculated using linear parameters was found to be
0.510 at xTi = 0.5, greater than its respective ideal value. The results obtained using
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linear parameters showed that the alloy changes its nature from ordering to segregating
at higher temperatures. The values calculated using exponential parameters are found
to be less than the ideal values at all compositions and the mentioned temperatures
indicating no such phase transitions. Hence, the results for ak and Gxs

M of this system
also suggest that the exponential interaction parameters should be used in predicting the
mixing properties in a wide temperature range.

Table 22: Activity of liquid Al–Ti alloy at 1500 K and 2000 K

Activity
T=1500 K T=2000 K

xTi Cost 507 Exponential fit Cost 507 Exponential fit
aAl aTi aAl aTi aAl aTi aAl aTi

0.1 0.904 0.005 0.896 0.003 0.920 0.047 0.897 0.021
0.2 0.765 0.013 0.741 0.010 0.837 0.082 0.770 0.050
0.3 0.566 0.033 0.530 0.026 0.712 0.133 0.614 0.099
0.4 0.353 0.079 0.317 0.068 0.550 0.214 0.447 0.178
0.5 0.184 0.174 0.158 0.159 0.382 0.333 0.295 0.295
0.6 0.083 0.334 0.068 0.318 0.240 0.487 0.178 0.447
0.7 0.034 0.545 0.026 0.532 0.140 0.652 0.099 0.614
0.8 0.013 0.749 0.010 0.743 0.077 0.797 0.050 0.770
0.9 0.005 0.898 0.003 0.897 0.036 0.907 0.021 0.897
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Figure 34: Activity of liquid Al–Ti alloy at 1500 K.
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Figure 35: Activity of liquid Al–Ti alloy at 2000 K.

Table 23: Activity of liquid Al–Ti alloy at 2500 K and 2700 K

Activity
T=2500 K T=2700 K

xTi Linear fit Exponential fit Linear fit Exponential fit
aAl aTi aAl aTi aAl aTi aAl aTi

0.1 0.925 0.084 0.897 0.031 0.927 0.114 0.898 0.038
0.2 0.856 0.131 0.777 0.072 0.867 0.169 0.780 0.086
0.3 0.756 0.190 0.634 0.132 0.780 0.231 0.644 0.152
0.4 0.617 0.276 0.482 0.220 0.657 0.318 0.500 0.244
0.5 0.461 0.394 0.338 0.338 0.510 0.432 0.362 0.362
0.6 0.316 0.536 0.220 0.482 0.367 0.565 0.244 0.500
0.7 0.202 0.683 0.132 0.634 0.247 0.700 0.152 0.644
0.8 0.121 0.810 0.072 0.777 0.155 0.817 0.086 0.780
0.9 0.062 0.910 0.031 0.897 0.082 0.911 0.038 0.898

4.5.4 Activity of liquid Li–Mg alloy

The values of (Gxs
Li , Gxs

Mg
) were calculated at 1000 K, 1300 K, 1900 K, and 2200 K using

Equations (3.33) and (3.34) with the help of parameters in the Table 10. The obtained
values of Gxs

Li and Gxs
Mg
) were then used in Equation (3.35) to compute the values of

activities of Li and Mg (aLi and aMg) of the system at above-mentioned temperatures.
The obtained values of aLi and aMg are listed in Tables (24 & 25) and are plotted in
Figures 38-41.

The calculated values of aLi and aMg at 1000 K were compared with the experimental
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Figure 36: Activity of liquid Al–Ti alloy at 2500 K.
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Figure 37: Activity of liquid Al–Ti alloy at 2700 K.

values (Hultgren et al., 1973) in Figure 38. It was found that the values computed using
linear parameters in this work agreed well with the experimental data. The experimental
values of aLi = 0.232 ± 0.025 and aMg = 0.356 ± 0.04 and the computed values of
aLi = 0.232 and aMg = 0.357 (using linear parameters) and aLi = 0.287 and aMg = 0.287
(using exponential parameters). But the values obtained using exponential parameters
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Table 24: Activity of liquid Li–Mg alloy at 1000 K

Activity at 1000 K
xMg Linear fit Exponential fit Experimental* Wang, Du, & Liu (2011)

aLi aMg aLi aMg aLi aMg aLi aMg

0.1 0.866 0.012 0.885 0.018 0.865 0.012 0.893 0.021
0.2 0.690 0.043 0.746 0.048 0.689 0.043 0.763 0.052
0.3 0.510 0.107 0.591 0.097 0.509 0.107 0.609 0.101
0.4 0.353 0.213 0.432 0.174 0.353 0.213 0.449 0.178
0.5 0.232 0.357 0.287 0.287 0.232 0.356 0.303 0.289
0.6 0.146 0.521 0.172 0.437 0.146 0.521 0.186 0.430
0.7 0.090 0.678 0.093 0.608 0.090 0.679 0.103 0.591
0.8 0.053 0.808 0.046 0.771 0.053 0.808 0.050 0.750
0.9 0.027 0.909 0.019 0.900 0.027 0.908 0.019 0.889

*Hultgren et al. (1973)
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Figure 38: Activity of liquid Li–Mg alloy at 1000 K.

and linear parameters of Wang, Du, & Liu (2011) were in good agreement with each
other at all concentrations. The experimental values of aLi and aMg are very close to
ideal values at their respective lower concentrations. However, they have large negative
deviations from the ideality at and around equiatomic concentration (Figure 38). This
indicates that these atoms have very little tendency to leave the complex at the equiatomic
composition. In other words, the system has a large tendency of compound formation.

Due to scanty of experimental data at higher temperatures (1300 K,1900 K and 2200
K), the computed values of aLi and aMg are compared with the values calculated using
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Table 25: Activity of liquid Li–Mg alloy at 1300 K.

Activity
xMg Linear fit Exponential fit Wang, Du, & Liu (2011)

aLi aMg aLi aMg aLi aMg

0.1 0.864 0.016 0.888 0.028 0.895 0.028
0.2 0.686 0.061 0.757 0.070 0.773 0.066
0.3 0.509 0.150 0.614 0.132 0.630 0.122
0.4 0.362 0.283 0.469 0.218 0.479 0.202
0.5 0.254 0.437 0.332 0.332 0.336 0.312
0.6 0.179 0.584 0.217 0.471 0.216 0.448
0.7 0.126 0.706 0.129 0.622 0.125 0.600
0.8 0.084 0.808 0.068 0.769 0.063 0.752
0.9 0.044 0.902 0.028 0.895 0.024 0.888
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Figure 39: Activity of liquid Li–Mg alloy at 1300 K.

parameters of Wang, Du, & Liu (2011). The computed values of both components were
found to increase gradually with increase in the temperature of the system, indicating
decrease in the mixing tendency. It was found that the values of aLi and aMg computed
using exponential parameters agreed very well with those computed using parameters of
Wang, Du, & Liu (2011). Moreover, they were found to be less than the ideal values
throughout all compositions. But the values of aMg computed using linear parameters
of this work R. K. Gohivar, Yadav, et al. (2021b) were found to have positive deviation
from ideal value at xMg rich region with an increase in the temperature of system. It can
be concluded that the exponential parameters of this work better explains ak (k = Li, Mg)
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Table 26: Activity of liquid Li–Mg alloy at 1900 K and 2200 K

Activity
T=1900 K T =2200 K

xMg This work Ref.* This work Ref.*
Linear fit Exponential fit

aLi aMg
Linear fit Exponential fit

aLi aMgaLi aMg aLi aMg aLi aMg aLi aMg

0.1 0.863 0.022 0.892 0.044 0.898 0.039 0.862 0.024 0.893 0.051 0.898 0.042
0.2 0.681 0.087 0.771 0.104 0.783 0.085 0.680 0.097 0.775 0.116 0.786 0.092
0.3 0.507 0.213 0.642 0.180 0.653 0.148 0.507 0.237 0.651 0.197 0.660 0.157
0.4 0.372 0.381 0.512 0.275 0.513 0.232 0.375 0.417 0.525 0.294 0.523 0.241
0.5 0.281 0.541 0.387 0.387 0.375 0.339 0.289 0.577 0.405 0.405 0.388 0.347
0.6 0.222 0.658 0.275 0.512 0.253 0.468 0.236 0.682 0.294 0.526 0.265 0.474
0.7 0.180 0.737 0.179 0.644 0.154 0.611 0.200 0.746 0.197 0.652 0.164 0.614
0.8 0.136 0.807 0.103 0.774 0.081 0.755 0.157 0.807 0.116 0.777 0.087 0.756
0.9 0.073 0.895 0.044 0.894 0.032 0.888 0.085 0.893 0.051 0.894 0.034 0.888

*Wang, Du, & Liu (2011)

and Gxs
M than those of Wang, Du, & Liu (2011).

0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

aLi
aMg

xMg

A
ct
iv
it
y

Li–Mg alloy at 1900 K

Linear
Exponential

Wang, Du, & Liu (2011)
Ideal

Figure 40: Activity of liquid Li–Mg alloy at 1900 K.

4.6 Structural properties

The thermodynamic functions basicallyGxs
M and activity have direct effect on the structural

properties of liquid alloys. Structural properties give information related to the atomic
arrangements at the local level in the liquid mixtures. The phase transformations as
a function of temperature and concentration can be analysed in a more appropriate
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Figure 41: Activity of liquid Li–Mg alloy at 2200 K.

way in terms of the structural properties. In structural properties, we have computed
concentration fluctuation in longwavelength limit (SCC(0)) to strengthen previous findings
related to the phase transformations predicted by the computations of thermodynamic
properties at higher temperatures.

4.6.1 Concentration fluctuation in long wavelength limit (SCC(0))

It provides information about the ordering and segregating nature of liquid alloys. The
expression required for the computation of SCC(0) in terms of interaction parameters
of Gxs

M are presented in the formulation section of the Chapter 3. The values of SCC(0)
were calculated using Equation (3.49) with the interaction parameters of Gxs

M . The
computed values of SCC(0) were compared with the ideal values Sid

CC(0) to determine
whether the arrangement of alloy species is ordering (hetero-coordinating) or segregating
(homo-coordinating). At a given concentration and temperature, if SCC(0) < Sid

CC(0), the
alloy is expected to be ordering in nature; and if SCC(0) > Sid

CC(0), then it is expected to
be segregating in nature and if SCC(0) = Sid

CC(0), then it is expected to be ideal in nature.
In case of ideal alloy, there is no bonding or interaction between the constituent atoms of
the alloy and hence HM = 0.

In the following sub-sections, the results and discussion for SCC(0) of Al–Fe, Al–Mn,
Al–Ti and Li–Mg liquid alloys are presented.
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4.6.2 SCC(0) of liquid Al–Fe alloy

Adhikari et al. (2014) studied the structural properties of liquid Al–Fe alloy at 1873 K
in the framework of a regular associated solution model. They stated that the system
showed a strong ordering nature at its melting temperature. In this work, we have studied
the structural properties of the system at different temperatures with the interaction
parameters of the R-K polynomial. The values of SCC(0) for Al–Fe system at 1873
K were calculated from Equation (3.49) employing both the linear and exponential
parameters of Table 1. The experimental values of SCC(0) were calculated with the aid
of experimental data of activity (Hultgren et al., 1973) using the following expression
(Bhatia & Thornton, 1970)

SCC(0) = xAaB

[
(
∂aB

∂xB
)T,P,N

]−1
= xBaA

[
(
∂aA

∂xA
)T,P,N

]−1
(4.1)

where xA and xB are concentrations of components A and B, and aA and aB are their
corresponding activities.

Table 27: SCC(0) of liquid Al–Fe alloy at 1873 K and 2500 K

SCC(0)
xFe T=1873 K T=2500 K

This work Experimental* Cost 507 Ref.** This work Cost 507Linear fit Exponential fit Linear fit Exponential fit
0.1 0.048 0.047 0.050 0.061 0.053 0.065 0.058 0.076
0.2 0.069 0.066 0.070 0.084 0.071 0.101 0.087 0.116
0.3 0.085 0.081 0.084 0.093 0.078 0.126 0.109 0.133
0.4 0.098 0.094 0.097 0.096 0.088 0.141 0.126 0.137
0.5 0.106 0.103 0.105 0.095 0.099 0.147 0.135 0.133
0.6 0.108 0.107 0.110 0.091 0.108 0.141 0.136 0.124
0.7 0.103 0.103 0.102 0.085 0.107 0.125 0.126 0.111
0.8 0.088 0.089 0.086 0.074 0.099 0.100 0.104 0.092
0.9 0.060 0.061 0.064 0.054 0.067 0.064 0.067 0.062

*Hultgren et al. (1973), **Adhikari et al. (2014)

The calculated, experimental and ideal values of SCC(0) for the system at 1873 K along
with the literature data are presented in Table 27 and plotted in Figure 42 as a function of
concentration. It can be observed that the computed values of SCC(0) using both linear
and exponential parameters are in good agreement with each other. They are also in
good agreement with experimental values and literature results of Adhikari et al. (2014).
The values computed using the linear parameters of Cost 507 (Ansara et al., 1998) show
reasonable agreement with the above mentioned results. The plots of all these values
show negative deviation with respect to the ideal value curve (Figure 42) indicating the
system to be ordering in nature at 1873 K. Further, the theoretical values of (SCC(0))
were also computed at higher temperatures 2500 K, 3500 K and 3800 K following the
similar procedure as mentioned above. The value so obtained are tabulated in the Table
27 & 28 and plotted in Figures 43-45. When temperature of the system was gradually
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Figure 42: SCC(0) of liquid Al–Fe alloy at 1873 K.
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Figure 43: SCC(0) of liquid Al–Fe alloy at 2500 K.

increased beyond 1873 K, the value of SCC(0) obtained using linear parameters increased
more rapidly than those of exponential parameters. At temperatures 3500 K and 3800
K, the computed values are found to be SCC(0)>Sid

CC(0) on using the linear interaction
parameters in region of lower concentration of Fe. These results reveal the transformation
of phase of the alloy from ordering to segregating which is termed as an artificial inverted
miscibility gap. But when these values were computed using the exponential parameters,
no such unusual tendencies were observed. Therefore, it can be stated that the exponential
parameters well explain the structural as well as the thermodynamic properties of Al–Fe
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Table 28: SCC(0) of liquid Al–Fe alloy at 3500 K and 3800 K

SCC(0)
xFe T=3500 K T=3800 K

This work Cost 507 This work Cost 507Linear fit Exponential fit Linear fit Exponential fit
0.1 0.091 0.070 0.098 0.099 0.073 0.104
0.2 0.164 0.113 0.172 0.187 0.119 0.190
0.3 0.212 0.145 0.207 0.245 0.153 0.233
0.4 0.229 0.167 0.213 0.261 0.177 0.239
0.5 0.218 0.177 0.200 0.242 0.187 0.222
0.6 0.190 0.173 0.177 0.204 0.182 0.194
0.7 0.153 0.154 0.149 0.161 0.161 0.160
0.8 0.114 0.122 0.116 0.117 0.126 0.122
0.9 0.069 0.074 0.072 0.069 0.076 0.074
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Figure 44: SCC(0) of liquid Al–Fe alloy at 3500 K.

system at higher temperatures. Moreover, the deviation between computed and ideal
values of (SCC(0)) gradually decreases at higher temperatures, indicating the decrease in
ordering nature of the system.

4.6.3 SCC(0) of liquid Al–Mn alloy

The values of SCC(0) for Al–Mn system at 1600 K were calculated using Equation
(3.49) with the help of parameters from the Table 4. The observed values of SCC(0)
were computed using Equation (4.6.2) and experimental data of activity (Desai, 1987).
The compositional dependence of all the computed values are depicted in Table 29
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Figure 45: SCC(0) of liquid Al–Fe alloy at 3800 K.

and plotted in Figure 46. It can be observed that values computed using linear and
exponential parameters were found to be in good agreement at 1600 K. However, the
observed values of SCC(0) exceeded the ideal values at/around equiatomic composition
(R. K. Gohivar, Yadav, et al., 2020). The minor difference between these values in the
SCC(0) at xMn = 0.5 could be due to errors in the observed activity of Al (0.365 ± 0.11)
andMn (0.161±0.44) at the equi-composition of Al andMn (Desai, 1987). The values of
SCC(0) computed using the linear and exponential parameters showed negative deviation
from the ideal value at all concentrations revealing the system to be ordering in nature
(Figure 46).

Table 29: SCC(0) of liquid Al–Mn alloy at 1600 K, 1900 K, 2200 K and 2500 K

SCC(0)
xMn T=1600 K T=1900 K T=2200 K T=2500 K

Linear Exponential Ref.* Linear Exponential Linear Exponential Linear Exponential
fit fit fit fit fit fit fit fit

0.1 0.066 0.062 0.062 0.077 0.068 0.087 0.073 0.098 0.076
0.2 0.102 0.094 0.090 0.128 0.108 0.156 0.119 0.188 0.128
0.3 0.126 0.116 0.115 0.162 0.136 0.205 0.152 0.258 0.166
0.4 0.139 0.130 0.196 0.180 0.154 0.229 0.174 0.289 0.190
0.5 0.142 0.135 0.254 0.181 0.160 0.226 0.181 0.278 0.199
0.6 0.135 0.131 0.129 0.167 0.154 0.202 0.174 0.239 0.190
0.7 0.119 0.118 0.079 0.142 0.137 0.165 0.153 0.182 0.166
0.8 0.095 0.096 0.049 0.109 0.109 0.122 0.119 0.134 0.128
0.9 0.062 0.063 0.031 0.068 0.068 0.072 0.073 0.076 0.076

*Desai (1987)

Theoretical values of SCC(0) for the system were also computed at higher temperatures
1900 K, 2200 K and 2500 K following the procedure as mentioned above. These values
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Figure 46: SCC(0) of liquid Al–Mn alloy at 1600 K.
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Figure 47: SCC(0) of liquid Al–Mn alloy at 1900 K.

are portrayed in Table 29 and plotted as a function of concentration in Figures 47-49. It
can be observed that with the increase in temperature, the computed values of SCC(0)
gradually increased and approached ideal values using both optimised parameters. At
and above 2500 K, the computed values of SCC(0) using linear parameters exceeded
ideal values at higher concentrations of Mn indicating the phase transformation from
ordering to segregating nature (Figure 49). This discrepancy shown by linear parameters
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indicated the presence of an artificial miscibility gap. But the values computed using
exponential parameters still showed ordering nature. These results are in accordance
with those predicted by the computations of thermodynamic properties of the system at
higher temperatures in the previous sections.
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Figure 48: SCC(0) of liquid Al–Mn alloy at 2200 K.
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Figure 49: SCC(0) of liquid Al–Mn alloy at 2500 K.
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4.6.4 SCC(0) of liquid Al–Ti alloy

We used the optimised parameters from Table 7 in Equation (3.49) to compute SCC(0) for
this system at 1500 K, 2000 K, 2500 K and 2700 K. The computed values are presented
in the Table 30 and plotted as a function of concentration in Figures 50–53.

Table 30: SCC(0) of liquid Al–Ti alloy at 1500 K, 2000 K, 2500 K and 2700 K

SCC(0)
xTi T=1500 K T=2000 K T=2500 K T=2700 K

Cost 507 Exponential Cost 507 Exponential Cost 507 Exponential Cost 507 Exponential
fit fit fit fit

0.1 0.084 0.074 0.115 0.079 0.147 0.082 0.161 0.083
0.2 0.089 0.079 0.140 0.100 0.212 0.117 0.250 0.123
0.3 0.078 0.071 0.123 0.100 0.187 0.126 0.221 0.136
0.4 0.071 0.066 0.110 0.097 0.162 0.128 0.189 0.139
0.5 0.068 0.064 0.103 0.096 0.149 0.127 0.171 0.140
0.6 0.070 0.066 0.103 0.097 0.145 0.128 0.164 0.139
0.7 0.075 0.071 0.108 0.100 0.146 0.126 0.163 0.136
0.8 0.083 0.079 0.112 0.100 0.143 0.117 0.156 0.123
0.9 0.077 0.074 0.091 0.079 0.102 0.082 0.106 0.083
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Figure 50: SCC(0) of liquid Al–Ti alloy at 1500 K.

At 1500 K, it can be observed that the computed values of SCC(0) using both the linear
and exponential parameters were found to be in good agreement. These values were
found to be less than the ideal values at all concentrations (Figure 50) indicating the
ordering nature of the system. These computed values increased gradually with increase
in temperature of the system in the temperature range of 1500-2700 K. The rate of
increment of values computed using linear parameters was found to be more rapid in
compared to those using exponential parameters. At lower concentration of Ti, the
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Figure 51: SCC(0) of liquid Al–Ti alloy at 2000 K.
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Figure 52: SCC(0) of liquid Al–Ti alloy at 2500 K.

computed values of SCC(0) using linear parameters were found to be greater than ideal
values (SCC(0)>Sid

CC(0)) indicating the phase transition from ordering to segregating
nature of the system. This tendency (extent or region of phase transformation) was found
to enhance with increase in temperature of the system (Figures 51–53). But the values of
SCC(0) computed using exponential parameters were found to be less than the ideal values
(SCC(0)<Sid

CC(0)) in the entire concentration range and at all the preferred temperatures
indicating the system to be ordering in nature. Thus, the artificial miscibility gap seen in

81



0.2 0.4 0.6 0.8 1
0

5 · 10−2

0.1

0.15

0.2

0.25

xTi

S
c
c
(0
)

Al–Ti alloy at 2700 K

Ideal
Cost 507
Exponential

Figure 53: SCC(0) of liquid Al–Ti alloy at 2700 K.

the structural property of the system was eliminated using exponential parameters.

4.6.5 SCC(0) of liquid Li–Mg alloy

Singh et al. (1987) had investigated the SCC(0) of liquid Li–Mg alloy at 695 K, 830 K
and 887 K using quasi-chemical approximation. They found that SCC(0)<Sid

CC(0) and the
computed values shifted towards ideal with an increase in temperature. Further, they had
computed the SCC(0) with the observed activity data using a standard thermodynamic
relation and noticed that in the lower Li contents SCC(0)>Sid

CC(0). In this work, we
computed the values of SCC(0) at 1000 K, 1300 K, 1900 K and 2200 K using the
parameters from Table 10 in Equation (3.49). The experimental values of SCC(0) were
computed using the activity data of Hultgren et al. (1973) in Equation (4.6.2). The
computed values of SCC(0) using both the linear and exponential parameters are tabulated
in Tables 31 & 32 and plotted in Figures 54–57.

From Figure 54, it can be observed that the computed values of SCC(0) at 1000 K
using optimised linear interaction parameters were in excellent agreement with the
calculated experimental values Hultgren et al. (1973). They showed positive deviation
from ideal values at and above xMg = 0.9 and negative deviation at rest of concentrations
(xMg < 0.9) indicting the transformation of phase in the system. But the values of SCC(0)
computed using exponential parameters of this work and linear parameters of Wang, Du,
& Liu (2011) were in good agreement and less than the ideal values at all compositions,
indicating the complete ordering nature of the system. The values of SCC(0) calculated
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Table 31: SCC(0) of liquid Li–Mg alloy at 1000 K and 1300 K

SCC(0)
xMg T=1000 K T=1300 K

Linear fit Exponential fit Experimental* Ref.** Linear fit Exponential fit Ref.**
0.1 0.053 0.069 0.053 0.076 0.052 0.072 0.080
0.2 0.075 0.100 0.075 0.106 0.074 0.110 0.116
0.3 0.089 0.111 0.089 0.114 0.093 0.126 0.127
0.4 0.101 0.112 0.102 0.115 0.114 0.131 0.128
0.5 0.113 0.109 0.112 0.113 0.141 0.131 0.126
0.6 0.126 0.106 0.127 0.112 0.172 0.128 0.122
0.7 0.139 0.106 0.138 0.108 0.192 0.123 0.116
0.8 0.142 0.104 0.142 0.099 0.169 0.111 0.103
0.9 0.100 0.082 0.101 0.071 0.095 0.079 0.072

*Hultgren et al. (1973), **Wang, Du, & Liu (2011)

Table 32: SCC(0) of liquid Li–Mg alloy at 1900 K and 2200 K

SCC(0)
xMg T=1900 K T=2200 K

Linear fit Exponential fit Ref.* Linear fit Exponential fit Ref.*
0.1 0.051 0.077 0.084 0.051 0.079 0.085
0.2 0.074 0.122 0.128 0.073 0.127 0.131
0.3 0.097 0.147 0.143 0.098 0.155 0.149
0.4 0.132 0.159 0.146 0.139 0.170 0.152
0.5 0.192 0.162 0.142 0.215 0.174 0.148
0.6 0.280 0.158 0.136 0.344 0.169 0.140
0.7 0.320 0.146 0.125 0.399 0.155 0.129
0.8 0.212 0.123 0.107 0.229 0.127 0.109
0.9 0.089 0.079 0.072 0.088 0.079 0.072

*Wang, Du, & Liu (2011)
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Figure 54: SCC(0) of liquid Li–Mg alloy at 1000 K.
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Figure 55: SCC(0) of liquid Li–Mg alloy at 1300 K.
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Figure 56: SCC(0) of liquid Li–Mg alloy at 1900 K.

using all the preferred parameters were in excellent agreement at xMg = 0.5 at this
temperature (Figure 54). At higher temperatures (above 1000 K), the computed values
of SCC(0) using linear parameters gradually decreased at higher xMg ≥ 0.9 and lower
xMg < 0.3 concentrations of Mg. Moreover, these values exceeded ideal at higher
concentrations of Mg, indicating the transformation from ordering to segregating nature.
These unusual behaviours are known as artificial inverted miscibility gaps. However, the
values computed using exponential parameters and the parameters of Wang, Du, & Liu
(2011) gradually increased and got closer to ideal values at higher temperatures (Figures
55–57). They were found to be less than ideal values in the entire concentration range
and considered temperature range, indicating the preservation of ordering tendencies.
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Figure 57: SCC(0) of liquid Li–Mg alloy at 2200 K.

4.7 Thermodynamic properties of ternary liquid Al–Li–Zn alloy

The thermodynamic properties and phase diagram of ternary systems can be predicted
with the help of different theoretical models (geometrical models and empirical model)
(Chou & Chang, 1989). These models for ternary system are actually derived in terms of
their constituent sub-binary systems. Therefore, we have also calculated thermodynamic
and structural functions of liquid Al–Li, Li–Zn and Al–Zn sub-binary systems before
predicting the mixing properties of ternary liquid Al–Li–Zn alloy.

Because of low density and high specific strength of Al–Li alloys, they are promising
materials for the use in aerospace, military, and automobile industries. Furthermore,
they have the potential to be used as new sustainable energy storage materials, such
as for safe hydrogen storage in hydrogen power systems and as negative electrodes in
high temperature batteries (Debski & Terlicka, 2016). The mechanical properties of this
binary system are improved by the addition of zinc, expanding its range of potential
applications. These materials might be employed in a number of sectors, including the
automotive, military, or aerospace industries as well.

4.8 Gxs
M ternary liquid Al–Li–Zn alloy

In theoretical modelling, the mixing properties of ternary liquid alloys are studied by
considering the interaction of their constituent sub-binary pairs. To predict the mixing
properties of ternary alloys, several theoretical models (Chou & Chang, 1989; Muggianu
et al., 1975) have been developed. Chou & Chang (1989) summarized the different
geometrical models (Kohler, Colinet, Muggianu, Toop, and Hillert) and suggested new
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model called General Solution Model (GSM) or Chou model to explain the mixing
properties of ternary systems. In these geometrical models, the interaction parameters
for Gxs

M of sub-binary systems are used to compute Gxs
M of ternary systems.

In the present work, we computed the mixing properties of the ternary Al–Li–Zn system
using the thermodynamic database of its sub-binary systems. We used Redlich-Kister-
Muggianu model (Muggianu et al., 1975) to study the thermodynamic properties of the
ternary Al–Li–Zn alloy at temperatures of 973 K and 1573 K by using the linear and
exponential interaction parameters of sub-binary Al–Li, Li–Zn and Zn-Al systems. We
have first calculated values of Sxs

M using the parameters for Gxs
M of Hallstedt & Kim (2007)

and values HM from parameters of Debski & Terlicka (2016). These values were then
used to optimise the linear parameters for Gxs

M . Finally, they were used to optimise the
exponential interaction parameters of liquid Al–Li alloy. The exponential interaction
parameters of sub-binary Li–Zn and Zn-Al systems were optimised using equations of
the Section (3.4) with the help of linear parameters from Y. Liang et al. (2008); Mathon
et al. (2000); Trybula et al. (2014). Following a similar procedure, the ternary interaction
parameters were also optimised. These optimised parameters for sub-binary and ternary
systems are presented in the Table 33.

Table 33: Optimised coefficients of R-K polynomial for Gxs
M sub-binary liquid Al–Li, Li–Zn and Al–Zn

alloys and ternary liquid Al–Li–Zn alloy

Interaction parameters (J/mol)
Systems Hallstedt & Kim (2007) Exponential

L0 −44200 + 20.6T −61954.0 exp(−9.85 × 10−4T)
L1 13600 − 5.3T 22608.0 exp(−7.97 × 10−4T)

Al–Li L2 14200 44253.2 exp(−1.57 × 10−3T)
L3 −12100 −20589.4 exp(−3.13 × 10−4T)
L4 −7100 -

Y. Liang et al. (2008) Exponential
L0 −45258.6 + 26.3677T −56462.0 exp(−1.06 × 10−3T)

Li–Zn L1 22887.2 − 4.1921T 23168.8 exp(−2.14 × 10−4T)
L2 −4552.6 + 4.0715T −13536.9 exp(−2.96 × 10−3T)

Mathon et al. (2000) Exponential
Al–Zn L0 10466.6 − 3.39259T 11564.5 exp(−5.55 × 10−4T)

Trybula et al. (2014) Exponential
Al–Li–Zn L0 7700 − 52T −11624.7 exp(13.78 × 10−4T)

L1 −112500 − 4T −112554.6 exp(3.44 × 10−5T)
L2 29000 − 14T 35296.4 exp(−8.56 × 10−4T)

4.8.1 Gxs
M of sub-binary systems (Al–Li, Li–Zn and Al–Zn)

Using Equation (3.4), we calculated Gxs
M of the sub-binary Al–Li, Li–Zn and Al–Zn

liquid alloys at 973 K and 1573 K using the parameters of Table 33. The values so
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calculated are presented in Tables 34-36 and are plotted as a function of concentration in
Figures 58 -60. Among the three sub-binary alloys, Al–Li and Li–Zn was found to be
ordering whereas Al-Zn was found to be segregating in nature. We also found that the
computed values of Gxs

M of the systems using both the parameters (linear and exponential)
at 973 K were in good agreement. At 1573 K, the graph of Gxs

M calculated using linear
interaction parameters has more pronounced S-shaped in Al–Li and Li–Zn systems in
the region of higher xLi. These results indicates that the system changes its behaviour
from ordering to segregating in that concentration range in Li–Zn alloy. The exponential
interaction parameters of this work suppressed such behaviours.

Table 34: Gxs
M of liquid Al–Li alloy at 973 K and 1573 K

Gxs
M (kJ/mol)

xLi T = 973 K T = 1573 K
Hallstedt & Kim (2007) Exponential fit Hallstedt & Kim (2007) Exponential fit

0.1 -1.568 -1.537 -0.684 -1.085
0.2 -2.802 -2.775 -1.13 -1.705
0.3 -4.087 -3.997 -1.759 -2.264
0.4 -5.282 -5.136 -2.468 -2.835
0.5 -6.039 -5.939 -2.949 -3.288
0.6 -6.046 -6.080 -2.927 -3.407
0.7 -5.180 -5.338 -2.318 -3.011
0.8 -3.587 -3.725 -1.304 -2.075
0.9 -1.668 -1.637 -0.327 -0.855
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Figure 58: Gxs
M of liquid Al–Li alloy.
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Table 35: Gxs
M of liquid Li–Zn alloy at 973 K and 1573 K

Gxs
M (kJ/mol)

xLi T = 973 K T = 1573 K
Y. Liang et al. (2008) Exponential fit Y. Liang et al. (2008) Exponential fit

0.1 -0.444 -0.492 0.939 0.233
0.2 -1.365 -1.443 1.066 -0.111
0.3 -2.557 -2.653 0.637 -0.835
0.4 -3.808 -3.914 -0.108 -1.746
0.5 -4.901 -5.010 -0.946 -2.645
0.6 -5.613 -5.721 -1.672 -3.336
0.7 -5.716 -5.815 -2.101 -3.617
0.8 -4.976 -5.057 -2.063 -3.290
0.9 -3.153 -3.203 -1.407 -2.152
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Figure 59: Gxs
M of liquid Li–Zn alloy.

Table 36: Gxs
M of liquid Al–Zn alloy at 973 K and 1573 K

Gxs
M (kJ/mol)

xZn T = 973 K T = 1573 K
Mathon et al. (2000) Exponential fit Mathon et al. (2000) Exponential fit

0.1 0.645 0.607 0.462 0.435
0.2 1.147 1.079 0.821 0.774
0.3 1.505 1.416 1.077 1.015
0.4 1.720 1.618 1.231 1.160
0.5 1.791 1.686 1.283 1.209
0.6 1.720 1.618 1.231 1.160
0.7 1.505 1.416 1.077 1.015
0.8 1.147 1.079 0.821 0.774
0.9 0.645 0.607 0.462 0.435
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Figure 60: Gxs
M of liquid Al–Zn alloy.

4.8.2 Gxs
M of ternary liquid Al–Li–Zn alloy

The interaction parameters of sub-binary Al–Li, Li–Zn and Al–Zn and ternary systems
of Table (33) were used to calculated Gxs

M of ternary liquid Al–Li–Zn alloy. In the
present work, Gxs

M of the ternary alloy were computed at cross-sections xAl : xZn =
3 : 1, 1 : 1 and 0.136 : 1 and temperatures 973 K, 1273 K and 1573 K using the
frame work of Redlich-Kister-Muggianu (R-K-M) model (using Equation (3.1.2)). The
calculated values are presented in Tables (37-39) and plotted from Li-corner in Figures
61 -63. The variation in the values of Gxs

M with linear parameters are more rapid with
increase of temperature when concentration of Zn increases than those with exponential
parameters. The graph of Gxs

M at 1573 K calculated with linear interaction parameters was
S-shaped in nature indicating the phase transition in the region of higher concentration
of Li at two cross-sections, xAl : xZn = 1 and 0.136 (Figures 62& 63). The use of
exponential T-dependent interaction parameters suppressed the unusual trend in the
calculated thermodynamic function, Gxs

M of both sub-binary and ternary liquid alloys.
These results suggest that the exponential parameters can better explain Gxs

M of this
system at high temperature rather than linear parameters.

4.9 Enthalpy of mixing of ternary liquid Al–Li–Zn alloy

In this work, HM for ternary system were computed using exponential interaction
parameters of Gxs

M employing the similar process as mentioned above. The values of HM

for this system were computed using R-K-M and Toop models. In R-K-M model, the
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Table 37: Gxs
M of ternary liquid Al–Li–Zn alloy at xAl : xZn = 3 : 1

Gxs
M (kJ/mol)

xLi T= 973 K T= 1273 K T =1573 K
Linear fit Exponential fit Linear fit Exponential fit Linear fit Exponential fit

0 1.344 1.264 1.153 1.070 0.962 0.906
0.1 -1.164 -1.241 -0.957 -1.256 -0.750 -1.457
0.2 -3.362 -3.401 -2.753 -3.092 -2.144 -3.126
0.3 -5.174 -5.165 -4.198 -4.482 -3.222 -4.247
0.4 -6.395 -6.381 -5.124 -5.369 -3.854 -4.849
0.5 -6.831 -6.876 -5.371 -5.649 -3.910 -4.908
0.6 -6.392 -6.526 -4.874 -5.250 -3.356 -4.405
0.7 -5.150 -5.328 -3.731 -4.188 -2.312 -3.388
0.8 -3.363 -3.475 -2.220 -2.642 -1.077 -2.031
0.9 -1.461 -1.431 -0.787 -1.014 -0.113 -0.698
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Figure 61: Gxs
M of ternary liquid Al–Li–Zn alloy in xAl : xZn = 3 : 1.

Table 38: Gxs
M of ternary liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1

Gxs
M (kJ/mol)

xLi T= 973 K T= 1273 K T =1573 K
Linear fit Exponential fit Linear fit Exponential fit Linear fit Exponential fit

0 1.791 1.686 1.537 1.427 1.283 1.209
0.1 -1.121 -1.219 -0.874 -1.181 -0.628 -1.335
0.2 -3.582 -3.658 -2.881 -3.268 -2.179 -3.227
0.3 -5.405 -5.472 -4.320 -4.742 -3.234 -4.451
0.4 -6.437 -6.526 -5.064 -5.524 -3.690 -4.995
0.5 -6.605 -6.738 -5.061 -5.576 -3.517 -4.875
0.6 -5.943 -6.112 -4.365 -4.931 -2.788 -4.159
0.7 -4.608 -4.768 -3.153 -3.717 -1.699 -2.994
0.8 -2.886 -2.972 -1.726 -2.189 -0.566 -1.633
0.9 -1.184 -1.166 -0.504 -0.754 0.175 -0.456
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Figure 62: Gxs
M of ternary liquid Al–Li–Zn alloy in xAl : xZn = 1 : 1.

Table 39: Gxs
M of ternary liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1

Gxs
M (kJ/mol)

xLi T= 973 K T= 1273 K T =1573 K
Linear fit Exponential fit Linear fit Exponential fit Linear fit Exponential fit

0 0.757 0.712 0.649 0.603 0.542 0.511
0.1 -2.288 -2.363 -1.611 -1.917 -0.933 -1.612
0.2 -4.333 -4.430 -3.097 -3.575 -1.861 -2.973
0.3 -5.447 -5.561 -3.844 -4.434 -2.24 -3.632
0.4 -5.731 -5.859 -3.926 -4.585 -2.121 -3.675
0.5 -5.319 -5.453 -3.460 -4.149 -1.600 -3.219
0.6 -4.381 -4.510 -2.604 -3.284 -0.828 -2.415
0.7 -3.123 -3.230 -1.564 -2.183 -0.004 -1.447
0.8 -1.785 -1.855 -0.584 -1.077 0.618 -0.539
0.9 -0.642 -0.668 0.047 -0.243 0.735 0.046

interaction parameters of sub-binary and ternary systems were used to compute HM . In
case of Toop model, only the interaction parameters of sub-binary systems were used for
this process. In the upcoming sub-sections, results for HM of sub-binary systems and the
ternary system are presented.

4.9.1 HM of sub-binary systems (Al–Li, Li–Zn and Al–Zn)

In order to compute the temperature dependent values of HM for sub-binary pairs Al–Li,
Li–Zn and Al–Zn, the exponential interaction parameters of Gxs

M from Table 33 were
used in Equation (3.26). The values of HM were calculated at 973 K and 1573 K and are
presented in Table 40 and plotted in Figure 64.

The computed values HM of Al–Li at 973 K were found to be in good agreement with
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Figure 63: Gxs
M of ternary liquid Al–Li–Zn alloy in xAl : xZn = 0.136 : 1.

the experimental data at 1023 K (Debski & Terlicka, 2016) (Figure 64). The sub-binary
systems Al–Li and Li–Zn have negative values of HM whereas those of Al–Zn are
positive at all compositions. At equi-atomic composition, HM = −11.632 and −10.200
kJ/mol for Al–Li and Li–Zn respectively at 973 K. alloys. The plots of HM for Al–Li
and Al–Zn sub-binary systems are symmetric about equi-atomic composition whereas
that of Li–Zn is asymmetric (Figure 64). The calculated values of HM of the sub-binary
systems showed ideal behaviours with increase in temperature.

Table 40: HM of liquid (Al–Li, Li–Zn and Al–Zn) alloys

HM (kJ/mol)
xLi / xZn Al–Li Li–Zn Al–Zn

973 K Ref.*(1023 K) 1573 K 973 K 1573 K 973 K 1573 K
0.1 -2.375 -2.381 -2.092 -5.478 -4.181 0.934 0.815
0.2 -4.960 -5.001 -3.874 -8.880 -6.693 1.661 1.448
0.3 -7.671 -7.755 -5.639 -10.576 -7.826 2.180 1.901
0.4 -10.085 -10.205 -7.263 -10.911 -7.861 2.491 2.172
0.5 -11.632 -11.770 -8.384 -10.200 -7.075 2.595 2.263
0.6 -11.783 -11.918 -8.587 -8.729 -5.737 2.491 2.172
0.7 -10.244 -10.353 -7.578 -6.757 -4.109 2.180 1.901
0.8 -7.140 -7.209 -5.369 -4.515 -2.446 1.661 1.448
0.9 -3.211 -3.237 -2.456 -2.205 -0.996 0.934 0.815

* Debski & Terlicka (2016)
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Figure 64: HM of liquid Al–Li, Li–Zn and Al–Zn alloys.

4.9.2 HM of ternary liquid Al–Li–Zn liquid alloy

The values of HM for ternary alloy at various compositions were calculated at different
temperatures using two different models, namely the R–K–M and Toop model. The
values of HM were calculated using Equations (3.1.5) and (3.1.5) with the help of
exponential interaction parameters of Table 33. These values were calculated at three

Table 41: HM of ternary liquid Al–Li–Zn alloy at 995 K, xAl : xLi = 3 : 1

HM (kJ/mol)
xZn R-K-M polynomial Toop model xZn Experimental* Ref.2**
0 -6.26 -6.26 0 -6.15 -6.23
0.1 -5.60 -5.38 0.021 -6.00 -6.14
0.2 -4.87 -4.65 0.058 -5.80 -5.70
0.3 -4.16 -4.04 0.092 -5.60 -5.49
0.4 -3.49 -3.51 0.126 -5.40 -5.23
0.5 -2.88 -3.02 0.170 -5.10 -4.99
0.6 -2.34 -2.55 0.212 -4.90 -4.67
0.7 -1.84 -2.04 0.262 -4.60 -4.40
0.8 -1.33 -1.47 0.305 -4.40 -4.14
0.9 -0.75 -0.80 - - -

* Kim & Sommer (1997), **Morachevskii et al. (2012)

different cross-sections, such as xAl : xLi = 3, xAl : xZn = 1 and xAl : xZn = 7 : 3 in
the temperature range of 883 K–995 K. The calculated and experimental values of the
system are presented in Tables (41-43) and plotted in Figures 65-67.

At 995 K and cross-section xAl : xLi = 3, the calculated values from both the models
were in excellent agreement and also very close to the available experimental (Kim &
Sommer, 1997) and theoretical values (Morachevskii et al., 2012) (Figure 65). Therefore,
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Figure 65: HM of ternary liquid Al–Li–Zn alloy in xAl : xLi = 3 : 1 at 995 K.

it can be stated that the exponential parameters well explain the enthalpy of mixing of
the ternary system.

Table 42: HM of ternary liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1

HM (kJ/mol)
xLi R-K-M polynomial Toop model Ref.* xLi Experimental**

(951 K) (951 K) (973 K ) ( 951 K)
0 2.61 2.61 - 0 -6.40
0.1 -1.69 -1.85 -2.06 0.218 -7.20
0.2 -5.59 -5.31 -6.06 0.259 -8.90
0.3 -8.71 -7.94 -9.12 0.297 -10.50
0.4 -10.75 -9.67 -11.06 0.327 -11.50
0.5 -11.48 -10.39 -11.73 0.356 -12.50
0.6 -10.83 -9.96 -11.13 0.385 -13.40
0.7 -8.91 -8.37 -9.36 0.413 -14.10
0.8 -6.02 -5.80 -6.66 0.438 -14.60
0.9 -2.76 -2.72 -3.39 - -

*Trybula et al. (2014), **Kim & Sommer (1997)

The calculated values of HM at 951 K and xAl : xZn = 1 : 1 are compared with
available experimental results of Kim & Sommer (1997) at 951 K and theoretical values
of Morachevskii et al. (2012) (Figure 66). The results obtained using the R–K–M
polynomial framework were in perfect agreement with the values obtained by Trybula et
al. (2014).

In addition, we compared the values of HM computed using both the models at cross-
section xAl : xZn = 7 : 3 and 883 K with experimental values (Kim & Sommer, 1997) at
883 K and available literature values (Trybula et al., 2014) at 973 K and xAl : xZn = 3 : 1
(Figure 67). The results of this work are found to be in very good agreement with
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Figure 66: HM of ternary liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1.

Table 43: HM of ternary liquid Al–Li–Zn alloy at xAl : xZn = 7 : 3

HM (kJ/mol)
xLi R-K-M polynomial Toop model Ref.* xLi Experimental**

(883 K) (883 K) (973 K) (883 K)
0 2.22 2.22 - 0.014 1.20
0.1 -1.58 -1.59 -1.68 0.099 -2.40
0.2 -5.36 -4.93 -5.37 0.131 -3.60
0.3 -8.69 -7.80 -8.52 0.192 -5.10
0.4 -11.12 -9.99 -10.70 0.219 -6.80
0.5 -12.25 -11.15 -11.71 0.248 -7.00
0.6 -11.86 -11.00 -11.52 0.275 -7.90
0.7 -9.92 -9.41 -10.20 0.297 -8.70
0.8 -6.75 -6.54 -7.88 - -
0.9 -3.05 -3.02 -4.57 - -

*Trybula et al. (2014), **Kim & Sommer (1997)

available experimental values but slightly different from the literature values due to some
differences in temperature and preferred cross-sections.

The potentiality of exponential T-dependent interaction parameters is to determine HM

of an alloy system at different temperatures. In other words, the values of HM cannot
be calculated at different temperatures using linear T-dependent interaction energy
parameters.
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Figure 67: HM of ternary liquid Al–Li–Zn alloy at xAl : xZn = 7 : 3.

4.10 Activity of ternary liquid Al–Li–Zn alloy

Activities of sub-binary systems of ternary alloy were calculated following the similar
steps as mentioned for above binary systems. For the ternary system, the expressions of
partial excess free energy of mixing were formulated to obtain the values of activities of
its components. The results of activities of sub-binary and ternary systems are presented
in following sub-sections.

4.10.1 Activities of sub-binary systems (Al–Li, Li–Zn and Al–Zn)

The activities of sub-binary Al–Li, Li–Zn and Al–Zn liquid alloys were calculated at
973 K and 1573 K with the help of parameters in Table 33 and following the similar
procedure adopted for above binary systems. The obtained values are presented in the
Tables (44-46) and plotted in Figures 68-70.

Present theoretical investigations revealed that the activity of Li (aLi) showed positive
deviation from its ideal value in both of the sub-binary systems, Al–Li and Li–Zn (Figures
68 & 69). These behaviours were observed in high concentration region of Li at 973 K
and 1573 K indicating homo-coordinating tendency of the systems at these conditions.
At rest of the compositions, values of aLi showed negative deviations from ideal values
in both of the systems indicating them to be hetero-coordinating in nature. In Al–Zn
liquid alloy, the activities of both components showed positive deviations throughout
entire compositions (Figure 70) which indicate the system to be segregating in nature
(R. K. Gohivar, Yadav, et al., 2021c). These results are in accordance with the results
shown by the computations of other thermodynamic functions for the systems mentioned
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in above sub-sections.

Table 44: Activity of liquid Al–Li alloy at 973 K and 1573 K

Activity
T=973 K T =1573 K

xLi Ref.* Exponential fit Ref.* Exponential fit
aAl aLi aAl aLi aAl aLi aAl aLi

0.1 0.868 0.020 0.874 0.019 0.880 0.037 0.877 0.055
0.2 0.771 0.041 0.767 0.043 0.782 0.075 0.764 0.125
0.3 0.681 0.059 0.670 0.064 0.688 0.110 0.672 0.186
0.4 0.522 0.096 0.527 0.099 0.550 0.166 0.571 0.251
0.5 0.308 0.183 0.331 0.174 0.370 0.268 0.440 0.344
0.6 0.138 0.351 0.154 0.325 0.207 0.431 0.292 0.479
0.7 0.052 0.592 0.055 0.566 0.102 0.631 0.166 0.650
0.8 0.021 0.810 0.018 0.819 0.049 0.806 0.084 0.814
0.9 0.010 0.926 0.008 0.949 0.024 0.916 0.041 0.923

*Hallstedt & Kim (2007)
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Figure 68: Activity of liquid Al–Li alloy.

4.10.2 Activity of ternary Al–Li–Zn liquid alloy

The activities of components Al, Li and Zn of the ternary liquid Al–Li–Zn alloy were
calculated at three different cross-sections xAl : xZn = 3 : 1, 1 : 1 and 0.136 : 1; and
at 973 K and 1573 K. In due process, the values of interaction parameters were taken
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Table 45: Activity of liquid Li–Zn alloy at 973 K and 1573 K

Activity
T=973 K T =1573 K

xZn Ref.* Exponential fit Ref.* Exponential fit
aLi aZn aLi aZn aLi aZn aLi aZn

0.1 0.931 0.043 0.930 0.041 0.932 0.150 0.922 0.096
0.2 0.885 0.057 0.882 0.056 0.894 0.193 0.865 0.140
0.3 0.813 0.074 0.808 0.072 0.848 0.225 0.798 0.179
0.4 0.681 0.102 0.674 0.100 0.766 0.272 0.699 0.228
0.5 0.488 0.153 0.482 0.150 0.635 0.341 0.561 0.298
0.6 0.278 0.240 0.274 0.238 0.465 0.439 0.393 0.397
0.7 0.116 0.383 0.114 0.380 0.288 0.567 0.229 0.530
0.8 0.032 0.588 0.031 0.585 0.140 0.718 0.101 0.692
0.9 0.004 0.825 0.004 0.824 0.045 0.873 0.028 0.864

*Y. Liang et al. (2008)
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Figure 69: Activity of liquid Li–Zn alloy.

from Table 33 and used in Equation (3.43). The calculated values are presented in Table
(47-52) and plotted in Figures 71-73.

It can be observed that the values of activities of the components computed at 973
K using linear and exponential parameters were found to be in well agreement at all
cross-sections from Li corner (Figures 71-73). Further, the computed values of activities
of Li at 973 K were found to be in good agreement with the results of Trybula et al.
(2014) at lower concentration of Li at all cross-sections. The activity of Li was found
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Table 46: Activity of liquid Al–Zn alloy at 973 K and 1573 K

Activity
T=973 K T =1573 K

xZn Ref.* Exponential fit Ref.* Exponential fit
aAl aZn aAl aZn aAl aZn aAl aZn

0.1 0.908 0.205 0.908 0.205 0.904 0.137 0.904 0.137
0.2 0.829 0.353 0.829 0.353 0.813 0.257 0.813 0.257
0.3 0.758 0.463 0.758 0.463 0.725 0.364 0.725 0.364
0.4 0.691 0.550 0.691 0.550 0.639 0.461 0.639 0.461
0.5 0.624 0.624 0.624 0.624 0.552 0.552 0.552 0.552
0.6 0.550 0.691 0.550 0.691 0.461 0.639 0.461 0.639
0.7 0.463 0.758 0.463 0.758 0.364 0.725 0.364 0.725
0.8 0.353 0.829 0.353 0.829 0.257 0.813 0.257 0.813
0.9 0.205 0.908 0.205 0.908 0.137 0.904 0.137 0.904

*Mathon et al. (2000)
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Figure 70: Activity of liquid Al–Zn alloy.

to increase gradually and that of Al and Zn were found to decrease with increase in
concentration of Li at all cross-sections. At equi-composition, the activities of Al and Zn
were found to be comparable, however, that of Li was found to be very small (Figure 72).
The activity of Li at xLi = 0.5 increases when the content of Al decreases or that of Zn
increases (Figures 71-73).

As the temperature of system is increased, the activity of Al calculated using both linear
and exponential parameters decreases at its higher concentration region, however, it
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increases at its lower concentration region. In the case of Zn, its activity increases with
increasing its content as well as temperature. Further, the activities of all the components
(Al, Li and Zn) calculated using linear parameters increase more than those calculated
using exponential parameters with increase in temperature. When the temperature rises
from 973 K to 1573 K, the difference in activities of components Li and Al at respective
concentrations of xLi = 0.5 and xAl = 0.375 increases from 23% to 53% (Figure 71).
This result indicates that the activity of Li increases more rapidly than that of Al as the
temperature of the system is gradually increased.

Table 47: Activity of ternary liquid Al–Li–Zn alloy at 973 K, xAl : xZn = 3 : 1

Activity
xLi Linear fit Exponential fit *Experimental

aAl aLi aZn aAl aLi aZn aLi
0 0.793 0.000 0.412 0.790 0.000 0.400 0.000
0.1 0.756 0.006 0.288 0.752 0.006 0.279 0.004
0.2 0.689 0.018 0.187 0.682 0.019 0.180 0.013
0.3 0.545 0.041 0.121 0.547 0.043 0.115 0.023
0.4 0.345 0.096 0.077 0.359 0.094 0.072 0.051
0.5 0.170 0.215 0.046 0.183 0.203 0.044 0.117
0.6 0.069 0.418 0.026 0.074 0.396 0.026 0.251
0.7 0.027 0.664 0.015 0.026 0.651 0.015 0.459
0.8 0.012 0.851 0.010 0.010 0.865 0.009 0.693
0.9 0.006 0.936 0.007 0.006 0.954 0.006 0.879

*Trybula et al. (2014)

Table 48: Activity of ternary liquid Al–Li–Zn alloy at 1573 K, xAl : xZn = 3 : 1

Activity
xLi Linear fit Exponential fit

aAl aLi aZn aAl aLi aZn
0 0.769 0.000 0.312 0.768 0.000 0.308
0.1 0.712 0.033 0.243 0.704 0.023 0.232
0.2 0.643 0.079 0.182 0.619 0.068 0.163
0.3 0.537 0.146 0.137 0.512 0.137 0.114
0.4 0.399 0.253 0.103 0.388 0.237 0.080
0.5 0.260 0.409 0.077 0.263 0.374 0.058
0.6 0.155 0.599 0.057 0.159 0.543 0.042
0.7 0.091 0.773 0.043 0.089 0.717 0.031
0.8 0.058 0.884 0.034 0.049 0.852 0.023
0.9 0.039 0.937 0.028 0.028 0.931 0.017
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Figure 71: Activity of ternary liquid Al–Li–Zn alloy at xAl : xZn = 3 : 1.

Table 49: Activity of ternary liquid Al–Li–Zn alloy at 973 K, xAl : xZn = 1 : 1

Activity
xLi Linear fit Exponential fit *Experimental

aAl aLi aZn aAl aLi aZn aLi
0 0.624 0.000 0.624 0.616 0.000 0.616 0.000
0.1 0.579 0.004 0.519 0.571 0.004 0.511 0.007
0.2 0.466 0.015 0.415 0.464 0.015 0.405 0.018
0.3 0.305 0.044 0.309 0.311 0.043 0.299 0.022
0.4 0.161 0.115 0.207 0.167 0.111 0.202 0.042
0.5 0.070 0.260 0.126 0.073 0.249 0.124 0.094
0.6 0.028 0.480 0.071 0.028 0.466 0.070 0.270
0.7 0.012 0.713 0.040 0.011 0.710 0.039 0.488
0.8 0.006 0.871 0.025 0.005 0.885 0.023 0.758
0.9 0.004 0.940 0.017 0.004 0.951 0.015 0.930

*Trybula et al. (2014)

4.11 Concentration fluctuation in long wave length limit of ternary liquid Al–Li–
Zn alloy

The mathematical formulations of SCC(0) for the ternary system are presented in the
Section 3.2.2. These expressions are obtained in terms of energy interaction parameters
of the R-K-M model. The results of sub-binary systems and ternary system are presented
in the following sub-sections.
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Figure 72: Activity of ternary liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1.

Table 50: Activity of ternary liquid Al–Li–Zn alloy at 1573 K, xAl : xZn = 1 : 1

Activity
xLi Linear fit Exponential fit

aAl aLi aZn aAl aLi aZn
0 0.552 0.000 0.552 0.548 0.000 0.548
0.1 0.481 0.029 0.500 0.468 0.020 0.496
0.2 0.395 0.075 0.435 0.378 0.060 0.417
0.3 0.294 0.155 0.361 0.282 0.133 0.330
0.4 0.197 0.283 0.282 0.192 0.248 0.247
0.5 0.122 0.458 0.209 0.120 0.407 0.177
0.6 0.073 0.649 0.150 0.071 0.588 0.123
0.7 0.045 0.805 0.109 0.041 0.753 0.084
0.8 0.032 0.895 0.083 0.026 0.867 0.059
0.9 0.024 0.939 0.064 0.017 0.933 0.039

4.11.1 SCC(0) of sub-binary systems (Al–Li, Li–Zn and Al–Zn)

Like thermodynamic functions, the structural properties of ternary liquid alloys can also
be explained in terms of its sub-binary systems. In this regard, the value of SCC(0) of
the sub-binary systems (Al–Li, Li–Zn and Al–Zn) of the ternary liquid Al–Li–Zn alloy
were calculated at 973 K and 1573 K. The same interaction parameters that were used to
compute thermodynamic functions were used for this purpose. The values of SCC(0) for
these sub-binary systems were calculated in a manner similar to that of binary systems.
The values so calculated are presented in Tables 53 & 54 and plotted as a function of
concentration in Figures 74-76.
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Table 51: Activity of ternary liquid Al–Li–Zn alloy at 973 K, xAl : xZn = 0.136 : 1

Activity
xLi Linear fit Exponential fit *Experimental

aAl aLi aZn aAl aLi aZn aLi
0 0.238 0.000 0.891 0.229 0.000 0.891 0.000
0.1 0.230 0.005 0.740 0.224 0.004 0.737 0.005
0.2 0.147 0.025 0.561 0.144 0.024 0.558 2.959
0.3 0.068 0.085 0.393 0.067 0.083 0.390 0.092
0.4 0.026 0.211 0.258 0.025 0.206 0.256 0.198
0.5 0.009 0.401 0.164 0.009 0.394 0.163 0.396
0.6 0.003 0.612 0.105 0.003 0.606 0.103 0.491
0.7 0.002 0.782 0.071 0.001 0.781 0.068 0.679
0.8 0.001 0.882 0.051 0.001 0.884 0.048 0.778
0.9 0.001 0.934 0.036 0.001 0.936 0.033 0.918

*Trybula et al. (2014)
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Figure 73: Activity of ternary liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1.

The values of SCC(0) calculated from both linear (Hallstedt & Kim, 2007) and exponential
parameters (this work) for sub-binary Al-Li liquid alloy showed negative deviation from
ideal value in the concentration range xLi < 0.2 and 0.2 < xLi < 0.9 at 973 K. This
indicates the system to be ordering in nature. However, it showed positive deviation
in rest of the concentrations indicating the system to be segregating in nature (Figure
74). Therefore, it can be stated that there are transformations of phases from ordering
to segregating and segregating to ordering at above mentioned conditions. When the
temperature of the system is increased from 973 K to 1573 K, the values computed from
linear parameters increased in the region xLi < 0.2 and then gradually decreased in rest
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Table 52: Activity of ternary liquid Al–Li–Zn alloy at 1573 K, xAl : xZn = 0.136 : 1

Activity
xLi Linear fit Exponential fit

aAl aLi aZn aAl aLi aZn
0 0.163 0.000 0.885 0.160 0.000 0.885
0.1 0.137 0.041 0.785 0.139 0.027 0.774
0.2 0.097 0.117 0.670 0.100 0.087 0.644
0.3 0.060 0.237 0.547 0.061 0.190 0.512
0.4 0.034 0.398 0.432 0.034 0.335 0.392
0.5 0.019 0.573 0.334 0.019 0.503 0.293
0.6 0.011 0.727 0.258 0.010 0.661 0.218
0.7 0.007 0.835 0.205 0.006 0.785 0.163
0.8 0.006 0.895 0.168 0.005 0.867 0.122
0.9 0.005 0.934 0.128 0.004 0.926 0.081

of the concentrations. It is obvious that the liquid system should show ideal tendency at
elevated temperatures (Kaptay, 2012; Yadav, Jha, Jha, et al., 2016). But the computed
values of SCC(0) from exponential parameters got closure to ideal values with increase in
temperature. Moreover, there is shift in the phase transformation concentration from
xLi = 0.2 at 973 K to xLi = 0.3 at 1573 K (Figure 74).

In case of sub-binary Li–Zn liquid alloy, calculated values of SCC(0) from both linear
and exponential parameters are the same at 973 K. Further, SCC(0)>Sid

CC(0) in the
concentration range xZn < 0.4 indicating it to be segregating in nature. The values of
SCC(0)<Sid

CC(0) at rest of concentrations indicating it to be ordering in nature. The values
computed using linear parameters gradually shifted away from the ideal vales when the
temperature was increased to 1573 K. But those computed using exponential parameters
gradually shifted towards ideal values in this temperature range. However, these values
shifted away from ideal values only at xZn = 0.3 (Figure 75). From Figure 76, it can be
observed that the computed values of SCC(0)>Sid

CC(0) for sub-binary Al–Zn liquid alloy
throughout the entire concentration range at 973 K indicting it to be complete segregating
in nature. When the temperature of the system is increased from 973 K to 1573 K, the
values computed using both linear and exponential parameters gradually moved towards
ideal values.

4.11.2 SCC(0) for ternary liquid Al–Li–Zn alloy

Like binary liquid alloys, the knowledge regarding the local arrangement of atoms in
the nearest vicinity of ternary liquid alloys can be studied by computing SCC(0). In
theoretical approaches, the values of SCC(0) for ternary systems are obtained using the
thermodynamic database of their respective sub-binary systems. In this regard, the
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Table 53: SCC(0) of liquid Al–Li alloy at 973 K and 1573 K

SCC(0)
xLi T=973 K T=1573 K

Exponential fit Ref.* Exponential fit Ref.*
0.1 0.070 0.067 0.070 0.137
0.2 0.164 0.207 0.153 0.129
0.3 0.181 0.170 0.221 0.096
0.4 0.120 0.093 0.199 0.078
0.5 0.082 0.064 0.152 0.070
0.6 0.065 0.057 0.122 0.067
0.7 0.063 0.062 0.110 0.068
0.8 0.079 0.088 0.115 0.072
0.9 0.160 0.136 0.116 0.067

Hallstedt & Kim (2007)
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Figure 74: SCC(0) of liquid Al–Li alloy.

Table 54: SCC(0) of liquid Al–Zn and Li-Zn alloys at 973 K and 1573 K

SCC(0)
Li–Zn alloy Al–Zn alloy

xZn 973 K 1573 K 973 K 1573 K
Ref.* Exponential fit Ref.* Exponential fit Ref.** Exponential fit Ref.** Exponential fit

0.1 0.192 0.184 0.204 0.149 0.106 0.106 0.096 0.099
0.2 0.345 0.328 0.496 0.300 0.218 0.218 0.180 0.192
0.3 0.249 0.242 0.423 0.299 0.323 0.323 0.245 0.268
0.4 0.164 0.162 0.289 0.235 0.400 0.400 0.287 0.319
0.5 0.115 0.114 0.206 0.179 0.429 0.429 0.302 0.337
0.6 0.086 0.085 0.155 0.137 0.400 0.400 0.287 0.319
0.7 0.066 0.065 0.120 0.106 0.323 0.323 0.245 0.268
0.8 0.051 0.051 0.091 0.080 0.218 0.218 0.180 0.192
0.9 0.036 0.036 0.059 0.053 0.106 0.106 0.096 0.099

*Y. Liang et al. (2008), **Mathon et al. (2000)

structural properties of ternary liquid alloys can be interpreted by computing different
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Figure 75: SCC(0) of liquid Li–Zn alloy.
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Figure 76: SCC(0) of liquid Al–Zn alloy.

values of SCiCj (0) which are SC1C1(0), SC2C2(0) and SC1C2(0).

In this work, the values of SCiCj (0) were computed at three different cross-sections
xAl : xZn = 3 : 1, 1 : 1, and 0.136 : 1 and at temperatures 973 K and 1573 K. In
order to know the extent of interactions, the values of SCiCj (0) were compared with
their respective ideal values (Sid

CiCj
(0)). The values of SC1C1(0), SC2C2(0) and SC1C2(0)

were computed using interaction parameters from Table 33 in Equations (3.51-3.53) and
(3.60). The values so obtained are presented in Tables (55-63) and plotted as a function
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of concentration in Figures 77-85.

The computed values of SC1C1(0) at 973 K and xAl : xZn = 3 : 1 from both linear and
exponential parameters were found to be greater than ideal values in the region xLi > 0.8
and less at rest of the concentrations (Figure 77). These results indicate that Al atoms
segregates in the ternary liquid Al–Li–Zn alloy in the region xLi > 0.8. When the
temperature of system was increased from 973 K to 1573 K, the values of SC1C1(0)
computed using exponential parameters got closure to ideal values. However, the values
computed using linear parameters showed this tendency in the region xLi < 0.8 only.
The computed values of SC2C2(0)> Sid

C2C2
(0) at 973 K and this cross-section at lower and

higher concentrations of Li (Figure 78). At 1573 K, the values computed using both the
parameters showed unusual tendency at/around xLi = 0.3. At rest of the concentrations
usual temperature dependence behaviour is obtained. As the same cross-section and
temperatures, the computed values of SC1C2(0)> Sid

C1C2
(0) in the composition range

xLi > 0.8 whereas in the remaining compositions, SC1C2(0)< Sid
C1C2
(0) (Figure 79). The

results of temperature dependence of SC1C2(0) are similar as those obtained for SC1C1(0).

Table 55: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 3 : 1

SC1C1(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0 0.188 0.188 0.188 0.188 0.188
0.1 0.219 0.184 0.182 0.196 0.189
0.2 0.240 0.156 0.159 0.187 0.183
0.3 0.249 0.124 0.129 0.160 0.168
0.4 0.248 0.104 0.105 0.136 0.147
0.5 0.234 0.090 0.089 0.123 0.127
0.6 0.210 0.084 0.079 0.119 0.114
0.7 0.174 0.085 0.077 0.125 0.107
0.8 0.128 0.095 0.089 0.140 0.106
0.9 0.069 0.090 0.127 0.108 0.089

At cross-section xAl : xZn = 1 : 1, the computed values of SC1C1(0), SC2C2(0) and
SC1C2(0) using both linear and exponential parameters show peculiar properties at
973 K and xLi = 0.3 (Figures 80 -82). These values were found to be SC1C1(0) =
(9.831, 214.950), SC2C2(0) = (15.751, 367.898) and SC1C2(0) = (12.331, 281.094) using
linear and exponential parameters respectively (Tables 58-60). These results demonstrate
that at 973 K, this ternary liquid alloy has critical composition at xLi = 0.3 and hence
there appears liquid-liquid phase separation at this concentration. It may be stated that
this system segregates into two liquid phases. The liquid-liquid phase separation at
critical concentration and temperature in above mentioned similar conditions have been
discussed by Singh & Sommer (1997); Karlhuber et al. (1999) for binary and (X. Sun et
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Figure 77: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 3 : 1.

Table 56: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 3 : 1

SC2C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 0.09 0.108 0.105 0.094 0.083
0.2 0.16 0.194 0.188 0.162 0.141
0.3 0.21 0.181 0.188 0.170 0.164
0.4 0.24 0.139 0.149 0.149 0.157
0.5 0.25 0.108 0.113 0.131 0.140
0.6 0.24 0.091 0.090 0.124 0.125
0.7 0.21 0.087 0.080 0.131 0.118
0.8 0.16 0.099 0.089 0.153 0.120
0.9 0.09 0.104 0.136 0.128 0.106

al., 2016) ternary liquid systems in terms of different physical parameters. Moreover,
present findings for the ternary system are also comprehended by the results of SCC(0)
of its constituent sub-binary systems. However, the ternary system did not show above
mentioned behaviours at elevated temperature (1573 K). This further strengthen the
criticality tendency of ternary liquid Al–Li–Zn alloy at xLi = 0.3 and 973 K.

In the entire concentration and temperature range, computed values of SC1C1(0) at
xAl : xLi = 0.316 : 1 using both linear and exponential parameters were found to be
higher than ideal values at both of the temperatures (Figure 83). When the temperature of
system was increased from 973 K to 1573 K, the computed values of SC1C1(0) gradually
shifted towards ideal values as expected. The computed values of SC2C2(0)>Sid

C2C2
(0) in
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Figure 78: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 3 : 1.

Table 57: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 3 : 1

SC1C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 -0.068 -0.019 -0.015 -0.037 -0.016
0.2 -0.120 -0.031 -0.030 -0.069 -0.046
0.3 -0.158 -0.018 -0.024 -0.068 -0.063
0.4 -0.180 -0.012 -0.017 -0.061 -0.066
0.5 -0.188 -0.017 -0.018 -0.061 -0.065
0.6 -0.180 -0.027 -0.024 -0.070 -0.067
0.7 -0.158 -0.045 -0.037 -0.091 -0.075
0.8 -0.120 -0.072 -0.064 -0.123 -0.089
0.9 -0.068 -0.085 -0.120 -0.106 -0.085

the concentration range xLi > 0.7 and SC2C2(0)<Sid
C2C2
(0) at remaining concentrations. At

973 K, the computed values of SC2C2(0) show critical behaviour at xLi = 0.5 (Figure 84).
The values of SC1C2(0)>Sid

C1C2
(0) at almost all concentrations and show ideal nature at

elevated temperature (Figure 85 and Table 63).

4.12 Discussion

As stated earlier, we have studied the thermodynamic and structural properties of a
few binary (Al–Fe, Al–Mn, Al–Ti and Li–Mg) and a ternary Al–Li–Zn liquid alloys at
different temperatures in the framework of R-K polynomial. At first, these properties of the
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Figure 79: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 3 : 1.

Table 58: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1

SC1C1(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0 0.250 0.250 0.250 0.250 0.250
0.1 0.248 0.317 0.326 0.257 0.313
0.2 0.240 1.211 1.211 0.247 0.328
0.3 0.228 9.831 214.951 0.218 0.275
0.4 0.210 0.548 0.581 0.181 0.206
0.5 0.188 0.216 0.214 0.149 0.156
0.6 0.160 0.130 0.126 0.128 0.123
0.7 0.128 0.097 0.094 0.115 0.102
0.8 0.090 0.081 0.085 0.103 0.087
0.9 0.048 0.057 0.078 0.063 0.058

systems were computed using optimised linear T-dependent parameters which depicted
the presence of unusual trends, called artificial inverted miscibility gaps or artifacts. In
order to remove such artifacts, coefficients of R-K polynomial were reoptimised assuming
them to be exponential T-dependent.

4.12.1 Mixing properties of liquid alloys

The knowledge of phase transformation from ordering to segregating or vice-versa
of liquid alloys is critical in many metallurgical processes, including characterization,
fabrication, and design. The determination of reliable or self-consistent optimised
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Figure 80: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 1 : 1.

Table 59: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1

SC2C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 0.09 0.197 0.196 0.118 0.128
0.2 0.16 1.733 1.733 0.222 0.255
0.3 0.21 15.751 367.898 0.240 0.277
0.4 0.24 0.782 0.908 0.205 0.230
0.5 0.25 0.271 0.293 0.168 0.183
0.6 0.24 0.151 0.154 0.146 0.150
0.7 0.21 0.113 0.108 0.141 0.133
0.8 0.16 0.106 0.101 0.144 0.125
0.9 0.09 0.091 0.111 0.106 0.097

parameters for thermodynamic functions, specially Gxs
M of binary liquid alloys is outmost

essential in this field to predict their phase behaviours at elevated temperatures. In
mixing properties, we have computed and studied excess free energy of mixing (Gxs

M ),
enthalpy of mixing (HM), activity (a) and (SCC(0)) of above mentioned liquid alloys. The
discussion related to the results of each system is outlined in the following sub-sections.
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Figure 81: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 1 : 1.

Table 60: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 1 : 1

SC1C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 -0.05 0.127 0.130 0.034 0.077
0.2 -0.08 1.320 1.317 0.069 0.136
0.3 -0.11 12.331 281.095 0.068 0.116
0.4 -0.12 0.554 0.624 0.039 0.062
0.5 -0.13 0.145 0.156 0.005 0.017
0.6 -0.12 0.039 0.045 -0.026 -0.016
0.7 -0.11 -0.010 -0.005 -0.055 -0.041
0.8 -0.08 -0.043 -0.043 -0.078 -0.059
0.9 -0.05 -0.050 -0.071 -0.061 -0.054

4.12.2 Al–Fe system

According to Kaptay (2012), the entropy contribution term bi in linear T-dependent
energy interaction parameters (Li = ai + bi .T , i = 0, 1, 2, ...) should be less than 2R to
avoid any miscibility gap. The b0 of this work and Cost 507 for liquid Al–Fe alloy are
20.96 J/(mol K) and 22.1314 J/(mol K) respectively which are greater than 2R. In this
regard, the value of term containing bi increases rapidly with the rise of temperature
which has changed the values of thermodynamic and structural functions of the system
resulting in unusual trends. These unusual trends are known as "artificial inverted
miscibility gaps". In order to remove the artificial gaps, the exponential T-dependent
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Figure 82: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 1 : 1.

Table 61: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1

SC1C1(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.0 0.11 0.106 0.106 0.106 0.106
0.1 0.10 0.114 0.114 0.106 0.111
0.2 0.09 0.157 0.157 0.108 0.117
0.3 0.08 0.241 0.254 0.104 0.116
0.4 0.07 0.244 0.271 0.089 0.100
0.5 0.06 0.134 0.143 0.069 0.075
0.6 0.05 0.069 0.070 0.051 0.053
0.7 0.03 0.040 0.040 0.037 0.037
0.8 0.02 0.024 0.026 0.025 0.025
0.9 0.01 0.012 0.014 0.013 0.013

interaction parameters were presented in this work to study of the mixing properties of the
systems at high temperatures. These interaction parameters have been used to calculate
thermodynamic (Gxs

M , aAl , aFe, HM) and structural properties (SCC(0)) of the systems at
different temperatures. Kostov & Živković (2008) had used FactSage Thermo-chemical
Software and calculated activity of Al and Fe in Al–Fe alloys in the range 1873 K–2073
K. Their results showed negative deviation from Raoult’s law throughout the entire
concentration range indicating the system to be ordering in nature.

In present work, the unusual trends were observed in above mentioned properties
when they were computed using linear parameters at higher temperatures. The plots
of computed values of SCC(0) using linear parameters (Figures 42-45) depicted the
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Figure 83: SC1C1 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1.

Table 62: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1

SC2C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 0.09 0.0943 0.0943 0.0923 0.0913
0.2 0.16 0.2270 0.2308 0.1683 0.1719
0.3 0.21 0.4687 0.5054 0.2193 0.2347
0.4 0.24 0.5846 0.6660 0.2329 0.2560
0.5 0.25 0.3896 0.4179 0.2186 0.2377
0.6 0.24 0.2442 0.2450 0.1961 0.2062
0.7 0.21 0.1753 0.1701 0.1741 0.1761
0.8 0.16 0.1360 0.1341 0.1456 0.1437
0.9 0.09 0.0874 0.0906 0.0908 0.0898

transition of phase at 3500 K and 3800 K since SCC(0)> Sid
CC(0). But when exponential

T-dependent interaction parameters were used, no such transformations were observed
as both Sxs

M and HM varied correspondingly with temperature. Therefore, exponential
T-dependent parameters should be preferred in order to investigate the mixing properties
of this system at higher temperatures. Moreover, the computed negative values of Gxs

M and
the deviation between SCC(0) from Sid

CC(0) gradually decreased at higher temperatures,
revealing decrease in compound forming tendency of the system.
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Figure 84: SC2C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 0.136 : 1.

Table 63: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xZn = 0.136 : 1

SC1C2(0)
xLi 973 K 1573 K

Ideal Linear fit Exponential fit Linear fit Exponential fit
0.1 -0.01 0.036 0.035 0.016 0.020
0.2 -0.02 0.120 0.122 0.043 0.052
0.3 -0.03 0.271 0.293 0.059 0.075
0.4 -0.03 0.314 0.363 0.054 0.072
0.5 -0.03 0.166 0.183 0.034 0.047
0.6 -0.03 0.066 0.068 0.012 0.020
0.7 -0.03 0.018 0.017 -0.005 0.000
0.8 -0.02 -0.004 -0.007 -0.014 -0.012
0.9 -0.01 -0.010 -0.013 -0.012 -0.011

4.12.3 Al–Mn system

The optimised values of b0 for linear parameter L0 for liquid Al–Mn system were 27.0988
J/(mol K) (Cost 507) and 28.22693 J/(mol K) (Du et al., 2007). Since both of these values
were greater than 2R, unusual trends appeared in the thermodynamic and structural
functions of the system when calculated using linear parameters at higher temperatures.
In this work, the plot of computed values of SCC(0) using linear parameters versus
concentration (Figures 46-49) showed that SCC(0) > Sid

CC(0) at 2500 K. Due to b0 > 2R,
the values of SCC(0) increased more rapidly and exceeded the ideal values with increase in
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Figure 85: SC1C2 (0) of liquid Al–Li–Zn alloy at xAl : xLi = 0.136 : 1.

temperature. This tendency might have appeared as the variation of HM with temperature
is not considered during the optimisation of linear interaction parameters.

Moreover, the values of SCC(0) calculated using exponential parameters shifted toward
ideal values with rise of temperatures up to 2500 K. However, the system still showed
ordering tendency in the preferred temperature range. The unusual behaviours seen in
the thermodynamic and structural properties while using linear parameters have been
removed using exponential parameters in this work. Additionally, the present theoretical
investigations predict that the mixing tendency of the system was found to decrease with
the rise in temperature of the system beyond its melting temperature.

4.12.4 Al–Ti system

The optimised value of b0 of L0 for liquid Al-Ti system from Cost 507 and Witusiewicz et
al. (2008) are 38 J/(mol K) and 41.972 J/(mol K) respectively and hence are greater than
2R. Due to which, unusual trends were observed in the thermodynamic and structural
functions of the system when calculated using the linear parameters of Cost 507. The
activities of components of Al–Ti alloy using linear parameters agreed well with the
results of Kostov & Živković (2008). The activity of Al has positive deviation from
Raoult’s law. This positive deviation further increases with increase of temperature.
For comprehensive analysis, we plotted the compositional dependence of the computed
values of SCC(0) using linear parameters (Cost 507) and exponential parameters (this
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work) at different temperatures in Figures 50-53.

It can be observed that the plots of SCC(0) at 1500 K using linear parameters showed
negative deviation with respect to ideal values while showed positive deviation above
2000 K at both lower and higher concentrations of Ti. Novakovic et al. (2012) analysed
SCC(0) of Al–Ti alloys and noticed pronounced segregation in the region of lower
concentration of Ti at 1973 K. These results indicate the transformation of phase from
ordering to segregating. When exponential parameters were used, the plots showed
negative deviations with respect to ideal values at all preferred temperatures, indicating
the predominance of ordering tendency in the entire composition range. As these values
gradually got closer to ideal, it can be stated that the compound forming or mixing
tendency of the system gradually decreased with increase in its temperature.

4.12.5 Li–Mg system

The linear parameters of Wang, Du, & Liu (2011) for the system are L0 = −13172 −
4.3009T , L1 = 912 + 2.7115T and L2 = 2531. Though the values of bi are less than 2R,
both a0 and b0 are negative due to which the values of thermodynamic and structural
functions computed using these parameters do not shift towards ideal values at higher
temperatures as expected. The linear interaction parameters optimized in this work
for the system are L0 = −21318 + 2.9T , L1 = 7930 − 15.1T , L2 = 10668 − 8.9T and
L3 = −7765 + 7.4T . Comparing these parameters with Li = ai + biT , the values of
bi are found to be less than 2R. Therefore, unusual trends are not observed in the
thermodynamic properties (basically in Gxs

M ) when computed at different temperatures
using these parameters.

However, when the values of SCC(0) are computed using these parameters, they showed
unusual trends above 1000 K (melting temperature) both at lower and higher concentra-
tions of Mg. Therefore, exponential parameters were optimised for the system in this
work. The unusual trends, also called artificial inverted miscibility gaps, observed in the
thermodynamic and structural functions have been removed with the aid of exponential
parameters.

4.12.6 Al–Li–Zn system

The optimised values of b0 for Al–Li and Li–Zn sub-binary systems of ternary liquid
Al–Li–Zn alloy are 20.6 J /(mol K) (Hallstedt &Kim, 2007) and 26.36 J/(mol K) (Y. Liang
et al., 2008) respectively. These values of b0 are greater than 2R. Therefore, the computed
values of Gxs

M of these sub-binary systems at higher temperatures showed artificial
inverted miscibility gaps in the region of higher concentration of Li. The strength of
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interaction among the sub-binary pairs affects the energetic of ternary system. The value
of b0 of ternary interaction parameter for the ternary system was found to be 52 J/(mol
K) (Trybula et al., 2014) resulting in calculated artifacts. The results of SCC(0) obtained
at higher temperatures for Li-based sub-binary systems (Al–Li and Li–Zn) also depicted
the presence of artifacts with linear interaction parameters. While using the exponential
interaction parameters, no such unusual trends were observed. This discussion justifies
the necessity of exponential parameters for these sub-binary pairs. Therefore, the
exponential T-dependent parameters were optimised for the above-mentioned systems in
order to explain their mixing behaviours at higher temperatures.

The structural properties of ternary system have been studied by computing SCiCj (0),
namely SC1C1(0), SC2C2(0) and SC1C2(0) as a function of concentration and temperature.
From the study of SCiCj (0) for this ternary system, it may be stated that the extent of
interactions among the sub-binary pairs have great influence on its mixing tendency,
including the information regarding phase transitions as well as critical composition
and temperature. Furthermore, when the compositions of constituent atoms in the
ternary system and temperature are changed, the critical mixing (unusual behaviour at
particular concentration and temperature) is observed only at xLi = 0.3, 973 K, and
xAl : xZn = 1 : 1.
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CHAPTER 5

5. CONCLUSION AND RECOMMENDATIONS

Thermodynamic properties, such as excess free energy of mixing, enthalpy of mixing and
activity and microscopic structural properties, such as concentration fluctuation in long
wavelength limit of a few binaries and ternary liquid alloys were studied and explained
in this work. The binary liquid alloys namely Al–Fe, Al–Mn, Al–Ti and Li–Mg and a
ternary Al–Li–Zn liquid alloy were selected for the purpose. The important conclusions
related to the study and recommendation fo the work are presented in this chapter.

5.1 Conclusion

As stated earlier, we have studied the thermodynamic and structural properties of a
few binary (Al–Fe, Al–Mn, Al–Ti and Li–Mg) and a ternary Al–Li–Zn liquid alloys at
different temperatures in the framework of R-K polynomial. At first, these properties
of the systems were computed using optimised linear T-dependent parameters which
depicted as follows:

i. The thermodynamic functions computed using linear and exponential T-dependent
interaction energy parameters were in good agreement with each other and also with
the experimental and literature results for the selected systems near their melting
temperatures.

ii. Present theoretical investigations predict that the thermodynamic and structural
functions of the preferred liquid alloys above their melting points shift towards ideal
values.

iii. The thermodynamic and structural functions of these systems showed unusual
behaviours at higher temperatures when computed using linear T-dependent pa-
rameters called "artificial inverted miscibility gap". These behiours were clearly
observed as the transformation of ordering to segregation nature or vice-versa at
higher temperatures.

iv. When linear parameters were replaced by exponential parameters, these unexpected
results were not observed.

v. Therefore, the current work recommends that the thermodynamic properties of
binary Al–Fe, Al–Mn, Al–Ti, Li–Mg and ternary Al–Li–Zn liquid alloys should be
computed using the exponential T-dependent parameters at higher temperatures.
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vi. Similar results were also forecasted from the study of the structural properties of
these systems at higher temperatures.

vii. Since in linear parameters, the terms contributing to enthalpy of mixing is not
considered to be T-dependent, these values can be determined using exponential
T-dependent parameters only.

viii. The ternary Al–Li–Zn liquid alloys showed the critical behaviour only at xLi = 0.3,
973 K and xAl : xZn = 1 : 1.

5.2 Recommendations for further work

The present work is a purely statistical study and based on theoretical modelling of the
mixing properties of the above mentioned liquid alloys at higher temperatures. The
recommendations from the work are listed below.

i. Due to the inaccessibility of computational software, the results of the present work
could not be used to predict the phase diagrams of the systems. Therefore, one
can use the exponential temperature-dependent interaction energy parameters in
computer-based software in order to study the phase diagrams of these systems.

ii. One may design and perform experiment undertaking the results of the present work
as reference data in order to fabricate, design and characterize new materials.

iii. One can use exponential T-dependent interaction parameters of the present work
in order to compute the mixing properties of higher order alloys constituting these
sub-binary systems. Moreover, the formulations developed in this work can be used
for the optimization of T-dependent self-consistent parameters for thermodynamic
functions of other binary and ternary systems. These expressions can be extended to
study the mixing behaviours of multi-component systems.
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CHAPTER 6

6. SUMMARY

At higher temperatures, unusual trends are observed in the mixing behaviours of some
liquid alloys when computed using available linear T-dependent parameters of published
works. As these unusual tendencies are rarely observed in the experimental results,
they are often referred to as artificial inverted miscibility gaps or artifacts. Among the
various factors resulting in these gaps, one of them may be due to the inaccuracy of
optimised T-dependent thermodynamic parameters. Therefore, the mixing behaviours of
a few liquid alloys (Al–Fe, Al–Mn, Al–Ti, Li–Mg and Al–Li–Zn) have been analysed
at different temperatures in terms of linear and exponential T-dependent optimised
parameters in this work.

A brief summary of the present work are as follows:

I. Thermodynamic properties

a. Excess free energy of mixing (Gxs
M )

i. The calculated values of Gxs
M for Al–Fe system at 1873 K were in good agree-

ment with the available experimental and literature results. The negative
values of Gxs

M were found to decrease rapidly while using linear parameters
and their compositional dependence plots showed S-shape characteristics at
higher temperatures, usually termed as artificial inverted miscibility gaps.
When these values were computed using exponential parameters of this
work, their plots showed symmetric nature in the temperature range 1873
K–3800 K.

ii. For Al–Mn system, the values calculated using exponential parameters at
1570 K agreed well with those calculated using linear parameters. The plots
of calculated values of Gxs

M using linear parameters showed unsymmetric
nature at higher teperatures (1900 K–2500 K) depicting the presence of
artificial inverted miscibility gaps. Moreover, the value of Gxs

M was found to
be positive at 2500 K below equiatomic composition. But the compositional
dependence plots of Gxs

M using exponential parameters showed symmetric
nature indicating the removal of such gaps.

iii. For Al–Ti system, the values calculated using linear parameter and exponen-
tial parameters at 1500 K were in close agreement. The computed values of
Gxs

M using linear parameters at 2500 K indicated the phase transition from
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ordering to segregating in lower concentration region of Ti. This unusual
tendency was removed when exponential parameters of this work were used
for the purpose. The later results predicted that the ordering nature of the
system prevails in the preferred temperature range.

iv. In Li–Mg system, the values calculated at 1000 K using linear parameters
of this work were in excellent agreement with experimental values. The
values calculated using exponential parameters were in agreement with the
results of Wang, Du, & Liu (2011). As the temperature of system was
increased, the negative values of Gxs

M using linear parameters gradually
increased representing the unusual tendency. However, the computed values
of Gxs

M using exponential parameters of this work were found to gradually
decrease at higher temperatures as expected.

v. In case of ternary Al–Li–Zn system, the plots of Gxs
M of sub-binary Al–Li

and Li–Zn alloys using linear parameters showed unusual trends at 1573 K
in higher concentration region of Li. The same trend was also observed in
the ternary system at the same temperature and composition range using
linear parameters. These unusual trends were not observed in sub-binary as
well as and ternary system when exponential parameters were used.

b. Enthalpy of mixing (HM)

i. The variation of HM with temperature is not considered in the linear
parameters. Therefore, the theoretical values of HM for the preferred
systems were computed using exponential parameters only.

ii. For Al–Fe system, the values of HM calculated using exponential parameters
at 1873 Kwas found to be in excellent agreement with the observed values of
Desai (1987). The negative values calculated using exponential parameters
were found to decrease at higher temperatures.

iii. The negative values of HM of Al–Mn system calculated using exponential
parameters of this work was found to gradually decrease with increase in its
temperature. Moreover, their plots showed symmetric variations at higher
temperatures.

iv. In case of Al–Ti system, the calculated values of HM using exponential
parameters were found to decrease and their plots showed symmetric
variations in the temperature range 1500 K–2700 K.

v. The computed values of HM using exponential parameters of this work for
Li–Mg system at 1000 K were in good agreement with the experimental
values (Hultgren et al., 1973). Moreover, their compositional dependence

122



curves showed symmetric variations at higher temperatures.

vi. The values of HM of the Al–Li–Zn ternary system calculated using R-K-M
model at different cross-sections and temperatures were found to be in good
agreement with experimental values Trybula et al. (2014).

c. Activity (a)

i. The activities of components of the selected systems were calculated using
both linear and exponential parameters at different temperatures.

ii. For Al–Fe system, the computed values using both linear and exponential
parameters were in good agreement with the experimental (Hultgren et
al., 1973) and literature (Adhikari et al., 2014) data at 1873 K. When the
temperature of the system was raised in the range 1873 K to 3800 K, the
activity computed using exponential parameters shifts towards ideal values.

iii. In case of Al–Mn system, activities of the monomers calculated using
linear and exponential interaction parameters at 1600 K were in excellent
agreement. The activity of Al calculated using linear interaction parameters
showed positive deviation and that computed using exponential parameters
showed negative deviation with respect to ideal value at 2500 K.

iv. In case of Al–Ti binary system, the estimated values of aAl and aTi using
both the linear and exponential parameters at 1500 K were found to be
in good agreement. At higher temperatures (T > 1500 K), the computed
values of aAl and aTi gradually increased and approached their respective
ideal values. The results obtained using linear parameters showed that the
alloy changes its nature from ordering to segregating at higher temperatures.
This unusual tendency was not observed when exponential parameters were
used.

v. For Li–Mg system, the calculated values of aLi and aMg using linear
parameters at 1000 K were found to be in excellent agreement with the
experimental values (Hultgren et al., 1973). They have large negative
deviations from ideal values at and around equiatomic composition.

vi. The activity of the ternary Al–Li–Zn system has been computed using the
thermodynamic database of its sub-binary Al–Li, Li–Zn and Al–Zn system.
In case of Al–Li sub-binary system, the computed values of aAl and aLi

using exponential parameters at 973 K were found to be consistent with the
data of Hallstedt & Kim (2007). The computed values of aLi and aZn of
Li–Zn system at 973 K were found to be in excellent agreement with the
results of Y. Liang et al. (2008). Further, the computed values of aAl and aZn
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using exponential parameters at 973 K were in excellent agreement with the
results of Mathon et al. (2000). The computed values of activities of all the
components using both linear and exponential parameters of ternary system
at 973 K were found to be consistent with each other at all cross-sections.

vii. The computed values of activities of all the preferred systems in this work
were found to increase at higher temperatures. These results predicted
that the interacting nature of these systems gradually decreases at higher
temperatures.

II. Structural property (Concentration fluctuation in long wavelength limit SCC(0))

i. The thermodynamic parameters, such as Gxs
M and a of the binary and ternary systems

have direct influence on SCC(0). The mixing and demixing behaviours of the liquid
alloys can be interpreted more clearly in terms of SCC(0).

ii. For Al–Fe system, the computed values of SCC(0) using both linear and exponential
parameters were in well agreement with each other. They were also in well agreement
with the calculated experimental values and results of Adhikari et al. (2014). The
comparison of computed values of with ideal value shows that the system was
found to be ordering in nature near melting temperature. The system showed
segregating nature with respect to SCC(0)when linear parameters were used at higher
temperatures. But it still showed ordering tendency at higher temperatures when
exponential parameters were used.

iii. In case of Al–Mn system, the values computed using the linear and exponential
parameters were found to be less than the ideal values at all concentrations of
Mn which reveals the system to be ordering in nature. At 2500 K and above it,
the computed values of SCC(0) using linear parameters exceeded ideal values at
higher concentrations of Mn indicating the phase transformation from ordering to
segregating nature. But the values computed using exponential parameters still
showed ordering nature.

iv. In case of Al–Ti system at 1500 K, it can be observed that the computed values using
both the linear and exponential parameters were found to be in good agreement. At
lower concentration of Ti, the values computed using linear parameters were found
to be greater than ideal values indicating the phase transformation from ordering to
segregating nature of the system. The values computed using exponential parameters
were found to be less than the ideal values in the entire concentration range and at
all the preferred temperatures indicating the ordering nature.

v. In case of Li–Mg system, it can be observed that the computed values at 1000
K using optimised linear interaction parameters were in excellent agreement with
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the calculated experimental values. These values exceeded ideal values at higher
concentrations of Mg indicating the transformation from ordering to segregating
nature of the system. The values computed using exponential parameters gradually
increased and got closer to ideal values at higher temperatures.

vi. The structural properties of ternary Al–Li–Zn liquid alloy have been studied by
computing SCC(0) of its sub-binary systems as well as ternary system at different
temperatures. The sub-binary systems Al–Li and Li–Zn showed phase transitions
whereas Al–Zn showed complete segregating tendency. The values of SCC(0)
computed using exponential parameters showed ideal behaviour with temperature
variation. However, those computed using linear parameters do not show such
variations. In case of ternary system, SC1C1(0), SC2C2(0) and SC1C2(0) were computed
at cross-sections xAl : xZn = 3 : 1, 1 : 1 and 0.136 : 1 and at temperatures 973 K
and 1573 K. Again, the values computed using exponential parameters showed ideal
tendency at elevated temperatures.
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A B S T R A C T   

The presence of artifacts in thermodynamic and structural properties of the Al–Mn liquid alloy at higher tem-
peratures has been investigated assuming the interaction parameters present in the modeling equations to be 
linearly and exponentially temperature dependent. When the concept of linear temperature dependence of 
interaction parameters is employed to explain the thermo-structural properties of the Al–Mn liquid alloy some 
asymmetric artifacts appear in these properties at higher temperatures. However, these artifacts are successfully 
eliminated from the thermo-structural properties of the Al–Mn liquid alloy when the interaction parameters 
present in the modeling equations are considered to be exponentially temperature dependent.   

1. Introduction 

The assessment of the properties of the Al–Mn alloy has become a 
matter of interest to many researchers [1–10] for a long because of its 
wide applications, such as in manufacturing foil, roof sheets, cooking 
utensils, rigid containers, bearing assembly, step soldering and radiation 
shielding [11,12], etc. Bergman et al. [1] studied the thermodynamic 
properties of Al–Mn system at 1570 K using intensity ratio method from 
Knudsen cell mass spectrometric measurements. Jansson [2] and Du 
et al. [3] studied the Al–Mn system using PARROT software techniques 
employing different modeling equations. They reported the presence of 
high temperature inverted miscibility gap in the liquid phase at 4227 K 
when the interaction energy parameters were assumed to be linear 
temperature dependent. Shukla and Pelton [4] assessed the thermody-
namic properties of the Al–Mn and Mg–Al–Mn systems using FactSage 
thermochemical software in the framework of modified quasi-chemical 
model (MQM). Khan and Medraj [13] presented the thermodynamic 
description of the Al–Mn alloy using the quasi-chemical model for the 
liquid phases. McAlister and Murray [14] provided their assessments on 
some experimental information of the Al–Mn alloys [14]. 

When the thermodynamic and structural properties of the Al–Mn 
alloys in liquid state are computed assuming linear temperature 
dependent interaction parameters in the framework of R–K polynomial 
[15–19], some asymmetric behaviours are observed in certain regions at 
high temperature. These asymmetric tendencies are termed as high 
temperature artifact [16]. Kaptay [16] has suggested that the high 
temperature artifacts that appear while considering the linear 

temperature dependent interaction parameters can be removed by 
assuming exponential temperature dependent interaction parameters. 
Later, Kaptay [20] and Ghasemi et al. [21] provided a method for the 
reassessment of thermodynamic data set on this basis. Schmid-Fetzer 
et al. [22] gave emphasis for the requirement of Calphad type analysis 
after making critical assessment of the methods used for the evaluation 
of artifacts in different alloys. In a thorough review of literature [1–4, 
23–26], authors found that the assessments of high temperature artifacts 
have been addressed only in thermodynamic functions for different 
systems till date. Therefore, we attempt to study the presence of high 
temperature artifacts in the thermodynamic as well as structural prop-
erties of the Al–Mn liquid alloy assuming the interaction parameters to 
be linear and exponential temperature dependent in the framework of 
R–K polynomials. 

The theoretical outline for this work is given in section 2, the results 
and discussion of investigation is presented in section 3 and conclusion 
of the work is outlined in section 4. 

2. Theoretical basis 

The enthalpy and entropy of an alloy, on solving power-series law, 
are obtained as [19]. 

H¼A � CT � DT2 þ 2ET � 1 � … (1)  

S¼ � B � ðCþ lnTÞ � 2DT þET � 2 � … (2)  
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where T is the absolute temperature. The coefficients A, B, C, D, E…. are 
to be determined. These coefficients are determined by least squares 
method. 

Now using the relation G ¼ H � TS we have 

G ¼ Aþ BT þ CT  lnT þ DT2 þ ET � 1… (3) 

For the binary A-B alloys in liquid state the compositional depen-
dence of the excess Gibbs free energy of mixing ðGxs

MÞ in the framework of 
R–K polynomial method can be given as [15–19,27]. 

Gxs
M ¼ cAcB

X3

i¼0
LiðcA � cBÞ

i (4)  

where cA and cB are mole fractions of constituents A and B of binary A-B 
alloy. The coefficients Li is assumed to be the same linear temperature 
dependence as excess Gibbs free energy of mixing in Equation (3) and it 
can be expressed as 

Li¼Ai þ BiT (5) 

Since the linear temperature dependent interaction parameters 
cannot explain the artifacts seen in the thermodynamic and structural 
properties of alloys at higher temperatures, Kaptay [16] proposed 
exponential interaction parameter as 

Li¼ h0iexp
�
� T
τ0i

�

(6)  

where the model parameter h0i (J/mol) is the enthalpy part of Li at T ¼ 0 
K, while parameters τ0i (K) is the temperature at which Li would change 
its sign on extrapolating linearly from T ¼ 0 K. Parameter h0i can have 
any sign, but parameter τ0i must be always positive [16]. 

The excess Gibbs free energy of mixing in Eq. (4) can be expressed in 
the form of exponential interaction parameters as 

Gxs
M ¼ cAcB

�

h00exp
�
� T
τ00

�

þ h10exp
�
� T
τ10

�

ðcA � cBÞ

þ h20exp
�
� T
τ20

�

ðcA � cBÞ
2
þ h30exp

�
� T
τ30

�

ðcA � cBÞ
3
�

(7) 

The partial excess Gibbs free energy of constituents of the system can 
be expressed as [19]. 

Gxs
1 ¼ x2

B

X3

i¼1
Li½ð1þ 2iÞcA � cB�ðcA � cBÞ

i� 1 (8) 

and 

Gxs
2 ¼ c2

A

X3

i¼1
Li½cA � cBð1þ 2iÞ�ðcA � cBÞ

i� 1 (9) 

The activity of the constituents of the system are calculated from the 
standard expressions 

a1¼ cAexp
�

Gxs
1

RT

�

 and  a2¼ cBexp
�

Gxs
2

RT

�

(10) 

The concentration fluctuations in the long wavelength limit (Scc (0)) 
of the binary system for liquid phase is important function that describes 
the nature of ordering or segregation of mixing behavior and is 
computed from the standard expression [19]. 

Sccð0Þ¼RT
�

∂2GM

∂c2

�� 1

(11) 

The analytical expression for concentration fluctuations in long- 
wavelength limit is obtained by using Eq. (4) in Eq. (11) in the 
following form:   

The Scc (0) can also be calculated using observed value of activity and 
it is referred as the observed activity in the literature. Ideal value of the 
Scc(0) is calculated as 

Sid
ccð0Þ¼ cAcB (13) 

The mixing behavior of the alloys can also be studied at the micro-
scopic level in terms of the coefficient of diffusion. Darken thermody-
namic equation for diffusion provides the relation between the Sccð0Þ
and diffusion coefficients as follows [28,29]: 

DM

Did
¼

cAcB

Sccð0Þ
(14)  

where DM is the chemical or mutual diffusion coefficient and Did is the 
intrinsic diffusion coefficient for an ideal mixture. These parameters are 
related [28,29] as 

DM ¼Did
∂aA

∂cA
(15) 

with 

Did ¼ cADB þ cBDA  

where aA is the activity of the component A in A-B alloy, DA and DB are 
the self-diffusion coefficients of pure components A and B respectively. 

3. Results and discussion 

The excess Gibbs free energy of mixing (Gxs
M) of the Al–Mn liquid 

alloy was computed at 1570 K [3,30], 1900 K, 2200 K and 2500 K [1,3, 
30] assuming the interaction parameters of the modeling equation to be 
linearly temperature dependent (also called linear model) in the 
framework of R–K polynomial from Eq. (4). The computed values of the 
excess free energy of mixing of the Al–Mn liquid alloy at these tem-
peratures were plotted in Fig. 1(a–d). It was clearly observed that there 
was no artifact in the excess free energy of mixing for the Al–Mn liquid 
alloy up to the temperature 2200 K (Fig. 1(a–c)). When the temperature 
was elevated to 2500 K an asymmetric artifact appeared in the excess 
free energy of mixing in the concentration range cMn � 0:4 (Fig. 1(d)). 
Kaptay [20] has explained the inability of the linear model to describe 
the thermodynamic properties of an alloy at high temperatures if A0 < 0 
and B0 > 2:R in Eq. (5). It was also observed from this study that if A0 <

0 and B0 > 2:R in Eq. (5) the linear model could not explain the ther-
modynamic properties of the Al–Mn alloy at high temperature. 

Since an asymmetric artifact appeared in the excess free energy of 
mixing of the Al–Mn alloy at 2500 K when it was computed using linear 
model it was endeavored to study the excess free energy of mixing of the 
alloy using exponential model. For this, the optimized exponential 
temperature dependent parameters were determined for the Al–Mn 
alloy in the framework of R–K polynomial using the linear parameters of 

Sccð0Þ¼
RT

�

� 2L0 þ ð� 12cA þ 6ÞL1 þ ð � 48c2
A þ 48cA � 10ÞL2 þ ð � 160c3

A þ 240c2
A � 108cA þ 14ÞL3 þ

RT
cAð1� cAÞ

� 12)   
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Cost 507 [30] in Eqs. (4)–(6). The computed values of optimized 
exponential parameters are given below 

L0 ¼ � 80175:04 exp
�
� 7:14� 10� 4T

�
;  

L1 ¼ � 47609:8 exp
�
� 3:16� 10� 3T

�
;  

L2 ¼ � 2639:

The excess free energy of mixing for the Al–Mn alloy was computed 

at 1570 K, 1900 K, 2200 K and 2500 K using the optimized exponential 
parameters. The excess free energy of mixing for the Al–Mn liquid alloy 
computed at aforementioned temperatures by using exponential tem-
perature dependent parameters (also called exponential model) were 
compared with the values computed by using linear parameters in Fig. 1 
(a–d). It was clearly seen that no artifact was observed in the excess free 
energy of mixing of the Al–Mn alloy at all temperatures when it was 
computed by using exponential model. Additionally, the plots of the Gxs

M 

Fig. 1. Excess Gibbs free energy of mixing (Gxs
M) of the Al–Mn liquid alloy versus the concentration of Mn ðCMnÞ at (a) 1570 K (b) 1900 K (c) 2200 K and (d) 2500 K.  

Fig. 2. Activity ðaÞ of the components of the Al–Mn liquid alloy versus concentration of Mn ðCMnÞ at (a) 1600 K (b) 1900 K (c) 2200 K and (d) 2500 K.  
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gradually shallow up with increase in temperature indicating a decrease 
of the compound forming tendency of the system [31]. 

Activity is a very important quantity which incorporates the devia-
tion of alloys from ideality. It also measures the tendency of the atoms to 
leave the solution. The activities of the components of the Al–Mn liquid 
alloys were computed using linear model [30] and exponential model in 
Eq. (10) at 1600 K, 1900 K, 2200 K and 2500 K separately and plotted in 
Fig. 2(a–d). The activities of the monomers of the Al–Mn alloy were 
found to have negative deviation from Raoult’s law (Fig. 2(a–c)) up to 
2200 K in both of the cases; either the interaction parameters were 
assumed to be linearly temperature dependent or exponentially tem-
perature dependent. However, at 2500 K Al-component showed positive 
deviation and Mn-component negative deviation above the equiatomic 
composition (Fig. 2(d)) when the interaction parameters were assumed 
to be linearly temperature dependent. This positive deviation of the 
activity from Raoult’s law only on increasing the temperature is unusual 
behavior which is termed as artifact (Fig. 2(d)). The tendency of positive 
deviation of activity from Raoult’s law was corrected when the inter-
action parameter were assumed to be exponentially temperature 
dependent (Fig. 2(d)). It can, therefore, be mentioned that the artifact 
for the Al–Mn liquid alloy at higher temperature can be eliminated when 
the interaction parameters are considered as exponentially temperature 
dependent. 

The value of SCCð0Þ for liquid Al–Mn alloy was computed at 1600 K, 
1900K, 2200 K and 2500 K from Eq. (13) assuming the interaction 
parameter to be linearly temperature dependent [30]. The SCCð0Þ can be 
used to understand the nature of atomic order in the binary liquid alloys. 
At a given composition, ordering in a binary alloy is expected if SCCð0Þ <
Sid

CCð0Þ and there is tendency of segregation if SCCð0Þ > Sid
CCð0Þ. The 

computed values of the SCCð0Þ for the Al–Mn liquid alloy was observed 

to be less than ideal values at 1600 K, 1900 K and 2200 K in the entire 
range of concentration indicating the ordering behavior of the alloy 
(Fig. 3(a–c)). At 1600 K, the observed values of the SCCð0Þ was found to 
be slightly greater that the ideal value at cMn ¼ 0:5 and less than the 
ideal values at rest of the compositions (Fig. 3(a)). The minor discrep-
ancy of the observed value with the computed value in the SCCð0Þ at 
cMn ¼ 0:5 may be due to the error in observed values of activities of Al 
(0:365�0:11Þ and Mn ( 0:161�0:044Þ [32] at the composition Al-50at 
%Mn-50at%. When the temperature became 2500 K the SCCð0Þ
computed by using linear model crossed the ideal value in the range 
cAl � 0:4 (Fig. 3(d)). This indicates that there is the demixing tendency 
of the alloy in the range cAl � 0:4. This is unusual trend as the alloying 
behavior cannot be changed from ordering to segregating only on 
increasing temperature. This unusual behavior is termed as artifact. We 
again computed the SCCð0Þ for the Al–Mn liquid alloy at the above 
mentioned temperatures using the optimized exponential parameters. In 
this case, the SCCð0Þ was found to be less than the ideal values at all 
above mentioned temperatures. This clearly indicates that the artifact in 
the SCCð0Þ for the Al–Mn liquid alloy can be removed when the inter-
action parameters are supposed to be exponentially temperature 
dependent. 

The ordering or segregating tendency of an alloy can also be un-
derstood by calculating the ratio of chemical diffusion coefficient and 

intrinsic diffusion coefficient 
�

DM
Did

�

[28,29,33]. The DM
Did
> 1 for the alloy 

indicates the tendency for compound formation and the DM
Did
< 1 indicates 

phase separation. For ideal mixing, DM
Did 

approaches 1. We compute the DM
Did 

at the temperatures 1600 K, 1900K, 2200 K and 2500 K by using Eq. (14) 
assuming the interaction parameters in the modeling equations to be 
exponentially temperature dependent. The value of the DM

Did 
is greater than 

Fig. 3. Concentration fluctuations in the long-wavelength limit (Scc(0)) of the Al–Mn liquid alloy versus concentration of Mn ðCMnÞ at (a) 1600 K (b) 1900 K (c) 2200 
K and (d) 2500 K. 
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unity in the entire range of concentration (Fig. 4) at all above mentioned 
temperatures, which is indicative for the presence of chemical order in 
the alloy at these temperatures. At intermediate concentration of Mn 
(0:3< cMn < 0:7Þ, the DM

Did 
has greater value than neighboring ones which 

suggests that the degree of order in this liquid alloy is stronger at in-
termediate concentration of Mn, as evidenced in the calculation of the 
SCCð0Þ: The value of the DM

Did 
went on decreasing on increasing the tem-

perature. This result indicates that the ordering tendency of the alloy 
decreases as the temperature is increased. 

Further, considerable efforts have been applied by the researchers in 
order to investigate the temperature or pressure dependence of liquid- 
liquid structure change in liquids, liquid metals and alloys [34–36]. 
We also computed the SCCð0Þ in temperature range 1550 K–3700 K in 
order to investigate the possibility of the temperature dependence of 
liquid-liquid structure change in the Al–Mn liquid alloy. The SCCð0Þ for 
this alloy shifts towards the ideal values at the elevated temperature but 
does not cross it and return to the ordering side. Thus the result of this 
theoretical study does not indicate the existence of liquid-liquid transi-
tion in the Al–Mn liquid alloy in the temperature range 1550 K–3700 K. 

4. Conclusion 

The artifacts appear in the thermodynamic and structural functions 
of liquid Al–Mn alloy at higher temperatures when the interaction pa-
rameters are assumed to be linearly temperature dependent. These ar-
tifacts are appeared in these properties of the alloys due to the 
application of inappropriate modeling parameters for the computation 
of these properties. When the correct modeling parameters are applied 
there should not be any artifact in the properties of the alloy. Our 
theoretical investigation revealed that no artifact appears in the thermo- 
structural properties of the Al–Mn liquid alloys at large range of tem-
perature when the interaction parameters of the modeling equation are 
assumed to be exponentially temperature dependent. Thus it is 
concluded that the interaction parameters of the modeling equations are 
exponentially temperature dependent. Further, no evidence of liquid- 
liquid structure change is observed in the Al–Mn liquid alloy in the 
temperature range considered for the investigation. 
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ABSTRACT
The thermodynamic and structural properties of Fe – based (Al-Fe and Fe-Si) 
alloys in their liquid states at different higher temperatures have been 
studied assuming the interaction parameters of R-K polynomial are linearly 
and exponentially dependent on temperature. It has been observed that 
artificial miscibility gaps (also called artefacts) appear in the thermodynamic 
and structural properties of the aforementioned alloys at high temperature 
when the interaction parameters are assumed to be linearly dependent on 
temperature. The artificial miscibility gaps or artefacts observed in the 
former case are eliminated when the interaction parameters are supposed 
to be exponentially dependent on temperature. This implies that the inter-
action parameters of RK- 
polynomial for liquid alloys vary exponentially at elevated temperatures.
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1. Introduction

Understanding the thermo-structural properties of an alloy at high temperature is a vital to explore 
the nature of the alloy. The study of the thermo-structural properties of the alloy at high tempera-
ture can reveal the information about surface and transport properties of the alloy. These studies 
also help us to understand the stability of the material in solid state. In addition to the fundamental 
importance, knowing thermo-structural properties of material at high temperature is important for 
its various applications. However, alloy at high temperature in liquid state is of disorder nature and 
has complex structure. The complexity in the structure of the liquid alloys, therefore, demands 
extensive theoretical investigations and hence several theoretical models [1–13] have long been 
employed by the researchers to comprehend the properties of the liquid alloys.

In present work, we have employed linear [14] and exponential models [15,16] in the framework of 
R-K polynomial [17,18] to explain the thermodynamic and structural properties of Al-Fe and Fe-Si 
binary alloys in their liquid states and evaluated the applicability of these models to understand the 
thermo-structural properties of these alloys at high temperature. In both of these models the inter-
action parameters are assumed to be composition independent but temperature dependent. In former 
model these parameters are supposed to vary linearly with temperature whereas in later model these 
parameters are supposed to vary exponentially with temperature. The Al-Fe and Fe-Si alloys have also 
been studied by several researchers using various theoretical models [9–24] for the assessment of their 
different properties. The main focus of the present work is to analyse the artificial miscibility gaps or 
artefacts that appear in thermodynamic and structural properties of the Al-Fe and Fe-Si alloys at high 
temperatures (also called High – T artefact) [16]. Since the reliability of the models depends on its 
ability to explain every unusual behaviour in the properties of the alloy, the study of the artificial 
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miscibility gaps at higher temperatures and their removal has been the subject of interest to authors. 
Moreover, the study of the Al-Fe and Fe-Si alloys at high temperature has attracted a considerable 
interest to the authors due to their high temperature applications [23–26]. The Fe-Si alloy has Fe2Si, 
Fe5Si3, FeSi, αFeSi2 (orthorhombic) and βFesi2 (tetragonal) intermediate phases [27]. Similarly, in Al- 
Fe alloy the intermetallic phases Al3Fe, Al5Fe2 (end-centred orthorhombic), Al-Fe, Al-Fe3, Al6Fe 
(orthorhombic) and Al2Fe (complex rhombohedral) have been reported [27]. The formulation of the 
work is presented in the Section 2, the results and discussion presented in the Section 3 and the 
conclusions are listed in the Section 4.

2. Theoretical formulations

Thermodynamic properties like excess Gibbs free energy of mixing (ΔGxs), heat of mixing (ΔH) and 
excess entropy of mixing (ΔSxs) are computed in frame-work of Redlich-Kister (R-K) polynomials 
in terms of linear temperature dependent parameters and exponential temperature dependent 
parameters. The excess Gibbs free energy of mixing is related with heat of mixing and excess 
entropy of mixing by standard relation 

ΔGxs ¼ ΔH � TΔSxs (1) 

The excess entropy of mixing is calculated by taking partial derivative of excess Gibbs free energy of 
mixing as 

ΔSxs ¼
� @ ΔGxsð Þ

@T
(2) 

Thermodynamic property (ΔZ) of liquid A-B alloy is calculated using R-K polynomials [2] 

ΔZ ¼ x1x2
Xn

i¼0
Ki x1 � x2ð Þ

i (3) 

where x1 and x2 are concentration of components A (xA) and B (xB) of liquid A-B alloy and Ki is 
known as coefficient of R-K polynomials and its value is different for ΔZ ¼ ΔGxs, ΔH and ΔSxs. For 
excess Gibbs free energy of mixing (ΔGxs) and assuming Ki as linear temperature dependent 
parameter (Li) also known as interaction parameters between components A and B of liquid 
A-B alloy 

Li ¼ ai � biT (4) 

where ai and biare coefficients of R-K polynomials for heat of mixing and excess entropy of 
mixing respectively. Using Equation(4) in Equation (3), we get 

ΔGxs ¼ x1x2
Xn

i¼0
ai � biTð Þ x1 � x2ð Þ

i (5) 

Using Equation (5) in Equation (3) then excess entropy of mixing is obtained as 

ΔSxs ¼ x1x2
Xn

i¼0
bi x1 � x2ð Þ

i (6) 

Using Equations (5) and (6) in Equation (1) we obtain heat of mixing (ΔH) as 

ΔH ¼ x1x2
Xn

i¼0
ai x1 � x2ð Þ

i (7) 

2 R. K. GOHIVAR ET AL.



Similarly, Ki or (Li) exponential temperature dependent interaction parameter for excess Gibbs 
free energy of mixing is suggested by Kaptay [3] as 

Li ¼ hiexp
� T
τi

� �

(8) 

where hi and τi are exponential parameters.
Similarly, using Equation (8), Equations (6) and (7) are transformed to 

ΔSxs ¼ x1x2
Xn

i¼0

hi

τi

� �

hiexp
� T
τi

� �

x1 � x2ð Þ
i (9) 

and 

ΔH ¼ x1x2
Xn

i¼0
1þ

1
τi

� �

hi exp
� T
τi

� �

x1 � x2ð Þ
i (10) 

The activity of components of liquid A-B alloy can be computed using relations 

ai ¼ xiexp
Gxs

i
RT

� �

� i ¼ 1; 2 for components A and B (11) 

where Gi
xs are partial excess Gibbs free energy of components of liquid A-B alloy and is calculated 

from Equation (12) [4] 

Gxs
i ¼ ΔGxs þ

X2

j� 1
δi

j � xj
� � @ ΔGxsð Þ

@xj
(12) 

The structural property of binary liquid alloy is explained in terms of concentration fluctuations in 
long-wavelength limit (Scc(0)) which gives information about arrangement components of the alloy. 
The standard relation for Scc(0) is 

Scc 0ð Þ ¼ RT
@2 ΔGð Þ

@x2
1

� �� 1

(13) 

Using Equation (3) in Equation (13), we get 

Scc 0ð Þ ¼ RT � 2L0 þ � 12x1 þ 6ð ÞL1 þ � 48x2
1 þ 48x1 � 10

� �
L2

�

þ � 160x3
1 þ 240x2

1 � 108x1 þ 14
� �

L3 þ
RT

x1ð1 � x1Þ

�� 1 (14) 

and ideal value of concentration fluctuations in long-wavelength limit Sid
cc 0ð Þ ¼ x1x2

This observed values of Scc(0) can also be calculated using activity of components of binary liquid 
alloy. 

Scc 0ð Þ ¼ 1 � xið Þai
@ai

@xi

� �� 1

(15) 

Here liquid A-B alloy stands for liquid Al-Fe alloy and liquid Fe-Si alloy.

3. Results and discussion

The linear temperature dependent interaction parameters (ai and bi) for the Al-Fe and Fe-Si alloys 
in liquid state were optimised using their respective observed values of heat of mixing and excess 
entropy of mixing [27] in Equations (6) and (7). Further the exponential temperature dependent 
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parameters (hi and τi) for these alloys were also estimated using optimised linear temperature 
dependent interaction parameters and Equations (4) and (8). The optimised parameters for these 
alloys are listed in Table 1. The excess Gibbs free energy of mixing (ΔGxs) of the Al-Fe alloy 
computed using linear interaction parameters and exponential interaction parameters in the frame-
work R-K polynomials were compared with observed value [27] at 1873 K (Figure 1(a)). All the 
values were in well agreement with one another. The computed values were also very close to the 
values obtained by Adhikari et al [21]. The peak value of the excess free energy of mixing was found 
to be in the same compositions in all cases. However, a small discrepancy was found with values 
derived from Cost 507 [14]. The excess free energy of mixing for the Al-Fe alloy in liquid state was 
also computed at higher temperatures 2500 K, 3500 K and 3800 K using linear temperature 
dependent parameters and exponential temperature dependent parameters. The computed values 
were then compared with the values derived from Cost 507 at the respective same temperatures 
(Figure 1(b-d)). Below 3800 K no artificial miscibility gap or artefact was observed in all cases. 
However, at temperature 3800 K a miscibility gap or artefact was detected in the values of the excess 
free energy of mixing for the Al-Fe alloys in the concentration range xFe � 0:2, where xFe is 
concentration of Fe, when it was computed using linear temperature dependent parameters and 
ref. [14]. This artificial miscibility gap was not noticed in the excess free energy of mixing for the Al- 
Fe alloy at all temperatures when it was computed using the exponential temperature dependent 
parameters. This clearly indicates that the interaction parameters for the Al-Fe alloy are dependent 
exponentially on temperature, and not linearly at high temperature. Here it important to have 
a notice that Kaptay [16] reassessed the thermodynamic data of different alloys and suggested that 
High-T artefact appears in the properties of the alloys if there occurs a0 < 0 and b0 > 2R in the 
optimised linear parameters, where R is universal gas constant. It was observed in the present work 
that the linear parameters optimised from observed values [27] has L0 ¼ � 86088:09þ 20:96T and 
optimised linear parameter given in ref [14] has L0 ¼ � 91976:5þ 21:13T. In both of the cases 
a0 < 0 and b0 > 2R and hence High-T artefact appeared in the thermodynamic properties of the 
alloys when linear parameters were used for the calculation.

We also computed excess free energy of mixing for the Fe-Si alloy in liquid state at 1873 K using 
linear and exponential temperature-dependent parameters and compared with observed values [27] 
and the values obtained from ref. [14] (Figure 2(a)). The computed excess free energies of mixing 
for the Fe-Si alloy were found to be in excellent agreement with one another and also with the 
observed value.  The computed values at 1873 K were also in good agreement with the value 
computed by Adhikari et al. [22] using regular associated solution model [28–30]. The computation 
of  excess free energy of mixing for the Fe-Si alloy was further extended to temperatures 2500 K and 
3500 K (Figure 2(b-c)). For the Fe-Si alloy no artifact was observed in the excess free energy of 
mixing in all cases.  However, the discrepancy in the excess free energy of mixing computed with 
different assumptions was found to increase with an increase in temperature.

The heat of mixing (ΔH) for the liquid Al-Fe and Fe-Si alloys was computed at 1873 K using the 
exponential parameters of Table 1 from Equation (10). The computed value of heats of mixings 
were in well agreement with the respective observed values [27] and also with the respective value 
obtained by Adhikari et al. [21](Figure 3 and Figure 4). The heat of mixings for the Al-Fe alloy 
alloys was extrapolated to temperatures 2500 K, 3500 K and 3800 K. Similarly the heat of mixing for 

Table 1. Optimised linear and exponential parameters of interaction of liquid Al-Fe and Fe-Si alloys.

System L0 L1 L2 L3

Al-Fe −86,088.09 + 20.96 T −26,415.27 + 10.65 T −4457.84 + 0.073 T -
−90,837.21exp 
(−3.33 × 10−4 T)

−32,581.59exp 
(−7.26 × 10−4 T)

−4458.56exp 
(−1.66 × 10−5 T)

-

Fe-Si 150,430.24 + 29.2 T −35,044.82–2.63 T 34,332.26 − 12.73 T 26,349.62–0.22 T
−155,177.35 exp 

(−2.47 × 10−4 T)
−35,151.35 exp 

(6.93 × 10−5 T)
40,435.10exp 
(−6.27 × 10−4 T)

26,350.76 exp 
(−8.52 × 10−6 T)
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Figure 1. Excess Gibbs free energy of mixing (ΔGxs) of liquid Al-Fe alloy with respect to concentration of Fe at temperatures (a) 
1873 K, (b) 2500 K, (c) 3500 K and (d) 3800 K.

Figure 2. Excess Gibbs free energy of mixing (ΔGxs) of liquid Fe-Si alloy with respect to concentration of Si at temperatures (a) 
1873 K, (b) 2500 K and (c) 3500 K.
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the Fe-Si alloy was extrapolated to temperatures 2500 K, 3000 K and 3500 K. With increase of 
temperature the heat of mixing was found to be less negative for both of these alloys. This indicates 
that the nature of the alloys shift from ordering to ideal as the temperature increases which is usual 
behaviour.

The activity of the components of the liquid Al-Fe alloy was computed at 1873 K using linear and 
exponential parameters of Table 1 and Equations (11) and (12). The computed values of the 
activities were compared with the observed value [27] and also with the value derived from Cost 
507 [14] (Figure 5(a)). The computed values of the activities of both of the components of Al-Fe 
alloys were found to be in good agreement with one another and also with the value obtained by 
Aahikari et. al [21]. The activities of both Al and Fe components were less than the ideal value at all 
compositions. The activities of the components of the Al-Fe alloy were then extrapolated to 
temperatures 2500 K, 3500 K and 3800 K (Figure 5(b-d)). The activities of the components of Al- 
Fe alloy showed negative to positive deviation on increasing the temperature when optimised linear 
parameters were used for the computation. The activity of any component cannot exceed the ideal 
value only on changing the temperature. Again High-T artefact appeared in the case of activities. 
Then the activities of the monomers of the Al-Fe alloys were computed at different temperatures 
using exponential parameters. It was found, in this case, that the activities of the components of the 
Al-Fe alloy did not shift from negative to positive side. This means the exponential interaction 

Figure 3. Heat of mixing of liquid Al-Fe alloy with respect to concentration of Fe at 1800 K, 2500 K, 3500 K and 3800 K.

Figure 4. Heat of mixing of liquid Fe-Si alloy with respect to concentration of Si at 1873 K, 2500 K, 3000K and 3500 K.
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parameters correctly explains the activities of the monomers of the alloy at all temperatures, that is, 
the High-T artefact can be eliminated when exponential parameters are used for the computation of 
the activities.

The activities of Fe and Si components of the Fe-Si alloy in liquid state at 1873 K have also been 
computed using optimised linear and exponential interaction parameters. The computed values of 
the activities of Fe and Si were then compared with the observed values [27] and also with the values 
obtained from ref. [14]. The values of activities of Fe and Si components computed by assuming the 
interaction parameters to be dependent on temperature linearly and exponentially agreed well with 
one another and also with the observed value [27] (Figure 6(a)). This value also agreed well with the 
values obtained by Adhikari et al. [22]. However, discrepancy in activities of the components Fe and 
Si were observed with the values obtained from ref. [14]. The activities of Fe and Si components of 
the Fe-Si alloy were extrapolated to higher temperatures 2500 K and 3500 K. At elevated tempera-
tures the activities of Fe and Si components exceeded the ideal values in some regions when these 
were computed using optimised linear parameters. This clearly indicated that even though no 
artefact was observed in the excess free energy of mixing of the Fe-Si alloys it was appeared in the 
activities of the monomers of the alloy. The high-T artefacts in the activities of the monomers were 
eliminated when exponential parameters were used for the computation of the activities of the 
monomers of the alloy. Thus the interaction parameters of the Fe-Si alloys are exponential 
dependent on temperature rather than linear dependent in view of the activities.

The concentration fluctuations in long-wavelength limit (Scc(0)), an important parameter to 
understand the ordering and segregating nature of an alloy was computed for the Al-Fe and 
Fe-Si alloys in their liquid states at 1873 K assuming the interaction parameters to be linearly 
and exponentially dependent on temperature. The computed values of the Scc(0) were com-
pared with the respective observed values (Figure 7(a) and 8(a)). For both of these alloys the 
computed values of the Scc(0) were in good agreement with one another and also with 

Figure 5. Activity of components Al (aAl) and Fe (aFe) of liquid Al-Fe alloy with respect to concentration of Fe at temperatures (a) 
1873 K, (b) 2500 K, (c) 3500 K and (d) 3800 K.
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Figure 6. Activity of components Al (aFe) and Fe (aSi) of liquid Fe-Si alloy with respect to concentration of Si at temperatures (a) 
1873 K, (b) 2500 K and (c) 3500 K.

Figure 7. Concentration fluctuations in long-wavelength limit (Scc (0)) of liquid Al-Fe alloy with respect to concentration of Fe at 
temperatures (a) 1873 K, (b) 2500 K, (c) 3500 K and (d) 3800 K.
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respective observed values [27]. The theoretical analysis revealed that both of these alloys are 
ordering in nature. The Scc(0) for the Al-Fe and Fe-Si alloys was also computed from the ref. 
[14] and compared with the observed values. The computed Scc(0) of the Al-Fe alloy was 
extrapolated to temperatures 2500 K, 3500 K and 3800 K (Figure 7 b-d) and that of the Fe-Si 
alloy was extrapolated to temperatures 2500 K, 3000 K and 3500 K(Figure 8(b-d)). It was 
found that the Scc(0) for the liquid Al-Fe alloy computed using linear parameter and value 
derived from cost 507 exceeded ideal value in concentration range 0–30% of Fe at temperature 
3500 K and 0–40% of Fe at temperature 3800 K. In case of the liquid Fe-Si alloy the Scc(0) was 
found to shift towards ideal value with increase in temperature and exceeded ideal value in 
concentration range 0–30% of Fe at temperature 3000 K and around 0–38% of Fe at 
temperature 3500 K under the same assumption as above. However, the Scc(0) computed 
for both of the alloys using exponential parameters of Table 1 shift towards ideal value but 
does not cross it even the temperature was increased. Here it is clear from the above analysis 
that the artefacts that might appear under all other assumptions have been eliminated when 
the interaction parameters were assumed to be exponential temperature dependent.

4. Conclusion

From the above analysis the following conclusion are drawn:

(a) The Al-Fe and Fe-Si alloys are of ordering and highly interacting in nature.
(b) The artificial miscibility gaps or artefacts appear in the thermo-structural properties of the 

Al-Fe and Fe-Si alloys at higher temperatures when the interaction parameters are assumed 
to depend on temperature linearly.

Figure 8. Concentration fluctuations in long-wavelength limit (Scc (0)) of liquid Fe-Si alloy with respect to concentration of Si at 
temperatures (a) 1873 K, (b) 2500 K, (c) 3000 K and (d) 3500 K.
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(c) The thermo-structural properties of the Al-Fe and Fe-Si alloys can be explained correctly when 
the interaction parameters are assumed to be exponentially dependent on temperatures.

(d) The interaction parameters of both of the alloys are exponential temperature dependent.
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A B S T R A C T

Temperature-dependent interaction parameters of Redlich-Kister (R–K) polynomials for Li–Mg alloy in liquid
phase have been optimized using experimental data in the framework of linear and exponential models. These
parameters have then been used to compute the thermodynamic properties (excess Gibbs free energy of mixing,
enthalpy of mixing and activity) and structural property (concentration fluctuations in the long-wavelength limit)
of the alloy at temperatures 1000 K, 1300 K, 1600 K, 1900 K, and 2200 K. The negative values of excess Gibbs free
energy of mixing computed using linear T-dependent parameters increases with the rise in the temperature of the
system beyond 1000 K while the same physical quantity computed using the exponential T-dependent interaction
parameters decreases with the rise in temperatures and does not show any unusual trends up to 2200 K. Similar
behavior has been found in the case of other thermodynamic and structural functions. The unusual behavior that
appears in the thermodynamic and structural functions computed using linear T-dependent parameters can be
eliminated if these functions are computed using exponential T-dependent parameters.

1. Introduction

The coexistence of two distinct liquid phases causes miscibility gaps
in the liquid phase of alloys [1, 2]. The miscibility gaps which appear in
phase diagrams and thermodynamic functions are termed thermody-
namic artifacts. Several researchers [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] have
revealed the existence of artificial inverted miscibility gaps in different
alloy systems. Kevorkov et al. [3] analyzed published parameters of
Feufel [13] and Yan et al. [14] for Mg–Si system and studied the presence
of artificial inverted miscibility gaps in the liquid phase at higher tem-
peratures. They then remodeled the system using the data of Yan et al.
[14] and computed the phase diagram without the inverted miscibility
gaps up to 4273 K. Kaptay [4] explained that the artifacts appear in some
alloy systems at high temperature when the coefficients of Redlich-Kister
(R–K) polynomials are considered to be linear temperature (T) depen-
dent. The linear T-dependence of interaction parameters are expressed in
the form Li þ ai þ biT where ai is the enthalpy term in unit J mol�1 and bi
is the entropy term in J mol�1 K�1. Following Kaptay, if ai < 0 and b2 >

2:R , then the existence of artifacts is observed. To overcome this, he
proposed a model in which the interaction parameters depend expo-
nentially on T called the exponential model. Later Schmidt-Fetzer et al.

[7] detected the presence of low-temperature artifact in the phase dia-
gram of Mg–Si system using two exponentially optimized parameters.
With this regard, Liang et al. [11] employed the combined
linear-exponential T- dependent (LET) interaction parameter in order to
remove both high and low T-artifacts of the system. Contrary to
Schmidt-Fetzer et al., Kaptay removed both high and low-T artifacts of
fifteen different systems by considering four exponential interaction
parameters [12]. Furthermore, Kaptay suggested the utility of LET
interaction parameters for those systems in which the excess Gibbs free
energy changes sign with the temperature. In the present work, we have
observed the presence of high T-artifacts in Li–Mg system in the tem-
perature range 1000–2200 K while assuming the interaction parameters
to be linear T-dependent.

Lithium–Magnesium based alloys are metallic materials having low
densities which are mostly used in aerospace, automotive, portable
electronics, etc. [15], among which Li–Mg alloys have extremely light-
weight, high mechanical strength, and high stiffness. As a result, they
have been assessed by several researchers [16, 17, 18, 19] in the field of
metallurgical science. Gasior et al. [16] have optimized coefficients of
R–K polynomials for Gibbs energy of mixing for the system using data
obtained by electromotive force (emf) method and other experimental
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techniques. Jha et al. [18] studied the same system employing a regular
associated solution model assuming the favorable complex Li2Mg and
concluded it to be moderately interacting. The phase diagram of Li–Mg
alloy shows that there exist three stable liquid phases namely bcc-A2,
fcc-A3, and one metastable phase fcc-Al in a liquid solution and two
metastable compounds Al12Mg17 and AlLi [20]. Braga et al. [17]
computed the phase diagram using the reoptimized parameters for the
system using the data of Cost 507 [20]. It was found that the computed
phase diagram agrees well with the experimental in the composition
range xLi � 0:3 Later, Wang et al. [19] found that there appeared inverse
miscibility gap while considering the reassessed parameters of Brag et al.
above 973 K. Therefore, they reassessed the system by taking account of
experimental data and eliminated inverse miscibility gap and artificial
phase relations in Li-rich region which had been appeared in the calcu-
lations using parameters from [16, 17] near to its melting temperature.
However, it is found that the negative values of excess Gibbs free energy
of mixing of the system calculated using parameters of Wang et al. in-
creases with rise in temperature indicating the increase in mixing ten-
dency of the liquid alloy. But the liquid alloys should show ideal mixing
behavior at elevated temperatures [21, 22, 23, 24].

In the present work, both the linear and exponential T- dependent
interaction parameters have been optimized for the Li–Mg system using
experimental data [25]. The excess Gibbs free energy, enthalpy of mix-
ing, activity, and concentration fluctuations in the long-wavelength limit
(Scc(0)) have been computed using the optimized parameters in the
framework of R–K polynomials at different temperatures. Additionally,

the presence of artifacts in the thermodynamic as well as structural
functions of the system has been detected using the linear T-dependent
interaction parameters. These artifacts have been removed by assuming
the exponential T-dependent interaction parameters.

2. Formalism

2.1. Thermodynamic properties

Thermodynamic properties like excess Gibbs free energy of mixing
(Gxs

M), heat of mixing (HM) and excess entropy of mixing (SxsM) can be
expressed in terms of Redlich-Kister (R–K) polynomials. These three
thermodynamic functions can be related in standard form as

Gxs
M ¼HM � TSxsM (1)

The excess entropy of mixing ( SxsM ) in terms Gxs
M can be given as

SxsM ¼�∂
�
Gxs

M

�
∂T (2)

In the frame work of R–K polynomials, the excess thermodynamic
functions (Zxs) for the binary liquid alloys of the type A-B can be
expressed in the form [26].

Zxs ¼ x1x2
Xn

i¼0

Liðx1 � x2Þi (3)

Table 1. Optimized parameters for liquid Li–Mg alloy.

Li Linear Exponential

L0 -21318 þ 2.9 T -31362 exp (-1.46 � 10�4 T)

L1 7930 - 15.1T 1154251 exp (-1.60 � 10�2 T)

L2 10668–8.9 T 12138 exp (-1.34 � 10�3 T)

L3 -7765 þ 7.4 T -9382 exp (-1.67 � 10�3 T)

Table 2. Excess Gibbs free energy of mixing (Gxs
M) of liquid Li–Mg alloy at temperatures 1000 K, 1300 K, 1600 K, 1900 K and 2200 K.

XMg Excess Gibbs free energy of mixing (Gxs
M ) in (J/mol)

T ¼ 1000K T ¼ 1300 K

Linear fit Expon. fit Experimental [25] Wang et al. [19] Cost 507 [20] Linear fit Expon. fit Wang et al. [19]

0.1 -2095.23 -1557.95 -2085.82 -1369.21 -466.40 -2336.12 -1515.10 -1426.77

0.2 -3562.91 -2828.97 -3540.46 -2573.13 -801.39 -3797.62 -2738.52 -2701.48

0.3 -4434.11 -3790.56 -4405.72 -3517.11 -1018.03 -4533.01 -3649.81 -3719.74

0.4 -4756.84 -4400.12 -4740.12 -4130.82 -1127.89 -4682.10 -4218.27 -4401.44

0.5 -4596.06 -4611.78 -4598.00 -4368.23 -1141.00 -4376.03 -4413.21 -4690.79

0.6 -4033.70 -4393.37 -4050.42 -4207.57 -1065.87 -3737.25 -4214.18 -4556.28

0.7 -3168.61 -3743.26 -3193.52 -3651.43 -909.50 -2879.53 -3621.17 -3990.71

0.8 -2116.63 -2707.32 -2135.98 -2726.63 -677.35 -1907.93 -2664.87 -3011.16

0.9 -1010.52 -1395.74 -1019.92 -1484.34 -373.38 -918.85 -1416.90 -1659.03

XMg Excess Gibbs free energy of mixing (Gxs
M ) in (J/mol)

T ¼ 1600 K T ¼ 1900 K T ¼ 2200 K

Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19]

0.1 -2577.0 -1467.9 -1484.3 -2817.9 -1417.9 -1541.9 -3058.8 -1366.3 -1599.4

0.2 -4032.3 -2643.0 -2829.8 -4267.0 -2545.0 -2958.2 -4501.8 -2446.5 -3086.5

0.3 -4631.9 -3508.2 -3922.4 -4730.8 -3367.9 -4125.0 -4829.7 -3230.3 -4327.6

0.4 -4607.4 -4041.8 -4672.1 -4532.6 -3871.3 -4942.7 -4457.9 -3707.0 -5213.3

0.5 -4156.0 -4223.2 -5013.4 -3936.0 -4041.3 -5335.9 -3715.9 -3867.3 -5658.5

0.6 -3440.8 -4039.3 -4905.0 -3144.4 -3869.8 -5253.7 -2847.9 -3706.1 -5602.4

0.7 -2590.4 -3490.9 -4330.0 -2301.3 -3357.4 -4669.3 -2012.3 -3223.9 -5008.6

0.8 -1699.2 -2598.4 -3295.7 -1490.5 -2518.0 -3580.2 -1281.8 -2430.1 -3864.8

0.9 -827.2 -1408.5 -1833.7 -735.5 -1381.9 -2008.4 -643.8 -1344.5 -2183.1
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where x1ðxA ¼ xLiÞ and x2ðxB ¼ xMgÞ are the concentrations of compo-
nents A and B of the alloy and Li are the coefficients of R–K polynomials.
Zxs stands for Gxs

M , HM and SxsM . For G
xs
M linear T-dependent parameters Li

be expressed as [7, 11, 12].

Li ¼ ai � biT (4)

where ai and bi are the parameters associated with the heat of mixing and
excess entropy of mixing respectively. Using Eq. (4) in Eq. (3), we get

Gxs
M ¼ x1x2

Xn

i¼0

ðai � biTÞðx1 � x2Þi (5)

Now, using Eq. (5) in Eq. (2) and then in Eq. (1), one can obtain the
relations for SxsM and HM as

SxsM ¼ x1x2
Xn

i¼0

biðx1 � x2Þi (6)

and

HM ¼ x1x2
Xn

i¼0

aiðx1 � x2Þi (7)

Following, Kaptay [4], Li in terms of exponential T-dependent inter-
action parameters can be given as

Figure 1. The compositional dependence of the excess Gibbs free energy of mixing (Gxs
M) of the liquid Li–Mg alloy at temperatures (a) 1000 K, (b) 1300 K, (c) 1600 K,

(d) 1900 K and (e) 2200 K.
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Li ¼ hiexp
��T

τi

�
(8)

where hi and τi are exponential parameters which are to be optimized.
Similarly, using Eqs. (5), (6), (7) and (8) can be transformed as

Gxs
M ¼ x1x2

Xn

i¼0

hiexp
��T

τi

�
ðx1 � x2Þi (9)

SxsM ¼ x1x2
Xn

i¼0

�
1
τi

�
hiexp

��T
τi

�
ðx1 � x2Þi (10)

and

HM ¼ x1x2
Xn

i¼0

�
1þ T

τi

�
hiexp

��T
τi

�
ðx1 � x2Þi (11)

Activity is an important thermodynamic property of the liquid alloy
which are directly computed from the experimental measurements. It
provides an immediate insight of the mixing tendency of the system. The
activity of components A and B of the liquid alloy can be related to Gxs

μ as

aμ ¼ xμexp
�
Gxs

μ

RT

�
(12)

where μ¼ 1, 2 for components A and B and Gxs
μ are partial excess Gibbs

free energy of components A and B of the alloy which can further be
expressed as [27].

Gxs
μ ¼Gxs þ

X2

j¼1

�
δμ

j � xj
� ∂Gxs

M

∂xj
(13)

2.2. Structural properties

It is well known fact that the liquid alloys are disorder systems having
no long-range interactions. Therefore, the knowledge of the local ar-
rangements of the atoms of the liquid mixture is mandatory to under-
stand the energetic of the initial melt. The extent of local ordering of the
atoms can be studied and explained in terms of concentration fluctua-
tions in long-wavelength limit (Sccð0Þ). The standard relation for Sccð0Þ in
terms of excess free energy of mixing can be given as [28].

Sccð0Þ¼RT
�
∂2Gxs

M

∂x21

��1

(14)

Table 3. Enthalpy of mixing (HM) of liquid Li–Mg alloy 1000 K, 1300 K, 1600 K, 1900 K and 2200 K.

XMg Enthalpy of mixing (HM) in (J/mol)

T ¼ 1000 K Expon. fit

Linear fit Expon. fit Experimental [25] Wang et al. [19] T ¼ 1300K T ¼ 1600K T ¼ 1900K T ¼ 2200K

0.1 -1091.0 -1424.2 -1091.0 -1177.4 -1318.8 -1207.4 -1095.0 -985.3

0.2 -2303.5 -2539.8 -2340.8 -2145.3 -2333.3 -2124.8 -1920.9 -1725.9

0.3 -3556.6 -3326.0 -3582.3 -2841.7 -3036.2 -2754.9 -2486.5 -2233.3

0.4 -4648.2 -3786.0 -4648.2 -3228.8 -3441.4 -3116.2 -2810.8 -2525.1

0.5 -5329.5 -3935.2 -5362.9 -3293.0 -3571.5 -3231.9 -2914.9 -2619.1

0.6 -5379.7 -3790.3 -5379.7 -3045.2 -3446.2 -3120.3 -2814.0 -2527.5

0.7 -4680.1 -3357.5 -4606.4 -2520.5 -3069.9 -2784.0 -2509.4 -2250.3

0.8 -3289.4 -2621.3 -3201.9 -1778.2 -2419.9 -2199.6 -1979.8 -1769.7

0.9 -1517.3 -1533.2 -1517.3 -902.0 -1434.3 -1307.1 -1173.4 -1043.7

(a)

(b)
K
K

Figure 2. The compositional dependence of the enthalpy of mixing (HM) of
liquid the Li–Mg alloy at (a) 1000 K and (b) 1300 K–2200 K.
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Using Eq. (3) in Eq. (13), we get

Sccð0Þ ¼ RT
�� 2L0 þ ð�12x1 þ 6ÞL1 þ

�� 48x21 þ 48x1 � 10
�
L2

þ�� 160x31 þ 240x21 � 108x1 þ 14
�
L3 þ RT

x1ð1� x1Þ
��1 (15)

and ideal value of concentration fluctuations in long-wavelength limit is
Sidccð0Þ ¼ x1x2

The experimental values of Scc(0) can also be calculated using activity
of components of binary liquid alloy [22, 29] as

Sccð0Þ¼ ð1� xiÞai
�
∂ai
∂xi

��1

(16)

Here liquid A-B alloy stands for liquid Li–Mg alloy.

3. Results and discussion

The experimental data of enthalpy of mixing and excess entropy of
mixing for liquid Li–Mg alloy [25] were used to optimize the linear
T-dependent interaction parameters of R–K polynomials for excess Gibbs
free energy of mixing using Eqs. (5), (6), and (7). The optimized linear
parameters were then used to obtain exponential T-dependent interac-
tion parameters using Eqs. (8), (9), (10), and (11). The optimized linear
and exponential interaction parameters are presented in Table 1.

The excess Gibbs free energy of mixing (Gxs
M) of the liquid alloy has

been computed at temperatures 1000 K, 1300 K, 1600 K, 1900 K and
2200 K using Eqs. (5) and (9) with the help of the optimized parameters
and listed in Table 2. The values so obtained have been compared with
the available literature and experimental data (Figure 1(a–e)). The values
of Gxs

M computed using the linear parameters of this work are in excellent
agreement with the experimental results. But the values so obtained

Table 4. Activities of components of liquid Li–Mg alloy at temperatures 1000 K, 1300 K, 1600 K, 1900 K and 2200 K.

XMg Activities

T ¼ 1000 K

Linear fit Expon. fit Experimental [25] Wang et al. [19]

aLi aMg aLi aMg aLi aMg aLi aMg

0.1 0.866 0.012 0.885 0.018 0.865 0.012 0.893 0.021

0.2 0.690 0.043 0.746 0.048 0.689 0.043 0.763 0.052

0.3 0.510 0.107 0.591 0.097 0.509 0.107 0.609 0.101

0.4 0.353 0.213 0.432 0.174 0.353 0.213 0.449 0.178

0.5 0.232 0.357 0.287 0.287 0.232 0.356 0.303 0.289

0.6 0.146 0.521 0.172 0.437 0.146 0.521 0.186 0.430

0.7 0.090 0.678 0.093 0.608 0.090 0.679 0.103 0.591

0.8 0.053 0.808 0.046 0.771 0.053 0.808 0.050 0.750

0.9 0.027 0.909 0.019 0.900 0.027 0.908 0.019 0.889

Activities

T ¼ 1300 K T ¼ 1600 K

Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19]

aLi aMg aLi aMg aLi aMg aLi aMg aLi aMg aLi aMg

0.864 0.016 0.888 0.028 0.895 0.028 0.863 0.019 0.890 0.037 0.897 0.034

0.686 0.061 0.757 0.070 0.773 0.066 0.683 0.075 0.765 0.089 0.779 0.077

0.509 0.150 0.614 0.132 0.630 0.122 0.508 0.185 0.630 0.159 0.643 0.137

0.362 0.283 0.469 0.218 0.479 0.202 0.368 0.338 0.493 0.251 0.499 0.219

0.254 0.437 0.332 0.332 0.336 0.312 0.270 0.496 0.364 0.364 0.359 0.328

0.179 0.584 0.217 0.471 0.216 0.448 0.203 0.627 0.250 0.495 0.237 0.460

0.126 0.706 0.129 0.622 0.125 0.600 0.156 0.724 0.157 0.634 0.142 0.607

0.084 0.808 0.068 0.769 0.063 0.752 0.112 0.807 0.087 0.771 0.073 0.754

0.044 0.902 0.028 0.895 0.024 0.888 0.059 0.898 0.037 0.894 0.028 0.888

T ¼ 1900 K T ¼ 2200 K

Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19]

aLi aMg aLi aMg aLi aMg aLi aMg aLi aMg aLi aMg

0.863 0.022 0.892 0.044 0.898 0.039 0.862 0.024 0.893 0.051 0.898 0.042

0.681 0.087 0.771 0.104 0.783 0.085 0.680 0.097 0.775 0.116 0.786 0.092

0.507 0.213 0.642 0.180 0.653 0.148 0.507 0.237 0.651 0.197 0.660 0.157

0.372 0.381 0.512 0.275 0.513 0.232 0.375 0.417 0.525 0.294 0.523 0.241

0.281 0.541 0.387 0.387 0.375 0.339 0.289 0.577 0.405 0.405 0.388 0.347

0.222 0.658 0.275 0.512 0.253 0.468 0.236 0.682 0.294 0.526 0.265 0.474

0.180 0.737 0.179 0.644 0.154 0.611 0.200 0.746 0.197 0.652 0.164 0.614

0.136 0.807 0.103 0.774 0.081 0.755 0.157 0.807 0.116 0.777 0.087 0.756

0.073 0.895 0.044 0.894 0.032 0.888 0.085 0.893 0.051 0.894 0.034 0.888
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using exponential parameters slightly deviate from experimental results
[25] and its variation is similar to the work of Wang et al. [19]. The
computed values of Gxs

M using parameters of Cost 507 [20] are much less
than the experimental and the present work results (Figure 1(a)). The
values of Gxs

M obtained using linear parameter of this work decrease
rapidly with the rise in temperature of the system in Mg-rich region
(Figure 1(c), (d)) showing the presence of inverse miscibility gap at
higher temperatures while the values computed using the exponential
parameter changes smoothly at all concentrations. The negative values of
excess Gibbs free energy of mixing using parameters of Wang et al. [19]
increases with the rise in the temperature of the system beyond 1000 K

(Figure 1(a)–(e)). This result contradicts with the predictions of other
researchers that the liquid alloys must show ideal behavior with respect
to mixing tendency at elevated temperatures [9, 10, 11]. When the same
physical quantity is computed using the exponential T-dependent inter-
action parameters, it decreases with the rise in temperatures and does not
show any unusual trends or so-called artifacts up to 2200 K.

The enthalpy of mixing (HM) of the liquid Li–Mg alloy has been
computed at 1000 K using Eqs. (7) and (11) with the aid of the expo-
nential T-dependent parameters and listed in Table 3. The theoretical and
experimental values as the function of concentration are in considerable
agreement (Figure 2(a)). ButHM computed using the parameters of Wang

Figure 3. Activities of components Li and Mg of the liquid Li–Mg alloy at temperatures (a) 1000 K, (b) 1300 K, (c) 1600 K, (d) 1900 K and (e) 2200 K.
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et al. [19], differ significantly with the results of the present work as well
as experimental values (Figure 2(a)). Further, the enthalpy of mixing
(HM) of the liquid Li–Mg alloy has also been computed at temperatures
1300 K, 1600 K, 1900 K and 2200 K following a similar procedure as
above. The computed negative values of HM gradually decreases with the
increase in the temperature of the system beyond 1000 K (Figure 2(b)).
The present theoretical investigations thus predict that the compound
forming tendency of the considered system gradually decreases with the
rise in its temperatures. These findings further support the results pre-
dicted by the excess free energy of mixing in the previous section of the
work and are in accordance with other researchers [21, 22, 23, 24] too.
These results correspond to the reliability and fruitfulness of exponential
T-dependent optimized parameters of this work.

Activities of the components Li and Mg of the system have been
computed using optimized parameters in Eq. (12) and listed in Table 4 in
the above-mentioned temperature range. The values so computed using
the exponential parameters of this work and parameters of Wang et al.
are in a good agreement and show negative deviations from ideal values
(Raoult's law) at 1000 K (Figure 3 (a)). Moreover, both the experimental
values and values calculated using exponential parameters are in well
harmonic. When the temperature of the liquid alloy is gradually
increased, the activities calculated using exponential parameters gradu-
ally move toward ideal value revealing the decrease in the mixing ten-
dency (Figure 3(a)–(e)). These predictions further support the results of
excess free energy of mixing and enthalpy of mixing presented in the
earlier sections of the work. The activity of Mg calculated using linear T-

Figure 4. Concentration fluctuations in long-wavelength limit (SCCð0Þ) of the liquid Li–Mg alloy at temperatures (a) 1000 K, (b) 1300 K, (c) 1600 K, (d) 1900 K and (e)
2200 K.
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dependent parameters exceeds the ideal value at higher temperatures
beyond 1000 K indicating the presence of unusual trend
(Figure 4(b)–(e)). These unusual trends, however, have been removed
considering the exponential T-dependent parameters. Hence, it can be
stated that at higher temperatures, the thermodynamic functions depend
exponentially on temperature rather than linear.

In structural properties, concentration fluctuations in long-
wavelength limit (Scc(0)) has been established as an important tool to
study and explain the hetero or homo-coordinating nature of the liquid
alloys. At a given concentration and temperature, if SCCð0Þ < SidCCð0Þ, then
it indicates the hetero-coordinating or ordering nature and if SCCð0Þ >
SidCCð0Þ, then it corresponds to the homo-coordinating or segregating
nature of the liquid system. The theoretical, ideal and observed values of
SCCð0Þ at 1000 K have been computed using optimized parameters in Eqs.
(14), (15) and (16) and depicted in Table 5. Both the computed values of
SCCð0Þ using the exponential T-dependent parameters are in reasonable
agreement and less than the ideal value indicating the ordering nature of
the system at 1000 K (Figure 4(a)). But the values computed using linear
T-dependent parameters exceeds ideal values in the concentration range
xMg > 0:9 indicating the segregating tendency of the alloy (Figure 4(a))
and can be termed as unusual trend. Likewise, Singh et al. [30] had
revealed the appearance of the narrow miscibility gap in the liquid phase
of Li–Mg alloy in region of 18–30 at % of Li at 830 K. They had further
calculated Scc(0) from data of neutron diffraction measurement at 695 K,
830 K and 887 K by using quasi-chemical expression (exponential pa-
rameters) in which no miscibility gap was found to appear which sup-
ports the findings of this work.

The theoretical values of SCCð0Þ have been computed at higher tem-
peratures in the range 1300–2200 K employing the similar procedure as
discussed above (Figure 4(b)–(e)). At higher temperatures, the values
computed using linear parameters exceed ideal value but those computed
using exponential parameters are found to be less than ideal values at all
concentrations. These findings further correspond that the thermody-
namic functions depend exponentially on temperature at higher tem-
peratures. Additionally, the computed values of SCCð0Þ using the

exponential parameters gradually move towards ideal values with an
increase in temperature of the alloy supporting the results predicted by
thermodynamic functions.

4. Conclusions

The theoretical investigation predicts the appearance of artifacts in
the thermodynamic and structural properties of liquid Li–Mg alloy at
higher temperatures when the parameters are assumed to be linear T-
dependent. When the same thermodynamic and structural properties are
calculated using exponential T-dependent parameters, the above dis-
crepancies have been removed. Therefore, it can be concluded that at
higher temperatures, the interaction parameters depend exponentially on
temperature for liquid alloys. Moreover, the thermodynamic and struc-
tural properties of the preferred liquid alloy show ideal mixing tendency
at higher temperatures.
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Table 5. Concentration fluctuations in long-wavelength limit (Scc(0)) of liquid Li–Mg alloy at temperatures 1000 K, 1300 K, 1600 K, 1900 K and 2200 K.

XMg Concentration fluctuations in long-wavelength limit (Scc(0))

T ¼ 1000 K T ¼ 1300 K T ¼ 1600 K

Linear fit Expon. fit Experimental [25] Wang et al. [19] Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19]

0.1 0.0535 0.0688 0.0533 0.0762 0.0524 0.0725 0.0798 0.0517 0.0752 0.0822

0.2 0.0751 0.1005 0.0749 0.1064 0.0743 0.1095 0.1157 0.0738 0.1166 0.1224

0.3 0.0891 0.1112 0.0894 0.1142 0.0927 0.1260 0.1267 0.0951 0.1378 0.1360

0.4 0.1010 0.1115 0.1016 0.1147 0.1142 0.1311 0.1279 0.1244 0.1466 0.1379

0.5 0.1130 0.1087 0.1124 0.1135 0.1414 0.1305 0.1259 0.1677 0.1481 0.1352

0.6 0.1262 0.1063 0.1271 0.1118 0.1724 0.1276 0.1223 0.2235 0.1445 0.1300

0.7 0.1393 0.1056 0.1385 0.1085 0.1922 0.1226 0.1161 0.2520 0.1358 0.1215

0.8 0.1420 0.1037 0.1421 0.0991 0.1692 0.1113 0.1029 0.1923 0.1176 0.1055

0.9 0.1005 0.0818 0.1006 0.0712 0.0947 0.0786 0.0716 0.0913 0.0783 0.0718

Concentration fluctuations in long-wavelength limit (Scc(0))

T ¼ 1900 K T ¼ 2200 K

Linear fit Expon. fit Wang et al. [19] Linear fit Expon. fit Wang et al. [19]

0.0513 0.0772 0.0839 0.0510 0.0789 0.0852

0.0735 0.1223 0.1275 0.0733 0.1271 0.1315

0.0969 0.1474 0.1432 0.0982 0.1552 0.1489

0.1324 0.1592 0.1456 0.1390 0.1696 0.1518

0.1922 0.1621 0.1424 0.2150 0.1736 0.1481

0.2803 0.1580 0.1359 0.3440 0.1688 0.1405

0.3202 0.1462 0.1255 0.3987 0.1545 0.1285

0.2120 0.1229 0.1073 0.2291 0.1274 0.1087

0.0892 0.0789 0.0720 0.0877 0.0790 0.0721
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A B S T R A C T   

The exponential temperature-dependent interaction parameters of the Redlich-Kister (R–K) polynomial for the 
binary sub-systems of the liquid Al–Li–Zn ternary alloy were optimized using available literature data. The 
ternary interaction terms of the Redlich-Kister-Maggianu (R–K–M) polynomial were then optimized in order to 
determine the excess Gibbs free energy of mixing (Gxs

M) and the enthalpy of mixing (HM) of the system. These 
functions for the liquid ternary alloys were also computed at temperatures of 973 K, 1273 K and 1573 K. The 
calculated inverted miscibility gap that appeared in Gxs

M while using the linear temperature-dependent interaction 
parameters was suppressed in this work by the assumption of the interaction parameters to be exponential 
temperature dependent. The enthalpy of mixing of the alloy so calculated was found to be in good agreement 
with the available experimental data.   

1. Introduction 

The construction materials in many industrial applications are 
mostly metal alloys. In particular applications, such as in aerospace 
engineering works and vehicle parts manufacturing, there is a high de-
mand for suitable lightweight materials. The addition of light elements 
in alloys makes material light by lowering its density. Mechanical 
properties like stiffness, elastic strength, heat treatment as well as the 
electrical properties of the light material should be appropriate for the 
specific usage. In the process of manufacturing vehicles and other arti-
cles and during their operations, these materials have to withstand high 
temperatures. Therefore, the development of lightweight materials 
required for various applications is of great interest in the field of ma-
terials science and engineering. Experimental as well as theoretical 
research works are equally important in the development of materials 
for specific applications. In the vast world of metallurgy, Lithium- 
containing Aluminum alloys have been mostly investigated due to 
their large mechanical strength and light weight. Al–Li based alloys are 
very important for structural materials. The liquid ternary Al–Li–Zn 
alloy is one of such Al–Li-based alloy that has been previously taken in 
several experimental and theoretical studies [1–9]. 

Kim and Sommer performed experimental work to measure the 

enthalpy of mixing (HM) for the Al–Li–Zn system in the temperature 
range 729–955 K using the high-temperature calorimeter method [1]. 
Furthermore, they calculated the parameters on the basis of the asso-
ciation solution model using the previous experimental data and found 
that the calculated enthalpy of mixing deviated from the observed 
values without considering the ternary interaction term. Guo et al. 
critically assessed many solution phases, stable compounds and inter-
metallic compounds of sub-binary and ternary Al–Li–Zn systems to 
describe the thermodynamic of the ternary system using the CALPHAD 
technique [2]. The temperature dependent ternary interaction param-
eters of Redlich-Kister-Muggianu polynomial for liquid phases of the 
system were optimized using experimental data of enthalpy of mixing 
from Ref. [1]. Trybula et al. [3] also optimized the 
temperature-dependent ternary interaction parameters of the liquid 
Al–Li–Zn systems by using experimental data of partial excess Gibbs free 
energy of Li from electromotive force measurement and thermodynamic 
interaction parameters of sub-binary Al–Li, Li–Zn and Al–Zn systems, 
respectively from Refs. [4–6]. They computed the excess Gibbs free 
energy mixing, excess entropy of mixing and enthalpy of mixing of the 
ternary liquid system using ternary interaction parameters and ther-
modynamic parameters of sub-binary systems at three cross-sections of 
xAl: xZn at 3, 1 and 0.136 and compared them with the results obtained 
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using ternary interaction parameters from Ref. [2]. The experimental 
measurements of enthalpy of mixing of Al–Li and Al–Li–Zn systems were 
carried out by Debski and Terlicka [7] using the Setaram MHTC 96 Line 
Evo calorimeter, where the discrepancy in value of HM was reported due 
to errors in the measurement or optimization procedure adopted. The 
integral enthalpy of mixing of (Al0.5 –Zn0.5) (1− x) –Lix at 851 K was re-
ported to be in good agreement with the values in Refs. [2,3,8] but 
differed from the value in Ref. [1]. Gasior et al. [9] carried out two 
experimental works using calorimetric and emf methods to study the 
integral enthalpy of mixing and partial excess Gibbs free energy of the 
liquid Al–Li–Zn alloy. The temperature-dependent ternary interaction 
parameters were calculated using the experimental data of enthalpy of 
mixing and partial Gibbs energy and also taking into account the liter-
ature values of the two functions [9]. Further, they reported that there 
appeared a remarkable deviation between the experimental values ob-
tained from the two techniques. 

For the assessment of the thermodynamic properties of the binary as 
well as ternary systems, most often linear temperature-dependent 
interaction parameters are used. When the computed values of these 
functions are extrapolated at higher temperatures, unusual behaviors 
often appears which are termed as inverted miscibility gaps [10–12]. In 
order to solve the problem, exponential temperature-dependent pa-
rameters proposed by Kaptay [13] were used by several researchers 
[14–19]. The exponential model was further modified by combining the 
linear and exponential temperature-dependent interaction parameters 
for the re-stabilization of the solidus phases of more complex systems 
[20,21]. 

In the present work, we intend to describe the thermodynamic 
properties of liquid Al–Li–Zn alloys at higher temperatures, such as 973 
K, 1273 K and 1573 K using exponential temperature-dependent inter-
action parameters. The necessary theoretical formulation is presented in 
Section 2 and the results and discussion are outlined in Section 3 and the 
conclusion in Section 4. 

2. Theoretical basis 

Among the thermodynamic functions, the excess Gibbs free energy of 
mixing of alloys (Gxs

M) is the most basic function and it can be calculated 
using different models. For a binary A-B alloy, Gxs

M can be calculated from 
the Redlich-Kister (R–K) polynomial using the following expression 
[22]. 

Gxs
M = xAxB

∑n

i=0
Li(xA − xB)

i (1)  

where xA and xB are the respective mole fractions of the components A 
and B and Li represents the temperature-dependent interaction param-
eters for the given alloy. The parameters may depend either linearly or 
exponentially on temperature. The linear temperature-dependent 
interaction parameters are expressed as 

Li = ai + biT (2)  

where ai and bi are constants which contribute respectively to the 
enthalpy of mixing (HM) and excess entropy of mixing (Sxs

M) of the sys-
tem. Following Kaptay, the exponential temperature-dependent inter-
action parameters can be given as [13]. 

Li = hiexp
(
− T
τi

)

(3)  

where hi and τi contribute respectively to the enthalpy of mixing and 
excess entropy of mixing of the system. 

The excess free energy of mixing of the ternary A–B–C systems can be 
calculated on the basis of the Redlich–Kister–Muggianu (R-K-M) model. 
According this model, Gxs

M is computed using the following analytical 
expression [23]. 

Gxs
M = xAxB

∑n

i=0
LAB

i (xA − xB)
i
+ xBxC

∑n

i=0
LBC

i (xB − xC)
i
+ xCxA

∑n

i=0
LCA

i (xC − xA)
i

+xAxBxC
(
xALABC

0 + xBLABC
1 + xCLABC

2

)

(4)  

where LAB
i , LBC

i and LCA
i are the interaction parameters for the liquid 

binary A–B, B–C and C–A systems respectively and LABC
0 , LABC

1 and LABC
2 

are the ternary interaction parameters for the liquid alloy. 
The asymmetric model formulated by Toop [24] to calculate the 

thermodynamic function of the liquid ternary alloy is expressed as 

Gxs
M =

xB

1 − xA
Gxs

AB(xA; 1 − xA)+ (xB + xC)
2Gxs

BC

(
xB

xB + xC
;

xC

xB + xC

)

+
xC

1 − xA
Gxs

AC(xA; 1 − xA) (5) 

The asymmetrical behavior of the excess Gibbs free energy or 
enthalpy of mixing of sub-binary systems determines the first position of 
the component in the A–B–C ternary alloy in the Toop model. The 
enthalpy of mixing of the binary and ternary liquid alloys can be 
determined theoretically from the following most general expression 

HM =Gxs
M − T

∂Gxs
M

∂T
(6) 

The temperature-dependent interaction parameters for HM can be 
obtained using Eq. (3) in Eq. (1) then in Eq. (6) as follows 

Li =

(

1+
T
τi

)

hiexp
(
− T
τi

)

(7) 

Using Eq. (7) in Eq. (1) one can obtain the analytic expression for the 
enthalpy of mixing of the binary A-B liquid system in the following form 
[16]. 

HM = xAxB

∑
(

1+
T
τi

)

hiexp
(
− T
τi

)

(xA − xB)
i (8) 

The HM of the liquid ternary system is calculated using the enthalpy 
of mixing of the sub-binary systems from Eq. (8) and the necessary 
ternary interaction parameters from Eq. (7) in Eqs. (4) and (5) for the 
respective models. 

3. Results and discussion 

In order to explain the thermodynamic functions of the liquid ternary 
Al–Li–Zn alloy at preferred higher temperatures, the exponential inter-
action parameters for the three liquid sub-binary Al–Li, Li–Zn and Zn–Al 
systems as well as the liquid ternary system were optimized. The 
exponential parameters of the Al–Li liquid alloy were taken from 
Ref. [25]. For the liquid Li–Zn and Zn–Al alloys, the respective linear 
temperature-dependent interaction parameters from Refs. [5,6] were 
used in Eqs. (2) and (3) to optimize the exponential parameters for the 
respective systems. The exponential ternary interaction parameters for 
the liquid Al–Li–Zn system were optimized using the linear 
temperature-dependent interaction parameters of Ref. [3]. The opti-
mized temperature-dependent parameters for the sub-binary systems 
and the ternary Al–Li–Zn liquid alloys are presented in Table 1. 

The excess Gibbs free energies of mixing of the sub-binary systems of 
the Al–Li–Zn system were computed using Eq. (1) and the interaction 
parameters from Table 1 at temperatures 973 K and 1573 K and are 
plotted in Fig. 1(a–c). A consistency was observed between the values of 
Gxs

M for the binary systems computed using the exponential and linear 
parameters of Table 1 at a temperature of 973 K (Fig. 1(a–c)). The 
inverted miscibility gap was depicted in the calculated values of Gxs

M in 
the concentration range 0.6–1.0 of Li for liquid Li–Zn alloy at 1573 K 
while using the linear temperature-dependent interaction parameters of 
Ref. [5]. The linear-temperature dependent interaction parameters are 
expressed as Li = ai + bi T, where i = 0–4 and ai (in unit Jmol− 1) are the 
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contribution due to the enthalpy of mixing term and bi (in unit 
Jmol− 1K− 1) are contribution due to the excess entropy of mixing term. 
One of the condition for the appearance of the inverted miscibility gaps 
in the calculated results of the excess Gibbs free energy of mixing is b0-b2 

> 2R [26], where R is the real gas constant in unit Jmol− 1K− 1. The 
optimized values of b0 and b2 mentioned in Ref. [5] are 26.3677 J 
mol− 1K− 1 and 4.0715 J mol− 1K− 1 respectively and hence b0-b2 =

22.2962>2R which satisfies the condition for the appearance of the 
inverted miscibility gap in the present work. This inverted miscibility 
gap was suppressed significantly by using the exponential fitting pa-
rameters of this work (Fig. 1(b)). 

In order to employ Toop model, an asymmetric element is to be 
chosen for the computation of the thermodynamic functions. For the 
purpose, the excess Gibbs free energy of mixing for the sub-binary sys-
tems were plotted. It can be observed that the values of Gxs

M were found to 
be negative for both Al–Li and Li– Zn alloys and positive for Zn–Al alloy 
(Fig. 1(a–c)). Therefore, the component (Li) was chosen at the first po-
sition in the Al–Li–Zn system. The Gxs

M of the ternary system was 
computed using Eq. (4) and the linear parameters of Table 1 in ratio xAl: 
xZn equal to 3:1, 1:1, 0.136:1 at temperatures of 973 K, 1273 K and 1573 
K and the values so obtained are plotted in Fig. 2(a–c). 

The Gxs
M for the ternary Al–Li–Zn system was also computed using the 

R–K–M polynomial and the linear parameters of Table 1 in Eq. (4). It was 
observed that with the increase in the temperature, the values of Gxs

M 
were found to be more positive toward the Li-rich region (Fig. 2(a–c)). A 
small positive value was noticed in the Li-rich region in the ratio xAl: xZn 
equal to 1:1 and 0.136:1 at 1273 K. This unusual behavior was identified 
as an inverted miscibility gap (Fig. 2(a and b)). The miscibility gap also 
appeared at temperature 1573 K (Fig. 2(a–c)) which gradually becomes 
prominent in the ratio 0.136:1 of xAl: xZn in the concentration range 
0.6–1.0 of Li-component. This gap was found to increase with the in-
crease in the concentration of Al and resembles with that of the sub- 
binary systems. 

The value of Gxs
M was further computed using the optimized expo-

nential parameters of this work (Table 1) at 973 K, 1273 K and 1573 K. 
The computed value of Gxs

M at 1573 K was found to have small positive 
value at xLi = 0.9 in the ratio 0.136:1 of xAl: xZn. The inverted miscibility 
gap in Gxs

M that appeared while using the linear interaction parameters 
was suppressed noticeably by using the exponential interaction param-
eters (Fig. 2(a–c)). 

The enthalpy of mixing (HM) of the liquid ternary alloy was 

computed using Eqs. (4) and (5) respectively in the frame work of 
R–K–M polynomial and Toop model with the aid of the exponential 
temperature-dependent parameters in Table 1. The value was obtained 
in the ratio xAl: xLi = 3:1 at 995 K, xAl: xZn = 1:1 at 951 K, and xAl: xZn =

7:3 at 883 K. The result for HM at 951 K was found to be in well 
agreement with the available experimental data [1] and the theoretical 
data [8] (Fig. 3(a)). Moreover, the results of this work and experimental 
data from Ref. [1] at 951 K and data from Ref. [3] at 973 K were also 
compared in the plot of Fig. 3(b). It was found that the results obtained 
using R–K–M polynomial and Toop model were in close agreement and 
they differ by a maximum value of 1.4 kJ/mol from the data of Trybula 
et al. [3]. The results of the present work were in fair agreement with 

Table 1 
Interaction parameters of sub-binary and ternary systems.  

System Linear interaction parameters Exponential interaction 
parameters 

Al–Li L0 = − 44200 +
20.6T 

Ref. [4] L0 = − 61954.01 exp 
(− 9.85 × 10− 4T) 

Ref. [25] 

L1 = 13,600-5.3T L1 = 22608.02 exp 
(− 7.97 × 10− 4T) 

L2 = 14,200 L2 = 44253.179 exp 
(− 1.57 × 10− 3T) 

L3 = -12100 L3 = -20589.38 exp 
(− 3.13 × 10− 4 T) L4 = − 7100 

Li–Zn L0 = − 45258.6 +
26.3677 T 

Ref. [5] L0 = − 56461.95 exp 
(− 10.645 × 10− 3T) 

This 
work 

L1 = 22887.2–4.1921 
T 

L1 = 23168.75 exp 
(-21.35 × 10− 5T) 

L2 = − 4552.6 +
4.0715T 

L2 = − 13536.88 exp 
(-29.62 × 10− 4T) 

Al–Zn L0 =

10466.6–3.39259 T 
Ref. [6] L0 = 11564.55 exp 

(− 5.545 × 10− 4T) 
This 
work 

Al–Li–Zn L0 = 7700-52 T Ref. [3] L0 = − 11624.75 exp 
(13.78 × 10− 4T) 

This 
work 

L1 = -112,500-4T L1 = − 112554.56 
exp (3.44 × 10− 5T) 

L2 = 29,000-14T L2 = 35296.44 exp 
(− 8.56 × 10− 4T)  

(a)

(b)

(c)

Fig. 1. The compositional dependence of excess Gibbs free energy of mixing 
(
Gxs

M
)

for the liquid sub-binary systems of the liquid Al–Li–Zn alloy at different 
temperatures. (a) Al–Li system, (b) Li–Zn system and (c) Al–Zn system. 
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data of Kim and Sommer [1]. Finally, the results for HM at temperature 
883 K and xAl: xZn = 7:3 were compared with Kim and Sommer [1] and 
the experimental data of Trybula et al. [3] at 973 K and xAl: xZn = 3:1 in 
Fig. 3(c). The calculated results were found to be in well agreement with 
both experimental data of Refs. [1,3]. 

4. Conclusion 

The inverted miscibility gap was observed in the computed values of 
Gxs

M in the sub-binary Li– Zn system as well as in the liquid Al–Li–Zn 
ternary system at 1573 K in Li- rich region while using the linear- 
temperature dependent interaction parameters. It was further revealed 
that the calculated miscibility gap of the ternary system gradually 
increased with decrease in concentration of Al. But these inverted gaps 
of the binary and the ternary were suppressed using the optimized 
exponential parameters. Further, the enthalpy of mixing (HM) of the 
ternary system calculated at different temperatures using the exponen-
tial parameters were found to be in good agreement with the experi-
mental results. The theoretical investigations of the present work 
predicted that the interaction parameters depend exponentially on 
temperature rather than linear at preferred higher temperature range. 
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ABSTRACT 

Thermodynamic and structural properties of Al-Ti melt have been 

estimated in the framework of Redlich-Kister (R-K) polynomial using 

linear temperature-dependent (T-dependent) interaction parameters above 

melting temperatures. These calculations show the existence of the artificial 

inverted miscibility gaps (artifacts) at temperatures 2000 K, 2500 K, and 

2700 K. Therefore, interaction parameters are assumed to vary 

exponentially with temperature and have been optimised for excess free 

energy of mixing. The artifacts do not appear in the calculation of these 

properties of the concerned alloy when these optimized parameters are 

used. 
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1. Introduction 

The fabrication of materials for their various 

applications at high temperatures is one of the major 

tasks for the researcher in the field of material and 

metallurgical science. Such high-temperature 

materials are used as exhaust valves and turbine 

blades in aerospace and automotive vehicles. 

Titanium-based alloys are most often preferred as 

high-temperature materials. Moreover, the AlTi-

based alloys have lightweight as well as high 

strength. Therefore, complete knowledge of Al-Ti 

alloys is mandatory and hence several researchers so 

far have studied the phase diagram of this system [1–

9]. 
 

The experimental value of enthalpy of Al was used 

to calculate the enthalpy of Ti using Gibbs-Duhem 
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relation which were used to compute the enthalpy of 

mixing of liquid Al-Ti alloy at 2000 K [1]. Kattner 

et al. [2]. analyzed the phases of stoichiometric 

compounds, the disordered solution phases and the 

ordered intermetallic compounds, and optimised the 

thermodynamic functions of the Al-Ti system. 

Maeda et al. [3] studied the activity of the system at 

2073 K and found that the observed values showed 

negative deviation from the Raoult's law throughout 

the entire concentration of Al. Zhang et al. [4]  
analyzed the Al-Ti system by taking nine phases and 

calculated excess Gibbs free energy of mixing of 

disordered solution phases using a generalized bond 

energy model. Witusiewicz et al. [7] modeled Gibbs 

free energy of mixing of all phases of the system 

using computer-based software PARROT optimizer 

of Thermo-Calc and optimised the thermodynamic 

parameters of the Al-Ti system. Sudavtsova and 

Podoprigora [8] used an isoperibolic calorimeter to 

determine the enthalpy of mixing of the liquid alloy 

at temperatures 1770 ± 5K and 1790 ± 5 K and 

concluded that these values are temperature-

dependent. Egry et al. [9] measured the thermo-

physical properties of the Al-Ti-based ternary 

system and compared them with the corresponding 

values calculated from the optimised parameters of 

the system of Ref. [7] .  Novakovic et al. [10]  used 

quasi-chemical approximation to study the surface, 

dynamic and structural properties of the liquid Al-Ti 

alloy at 1973 K and predicted that Al segregates on 

the surface phase of the solution throughout the 

entire concentration range. Their result showed that 

the theoretical value of concentration fluctuations in 

the long-wavelength limit was found to be greater 

than the corresponding ideal values at very low 

concentration of Ti (𝑥𝑇𝑖 ≤ 0.15)  indicating the 

segregating tendency of the system in the 

constrained concentration range [11-13]. 
In this work, R-K polynomial has been used to study 

the thermodynamic and structural properties of 

liquid alloy by using the linear temperature 

interaction parameters. On extrapolating these 

values at higher temperatures, the artificial inverted 

miscibility gaps appeared [14-18]. With this regard, 

the exponential interaction parameters have been 

optimised and the thermodynamic and structural 

properties of the system have been recomputed at 

elevated temperatures, such as 1500 K, 2000 K, 

2500 K and 2700 K in order to remove the inverted 

miscibility gaps.   
 

The necessary mathematical formulation is 

presented in the Section 2, the results and discussion 

are presented in the Section 3 and the conclusions 

are outlined in the Section 4. 

 

 

2. FORMULATION 

The thermodynamic properties like excess free 

energy of mixing (𝐺𝑀
𝑥𝑠), enthalpy of mixing (𝐻𝑀) , 

and the activity of components of binary liquid alloy 

can be determined by using coefficients of R-K 

polynomial. These coefficients are called the 

interaction parameters of the system and are 

considered to be temperature-dependent. The linear 

temperature-dependent form of the interaction 

parameters can be given as    
 

𝐿𝑖 = 𝑎𝑖 + 𝑏𝑖𝑇                                                          (1) 
 

where ai and bi are parameters associated with the 

enthalpy of mixing and excess entropy of mixing 

respectively. Likewise, the exponential temperature-

dependent terms of the interaction parameters are 

expressed as [19] 
 

𝐿𝑖 = ℎ𝑖exp(
−𝑇

𝜏𝑖
)                       (2) 

 

where hi and τi are constant parameters which are to 

be optimised for the preferred alloy. In the 

framework of R-K polynomial, the excess free 

energy of mixing (𝐺𝑀
𝑥𝑠)  of the liquid alloy is 

expressed [20] 
 

𝐺𝑀
𝑥𝑠 = 𝑥𝐴𝑙𝑥𝑇𝑖 ∑ 𝐿𝑖(𝑥𝐴𝑙 − 𝑥𝑇𝑖)

𝑖3
𝑖=0                  (3) 

 

where 𝑥𝐴𝑙  and 𝑥𝑇𝑖  are concentrations of the 

components Al and Ti of the liquid Al-Ti alloy. 

Using Equations (2) in Equation (3), one can obtain 
 

𝐺𝑀
𝑥𝑠  = 𝑥𝐴𝑙  𝑥𝑇𝑖   ∑ ℎ𝑖

3
𝑖=0   exp (−

𝑇

𝜏𝑖
)  (𝑥𝐴𝑙  −

𝑥𝑇𝑖)
𝑖                                                   (4) 
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The general expression relating the excess free 

energy of mixing, enthalpy of mixing (𝐻𝑀)  and 

excess entropy of mixing (𝑆𝑀
𝑥𝑠) is 

 

𝐻𝑀 = 𝐺𝑀
𝑥𝑠 + 𝑇𝑆𝑀

𝑥𝑠              (5) 
 

The excess entropy of mixing can be calculated in 

terms of (𝑆𝑀
𝑥𝑠) given as 

 

𝑆𝑀
𝑥𝑠 =

−𝜕𝐺𝑀
𝑥𝑠

𝜕𝑇
               (6) 

 

Using linear parameters and exponential parameters 

from Equations (1) and (2) in Equations (3), (6) and 

finally in Equation (5) then respective expressions 

for enthalpy of mixing (𝐻𝑀) are   
 

𝐻𝑀 = 𝑥𝐴𝑙𝑥𝑇𝑖 ∑ 𝑎𝑖(𝑥𝐴𝑙 − 𝑥𝑇𝑖)
𝑖3

𝑖=0                 
                                                                          (7a) 
 and 

 𝐻𝑀 = 𝑥𝐴𝑙𝑥𝑇𝑖 ∑ (1 +
𝑇

𝜏𝑖
)3

𝑖=0 ℎ𝑖exp(
−𝑇

𝜏𝑖
)(𝑥𝐴𝑙 −

𝑥𝑇𝑖)
𝑖                            

             (7b)

      

      

  
The partial excess free energy of the components Al 

and Ti of liquid Al-Ti alloy can be computed using 

the following relation 

 

𝐺𝐴𝑙
𝑥𝑠 = 𝑥𝑇𝑖

2 ∑ 𝐿𝑖[(1 + 2𝑖)𝑥𝐴𝑙

3

𝑖=0

− 𝑥𝑇𝑖](𝑥𝐴𝑙 − 𝑥𝑇𝑖)
𝑖−1 

and                           

 𝐺𝑇𝑖
𝑥𝑠 = 𝑥𝐴𝐿

2 ∑ 𝐿𝑖[𝑥𝐴𝑙 − 𝑥𝑇𝑖(1 + 2𝑖)](𝑥𝐴𝑙 −3
𝑖=0

𝑥𝑇𝑖)
𝑖−1                                                        (8)  

 

The activities of the components Al and Ti are 

calculated using the values from Equations (8) then 
 

𝑎𝐴𝑙 = 𝑥𝐴𝑙exp(
𝐺𝐴𝑙

𝑥𝑠

𝑅𝑇
)   and  

𝑎𝑇𝑖 = 𝑥𝑇𝑖  exp (
𝐺𝑇𝑖

𝑥𝑠

𝑅𝑇
)        (9) 

 

The structural property of the liquid alloy system can 

be analyzed by computing concentration 

fluctuations in the long-wavelength𝑆𝑐𝑐(0)  limit . 

Following Bhatia and Singh, the expression for  

𝑆𝑐𝑐(0)terms of excess free energy of mixing can be 

given as [21] 
 

𝑆𝑐𝑐(0) = 𝑅𝑇(
𝜕2𝐺𝑀

𝜕𝑥𝑘
2 )−1                                     (10)  

 

where k = Al or Ti  and 

 

𝐺𝑀 = 𝐺𝑀
𝑥𝑠 + 𝑅𝑇(𝑥𝐴𝑙ln𝑥𝐴𝑙 + 𝑥𝑇𝑖ln𝑥𝑇𝑖) 

 

Using above relation and Equation (3) in Equation 

(10), then 𝑆𝑐𝑐(0) is expressed as 
 

𝑆𝑐𝑐(0) = 𝑅𝑇[−2𝐿0 + (−12𝑥𝐴𝑙 + 6)𝐿1

+(−48𝑥𝐴𝑙
2 + 48𝑥𝐴𝑙 − 10)𝐿2

+(−160𝑥𝐴𝑙
3 + 240𝑥𝐴𝑙

2 − 108𝑥𝐴𝑙 + 14)𝐿3 +
𝑅𝑇

𝑥𝐴𝑙(1−𝑥𝐴𝑙)
]−1

              
                      (11) 

 

The ideal value of 𝑆𝑐𝑐(0)  is calculated using the 

relation 𝑆𝑐𝑐
𝑖𝑑(0) = 𝑥𝐴𝑙(1 − 𝑥𝐴𝑙) 

 

3. Results and Discussion 
 

In present work, we aim to study the thermodynamic 

and structural properties of the Al-Ti liquid alloy at 

elevated temperatures. When these properties were 

calculated using linear temperature-dependent 

interaction parameters of the R-K polynomial, there 

appeared unusual trends. Therefore, the interaction 

parameters of the system were re-optimised 

assuming the interaction parameters to be 

exponential temperature-dependent. For the 

purpose, the linear parameters were taken from the 

work of Witusiewicz et al. [7]  and the exponential 

parameters were optimised using Equations (1) and 

(2), and are presented in the Table 1. The excess free 

energy of mixing (𝐺𝑀
𝑥𝑠)   was computed at 

temperatures 1500 K, 2000 K, 2500 K and 2700 K 

using Equation (3) with the aid of the exponential 

parameters and the linear parameters of Zhang et al. 

[4], Witusiewicz et al. [7] and Cost 507 [5] (Table1). 

The compositional dependence of the values so 

obtained are plotted in Figs. 1(a-d). 
Table 1.  Interaction parameters for the excess free 

energy of mixing of Al-Ti liquid alloy 
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Reference Thermodynamic interaction 

parameters 
[J/mol] 

Cost 507 [5] L0 = -108250+38T 
L1 = -6000+5T, 
L3 =15000 

This work L0 = -134188.7 exp (-5.677x10-4 T), 
L1 = -4343504.6 exp (-7.01x10-3 T), 
L3=41482.8 exp (-6.85x10-4 T) 

Zhang et al. [4] L0=-111811.4+34.199T, 
L1=9746.9+7.69T 

Witusiewicz et al. [7] L0 = -118048+41.972T, 
L1 =-23613+19.704T, 
L2 =34757-13.844T 

 
 At temperature 1500 K, all the computed values of 

𝐺𝑀
𝑥𝑠 were found to be in good agreement with each 

other at lower concentration of Ti whereas the values 

obtained using the parameters of Zhang et al. 

differed from the rest at higher concentration of Ti. 

With the increase in temperatures, the results 

obtained using the linear parameters showed 

pronounced wavy natures at lower concentrations of 

Ti (Figs. 1(b-d)). These types of variations in (𝐺𝑀
𝑥𝑠) 

is not in accordance with the general trends. It is an 

indication of the appearance of an artificial inverted 

miscibility gap. But this artificial inverted 

miscibility gap has been removed using the 

exponential parameters. 

 

 
1(a) 

 

 
1(b) 

 
1(c) 

 
1(d) 

 
Figs. 1(a-d): The compositional dependence of the 

excess free energy of mixing of the liquid Al-Ti alloy 

at different temperatures. 
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The enthalpy of mixing(𝐻𝑀)of the liquid alloy were 

computed using Equation (7a) and the temperature 

independent terms of the linear parameters of Table 

1. 

The temperature-dependent (𝐻𝑀) was computed 

using Equation (7b) and the exponential parameters 

of Table 1. The compositional dependence of HM so 

computed values is compared in Fig. (2). 

 

 
 

Fig. 2: Enthalpy of mixing of the liquid Al-Ti alloy 

versus concentration of Ti at 2000 K. 

 

 
3(a) 

 
3(b) 

 
3(c) 

 
3(d) 

 

Figs. 3(a-d): Activity of the components of the 

liquid Al-Ti alloy versus concentration of Ti at 

different temperatures. 
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 The compositional dependence of the computed 

values of the activities of components Al and Ti are 

plotted in Figs. 3(a-d). They found to be in well 

agreement at temperature 1500K (Fig. 3(a)). With 

the increase in temperature of the system, it is 

observed that the activity of Al computed using 

linear parameters shows negative deviation from 

Raoult's law at lower concentrations of Ti. 

Generally, the activity shifts towards ideal values 

with an increase in temperatures. In this work, this 

general trend is observed when exponential 

parameters are used. 
 

The study of structural properties like concentration 

fluctuation in long-wavelength limit (Scc (0)) gives 

information about the arrangement of the atoms in 

the initial melt. Moreover, the positive or negative 

deviations of Scc(0) with respect to its ideal value 

(𝑆𝑐𝑐
𝑖𝑑(0)) gives information about the nature of local 

arrangements of atoms, such as for 𝑆𝑐𝑐(0) >
𝑆𝑐𝑐

𝑖𝑑(0)segregating or homo-coordination behaviour 

is expected and for 𝑆𝑐𝑐(0) < 𝑆𝑐𝑐
𝑖𝑑(0) compound 

forming or hetero-coordination tendency is 

expected. 

 

 
4(a) 

 

 
4(b) 

 

 
4(c) 

 
4(d) 

 

Figs. 4(a-d): The compositional dependence of the 

concentration fluctuations in long-wavelength limit 
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(Scc (0)) of liquid Al-Ti alloy at different 

temperatures. 
 

The values of 𝑆𝑐𝑐(0) have been computed using 

Equation (11) with the aid of the linear parameter 

and exponential parameters from Table 1 and are 

plotted in Figs. 4(a-d). It is observed that the 

computed values of 𝑆𝑐𝑐(0) at temperature 1500 K 

are in good agreement. Generally, it is observed that 

the computed value of 𝑆𝑐𝑐(0)  gradually shifts 

toward the ideal value with the increase in the 

temperature of the liquid alloys [22]. But in the 

present work, it is observed that the computed values 

of 𝑆𝑐𝑐(0) using the linear parameters shifts beyond 

respective ideal values at the low concentrations of 

Ti (Figs. 1(b-d)) with the increase in the temperature 

of the system. The variation of 𝑆𝑐𝑐(0) beyond the 

ideal value can be termed as the appearance of the 

artificial miscibility gap. However, the presence of 

such trend has been removed by using the 

exponential temperature-dependence parameters at 

high temperatures. Therefore, it can be concluded 

that the exponential temperature-dependent 

parameters of the interaction energy parameters well 

explain the thermodynamic and structural properties 

of the liquid Al-Ti system at preferred higher 

temperatures. 

 

 

4. Conclusion 
 

The linear as well as exponential temperature-

dependent interaction parameters were used in the 

frame work of R-K polynomial to compute the 

thermodynamic and structural properties of liquid 

Al-Ti alloy at constrained higher temperature range, 

1500-2700 K. The artificial inverted miscibility gaps 

(artifacts) appeared in the computed thermodynamic 

properties (𝐺𝑀
𝑥𝑠)  and activity and structural 

property (Scc (0)) at higher temperatures, such as 

2000 K, 2500 K, and 2700 K when the interaction 

parameters were assumed to be linear temperature-

dependent. But these gaps were found to be removed 

when the interaction parameters were assumed to be 

exponential temperature-dependent. The present 

study predicts that the thermo-structural properties 

of the system are well explained by the exponential 

parameters at considered higher temperature range.  
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